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INTRODUCTION

A monochromatic plane light-wave impinging on matter in vacuo will
induce oscillating electric and magnetic moments in each molecule. As a
result the molecules become radiation-sources themselves. The exact mi­
croscopic radiation field corresponding to a certain configuration of the
molecules is a superposition of the external field of the light-wave and the
secondary radiation fields from all molecules. Whereas these microscopic
fields are propagated with the velocity of light in vacuo, c, the observable
macroscopic field is propagated in the medium with a velocity different
from c.

In this thesis the propagation of light in isotropic, optically active media
will be investigated. The structure of optically active molecules gives rise
to circular double refraction, i.e. right and left circularly polarized plane
waves are propagated in the medium with different velocities, which causes
a rotation of the direction of polarization of linearly polarized light passing
through the medium. The theory of optical activity may be considered to be
an extension of the theory of ordinary dispersion: whereas in the latter
the ratio of the linear dimensions of a molecule to the wavelength of the
light is considered to be negligibly small, the essential feature of a theoreti­
cal treatment of optical activity consists in taking into account, to first or­
der, the finiteness of this ratio.

In chapter I we shall give a general theory of optical activity in an
isotropic medium consisting of identical molecules. Without specifying
the molecular model we shall investigate the influence of a monochromatic
plane light-wave impinging on a molecule. With the time dependent quan­
tum mechanical perturbation theory expressions will be derived for the
induced molecular moments. Then the secondary radiation field of a mole­
cule will be calculated. With these results we shall derive the equations
describing “dynamical equilibrium” in a medium consisting of N  mole­
cules, i.e. describing the state in which every molecule undergoes the in­
fluence of the external field and the secondary radiation fields from all
other molecules. Next we derive from these relations integral equations for
the macroscopic field quantities. Whereas in earlier treatments of optical
activity the macroscopic field quantities were obtained by means of a spatial
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averaging procedure, we shall in this thesis employ the averaging proce­
dure of statistical mechanics. More specifically, the macroscopic quantities
will be defined as ensemble averages over a canonical ensemble. Thus we
shall be able to investigate the influence of statistical correlation and fluc­
tuation effects, which have always been neglected in previous treatments.
With the integral equations for the average field quantities the propaga­
tion of the light-wave in the medium will be examined. It will be shown
that the external field is compensated by a part of the average field (ex­
tinction theorem). Furthermore the difference of the velocities of propa­
gation of right and left circularly polarized plane waves will be calculated.

In chapter II the general theory will be extended to the case of a two-
component system.

Finally, in chapter III, the molecular quantities occurring in the general
theory will be calculated for a specific molecular model, namely Bom’s
coupled oscillators model. Then, using the general theory developed in
chapters I and II, a discussion will be given of the method employed by
Bom in his treatment of optical activity, the socalled method of the re­
lative electric moment.

Parts of the contents of this thesis have been published in Physica
(Physica 30 (1964) 625). The rest will appear shortly.
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Chapter  I

OPTICAL ROTATORY POWER OF AN ISOTROPIC
ONE-COMPONENT SYSTEM

Synopsis
A molecular theory of optical activity in an isotropic medium consisting of identical

particles is presented, based on work by R o sen fe ld  and H oek. Taking R o sen fe ld ’s
quantum mechanical treatment of the one particle problem as basis, a detailed in­
vestigation of the mechanism of propagation of light through the medium is made,
extending M azur and M andel’s treatment of light propagation in non-polar media.
A generalized expression for the optical rotatory power is derived, taking into account
statistical correlation and fluctuation effects.

§ 1. Introduction. Optical activity is the phenomenon that a medium ro­
tates the plane of polarization of linearly polarized light that is transmitted
through it. F resn e l showed that the basic feature of the propagation of
light in an optically active medium is circular double refraction: the velocity
of propagation for right and left circularly polarized waves is different. The
rotation to the right of the plane of polarization of the linearly polarized
light (for an observer viewing the lightbeam in the direction opposite to
the direction of propagation) per cm of the medium is

71
9> =  — nr), (1)

where cp is expressed in radians, A is the vacuum wavelength and ni(nr) is
the refractive index for left (right) circularly polarized light; cp is called the
optical rotatory power.

The first molecular theories of optical activity were given independently
by Born !) and Oseen 2). Their work was a natural extension of the ordi­
nary theory of dispersion, taking into account, to first order, the variation
of the phase of the light-wave over distances of the order of the diameter of a
molecule. As molecular model they used a spatial distribution of coupled
oscillators. In 1928 R o se n fe ld 3) formulated a quantum mechanical theory
of optical activity. H o e k 4) made a detailed investigation into the mechanism
which is responsible for the propagation of the light-wave through the me-
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dium, proceeding along lines initiated by L orentz, Ew ald  and Oseen.
His approach may be summarized as follows:

Under the influence of the incident light-wave every molecule begins
to radiate itself. A state of dynamical equilibrium is established in which
every molecule undergoes the influence of the external field and the se­
condary radiation fields from all other molecules. From the exact molecular
equations describing the equilibrium state one derives by means of an
averaging procedure integral equations for certain macroscopic averages
of the field strengths. One then shows that these equations allow for a right
and left circulary polarized plane wave to propagate through the medium
with different velocities. This leads to a general expression for the optical
rotatory power.

We shall follow H oek’s method. Our approach will however deviate
from his in two respects. Firstly, whereas H oek’s work is based on the old
coupled oscillators model, we shall take as a starting point R osenfeld’s
quantum mechanical theory, which is to be preferred to the classical ap­
proach. In doing so we are able to blend the until now rather disconnected
work of R osenfeld  and H oek together into a general, unified theory.
Secondly, whereas H oek obtains the macroscopic quantities by a method
of averaging over physically infinitesimal volume elements, we shall use
the statistical method developped by M azur and M an d e i5), based
on work of K irk w o o d 6), Y v o n 7), and de Boer, van der Maesen
and ten  S e ld am 8). An attempt to investigate the influence of statistical
correlation and fluctuation effects has previously been made byG oossens9)
using the O nsager-B öttcher field 10).

In § 2 we give a presentation of R osenfeld’s theory, closely following
C ondon11). The influence of a light-wave impinging on a molecule is
investigated, and expressions for the induced electric dipole and quadrupole
moment and the magnetic dipole moment are obtained. In § 3 the multipole
expansion for the secondary radiation field of a molecule is given. Then in
§ 4 we set up the equations describing the dynamical equilibrium in a me­
dium consisting of N  identical molecules. In § 5 we derive the integral
equations for the statistical averages of the exciting field strength and its
derivatives. From these integral equations we derive in § 6 a general ex­
pression for the optical rotatory power. Finally in § 7 we show the connec­
tion between microscopic and macroscopic theory.

§ 2. The reaction of a molecule under a monochromatic plane light-wave. A
molecule is acted upon by a monochromatic light-wave of circular frequency
co. For the electric field vector we write

E =  Re E~ e~i(at,

=  \(E~ e-1®4 +  E+ eia>t).

(2a)

(2b)
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This field may be derived from the divergence-free vector potential

according to

A = ----— Re i E ~ e“fa(
O)

E
1 8A
c dt

The magnetic field vector B is given by

B — rot A

= ------Re rot E~
ft)

(3)

(4)

(5a)

(5b)

Let the molecule consist of point particles with charges ejc(k =  1,2, ...).
We assume the molecule as a whole to be electrically neutral (2  «k =  0)
and to possess no permanent electric or magnetic moments.

Assuming the field strengths to be such that we are in the region of lineari­
ty, i.e. that the responses depend linearly on the exciting field strengths,
we may drop all perturbation terms in the Hamiltonian H that are non­
linear in A and write

H  =  H0 +  Hi(f), (6)

where Ho is the Hamiltonian of the unperturbed system and where * * *)

Hi(t) =  -  2 —  h -A (r k). (7)
k C

We note that Hi is hermitian, since A is divergence-free, and that the
operators r* in (7) refer to the unperturbed system:

r* =  -  — [r*. H0]. (8)n

Let |a>, where a stands for a set of quantum numbers specifying the state
of the system, be a complete set of energy-eigenstates of the unperturbed

*) Note th a t in (7) we have neglected the spins of the constituent particles. W hen the spins are
taken into account, (7) is modified to

_ e t
Hi[t) =  — E ------ { p f A [ rk) +  ig****rot A(rk)}, (7 )

k  WfcC

where gfc(0*/2 m*c) is the gyromagnetic ratio  of particle k.
The formulae we shall derive from (7) can immediately be changed into the corresponding formulae
resulting from (7') by  replacing the expression for the magnetic m oment (cf. (22)) by

m  =  S  ——— (r* X f i  +  gt*t).
fc 2mice
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system:
H0 |a> =  Ea |«>. (9)

The unitary operator U(t, to) describing the time evolution in the interval
(to, t) of the state vector in the Schrödinger representation can be expanded
in powers of the perturbation operator 12) :

oo

U(t, t0) =  UW(t, to) +  £  U(»)(t, t0), (10a)
n —1

where
U<°> (t, t0) =  e-W*)H'(t-uy

t/<»> (t, t0) =  —  f dfc ... &tn e -W W -W  (106)( i h ) n  J
t>tn>

Hl(t„) HX(tn-l) ... Hl(h) e-«l*)B'(h-U) (10c)

Denoting the state of the system at the initial time to by \f(to)y, the expec­
tation value of a dynamical quantity F at time t is given by

<V>(*)I F \v>{t)> =  < v ( ^ o ) I  u *(t, to) F U(t, t0) \y>(to)>- ( 1 1 )

From (10) it then follows that the first order correction of this expectation
value is

<y>(t0)\ Umt (t, to) F UW(t, to) \v(t0)> +

+  <f(to)\ Van(t, to) F UW(t, to) \y>(to)> =
=  2 Re <y>(*o)| U(°)1(t, to) F UW(t, t0) \y>(to)>. (12)

For the perturbation Hi we write

Hi(t) =  \(H~ e~imt +  H+ eM), (13a)

where according to (3) and (7),
Cle  •

H f  =  ±  i 2  —  rk Et (rk). (136)
* a>

Now let |y(fo)> be the stationary state
|y>(fo)> =  e-m)EM |a> (14)

and let the perturbation be switched on adiabatically at to =  — oo. Then
(12) reduces to

— Re 12  <«| F |6> <6| Hx |a> — ------ —
I  6 ** ba —  F

ei«>t 1+ s<.|Fifc<n«fi*>-f i r i rr ). o»)
6



with the abbreviations
Wba =  Eb — Ea) E =%o>. (16)

Let the disturbing field be a plane wave, i.e.

ET{r) =  E T(r') eife‘(r- ° ,  (17)

where k is a vector in the direction of propagation, of magnitude k =  'InjX =
=  o)/c, X being the wavelength. Let r’ be the "centre” of the molecule, i.e.
a fixed reference point inside the molecule. Expanding the E^(rk) in
(cf. (13)) around their value a t r ',  we obtain for the m atrix elements of
Hi expansions in which successive terms correspond to ascending orders in
d/X, where d is of the order of the extension of the molecular wave function.
Thus we obtain, assuming d/X 1,

<b\ H f  |a> =

=  ±  —  <&| 2  ekX]e<x{E*(r')+(xic0—x'p) E^(r') +  ...} |a> (17a)
co *

=  ±-^ -<*1  |«>{l +  0  ( y )  +  ”  r  ( m )

where the components of a vector r  are denoted by x«(a =  1, 2, 3) ?nd
where we used the notation

,  A*"! ....E Ï { r ' ) = E * Y. .{ r ’), (18)
êxp 8xy ...

with the convention, to  be used from now on, th a t the occurrence of identi­
cal greek indices implies a summation over these indices.

According to (15) and (17Ö) the first order correction of the expectation
value of F m ay be written as

i?(o) _|_ i) +  . ..  =  F<o) (19)

T alking for F the electric dipole moment operator

p  =  2  ek(rk — r') =  2  (20)
k k

(where the last equality follows from the fact th a t the to ta l charge of the
molecule vanishes), the electric quadrupole moment operator

q =  \  2  ek{rk -  r') (rk -  r') (21)
k

and the magnetic dipole moment operator

m  == —— 2  ek{rk — r') x  rk, (22)
2c
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all three defined with respect to the centre of the molecule, we thus obtain
the induced moments p ind, <jind and m ind in the following form:

ptad

qind

m ind

p(0) _j_ p(l) _|_ ...

<j«>> + q(l) + ...

m<°) 4- mW +  ...

pw{1 + <p(t)+-
<?(0) j 1 +  (—)  +  ...

m<°) {'+ ®(x)+ -

(23)

Introducing complex amplitudes p~, q~ and m~ according to
p m d  R e  p_ e - iw t

qlnd =  Re q~ e~M ,
m lnd =  Re m  e~im<

(23) corresponds to the following expansions of p~, q~ and m~

(24)

P~

<r

m~

p < 0 ) -  +  p ( D -  -f- p ( 0 ) — 1 1 +  o

<j(0)- _|_ q ( i ) -  . . .  _  q(0 ) - 1 +  0

m(o>- _(_ ma )-  4- . . .  s= m<°)~ 1 + 0

+ ...}

+ ...}

+ ...}

(23a)

Furthermore, the order of magnitude of the components of q~ and m~
relative to the components of p~  is

c
~ ma

4 s*- =  0(d) ; =  0(d). (25a)
Py Pfi

Similarly
c , ,__
a) *

- g p r  -  . » - ■ =  (» =  1. 2, ...) (25ft)
TV TV

Now in § 3 the Hertzvector Z(r, t) describing the secondary radiation field
of a molecule with oscillating moments will be shown to be (cf. (77d) and
(89))

Z(r, t) == Re Z-(r) e- ^ ,  (26a)
with

gifclr—r '| r g  e « ; |r—r '| 1 f j

v = r \ K + h z  ’“' / + • • • (26i)
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where dapv is the Levi-Civita tensor,

d a p y

1 if a, /?, y  =  1, 2, 3 cycl.

— 1 if a, p, y  — 2, 1, 3 cycl.

0 otherwise
(27)

According to (25a) the second term  in the right hand side of (266) is of order
dIX relative to  the first. In  fact, since d/X 1, all contributions to Z~  of
higher order in d/X have been neglected in deriving (266). If we now intro­
duce into (266) the expansions (23a) the Hertzvector is seen to consist of a
leading term

p i* |r - r ' |

385 [f _  r'\ (28)

all other terms being of relative order {d/X)n, [n =  1, 2, ...). Of these terms
we shall retain only those of relative order d/X, i.e. according to  (256):

pifc |r -» ’'|

ZP ~  W  =  +
8 ei*|r" ’''1

6% |r  — r'| { - C ~  (29)

From these considerations it follows th a t we should determine p ind to first
order in d/X, qiad and m ind to  zeroth order only.

We now proceed to calculate p<°), p W , q<°) and m<°) starting from (15)
and (17a). Using (20) and (8), the first term  in the right hand side of (17a)
m ay be written

=F — - <b\ P« Ia> E Ï  (rf).nco
(30)

The second term  in the right hand side of (17a) m ay be split into a symmetric
and an antisymmetric part and then, using (8), (21) and (22), be rew ritten
as

=F <61 qaP |a> E*p(r') T  * —  <Wy<6| mv |a> E ^(r ') . (31)
nco co

We then obtain from (15) and (30)

p[0) =  2 S  Re |- ^ 2 ^ a £2 <a \ P* l&> <6I P t l«> E t> +

W L  1
+  «ft ^  E*\ ^  la> fo j*  (32)

9



Using (15) and (31) we find

P?' =  2 S  Re
W ba

W l  -  E 2 <«| pa |6> <b\ q,Jy |«> £/ïy +

+  ih w l
E *(W l -  £ 2)

<«| Pa \by <i| qpv la> £/Jy +

+ c_ Wba
O2 JPj, -  £2

dfyt <«| pa |&> <b\ mg| «> Etfy —

W l  -  £ 2
dgyi <«| pa |i> <6| rng \a> E,,y (33)

Thus, calculating the induced dipole moment to first order in d/\, one has
to take into account the electric field and its derivatives at the centre of
the molecule, i.e. the variation of the electric field within the molecule;
this implies that one has taken into account the magnetic field at the
centre of the molecule, since

1 dBrot E ------------ —  • (34)
c ot

Similarly one obtains for q<°) and m<°>, using (15) and (30),

? $ =  2 2  Re { <fl| qap |0> <&l ^  |a> Ey +
W? 1

4" 772/W2 ^  ^1 'py \a  ̂È y \ f (35)

m,i0) =  2 S  Re |  2̂ l>11 - <a| wa |6> <6| pg |a> E* +
6 I ”  6o •“  •

+  * E-2/W2----- piT *̂1 P* 1®̂ ^ [ ’ (36)

The terms in (32), (33), (35) and (36) containing a factor WlJ[E2(W l—E 2)]
can be simplified by using the identity

w l  i , i (37)
E \ W l  -  £ 2 )  £ *  ^  W * . -  £ *

and the fact that the quantity

E <«| Oi |&> <&l O21«> = <«| O1O2 I ay,
b

Oi and O2 being hermitian operators, is real if 0 \ and O2 commute. We then
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find for p (1)~, and m<°)~

pT~ = {2 Re S ^ 2̂ £2 <«| P« \b> <b\ fp

+  1 12 Im S ^  <«l P« l&> <&l Pe l«>|I 6 W b a ~  h  J

^ 1)“ =  |2  Re 2  ■—-2̂ —-a- <a| pa \by <b\ qPv \a>j£^ +

f E
+  1 \2  Im 2

h

-0 » (38)

. c

_ j-p - <«| pa \b> <b\ q0v |a>J

| 2 Re 2  — y ~ ~\  f  W l  -  1

7 W l

r2 ba „ <a\ pa |6> <i| m0 |a>| dpyp Epy +
'ba E J

c f T E
H------12 Im S  - rpft> I b Wba —

£  I
f  _  £2 <al <JI ma la>| £ft,,

f2 R e s _ ^ L _
I f  W l - E  2

(39)

■ <«| q«p |6> <i| py |a>| E~ +

+  i'|2 Im 2  £2 <a| qap \b> <ft| pv |a> |.

| 2 Re 2  <«| |6> <6| pp |a>| Ep +

^ 7 . (40)

V*W -  E 2  ^  W“ ̂  ̂  * * 'a>|J
-)- i \2 Im 2  —  / "' m l7,x vU J'‘ 1

I b

+  *

<a| ma |5> <.b\ pp |«>
b E J

1 E2 Im 2

Ep +

E ]
^  W* — E* <glw«lfr><fel / >Jlfl>j-E<»- (41)

iduce the following abbreviations:

Whn
-  2 Re 2  w2 F2 <«| A"", \b> <b\ BYi_  \a>,

b v* ba E

E
=  2 Im 2 - j p ------™ <*| A # '"  |6> <ft| Rya... I«>,

ft ' 'oa  "

. ■  2 Im 2  -=r <«| A ^ mm |6> <6| ByiJ... |a>,
6 ti

, S y(! are components of the tensor-operators A and 8.

(42a)

(426)
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more let

aot/3 — P«p +  * a%> (43a)

a affy =  Paffy +  —  * P a T  ^iy ff  +  a a ^  &iyP> ( 4 3 6 )
CO CO

a a/9y =  Pa/3y +  *' ( 4 3 c )

« ^ -P a T  +  ^aT  +  ^ T  (43i)
Then (38)-(41) can be written in the more compact form

/><<»- =  ccap E j , (44)

(45)

«$>- =  a ^ £ - ( (46)

=  (47)

For later use we shall determine the averages of the tensors (43) over all
orientations of the molecule, all orientations having equal weight 1. Let
laa' {°>) be the direction cosines of the axes xa- of the molecular frame of
reference of a molecule with orientation to with respect to the axes xa of
the frame of reference fixed in space, where to stands for the orientational
coordinates, e.g. Eulerian angles, normalized in such a way that

/ d o  =  1, (48)

the integration extending over all orientations. Then, using the relations 13)

f l « a ' [ t o )  lffff'[to) dto =  daff da ’ff', (49)

ƒ  l««'(w) I f f l l ' l y y ' [ t o )  dft) =   ̂daffy da'ff'y', (30)
— tO

we have, denoting the orientational average of a quantity A by A :
------ to

p% =  (è<W p%) <v (51)
------- to

Paffy —  ( i  ^ a 'P 'y ' pZ/ff’y ’)  ( ^ )

and similar relations for the other tensors in (43). Using the definitions
(42), (51) and (52) we find

---CO / W, \
P% = [  f  Re S  W2 _ -£ 2 <*\ P \b> • <b\ P la>)  da»’ (53)
-------to
offf =  0, (54)

------- co — — to — — to ---------to

Paffy =  =  Pfffy =  < f f y  =  0 , (5 5 )

12



---- to ---- to / Who,
pT  =  pZp =  ( f  R e 2  w* E * < a lp lb > ■< J |m |a > j  bad, (56)

—  <o — (o /  E  \
o t f  =  -  =  ( f  lm  2  w i <a\p  |b> ■ <b 1 m  |*> (57)

----CO
=  o. (58)

Defining go, hi and h2 by

go =  f  R e  s  w2^ 6a F2 <«1 P 1 by • <6| p  |a>,
ft "  fta ■C’

(59)

rlC
hi m  f  I m S - ^ ------™ <«|P [*>-<*lm  l«>.

ft ^ 6 0  —
(60)

h2 =  R e  S  2 <«|P |6>-<6|"» 1'3w 6 IT6o —
«>, (61)

gi and g2 by
gi =  —hi +  ih2, (62)

g2 =3 —hi — ih2, (63)

we find, using (43) and (53)-(58):
----a>
«<*/3 =  go <W, (64)

----- CO
<*a/3y =  gl â/3y> (65)

----CO
aa/3y = (66)
--- CO
<v =  ih g2 <W (67)

We note that according to (62) and (63)

g2 =  g l (68)

Anticipating some results that will subsequently be obtained we would
like to make the following remarks:

Firstly, Condon a priori neglects in the expressions for the induced
moments the terms containing p£jjy, p$y, o%jy and (cf. (43&), (43c), (45)
and (46)), saying that “they give a small correction, of the order of a few
parts in a million, to the ordinary connection between mean refractive index
and the electric dipole moment and so will be neglected” . This is not correct,
since these terms are of the same order of magnitude as the other terms
contributing to pO i- and q(°)_. In the special case of isotropic media, how-

13



ever, the terms containing the tensors pf$y, p$y, o£jjy and o*£y do not give
any contribution at all to the optical rotatory power, as will be shown later
on, due to the fact that their orientational averages vanish (cf. (55)).

Secondly, since we have assumed the molecule as a whole to be electri­
cally neutral, the electric dipole moment, and therefore also go. given by
(59), is independent of the choice of the reference point r'. According to
(20) and (22) the r'- dependent parts of h\ and h% (cf. (60) and (61)) are

he , / 1 , • I \
-  I Im Z W 2 _ f 2 <al S  e*r* l&>‘V  2  61 T X U  | /

and
2 c „

---- Re y3ft) f  W?
Wba

b rr ba

respectively. We note that

< « | S  W k —  S  ej r ' x  ri2 c i

—  < « | S  e k  ric
k '

is a real quantity. Indeed we have

—  2  ei r' x  n2c i
a)

1 / \  *
S  «*«1 <«| l̂ > <&| fly |«> ̂

f 1 / ^
— s  «t«i <«| |6><Wy —  r* — Wba <b\ riy \a>

< k, i 2c p n

S  ekei <a\ rty |6> £«*y — r* — Wfta <i| \a>
k, i 2c n

=  — s  <«| fly |6> fly*» —  r 'fi ~T W ba <&| |«>.k,i 2c F h

Consequently hi is independent of the choice of r', but not so hz. In fact,
r' could be chosen in such a way as to make h% vanish. Thus one might
ask whether our final results would be considerably modified by a small
change of the position of the reference point. In our final results the measur­
able quantities relating to optical rotatory power will contain, when ex­
pressed in terms of the molecular constants gi and gz, only the combination
(g! -f- g2), i.e. only hi (cf. (62) and (63)). In other words, a small change in r'
does not affect our results at all. From this it should not be inferred, how­
ever, that the choice of r' is completely arbitrary. When a charge distribu­
tion is expanded in terms of multipole moments with respect to a certain
reference point, one should, if one wishes to break off the expansion after a
certain number of terms, ensure a sufficiently rapid convergence of the
series by a favorable choice of the reference point.

14



Thirdly, H o e k  found upon calculating gi and g2 for B o rn ’s model (a
spatial distribution of coupled oscillators) th a t gi =  g2. As we shall show
in Chapter I II , this is in accordance with (68) since in B o rn ’s model h2 =  0.

§ 3. The secondary radiation field of a molecule. As we have seen a mole­
cule acquires under the influence of an external field of frequency a> electric
and magnetic moments oscillating with the same frequency (in the linear
approximation). Our next task  is to determine the secondary field radiated
by the molecule.

We have assumed the region of space corresponding to  values of the
molecular wave function appreciably different from zero to be of order d
(in linear dimensions). Let the wave function for configurations outside
this region fall off rapidly to zero, then we may enclose virtually the entire
molecule in a sphere with diameter of the order d, setting the molecular
wave function for configurations falling outside this sphere equal to zero.
In  other words, we consider a continuous charge and current distribution,
P«(f. 0* .ƒ(§> *) occupying a region of linear dimensions of the order d. The
radiation field E, B of this distribution is described by the well known
basic equations of the theory of electrons:

div B =  0

rot E -\----- B  =  0
c

div E =  4npe
(69)

1 • An ,
ro t B -------E = ------J

c c

One can describe the radiation field with the potentials <p and A, from which
E and B follow according to

B  =  ro t A, (70a)

1 8 A
(706)« - - g r a d , -  £ a  ,

where (p and A  can be made to  obey the Lorentz-condition

div A -\-------—• =  0. (70c)
c at

Since pe and j  are not independent of each other (equation of continuity)
one can describe the radiation source with a single vector ƒ>(§, t), the polari-
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zation vector, with
Pe — — div p , (71a)

II (716)

Similarly, (p and A  being connected by the Lorentz-condition, one can ad­
vantageously describe the radiation field with a single vector potential, the
Hertzvector Z(r, t), with

<p =  — div Z, (72a)

1 d Z
A  = ----------,

c dt
(726)

so that B  and E  follow from Z according to

1 8B  = --------rot Z,
c dt

(73a)

E  =  rot rot Z — An p , (736)

the latter equation reducing outside the source to

E  =  rot rot Z. (73 c)

Z has to satisfy the equation

/  1 62 \  „
w ) z = - 4” p - .

(74)

A solution of (74) is the retarded Hertzvector

(75)

where the retarded time Ir  is given by

c(t — tR) =  |r  — |I- (76)

Since we are dealing with an oscillating charge and current distribution,
let us write

Pe( l  t) =  Re p-(£) e ~ imt, (77a)

j{%, t) =  Re r (§ )  e~ « , (776)

P(§, t) =  R e p -®  e~to<, (77 c)

Z { r , t )  =  R e Z -( r ) e -w . (77 d)
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Then we have, according to (71a), (716) and (75)

pr(§) = - divP~ (&)>
j~{£) =  — imP~ (§)>

P"(g) e<fc|r- flZ-(r) ƒ l'-§l d|-

(78a)
(786)

(79)

Let r' be again a fixed centre inside the charge distribution. Let |r — r'| =
=  R, | |  — r'| == and the angle between r — r' and f  — r' be y. Then
for R >  Ri the following expansion holds 14)

c i k l r — %1 oo
ik S  (2n +  1) Pn (cos y) jn{kRi) h£\k R), (80)

\ r - £ \ n=  0

where P n (cos y) are Legendre-polynomials, jn(kRi) and h£\kR) spherical
Bessel functions and Hankel functions respectively. Choosing R larger than
the radius of the sphere containing the entire charge distribution, we have

OO

Z~(r) =  ik 2  (2m +  1) h™(kR) /p -(g ) jn{kRi) P „{cos y) d§. (81)
7 1 = 0

As we have assumed d/X 1, it follows that kRi 1 for all values of R\
inside the charge distribution. Now, since

?»(*)
(_l)m  (n +  m)\

2nxn 2  ■— 1----—  *=o w!(2m -f- 2mj +  1)!

we have to first order in kR\ :

jo{kRi) =  1
n (^ i) =  4*Ri
jm(kRl) = 0  W =

2m (m =  0, 1, ...), (82)

2, 3,
Furthermore

P 0(cos y)

Pi(cos y) cos y,

h$\kR) =  -

h?\kR) =  -

nik R

kR

1
Hr ( 1 + Hr )

AJcR

(83)

(84a)

(846)

(85a)

(856)

so that we find, to first order in kRi:
p ik R  /• /  n p ik R  \  f

z m  -  -g-j#r(e) <* - (•*- -r)J#.-« (& - « + - <“>
17



Using (78a) we find

I M .  t) d§ =  ƒ  peg,  t) {(a -  x') d§. (87a)

Since peg, t) is the quantum mechanical charge density the integral in
the right hand side of (87a) is the expectation value of the electric dipole
moment operator, so that we may rewrite (87a) as follows, using (77c) and
(24),

ƒ&■(§)<!§ =  * - .  (876)

Similarly, upon splitting ƒ p~g)  (£„ — x^  d§ into a symmetric and an
antisymmetric part, we find, using (78), (246) and (24c)

ƒ  AT (I )  (£m — K)  d §  =  i  ƒ  < v d )  (£« — *«) (£* — K) d §  —

— ƒ  [(£<* — *C) ƒ«(§) — (£* — *■) ƒ * ( § ) ] d l  =

=* m* ’ (88)

Combining (86)-(88) we obtain (cf. (266)):

e** /  a eikii \  /  1 \
z “~ (r)  =  T  +  \ d ^  T / \ + 1*  W y/  +  (89)

We now recall that in § 2 we showed that p~, q~ and m~ could be expanded
in series of terms of increasing order in <2/A. We found to first order in /̂A
(cf. (28), (29), (44)-(47))

with
Z~(r) = Z£»-(r) +  Z«>-(r),

JUtR

Zi0)~(r) =  ~jg~ E j ,

(90)

(91a)

A kR d eikR \  (  , 1 *
~ R )  \ ~  E * +  ~ik E J

Using the abbreviations
J .kRe—  0(«>

S(r, r') a  — ; dXitdXr % s  ■

(916)

(92)

(93)

18



we can write, according to (90) and (91)

Z~(r) = S aap Ep +  S<xapY EpY +  S ^ p  Ep . (94)
A*

We note that according to (66) and (67) the orientational average of aap
is given by

--------- CD

<*«/} =  g2 (9 5 )

Formula (94) forms the starting point in H oek’s work on optical rotatory
power. Whereas Hoek simply assumes (94) to hold for an arbitrary mole­
cule, we have given a rigorous derivation on the basis of Rosenf eld’s quan­
tum mechanical treatment for a general molecule consisting of point charges.
In doing so, we obtained at the same time explicit expressions in terms of
matrix elements for the tensors a*/}, ocapv and a.ap. These tensors, called by

Hoek "generalized polarizability tensors”, depend on the kind of molecule
under consideration (in a specific case), its orientation and the frequency of
the external field.

§ 4. The equations for dynamical equilibrium. Consider now a medium
consisting of N  identical particles. Let the positions of the centres of the
molecules be rt(i — 1, 2, ..., N). The secondary radiation field Re E~ t~ wt
emitted by molecule j, when it undergoes the influence of a field Re E'~ e *"*,
is, according to (73c) and (94):

E~(r) =  Tap{r) Zj{r) =  Tap{r) S(r, rf) apy E'~ (rf) +

+  Tap(r) S(r, t j )  mpysEyg (rf) +  Tap{r) Sii[r, rf) apv Ey (rj), (96)
A*

where, as usual, we dropped the factor e~lIU< and where we introduced the
abbreviation

Tap(r) =  (rot rot)*/}. (97)

Since the operator Tap will always act upon quantities A satisfying the
wave equation

(A +  £2) A =  0, (98)
we have

Tap(r) =  VaV,3 +  k2dap. (97 a)

From now on we shall omit the minus sign denoting the complex amplitudes
associated with the time factor Let the external field, i.e. the field
of the light-wave, be Re E° e~i<ot. The “exciting field” at the centre of
molecule i, Re JSt is then the sum of the external field and the second-
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ary radiation fields from all the other molecules:

Ei* =  E°a(ri) +  2  TaP(n) S(rit r}) Ejv +.
1¥=i

+  S  Tap{rt) s (n , r}) oc/3yt(j) Ejyo +  2  T ^ u )  S ^ n , r}) <x0v(j) Ejv. (99)
ii

For the derivatives EjVd, occurring in the right hand side of (99) we have
accordingly

Eiat =  E ^ n )  +  2  TaP(rt) Se(ri, r}) acpv(j) Ejy, (100)

where we have neglected the terms of first order in dfk, since Eiae will only
be needed in (99), where it appears in a term which is itself of first order in
d/X.

We note that we have assumed the generalized polarizability tensors to
depend only on the kind of molecule under consideration, its orientation
and the frequency of the external field, whereas in reality they will also
depend on the positions and orientations of all molecules 5) 15) 16).

§ 5. The integral equations for the statistical averages. In accordance with
the foregoing we now regard our system of N  identical molecules as con­
sisting of N  particles with positions r$, orientations oii and canonically
conjugated momenta. Their internal structure is contained in the charact­
eristic polarizability tensors a.ap, «-apy and xap. We take the system to be in

thermal equilibrium. For the configuration distribution function /  that we
use to describe the system we may take the distribution function in the
absence of the external field, since we are throughout this investigation
interested in the linear approximation for the induced electric effects.
Then / is a function of rN, OJN only. We assume it to be normalized to 1:

</>„,,= !. 001)
<...>cu r denoting an integration over position and orientation coordinates.
We define the (Oi in such a way that

fdbi =  1, ( 102)

the integration extending over all orientations.
We confine ourselves to the case of ’’spherical” molecules, i.e. we assume

that the interaction-energy of a pair of molecules in the absence of the ex­
ternal field does not depend on their orientations. Then the configuration
distribution function depends only on the position coordinates,

/  =  f(rN), (103)
with, according to (101) and (102),

</>,= !• (104)
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Let the number density be uniform:

2  <<5(f« — r) ƒ>„, r =  S  <<5(r« -  r) />,
i=l i-1

IV
l r ’

( 105)

F  being the total volume of the system.
The average of JEj, when molecule i is at r, the positions of all other mole­

cules being arbitrary, is given by
—  <£i« d(rt — r) />M> r
E“ (r) " <i(r.- r)X: "

The molecules being identical, we have
£i«(r) =  £**(r) =  £«(r).

The average exciting field per unit volume, <f<*(r), is

^*(r) =  2  <£<« — r) />«, pE<x(r)-

(106)

(107)

(108)

Similarly, the average per unit volume of the derivative of the exciting
field is

<?£Xr) =  2  <Ei«e d(r{ -  r) />Ui r =  PEae (r ). (109)
i

We note that in general ^  (d/dxe) &<x(r), i.e. the average of the derivative
of the exciting field is not the same as the derivative of the average ex­
citing field, since according to (108)

= 2 <£<«« m ~ r )  K  + 2 r)

( 110)

In § 6, where will be calculated in terms of <f«, this statement will be
made more precise (cf. (144)).

Substitution of (99) and (100) into (108) and (109) yields

*»(r) =  pE°a{r) +  2  <[T*fi{rt) S{ru r}) *0y(j) Ejy] d(rt -  r) />M| r +
i, 1

+  2  <[Tai>(ri) Sin, rj) oc0Va(j) Ejyg] d(rt — r) />w> r +
i .1

+  2  <U«/j(r<) SM(r{, r}) a0y(j) Ejy] dfa—r) />w>r, (111)
i, 1 P
1¥*i

*%{r) =  pE°Jr) +  2  <[TaP(rt) 5*(r<, r,) a0v(j) E}v] d(rt -  r) />„, r. (112)
i, /
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Performing the integration over the orientation coordinates, neglecting
orientational correlations18) between the polarizability tensors and the
exciting fields, we have, using (64), (65) and (95):
<?«(r) =  p£°(r) +  2  go <[Tap{ri) S(rit r}) Ejp] d(rt — r) /> +

i.1
i*i

+  2  gi<[T<x0 in) S[rt, r}) dpyi Ejv0] d(rt — r) /> +
l±i

+  2  g2<lT«f>(r{) S„(n, Tj) dPvtt Ejy] d(rt — r) />, (113)

*»(*)  =  pEUr) +  2  go<[Tat>(ri) Se(r{, r}) EiP] din — r) />. (114)

Here and in what follows <...> denotes an integration over position coor­
dinates. We note that formally we arrive at the same result by taking as
basic equations
Eia =  £®(r<) +  2  go Tapin) S(rt, r}) Ej0 +

+  2  gi TaP{ri) S(ri, Tj) dPva Ejvt 4- 2  g2 Tap(n) S^(r4, n) dpvlt EjV, (115)

Eiae -- E°„in) +  2  go Tapirt) Se(n, r}) E}P,
l ^ i

so that the fields do not depend on o N.
In order to simplify the notation, let us write

Tap{ri) 5(rt, r}) m  4 $  in, r})
TaP(rt) s{n, n) dpyg m A'Qin, n)
Tuttin) s„in, n) =  A*Jin, n)
Tafi(n) Sein, n) =  Bf$(rit r})-

We can then write for (l 13) and (l 14)

«?a(r) =  p£“(r) +  2  go ƒ  dr' <4$>(r<. rf) Efirj) din — r) din
1.1
1*i

+  2  g2 / d r '  <4$>(r(, r}) Enin) din — r) din
1.11*i

(116)

(117)

r') /> +

r') /> +

+  2  g i f  dr' <4$(r<, r}) Evöin) d{rt- r )  d{r}- r ’) /> +
i,1
1 * i

+  J*ir)> (118)

< O r) =  pE°Jr) +  s  go/dr' <B$in, r}) Ep{r}) din—r) din~r') /> +
l¥*i

+  ( 119)
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with the “fluctuation”-terms

ƒ«(»•) =  S  g o /d r ' <A§\rt, rj) (E}ff -  Ee) ó(r{ -  r) ó (r, -  r j  /> +
i* 1

+  S  g2 ƒ  d r ' <A^{r{, rj) [E}0 -  £ »  «Hr* -  r) <i(ry -  r') /> +
iti
j*i

+  S  g i / d r '  a $ ( r 1( ry) (£yv« -  Ë#) ó(r* ~  r) %ri ~  O  />• (120)

J£>(r) =  S  go ƒ  d r ' <BSKn, r j  (Ejf-Ep) d(rt- r )  d (rf- r j  />. (121)

Using the definition of the pair distribution function

p2g(r, r') =  S  <<5(r< -  r) ó(fy -  r j  ƒ>, (122)
i,i
1±i

we can write (120) and (121) as follows:

/« (r) =  />£°(r) +  G o /d r ' 4<$>(r, r') *„(r') g(r, r') +

+  G a /d r ' 4 $ ( r ,  r j  **('') g(r, r') +

+  G if  dr' A $(r ,  r') /<S>(r') g(r, r') +  /« (r), (123)

/ “ >(r) =  pE2.(r) +  G o /d r ' B $ (r , r') /„ (r ')  g(r, r') +

+  .7ïï)(r), (124)
where

pgi =  G< (* = 1 ,2 ,3 ) .  (125)

Using the fact that due to the strong repulsion between particles at very
small distances g(r, r') —>• 0 for r ' —*■ r  we may in the integrals occurring
in (123) and (124) exclude a little sphere of volume v(r), centered around r,
from the region of integration. Then, writing g(r, r j  =  1 +  {g(r, r j  — 1}
the upper limit of the integral containing {g(r, r j  -  1} may be taken to be
oo if we assume the linear dimensions of our system to be large compared
with the correlation length between molecules, i.e. large compared with the
linear dimensions of the region where g(r, r j  is appreciably different from
1. Thus we have, e.g. for the integral with
y  oo

/ d r '  A§\r ,  r j  g p{rj  g(r, r j  =  ƒ  d r ' Aty(r, r j  S0(rj  g(r, r j  =
v(r)

y  oo

=  ƒ  d r' A%\r, r j  S0{rj  +  ƒ d r ' A § \r , r j  g„{rj {g(r, r j  -  1}. (126)
v(r) *(*•)
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Introducing the following abbreviations:

K(r)  =  G0f  dr' A™ (r, r') Sfa') +
t>(r)

+  Gzf dr' A§> (r, r') #fa') +  Gj ƒ dr' A%  (r, r’) *}tf(r'), (127)
v(r) ®(r)

C W  =  G o/dr' B<“>(r, r') <?y(r'), (128)
®(r)

we can then write for (123) and (124):
oo

*»(r) =  pE > )  +  **{r) +  Go ƒ dr' A%\r, r') éfa ')  {g(r, r') -  1} +
v(r)

OO

+  G if  dr' A»>(r, r') êfa ') {g(r, r') -  1} +
t»(r)

OO

+  Gi ƒ  dr' A$fa, r') <?$(r’) {g(r, r') -  1} +
v(r)

+  fofr), (129)
< \ \ r )  =  PEl(r) +  S™{r) +

oo

+  G o  ƒ  dr' B<$(r, r') 6 fa') {g(r, r') -  1} +  f£ \r ) .  (130)
«(r)

One now clearly sees the influence of statistical effects: they are embodied
in what we shall call the “correlation terms”, consisting of integrals with
fe(r . r') — 1} in the integrand, and in the terms /  fa)  and / ^ )(r), to which
we shall refer as “fluctuation terms”, since they find their origin in the
fluctuations of EjX and Ejap around their averages Ea and Eap. When
these statistical effects are completely neglected, i.e. when we put g(r, r') =
=  1» /a  =  0 and / ^  =  0, (129) and (130) reduce to H oek’s equations,
which he obtained by averaging over physically infinitesimal volume ele­
ments. We shall go one step further. We note that (129) and (130) are
rigorous to first order in d/L The “main” terms, i.e. the non-statistical terms
(o’f and as well as the statistical correction terms may be classified
as being of zeroth or first order (in djl) according to whether they contain
go or either one of gi and g2 respectively. Now the main terms of first order
are very small compared to the main terms of zeroth order. The first order
statistical correction terms are correspondingly very small compared to the
zeroth order statistical terms. On the other hand the statistical correction
terms of zeroth order are very small compared to the zeroth order main terms.
We therefore make the following approximation: we dropp all first order
statistical terms, i.e. we take the statistical effects into account only in so
far as they occur in the zeroth order theory, the theory of the refractive
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index of non-polar, isotropic media. Thus in (129) we retain only those
correlation and fluctuation terms containing Go- Furthermore we shall
neglect, for the sake of simplicity, the correlation and fluctuation terms in
(130), since ^ )(r) is needed only in the small contribution to <t?d(r) con­
taining Gi (cf. (127)) *). We then have:

oo

*a(r) =  pE°a(r) +  /f(r) +  Go/dr' A%\r, r') £ 0{r') {g(r, r') -  1} +
»(*■)

+  Mr), (131)
*2?{r) =  pE°Jr) +  <?£d(r), (132)

with

Mr) =  S go f  dr' <A$\rt, r,) (Ei0 -  ÊJ) d(rt -  r) d(r} -  r') />. (133)
i, 1

It can be shown 5) that /«(r) may be written as

/«(r) = /d r ' K a0(r, r') [pE°0(r') +  S%r') +
OO

+  go/dr" A™(r', r") fiv{r") fe(r', r") -  1}], (134)
v(r)

where the kernel K a0(r, r') is a symmetric tensor such that
/ K a0{r, r') dr' =  da0 v {p, T, w), (135)

with <p a function of density, temperature and frequency only. One obtains
for K a0(r, r') to second order in go:

K a0{r, r') =  pHlfdr" A * \r , r") A™(r", r') fe(r, r", r') -
-  g(r, r") g(r", r')} +

+  Pglfdr" A<»(r, r") A%\r", r') {g(r, r") Ö(r -  r')}, (136)
where p3g(r, r", r') is the distribution function for three particles, defined
by

P3g(r, r", r') =  £  -  r) Ö(r* -  r") d(n -  r')/>. (137)
i, k, Ik^i, l¥=k, l¥=i

Thus we can write for (131):
OO

M r) =  PE>) +  K {r) +  Go/dr' r') £ 0{r') {g(r, r') -  1} +
v(r)

+  /d r ' K a0{r, r') [PE°(r') +  *%r>) +
oo

+  Go/dr" 4°>(r', r") < (̂r") fe(r', r") -  1}]. (138)
«(»•')

(138) and (132) are the desired integral equations.

*) See, however, the discussion after formula (157).
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One might ask whether these equations would be essentially modified if
the first order statistical effects, neglected in the transition from (129) and
(130) to (131) and (132) had been taken into account. In order to show that
this is not the case, we derive in appendix A the full integral equations
resulting from (129) and (130). Obviously these equations are more compli­
cated than (138) and (132). However, they display the same structure as
the latter equations and could in principle be treated by the same methods
that will be applied to (138) and (132) in the following.

§ 6. Computation of the optical rotatory power. We shall now show that
(138) and (132) have a solution satisfying

+  fc2«2 8  =  0, (139)

div 8  =  0, (140)

Â <J> +  k W  8 $  =  0. (141)

In order to prove this we assume (139)-(141) to hold and show that n can
be chosen in such a way that (138) and (132) become identities. Finally n
will be identified with the physical refractive index of the medium.

With (141) one can show (cf. appendix B) that, providing w2 ^  1, (132)
can be written as

*“>(f) = p E ™ { r ) + g° [ T B ^ r +j£ + d i v  s \ +

+ ----- —----------- --—  div 8  +  - ^ - 1  +
T  ife2(»2 -  1) dxa dxe M2 -  1 dxe J

£

+ G° i f  7' " (r) I d r ' [ ' ^  s *(r’ r,)~ s *(r' r,)i . 042)

where the integration extends over the bounding surface 2  °f the system
and where d/dv denotes a differentiation in the direction of the outward
normal to 2 - The terms in (142) can be divided into two groups, each group
satisfying a different wave equation. Hence each group of terms must
vanish separately. This leads to an equation describing the extinction of
the field E£*, i.e. the derivative of the external field,

s'

p E M  + G“ » („«‘ -  ï)-T«(f) Jdf ’ [w  It s-<f ■ ~

- S . ( f .r ’) - ^ - w ]  =  0 (143)
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and to an equation expressing in terms of S’a:

\̂r) = G0[
+

4n f d<aa
5 1 dxe

4n 8S a
8xa +  dae div f + k2(n2 — 1) dxadxs

d&a 1
dx. J ’1 dxs

div ê  +

(144)

According to (140) the terms in (144) containing div S  are zero. We then
obtain from (144)

4 7T.
Go — -----— rot« (145)dapyfp? 1

These relations explicitly show the difference between the average of the
derivative of the exciting field strength, 6 (£ \r ) , on the one hand, and the
derivative of the average exciting field strength, (d/dxe) ê a(r), on the other
hand. (cf. the discussion after formula (109)).

Let us choose for S  a solution of (139) and (140) representing a transverse
plane wave propagated in an arbitrary direction. We then have

é(r') =  S(r) (146)

where the vector ft is the product of k and the unit vector in the direction
of propagation. Then the integral equation (138) may be brought into the
form
{1 +  Go Ö(1 +  R)} #«{r) =  PEl{r) +  <^(r) +

+  ƒ dr' K aP{r, r') [PE°fi(r') +  <^(r')], (147)
with the definitions

D{p, T, «)) =  - / d r '  naA § \r , r') np eiB* (r' - r){g(r, r') -  1}, (148)
v(r)

R(p, T, ooi) =  f  dr' na K ^ r ,  r') n„ einfc'(r' - r), (149)
where n denotes the unit vector in a direction perpendicular to
k(k n  =  0). With (139), (140) and (145) one can show (cf. Appendix B) that

^ (r) = Go ̂  &«.[/) -  G2 rota S{r) -

GiGo
4n n2 +  2

1 n2 —
s

rota £ { r )  +

+ T“ ir) I*  D * ?  i S{r’ r') ~

- S ( r . O  — W ]
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+  <̂2 k2(n2 — 1)3 -jr-  Ta0(r) dffyijdr' ^ y(r') —  Sd(f, r')

- S 6(r, r') —  g y
cv (o] +

+  GiGq
4 n

k2{n2 — 1) n2 — 1’Tafi(r) M rot/j <^(r') — S(r, r') -
CV

S(r, r') —  rot/» <?(r')J. ( 150)

Combining (147) and (150) we obtain once again an equation containing
two groups of terms each satisfying a different wave equation. This yields
an equation describing the extinction of E° itself,

2

p E »  +  Go

1
+  Gz

+  GiGo

d
8v

k2(n2—1)

1

r«w Jdr' [ « r'> ̂ rs<r- r')-s<r- ■">
E

Tafl(r) Sfiyijdr' [<fy(r') ~ S # ( r ,  r ')-5 » (f, r') —  / y(r')
s

fa ’ [”** • w |r s<-'. 1-si-, O-
0 t ^ ( 0 ]

+

0, (151)

and a generalization of H oek’s corresponding formula:

*(r)
+  R

1 +  Go .0(1 + R ) Go
»a -J- 2

1
S{r)

4n _ 4?r w2 +  2
G2 —------- rot ê(r) — G1G0--------- -------n2 — 1 w  3 m2 — 1 n2 _ * (r)]- (152)

We still have to identify n with the refractive index. For this purpose
we evaluate the average field E(r) in an arbitrary point of the medium:
Ea(r) =  £®(r) +  2  <Ta0(r) S(r, r,) a0v(j) E]v f>Ui r +

1

+  2  <T«p(r) S„(r, rj) x0v(j) E]v />„, r +
1 V

+  2  <T«p(r) S(r, fj) <x0vg(j) Eivi />w> r =
1

= E »  +  go fdr1 Tap[r) S(r, r') £p(r’)  +

+  g i f  dr' Tap{r) S» (r, r') <W <?y(r') +

+  g i f  dr’ T„p(r) S(r, r’) dffyt (153)
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Using the definition (127) of 8 d(r) we may write
v(r)

PEa(r) =  PE°a(r) +  8 da(r) +  Go ƒ  d r ' Taff(r) S(r, r') 8 fi(r') +
v(r)

+  G2/ d r '  Tap(r) Su(r, r') dpVn 8 v(r') +
v(r )

+  Gx ƒ  d r ' TaP(r) S(r, r') dfyt 8 $ (r'), (154)

where the integrals extend over a small sphere centered around r. Evaluating
these integrals explicitly in the limit of an infinitely small sphere (cf. Ap­
pendix B) one obtains, using (150) and (151),

4 jt 47t
pE(r) =  G0 — ----- r  8{r) — G2 — ------ rot 8 (r) —

1 1

_  6lGo *  4 + 1  *  r„t S(r) +  4  Gl ^ 4 - rot m -  (.55)
3  n£ —  1 n£ —  1 3  ni  —  1

This relation shows th a t E is propagated with the same velocity as 8 , which
establishes the interpretation of n as the refractive index of the medium.

Going back to  eq. (152) we shall now investigate the propagation of a
light-wave through the medium. In  the zeroth order theory, i.e. when
Gi =  G2 =  0, (152) yields the well known generalized L o re n tz -L o re n z
equation for an isotropic medium consisting of non-polar molecules with
constant polarizabilities 5)

n\ — 1 4n Go(l + R)
n\ -f- 2 3 1 -f- Go -D(l d- R)

which, in the absence of statistical effects (R =  0, D
form

«0 — 1 4«
n\ +  2 ~  3 °‘

0) takes the familiar

(157)

Let us now consider the first order theory. We m ay advantageously use the
results of the zeroth order theory to  simplify the th ird  term  in the right
hand side of (152). We note th a t this term  arises from the partial contribu­
tion from 8£* to 8 d (cf. (127), (145), (150) and appendix B). Now we recall
th a t we have, for the sake of simplicity, neglected the zeroth order statistical
effects in 8£* (cf. (132) and the discussion preceding (131)). As a result
the term  under consideration should contain no statistical effects. If we
had not neglected those zeroth order statistical effects (which would have
led to tedious calculations), we would accordingly use for the reduction of
the term  the zeroth order results with statistical effects, i.e. (156), bu t since
we have neglected the zeroth order statistical effects we now use for the
reduction the zeroth order results without statistical effects, i.e. (157). This
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procedure, if not equivalent to the rigorous treatment, is quite adequate
for the present purpose, the simplification of the term in (152) containing
G\, and leads at most to a negligible error. Now the customary approxima­
tion 4) consists in replacing the factor An Go(n2 -f- 2)/3(w2 — 1) in the term
with Gi by the corresponding expression of the zeroth order theory,
4nGp{n\ -f- 2)/3(«q — 1). If we then, in accordance with the above discussion
apply (157), we see that this factor equals 1 so that (152) reduces to

1+ tf
l+ G 0JD(l+i?)

_ An n2+ 2  _, 4n
G<> — -----%--- T ----- 2--- i3 n 2— 1 n 2— 1

(G1 -I-G2) rot <?(r) ■

(158)

Now let the direction of propagation of the plane wave be the z-direction.
Then we have

$ x(r) =  S x é knz, S y(r) =  £ y eiknz, £ z{r) =  0. (159)

Substitution into (158) yields two equations for ê x and S y. Setting the
coefficient determinant equal to zero gives the condition

l+ R  An m2+ 2
1-fGo D (\+ R )  T G° m2— 1

l+R 4 nnk
l-|-Goö(l-|-i?) m2—1

(Gi+G2),

(160)

with solutions ê x +  i S y — 0, the — (+ ) sign corresponding to a right
(left) circularly polarized wave with refractive index nr(ni). Multiplying
(160) by »2 — 1 we find

[-
+  R

1 -T Go(l +  R) 3
Go] c n l -  nf)

+  R
1 -f G0 D{\ - R )

4nk{G\ +  G2) (nr +  ni), (161)

which according to (156) reduces to

nr — ni 1 +  R \nh +  2
1 -f G0 D(\ +  R) 3

(Gi +  G2).

Combining (162) with F re sn e l’s formula (1) we finally obtain

1 d- R
1 +  G0 D{\ + R )

tip + 2
3

(Gi +  G2).

(162)

(163)

In the absence of statistical effects (163) reduces to H oek’s formula

< p =  —
8ji3 n\ +  2

3
(Gi +  G2). (164)
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( 165)

Since in the absence of statistical effects we have, according to (157),

»o +  2 _ »q — 1
3 An Go ’

(164) may also be written as

8 tI 3 Mfl —  1

A2 An Go
( G i  -+- G 2 ) . (166)

This way of writing H oek’s equation has the advantage that the form of
the equation remains unaltered in going over to our statistical treatment.
Indeed, (163) may, according to (156), be written as (166), the only differ­
ence being that in H oek ’s case the factor (n% — \)/AnGo contains no statisti­
cal effects, whereas in our case it does.

One can show 3) that if the wavelength of the incident radiation is large
compared to the correlation length between molecules, as is the case for
visible light and gases at moderate densities, in first approximation D may
be neglected and R, given to second order in go by (149) and (136), reduces
to the corresponding static expression with k — 0, say S^p , T, to). For a
quantitative discussion of S 2(p, T, co) we refer to 8).

§ 7. Connection with the macroscopic theory of optical activity. We shall
now deduce the equations which give a macroscopic description of optical
activity. To this end we first express the macroscopic moment densities in
terms of <aa and é ’̂ ( r ) .  We have

P(r, t) =  Re P(r) e~iat; P(r) =  £  <pr d(rt- r )  ƒ>„, r (167)
i

Q(r, t) m  Re Q(r) e"**; Q(r) =  £  <qr <5(r,-r) ƒ>„, r (168)
i

M(r, t) =  Re M(r) e~iat-, M(r) =  £  <m r <5(r< -r) f>U)_ r. (169)
i

Upon substituting (44)-(47) we find, using (64)-(67), (108) and (109),

P « ( r ) =  go<?a ( r )  +  g i  dafiy £%\r), (170)

Q a p { f)  — 0, (171)

M a(r) =  i k  g 2 <?a(r). (172)

Macroscopically the system is described by the Maxwell equations

div B =  0
—c rot E =  B

divD  =  0
c rot H  =  D

(173)
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where E and B are the average electric resp. magnetic field strengths in
an arbitrary point of the medium and where D and H are defined by

D =  E +  4n(P -  Div Q), (174)

B =  H +  4n M. (175)

(for a derivation of the Maxwell equations on a molecular basis see ref. 15)).
Our task is to determine the relation of the fields D and H to the fields

B and E. Clearly this is to be achieved by eliminating the auxiliary quan­
tities Sot and For this purpose we will need eq. (145), which gives the
connection between and eq. (152), which determines the value of
the index of refraction, and eq. (155), which gives the connection between
E and S.

Let us first treat the zeroth order case (the theory of the refractive index).
(170) and (172) then reduce to

P(r) =  g o  S[r), (176)

M(r) =  0, (177)

(145) need not be considered, whereas (152) and (155) take the form

, , ^  47r n\ +  2
1 +  s -  Go 3 n2 _ l ■ (178)

PE(r) =  Go—  4 —  S(r) -  ^ - G 0 S{r),
ó Hq 1 O

(179)

where we introduced the abbreviation

1 +  Go D( 1 4" R)
1 + S =  1 ’

(180)

so that s vanishes in the absence of statistical effects. Using (176)
(179) can be written as

and (178),

• f  M  -  , ^  s  (*<r> +  3  W ) . (181)

Introducing this expression into (176) we find

G0E(r)

m =  , , 4 .  ■(1 +  s ) -----— Go
(182)
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which leads to (cf. (174) and (171))
D =  s0E, (183)

with
, * 8 tt
(1 +  s) H— r"^o

---------------- f ----- = < >  (184)4n _
(1 s ) -----— Go

where in the last equality (178) has been used. Furthermore, in view of (177),
(175) takes the form

B =  H. (185)

We now turn to the first order theory, where we proceed in an entirely
analogous fashion. Using (145), (170) can be written as

P(r) =  go *(r) -  gi Go —------ rot *(r), (186)W 1

whereas (155), upon using (152) and (186) takes the form

#(,) =  - i - ( B ( r )  +  i f ( r ) ) .  (187)
1 +  s 3

Using the same approximation which led to (158) we rewrite (186) as

P(r) =  go &{r) — gi (  ~ 2  2 )  rot (188)

Eliminating &{r) from (187) and (188) we find

P(r)
G0E{r)

(1 + s )
4n

_ G °

r / <  + 2 \  1
- G i \ — — ; t + 7

rot E(r), (189)

where it should be remembered that throughout our investigation terms
non linear in gi and g2 have been discarded (cf. (100)). Similarly we obtain,
using (172), (187) and (188),

M ( r ) = , * G , ( - ! i ± i ) ~ - B ( r ) .  (I»)

From (171), (189), (190) and (184) we see that (174) and (175) m aybe written
as

D =  e0 £  — 4jr Gi ( _ i —  rot E, (191)
\  3 /  1 +  s

B =  H +  ik 4n G2 ^ *° f — 'j E’ (192)
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or alternatively, expressing Gi =  pgi and Gz =  pg2 in terms of h\ and
hz (cf. (62) and (63), using (173) and the fact that the fields oscillate with
frequence a»,

where

D =  soE -f- vB -)- wB, (193)

B =  H  +  vE — wÈ, (194)

3 ) , + , ■ (195)

w
1

1 +  s ‘
(196)

As has been shown by Rosenfeld,  (193) and (194), together with the
Maxwell equations (173), lead again to (163).
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Chapter  II

OPTICAL ROTATORY POWER OF AN ISOTROPIC
TWO-COMPONENT SYSTEM

Synopsis
The theory of the foregoing chapter is extended to the case of an isotropic two-

component system. A generalized Lorentz-Lorenz formula is obtained as well as
an expression for the optical rotatory power and, in the case of a solution of an opti­
cally active substance in an inactive solvent, an expression containing the non-specific
influence of the solvent.

§ 1. Introduction. We shall now generalize the results of the foregoing
chapter to the case of a medium consisting of a mixture of arbitrary mole­
cules, eventually specializing to the case that has been studied in an exten­
sive way experimentally, namely that of the optical rotatory power of a
solution of an optically active substance in an inactive solvent. This will lead
to an expression for what K u h n 1) calls the non-specific influence of the
solvent, i.e. the influence which persists in the absence of specific effects
such as the formation of chemical compounds or of association products
between the various molecules.

In § 2 we derive the integral equations for the statistical averages of the
field strengths for a medium consisting of s components. Whereas for the
one-component system one obtains 2 coupled equations, the statistical
correlation and fluctuation effects provide an additional coupling between
the partial contributions from each molecular species, thus yielding a
system of 2s intricately coupled equations.

In § 3 the case of a two-component system is treated along the same lines
as the one-component system. This results in a generalized Lorentz-Lorenz
formula, an expression for the optical rotatory power and, in the case of an
inactive solvent, an expression containing the non-specific influence of the
solvent.

§ 2. The integral equations for the statistical averages in a s-component sys­
tem. We consider a mixture of s components. Let the number of molecules
of species m be Nm(m =  1, 2, ..., s) and let the total number of molecules
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be N, 2  Nm =  N. The molecules of species m are labelled {ml), {m2), ....
m= 1

(mNm). Let the positions of the centres of the molecules be rm{.
The equations for dynamical equilibrium (cf. (I. 99) and (I. 100)) can

now be written as

E m ia  — E a (fm i) 2  Eap{fm i) S{Tmi, tm 'i ') oipy{m i ) E m 'ly T
m'i' /  mi

-|- 2  Tap{fm i) S ( r mi, Tm'i’) ccPyö{m i  ) Em 'i'yd “H
m'i' / mi

"T 2 Eaff{fmi) Sit{fmi> tm ’i ’) <*ay[m i  ) E m ’i'y, (1)
m'i' -/-mi ii

Emtae —  E®e( f mi) -f- 2  E ap {fmi) St(rm{, tm 'i ')  &py{m i  ) E m'i'y . (2)
m 'i'

Assuming the interaction energy of any pair of molecules to be independent
of their orientations, in the absence of an external field, we can describe
the system with a configuration distribution function depending on position
coordinates only (cf. I § 5). Let the number density of each species be uni­
form,

Nm N m N m
2 — t )  />mj r —  2 ( $ { tm i  t )  f ) r  — Pm — >

i=  1 i=1 *

{m =  1, 2, ..., s) (3)
8 N  , ,
2 P m  —  P  —  ~T7~> (4)

m=l V

where V is the total volume of the system. The contribution from the mole­
cules of species m to the average exciting field per unit volume, ê a{m, r), and
their contribution to the average derivative of the exciting field per unit
volume S^{m , r), are

Nm __
$ <x{m, f) =  2  (Emia d{tmi t) fy m> r = pm Ea{m, f ), (5)

i=l
Nm __

$aLe{m t r )  ~  2  (Emicte d{rm{ ~ ~  r) fyWtr — Pm Eas{m, f). (6)
i=l

Substituting (1) and (2) into (5) and (6), performing the orientational
averaging, using the same approximation as in the one-component case,
with the notations (cf. (1.64), (I. 65) and (I. 95)):

-----------CO

ot-ap (m) =  go(m) dae
--------------CO

Olapy (m) =  gi(m) dapy ■,
—  CO

<xap (m) = gz{m) dapn
/*

(7)
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and using the abbreviations (I. 117), we have

&a{m, r) -  pm El(r) +
Nm

+  '2  2  go{m') <A^(rmi, rm’l’) Em'i’0  d(rmi—r) ƒ> +
i= 1
Nm

+  2  2  g2 (m') <A{$ { r mi, rm’i') Em-i-p d(rmi — r) /> +
i= 1
Nm

+  2  2  gl(m') <A%(rmi, rm’i’) Em'i'Pv &{rmi — r) />» (8)
i= 1

r )  =  P m  E ™ ( r )  +
■v "*+  2 2 goK) <B^(rmi, rmT) Em'i'fi d(rmi -  r) />. (9)
i=l

We note that formally we could have performed the orientational averaging
in (1) and (2), i.e. we could have taken as basic equations

Emia = El(rmi) + 2 go{m’) A^(rmt, rmr)  Em'Vp +

+  2 gi{m') A $ (r mi, rm'i') Em'i'p +
m'i' j*mi

+  2  gi{m') A laf)Y(rmi, rm'i’) Em'i’py, (10)

Emiae =  E°Jrmi) +  2 go{m ') B ^ rm i, rmT) Em’i’p. (11)

We now transform (8) and (9) in exactly the same way as (I. 113) and
(I. 114). First we write Em'vp and Em'i'pv as Em'i'p +  {Em'i'p— Em’i'p)
and Ë ^ i v  +  (E»v*y -E m ’i'Pv), *.*• we split off the contributions to
g a{m, r) and r) due to statistical fluctuations around the average
values. We call these “fluctuation terms” /«(w, r) and J^{tn, f) respective­
ly. Using the definition of the pair distribution functions

i) for two molecules of different species
Nm Nm’

PmPm’ g(m‘ m'\r , 0  = 2 2 <ö(rmi -  r) d(rm-i’ -  r') />, (12)
i=i i-=i

ii) for two molecules of the same species

PmPm g(m' m\r ,  r’) =  £  2 <<5(rmi -  r) 6{rmV -  r') />, (13)
i= 1 i'=l

as well as the properties of the pair correlation functions (cf. (I. 126)), and
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using also the abbreviations

we find

*t(r) =  2 go (m) ƒ  d r ' A<$(r, r') *„(m, r') +
m  v(r)

+  2 ga H  f  d r ' Aj$>(r, r') ê 0{m, r') +
m  v(r)

+  2 gi W / d r '  A $ y(r, r') 6%(m, r'),
m  v(r)

*£*(r) =  2  go W  ƒ  d r ' 5<°>(r, r') * 0{m, r'),
m  t>(r)

(14)

(15)

& «.{m , r) —  PmEl(r) pm < ? f ( r )  -f-

+  P » S  go(»»')/dr' A ^ (r ,  r') c^j(m', r') {gO». r ') -  1} +
m ' t>(r)

+ Pm 2 g2 (tn')f dr' A l$ (r ,  r') <?„(m', r') {g(m>m,)(r, r') — 1} +
m ' v(r)

+  Pm 2 gi (m') fdr '  A% (r, r') *£>(»', r') {g<m’m'>(r, r') -  1} +
m ' t>(r)

+  / « K  r), (16)

r ) PmE^e(r ) + Pm ^ M )d{r ) +
+  Pm 2  go{m')f dr' B<$(r, r') <f/j(m', r') {g(m- ro/)(r, r') — 1} +

' m ' , -y(r)

+  / « V .  r), (17)
where /«(w , r) and r) are given by:

Nm
J«{m, r) =  S  2  goK ) •

i=l
V ___

’ f  ̂  Em'i'p) 8{tm% — f) dfrm'i' — f')
Nm

+ 2 2 g2(w') •
i= 1 m'i'&mi
V ___

* I  ^  (Em'i'P Em'i'p)  —  f )  —  T')

+  2  2i= 1 m 'ï  V  m i
F ______

‘ /  dr (A[Jv(rmi, rm'i')(Em'('py — Em’i’0v) d(rmi — r) <5(rTO'j' — r')/>, (1®)

r) =  £  2  go(m’)fd r '-
i—1

■ (B£fi(rmi, rm’i’){Em'i’p — Em'v0) <5(rmj—r) d(rm'i•—r') />. (19)
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The statistical effects in (17) and (18) are contained in the fluctuation terms
J a(m, r) and / ^ ’(m, r) and in what we have called (cf. I § 5)) “correlation
terms'*, consisting of integrals with the factor {g(m,m)(r> r ) — 1} in the
integrand. Upon neglecting these statistical correction terms altogether,
(17) and (18) reduce to

Sofrn, r) — pm,E^\r) +  pm^t(r)> fö 1)
r) =  P m ^ M )( f ) +  pm&(a!e)d(r)-

It follows that Ea(m, r) =  \Safrn, r)]/pm and £««(*«, r) =  <* (m< r)~\lP™
are then independent of m, so that (20) and (21) can be written, using (14)
and (15)

Ë~a{r) = E?\r) +  G0/d r '  A § \r , r') ÏÏp{r') +

where

v(r)

+  G zf&r' A%\r, r') Ë~e(r') +
v(r)

+  G if dr' Atyy{r, r') E0v{r’),
v(r)

Ë7e(r) =  E°Jr) +  Go/dr' B™(r, r’) W0{r'),
v(r)

Spmg<M=Gi, (* =  0,1,2).

(22)

(23)

(24)

Eqs. (22) and (23) are the two coupled integral equations which H o e k 2)
obtained by averaging over physically infinitesimal volume elements.

However, (14) and (15) as they stand form a set of 2s intricately coupled
equations, since the statistical effects provide an additional coupling be­
tween the partial contributions from each molecular species to the average
fields. Rather than take all these statistical effects into account, we shall
use the same approximations as in the one-component case (cf. the dis­
cussion after formula (I. 130)). Firstly we drop all first order correlation and
fluctuation terms in (16) so that this relation reduces to

&a(m, r) — pm E°x{r) +  pm£«(r) +
oo

+  Pm S  goK) ƒ dr' A%\r, r') S 0{m\ r') {g(m’m \r , r') -  1} +
to' v(r)

“ 1“  Ja{m i r)>
where ƒ«(»*, r) is now given by
J a{m, r) =

Nm V -------
=  £  2  go(m') ƒ dr' <A§\rmi, rm’v) (Em’i’P — Em’i’e) •

i= 1
— r) d(rm'i' r

(25)

(26)
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Secondly we neglect the influence of zeroth order statistical effects in the
small partial contribution to £ d{r) containing gi(cf. (14)), i.e. we take

r>) to satisfy H oek’s equation (21). The other first order partial
contribution to £ d(r), i.e. the term containing g2, can now by using the
same approximation also be simplified. Since in the absence of statistical
effects we have

G22 ga(w») **(tn, f) =  2  —  g0(m) / . ( » ,  r), (27)
m m  0

we write with negligible error for the partial contribution to £ d(r) contai­
ning g2:

v
G2 C

2  7 — goW dr' Aj$(r, r') £p(m, r'). (28)
m  *

v(r)

Note the difference with the one-component case: in the many-component
system the approximation of neglecting zeroth order statistical effects in
the first order contributions to £ d(r) implies neglecting the statistical
coupling of the partial contributions, to the averages of the fields, from
each molecular species, so that this approximation affects both first order
contributions to £ d(v), whereas in the one-component system, where the
statistical coupling between contributions from different species is absent,
the approximation affects only the first order contribution to £ d{r) con­
taining gi.

We shall now show that J a(m, r) can be written as
v

Ja{m, r) =  2 / dr' K aP(m, m'\ r, r') [Pm- E°fi(r') +  Pm'£dJr’) +
m '

OO

+  Pm- 2  go(»') ƒ dr" AfY\ r ’, r") £ v{m", r") r ') - l} ]  (29)
m " v(r')

where the kernel K(m, m'; r, r') is a symmetric tensor such that

J K aP{m, m'\ r, r') dr' =  daP <p{m, m'\ Px, .... Ps, T, go) . (30)

In order to prove this we introduce a quantity E*(m, r) defined by

1 Nm _____
Ea{m, r) =  E°a(r) H-----£  S  goK) <A<$(rmi, rmT) EmTP d(rmt- r )  /> =

Pmi= 1

=  E »  +  2 go(» ')/d r' A%\r, r') £ p[m’, f )  g<m- »'>(r, r'). (31)
m '

Let Emi(rmi =  r) be the Emi, as given by (10), corresponding to the confi-
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guration ( f n ,  r1Nl, rmi =  r, ..., raN) .  Then we have:

Emtz(rmi =  r) =  E'a(m, r) +  2  g0(m') A ^ (r, rmT) EmT0(rmt =  r) —

1 Nm _____
2  2  £o(^ ) ?) /X (32)

Pm 7=1

Furthermore

£m(*(r ) =  K ( m’ r) +

H-------2  2  go(m ) (A^p(rmj , T-m’j’) Em’j’p) d(rmj r) ƒ>. (33)
Pm j= l

Substituting (32) and (33) into (26) one obtains an expression which can
by iterative use of (32) and (33) be transformed into a series. The expression
becomes proportional to E* and, in view of the definition (31) may be
written as in (29). For K(m,m'\ r, r ') one finds, to second order in the
go (»»),

K aP{m, m'\ r, r ') =  2 / d r '  g0{m") A (̂ (r, r") g0(m') A%\r", r’).

PmPm* fe(m> r", r') -  g<"*’ m'\r , r") g (m", m')(r \  r')} +

+  2 /d r '  goK ) A%>(r, r") g0(m') A%\r", r') ■
m”

■öm-mpm’ g(m' m )(r, r") «5(r -  r'), (34)
where the distribution function for three particles, e.g. for three particles
of different species is defined as

N m N „ ■ Nm-
P m P m 'P m -gM ’m' \ r ,  r', r') =  2  2  2  <d(rmi -  r) d(r .T -  r') •

i=i i'=i i'= i

•d{rm-t- -  r') f>, (35)

§ 3. Computation of the optical rotatory power in a two-component system.
We shall now prove that (25) and (21) have a solution satisfying

A£(m, r) -f- k2n2 ${m, r) =  0, (m =  1, 2, ..., s) (36)
div $(m, r) =  0, (m =  1, 2, ..., s) (37)

A é’̂ lm , r) -f- k2n2S^(m , r) =  0, (m =  1, 2, ..., s) (38)

by assuming (36)-(38) to hold, and showing that n can then be chosen so
that (25) and (21) become identities. Finally n can be identified with the
physical refractive index.

With (21), (37) and (38) one shows (cf. (I. 145)):

K  r) =  -  pm 2  goK ) —------- rota #{m', r). (39)
m ' f l  *
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Choosing for S(m, r) a solution of (36) and (37) representing a transverse
plane wave propagated in an arbitrary direction, so that

S{m, r') -  einfc (r' - r) S(m, r), (m =  1, 2, .... s) (40)
where the vector k is the product of k and the unit vector in the direction
of propagation, we can write for (25):

2  {pmm' "I" PmPmm' goi™ ) d- 2  Rm m ’Pm’ Dm"m' go{m  )} &a[m  . r) =
m ' m ”

=  PmE°a(r) +  Pm£i(r) +  2 ƒ  dr' K aP(m, m'; r, r') [pm- E0p(r')+pm^ d(r')]
m '

(41)
with the definitions

=  / d r '  »„ A%\r, r') np eiB*<r'-'> {g(“ > m’>(r, r’) -  1}, (42)

Rmm' =  / d r '  naK a0(m, m'; r, r') np e<n*'(r'“r), (43)

n being a unit vector orthogonal to fe.
With (36), (37) and (40) one can show, using (14) and (28), that (41) leads

to two equations, one describing the extinction of the field E®, the other
(cf. (152)) determining the parameter n,

2 {pmm‘ “h PmPmm' go(^ ) 2 Rmm’ Pm’Dm’m' go(^ )} $ a[m  , r) =
m ' m*

4jt ~I 2
=  2 {(pm +  2 Rmm"Pm’) g'o(w')} —----— — $ a(w , r) —

m ' m" 3  t l  1

— 2 {(pm 2 Rmm’Pm') go{m )V̂ ~k 7 r°t« , f)
m ' m" G o n £ —  1

4tc /yv̂‘ *j~ 2 4it
— 2 {{.Pm +  2 Rmm’Pm’) go{™ )} Gl ~r ; r  „ , r°t* , r)-

m ' m" ^  I 1
(44)

Finally the interpretation of n as the refractive index of the medium
can be established in complete analogy to the one-component case.

We shall now investigate the propagation of the light through the me­
dium. Let us write (44) in a more compact form by introducing a matrix
notation. Let <?a(r) be a “vector” with s components <oa(m, r), (m =  1,2,
..., s) and let U, V and W be square matrices with elements

U mm’ =  dtnm'i (4 5 )
Vmm' =  (PmDmm ' 2  Rm m ’ Pm’D m ’m’) go{m  )> (46)

m "

W jnm ' =  (pm d- 2  Rm m ’Pm") go[m  )• (47)
m’
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Then we can write (44) as

An «2 +  2 .
U +  V -  —------W)

3 m2 — 1

An ( G-2

—  1 \  G o
+  ^ L ^ ± l Gl) w . r o t ^ .  (48)

3 n l  — 1 /

For the sake of simplicity we now specialize to  a two-component system
(s =  2). In  zeroth order (i.e. setting gi(m) — g2(m) =  0, (m =  1,2)), we
obtain the generalized Lorentz-Lorenz equation for an isotropic two-com­
ponent consisting of non-polar molecules with constant polarizabilities:

/  An n \  +  2
det I U +  V ------------W

3 n\ 1

Since we have, according to (47),

(49) reduces to

n l -  1
n20 + 2 3

det W =  0,

An go(l) det FO) +  go(2) det F<2>
det (U +  V)

(49)

(50)

(51)

with the definitions

W h  V 12
go(l)

1
gTo(l)

W  21 1 + ^ 2 2

F<2>
1 + Vn

V  21

go(2)

go(2)

W \2

W22
(52)

Upon neglecting statistical effects, we have V =  0, det F<D =  plt det F<2>
=  p2 , so th a t (51) reduces to

—

„; + 2 j T ‘Go' (53)

where (24) has been used.
Let us now tu rn  to the first order theory. As in the one-component case

(cf. the discussion after formula (I. 157)) we replace in the right hand side
of (48) the factor 4n(n2 +  2)/3(n2 — 1) by  An{nl +  2)/3(«q — 1) and then
substitute eq. (53). We obtain

/  4?r w2 -(- 2
(U-t- V----------- — —  W

3 n2 — 1 ')•<?« - ' i 5 ? r ( £ i 5 £ L ) VVrot^ '  (54)
Let the direction of propagation of the plane waves be the ^-direction. Then
we have

£ x[m, r) =  ê x(m) ë kns] ê y{m, r) =  é y{m) eiknz; £ z(m, r) =  0. (55)
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Substitution into (54) yields 4 equations for $ y(\), S x{2) and $ y(2).
Denoting

,, 4n n2 -f- 2 \  47i ( G% 4- Gi \
( U +  V- ^  -̂ 5— j - w j b y A i u i d ^ — f (  ±  ) w b y 6

we find, upon setting the coefficient determinant equal to zero and using
(50)

det A =  i A n
A  21

B 12

■F22
(56)

with solutions £ x(m) T  i S y(m) =  0, (m =  1, 2), the — (+ ) sign corre­
sponding to a right (left) circularly polarized wave with refractive index
nr(ni). In terms of the matrices U, V, FW and F<2) relation (56) takes the form

“4“ 2
det (U +  V) -  —  ■ , (go(l) det FW +  g0(2) det F<2>} =

3 M2 — 1
Ankn (  G\ G% \  r ,± j feo(l) det Fd) +  g0(2) det F<2>}. (57)

Multiplication of (57) by n2 — 1 and subtraction of the second equation
(with the -  sign) form the first yields, using (51):

/  Gi +  G2 \  feo(l) det Fd) +  g0(2) det F<2)}
nr m n /iy  Go )  det (u +  V) _ feo(J) det f(i) +  go(2) det F(2)} (58)

According to (51) this relation may then be written as

„ J G 1 +  G2 \ n l  +  2 feo(l) det Fd) +  g0(2) det F<2>} /cnNnr — m — 4nk 1  ---- -------) ----------- ------------- -— ------- --------------  (59)
\  G0 /  3 det(U+V) v ’

or, alternatively
m2 — 1

nr — ni =  4nk(Gi +  G2) ° . (60)
4n Go

Substitution into F re s n e l’s formula (I. 1) yields

<P =  —
8ji3

4jiGq
(Gi  +  G2), (61)

which is the desired generalization of (I. 166).
Finally we note that in the case of a solution of an optically active sub­

stance in an optically inactive solvent (gi(2) =  g2(2) =  0) the non-specific
influence of the solvent is contained in the factor

/(«o) =
n\ -  1
4n Go

(62)
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This is an extension of H oek’s result. He obtained

f { n o ) = < ± l ,  (63)

which is correct only in the absence of statistical effects, as can be seen
from (51) and (55) (cf. the discussion after formula (I. 166)).

REFERENCES

1) K uhn, W., Z. phys. Chem. (B) 30 (1935) 356.
2) H o e k , H., Thesis (Leiden 1939) Physica 8 (1941) 209..

45



Chapter  III

BORN’S COUPLED OSCILLATORS MODEL

Synopsis
The molecular constants occurring in the general theory of optical rotatory power

are calculated for Bom’s molecular model, a spatial distribution of coupled oscillators.
Born’s method of the relative electric moment is discussed.

§ 1. Introduction. Born x) and Oseen 4) were the first to give the correct
interpretation of optical activity on a molecular basis. Using as molecular
model a spatial distribution of coupled oscillators they showed that the
essential feature of a theoretical treatment of optical activity consists in
taking into account the finiteness of the ratio of the molecular diameter to
the wavelength of the light. A similar approach was made by de Malle­
m an 8), whereas Kuhn 6) gave an extensive treatment of the most simple
case of the coupled oscillators model to show activity. These early calculations
on classical models have the great merit of giving direct insight into the
mechanism of optical activity. They have however several shortcomings.
Apart from the fact that in this early work statistical effects were not in­
cluded, the detailed treatment contains some obscurities and inconsisten­
cies, which have given rise to a certain amount of confusion and controversy.

The general formalism that we have developed in the two preceding
chapters not only takes into account zeroth order statistical effects but
settles the controversial points as well.

Firstly there has been a discrepancy in the expression derived for the
factor f(no) (cf. (II. 62) and (II. 63)). We note that the question as to what
Z(«o) should be is of a general nature, i.e. independent of the molecular
model that is used. Now Hoek gave an unambiguous derivation of the cor­
rect factor f(no) in the absence of statistical effects (cf. (II. 63)) whereas we
have shown how this result can be extended when zeroth order statistical
effects are taken into account (cf. (II. 62)).

The second important controversial point has been the role of the in­
duced magnetic dipole moment. Born, in his first paper1) dealing with
isotropic media, uses the electric moment only, neglecting the magnetic
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moment. In a second paper 2) he introduces instead of the electric moment
the socalled “relative” electric moment. Finally in his “Optik” 3) he adds
to the relative electric moment the magnetic moment. K ooy 7) then showed
that if one uses the method of the relative electric moment, the magnetic
moment has to be omitted. H oek 8) concluded that the result obtained
by the method of the relative electric moment is correct (provided the right
procedure, leading to the correct expression for /(wo) is followed). However,
he erroneously assumed that in his own treatment the magnetic moment
has been neglected.

We note that the question whether or not the induced magnetic dipole
moment should be taken into account is again independent of the particular
molecular model that is used. Now as we have shown a consistent first order
(in d/X) theory requires taking into account not only the induced electric
dipole moment but the electric quadrupole moment and magnetic dipole
moment as well. In isotropic media the quadrupole moment vanishes upon
orientational averaging and can therefore be left out of consideration. Thus
it is immediately clear that B orn’s first treatment, where he takes only
the electric dipole moment into account, is incomplete. In order to be able
to discuss the method of the relative electric moment we have to consider
B orn’s model in more detail. To this end we first calculate, in § 2, the mole­
cular constants for this particular model, in a similar way as Condon 9)
has done for K uhn’s simple model. By the nature of the model the results
obtained by a quantum mechanical treatment are identical with those ob­
tained by a classical treatment. Then, in § 3, we shall show that the method
of the relative electric moment is intrinsically wrong, even though it yields
the correct expression for the optical rotatory power.

§ 2. Calculation of the molecular constants in Born’s model. We consider
a molecule consisting of s particles with charges ek and masses mk (k =  1,
2, .... s). Let f' be a fixed centre, and let the fixed equilibrium positions of
the particles be r*. Denoting the displacements of the particles from their
equilibrium positions by u k, we assume the potential energy to be given by

U = \  £  f%uk*uiP, (1)
k , 1=1

where, as usual, the summation convention is used for greek indices. The
kinetic energy is given by

8

T  =  \  2  ^lc Mica, M]ca» @9
k =  1

Transforming to normal coordinates Qt through
__ 3 8

V m ic  Mica = 2 fL Qi> 0)i=l
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(4)

where £lka satisfies the relations

z  &  &  =  dkt s  &  &  =  di},
i k

T  and U become
T  =  i  S  Q l U =  i  S  «,? Q l (5)

£ i
where <oj is the »'th normal mode frequency. When the particles are acted
upon by a harmonic force of frequency co, F e~tmt, the equations of motion
are, in normal coordinates,

Qi +  ®? Qi =  Fi e~iurf. (6)
where (denoting the force acting on particle k by Ft)

(7)

The solution of (10), Qt e~M, where

can be expressed in terms of the old coordinates, using (3), (4) and (7).
One obtains uka &~wt with

«*« =  5 M $ F w, (9)
I

where
t i  c i 1

A k l  _  v  . f lOi
■^ctjS —  2 2 / ------------ ■i coi — a>* v  Wjk

We note that
=  ( 11)

When the particles are acted upon by an electromagnetic field of frequency
co, the force Fk is the Lorentz force on particle k. Confining oneself to the
region where the displacements are linear in terms of the field strengths
one may neglect the action of the magnetic field and write for (9)

uka = 'ZA%el Ep(ri). (12)
I

We now proceed to calculate go. gi and g2, defined by (I. 59)-(1.63). Ac­
cording to (5) the Hamiltonian is

H = &  (P? +  ft.? Ql), (13)
i

where Pt =  Qi, i.e. the Hamiltonian of 3s independent harmonic oscillators.
As is well known, the eigenfunctions are products of 3s single oscillator
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eigenfunctions,
( 14)|» 1  =  l« l>  l«2> ••• l«3*>-

Corresponding to the eigenvalue

E n,..n. =  S  {n* +  1) »«*, (*  =  0, 1, 2, ...)• (15)
i

We have to calculate the matrix elements of the operators

pa — 2  6k Mica =
k

=  Qi
k V W* <

and (neglecting the term of second order in the small displacements u/ca)

1

(16)

ma =  —— £  X ***)«2 c fc
1 e* . .

— da0V £  /----  2  f fcyöï'2c
6k

k Vtrik *
The matrix elements that will be needed are

< » i  . . .  «3*1 (?< K  ••• «3*> =

% V
COt

’ nt +  1 V
un'trii+ 1 1 I!-J

<«1... «3* \Pi\ ... «3s> =  ifiaot)*.
n t V  _  / «< +  1 V

i 2 I y 2

Now let |«> stand for |«i ... «3*>- Then we have

6 ^ 2a - ^ 2
£b
£
6 ^ L ~ £ 2

<«| Qt l&> <b\ Q] l«>

<«| -Pf |i> <&l (?ƒ I«>

1 ___* Z* dtj,

2 coj — ft)2
dij,

where E =  &a> and W&a =  — E a.
For go. defined by

W ba
go Re S

WL -  E2
<a\ pa |&> <&| pa |«>

we find, using (10), (16) and (20),
go =  i  £  ek 6i A kl

aor

(17)

(18)

^n'im+1 I n  ^mn’r 0^)
/  -I ƒ#<

(20)

(21)

(22)

(23)



hi, defined by
, 2c „  Wba
*2 =  —  Re S  <al l6> <J I w“ l*>» (24)

0 (0  b W b a  —

vanishes, since according to (16), (17) and (18) <a| pa |&> <i| mx \a> is an
imaginary quantity.

For hi, defined by
%C

hi =  f  lm  S  — 2-----—- <«| pa |6> <6| wa |a> (25)

we find, using (16), (17) and (21)

hi =  ^ 2  &k fly daffy- (26)
k, I

As hi — 0, we have gi =  g% =  — hi, so that we find:

gl =  g2 =  £ S  el A *  rty daffy (27)
k, i

(cf. the remark at the end of I § 2).

§ 3. The method of the relative electric moment. In his second paper 2) Born
defines the relative electric moment in the following way

# 6l =  2 e * « * « e - * (r*-r'), (28)
k

where the exciting field varies inside the molecule as

E a{rk) =  E a(r') e<* (,*~r'). (29)

Using (11) and (12) one finds

Pa1 = S e* et A% Eff{r') + £**«, A% (rlv -  rky) EffV{r'). (30)
k,l k, I

Defining the polarization as

p  =  X  <P?'d{rt -  r) (31)
i

we find, using the definitions (I. 108) and (I. 109) of the average exciting
field <oa(r) and the average of its derivative,

P a  —  (£ 2  e k Cl A *v) &a +
k, I

+  (i S  el A^p. riy' da'ff’y’) daffy (32)
k, I

or, using (23) and (27),

Pa =  g0^a  +  (gl +  g2) daffy ■ (33)
Now the correct expression for the polarization Pa in terms of S’a and
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is (cf. (I. 170))
P<x{r) =  g0*.(r) +  gi <5afly <?£».

whereas the magnetization Ma is given by (cf. (I. 172))

Ma(r) = ik g2 £*(r).

(34)

(35)

The resulting optical rotatory power was shown to be (cf. (I. 164))

From (36) and (37) it is immediately clear that a theory with g1 and g2,
where =  gi +  g2 and g'2 = 0, leads to the same expression for the optical
rotatory power as the theory with gi and Now according to (33) and (34)
Born has replaced gi by g( =  gi +  g2- Thus one can a posteriori say that
B orn’s method of the relative electric moment leads to the correct ex­
pression for the optical rotatory power if and only if the induced magnetic
moment is neglected (g2 == 0). We note however that B orn’s method, even
though it yields the correct optical rotatory power, may, when applied to
other electromagnetic phenomena, lead to erroneous conclusions. When we
consider e.g. the distribution of the light scattered by the medium it is not
at all clear that B orn’s method of the relative electric moment will yield the
correct result, since the secondary radiation field emitted by a particle is
in his treatment quite different from the secondary field as obtained by
a rigorous treatment, including explicitly the induced magnetic moment.
Thus in each particular case the applicability of the method of the relative
electric moment has to be investigated since the method has no a priori
justification.

1) B orn, M., Phys. Z. 16 (1915) 251.
2) B orn , M., Ann. Physik 55 (1918) 177.
3) B orn, M., Optik (Springer Verlag, Berlin 1933), § 84.
4) O seen, C. W., Ann. Physik 48 (1915) 1.
5) M allem an, R. de, Rev. gen. des Sc. 38 (1927) 453.
6) K uhn, W., Z. f. Physik. Chemie B4 (1929) 14.
7) K ooy, J. M. J., Thesis (Leiden 1936).
8) H oek, H., Thesis (Leiden 1939), Physica 8 (1941) 209.
9) C ondon, E. U., Rev. mod. Physics 9 (1937) 432, § 6.

8#3 #o~f-2 (Gi +  G%), (36)

where
Gt =  pgi (i =  0, 1, 2). (37)
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Appendix A

For the sake of completeness we shall derive the “full” integral equations
resulting from (I. 129) and (I. 130), i.e. the equations rigorous to first order in
d/L To this end we first show that /«(r) and j £ \ r )  can be written as

M r)  = /d r ' K%\r, r') [pE°fi(r') +  Gofdr" A${r,r") J v(r") g(r', r") +

+  G^f dr" r") Sy{r") g(r', r") +

+  G if dr" ^ ( r ,  r") £${r") g(r', r')] +

+  /d r ' K$>(r, r') [PE%(r') +  G0fdr"B$>(r', r") £v{r") g(r’, r’)], (A. 1)

TÏÏ’W =  /d r '  K%>(r, r') [PE°fi(r') +  G0/dr"  Afy\r', r") é?y(r") g(r', r") +

+  G if dr" A $(r', r") Sv{r") g(r', r") +

+  G if dr" A $ (r ', r") *$(r") g(r', r")] +

+  /d r ' K%y(r, r') [PE°fiy(r')+G0/ d r " r") £ a{r") g(r', r")], (A. 2)

where the components of the tensors KW(r,r') (i =  1,2, 3, 4) fall off
rapidly to zero for |r — r'|-^oo.

For this purpose we define

K (r) =  K ( r) +  — 2go <Ai0/(n , r}) Eff(rj) d{n -  r) /> +
P i,1

+  — 2  g2<A§\ri, r}) Eff(rj) d(rf -  r) /> +
P i , j

1*i

H---- 2  giiA ^fn , r}) E0v(r}) d{n -  r) />
P i,1

1 * i

=  F°(r) +  gofdr' A $(r, r') i t f )  g(r, r')+

+  gzf  dr' A ${r, r') S0(r') g(r, r') +

+  g i f  dr' A$y (r, r') S%\r’) g(r, r'),

Ke{r) =  E%,{r) +  — 2  go<B£f{r(, r}) T0{r,) d{n -  r) />
P i,1

=  E°Jr) +  gofdr' B™(r, r') S0{r') g(r, r').

(A. 3«)

(A. 36)

(A. 4a)

(A. 4b)
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Let us write £j«(ri =  r) and =  r) for the Efa and EiXS corresponding
with the configuration (fi, ? 2> •••, r % =  r, •••» rzv)> where E i a  and are
defined by (I. 115) and (I. 116). Then we have

Eta{rt = r )  =  E*a{r) +  go 2  A §\r , r j  E}P{rt =  r) +

+  ga 2  A $\r , r j  E]ff(fi =  r) +

+  gi 2  A$l(r, rj) Em {n =  r) -

-  — 2  goa^(r*. n) Ëïë(ri) ö(rk -  r) /> -
P k , lZffcJe

-  — s  ga^g^r*. n) I^(rj) i(r* -  r)./> -
P fc, 2

l * k

-  — 2  gi<A$,(r*, n) £wy(n) «(»■* -  r) />, (A. 5)
P k , l

l * k

Eiae{fi — r) =  E^r)  +  go 2  -̂ «*8 (r> *V) E)p(ri =  r) —
#5

-  — s  flKBjg (»**. r,) £^(rj) <5(rfc -  r) ƒ>. (A. 6)
P ft, ii#*

Furthermore

£«(r) =  F*(r) +  — £  go<A^)(»>*. r j  {£ w -  £/» ('i)} <5(r* -  r) ƒ> +
P *. 2

+  — 2  ga<4g>(r*, ri) {Em -  £*(r,)} <5(r* -  r) /> +
P k , l

l* k

+  — 2  g i 0 O r*» ri) {Em  -  Eev{ri)} <5(r* -  r) />, (A. 7)
P

l* k

ËZ{r) =  E'Jr) +  — £  go<B<$ (r*. r j  t E „ -Ê fa i )} « ( '* - r) />. (A. 8)
P iï#*

Substitution of (A. 5)-(A. 8) into (I. 120) yields

J»(r) =  2  ƒ  d r ' <[go r,) +  g i A g f a  r,)]-
i, 1
1 * i

[go 2  A%\r', rj) Ekv(r} =  r') +
k H
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+  ga 2  A%>(r', r») £*y(r, =  r') +
k*i

+  gi 2  r*) iftyöto =  r') -
*#ƒ

------ 2  goKAffin, r,j Eiv d(rk — r') /> —
P k , l

l^ k

------ 2  g2< ^$>(r*) fj) £ Jy ó(r* — r ')  /> —
R k , l

l ^ k

— — 2  gi<-4$(r*, rj) £ w <5(r* — r') />].
P k , l

l ^ k
•ó(fi — r) <5(iv — r') />

+  2  fd r ' <gi A$,(ri, r}) £g0 2  Bj$(r', rk) Eka(r} =  r’) -
ï ,  i  k * i

— — 2  go<B$(rk, rij Eu, d(rk — r') />] •
P k , l

l* k

■d(n — r) 6(rj — r') ƒ>, (A. 9)

By making repeated use of (A. 5) and (A. 6) one obtains a series for /«(r).
The series can be broken off after an arbitrary number of iterations by
replacing all remaining Ea by £* and Eap by E^. The integrand then con­
sists of a part proportional to E*x and a part proportional to Ex?. Thus one
sees, recalling the definitions (A. 3b) and (A. 4b), that Ja(r) can indeed be
written as in (A. 1). A first approximation to KW(r, r') and K<2>(r, r'j is
obtained from (A. 9) by replacing Ekv and Eiy by E’y, Ekv0 and Eivd by E‘yS.
One finds, using the definition (1.137) of the distribution function for three
particles,

K%\r, r’j =  p2/ d r "  [{g0 A<*\r, r’j +  g2 A™(r, f')} {go r'j +
+  g2 A<$(r', r')} +  gl A<£>(r, r") g0 B%{r', r'j] [g(r, r", r'j -

-  g(r, r") g(r", r'j] +

+  pL d r ' [{go A%\r, r ’)+ g 2 A™(r, r")} {g0 A%\r', r ')+ g 2 A%{r’, r'j) +
+  gi A ^  (r, r") go B^(r", r')] g(r, r") <5(r -  r'j, (A. 10)

K $ (r , r'j =  pz/dr"  {g0 A<°>(r, r'j +  g2 A™(r, r")} g iA $(r", r'j
{g(r, r", r'j -  g(r, r'j g(r", r')} +

+  pjdr"  {go A ^(r, r") +  g2 A «\r, r")} gl A$(r", r'j •
•g(r, r')<5(r-» • ') . (A. 11)
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Similarly one finds in first approximation for and K^Py

K%(r, r') =  P2 / dr' go B™(r, r") {go A%\r", r') +  ga A<$(r', r')}-
• {g(r, f ,  r') — g(r, r") g(r\ r')} +

+  pfdr"  go B $(r, r") {go A % \r\ r') +  g2 A™(r", r')}-
•g(r, O  d(r -  r'), (A. 12)

K % {r, r') =  p t/d r"  g0 B™(r, r") gi A<J>(r', r') {g(r, r', r') -

-  g(r, r") g (rr ' ) }  +

+  pfdr"  go B<£>(r, r") gl A ^{r" , r') g(r, r") <5(r -  r'). (A. 13)

This completes the proof of (A. 1) and (A. 2).
Substitution of (A. 1) and (A. 2) into (1.129) and (1.130) yields the full

integral equations. Comparing these equations with the integral equations
(1.138) and (1.122), in which first order statistical effects have been neglected,
one sees that the full integral equations, though more complicated, display
essentially the same structure as (1.138) and (1.122) (cf. the remark at the
end of I § 5).
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Appendix B

Consider the function
J ,k B

S(r, r') =  S(R) (B. 1)

where R  =  |r — r'|. The following equations hold:

8xa 8x0
8S

...S (r ,  * • ') = ( -

^ - ) s -

d*s
8x» 8x0
(A +  k2) s =  0,

(x« —  Xa) (Xfi — Xfi)
d \2

R  dR

(ik) 2
S(R) — —  +  ik  +  2

I 5(r, r'), (B. 2)

(B. 3)

s  +  4« ( - F i ] f ) s ' (B-4>
(B. 5)

(B.6)

(B. 7)

(B.8)

(B. 9)

and denoting the average of a quantity A over a spherical surface s(r) of
_ *(r)

radius a, centered around r, by A =  1 /Ana2 f  A dr', we have

dS
~dR ~

( ± A Y
\ R  dr )

1 x  W *F+T + "’"
3 (ik) 2 1

,R  dR /  2 R 2
Defining the unit vector v from r to r',

x'a - x
v<x =  ---------

+

V a  V0 =  \ 6 a 0

V a  V 0 V y  =  0
Va V0 Vy Vg —  (S a g S y ,j - f-  docydps -f- dagdpy)

(B. 10)

Let v(r) be a sphere of radius a around r; let the surface of v(r) be s(r).
Then we have

v v

— -  ƒ  S(r, r') F(r') d r ' = J —  S(r, r') F(r') d r ' -
v(r) *(r)

-  Js(r, r ') F ( r ') r „ d r '.  (B. 11)

v(r)
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In the limit a ->■ 0 the surface integral vanishes as can be seen by expanding
F (r ') in a Taylor series around r, and (B. 11) reduces to

v r
~  f S(r, r') F(r') dr' =  f —  S(r, r') F (r') d r'. (B. 12)
dXcc J * v%(X

v.(r) v'(r)

Similarly we find, in the limit a -> 0, using (B. 11) with dSldxa and
d2SI8xadxp instead of S, and applying (B. 3), (B. 7), (B. 9) and (B. 10):

v v

S ( r , , ')  m  a r  -  ƒ . * • *  w  -

v(r) v(r)

— <W F(r), (B. 13)

V V

a» . < > t U J S(r- r '> F{,,) d r ' -  J - s ^ r S(r’ ° Fl,,) i r ' ~
v(r) «(«•)

- T - { * * - l ^ + C y 4  (B. 14)

Now let F be a vector with components Fa. From (B. 13) we obtain

— ~  ƒ 5 Fp dr' =  ƒ — ~  S Fp dr' -  ~  F a(r), (B. 15)
oX(x uXp J v vA/jj OXp ó

v(r) ®(r)

A f S  Fx dr' =  ƒ  A S Fa dr' -  4n Fa(r), (B. 16)
v(r) t)(r)

According to (B. 5) we may write (B. 16) as

(A +  k*)/S  Fa dr' =  -  4n Fa{r). (B. 17)
t(r)

Combination of (B. 15) and (B. 16) yields
v v

T *p(r)jsF p  dr' =  ƒ Tap(r) S Fp d r ' +  ~  Fa(r), (B. 18)
t>(r) v(r)

where Tap(r) stands for (rot rot)a/j (cf. (I. 97)).
Now let F satisfy the wave equation

(A +  n2k2) F(r) =  0, (B. 19)
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with rfi 1. Then we find, using (B. 19) and (B. 5):
v v

£2(»2 -  1) ƒ  S F  d r ' =  ƒ  (FAS -  SAF) dr'. (B. 20)
v(r) v(r)

According to Green’s theorem the right hand side can be written as the
difference of two surface integrals, one over the surface 2  of V, the other
one over the surface s(r) of v(r),
s

ƒ  [_F(r') —  S(r, r') -  S(r, r') - ^ F ( r ' ) ]  d r ' -

»(r)

-  ƒ[ƒ(*") —  S(r, r') -  S(r, r') —  F (r ') ]  d r', (B. 21)

where d/dr denotes a differentiation along the outward normal (as seen from
r). The surface integral s(r) can be evaluated using the fact that dS/dr =
=  dS/di? and d/dv =  (d/dx’). One finds, using (B. 7) and (B. 10):

v E

£2(M2 -  1) ƒ  S F  d r ' =  ƒ  [~F —  S -  S f J  d r ' +  4n F(r). (B. 22)

»(r)

We then obtain from (B. 22) and (B. 12)
V  E

k2(n2 — 1)
v(r)

from (B. 22) and (B. 13)

f  8 ■ . r # r 0s d F l
——  S F  dr  = — I F ---- -  s ---»/ vX(x J1 L dr dr J

W(r)
8xa

(B. 23)

f

k2(n2 — 1) ƒ
c(r)

8x« 8xp
S F  dr' | ^ - [ l

J OXa, OX,| L
8 F ~I

s . i d  +

d2F(r)
+ kHnZ -  !) <W F(r) +  4it ,

O U% (%
(B. 24)

and from (B. 22) and (B. 14)
¥

k2(tl2 _  J) ƒ.
«(«■)

8xa8xp8xv
S F  dr' , f 81 r

J  OXajdXffiXy L
8S 8 F 1

F  — - S —  dr '  +
J

r. eJ?(r)+ t  ~ I* » -& r+ cydJ +  An
83F  (r)

dxadx0dxy
(B. 25)

Expanding F«(r') in a Taylor series around r and using (B. 6) we find in
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the limit that a -> 0
®C)
fS {r ,  r') Fa(r') d r ' =  0. (B. 26)

Furthermore, using Gauss’ theorem,
v(r)  *(r)

ƒ —  S(r, r') d r ' =  ƒ S(r, r') d r', (B. 27)

we find in the limit a 0, using (B. 2),
v(r)

f  —  S(r, r') F/j(r') d r ' =  0, (B. 28)
J OX(x

and using (B. 2), (B. 3) and (B. 6):
e(r)

f  S(r, r') Fy(r') d r ' =  -  —  ̂  F y(r). (B. 29)

1. Now according to (1.117), (I. 128) and (1.132) we have

^ > (r)  =  PE°Jr) +  G o /d r ' Ta0(r) S*(r, r') *„(r'). (B. 30)
v(r)

Recalling the fact that Tap(r), when operating on quantities /I satisfying
(A +  &2) A =  0, is given by

F a/j(r) =  ——  -----h k2 dap (B. 31)oxa exp

and applying (B. 25) and (B. 23) we obtain (1.142).
2. According to (1.117) and (I. 127) we have

< (r )  =  Go ƒ  d r ' Tap(r) S(r, r') Sp(r’) +
t>(r)

+  G%Jd r' Tap(r) Sn(r, r') ó/jya S v(r') -f-
e(r)

+  G if  Ar' T ctp(r) S(r, r') d0v6 ê$ (r ') .  (B. 32)
«(*■)

Applying (B. 31), (B. 24) and (B. 22) to the first and third term in the right
hand side of (B. 32), (B. 31), (1.145), (B. 25) and (B. 23) to the second term,
we obtain (1.150).

3. Let us finally consider (I. 154). To the first integral in the right hand side
we apply (B. 31), (B. 26) and (B. 29), and obtain —(4^/3) Go <oo(r)- As for
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the second integral, we note that

S3
"a a " q""" S f > r  ) =  °;OXaOXpOXy

this, in combination with (B. 28) shows that the second integral vanishes.
The third integral is analogous to the first and yields — {4nl3)Gidayp&$(r).
Combination of these results with (I. 145), (I. 150) and (I. 151) leads to (1.155).
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SAMENVATTING

Wanneer een stuk materie in vacuo getroffen wordt door een mono-
chromatische vlakke lichtgolf, zullen in ieder molecuul oscillerende elec-
trische en magnetische momenten geïnduceerd worden, waardoor de mole­
culen zelf als stralingsbronnen gaan fungeren. Het exacte microscopische
stralingsveld dat correspondeert met een bepaalde configuratie van de mo­
leculen is een superpositie van het uitwendige veld van de lichtgolf en de
secundaire stralingsvelden van de moleculen. Terwijl deze microscopische
velden zich voortplanten met de snelheid van licht in vacuo, c, plant het
waarneembare macroscopische veld zich in het medium voort met een snel­
heid die verschillend is van c.

In dit proefschrift wordt de voortplanting van licht in isotrope optisch
actieve media onderzocht. De struktuur van optisch actieve moleculen geeft
aanleiding tot circulaire dubbele breking, d.w.z. in het medium planten
rechts circulair gepolariseerde vlakke golven zich voort met een andere
snelheid dan links circulair gepolariseerde. Dit heeft een draaiing van de
polarisatierichting van door het medium vallend lineair gepolariseerd licht
ten gevolge. De theorie van de optische activiteit kan beschouwd worden
als een uitbreiding van de theorie van de gewone dispersie. Terwijl nl.
in laatstgenoemde theorie de verhouding van de lineaire afmetingen van een
molecuul t.o.v. de golflengte van het opvallende licht als verwaarloosbaar
klein wordt beschouwd, is het essentiële van een theoretische behandeling
van de optische activiteit dat deze kleine, maar eindige verhouding, tot op
eerste orde in rekening wordt gebracht.

In hoofdstuk I wordt een algemene theorie gegeven van de optische
activiteit in een isotroop medium bestaande uit identieke moleculen. Zonder
een speciaal molecuul-model aan te nemen, wordt de invloed van een mono-
chromatische vlakke lichtgolf op een molecuul onderzocht. Met behulp
van de tijdsafhankelijke quantum mechanische storingsrekening worden
uitdrukkingen afgeleid voor de geïnduceerde moleculaire momenten. Ver­
volgens wordt het secundaire stralingsveld van een molecuul berekend.
Met behulp van deze resultaten worden de vergelijkingen opgesteld die in
een systeem, bestaande uit N  moleculen, het “dynamische evenwicht” be­
schrijven, d.w.z. de toestand waarbij ieder molecuul de invloed ondergaat
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van het uitwendige veld en de secundaire stralingsvelden van alle overige
moleculen. Hieruit worden integraalvergelijkingen afgeleid voor de macro­
scopische veldgrootheden. In tegenstelling tot vroegere behandelingen van
de optische activiteit, waarin de macroscopische grootheden door een ruim­
telijke middelingsprocedure uit de microscopische werden verkregen, wordt
in dit proefschrift de middelingsprocedure van de statistische mechamca
toegepast, en wel worden de macroscopische grootheden gedefiniëerd als
ensemblegemiddelden over een kanoniek ensemble. Deze behandelings­
wijze maakt het mogelijk de tot dusverre bij theoretische beschouwingen
over optische activiteit verwaarloosde statistische correlatie- en fluctuatie-
effecten in rekening te brengen. Aan de hand van de integraalvergehjkingen
voor de gemiddelde veldgrootheden wordt de voortplanting van de licht­
golf door het medium onderzocht. De zgn. uitdovingsstelling, die inhoudt
dat een deel van het gemiddelde veld het uitwendige veld compenseert,
wordt bewezen. Voorts wordt het verschil tussen de voortplantingssnel­
heden van links en rechts circulair gepolariseerde vlakke golven berekend.

In hoofdstuk II wordt de algemene theorie uitgebreid voor een twee-
componenten systeem.

In hoofstuk III tenslotte worden de in de algemene theorie optredende
moleculaire grootheden berekend voor een speciaal molecuul-model, nl.
Borns model van gekoppelde oscillatoren, waarna aan de hand van de in
hoofdstuk I en II ontwikkelde algemene theorie een discussie wordt gege­
ven van de door Born bij de behandeling van zijn model gebruikte me­
thode van het relatieve electrische moment.
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