
Answers to the Exam Quantum Theory, 3 January 2022
each item gives 2 points for a fully correct answer, grade = total �9=24� 1

1. a) it is given that T 2j i � ei�j i; apply T to both sides of the equation,
T 2T j i � e�i�T j i, but also T 2T j i � ei�T j i, so ei� � e�i� and hence
� is either 0 or � .
b) U � � , define  0 � T , then, because T commutes with U , we have
U 0 � T U � T � � �� 0, so also �� is an eigenvalue of U if � is an
eigenvalue.

2. a) The wave function decays to zero for x ! �1, it is symmetric without a
node for the ground state, it is symmetric with a cusp-like node at x � 0 for
the first excited state, and symmetric with two nodes for the second excited
state.
b) There are two turning points where the velocity goes to zero smoothly,
and these are associated with a phase shift of ��=2, so the total phase shift
is  � �� .
c) E � p2
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3. a) d~r=dt � �i=���H; ~r� � �1=m��~p � q ~A�
b) U � exp�iq�=��, then exp�iq�=���~p�q ~A�2 exp��iq�=�� � �exp�iq�=���~p�
q ~A� exp��iq�=���2 � �~p � q ~A� qr��2 � �~p � q ~A0�2
c) The relation between H0 and H is a unitary transformation, which leaves
the eigenvalues unaffected. The eigenvectors  0 of H0 are related to those
of H by  0 � U , such that if H � E , then H0 0 � UHUyU � UH �
E 0.

4. a) b � a��, c � a��; �b; by� � �c; cy� � �a;ay� � 1.
b) The operators b, c are bosonic annihilation operators, so the eigenvalues
of byb and cyc are those of the harmonic oscillator, the integers 0;1;2; : : :.
These are then the eigenvalues of H, each twofold degenerate.
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d) The Hamiltonian H � QyQ is positive definite; any eigenvalue E must
satisfy E � h	0jHj	0i � h	 0j	 0i � 0, with j	 0i � Qj	i. Hence E � 0, so
E0 � 0 must be the lowest eigenvalue.


