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I N T R O D U C T I O N

Recently some attention has been devoted to the problem of
finding s ta tis tic a l m echanical models for Brownian motion.

Hemmer , Rubin2, and Turner3 have studied the motion of a heavy
particle in an assembly of coupled harmonic oscilla tors with nearest
neighbour interaction. They found that for a sufficiently large mass,
the motion of the heavy particle in the one dimensional assem bly is
almost that of a free Brownian particle. As pointed out by Toda4 and
Hori5 the heavy particle rigorously performs Brownian motion only
in the limit as its  mass M and the force constant a  characterizing
the nearest neighbour interaction, both tend to infinity in such a way
that the ratio a/M 2 remains fin ite .

On the other hand, Kac, Mazur and Ford6 have shown that for
particles of equal m ass, any particle  will perform Brownian motion
in the "h ea t bath" consisting of all other particles if the harmonic
interactions are of a very specia l (long range) type. In fact, Brownian
motion may then only be rigorously obtained in the lim it as a " c u t
off frequency", limiting the spectrum of normal modes frequencies,
tends to infinity. It was also shown that if in th is type of assem bly
any particle is acted upon by an arbitrary external force, then its
motion becomes that of a Brownian particle in th is field of force.

All the above mentioned resu lts  refer to system s with an infinite
number of particles.

In this thesis we study the general motion of a particle  in an
harmonic oscillator assem bly. In particular we obtain the conditions
under which this particle will perform Brownian motion.

In chapter I we solve formally the equations of motion of the
particle of in terest, in the presence of an arbitrary external force
acting on it. With the aid of th is solution we rewrite the equations
of motion in a form which bears a structural resem blance to the Lange-
vin equation.

We a lso  study the s ta t is t ic s  of the particle in an in itially  condi­
tional canonical ensemble, which describes the randomness of the
remaining particles of the assem bly (heat bath).

In chapter II we first d iscuss the model of Kac, Mazur and Ford.
We then proceed to study the general motion of the particle  of in terest
in the case that its m ass is infinitely large. We find the conditions
under which it performs Brownian motion. The mass M of the particle
of in terest and the time t have to tend to infinity in such a way r  = t/M
remains infinite. Then Brownian motion is obtained, provided that the
interactions sa tisfy  some very general requirement, independent of
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their precise form: the spectral density G(oj 2) of eigenvalues a> of
the interaction matrix has to be proportional to co for co -»0.

We a lso  study the motion of a heavy particle when this condition
is  not sa tisfied .

A generalization of our resu lts to system  of D dimensions is
presented.

In chapter III we analyze the quantum mechanical behaviour of an
infinitely heavy particle.

As is shown in chapter II there are two c la ss ica lly  equivalent
procedures for taking the lim it M-*00. Quantum mechanically they
are not equivalent.

We obtain for both cases  a "Langevin operator equation" for the
heavy particle in the presence of an arbitrary external force. They
differ in the quantum mechanical correlation function for the "random
force operator". The solution of the Langevin operator equation is
studied for the case  that a linear external force is  applied to the
heavy particle.

F inally  we obtain the form of the position distribution function
of the heavy particle at an arbitrary time.



11

CHAPTER I.

DYNAMICS AND STATISTICS OF A PARTICLE IN HARMONIC
OSCILLATOR ASSEMBLIES

1. Introduction.

In the present chapter we shall study the dynamical and s ta t is ­
tical properties of a particle  coupled to a system of 2N harmonic
oscilla to rs.

In section 2 we give a formal solution of the equations of motion
for the particle of in terest, in the presence of an arbitrary external
force acting on that particle  only. With the help of th is solution, we
then rewrite the equations of motion in a form which bears a struc­
tural resem blance to the Langevin equation describing Brownian
motion of a particle in the presence of an external force.

In section 3 we introduce a s ta tis tic a l element by assuming the
"m edium ", consisting of the 2N oscilla to rs to be in itially  in " th e r­
mal equilibrium with respect to the particle of in te re s t" , i.e . we
describe the medium in itially  with a conditional canonical distribu­
tion function. It should be stressed  that th is is  the only assumption
of a s ta tis tic a l nature that we shall make throughout our investigation.
The previously derived Langevin-type equation is  then interpreted as
a stochastic  equation containing a stochastic  force. The covariance
of th is force is  obtained from the momentum autocorrelation function
of the particle  of in terest in the absence of an external force.

F inally , in section 4 we d iscuss some general properties of this
momentum autocorrelation function.

2. Dynamics of a particle  coupled to a harmonic system.

L et us consider a one dimensional system of 2N+1 particles
interacting with harmonic forces. The Hamiltonian of the system is

N
H(0) = I

N
+ lA  2  x A x ,J Jk k  '

j ,k  = -Nk =-N
( 2. 1)
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w here M, , p, and x, denote the m ass, momentum and d isp lacem ent of
the k-th p a r tic le , re sp ec tiv e ly . We take

= 1, for k /  n

Mq = M. p (2.2)

The eq ua tions of motion corresponding to the H am iltonian (2.1) are

\ ---------- ----  Pk/Mk (2.3)
3pk

BH<°>
p, -------------- = - 2 A  x . (2.4)k kj  j

9 x k i

In order to  insure conservation  of the to ta l momentum of the sy s ­
tem, we must have, according to (2.4)

0 = 2  p = — l x  I  A
k j kj

k J k

for arbitrary  d isp lacem en ts x .. Therefore

2  AkJ = 0 . (2.5)

We now proceed to so lve the equations of motion. To th is  end we
make the follow ing canon ical transform ation

M*54k
/

(2.fi)
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In term s of th e s e  v a r ia b le s  th e  H am ilto n ian  becom es

H(0 > = 2  H p '2 +V2 Z x ' B xfk k kj j
k j , k

(2.7)

w here th e  sym m etric  m atrix  BJk i s  d e f in e d  by

Bjk ■ iGf A,k • (2 .8)

From  (2 .5) we find  th a t B h as  to  s a t i s fy  the  fo llow ing  co n d itio n

2  M * B .  0.
k

(2.9)

T h e  e q u a tio n s  o f m otion c o rre sp o n d in g  to  th e  H am ilto n ian  (2.7)
are

*k = p L (2 .10)

p t  = -  s  Bk jx! (2.11)

T h e  s o lu tio n s  of th e s e  e q u a tio n s  a re

xk (t) = S ( c o s  B ^ t ) k jx '(0 )  +1 (B*54 . s i n B ^ t ) kj p '( 0 )
J J

(2 .12)

and
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= Pk (t) = 2 (c o s  B1/2t)kj Pj (0) -  2  (B,/5.sin  B ^ t)kJ Xj(0) (2.13)
] J

where (cos Bl/4t), etc. are defined by their se ries  expansions.
Using (2.6) we find the solutions in terms of the original variables

xk(t) 3 2  Mj* (cos B l/2t). .M* x (0) + 2  M: l/4 (B*1/j.sin  B l/2t), . M' 54 p.(0)
K J  j  j  j  K KJ  J J

(2.14)

and

pk(t) = 2  (cos B ^ t^ jM ’^Pj (0) - 2 (Bl/4.s in  B**t)k M* x (0).

(2.15)

Now let us assume that the zeroeth particle  is  acted upon by an
arbitrary external force F (x .) which may be derived from a potential,

^ V ( X q )
F(x0) = ------------

Bx0
(2.16)

Then the Hamiltonian of the system is

H + XJ AJkxk + V ( x o) •
J

(2.17)
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The formal so lu tions of the equations of motion corresponding to th is
Ham iltonian are

xk (t) = I  M-K (c o s  B x t)kJMj* x^O) + (B '^ .s in  B ^ t ) kJ Pj(0) +

+ M"*4 / V  [ B ^ . s in  B V2 ( t - t ' ) ]  kQ M-K F (x 0(t ') )  (2.18)
0

and

Pk ( t ) = Mkxk ( t ) =^ ( c o s B ^ t ) k jMĴ P j(0 ) -2 M |< (B ^ .s in B l̂ t ) k jM ^xJ(0) +

t
+ Mk /  dt' CcosBx ( t - t ,) ] k0 M -«F (x  (t#)) . (2.19)

o

In  pa rticu la r we have for the zeroeth p a rtic le , from (2.2) and (2.19)

p0(t) = (cos B l/* t )00p0(0) + M * 2  (cos B 1/4t)Qj P j(0) -

-  M * S (B ^ .s in B l̂ t ) 0j M * X j(0) + ƒ  d t' [ c o s B ^ t - t ' ) ] ^  F (x Q(t ') )  . (2.20)

D iffe ren tia ting  th is  equation w ith  respect to time one finds
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p0(t) = -(B ^ .s in B ,/4t)00P0(0) -  M* S ^ B ^ .s in B ^ t^ p ^ O )

-  Ml'4 2 (B .c o sB 1/4t)0 jMj4 xJ (0) + F (xQ(t)) -

-  ƒ  dt [ B ^ .s in B ^ t t—t ) ] 00F(x0(t )) .
o

Elim inating pQ(0) from (2.20) and (2.21) we then obtain

pQ(t) -  F(x0(t)) = - y ( t ) p Q(t) + E(t) +

+ ƒ  dt* [y (t)  -  y ( t - t  )] [cos B‘/2( t - t  ) ] 00F(xQ(t ))
0

where the time dependent "fric tion  c o e ff ic ie n t ''y ( t)  is given by

y(t)
(B ^ .sin  B 1/st)00

(cos B^t ) 00

d
dt

In (cos B 1/4t)Q0 ,

and the force E(t) by

E(t) = M,/52  {y(t) (co sB ^t) ,
k t  o UE

(B1/4.s in B l/4t)0k}pk(0) -

- U ' a 2
k f  0

{y(t) (B ^ .sinB ^tJgk  + (B .co sB ^ t)0k) (xk(0)—xQ(0)) .

( 2. 21)

( 2. 22)

(2.23)

(2.24)
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Here we have used (2.9). We note that E(t) is  independent of the
external force F(xQ), and depends only on the in itia l s ta te  of the
"m edium " consisting  of the 2N partic les  of unit m ass. In fact, it
depends only on the in itia l values of their momenta and their d is­
placem ents relative to the zeroeth particle.

3. Stochastic motion of the zeroeth particle.

L et the in itia l momentum P0(0) and displacem ent xQ(0) be speci­
fied. Furthermore we take the medium to be in "therm al equilibrium
with respect to the zeroeth p a rtic le "  at t = 0, i.e . we assum e that
it may be described by the non-stationary canonical distribution
function

f >-/3H (3.1)

where /3 = (kBT)-1, and

= 1  'A
k { 0 + (xi“ x0) Aik (xk - xo> (3.2)

which in view of (2.2) and (2.8) may also  be written as

i
H = 2

k + 0'A PI + % 2
j,k*0 w w v - (3.3)

Then E(t) given by (2.24) is  seen to be a sumvariable of G aussian
random variables, and thus a G aussian random process.

We define the momentum autocorrelation function p  (t) of the
zeroeth particle  in a system for which F(x ) =0, as

;0(t) = P 0(t)p0(0) , (3.4)
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where pQ(t) is  given by equation (2.15), and where the bar denotes
an average taken over the stationary canonical ensemble with d is­
tribution function

ft0) = e -y8H( 0 > _ (3.5)

Here is  given by (2.1). Combining (2.15) and (3.4) we find that

yo(t) = yS'1 M (cos B * t)0Q (3.6)

which re la tes p ( t) to the (0,0) matrix element of (co sB ^t).
R ecalling the fact that E(t) is  independent of F (x .) (cf. the d is­

cussion after equation (2.24)), we have according to the equation of
motion (2.22) with F(xQ) =0

E(t) = pQ(t) + y  (t) pQ(t) . (3.7)

From th is equation we obtain

3 3
E(t0) E(t0+t) ------- {p0(t0)p0(t0+t)}+7 (t0+ t ) _  {p 0(t0)p0(t0+t)}

Bt« Bt„

-------,  -fp 0 (to) p o(to +t)} + 7'(t0) r ( t 0+t )p 0 (t0) p 0(t0 +t) +
Bt2

{ y ( t0) -  r ( t 0+ t) ^  {p0(t0)p 0(t0+t)> • (3*8)

By averaging the left hand side of th is equation over the in itia l dis­
tribution function (3.1) we obtain the autocorrelation function of E(t).
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However, as is  seen from (2.24), E(t) does 'no t depend on p (0), and
we can replace the average over the in itia l distribution (3.1) by an
average over the stationary distribution (3.5). We then obtain using
(3.4) and the stationarity  of (3.5)

< E(to)E(to+t) > =E(t0)E(to+t)
-  B2
=------- /0 (t)+ y (to)y (t0+t) ^(t)

Bt2
+

+ < r ( t 0) - r ( t 0+t)}—-  p (t)
Bt (3.9)

Thus, in an in itia l ensemble described by (3.1), the s ta tis tic a l be­
haviour of the zeroeth particle  can in principle be determined from
equation (2.22). This equation must be interpreted as a s tochastic
equation. The s tochastic  force E(t) is a G aussian process with co-
variance given by (3.9).

We note that equation (2.22) bears a t structural resem blance to
the Langevin equation for Brownian motion of a particle  in the pre­
sence of an external force

p(t) -  F(x(t)) = -yp(t) + EL (t) . (3.!0)

Here 7  is  the friction constant, and E L(t) the G aussian random force
with covariance

EL(V EL(to+t) * 2/J-1M y8(t) , (3.11)

where M is  the m ass of the Brownian particle  and 8(t) is the Dirac
delta  function.

However (2.22) with the covariance (3.9) will reduce to (3.10)
with the covariance (3.11), if and only if the following equality holds

(cos B ^ t)00 = e"r  I1 I (3.12)
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Indeed, y (t) is then no longer time dependent, but has the constant
value y , as follows immediately from (2.23), and as a consequence
the la s t  term on the right hand side in (2.22) would then vanish,
whereas the covariance (3.9) reduces to (3.11).

In the following chapter we shall e s tab lish  the conditions under
which the equality (3.12) holds. At the same time we shall then
obtain an explic it expression for the friction constant y  in terms of
the interaction matrix A. But first we shall d iscuss in the next sec­
tion some general properties of the quantity (cos B ^ t)0Q, which is
according to (3.4) and (3.6) e ssen tia lly  the momentum autocorrelation
function.

4. P roperties of the momentum autocorrelation function.

L et U be the matrix that diagonalizes the symmetric matrix B,
with eigenvalues a>k (k =-N,...,N). Then

B = U '1 . w 2 . U (4.1)

where <u 2 is  the diagonal matrix with elem ents co?. From equation
(3.6) we can therefore write

/3M"1 p(t) = (cos B l/*t)00 = 2  |Uk0 |2 cos eokt . (4.2)
k

For a system with a finite number of partic les  th is function, a
finite sum of periodic functions, is an alm ost periodic function. This
means that any value which is  once achieved, will be achieved an
infinite number of times.

L et us, for the sake of sim plicity, consider the case  that M = 1
and |UkQ | 2 = n-1, with n = 2N + 1. Then we have

1 ^  1/3p(t) = — 2  cos co. t s— h(t) .
n k n

(4.3)
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Let L(q) be the average frequency with which a value
ved by h(t). For large N, Kac® has shown that

L (bn *)- 1 ^ 0  e-**2
7T

where

co 2
0

1
n

and where it is assumed that

lim -  Iw J  = 0 ,
n —oo n  k

and that the frequencies cufc are rationally independent.
On the other hand, starting from a formula given by

Mazur and Montroll11 have shown that in the case that (n—q
and n large

L(q) — <*-»> -  L(an)
27r3^2 7re

where

Q - 1 ^ qa = ------ — _  ,
n — 1 n

q is achie-

(4.4)

(4.5)

(4.6)

Slater1
is small

(4.7)

(4.8)

Consider a value of /3p(t) = n-1h(t) in the range (- bn'54, bn‘^),
(b~ 0 (1)). The average frequency of recurrence for this value of /3p[t)
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is  given by (4.4), whereas the average freguency corresponding
to values of /3p(t) = a. (0 < a < 1) is  given by (4.7). Thus, for the
lim it as N tends to infinity, the recurrence frequency for values in
a range outside (-bn-*4, bn"*4), i.e . for values of a ~  0(1), becomes
very sm all, while the frequency for values inside the range is of the
order of co Q.

In other words, when N is  very large, the mean recurrence time
(which is  inversely proportional to the mean recurrence frequency)
for values outside the range (-bn"*4, bn"*4) is  very large compared
with the available observation tim es, and there occurs an apparently
irreversib le trend towards "equ ilib rium ". In th is case  the system
will remain near "equilibrium " most of the time. Only when N is
infinite, will the system  rigorously tend to equilibrium and remain
there. In th is case  the range (-bn'*4, bn"*4) shrinks to zero, and p(t)
vanishes as  t tends to infinity; Pg(t) ond Pg(0) then become indepen­
dent of each other.

The case  of what we shall call a perfect system  (M = 1) has
explicitly  been studied for two different types of harmonic in terac­
tions between the partic les. The first one is  a system with nearest
neighbours interactions, in which one h as12

. a > , | s i n ~ | ,  |U | 2 = -  , (4.9)
k l- n UK n

where u> ^  is the maximum frequency of the system . The momentum
autocorrelation function in th is case  takes the form

1 7rk
Bp(t)  .  -  2  cos(cuT t sin —— ) .

n k u k
(4.10)

In the lim it as N tends to infinity le t cp = 7rkn-1 and dcp = wn"1, Then

1 w
f ip(t)  = -  ƒ  cos(&>Lt sin cp) dcp = J Q(^ L t) »

77 0

(4.11)
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where J is the B esse l function of order r.
Secondly, Kac, Mazur and Ford6 obtained for a system with

special long range forces between the partic les  that (cf. Ch. II,
section 2)

p(t) = y8 -1 e ' r  I* I . (4.12)

Since we have shown in the preceding section that the zeroeth
particle  will perform Brownian motion if and only if ^ (t)  is  of an
exponential form, it  follows from (4.11) and (4.12) that the first
system does not give rise  to Brownian motion for the zeroeth particle ,
wheras the second one does.

As for the case  of a non perfect system  (M ^ 1), Rubin2 found
taking M = 2 and .nearest neighbours in teractions that

/0(t) = 2 /T1 (a ^ t)" 1 J j ( « L t) , (4.13)

so that for th is system one does not obtain Brownian motion for the
zeroeth particle.

For very large M with nearest neighbours in teractions, however,
the behaviour of p (t) becomes approximately exponential, as was
shown by Hemmer1 and Rubin2 :

p (t) ~  e -^ L  l/M + R( 11 | ,M) . (4.14)

The res t term R can be made to vanish by taking the limit M -*oo. But
then p(t) reduces to a constant according to (4.14).

Takeno and Hori , following a suggestion given by Toda4 have
shown, however that the exponential form of yo(t) may be rigorously
obtained from (4.14) by a double limiting procedure: M -*oo, -»oo,
a). /M = y  finite.

In the next chapter we shall present an alternative limiting pro­
cedure which yields the desired exponential behaviour. Moreover,
our ana lysis  will not be confined to the c a se  of nearest neighbours
interactions.
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CHAPTER II.

BROWNIAN MOTION

1. Introduction.

In th is chapter we study the conditions under which the particle  of
in terest labeled by the number 0 will perform Brownian motion.

In section 2 we consider the case  that the zeroeth particle  is  of
unit m ass, i .e . a ll the particles in the system  are equal. As has been
shown the particle  then behaves as a Brownian particle  for a very
special in teraction6.

In section 3 we analyze the case  that the m ass M of the particle
of in terest is  infinitely large. We show that as the time t and the
m ass M both tend to infinity in such a way that their ratio remains
finite, the heavy particle  performs Brownian motion provided that
the in teractions satisfy  some very general requirement, independent
of their p recise  form: Brownian motion is  obtained only if the spec­
tral density  G(cu^) of eigenvalues of the interaction matrix is
proportional to n) * for cu-*0. (This is  the case , for instance, for
nearest neighbours interactions in one dimension). We also  study the
motion of a heavy particle  when th is condition is  not sa tisfied .

In section 4 we generalize our resu lts  to system s of higher di­
m ensionality. In particular we study the case  of a simple cubic la t­
tice.

In section 5. we give an explicit example of an interaction matrix
A such that a heavy particle will perform Brownian motion for any
dimension.

F inally  it is  shown that the limit in which Browhian motion is
obtained, corresponds to the “ weak coupling" limit taken in the
derivation of the m aster equation by perturbation techn iques7,8 .

2. Brownian motion of a particle  of unit m ass.

In th is section we consider the case  that M=l,  i.e . all the par­
tic le s  of the system are equal. In th is case , we have according to
(1. 2.8)

Bik = Ajk * ( 2. 1)
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Consider

00 00

(cos A ^ t)00 = ƒ  dcocoscot {8(A^ — o>)}00 = I  dcocoscot S j(oj) (2.2)
—oo —oo

where the spectrum S,(co) is  given by

S^co) = { 8(k*  -  a>) + 8 (A* + co)>00 . (2.3)

Using the following representations of the 8-functions

8(A,y4 -co) = irlim  + Im [A * -  (co + ie) I] -1 (2.4)

8(A,/4-to) = _  1  lim + Im [ A % + (co + ie) I] -1 , (2.5)

where I is  the unit matrix, equation (2.3) may be written as

S.(co) = lim i-Im (co+ie) Q00((co+ie)2) (2.6)I C -£) + TI U U

with

Q(z2) = (A-z2!)-1 (2.7)

the resolvent of the matrix A.
So far we have not made any specific assumption concerning the

interaction matrix A. Let us suppose that Ajfc is  defined as follows

A,,. = f  ddi(6) ,1(1-109 ( 2. 8)

In order to insure that A is  a symmetric, positive semi-definite
matrix with the property (1.2.5), we take f(0) to be a positive, even
function with f(0) = 0. The matrix A then has the property that

ll-k| (2.9)



27

We shall also  take f(0) to be bounded and piecew ise monotonie.
As we d iscussed  in section 4 of chapter I, in order that(cosA ^t)00

tends to zero as t tends to infinity, or equivalently, in order that
the spectrum Sj(cu) be continuous, the number of p a rtic le  in the system
must be infinite. We shall therefore at this point take the lim it of an
infinite number of particles.

From (2.8) it may be shown that as N tends to infinity, Q00 may
be written as

Qoo(z2> * T T  f  ée ^ — z2 • (2.10)

Assume now that f(0) is  defined as follows:

V tg 2# , for 0 <101 < 6 , , v - e . < 101  <7r

f ( 0 )

. y 2tg2dL = co[ , for 0L < 101 <vr-0L

with |0| < n/2.
The resolvent Qnn(z2) then becomes

( 2. 11)

Qoo<z2> = k  J|0 | <0. r Ztg20 - z J
1 7 r ~  2 g L
■n J75 _2a>L - z ( 2. 12)

Making the transformation of variables

x -  y tg 0 (2.13)

and taking the limit O ^ —tt/ 2  (oj, -* oo)( we fjn(j tha t

Qoo(z2) = 21If
00 1

ƒ  d x ------------------------
-® (t2 +x2)(x2 -  z2)

1

z(z + i>)
(2.14)
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Combining (2.6) and (2.14) we obtain

1
S .M  = 1* TT7T a)* +y

(2.15)

which yields when introduced into (2.2)

(cos A'/2t)00 - (2.16)

From (2.16) it then follows, as has been showed in the-preceding
chapter that the zeroeth particle  performs Brownian motion (cf. the
d iscussion  after (1.3.11)).

We note the resem blance between the limit 6, —v /2 ,  or a>L -*00 as
taken above, and the limit M a>L -*00, “l /M = y  finite, proposed
by Toda for a heavy particle  in a system with nearest neighbours
in teractions (cf. the end of ch. I). In both c a ses  a " c u t o f"  freguency
tends to infinity and the forces between the particles therefore also
tend to infinity.

If first order corrections in t0 the above resu lts  are taken into
account, the Brownian motion is  only obtained inasmuch as time
intervals of the order co7* are neglected and inasmuch as » y

3. Brownian motion of a heavy particle.

We now turn to the case  that the m ass M of the zeroeth particle
is  larger than the m ass of all other partic les. From now on we shall
call the zeroeth particle  the heavy particle.

We proceed to investigate under what conditions the momentum
autocorrelation function of a heavy particle  will fall off exponentially
in time.

To th is end we write

GO

(cos B ^ t)00 = (cos M B^7)00 =ƒ da>cosa>T { S(MB^ -  a))}Q0

-  ƒ  dcocoseoTSM(ci>) (3.1)
—00

where
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(3.2)

and where the spectrum SM(cu) is  given by

SM(*0 = X  {S(MB^ - c o )  + 8(MB* + o ) ) 00 . (3.3)

The new time scale  r  defined by equation (3.2) has been intro­
duced to enable us to study the motion of a particle  in the lim it as
M tends to infinity. (In the original time sca le  an infinitely heavy
particle will not react at all to the interaction with the medium).

Using the representations of the 8-functions as given by equa­
tions (2.4) and (2.5), equation (3.3) may be written as

SM(cu) = lim Im ±: -  (co + ie) RQ0( ( ----- — H  , (3.4)
e - o +  Mz M

with

R (z2) = (B -  z2!)-1 (3.5)

the resolvent of the matrix B.
We now proceed to estab lish  a connection between the (0,0) ma­

trix elem ents of the resolvent B and the resolvent A (as defined by
(2.7)). Equation (1.2.8) may be written in matrix form as

B = M-*. A . M-* , (3,6)

or equivalently,

M54 . B = A . W *  . (3.7)

Here the matrix M is  diagonal and has elem ents Mfc SkJ, with Mfc
given by (1.2.2). Solving equations (2.7) and (3.5) for A and B, res­
pectively, and inserting the obtained expressions into equation (3.7)
we find that
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M* . (R-1 + z2I) = (Q-1 + z2I). M44 . (3.8)

Multiplying equation (3.8) from the right by R and from the left by
Qr and taking the (0,0) matrix element, we then obtain, using (1.2.2)

2  M  Q o o < z 2 >

R o o ( z }  = — - ---------------- r
1 + z2 (1-M) Q00(z2)

We therefore have the relation

(3.9)

lim "m7  Z R 0 0 ( T ^
M  - 0 0  M  M

lim zM'1 Q00 (-st-)
M  - 0 0  M

--------------------------------------  . (3.10)

1 -  z lim Z  M’ 1 Q00( -4 " )
M  - 0 0  M

This resu lt is  completely general, valid for any matrix A. We now
assum e that A k is  of the form (2.8). In the limit as N tends to infi­
nity, Q00(z2) is  then given by equation (2.10)

Qnn(z2) ~ I  d&
m

(3.11)

Making the change of variables

u2 = m , (3.12)

equation (3.11) becomes

^00^z ) ~TtT
r °  ,ƒ  du

g(u)

2 2u — u
(3.13)

Here g(u) is  the positive frequency spectrum of normal modes for the
case  that all m dsses, including the m ass of particle  0, are equal.
We may also  say that (2u)-1 g(u)
values X. = u2 of the matrix A.
the maximum eigenvalue \ q  = uQ.
way that

G(uz) is  the spectrum of eigen-
Uq is  the frequency corresponding to
u?,. We have defined g(u) in such a
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g(-u) = g(u) . ' (3.14)

From equation (3.13) we have

* M-1 Qnn( - V )  = 12 TT ƒ  du g(u) Vi { >.
u — z/M u + z/M

(3.15)

In conformity with the physical ideas underlying the phenomenologi­
cal theory of Brownian motion, we shall study the expressions ob­
tained in the limit as M tends to infinity.

Using the fact that if Im z>0 ,

1
lim -  P ( - )  ± i7rS(u) ,
M -oo u + z/M

where P denotes the principal value, we find from equation (3.15)

(3.16)

2 « o
lim zM-1 Q00(-^ - )  = -h r f  du a(u> i"*(<0 = i K g(0). (3.17)
M —oo

Combination of (3.10) and (3.17) yields

lim
M —oo z R°°( 5 7")

ifcg(O)
(3.18)

1 — i)4g(0)z

Therefore, SM(a>) as given by equation (3.4) becomes in this limit

7
lim SM(a>) = S(a>) = L --- ------ - (3.19)

M —oo y 2 + co 2

with
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y  s  l/4g(0) . (3.20)

From equation (3.1) we obtain

lim (cos B ^t) 0 0  -  lim (cos M = Q ~ y  T̂ ' • (3.21)
M -  oo t -" oo M -00

t /M  = r

Therefore in th is  limit the heavy partiele performs indeed Brownian
motion (cf. Ch. I, section 3).

It should be s tressed  that we have assumed g(0) = (2uG(uz))u _ Ql
where G(u2) is  the spectrum of eigenvalues of the matrix A to be a
non vanishing finite quantity. The matrix A may be otherwise com­
pletely  arbitrary. Thus as should be expected, the detailed  specifi­
cation of the "m edium " is  not e ssen tia l for the limiting Brownian
motion type behaviour of a  heavy particle . In fact, the one dimensio­
nal system  with nearest neighbours in teractions d iscussed  by Hemmer,
Rubin, Takeno and Hori is just a special case  satisfy ing the above
requirem ents. We shall come back in the final section to the d iscus­
sion of the various lim its taken in the derivation of the Langevin
equation.

We now consider in more detail the case  that g(u) vanishes at
the origin. In that case  the average motion of the infinitely  heavy
particle  is  singular on the time sca le  (3.2). L e t us therefore instead
of (3.2) introduce the time variable

r  = t/M 54 . (3.22)

We then have
00

(cos B * t)00 = (cos M,/4B ^ t)00 = ƒ  dw cos curS'M(ai) (3.23)
—00

where

e -O +

(a) + i e ) 2
-------------- ) .-Ijj, (a> + ie )  R00 (

M
(3.24)
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The matrix R(z2) is  given by (3.5). In view of (3.9) we then have
instead of (3.10)

lim z T I” )
M -oo

lim z Qoo(-!r)
M -oo

1 -  z lim 2 ,0 0o (-fr )
(3.25)

On the other hand, we have from (3.13)

2 l r °  l-hr S du «<“> inr
*uo

1 1
{ --------------- + --------------- >

u -  z/MI/4 u + z/M*

(3.26)

which in the limit M -l00(Im z > 0) becomes

lim z O00( - £ )  = ^ P J °  du . (3.27)
M -oo -U q  u

The quantity ccTQ , defined by

“ o  = -T7? P f °  du (3.28)
U

-uo

is  finite for spectra behaving in the neighbourhood of the origin as
c |u |n, n > 1 + e , (e  > 0).

Combining (3.24), (3.25), (3.27) and (3.28) we now find the fol­
lowing resu lt for S^(ou):

lim S^(oj) = lA8(co -  oo0 ) + l/$8<a> + cu0 ) , (3.29)
M -  oo

and with (3.23) for the limiting behaviour of (cos M ^B ^r)00
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lim (cos B^t)00 = lim (cos Ml/̂ B^r)00 = cos Wq T, (3.30)
M-  o f * ®  m -  oo
t / M ^  =  r

We thus note that for the case  lim u"ng(u) = c > 0, (n > 1 + e),
u - O  +

the average motion of the heavy particle appears to be periodic with
freguency a)Q. This resu lt should not be interpreted to imply that the
motion of the heavy particle  in the infinite "h ea t ba th "  is  then purely
reversible. In fact, we found that on the more compressed time scale
(3.2), the momentum autocorrelation function p{r)  has already relaxed
to zero, for all r l  0. Therefore our resu lt implies that on the time

1/  /

sca le  t = i / w 1 the motion of a very heavy particle will appear to be
reversible, and that the characteristic  times for the decay of the
momentum autocorrelation function are very much larger than the
characteristic  time of an oscilla tion  a ^ 1. This corresponds, as it were
to highly underdamped oscilla tion  of the heavy particle . We shall
d iscuss , in this connection in section 6 Rubin 's resu lt for the motion
of a heavy particle  in a 3-dimensional cubic la ttice  with nearest
neighbours interactions. For such a system the relevant quantity g(u)
behaves as cu2 near the origin. We shall first, how ever, generalize
our resu lts  to system s of higher dimensionality.

We also  note that the formulae given were not sufficient to e s ta ­
blish  the limiting behaviour of the heavy particle for the case  that
lim u"ng(u)= b> 0, (0 < n < 1).
u -* 0 +

4. Motion of a heavy particle in a D-dimensional system.

In th is section we generalize the foregoing resu lts  to the case
of a D-dimensional system (D= 1,2, ...) . Each particle has D degrees
of freedom and is  labeled with a D-dimensional vector k, whose com­
ponents k a are integers such that -N «  ka «  N, with a. = 1,2 ...,D .
We therefore have (2N+1)D particles in the system. The Hamiltonian
of the system is

( Pu ) '
H < ° > = £ 5 4 — —

k Mt
+ lA £  x . A

f  .k T n
x_

k
(4.1)
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where A__ is a D-dimensional tensor. We denote by A the D(2N+lr
j k

xD(2N+1)d matrix with elements A“£, where cl,/3 = 1 ,2 ,.. .,D. We take
Jk

M_ * 1, for k  ̂ 5
k

= Mo

(4.2)

Proceeding in the same way used to derive (1.2.22) we now obtain

P_(t) -  F(x_(t)) = -  y (t) . p_ (t) + E (t) +o o  o

■ r*dt* (y  (t) -  y ( t - t ' ) >  • [cos  B * ( t - t ' ) ] _  ' F (xs  (t>)) (4-3)a oo

with

F(x.
BV(xJo

Bx

the external force applied on the heavy particle, and

(4.4)

y(t)  = t 4 r cos  B * t ) ^  * (cos B * t ) l . (4.5)

The expression for the force E (t) is  analogous to (1.2.24). Here

B__ = (M_>M_)'I/̂  A__
j k j k  j k

(4.6)
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Note that the matrix element (cos B ^t)__ and therefore y (t)
dimensional tensors.

To insure conservation of to tal momentum, A has to satisfy

2  A__ = 2  M* B__ = 0.
k Jk J k k Jk

Equation (1.3.9) for the covariance of the stochastic  force E
comes

< E  (tQ) E ( t0 + t ) >
B2 ~

-------p(t) + y (t0) ' p(t) • y ( t0 + t) +
Bt2

+ y ( t0) p(t) -  ( - ^ -  p (0). y ( t0 + t)

with

p(t) = /3"1 M (cos B ^t)__ ,
00

and y , the transpose of y.
Equation (3.1) now becomes

(cos Bl/4t)3^ = (cos M B1/2t)“5 = ƒ  daj cos rwrS^f (cu) . |
00  00  ” 00

Here r=  t/M, and the spectrum S ^(a> ) is given by

(a)) = lim Im ——2 (<u + i c) R-£ ((------ -— ) 2)
M g -.q + 21 M2

are D-

(4.7)

(t) be-

(4.8)

(4.9)

(4.10)

(4.11)
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with

R (z2) = (B -  z2 I)-1 . (4.12)

Defining

Q(z2) =(A -  z2 I)-1. (4.13)

equation (3.10) becomes

l im R _  ( ^ _ )  = hm z M - ' Q J ^  ‘ {I -  z lim z M' 1 Q_ ( - ^ - ) } -1
M - 0 0  M  0 0 M M  - 0 0  o o  M  M  - 0 0  00  M

(4.14)

Generalizing (2.8) to D-dimensions, we now define the interaction
matrix as follows

A*£ = i ___  ƒ ... ƒ  i aB{0) e i(ilB  ' d d 0  (4.15)
J k (2tt)d - n

where #  denotes the vector ( ^ , . . . , 0 D). In order to insure the sym­
metry and reality of , f (0) has to satisfy

J k

< « * < « > • £ .  « > • « * < - » >  (4-16)

where f denotes the complex conjugate of f .  In other words, f ( 0 )  is
an hermitian matrix; i ts  real part is  an even function of # , and its
imaginary part is  odd. Furthermore we take f  (0) to be a bounded,
positive sem i-definite matrix with £ (0 ) = 0 .

From (4.13) and (4.15) we find, in the limit as N tends to infinity
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Q “ 5  ( z 2 )
00 ( 2 tt)D

ƒ .7 . ƒ  d 0 { f ( 0 ) - : I> -1 (4.17)

L e t U (8 ) be the unitary which d iagno lizes the herm itian pos itive
de fin ite  m atrix f ( ) ,  and le t f l  ($ ) be the pos itive  eigenvalues.
Then

1(6 ) = U (0 ) • Q (0 ) • I T 1^ )  (4.18)

where f l  (6 ) is  the diagonal m atrix w ith  elements 0. (6 ). Inserting
equation (4.18) in to  (4.17) we get

Q “ 5  ( z 2 )
00 ( 2 tt) D

$  ƒ ■ ' ƒ  d0 Uaj/ (0 ) { n „ ( 0 )
” 7T

(Ö ) .

(4.19)

Now le t us change variab les according to

u2 = n „ (S )

u2 = ^ 2

(4.20)

UD = 0 D ‘

and c a ll J v (u) the Jacobian of the transform ation. Equation (4.19)
becomes

0at  (z 2) = ~ZW f U° du
° °

ga^ ( U l) (4.21)
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Where the spectral density matrix ga *(uj) is  given by

1 D
ga^(uj) -------------- 2

(2tt)d -1 v = i
dD-1u U'av (u ) J „ (u )  U^*

We have defined ga^(uj) to be an even function of u ,.
(4.21) uQ = max (max Q ^(0), max 0.^(6), . . . ,  max f2^(0) ).
as we did in deriving equation (3.17), we find that

z 2
lim zM -1Q“f  ( -----) = i  (y ’x)ap

M -<*> 00 M2

with

( y 1) ap = Vi ga/J(0).

From (4.14) and (4.23), we then find

lim —  R__ (-----) = i y*1 • [I -  iz  y ' 1] *1 ,
M -®  M 2 00 M2

and from equations (4.10), (4.11) and (4.25),

lim (cos = lim (cos M B 1/^t )__ = e*^ lr
M“*® t~*00 oo m  ~*oo oo
t/M  = T

(u) . (4.22)

In  equation
Proceeding

(4.23)

(4.24)

(4.25)

(4.26)
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From the p ro pe rtie s  o f A i t  may be shown tha t ga^(u) is  a sym­
m e tric , p o s it iv e  m a trix . I t  fo llo w s  there fore  from equation  (4.24) tha t
y ' 1 is  a lso  a sym m etric  p o s it iv e  m a tr ix  and has D p o s it iv e  e igen­
va lu es .

From equation  (4.5) and (4.26) we find

lim  M y  ( r )  = y , r >  0 , 5 (4.27)
M -<*>

so th a t equation  (4.3) becomes a sy m p o tic a lly  the L an ge v in  equation
in  D d im ensions

•  —» —*  —» —*

p_ (t ) — MF (x_  ( r ) )  = — y  ' p_ ( r )  + ME ( r ) ,  r  > 0. (4.28)
o o  o

The covariance  o f the G aussian  random fo rce  E ( r )  is  found by com­
b in in g  (4 .8 ), (4 .9 ), (4.26) and (4.27)

lim  M < E  ( r 0) E ( r Q + r )  > = 2 /3-1 y  S ( r ) .  (4.29)
M -<»

Thus,, in  th is  l im it  the heavy p a r t ic le  w i l l  indeed perform  Brow ­
n ian  m otion in  D d im ensions.

The D p o s it iv e  e igenva lues o f y  rep resen t the c h a ra c te r is t ic
fr ic t io n  constan ts  o f the system . N ote  tha t we m ust im pose the con­
d it io n  th a t these e igenva lues  are f in ite ,  non va n ish in g  q u a n titie s .
Or in  o the r words, th a t the m a trix  g(0) w ith  e lem ents ga^ (0 )  is  p o s it iv e
d e fin ite . T h is  la s t co n d itio n  gen e ra lizes  the co n d itio n  s ta ted  in  sec­
tio n  3 fo r the B row n ian  m otion in  a one-d im ensiona l system .

F o r the case tha t the p a r t ic le s  are p laced  in  a s im p le  cu b ic  la t­
t ic e  we use the sym metry p roperty  that

T • A . T - l A__
j kT.(r-k)

(4.30)



41

where T is  the m a trix  corresponding  to a ro ta tio n  o f 77/2 around any
la t t ic e  d ire c tio n , ta k ing  the e q u ilib r iu m  p o s itio n  o f the heavy p a r t ic le
as o r ig in . From equation (4.13) we fin d  th a t the re so lve n t Q has to
s a tis fy

T  '  Q _  _  • T ' 1 = Q__ , (4.31)
T - j , T • k j k

and in  p a rtic u la r  the (0, 0 )  m a trix  e lem ent

T * Q__ . T -1 = Q__ , (4 .32)
00 00

w hich  im p lie s  th a t Q__ is  o f the form
00

-  Q ~  $ a/5 • (4 .33)
00 00

(The  m a trix  A  is  a lso  o f the form A “ £  = A _ i, 8 , so th a t the H a m il-
oo j k

ton ian  o f the system  is  then the sum o f D independent and equal
"o n e  degree o f freedom per la t t ic e  p o in t "  H a m ilto n ia n s .)

U s ing  equations (4.23) and (4.33) we now fin d  tha t

( y * 1) ^  = y -1 8 a /3 . (4 .34)

On the o ther hand we have (c f. equation  (4.21))

g a^(u ) = g(u) hap (4.35)
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where g(u) = 2u G(u2); G(u2) is  the spectrum of eigenvalues K = u2
of the matrix with elem ents A__ .

J k

From equations (4.24), (4.34), and (4.35) it follows that

y  = 2/g(0) , (4.36)

which is  equivalent to the resu lt in the one dimensional case: the
heavy particle  will now perform Brownian motion in a D dimensional
isotropic system (there is  only one characteristic  friction constant)
if g(0) is  a non vanishing, finite quantity. In a cubic la ttice  with
n earest neighbours in teractions th is is  only true for D = 1. It is  how­
ever possib le  to find c la sse s  of m atrices A for which 0 < g(0)< oo;
the corresponding system s therefore exhibit the Brownian motion
type behaviour for a heavy particle. In the next section we give an
example of such a matrix A.

If on the other hand g(0) vanishes and if lim u‘n g(u) = c > 0.
u-*0 +

(n > 1 + e), the resu lt obtained in th is case  for the one dimensional
system  will hold (cf. the end of section 3).

5. Example of an interaction giving rise  to Brownian motion in D
dimensions.

As an example, consider a simple cubic la ttice  with

-  2 D I I
1(6) = (1 -  e ' v 6 l ) II (1 -  e ' v ' eal ) , 0 < v  < °° (5.1)

a  = 2

In th is case  the Jacobian of the transformation (4.20) is  given by

_  11. D i i  D
J ( U ) = { [-In (1 -u 2 n ( l - e ^ M ) - 1) ] *  [ 1 - u 2 n (1—e“v M ) ' 1]

a = 2 a = 2

x n ( l - e -v l“ a l) }-! , (5.2)
a = 2
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and the friction constant by

7  = 2 /g(0) = 2 v A { (arc tg -Tr/4)-1}0 -1 , (5.3)

which is  finite for any D.
The interaction matrix A_ (h = j-k ) corresponding to (5.1) is

h

= —  {2tt8 -  l/2 (2)* e ' hl /4vr [ 0 ( v * ( v  -  — )) +
h (27r)D h i°  2v

i h l i h i ih ,  d
+ 4>(v a (tt + — )) - 4> (----)_0(--- )]>n {2tt8

2 v  2v 'a 2v *  a =  2
ha,0'

h ?  + v 2
[1 _  (_) a e -V7T] > (5.4)

Here 4> (x) is  the error integral defined by

<£(x) = \  f  e '* 2 dx
^  0

(5.5)

_  In th is case  the range of the "cen tra l p a rt"  of the interaction
(h=(hj ,0, . . . ,0) is different from the range of the non central part
(0 ,0 ,...(ha ,...,0 ) . Examples in which these ranges do no differ, but
which do nevertheless lead to Brownian motion in D dimensions may
also  be constructed.

6. Conclusions.

To conclude th is chapter we wish to make the following remarks.
It has been shown that Brownian motion may occur in an infinite
assem bly if the m ass M of the heavy particle  tends to infinity, to-
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gether with the time t, in such a way that t/M remains finite. This
limit is  equivalent, at least for a " fre e ”  particle  (i.e. if V(xQ)sO)
to the limit proposed by Toda for the case of an assem bly with nea­
rest neighbours interactions .Indeed, T oda 's  limit implies that the
normal mode frequencies tend to infinity as M, so that therefore the
characteristic  tim es T. for the assem bly behave as M . Thus the
ratio t /T  k tends a lso  to infinity as M. We have achieved the same
resu lt by taking Tfc constant and letting  t tend to infinity as  M.

We also  wish to remark that the limit t -*®, M -*® , t/M finite is
equivalent to the weak coupling limit taken in the derivation of e.g.
the m aster equation by perturbation techniques7' 8. To demonstrate
th is consider the Hamiltonian (1.2.7.)

H<°> = 2  K p'k 2 + Vi 2  BkJ xj . (6.1)
k J,k

Using (1.2.8.) and (1.2.2.) we may a lso  write

H<0) = Hq + \V  , (6. 2)

with the "unperturbed Ham iltonian"

Ho = ^  lA pk 2 + 2  XA x*
k j.k^O

Ajk XK (6.3)

and with the "pertu rbation", the interaction between the heavy partic­
le and the heat bath, given by

v - x'0 { 2  A0j xj + KM’* A 0Qx'0 } .
J^o

(6.4)
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The "coupling constan t"  A. in (6.2) is

(6.5)

Now, to compute from a Hamiltonian of the general form (6.2) any
macroscopic quantity or equation in the weak coupling limit, m eans7' 8
to take the limit A.-»0, t -*®, in such a way that \ 2t remains finite.
As we see from (6.5) th is is  p recisely  the limit in which we have
obtained Brownian motion of the heavy particle . Thus as, e.g . in the
derivation of the master equation, the weak coupling limit corresponds
to a Markoffian behaviour.

F inally  we note that R ubin 's resu lt2 for a 3-dimensional cubic
la ttice  with nearest neighbours in teractions is in agreement, if proper­
ly interpreted, with our resu lts . In fact, in a 3-dimensional cubic
la ttice  with nearest neighbours one has lim u"2g(u) = c> 0. Thus ec­

u’-* 0 +
cording to our resu lts  (cf. the end of section  4 and the end of sec ­
tion 3, no Brownian motion is  obtained for the heavy particle , which
performs strongly underdamped osc illa tions. According to Rubin, the
motion of the particle  is almost that of a Brownian harmonic oscilla tor.
However, inspection of his formula (see reference 2, formula (75))
shows that the apparent friction constan t /3 is  very much sm aller than
the frequency of oscillation of the damped oscilla tor cu, and their
ratio /3/a> tends to zero as M " .  Thus in a rigorous limit, R ubin 's
resu lt is  in agreement with ours.





CHAPTER III.

QUANTUM MECHANICAL MOTION OF A HEAVY PARTICLE
IN HARMONIC OSCILLATOR ASSEMBLIES.

1. Introduction.

In this chapter we study the quantum mechanical behaviour of
an infinitely heavy particle coupled to a harmonic system .

In section  2 we obtain the "L angev in  operator equation" for the
heavy particle , in the presence of an arbitrary external force acting
on it.

Whereas c la ss ica lly  there were two equivalent procedures for
taking the limit M-*00, quantum m echanically they are not equivalent.
The difference lies  in the expressions for the covariance of the
stochastic  operator E(t).

For the in itia l s ta te  of the system  ,we now prescribe the in itial
average values of the position and momentum operators of the heavy
particle. The rest of the system is, as in the c la ss ic a l case, assumed
to be in itia lly  in "therm al equilibrium with respec t of the heavy
p a rtic le " .

In section  3 we solve explicitly  the Langevin operator equation
in the case  that the heavy particle  is acted upon by a linear force.
Furthermore we d iscuss the dispersion of the position operator as
a function of time.

In section  4 we find that the position distribution function for
the heavy particle is  G aussian at any time.

2. Derivation of the Langevin operator equation.

In chapter I we found that the c la ss ic a l motion of the heavy
particle coupled to a system  of harmonic osc illa to rs is described by
the Langevin-type equation (1.2.22). In the quantum m echanical case
we get an identical equation with the difference that it should be
interpreted as an operator equation. Indeed, the Heisenberg form of
the quantum mechanical equations of motion for the operators x, and
pk are

. d x k 1 r
xk = ----- --------  [xk , H]

dt i f i
( 2. 1)
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and

Pk s -----  =—  [p fc i H] ,
dt ifi

dpk
(2. 2)

where [a , b] denotes the commutator of a and b. Here the Hamil­
tonian H is given by

p kH = 54 2  -----  + lA  2  xjAjkxk + V(xQ) , (2.3)
k Mk J ,k

where V(xQ) is the external potential applied to the heavy particle.
Using the fact that

[x k, P2] = 2ifiSknP, (2.4)

and

t  x j x n '  P k ] = A (-XJ Sk n  + X n 8k j ) ' (2.5)

we find from (2.1), (2.2) and (2.3) that

x k = P k / M k
(2 . 6 )

2A, ,x, + 8 .n F (xn), (2.7)

where the force operator F(xQ) is  defined as

F (x0) = -----  [p 0 ,V (x Q)] . (2. 8)
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From equations (2.6) and (2.7) we can now proceed as we did in
chapter I, and obtain the operator equation.

p (t) = M* 2  (cos B * t)okM:* p (0) — 2  (B * .sin  B * t)okM ** (0) +
k k

+ J*dt' [co s  B^ft-t')] oo F(x0(t')) . (2.9)
o

From this equation we find, with the aid of (2.6)

xo M + r, F<xo> = ~  x0(t) + H +u M u u M

+ J * d t ' { y ( t ) - r ( t - t ' ) }  [cos B l̂ ( t - t ' ) ] 00 F(x0(t')), (2.10)
o

where y (t) and B^k are given by (1.2.23) and (1.2.8), respectively.
The operator E(t) is  given by

E(t) = 2  {y(t)(cos B l/*t)ofc-  (B^ . sin B ,/4t)0k} Pk(0) -
k 4 0

- M * 2  {y(t)(B 1/i. s i n B !4t)0k+ (B .c o s B >4t)ok}(xk(0) —x0(0)) . (2.11)
k^ 0

For the in itia l s ta te  of the heavy particle we cannot assign de­
finite values to both displacem ent and momentum, because of the
uncertainty principle. We may, however, choose a wave packet such
that the in itia l expectation values of the displacem ent and momentum
operators are prescribed:

< xQ(0 )> = R

< p0(0)> = k  = MV

( 2 . 12)

(2.13)



50

It may be verified that the wave functi on

i \ x Q (x0 -  R)2
\fj[x ) = (2TTcr'yV* exp { ------- ----------------- } (2.14)

fi 4cr'

will secure the correct in itial expectation values. The in itia l d is­
persions then are

A X
o

 t
o

0 1 A X
o

O V to V It (2.15)

-h2
< p g ( 0 ) - < P o( 0 ) > z > = ------  ,

A c t '

(2.16)

so  that the wave packet has a minimum spread

1 i 2
< x2(0) -  < xQ(0)> 2> <p2(0) -  < p0(0)> 2 > = -----  . (2.17)

The re s t of the system is assumed, as in the c la ss ic a l case , to
be in itia lly  in "therm al equilibrium with respect to the heavy parti­
c le " ,  i.e . we assum e that a t t = 0, the (non-stationary) density matrix,
in position representation, of the whole system is given by

f '(x 'n,xn) = <//*(x'0) '/ 'U q) c ' e"/0H,j n 0 S(xJ “  x0 “  xj + x0} (2,18)

with n = 2 N + 1,

H ' = 2  ‘/a p2 +'A 2  (x -  x0) A k(xk- x  ) , (2.19)
k̂ O K j.k^o J u 1

and where c ' is  a normalization constant.
The brackets in (2.12), (2.13) and (2.15)-(2.17) may now also  be

interpreted as averages over the in itial ensemble (2.18).
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Let us now define, for the purpose of calculating the covariance
of the operator E(t) in the in itial non-stationary ensemble (2.18) (cf.
a lso  chapter I, section 3), the quantum m echanical autocorrelation
function yo(t) of the heavy particle in the absence of an external force
as

p(t) * {p0(t0) , p0(t0 +t)>  , (2.20)

where P0 (t) is given by (2.9) with F(xQ) = 0, and {a,b} =J4(ab + ba).
The bar denotes an average taken over the stationary ensemble des­
cribed by the density  matrix

f(0)(x 'n,xn) = c e '^ H(0) 7t S(x( -  x .)  , (2.21)
i 1

where

p k
H( 0 ) = l/ S 2 ----- + % 2  x, A,, x. . (2.22)

k M. J Jk

In Appendix C we show that the covariance of the operator E(t)
may be written as

_____________  B2
< { E (t0), E (t0 +t)} > = {E (t0), E (t0 +t)} = — j  yo(t) +

ot

B
+ y ( t0) r ( t 0 +t) y0(t) + (7 (t0) -  y ( t0 +t)) —  p{ t) . (2.23)

Bt

In the c la ss ic a l case  there are two equivalent alternatives for taking
the limit M-*oo. The firs t one is  to change to a new time scale  r=  t/M,
and the other one is  to change the interaction matrix A to MZA. How­
ever, these two approaches are not equivalent in the quantum mechani­
cal case , as we now proceed to show.
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i) Consider the firs t case. We change to the new time scale

r  = t/M . (2.24)

Then, as was shown in chapter II, section 3

t S j  («!>)=ƒ d n Jco sü J rS M(co)(cos B /2t)

where SM(<a) is  given by (II.3.4).
In the limit as the number of particles tends to infinity, and as

M-*00 (see formula (II.3.19)) we have

M-oo,t-a>
r  = t/M

Here y i s  given by (II.3.20).
In Appendix B we show that the quantum mechanical momentum

autocorrelation function is given by

lim Su (<i>) = — ------------
M-*oo 71 y 2 + aj 2

1 y7 (2.26)

and therefore

lim (cos B ^ t)00 = (2.27)

1 fi r ,, A B* „.z ,
-  p(t) = -  [B ^ . coth — —  . cos B /2t] 0Q .
M 2  2

(2.28)

This may also  be written as

J  dct) eo coth cos cot S . (co)
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fi r m co fitico
-  — J dco — c o th ------  cos co t S. . (co)

2 - ®  M 2M M

y y S " 1 -<*> COS COT ,
------- .  ------ ƒ  dCO --------------  .yS-> e  Y W ,  (2.29)
M -o o  77 — oo y 2 +co2

where use has been made of (2.26). We note that (2.29) is  ju s t the
c la ss ic a l momentum autocorrelation function.

Combining (1.2.23), (2.10), (2.27) and (2.29) we find that

. . 1 . 1
xn (r) + -  F(xn(r)) = - y x  (r) + -  E(r) , r > 0  . (2.30)

u M 0 M

with the covariance of the operator E (r) given by

lim i < { E ( r n),E(r0 + r ) } > s 2/8*1y 8 ( r ) ,  (2.31)
M-oo M

as follows from (2.23), (2.27) and (2.29).

ii) If we now keep the original time scale  and change the interaction
matrix A to M2A, we then find that

(cos MB^t).
M-oo

» - y  M (2.32)

and from (2.28)

1 ft r u /3hMBH .. ./ ,
— p(t) = — [MB^ • c o th ----------- • cos M B ^t].
M 2 2 '

h r ® ySfi co
— J dco co c o th ------  cos a>t SM(a>)
2 -  co 2
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piia>
ot c o th ------

fry -® 2—  ƒ do>---------------
2 77 -  oo y 2 + 2

C O S  Ct) t  =p' [ t ) . (2.33)

Here we have used (2.26). The explicit value of p '(t). is

p '( t) 'ÜL { e - y  l r l
_ -n t I t

r\ CD 1 K a2 n e q
C O t T T y T  +  — 2 .

q 7T n=l _ 2
> (2.34)

n -  (y rq)'

where

2 77
(2.35)

Therefore, in this case  we find from (2.10), (2.23), (2.32) and (2.33)
that

*0(t) F (xo(t)) -  -  rx 0(t) + E(t ) , (2.36)

with the covariance of E(t)

1 B2
lim -  < {E (t0), E ( t„ + t ) > > --------- :  p '( t)  + 7 2 p '( t)  • (2.37)

M-*oo M Bt2

We note that in the c la ss ic a l case  we were furthermore able to
show that in the in itia l conditional canonical ensem ble, E(t) is a
Gaussian random process. We did not succeed, in general, in obtaining
a quantum analog of this statem ent. We sha ll therefore instead first
study in the next section the Langevin operator equation for the
case of a linear external force, and then in section 4 d iscuss for this
particular case  the full time dependent distribution for the d isp lace­
ment xn.
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3. Solution of the Lcmgevin operator equation in the case  of a linear
external force.

The Langevin equations (2.30) and (2.36) obtained in the preceding
section, may in principle be solved for any external force F(xQ).
However, in practice, this is only possib le , as in the c la ss ic a l case
for linear forces:

1
F (xn) = KX (3.1)

We shall now study the two c ases  considered in section  2.

i) In this case  equation (2.30) becomes

xq(t ) + k x q(t )
. 1

= -  y x . ( r )  + -  E ( r ) ,  r >  0 .
M

(3.2)

The formal solution to this equation is

.  e " ^ ^ T [x 0(0) cos v y r  + (-------  + ------- )
xQ(0) xQ(0) sin  v y r

] +
7  2 v

1
f  dr' T )sin  v y ( r— t 1) — E ( r ')  ,

M
(3.3)

v y  0

where we have taken

k  = k 7 (3.4)

and

v  = (k -  V4)'a . (3.5)
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Using (2.12) and (2.13) and the fact that the average value of
E ( r )  van ishes, we find that

V sin  v y r  ,
lim < x n(r)>  = e ~ ^ ^ T [R cos v y r  +( — + i4R) ------------  ] , (3.6)0 -y vM-co '

which is  the c la ss ic a l value.
Using (2.15), (2.16), (3.3) and (3.6) we obtain for the d ispersion

_ __  sin  v y r ,
< x5 ( r )  -  < xn( r )  > 2> = e~yT {cr1 (cos v y r  + lA ----------- ) +0 u 1/

f l 2 2 \+ ---------------- -— sin  v y r )  +
4M2 cr' y 2 v 2

+ ----- l- -----  ƒ  d r ' ƒ  dT"e-1/̂ (T' + r " ) sin  v y r» s in  v y r " <  {E (y),E (T ")>>
U2v 2y 2 o o

(3.7)

Taking

a 1 = M~^cr (3.8)

and using (2.31) we find that

osin  v y r
lim M< x2 (r) — < x „ ( r )> 2> = e‘7 T { a (c o s  v y T  + ------------) +

M-*o° 2 v

+ ---- —----- s in 2v y r }  + -----{ 1 — e ^^(1  + ——§■ s in 2 v y r  +
4cr y 2 1/ 2 *  2V

+ — sin v y r c o s  v y r ) }  . (3.9)
v
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We note that except for the firs t bracket in the right hand side, this
result is the c la ss ic a l one. The first bracket is due to the fact that
there is an in itia l uncertainty in the position and momentum of the
heavy particle. For times r  >> 1 / y ,  we have

/8 " 1
lim M < Xq ( r )  — < x0( r)  > 2> = —— , (3.10)

M-oo x

which is the c la ss ic a l equipartition value.

ii) In th is case  the dispersion of xQ(t) is given by

lim M< x2(t) — < xQ(t)> 2> = e -^* {cr(cos v y r  + —---- —  ) +
M-*oo 2v

f i 2+ ——— —
4c ry 2 v 2

s in 2 v y t }  + I(t) , (3.11)

where a '  is given by (3.8), and where

I(t) = --------- J*dt' ƒ *dt" e"  ̂■y(t,+ t") s in v y t's in  v y t "
v  2 y 2 o o

x -  < (E ( t ')  , E (t")>  > . (3.12)
M

Changing to the variables

£ = t ' + t "  , tj .  t # — t "  , (3.13)

I(t) becomes with the aid of (2.37)
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I(t) ------------ ( ƒ  d £ j Sdi7 + /  dC f  d y )  sin'A v y (£  + y)
2 v 2 y 2 o o t o

■g 2
x sin)4 v y ( £ - 17) { ---------p'(y) + y 2 p'(y))  • (3.14)

Ö7J2

Performing the integrations and using (2.33) and (2.34) we find that

lim M< x 2(t) -  < x0(t) > 2> = /"d cu
M-oo 277 -oo

/3hco
cu coth ------

2

( * -  cu2 ) 2 + y 2 c u 2

------- (co t7r r  ) e "^ t (l + -----  s in 2v y t  + — sin  v y t  cos v y t)  +
2ky2 q 2y 2

+ e-,yt { a (c o s  v y t  ) + -------------- s in 2 v y t}  +
2v 4 o- y 2 v 2

+ 0 (e‘t/T q ) , t > 0 . (3.15)

Here r  , given by (2.35), is a new characteristic  time which repre­
sen ts a guantum m echanical effect.

In the derivation of (3.15) we have taken k = 0(1) and r q «  1 /y .
This situation s ti l l  may correspond to very low tem peratures.

We see  that for t >> r  the time dependence in (3.15) is e ssen tia l­
ly c la ss ic a l.

For times t »  1 /y  the dispersion (3.15) becomes

/3h co
co c o th ------

fry _oo 2
cr = -----  I dco ——--------------------- -------

eq 277 -  oo (k y 2 — co2)2 + y 2 co 2

_ L  5lnh |v y  W __________ t2 (3) , (3.17)
2 v y  cosh(vy/3ft) — cos04y/Sh) tt q
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where £ (z) is the Riemann function. The second equality holds if
k = 0 (1) and rq «  1 /y .  (The exact value of the integral is computed
in Appendix D).

The expression (3.17) is the quantum mechanical equipartition
value for the displacement xQ.

In the classical limit (fi -* 0, or f i — 0)

y  r00 . 1 1 1 , , ,
cr -* ------  f  dCO __________________________  __________ ________ cr^c ^  .

eq f i" - m  (ky2 — co 2)2 + y 2 co 2 /3ky2 /3k * *

(3.18)

Consider now the case that the heavy particle is weakly coupled
to the harmonic assembly, in the sense that y -* 0, k-* 00 and k  = ky2

1/  1/  ■

finite. Then v y — k y  = ic*. From formula (D.11) of Appendix D we
then find

/3h k 1̂
coth ---------

2
(3.19)

Let us now discuss in more detail the two main results (3.17)
an (3.19).

The fact that for t-*00 the quantum mechanical equipartition value
(3.17) is reached (as it should be) at the same time indicates that
one may not speak in this case of (a quantum mechanical) Brownian
motion in the usual sense: indeed this equipartition value contains
reference to the structure of the heath bath through its explicit depen­
dence on y . In the classical case this is not so (cf. equation (3.18)): it
is in fact one of the characteristics of Brownian motion that the
equipartition value is independent of the structure of the system. Of
course in an extended sense one might still speak of a quantum me­
chanical Brownian motion even in that case, since this motion is
described by a Langevin operator equation.

On the other hand the result (3.19) shows that for weak coupling
(y -0 , k-»00, k  = k y2 finite) we may speak of a quantum mechanical
Brownian motion in a customary sense: the equipartition value is now
that of a single quantum oscillator and is independent of the structure
of the system.
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4. Quantum mechanical distribution function for the displacement of
the heavy particle.

In this section we discuss the form of the quantum mechanical
distribution function of xQ(t) in the case that a linear force Mkxq is
applied to the heavy particle. The Hamiltonian of the system may
then be written as

P kH = Va 2 ----- +Va 2  x, C , xk , (4.1)
k Mk j,k j Jk

where

Cjk = Ajk +M* 8J0 8k0 ’ (4*2)

In an n-dimensional notation, the solutions corresponding to the Hamil­
tonian (4.1) are

pn(t) = a . pn(0) + b . xn(0) (4.3)

xn(t)*= d . xn(0) + c • pn(0) , (4.4)

where n s  2N + 1, pn and xn are n-dimensional vectors with compo­
nents pk and xk, respectively; a, b, c, d are nxn dimensional, time
dependent matrices.

Let f (xn,pn;t) be the Wigner distribution function of the systemw I 4
at time t. It is defined by

2ipn.xn
fw(xn,pn;t) = (7Th)'n ƒ  dyn p ( x n  + y n, x" -  yn;t) exp ( h

) (4.5)
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where p (x n,x ,n;t) is the coordinate representation of the density matrix
at time t, and

Pn • xn = 2  pkxk , dyn .  tt dy, .
k 1

From (4.5) we obtain by inversion

yo(xn,x,n ;t) = ƒ  dpnfw(1/4(xn + x 'n),pn;t) exp { -
ipn.(xn -  x 'n) ,
——------------ (4.6)

h

The position distribution function /o(xn;t) is given by the diagonal
part of the density  matrix. From (4.6) we find that

/o(xn;t) s  p(xn, xn;t) = ƒ  dpn fw(xn,pn;t) . (4.7)

The position distribution function for the heavy particle  is

yo(x0;t) * ƒ  dxD' l p (x n;t) , (4.8)

where the integration is performed over all the x ' s  except xQ.
On the other hand, the Wigner distribution function at time t may

be written in terms of its  in itia l value as follows

fw(xn,pn;t) = J  dx 'n dp 'n fw(x 'n,p 'n;0) P (x 'n,p 'n ?n;t) (4.9)

where P (x 'n,p 'n | xn ,pn;t) is  the propagator of the Wigner distribution
function. For a system of harmonic osc illa to rs, th is propagator is
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known to be equal to the c la ss ic a l conditional probability density
in phase space (cf. Appendix A):

P (x 'n,p ,n |x n ,pn;t) = S (x11 — d . x,n — c . p ,n)8 (pn — a . p 'n — b .x ,n)( (4.10)

where each S -function stands for a product of n 8 -functions.
Using (2.14) and (2.18) we find that the in itial Wigner distribution

function is G aussian, and therefore, according to (4.10) and (4.9),
fw(xn,pn;t) a lso . Thus we see  from (4.7) that p (xn ;t) is  G aussian,
and finally from (4.8) that the distribution function for the position
of the heavy particle  is  normal.
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A P P E N D I X  A

Consider a harmonic oscilla tor with the Hamiltonian

H = lA P 2 + l/£co2 Q2 , (A.1)

and let '/'^(Q) and denote the eigenfunctions and eigenvalues of H,
respectively:

h * m( Q > - e m0m(Q). (A.2)

By definition the Wigner distribution function is* 4

i r 2iPy
fw(Q.P) s(T rh)'1 fd y p (Q  + y, Q -  y) exp (------- ) (A.3)

fi

with the density matrix p(Q ##Q) given by

1 00 /Or-,
p(Q',Q) = — 2  e’̂  ^ ( Q ' ) W Q )

Z /x=0 ^  * *
(A.4)

and

m -ySE
Z .  2  e **

f lz O
(A.5)

Inserting in (A.4) the explicit eigenfunctions and eigenvalues of
the harmonic oscillator, we find
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pP'.Q) ( “ ) 54 i  I  e -/3ha> (Ai + fc) (m , 2M)-1 e-J4 a (Q '2 + Q2)
TT Z /t=0

x H (a»Q') H (a»Q) ,fM A*

where H are Hermite polinom ials and

a  = a> /Ti .

Using the abbreviations

a ‘/2Q = x , /Sfico = p ' ,

equation (A.6) becom es*5

p(Q',Q) , 1 ( 1 ) »  e ‘(x,2 +x2)/2  1  (m 12^)_1 e-P'(p  +*-4)h (x)H
r

1 a  w
=  -  ( ---------------------------- ) »

Z 2w sinh >6'
o yS»

exp {-l/4(x + x ')z tgh — —

-Va (x -  x ' 2r coth — } ,

or

P(Q',Q)
1  0 0  » >/
-  ( -------------------- -—  rZ 27TT1 sinh y8hai

, O) ,
exp {— Va — (Q + Q 'r tg h

/3htu
2

ü l  .  jSflCU
-  X -  (Q -  O ')2 coth

(A.6)

(A.7)

(A.8)

,(x')

(A.9)

2
(A.10)
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Inserting (A.10) into (A.3) and performing the integration, we
obtain for the Wigner distribution function

/Shco
fw(Q,P) = (Trfi coth—— )-1 exp {------- tghfico

/3fia)
2

(P2 +ct) 2Q2)} (A. 11)

where we have used the fact that

yShcu ,
Z = (2 sinh —----)’* .

2
(A.12)

For the propagator of the Wigner distribution function P(Q ',P '|Q ,P ;t)
we have the following expression (cf. ref. 16, eg. 2 — 35)

2
P(Q ',P '|Q .P;t) = ----  /J e * 2iP'Y'/ f l K(Q'+Y'|Q +Y;t)nfi

K(Q' -  Y' |0  -  Y;t) e +2iPY/TldY dY' (A. 13)

where K(Q' 10;t) is the propagator of the wave function, given by

K(Q' |Q;t) = 1, e-iEM̂  yp*JQ ') ^PAQ) •
f i= 0  *  *

(A.14)

Comparing (A.4) and (A. 14) we find that

p=it/h  'K(Q'|Q;t) = [Z(y8)p(Q',Q;/3)] (A.15)
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and therefore, from (A.9) and (A. 12) we get

K(Q '|Q ;t) =
co u  ,  i co ' c o t

• * O -rr*  ■ , ) A  e X P  (  . z  ( 0  + Q' ) 2 tg — - +
2 i 7tti s in  cut 4 n 2

i co co t „
+ ---------(Q — O ' ) 2 c o t ----------- }  .  (A.16)4 h 2

Inserting (A. 16) into (A. 13) we find that the propagator of the Wigner
distribution function is

P(Q ',P 'lQ ,P;t)
P '

= 8 (Q — Q'cos co t ---- sin co t) 8 (P — P'cos co t +Q'a> sin co t).
CO

(A.17)

We note that this is just the classical propagator in phase space.

For a system of n independent harmonic oscillators, and without
symmetrization of the wave function, the Wigner distribution function
and its propagator are just the product of the Wigner distribution
function and its propagator of each harmonic oscillator, respectively.
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A P P E N D I X  B

We compute the quantum m echanical momentum
function p(t):

p(t) = Tr {p0(tQ) , P0(tQ + t)> f(0) ,

where

with

f(0) 1  e-/8H(0)
Z

H<°> = 2  >/2 —

J Mj +  * f k x i AJk x k

and

Z = T r f  (0) .

L et us perform the transformation

Pk - Mi * P k , Xk = Mk Xfc .

Then (B .l) and (B.3) become

p(t) = M Tr {p |j(t0) , p0(tQ + t)} f(0)

and

autocorrelation

(B .l)

(B.2)

(B.3)

(B.4)

(B.5)

(B.6)
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H(0) = l/2  2  p j2 + y2 2  Xj BJlc ,
j j | ̂

respectively . Here

BJk .  (MJMk)-'‘ AJk .

Now, we change to normal coordinates,

p ' = 2  U, P ,r k _ ka a 2  U. Qka ca

Therefore we have,

P(t) = M 2  U0 v U0 a T r{ P v (t0) ,P a(t0 +t)> f(0)
CLV

with

H(0> = H 2  P* + H 2  a>* Q2
a a

and

j 2a 2
Jk

U , B.. U.aj jk k v

(B.7)

(B.8)

(B.9)

(B. 10)

(B .l l)

(B.12)

◦ s
It may be shown17 that the autocorrelation function can be written
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Tr{PI/(ta) ,P a(t0-H)>f‘0)-//P » P 'a'£w(Q'«P»“;t0;Q ,P " " ; tn+t)

dQ 'hd P 'ndO "nd P " n

f f K P a fw(Q'n.P ,n ;t0) cos { -  (
6Q 'n 3 P 'n 6 P 'n 3 Q 'n

6
)}

P (0 ,n (P ,n | Q "n,P " n ;t) dQ 'nd P ,ndQ "nd P " n . (B.13)

fw(Q'n,P ,n;t0;Q"n,P"n;t0 +t),
, n  4.1___ U i l ______________________ J . fw(Q'n,P ,n;t0)<

Q "B,P " “ ;t) are the joint Wigner distribution function, the Wigner
distribution function and its  propagator, respectively . The 6-symbol
denotes differentiation " to  the le f t" ,  We now integrate (B.13) by
parts , and recall the fac t (cf. the end of Appendix A) that for the
Hamiltonian (B. 11), the Wigner distribution function and its  propa­
gator are products of single Wigner distribution functions and its
propagator, respectively. Using (A. 11) and (A. 17) we find that

fihco
— oj coth

2 cosaJvt .  (B. 14)

Inserting (B. 14) into (B.10), and using (B. 12) we obtain that

p(t) = M S U_. — co c o th -----
v 0v 2 v 2

hv f i hco V
cos w t U .v o v

w  h  r  w  y ö f l B ^  . .
= M — [ B /2  • coth--------  . cos B^t] 00 .

“ 2 (B. 15)
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APPENDIX C

Consider

p£
, 2 ----- +'A
k =0

P20

2Mk

- + 2  A
2M k^O

2
Pq
2M

+ H' .

1  0 '  j k  ' Ak .  0 ;

J , k * 0

( C . l )

Transforming to coordinates

Uk a Pa

k ,É 0

X̂ ‘ X0 = af o Uk “ Q a

(C.2)

where IL is an element of the orthogonal matrix which diagnolizes
the matrix with elements Ajk (j,k  ̂ 0). (The Uka introduced here
should not be confused with the Uk a of Appendix B, which diagonalizes
the complete matrix A^k). The Hamiltonian (C.l) then becomes

H<°> = —
2M

+ 2
ajfcO

'/2(p ; + a)z Qz )a ^  a ' (C.3)

where

a)2 8 ay8 2
J . k ^ O U aJ A Jk u k /8  ‘ (C.4)
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It should be noted th a t th ese  co ' s  are not the  normal modes of the
CL

whole system . Indeed, the Qa (a  £ 0) are functions of x_.
C alling

Qo s x o (C.5)

we may w rite (C.3) as follow s

H<°> = 2
Of: 0

'MP2 +cu2 Q2 )' a a ^ a J (C.6)

The canon ical Wigner d istribu tion  function corresponding to  the
H am iltonian (C.6) is

/ u ( 0 ) \  1 . 1
fw H = — II exp { ---------tgh --------

Z a hw 2
CL

(P2 +co2 Q2)}' a a ̂  a’J

-L e ^ p S / 2 i  n e x p { -----1
V  V I  lZ ' â O fia> 2a

(P 2 + a>2 Q2)}' a a a' ̂

a-y8p2 /2M  f (H*)
u  AW  » (C.7)

where fw Ĥ>  ̂ is  the canon ical Wigner d istribu tion  function correspon­
ding to the H am iltonian H '. Here Z, ZQ and Z ' are norm alization
co n stan ts .

L e t g be a function dependent on pn-1 , xn-1-x_, where the excluded
coord ina tes are p Q and x Q. C onsider
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g = JV h( )} Q dpn dxn

= ƒ dpn-1 dfx"'1^ )  gfo"*1, xn' 1-xQ) f^H,) ƒ dpQ dxQ e"^p o^^M
Zo

= /d p " ’ 1 dtx"-1^;,) ^p"-1, x»-1- ^ )  fJH*>

= Jdpn d(xI1- 1- x 0) dxQ gfp"-1, x"-1^ )  f^H,) fw(xQ,P0) (C.8)

where

2ip0y
fw ^x O 'p o^ = ( '" 'fi)’ 1 f * Y  0 * (x o + y )0 (x Q -  y) exp (— - — ) (C.9)

with '/'(Xq) given by (III.2.14).
Since f^H  ̂ fw(xQ,p0) is  the Wigner distribution function corres­

ponding to the in itia l ensemble (III.2.18), equation (C.8) implies that

g = < g > . (C.10)

In computing the covariance of E(t), we may therefore calculate
it as an average over the stationary canonical ensemble described
by (III.2.21). We can proceed as in the c lass ica l case  to derive equa­
tion (III.2.23) (cf. chapter I, section 3).
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A P P E N D I X  D

Consider the integral

oo co coth u co coso) t
I = ƒ  dco --------------------------------

-oo a>4 + 2 a2 <y2cos20 + a4

.oo co coth u co
% f  dco -----------------------------

-oo co4 + 2a2a>2cos2# +a4

x fe 1" 1 + e -iö,t) -fc (I+ + IJ  , (D .l)

with t > 0, and 0< 6 < tt/2 .
The integrals I+ and I_ represent integrations along the entire

length of the real axis, of the functions

z coth uz
h ± (z) --------------------------------

z4 +2a2z2cos20 + a4
_ ± i z t
r i (D.2)

respectively.
The functions h .(z) have simple poles at the points

± iae , z s ± inw/u, (n = 1 ,2 ,...)

imr/ u
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L et C + denote the upper half of the circle |z | = R, where R > a.
Integrating the function h+(z) counterclockwise around the boundary
of the sem icircular region, we have

h +(z) dz + ƒ  h +(z) dz
c  +

=  2 7 T i 2 ^  Res, (D.3)

where Res is  the sum of the residues of h .(z) at the poles z
+ 1 a n-Tr

iae* , inw /u (n = 1 ,2 , . . . , ------- < R).
u

It may be shown that

lim ƒ  h+(z) dz = 0, for t > 0. (D.4)
R- *00 c +

T herefore

I + = ƒ  h +(z) dz = 2771 2 “  Res .
—  00

(D.5)

Analogously

I_ = ƒ  h_(z) dz = -277i 2 “  Res ,
—  GO

(D.6)

where Res is  the sum of the residues of h_(z) a t the poles z =
-iae ±iö, z = -in7r/u (n = 1,2 ,...).

We obtain in a straightforward way
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Res h+(z) (at z = iae -10) .  -Res h_(z) (at z = - ia e '10)

i “L& . f\
= (4i sin  20 )”1 e “ate cothfiaue"1*) (D.7)

Res h +(z) (at z = iae10) = - Res h_ (z) (at z = -iae10)

i0
= - (4i sin  26)~l e‘ate coth(iaueiff) (D.8)

Res h +(z) (at z = i |n \ t t / u )  = - Res h_(z) (at z =-i|n17r/u)

i mr e-n7rt/u
---------------------------------------------------------(D.9)

u2 (mr)4 — 2 (aun7r)2cos 2 0 + (au)4

Combining (D .l), (D.5) - (D.9) we find that

t 7re"atcos0 sin (2aucosö)sin (atsinö) + sinh(2ausinö)cos(atsinö)
I = —— ——— "■

a2sin  26 cosh(2ausind) — cos(2aucosö)

_ 2 ( -  )2 f  _______ n e~n,Tt- U______________ (D. 10)
v  n=l n4 — 2(aun/7r)2cos20 + (a u /n )4

with t > 0, 0 < 6< tt/2.
From (D. 10) we then obtain
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<» co coth XA Bfico
J do ;------------------------------

-oo (ley2 — co2)2 + y 2 co2

t t  sinh (yi/ySli)

y 2v  cosh(yv/?h) -  cos (%y/3h)

yStl 2 oo
• 2( —— ) 2

2tt m=1

m
...................................................................... ................. (D. 11)
m4 -  m2(/3hy/27r)2 (1 —2k) +k2(/3hy/27r)4

For the case  that /3h y/27r «  1 and k .  0(1), the sum in (D .ll)  re­
duces to

oo 1
2  —  = £(3) = 1.202... (D. 12)

m =l  m 3

where £(z) is the Riemann function.
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S A M E N V A T T I N G

Het ontwikkelen van een s ta tis tisc h  m echanisch model voor de
Brownse beweging vormt het onderwerp van verschillende recente
onderzoekingen.

Hemmer, Rubin en Turner hebben de beweging onderzocht van
een zwaar deeltje in een systeem  bestaande uit gekoppelde harmo­
nische oscillatoren met naaste  buren-wisselwerking. Zij hebben laten
zien dat in een één-dimensionaal systeem  een zwaar deeltje  zich
min of meer als een vrij Browns deeltje  gedraagt a ls  de m assa van
het zware deeltje maar groot genoeg is . Toda en Takeno en Hori
merkten op dat zuivere Brownse beweging slech ts verkregen wordt
na een dubbele limietovergang waarbij zowel de m assa M van het
zware deeltje  a ls de koppelingsconstante a ,  die de naaste  buren-
wisselwerking karakteriseert, oneindig groot worden, en wel op zo­
danige wijze dat de verhouding a/M ^ eindig blijft.

Anderzijds hebben Kac, Mazur en Ford laten zien dat in een
systeem , geheel en al bestaande uit deeltjes van gelijke m assa,
een willekeurig deeltje zich al Browns deeltje zal gedragen in het
"w arm tebad" dat gevormd wordt door de overige dee ltjes , a ls  de
harmonische w isselwerkingskrachten van een zeer speciale  vorm
zijn (lange dracht). Voor een systeem  van gelijke deeltjes kan men
zuivere Brownse beweging nl. a lleen afleiden m.b.v. een lim ietover­
gang waarbij een "cu t-o ff"frequen tie" , die het frequentiespectrum
van de normaaltrillingen begrenst, oneindig groot wordt. Voorts bleek
de beweging van een deeltje  dat een uitwendige kracht ondergaat
in deze lim iet over te gaan in die van een Browns deeltje  in hetzelfde
uitwendige krachtveld.

Bovengenoemde resu lta ten  hebben steeds betrekking op systemen
bestaande uit oneindig veel deeltjes.

In- dit proefschrift wordt de beweging onderzocht van een deeltje
in een systeem  bestaande uit harmonische oscillatoren, waarbij meer
in het bijzonder de voorwaarden worden afgeleid waaronder dat deel­
tje zich a ls  een Browns deeltje  gedraagt.

In hoofdstuk I wordt een formèle oplossing gegeven van de be­
wegingsvergelijkingen voor een bepaald deeltje  dat een uitwendige
kracht ondergaat. M.b.v. deze oplossing worden de bewegingsverge­
lijkingen zo geschreven dat zij een structurele analogie met de Lange-
vin-vergelijking vertonen.

Tevens wordt, m.b.v. de s ta tis tisc h e  mechanica, het gedrag van
het deeltje onderzocht in een in itieel conditioneel kanoniek ensemble
dat de random-verdeling van de overige deeltjes beschrijft (warmte­
bad).
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In hoofdstuk II wordt eerst het model van Kac, Mazur en Ford
besproken, Vervolgens wordt de beweging van één bepaald deeltje
onderzocht in het geval dat de m assa M van dat deeltje  oneindig
groot wordt, waarbij de voorwaarden worden afgeleid waaronder het
zich a ls  een Browns deeltje  gedraagt. Wanneer men de m assa M en
de tijd t oneindig groot laa t worden, op zodanige wijze dat de ver­
houding r  = t/M eindig blijft, verkrijgt men Brownse beweging, mits
de wisselwerking aan een zeer algemene voorwaarde voldoet, die
geen specia le  beperkingen oplegt aan de gedetailleerde vorm van
de wisselwerking: de spectrale dichtheid G(co2) van eigenwaarden
co van de w isselwerkingsm atrix dient evenredig te zijn met co~ voor
co — 0.

Ook het geval dat de spectrale dichtheid n iet aan bovengenoemde
voorwaarde voldoet wordt nader onderzocht.

In hoofdstuk III wordt een quantum m echanische analyse van het
gedrag van een oneindig zwaar deeltje  gegeven.

Terwijl k lassiek  de limiet M—00 op twee equivalente manieren
genomen kan worden, zoals bewezen wordt in hoofdstuk II, leiden deze
twee procedures quantum m echanisch tot verschillende resultaten .
Wel vindt men in beide gevallen voor het zware deeltje  (dat de invloed
van een willekeurig uitwendig krachtveld ondergaat) een "Langevin
operator-vergelijking", maar deze twee vergelijkingen verschillen
onderling in de quantum m echanische autocorrelatiefunctie van de
"random kracht-operator". De oplossing van de Langevin operator-
vergelijking wordt onderzocht voor het geval dat de op het zware
deeltje  werkende uitwendige kracht lineair is.

T enslotte wordt de vorm bepaald van de p laats-distributiefunctie
van het zware deeltje  op een willekeurige tijd.
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