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Chapter 1

Introduction

The nonclassical correlation known as entanglement is one of the most counter-
intuitive features of quantum mechanics and plays a central role in the emerging
field of quantum computing and quantum information processing [1]. Two spa-
tially separated particles are entangled if their joint state can not be prepared by
operating on each particle separately — not even with the exchange of classical
bits of information.

Entanglement is called a “resource” because it is both precious and useful:
It is precious, because if the quantum correlation is lost after the particles have
been separated, it can not be restored without bringing them back together. It is
useful, because entangled pairs of particles enable the disembodied transfer (=
teleportation) of quantum bits of information (= qubits), which is a basic step in
quantum algorithms.

The two separate aspects of entanglement production and transfer studied in
this thesis were motivated by two separate lines of experimental research. For
the entanglement transfer, we were motivated by an experiment in Leiden on
the transmission of entangled photons through strongly scattering metal plates
[2]. We have developed a general scattering theory of entanglement transfer that
accounts for the highly entangled transmitted photons in the experiment.

For the entanglement production, our motivation came from experiments in
progress in Delft to produce and detect entangled electrons trapped in quantum
dots [3]. These experiments require control over the electron-electron interactions
on short distances, first to entangle the electrons and then to spatially separate
them. As described in this thesis, we came up with an alternative scheme for
entanglement production and detection with free electrons, that does not rely on
electron-electron interactions.

1



2 CHAPTER 1. INTRODUCTION

The present chapter contains some background material on entanglement in
general, and specifically on entanglement of electrons and photons.

1.1 Entanglement

The elementary entangled state is the spin singlet

|�Bell〉 = 1√
2

(|↑〉A|↓〉B −|↓〉A|↑〉B
)
, (1.1)

also known as a Bell state. The indices A, B label two spatially separated particles
and the arrows ↑, ↓ indicate two spin states. The Bell state (1.1) can not be
created by local operations and classical communication, because it is not known,
not even in principle, which particle carries which spin. This is in contrast to the
nonentangled mixed state with density matrix

ρmixed = 1

2

(|↑〉〈↑|)
A
⊗ (|↓〉〈↓|)

B
+ 1

2

(|↓〉〈↓|)
A
⊗ (|↑〉〈↑|)

B
. (1.2)

The state ρmixed can be created by tossing with a coin: heads means A is ↑ and
B is ↓, while tails means A is ↓ and B is ↑. By exchanging classical bits (heads
or tails) and then locally rotating the spin, an ensemble described by ρmixed is
prepared.

1.1.1 Bell inequality

The spins in the state |�Bell〉 are correlated; a measurement of one spin, say with
outcome ↑, projects the other spin on the opposite spin state ↓. The same applies
to ρmixed. The difference between the correlation of the pure entangled state (1.1)
and the correlation of the mixed nonentangled state (1.2) is that the former persists
if we measure the spin along a different axis, while the latter is diminished. For
example, the change of basis

|↑〉 → 1√
2

(|↑〉+ |↓〉), |↓〉 → 1√
2

(|↑〉− |↓〉) (1.3)

(both for spin A and spin B) leaves |�Bell〉 invariant, but ρmixed becomes a mixture
of parallel and anti-parallel spins.

The perfect anti-correlation of the entangled state (1.1) along any direction
was referred to by Einstein, Podolsky, and Rosen (EPR) as “spooky action at a
distance” [4]. There is, however, no conflict with causality: If a measurement is
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performed on one particle, no information concerning the definite outcome of an
experiment is transmitted to the other particle without classical communication
on the choice of spin direction and the measurement result.

The correlations of nonentangled states can be described by classical mechan-
ics in terms of the local and realistic theory (LRT) of EPR [4]. The correlation of
the entangled state (1.1), however, goes beyond the LRT. This was demonstrated
by Bell [5], who derived an inequality which is satisfied by the classical correla-
tions of nonentangled states, but can be violated by the quantum correlations of
entangled states.

spin direction α source of entangled
        particles

spin direction β  

measurement 
outcome: a=+1,-1

measurement 
outcome: b=+1,-1

Cαβ

Figure 1.1: Scheme to detect entanglement by violation of the Bell inequality.

To explain the Bell inequality, we consider the setup indicated in Fig. 1.1.
It consists of a source producing a pair of particles in the Bell state. Two lo-
cal observers A and B each have a particle at their disposal. Within the LRT,
measurement results can not depend on the choice of measurement of another
spatially separated observer (locality) and the results of any measurement are pre-
determined, regardless of whether the measurement is carried out or not (realism).
Observers A and B each measure their spin along directions ααα and βββ with out-
come a = ±1 and b = ±1, respectively. The correlator of the LRT is

Cαβαβαβ =
∑
λ

p(λ)a(ααα,λ)b(βββ,λ). (1.4)

The “hidden” variable λ, with probability p(λ) in the ensemble, predetermines
the measurement outcomes. By averaging the identity

a(ααα,λ)b(βββ,λ)+a(ααα,λ)b(β ′β ′β ′,λ)+a(α′α′α′,λ)b(βββ,λ)−a(α′α′α′,λ)b(β ′β ′β ′,λ) ≡ ±2 (1.5)
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over the ensemble of hidden variables, one obtains for the LRT the Clauser-Horne-
Shimony-Holt (CHSH) form of the Bell inequality [6],

E = ∣∣Cαβαβαβ +Cαβ ′αβ ′αβ ′ +Cα′βα′βα′β −Cα′β ′α′β ′α′β ′
∣∣ ≤ 2. (1.6)

In quantum mechanics the correlator Cαβαβαβ is given, instead of by Eq. (1.4), by
the expectation value

Cαβαβαβ = 〈(ααα ·σσσ )A ⊗ (βββ ·σσσ )B〉. (1.7)

Here σσσ = (σx ,σy ,σz) is the vector of Pauli matrices

σx =
(

0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
. (1.8)

If Eq. (1.7) is inserted into Eq. (1.6) one finds that this inequality can be violated
for certain states. These states can therefore not be described by the LRT, but
must be described quantum mechanically.

All nonentangled states obey the Bell-CHSH inequality. If E > 2 for some
choice of unit vectors ααα, α′α′α′, βββ, β ′β ′β ′, then the spins are entangled. The converse of
this statement is not true: There exist mixed states that are entangled and satisfy
E ≤ 2 for all sets of unit vectors (see Sec. 1.1.3). The pure Bell state (1.1) has
correlator Cαβαβαβ = −ααα ·βββ and allows for the largest possible violation E = 2

√
2> 2

of the Bell-CHSH inequality.

1.1.2 Entanglement measures for pure states

An arbitrary pure state |�〉 in the bipartite Hilbert space H = HA ⊗HB of a pair
of two-level systems (= qubits) takes the form

|�〉 =
2∑

i=1

2∑
j=1

ci j |i〉A| j 〉B, Trc†c = 1. (1.9)

The basis states |1〉, |2〉 may refer to spins (electrons), polarizations (photons), or
other degrees of freedom.

Since an entangled state can not be prepared locally, one needs to exchange
a certain amount of quantum information to create it out of a product state. This
quantum information can take the form of Bell pairs (1.1), shared between A and
B. Bell pairs play the role of a “currency”, by means of which one can quantify
entanglement. The average number of Bell pairs per copy needed to prepare a
large number of copies of the pure state |�〉 is given by [7]

E = −TrAρA log2ρA, ρA = TrB|�〉〈�|. (1.10)
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(The reduced density matrix ρA of subsystem A is obtained by tracing out the
degrees of freedom of subsystem B.)

The quantity E ∈ [0,1] is called the entanglement entropy, or entanglement of
formation. In terms of the 2×2 matrix of coefficients c, it takes the form

E = F
(1

2
+ 1

2

√
1−4Detc†c

)
, (1.11)

where the function F (x) is defined by

F (x) = −x log2 x − (1− x) log2(1− x). (1.12)

The concurrence C ∈ [0,1] is in one-to-one relation with E but has a somewhat
simpler expression:

C = 2
√

Detc†c. (1.13)

A Bell pair has unit concurrence and entanglement of formation, while both C
and E vanish for a product state.

For a pure state, the degree by which the Bell-CHSH inequality can be vio-
lated is in one-to-one relation to the concurrence C. By maximizing the correlator

Emax = max
ααα,βββ,α′α′α′,β ′β ′β ′

∣∣Cαβαβαβ +Cαβ ′αβ ′αβ ′ +Cα′βα′βα′β −Cα′β ′α′β ′α′β ′
∣∣ (1.14)

over four unit vectors, one obtains the Bell-CHSH parameter Emax. The relation
between Emax and C is [8]

Emax = 2
√

1+C2. (1.15)

The Bell-CHSH parameter Emax ranges from 2 to 2
√

2 as the concurrence ranges
from 0 to 1.

1.1.3 Entanglement measures for mixed states

The density matrix ρ of a mixed state can be decomposed into pure states |�n〉
with positive weight pn,

ρ =
∑

n

pn|�n〉〈�n|, pn > 0,
∑

n

pn = 1. (1.16)

The states |�n〉 are normalized to unity, 〈�n|�n〉 = 1, but they need not be orthog-
onal. The convex-sum decomposition is therefore not unique — there are many
equivalent representations of ρ as a mixture of pure states.

A mixed state in the bipartite Hilbert space HA ⊗ HB is nonentangled (=
separable) if there exists a convex-sum decomposition into pure product states,
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meaning that |�n〉 = |�n〉A|�′
n〉B with |�n〉 ∈ HA and |�′

n〉 ∈ HB for all n. The
entanglement entropy E of a separable mixed state vanishes, with the definition
[9]

E = min{�n ,pn}
∑

n

pn E(�n). (1.17)

Here E(�n) is the entanglement entropy of the pure state |�n〉, defined in Eq.
(1.10), and the minimum is taken over all convex-sum decompositions of ρ. The
entanglement of formation E has a closed form expression given by [10]

E = F
(1

2
+ 1

2

√
1−C2

)
, (1.18)

C = max
(

0,
√
λ1 −√

λ2 −√
λ3 −√

λ4

)
. (1.19)

The λi ’s are the eigenvalues of the matrix product ρ(σy ⊗σy)ρ∗(σy ⊗σy), in the
order λ1 ≥ λ2 ≥ λ3 ≥ λ4. The quantity C is again called the concurrence. For a
pure state (with ρ2 = ρ) the definition (1.19) of C is equivalent to Eq. (1.13).

The Bell-CHSH parameter Emax for an arbitrary mixed state of two qubits was
analyzed in Refs. [11, 12]. Unlike for a pure state, for a mixed state there is no
one-to-one relation between C and Emax. Depending on the density matrix, Emax

can take on values between 2C
√

2 and 2
√

1+C2. The dependence of Emax on ρ
involves the two largest eigenvalues u1 and u2 of the real symmetric 3 ×3 matrix
RT R constructed from Rkl = Trρ σk ⊗σl , where σ1 = σx , σ2 = σy , and σ3 = σz .
The relation is

Emax = 2
√

u1 +u2. (1.20)

Violation of the Bell-CHSH inequality (Emax > 2) implies C > 0, but not the other
way around. That is, there exist entangled mixed states (C> 0) that can not violate
the Bell-CHSH inequality (Emax ≤ 2).

1.2 How to entangle photons

To produce entangled photons one can distinguish methods which rely on inter-
actions between the photons (nonlinear optics) and methods which do not need
interactions (linear optics).

1.2.1 Nonlinear optics

The production of polarization-entangled photons by means of interactions uses a
nonlinear crystal effect known as parametric down-conversion [13]. The scheme
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is indicated schematically in Fig. 1.2. A single pump photon of frequency 2ω
is converted into two photons of frequency ω in different cones of orthogonal
polarizations H and V. By collecting photons only along the two intersections
of the cones, it is not known, not even in principle, which photon carries which
polarization. This corresponds to the maximally entangled two-photon state

|�〉 = 1√
2

(|H〉A|V〉B + eiφ |V〉A|H〉B
)

. (1.21)

pump laser

nonlinear crystal

polarization-
entangled
photon pair

V

H
H

V

A
B

Figure 1.2: Scheme to create polarization-entangled photons by means of para-
metric down-conversion.

1.2.2 Linear optics

A linear optical way of entangling photons is by means of elastic scattering at
a beam splitter, see Fig. 1.3. A necessary condition for entanglement by linear
optics is the nonclassicality of the photon sources: If the photons are incident in
photon number (Fock) states or squeezed states, their polarizations can be entan-
gled by a beam splitter [14]. However, classical states (such as thermal states or
coherent states) can not be entangled. For a proof of this “no-go theorem”, we
follow Ref. [15].

The density matrix ρin of a multi-mode state incident from the sources onto
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DA DB

beam
splitter

SBSA
sources

detectors

Figure 1.3: Scheme of entanglement production by a beam splitter.

the beam splitter can be written in the coherent state representation

ρin =
∫

dαααP(ααα)|ααα〉〈ααα|, |ααα〉 = eaaa†·ααα−aaa·ααα∗ |0〉. (1.22)

The coherent state |ααα〉 = |α1,α2, . . .〉 is an eigenstate of the annihilation opera-
tor an with complex eigenvalue αn . (The mode index n labels frequencies and
polarizations of modes to the left and the right of the beam splitter.) We have ab-
breviated dααα = ∏

n dReαndImαn . The real function P(ααα) may take on negative
values. In that case the state ρin is called nonclassical, because P(ααα) can not be
interpreted as a classical distribution. A thermal state is a classical state with a
Gaussian P(ααα) ∝ exp(−∑

n |αn|2/ fn), where fn is the Bose-Einstein distribution.
The beam splitter transforms the annihilation operators aaa = {a1,a2, . . .} of the

incoming state into annihilation operators bbb = {b1,b2, . . .} of the outgoing state.
This is a unitary transformation,

bn =
∑

m

Snmam , SS† = 11, (1.23)

defined by the scattering matrix S. The density matrix ρout of the outgoing state
is obtained from ρin with the help of Eq. (1.23). The result is

ρout =
∫

dβββP(S†βββ)|βββ〉〈βββ|, |βββ〉 = ebbb†·βββ−bbb·β∗β∗β∗ |0〉. (1.24)

We have made a change of variables from ααα to βββ = Sααα and used that dααα = dβββ
because of the unitarity of S. The outgoing modes can be grouped into modes that
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are detected by A and modes detected by B. Since the creation and annihilation
operators of different modes commute, the pure state |βββ〉 is separable. It follows
that ρout is separable if P ≥ 0 for anyβββ, because in that case the density matrix has
a decomposition into separable pure states with positive weights. Nonclassicality
is therefore a necessary condition for entangling photons at a beam splitter.

Even if we start from a nonclassical state, such as a two-photon Fock state, it
is not garanteed that the beam splitter will produce entanglement. If, for instance,
the two single photons are incident in wavepackets that are not timed to “collide”
at the beam splitter, then their polarizations do not get entangled. This is because
the photons are distinguishable by their temporal degrees of freedom.

1.3 How to entangle electrons

1.3.1 Interacting particles

Whereas violation of the Bell inequality has been demonstrated with photons [16],
a similar achievement is still missing for electrons in the solid state. This may
seem surprising, since entanglement in the solid state is the rule rather than the
exception. The essential problem, however, lies in the controllable and coherent
extraction of an entangled pair of electrons into two spatially separated conduc-
tors.

There have been a number of theoretical proposals for solid-state entanglers.
These schemes rely on interactions, such as the Coulomb interaction in a quantum
dot [17–20] or the pairing interaction in a superconductor [21–23]. Two examples
of these proposals are indicated schematically in Fig. 1.4.

1.3.2 Free particles

In this thesis, we propose an entangler for free electron-hole excitations, where
both entanglement generation as well as spatial separation are realized purely by
elastic scattering. The proposal in its simplest form consists of a single-channel
conductor separated in two regions by a tunnel barrier. Incoming states to the
right of the barrier are filled up to the Fermi energy EF, while the states to the
left are filled up to EF + eV (see Fig. 1.5). Tunneling of an electron across the
barrier produces an entangled electron-hole excitation |�〉. If the tunneling is
spin-independent, the spins of electron and hole are maximally entangled in the
state

|�〉 = 1√
2

(|↑〉e|↑〉h +|↓〉e|↓〉h
)
. (1.25)
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(a)

quantum
dot

(b)

SC

NT

V

VB

AI

A

B

A

BI

δ

γ

Figure 1.4: Solid-state entanglers making use of interactions. (a) Two coupled
quantum dots with a single excess electron in each dot. The electron-pair is in
its ground state, the entangled spin singlet state |�Bell〉. Spatial separation is due
to strong on-site Coulomb repulsion (like in a hydrogen molecule). Mobile spin-
entangled electrons are created by simultaneously lowering the tunnel barriers
coupling each dot to separate leads. Picture by L. P. Kouwenhoven. (b) Two
nanotubes (NT) are connected to a superconductor (SC). Each nanotube extracts
an electron from a Cooper pair, generating spin-entangled currents IAδ (δ =↑,↓)
and IBγ (γ =↑,↓) in the separate tubes A and B, respectively. Picture taken from
Ref. [23].

Electron-hole pairs are entangled even if the electron reservoirs are in thermal
equilibrium at temperature kT � eV . This is in contrast to the linear optics en-
tanglement by a beam splitter, which does not work if the sources are in thermal
equilibrium. The Fermi sea, while being in local equilibrium, works around the
optical no-go theorem described in Sec. 1.2.2.

The creation of entangled electron-hole pairs has similarities and differences
with respect to both the creation of entangled photons by a nonlinear crystal and
at a beam splitter. On the one hand, a Bell pair is produced spontaneously, with-
out requiring synchronization at the source, by the voltage applied over the tunnel
barrier and by the laser beam incident on the nonlinear crystal, while the beam
splitter requires two synchronized single-photon sources. On the other hand, the
tunnel barrier and the beam splitter both do not require interactions between the
particles, while the nonlinear crystal requires photon-photon interactions to split
the pump photon into two photons of lower frequency. The electron-hole entan-
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electronhole

Fermi sea
en

er
gy

position

ba
rr

ie
r

E   + eVF

EF

Figure 1.5: Schematic drawing of the electron-hole entangler proposed in this
thesis. Tunneling events give rise to nonlocal spin correlations that can violate the
Bell inequality.

gler and the optical entanglers are compared schematically in Fig. 1.6.
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nonlinear crystalpump laser

polarization-
entangled
photon pair

polarization-
entangled
photon pair

synchronized
single-photon
sources

beam splitter

V

metal
tunnel barrier

(insulator)

spin-entangled electron-hole pair

metal

voltage source

Figure 1.6: Schematic illustration of the entanglement of electron-hole pairs by a
tunnel barrier and of photons by a nonlinear crystal and a beam splitter.

1.4 This thesis

Chapter 2: Production and detection of entangled electron-hole pairs
in a degenerate electron gas

The chapters 2 and 3 deal with electrons. In chapter 2 we describe the electron-
hole entangler of Sec. 1.3.2 and demonstrate that the spin currents carried by
electron-hole pairs produced at a tunnel barrier violate a Bell inequality. To avoid
the need for spin-resolved detection, we give an alternative implementation using
edge channels in the quantum Hall effect. Many different implementations have
been proposed following our initial proposal [24]. Some of these are indicated
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(a)

I1
I3

Iu

Id
I2
I4

source
lead

up lead

down lead

a

b s
V

H

V

H

s u

a

a

d

b

b
(b)

(c)

Ij

{ }Tn
V

GN

gjGj

Figure 1.7: Three geometries to produce and detect spin-entanglement in a normal
conductor with ferromagnetic contacts. Panels a, b, and c are taken, respectively,
from Refs. [25], [26], and [27].

schematically in Figs. 1.7 and 1.8.

Chapter 3: Dephasing of entangled electron-hole pairs in a degenerate
electron gas

We continue our investigation of the electron-hole entangler, to include the ef-
fects of dephasing. Dephasing appears because the electron and hole are coupled
to other particles such as phonons and other electrons. Tracing out these other
degrees of freedom corresponds to a transition from a pure electron-hole pair to a
mixture. In this chapter, we investigate the loss of electron-hole entanglement due
to this transition. Both the maximal violation Emax of the Bell-CHSH inequality
and the concurrence C are calculated. Entangled electron-hole states exist that
can not violate the Bell-CHSH inequality.
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(a)

V

V

L1

L2
R1

R2
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(b)

φ

1

2
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2

3

4

A
B

C

D

Φ

φ
φ

φ

Figure 1.8: Two geometries to produce and detect orbital entanglement in zero
magnetic field (a) and in the quantum Hall effect regime (b). Panels a and b are
taken, respectively, from Refs. [28] and [29].
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Chapter 4: Scattering theory of plasmon-assisted entanglement trans-
fer and distillation

We now turn from electrons to photons. In chapter 4, the quantum mechanical
limits to the plasmon-assisted entanglement transfer observed in [2] are analyzed.
The experimental setup is indicated schematically in Fig. 1.9. It consists of a non-
linear crystal generating a pair of polarization-entangled photons. Subsequently,
each photon passes through a metal plate perforated with arrays of holes smaller
than the photon wavelength. On the metal plates, the entangled photons are each
transformed into electron vibrations, called surface plasmons. The re-emitted
photons are found to be still highly entangled. This signifies that after emission
of a photon, the metal plate from which it originates does not carry information
about its polarization. A scattering theory of entanglement transfer is constructed
accordingly. This involves coherent scattering, turning a pure state into a pure
state. (This is in contrast to the dephasing studied in chapter 3, which corresponds
to incoherent or inelastic scattering, turning a pure state into a mixed state.) We
find that the polarization-entanglement of a scattered photon pair can be described
by two ratio’s τ1, τ2 of polarization-dependent transmission probabilities. A fully
entangled incident state is transferred without degradation for τ1 = τ2, but a rel-
atively large mismatch of τ1 and τ2 can be tolerated with a small reduction of
entanglement. We also predict that fully entangled Bell pairs can be distilled out
of partially entangled radiation if τ1 and τ2 satisfy a pair of inequalities.

perforated metal plate

polarization-
entangled
photon pair

pump laser

nonlinear crystal

detector

coincidence
   counterpolarizer

&

Figure 1.9: Schematic drawing of plasmon-assisted entanglement transfer, as in
the experiment of Ref. [2].
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Chapter 5: Transition from pure-state to mixed-state entanglement by
random scattering

We continue our analysis of chapter 4 on the transfer of polarization-entanglement,
to include the effect of multi-mode detection. Although the scattering is elastic
and the scattered state pure, the observed two-photon polarization-state is gen-
erally mixed. This mixedness comes from the multi-mode detection, not from
inelastic scattering like in chapter 3. Instead of the perforated metal plates of
chapter 4, we consider scattering by disorder. Random matrix theory, applicable
to disordered samples, allows us to find universal results — independent of mi-
croscopic details. Entanglement of the detected polarization-state is quantified by
the concurrence C and maximal value of the Bell-CHSH parameter Emax. Both
these quantities decay exponentially with the number of detected modes in case
that the scattering mixes the polarization directions and algebraically if it does
not.

Chapter 6: Entangling ability of a beam splitter in the presence of tem-
poral which-path information

As mentioned in Sec. 1.2.2, the amount of polarization-entanglement induced by
a beam splitter depends on the temporal indistinguishability of the photons. In
this chapter, we establish the connection between temporal indistinguishability
and the scattering matrix of the beam splitter in the formation of polarization-
entanglement. We find that in the presence of photon-bunching, the interplay of
the two kinds of “which-path” information — temporal and polarization — gives
rise to the existence of entangled polarization-states that can not violate the Bell-
CHSH inequality.
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Chapter 2

Production and detection of
entangled electron-hole pairs in a
degenerate electron gas

The controlled production and detection of entangled particles is the first step on
the road towards quantum information processing [1]. In optics this step was taken
long ago [2], but in the solid state it remains an experimental challenge. A variety
of methods to entangle electrons have been proposed, based on quite different
physical mechanisms [3]. A common starting point is a spin-singlet electron pair
produced by interactions, such as the Coulomb interaction in a quantum dot [4–
6], the pairing interaction in a superconductor [7–9], or Kondo scattering by a
magnetic impurity [10]. A very recent proposal based on orbital entanglement
also makes use of the superconducting pairing interaction [11].

It is known that photons can be entangled by means of linear optics using
a beam splitter [12–14]. The electronic analogue would be an entangler that is
based entirely on single-electron physics, without requiring interactions. But a
direct analogy with optics fails: Electron reservoirs are in local thermal equilib-
rium, while in optics a beam splitter is incapable of entangling photons from a
thermal source [15]. That is why previous proposals [10,16] to entangle electrons
by means of a beam splitter start from a two-electron Fock state, rather than a
many-electron thermal state. To control the extraction of a single pair of electrons
from an electron reservoir requires strong Coulomb interaction in a tightly con-
fined area, such as a semiconductor quantum dot or carbon nanotube [3]. Indeed,
it has been argued [17] that one can not entangle a spatially separated current of
electrons from a normal (not-superconducting) source without recourse to inter-
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actions.

What we would like to propose here is an altogether different, interaction-
free source of entangled quasiparticles in the solid state. The entanglement is
not between electron pairs but between electron-hole pairs in a degenerate elec-
tron gas. The entanglement and spatial separation are realized purely by elastic
scattering at a tunnel barrier in a two-channel conductor. We quantify the degree
of entanglement by calculating how much the current fluctuations violate a Bell
inequality.

Any two-channel conductor containing a tunnel barrier could be used in prin-
ciple for our purpose, and the analysis which follows applies generally. The par-
ticular implementation described in Fig. 2.1 uses edge channel transport in the
integer quantum Hall effect [18]. It has the advantage that the individual building
blocks have already been realized experimentally for different purposes. If the
two edge channels lie in the same Landau level, then the entanglement is between
the spin degrees of freedom. Alternatively, if the spin degeneracy is not resolved
by the Zeeman energy and the two edge channels lie in different Landau levels,
then the entanglement is between the orbital degrees of freedom. The beam split-
ter is formed by a split gate electrode, as in Ref. [19]. In Fig. 2.1 we show the
case that the beam splitter is weakly transmitting and strongly reflecting, but it
could also be the other way around. To analyze the Bell inequality an extra pair
of gates mixes the orbital degrees of freedom of the outgoing states independently
of the incoming states. (Alternatively, one could apply a local inhomogeneity in
the magnetic field to mix the spin degrees of freedom.) Finally, the current in each
edge channel can be measured separately by using their spatial separation, as in
Ref. [20]. (Alternatively, one could use the ferromagnetic method to measure spin
current described in Ref. [3].)

Electrons are incident on the beam splitter from the left in a range eV above
the Fermi energy EF . (The states below EF are all occupied at low temperatures,
so they do not contribute to transport properties.) The incident state has the form

|�in〉 =
∏

0<ε<eV

a†
in,1(ε)a†

in,2(ε)|0〉. (2.1)

The fermion creation operator a†
in,i (ε) excites the i -th channel incident from the

left at energy ε above the Fermi level. Similarly, b†
in,i (ε) excites a channel incident

from the right. Each excitation is normalized such that it carries unit current. It
is convenient to collect the creation operators in two vectors a†

in, b†
in and to use a
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Figure 2.1: Schematic description of the method to produce and detect entan-
gled edge channels in the quantum Hall effect. The thick black lines indicate the
boundaries of a two-dimensional electron gas. A strong perpendicular magnetic
field B ensures that the transport near the Fermi level EF takes place in two edge
channels, extended along a pair of equipotentials (thin solid and dashed lines, with
arrows that give the direction of propagation). A split gate electrode (dashed rect-
angles at the center) divides the conductor into two halves, coupled by tunneling
through a narrow opening (dashed arrow, scattering matrix S). If a voltage V is
applied between the two halves, then there is a narrow energy range eV above EF

in which the edge channels are predominantly filled in the left half (solid lines)
and predominantly empty in the right half (dashed lines). Tunneling events in-
troduce filled states in the right half (black dots) and empty states in the left half
(open circles). The entanglement of these particle-hole excitations is detected by
the violation of a Bell inequality. This requires two gate electrodes to locally mix
the edge channels (scattering matrices UL , UR) and two pair of contacts 1,2 to
separately measure the current in each transmitted and reflected edge channel.
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matrix notation,

|�in〉 =
∏
ε

(
a†

in

b†
in

)( 1
2σy 0
0 0

)(
a†

in

b†
in

)
|0〉, (2.2)

with σy a Pauli matrix.
The input-output relation of the beam splitter is(

aout

bout

)
=

(
r t ′
t r ′

)(
ain

bin

)
. (2.3)

The 4×4 unitary scattering matrix S has 2×2 submatrices r ,r ′, t , t ′ that describe
reflection and transmission of states incident from the left or from the right. Sub-
stitution of Eq. (2.3) into Eq. (2.2) gives the outgoing state

|�out〉 =
∏
ε

(
a†

outrσytTb†
out + [rσyrT]12a†

out,1a†
out,2 + [tσytT]12b†

out,1b†
out,2

)|0〉. (2.4)

The superscript “T” indicates the transpose of a matrix.
To identify the entangled electron-hole excitations we transform from particle

to hole operators at the left of the beam splitter: cout,i = a†
out,i . The new vacuum

state is a†
out,1a†

out,2|0〉. To leading order in the transmission matrix the outgoing
state becomes

|�out〉 =
∏
ε

(√
w|�〉+√

1−w|0〉), (2.5)

|�〉 = w−1/2c†
outγ b†

out|0〉, γ = σyrσytT. (2.6)

It represents a superposition of the vacuum state and a particle-hole state � with
weight w = Trγ γ †.

The degree of entanglement of � is quantified by the concurrence [21, 22],

C = 2
√

Detγ γ †/Trγ γ †, (2.7)

which ranges from 0 (no entanglement) to 1 (maximal entanglement). Substitut-
ing Eq. (2.6) and using the unitarity of the scattering matrix we find after some
algebra that

C = 2
√

(1− T1)(1− T2)T1T2

T1 + T2 −2T1T2
≈ 2

√
T1T2/(T1 + T2) if T1, T2 � 1. (2.8)

The concurrence is entirely determined by the eigenvalues T1, T2 ∈ (0,1) of the
transmission matrix product t†t = 11 − r†r . The eigenvectors do not contribute.
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Maximal entanglement is achieved if the two transmission eigenvalues are equal:
C = 1 if T1 = T2.

The particle-hole entanglement is a nonlocal correlation that can be detected
through the violation of a Bell inequality. We follow the formulation in terms of
irreducible current correlators of Samuelsson, Sukhorukov, and Büttiker [11]. In
the tunneling regime considered here that formulation is equivalent to the original
formulation in terms of coincidence counting rates [23]. The tunneling assump-
tion is essential: If T1, T2 are not � 1 one can not violate the Bell inequality
without coincidence detection [17].

The quantity Cij = ∫ ∞
−∞ dt δ IL ,i (t)δ IR, j (0) correlates the time-dependent cur-

rent fluctuations δ IL ,i in channel i = 1,2 at the left with the current fluctuations
δ IR, j in channel j = 1,2 at the right. It can be measured directly in the fre-
quency domain as the covariance of the low-frequency component of the current
fluctuations. At low temperatures (kT � eV ) the correlator has the general ex-
pression [24]

Cij = −(e3V/h)|(r t†)i j |2. (2.9)

We need the following rational function of correlators:

E = C11 +C22 −C12 −C21

C11 +C22 +C12 +C21
= Trσzr t†σztr†

Trr†r t†t
. (2.10)

By mixing the channels locally in the left and right arm of the beam splitter, the
transmission and reflection matrices are transformed as r → ULr , t → URt , with
unitary 2×2 matrices UL ,UR . The correlator transforms as

E(UL ,UR) = TrU †
LσzULrt†U †

RσzURtr†

Trr†r t†t
. (2.11)

The Bell-CHSH (Clauser-Horne-Shimony-Holt) parameter is [23, 25]

E = E(UL ,UR)+ E(U ′
L ,UR)+ E(UL ,U ′

R)− E(U ′
L ,U ′

R). (2.12)

The state is entangled if |E |> 2 for some set of unitary matrices UL ,UR ,U ′
L ,U ′

R .
By repeating the calculation of Ref. [26] we find the maximum [27]

Emax = 2[1+4T1T2(T1 + T2)−2]1/2 > 2. (2.13)

Comparison with Eq. (2.8) confirms the expected relation Emax = 2(1 + C2)1/2

between the concurrence and the maximal violation of the CHSH inequality [28].
In conclusion, we have demonstrated theoretically that a tunnel barrier cre-

ates spatially separated currents of entangled electron-hole pairs in a degenerate
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electron gas. Because no Coulomb or pairing interaction is involved, this is an
attractive alternative to existing proposals for the interaction-mediated production
of entanglement in the solid state. We have described a possible realization using
edge channel transport in the quantum Hall effect, which makes use of existing
technology. There is a remarkable contrast with quantum optics, where a beam
splitter can not create entanglement if the source is in local thermal equilibrium.
This might well explain why the elementary mechanism for entanglement pro-
duction described here was not noticed before.
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Chapter 3

Dephasing of entangled electron-hole
pairs in a degenerate electron gas

3.1 Introduction

The production and detection of entangled particles is the essence of quantum
information processing [1]. In optics, this is well-established with polarization-
entangled photon pairs, but in the solid state it remains an experimental challenge.
There exist several theoretical proposals for the production and detection of en-
tangled electrons [2, 3]. These theoretical works address mainly pure states. The
purpose of this chapter is to investigate what happens if the state is mixed. Some
aspects of this problem were also considered in Refs. [4, 5]. We go a bit further
by comparing violation of the Bell inequality to the degree of entanglement of the
mixed state.

The entanglement scheme that we will analyze here, proposed in chapter 2,
involves the Landau level index of an electron and hole quasiparticle (see Fig.
2.1). We consider one specific mechanism for the loss of purity, namely inter-
action with the environment. We model this interaction phenomenologically by
introducing phase factors in the scattering matrix and subsequently averaging over
these phases. A more microscopic treatment (for example along the lines of a re-
cent paper [6]) is not attempted here. Another kind of mixture would result from
energy averaging [7]. We assume that the applied voltage is sufficiently small
that we can neglect energy averaging. Experimentally, both energy and phase
averaging may play a role [8].
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3.2 Dephasing

Dephasing is introduced phenomenologically through random phase shifts φi (ψi )
accumulated in channel i at the left (right) of the tunnel barrier. The reflection and
transmission matrices r and t transform as

r →
(

eiφ1 0
0 eiφ2

)
r0, t →

(
eiψ1 0

0 eiψ2

)
t0. (3.1)

By averaging over the phase shifts, with distribution P(φ1,φ2,ψ1,ψ2), and pro-
jecting out the vacuum contribution, the pure electron-hole excitation is converted
into a mixture described by a 4×4 density matrix

ρi j ,kl = 〈γi jγ
∗
kl〉

〈Trγ γ †〉 . (3.2)

Here 〈· · · 〉 denotes the average over the phases and the matrix γ refers to an
electron-hole excitation cf. Eq. (2.6). The degree of entanglement is quantified
by the concurrence C, given by [9]

C = max
{

0,
√
λ1 −√

λ2 −√
λ3 −√

λ4

}
. (3.3)

The λi ’s are the eigenvalues of the matrix product ρ · (σy ⊗σy) ·ρ∗ · (σy ⊗σy), in
the order λ1 ≥ λ2 ≥ λ3 ≥ λ4. The concurrence ranges from 0 (no entanglement)
to 1 (maximal entanglement).

The entanglement of the particle-hole excitations is detected by the violation
of the Bell-CHSH (Clauser-Horne-Shimony-Holt) inequality [10, 11]. This re-
quires two gate electrodes to locally mix the edge channels (scattering matrices
UL , UR) and two pairs of contacts 1,2 to separately measure the current fluctua-
tions δ IL ,i and δ IR,i (i = 1,2) in each transmitted and reflected edge channel. In
the tunneling regime the Bell inequality can be formulated in terms of the low-
frequency noise correlator [5]

Cij =
∫ ∞

−∞
dt δ IL ,i (t)δ IR, j (0). (3.4)

At low temperatures (kT � eV ) the correlator has the general expression [12]

Cij (UL ,UR) = −(e3V/h)

∣∣∣∣(ULrt†U †
R

)
i j

∣∣∣∣2 . (3.5)
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We again introduce the random phase shifts into r and t and average the correlator.
The Bell-CHSH parameter is

E = |E(UL ,UR)+ E(U ′
L ,UR)+ E(UL ,U ′

R)− E(U ′
L ,U ′

R)|, (3.6)

where E(U , V ) is related to the average correlators 〈Cij (U , V )〉 by

E = 〈C11 +C22 −C12 −C21〉
〈C11 +C22 +C12 +C21〉 . (3.7)

The state is entangled if E > 2 for some set of 2×2 unitary matrices UL ,UR ,U ′
L ,U ′

R .
If E = 2

√
2 the entanglement is maximal.

3.3 Calculation of the mixed-state entanglement

We simplify the problem by assuming that the two transmission eigenvalues (eigen-
values of t t†) are identical: T1 = T2 ≡ T . In the absence of dephasing the elec-
tron and hole then form a maximally entangled pair. The transmission matrix
t0 = T 1/2V and reflection matrix r0 = (1 − T )1/2V ′ in this case are equal to a
scalar times a unitary matrix V , V ′. Any 2 × 2 unitary matrix � can be parame-
terized by

�= eiθ

(
eiα 0
0 e−iα

)(
cosξ sinξ

−sinξ cosξ

)(
eiβ 0
0 e−iβ

)
, (3.8)

in terms of four real parameters α,β,θ ,ξ . The angle ξ governs the extent to which
� mixes the degrees of freedom (no mixing for ξ = 0,π/2, complete mixing for
ξ = π/4).

If we set�= σy V ′σy V T we obtain for the matrix γ of Eq. (2.6) the parametriza-
tion

γ = eiθ
√

T (1− T )
(

eiφ2+iα 0
0 eiφ1−iα

)( cosξ sinξ
−sinξ cosξ

)(
eiψ1+iβ 0

0 eiψ2−iβ

)
.

(3.9)
In the same parametrization, the matrix r t† which appears in Eq. (3.5) takes the
form

r t† = eiθ ′−iθ
√

T (1− T )× (3.10)(
eiφ1−iα 0

0 eiφ2+iα

)(
cosξ sinξ

−sinξ cosξ

)(
e−iψ1−iβ 0

0 e−iψ2+iβ

)
,
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with eiθ ′ = Det V ′. We have used the identity V ′V † = (Det V ′)(σy V ′σy V T)∗ to
relate the parametrization of r t† to that of γ . Note that

Trγ γ † = 2T (1− T ) = Trr t†tr†, (3.11)

independent of the phase shifts φi and ψi .
To average the phase factors we assume that the phase shifts at the left and

the right of the tunnel barrier are independent, so

P(φ1,φ2,ψ1,ψ2) = PL(φ1,φ2)PR(ψ1,ψ2). (3.12)

The complex dephasing parameters ηL and ηR are defined by

ηL =
∫

dφ1

∫
dφ2 PL(φ1,φ2)eiφ1−iφ2 , ηR =

∫
dψ1

∫
dψ2 PR(ψ1,ψ2)eiψ1−iψ2 .

(3.13)
The density matrix (3.2) of the mixed particle-hole state has, in the parametriza-

tion (3.9), the elements

ρ = 1

2

⎛⎜⎜⎝
cos2 ξ η̃R cosξ sinξ −η̃∗

L cosξ sinξ η̃∗
L η̃R cos2 ξ

η̃∗
R cosξ sinξ sin2 ξ −η̃∗

L η̃
∗
R sin2 ξ η̃∗

L cosξ sinξ
−η̃L cosξ sinξ −η̃L η̃R sin2 ξ sin2 ξ −η̃R cosξ sinξ
η̃L η̃

∗
R cos2 ξ η̃L cosξ sinξ −η̃∗

R cosξ sinξ cos2 ξ

⎞⎟⎟⎠ .

(3.14)
We have defined η̃L = ηLe−2iα , η̃R = ηRe2iβ . The concurrence C, calculated from
Eq. (3.3), has a complicated expression. For |ηL | = |ηR| ≡ η it simplifies to

C = max

{
0,−1

2
(1−η2)+ 1

4

√
16η2 +2(1−η2)2(1+ cos4ξ )

}
. (3.15)

Notice that C = η2 for ξ = 0.
For the Bell inequality we first note that the ratio of correlators (3.7) can be

written as

E(UL ,UR) = 1

2T (1− T )
〈TrU †

LσzULrt†U †
RσzURtr†〉. (3.16)

We parameterize

U †
LσzUL = nL ,xσx +nL ,yσy +nL ,zσz ≡ n̂L · �σ , (3.17)

U †
RσzUR = nR,xσx +nR,yσy +nR,zσz ≡ n̂ R · �σ , (3.18)
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in terms of two unit vectors n̂L , n̂ R and a vector �σ of Pauli matrices

σx =
(

0 1
1 0

)
≡ σ1, σy =

(
0 −i
i 0

)
≡ σ2, σz =

(
1 0
0 −1

)
≡ σ3. (3.19)

Substituting the parametrization (3.10), Eq. (3.16) takes the form

E(UL ,UR) = 1

2
Tr

(
nL ,z η̃∗

Lν
∗
L

η̃LνL −nL ,z

)(
cosξ sinξ

−sinξ cosξ

)
×(

nR,z η̃∗
Rν

∗
R

η̃RνR −nR,z

)(
cosξ −sinξ
sinξ cosξ

)
, (3.20)

where we have abbreviated νL = nL ,x + inL ,y , νR = nR,x + inR,y .
Comparing Eqs. (3.14) and (3.20), we see that

E(UL ,UR) = Trρ (n̂L · �σ )T ⊗ (n̂ R · �σ ) . (3.21)

(The transpose appears because of the transformation from electron to hole op-
erators at the left of the barrier.) This is an explicit demonstration that the noise
correlator (3.7) measures the density matrix (3.2) of the projected electron-hole
state — without the vacuum contribution.

The maximal value Emax of the Bell-CHSH parameter (3.6) for an arbitrary
mixed state was analyzed in Refs. [13, 14]. For a pure state with concurrence C
one has simply Emax = 2

√
1+C2 [15]. For a mixed state there is no one-to-one

relation between Emax and C. Depending on the density matrix, Emax can take on
values between 2C

√
2 and 2

√
1+C2. The general formula

Emax = 2
√

u1 +u2 (3.22)

for the dependence of Emax on ρ involves the two largest eigenvalues u1,u2 of
the real symmetric 3×3 matrix RT R constructed from Rkl = Trρ σk ⊗σl . For our
density matrix (3.14) we find from Eq. (3.22) a simple expression if |ηL | = |ηR| ≡
η. It reads

Emax = √
2
√

(1+η2)2 + (1−η2)2 cos4ξ . (3.23)

3.4 Discussion

The result Emax = 2(1+η4)1/2 which follows from Eq. (3.23) for ξ = 0 was found
in Ref. [5] in a somewhat different context. This corresponds to the case that the
two edge channels are not mixed at the tunnel barrier. The Bell-CHSH inequality
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Figure 3.1: Relation between the maximal violation Emax of the Bell-CHSH in-
equality and the concurrence C calculated from Eqs. (3.15) and (3.23) for mixing
parameters ξ = 0 (triangles, no mixing) and ξ = π

4 (squares, complete mixing).
The dephasing parameter η decreases from 1 (upper right corner, no dephasing)
to 0 (lower left, complete dephasing) with steps of 0.05. The dotted line is the
relation between Emax and C for a pure state, which is also the largest possible
value of Emax for given C.

Emax ≤ 2 is then violated for arbitrarily strong dephasing. This is not true in the
more general case ξ �= 0, when Emax drops below 2 at a finite value of η.

In Fig. 3.1 we compare Emax and C for ξ = 0 (no mixing) and ξ = π
4 (complete

mixing). For ξ = 0 the same relation Emax = 2
√

1+C2 between Emax and C
holds as for pure states (dotted curve). Violation of the Bell inequality is then
equivalent to entanglement. For ξ �= 0 there exist entangled states (C > 0) without
violation of the Bell inequality (Emax ≤ 2). Violation of the Bell inequality is
then a sufficient but not a necessary condition for entanglement. We define two
characteristic dephasing parameters ηE and ηC by the smallest values such that

Emax > 2 for η > ηE , C > 0 for η > ηC . (3.24)
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The number ηE is the dephasing parameter below which Bell’s inequality cannot
be violated; The dephasing parameter ηC gives the border between entanglement
and no entanglement. From Eqs. (3.15) and (3.23) we obtain

ηC =
√

5− cos4ξ −2
√

2
√

3− cos4ξ

1− cos4ξ
, ηE =

√
−1+ cos4ξ +√

2−2cos4ξ

1+ cos4ξ
.

(3.25)
The two dephasing parameters are plotted in Fig. 3.2. The inequality ηE ≥ ηC

reflects the fact that Emax is an entanglement witness.

Figure 3.2: The Bell-CHSH inequality is violated for dephasing parameters
η > ηE , while entanglement is preserved for η > ηC . The shaded region indi-
cates dephasing and mixing parameters for which there is entanglement without
violation of the Bell-CHSH inequality.

In conclusion, we have shown that the extent to which dephasing prevents the
Bell inequality from detecting entanglement depends on the mixing of the degrees
of freedom at the tunnel barrier. No mixing (ξ = 0) means that the maximally
entangled electron-hole pair produced by the tunnel barrier is in one of the two
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Bell states

|ψα〉 = 1√
2

(|↑↓〉+ eiα |↓↑〉), |φα〉 = 1√
2

(|↑↑〉+ eiα |↓↓〉). (3.26)

(In our case the Landau level index i = 1,2 replaces the spin index ↑, ↓.) Then
there is finite entanglement and finite violation of the Bell inequality for arbitrarily
strong dephasing [5], and moreover there is the same one-to-one relation between
degree of entanglement and violation of the Bell inequality as for pure states. All
this no longer holds for non-zero mixing (ξ �= 0), when the maximally entangled
electron-hole pair is in a superposition of |φα〉 and |ψα′ 〉. Then the entanglement
disappears for a finite dephasing strength and the Bell inequality is no longer
capable of unambiguously detecting entanglement.
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Chapter 4

Scattering theory of
plasmon-assisted entanglement
transfer and distillation

The motivation for the work presented in this chapter came from the remark-
able demonstration by Altewischer, Van Exter, and Woerdman of the transfer of
quantum mechanical entanglement from photons to surface plasmons and back
to photons [1]. Since entanglement is a highly fragile property of a two-photon
state, it came as a surprise that this property could survive with little degradation
the conversion to and from the macroscopic degrees of freedom in a metal [2].

We present a quantitative description of the finding of Ref. [1] that the en-
tanglement is lost if it is measured during transfer, that is to say, if the medium
through which the pair of polarization-entangled photons is passed acts as a
“which-way” detector for polarization. Our analysis explains why a few percent
degradation of entanglement could be realized without requiring a highly sym-
metric medium. We predict that the experimental setup of Ref. [1] could be used
to “distill” [3, 4] fully entangled Bell pairs out of partially entangled incident ra-
diation, and we identify the region in parameter space where this distillation is
possible.

We assume that the medium is linear, so that its effect on the radiation can be
described by a scattering matrix. The assumption of linearity of the interaction
of radiation with surface plasmons is central to the literature on this topic [5–9].
We will not make any specific assumptions on the mode and frequency depen-
dence of the scattering matrix, but extract the smallest number of independently
measurable parameters needed to describe the experiment. By concentrating on

39
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model-independent results we can isolate the fundamental quantum mechanical
limitations on the entanglement transfer, from the limitations specific for any par-
ticular transfer mechanism.

The system considered is shown schematically in Fig. 4.1. Polarization-
entangled radiation is scattered by two objects and detected by a pair of detec-
tors behind the objects in the far-field. The objects used in Ref. [1] are metal
films perforated by a square array of subwavelength holes. The transmission am-
plitude tσσ ′,i of object i = 1,2 relates the transmitted radiation (with polariza-
tion σ = H,V) to the incident radiation (polarization σ ′ = H,V). We assume a
single-mode incident beam and a single-mode detector (smaller than the coher-
ence area), so that we require a set of eight transmission amplitudes tσσ ′,i out of
the entire scattering matrix (which also contains reflection amplitudes and trans-
mission amplitudes to other modes). We do not require that the scattering matrix
is unitary, so our results remain valid if the objects absorb part of the incident
radiation. What is neglected is the thermal radiation, either from the two objects
or from the electromagnetic environment of the detectors. This thermal noise is
insignificant at room temperature and optical frequencies.

The radiation incident on the two objects is in a known, partially entangled
state and we wish to determine the degree of entanglement of the detected radia-
tion. It is convenient to use a matrix notation. The incident two-photon state has
the general form

|�in〉 = ain
HH|HH〉+ain

HV|HV〉+ain
VH|VH〉+ain

VV|VV〉. (4.1)

The four complex numbers ain
σσ ′ form a matrix

Ain =
(

ain
HH ain

HV

ain
VH ain

VV

)
. (4.2)

Normalization of |�in〉 requires Tr Ain A†
in = 1.

The four transmission amplitudes tσσ ′,i of object i = 1,2 form the matrix

Ti =
(

tHH,i tHV,i

tVH,i tVV,i

)
. (4.3)

The transmitted two-photon state |�out〉 has matrix of coefficients

Aout = Z−1/2T1 AinT T
2 , (4.4)

with normalization factor

Z = Tr(T1 AinT T
2 ) (T1 AinT T

2 )†. (4.5)
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Figure 4.1: Main plot: Efficiency of the entanglement transfer for a fully en-
tangled incident state, as given by Eq. (4.13). The maximal violation Emax

of Bell’s inequality at the photodetectors is plotted as a function of the ratio
τ1/τ2 = T1+T2−/T1−T2+ of the polarization-dependent transmission probabilities.
The inset shows schematically the geometry of the experiment [1]. A pair of
polarization-entangled photons is incident from the left on two perforated metal
films. The photodetectors at the right, connected by a coincidence counter, mea-
sure the degree of entanglement of the transmitted radiation.

For a pure state |�〉 the maximal value of the Bell-CHSH parameter Emax [10]
is related to the concurrence C [11] by Emax = 2

√
1+C2 [12]. In terms of a matrix

A, the concurrence takes the form C = 2 |Det A| and ranges from 0 (no entangle-
ment) to 1 (maximal entanglement). A fully entangled state could be the Bell pair(|HV〉− |VH〉)/√2, or any state derived from it by a local unitary transformation
(A → U AV with U , V arbitrary unitary matrices). The degree of entanglement
Cin = 2|Det Ain| of the incident state is given and we seek the degree of entangle-
ment Cout = 2|Det Aout| of the transmitted state. We are particularly interested in
the largest Cout that can be reached by applying local unitary transformations to
the incident state. This would correspond to the experimental situation that the
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polarizations of the two incoming photons are rotated independently, in order to
maximize the violation of Bell’s inequality of the detected photon pair.

Before proceeding with the calculation we introduce some parametrizations.
The Hermitian matrix product Ti T

†
i has the eigenvalue–eigenvector decomposi-

tion

T1T †
1 = U †

(
T1+ 0
0 T1−

)
U , T2T †

2 = V †

(
T2+ 0
0 T2−

)
V . (4.6)

The matrices of eigenvectors U , V are unitary and the transmission eigenvalues
Ti± are real numbers between 0 and 1. We order them such that 0 ≤ Ti− ≤ Ti+ ≤ 1
for each i = 1,2. We will see that the maximal entanglement transfer depends
only on the ratios τi = Ti+/Ti−. This parametrization therefore extracts the two
significant real numbers τ1,τ2 out of eight complex transmission amplitudes. The
Hermitian matrix product Ain A†

in has eigenvalues λ± = 1
2 ± 1

2 (1 −C2
in)1/2. These

appear in the polar decomposition

U AinV = eiφ

(
u+ u−

−u∗− u∗+

)( √
λ+ 0
0

√
λ−

)(
v+ v−

−v∗− v∗+

)
. (4.7)

The phase φ is real and u±,v± are complex numbers constrained by |u±| = ( 1
2 ±

u)1/2, |v±| = ( 1
2 ± v)1/2, with real u,v ∈ (− 1

2 , 1
2 ). These numbers can be varied

by local unitary transformations, so later on we will want to choose values which
maximize the detected entanglement.

With these parametrizations a calculation of the determinant of Aout leads to
the following relation between Cin and Cout:

Cout = Cin
√
τ1τ2

(τ1 −1)(τ2 −1)

[
λ+Q+ +λ−Q−

− 2
√
λ+λ−( 1

4 −u2)1/2( 1
4 −v2)1/2 cos�

]−1
, (4.8)

Q± =
(

u ± 1
2

τ1 +1

τ1 −1

)(
v± 1

2

τ2 +1

τ2 −1

)
. (4.9)

The phase � equals the argument of u+u∗−v+v−. To maximize Cout we should
choose�= 0.

We first analyze this expression for the case of a fully entangled incident state,
as in the experiment [1]. For Cin = 1 one has λ+ = λ− = 1/2, and Eq. (4.8)
simplifies to

Cout = 4
√
τ1τ2

(τ1 +1)(τ2 +1)+4a(τ1 −1)(τ2 −1)
, (4.10)

a = uv− ( 1
4 −u2)1/2( 1

4 −v2)1/2 cos�. (4.11)
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Since τi ≥ 1 and |a| ≤ 1
4 we conclude that the degree of entanglement is bounded

by Cmin ≤ Cout ≤ Cmax, with

Cmin = 2
√
τ1τ2

1+ τ1τ2
, Cmax = 2

√
τ1/τ2

1+ τ1/τ2
. (4.12)

The maximum Cmax can always be reached by a proper choice of the (fully
entangled) incident state, so the maximal violation of Bell’s inequality is given by

Emax = 2

√
1+ 4τ1/τ2

(1+ τ1/τ2)2
. (4.13)

The dependence of Emax on τ1/τ2 is plotted in Fig. 4.1. Full entanglement is ob-
tained for τ1 = τ2, hence for T1+T2− = T1−T2+. Generically, this requires either
identical objects (T1± = T2±) or non-identical objects with Ti+ = Ti−. If τ1 = τ2

there are no “which-way” labels and entanglement fully survives with no degra-
dation.

Small deviations of τ1/τ2 from unity only reduce the entanglement to second
order,

Emax = 2
√

2
[
1− 1

16
(τ1/τ2 −1)2 +O(τ1/τ2 −1)3]. (4.14)

So for a small reduction of the entanglement one can tolerate a large mismatch
of the transmission probabilities. In particular, the experimental result E = 2.71
for plasmon-assisted entanglement transfer [1] can be reached with more than a
factor two of mismatch (E = 2.71 for τ1/τ2 = 2.4).

As a simple example we calculate the symmetry parameter τ1/τ2 for a
Lorentzian transmission probability, appropriate for plasmon-assisted entangle-
ment transfer [5–9]. We take

Ti± = T �2

(ω0 −ωi±)2 +�2
, (4.15)

whereω0 is the frequency of the incident radiation, � is the linewidth, and T is the
transmission probability at the resonance frequency ωi±. (For simplicity we take
polarization-independent� and T .) The transmission is through an optically thick
metal film with a rectangular array of subwavelength holes (lattice constants Li±).
The dispersion relation of the surface plasmons is ωi± = (1 + 1/ε)1/22πnc/Li±
[9], where ε is the real part of the dielectric constant and n is the order of the
resonance, equal to the number of plasmon-field oscillations in a lattice constant.
We break the symmetry by taking one square array of holes and one rectangular
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array (lattice constants L0 = L1+ = L2+ = L2− and L1 = L1−). The lattice con-
stant L0 is chosen such that the incident radiation is at resonance. The symmetry
parameter becomes

τ1

τ2
= 1+ (2π )2

(
nl

L0
− nl

L1

)2

, l = c

�

√
ε+1

ε
. (4.16)

The length l is the propagation length of the surface plasmon. (We have taken
c(1+1/ε)1/2 for the plasmon group velocity, valid if ω0 is not close to the plasma
frequency [9].) Combining Eqs. (4.14) and (4.16) we see that the deviation of
Emax from 2

√
2 (the degradation of the entanglement) is proportional to the fourth

power of the difference between the number of oscillations of the plasmon field
along the two lattice vectors.

Turning now to the more general case of a partially entangled incident state,
we ask the following question: Is it possible to achieve Cout = 1 even if Cin< 1? In
other words, can one detect a 2

√
2 violation of Bell’s inequality after transmission

even if the original state was only partially entangled? Examination of Eq. (4.8)
shows that the answer to this question is: Yes, provided τ1 and τ2 satisfy∣∣ ln

τ1

τ2

∣∣ ≤ 2arcosh(C−1
in ) and lnτ1τ2 ≥ 2arcosh(C−1

in ). (4.17)

The allowed values of τ1 and τ2 lie in a strip that is open at one end, see Fig. 4.2.
The boundaries are reached at |u| = |v| = 1

2 . The region inside the strip is reached
by choosing both |u| and |v|< 1/2. For Cin = 1 the strip collapses to the single
line τ1 = τ2, in agreement with Eq. (4.12).

The possibility to achieve Cout = 1 for Cin < 1 is an example of distillation
of entanglement [3, 4]. (See Refs. [13–16] for other schemes proposed recently,
and Ref. [17] for an experimental realization.) As it should, no entanglement is
created in this operation. Out of N incoming photon-pairs with entanglement Cin

one detects N Z pairs with entanglement Cout = Cin Z−1√T1+T1−T2+T2−, so that
N ZCout ≤ NCin.

In conclusion, we have shown that optical entanglement transfer and distil-
lation through a pair of linear media can be described by two ratios τ1 and τ2

of polarization-dependent transmission probabilities. For fully entangled incident
radiation, the maximal violation of Bell’s inequality at the detectors is given by
a function (4.13) of τ1/τ2 which decays only slowly around the optimal value
τ1/τ2 = 1. Distillation of a fully entangled Bell pair out of partially entangled in-
cident radiation is possible no matter how low the initial entanglement, provided
that τ1 and τ2 satisfy the two inequalities (4.17).
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Figure 4.2: The shaded strips indicate the values of lnτ1 and lnτ2 for which Cout =
1 can be reached with Cin = 0.5 (horizontally shaded) and Cin = 0.9 (vertically
shaded), in accordance with Eq. (4.17).

Our results provide a simple way to describe the experiment [1] on plasmon-
assisted entanglement transfer, in terms of two separately measurable parameters.
By changing the square array of holes used in Ref. [1] into a rectangular array
(or, equivalently, by tilting the square array relative to the incident beam), one can
move away from the point τ1 = τ2 = 1 and search for the entanglement distilla-
tion predicted here. The possibility to extract Bell pairs by manipulating surface
plasmons may have interesting applications in quantum information processing.
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Chapter 5

Transition from pure-state to
mixed-state entanglement by random
scattering

5.1 Introduction

A pair of photons in the Bell state (|HV〉+ |VH〉)/√2 can be transported over
long distances with little degradation of the entanglement of their horizontal (H)
and vertical (V) polarizations. Polarization-dependent scattering has little effect
on the degree of entanglement, as long as it remains linear (hence describable by a
scattering matrix) and as long as the photons are detected in a single spatial mode
only (chapter 4).

Polarization-dependent scattering may significantly degrade the entanglement
in the case of multi-mode detection. Upon summation over N spatial modes the
initially pure state of the Bell pair is reduced to a mixed state with respect to the
polarization degrees of freedom. This loss of purity diminishes the entanglement
— even if the two polarization directions are not mixed by the scattering.

The transition from pure-state to mixed-state entanglement will in general de-
pend on the detailed form of the scattering matrix. However, a universal regime
is entered in the case of randomly located scattering centra. This is the regime
of applicability of random-matrix theory [1, 2]. As we will show in this chapter,
the transmission of polarization-entangled radiation through disordered media re-
duces the degree of entanglement in a way which, on average, depends only on the
number N of detected modes. (The average refers to an ensemble of disordered
media with different random positions of the scatterers.) The degree of entan-
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&

N2

1N

Figure 5.1: Schematic diagram of the transfer of polarization-entangled radia-
tion through two disordered media. The degree of entanglement of the trans-
mitted radiation is measured by two multi-mode photodetectors (Ni modes) in
a coincidence circuit (represented by the box with & inside). The combination
of polarization-dependent scattering and multi-mode detection causes a transition
from a pure state to a mixed state in the polarization degrees of freedom, and a
resulting decrease of the detected entanglement.

glement (as quantified either by the concurrence [3] or by the violation of a Bell
inequality [4, 5]) decreases exponentially with N if the disorder randomly mixes
the polarization directions. If the polarization is conserved, then the decrease is a
power law (∝ N−1 if both photons are scattered and ∝ N−1/2 if only one photon
is scattered).

5.2 Formulation of the problem

We consider two beams of polarization-entangled photons (Bell pairs) that are
scattered by two separate disordered media (see Fig. 5.1). Two photodetectors
in a coincidence circuit measure the degree of entanglement of the transmitted
radiation through the violation of a Bell inequality. The scattered Bell pair is in
the pure state

�nσ ,mτ = 1√
2

(
u+

nσ v
−
mτ +u−

nσ v
+
mτ

)
. (5.1)
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The indices n ∈ {1,2, . . .M1}, m ∈ {1,2, . . .M2} label the transverse spatial modes
and the indices σ ,τ ∈ {+,−} label the horizontal and vertical polarizations. The
first pair of indices n,σ refers to the first photon and the second pair of indices m,τ
refers to the second photon. The scattering amplitudes u±

nσ relate the incoming
mode (1,±) of the first photon to the outgoing mode (n,σ ), and similarly for
the second photon. The two vectors (u+

1+,u+
2+, . . .u+

M1+,u+
1−,u+

2−, . . .u+
M1−) and

(u−
1+,u−

2+, . . .u−
M1+,u−

1−,u−
2−, . . .u−

M1−) of scattering amplitudes of the first photon
are orthonormal, and similarly for the second photon.

A subset of N1 out of the M1 modes are detected in the first detector. We re-
label the modes so that n = 1,2, . . .N1 are the detected modes. This subset is con-
tained in the four vectors u++

n ≡ u+
n+, u+−

n ≡ u+
n−, u−+

n ≡ u−
n+, u−−

n ≡ u−
n− of length

N1 each. We write these vectors in bold face, u±±, omitting the mode index. Sim-
ilarly, the second detector detects N2 modes, contained in vectors v±±. A single
or double dot between two pairs of vectors denotes a single or double contraction
over the mode indices: a ·b = ∑Ni

n=1 anbn, ab : cd = ∑N1
n=1

∑N2
m=1 anbmcmdn .

The pure state has density matrix �nσ ,mτ�
∗
n′σ ′,m′τ ′ . By tracing over the de-

tected modes the pure state is reduced to a mixed state with respect to the polar-
ization degrees of freedom. The reduced density matrix is 4×4, with elements

ρστ ,σ ′τ ′ = 1

Z

(
u+σv−τ +u−σv+τ

)
:
(
v∗

−τ ′u∗
+σ ′ +v∗

+τ ′u∗
−σ ′

)
, (5.2)

Z =
∑
σ ,τ

(
u+σv−τ +u−σv+τ

)
:
(
v∗

−τu
∗
+σ +v∗

+τu∗
−σ

)
. (5.3)

The complex numbers that enter into the density matrix are conveniently grouped
into a pair of Hermitian positive definite matrices a and b, with elements aστ ,σ ′τ ′ =
uστ ·u∗

σ ′τ ′ , bστ ,σ ′τ ′ = vστ ·v∗
σ ′τ ′ . One has

Zρστ ,σ ′τ ′ = a+σ ,+σ ′b−τ ,−τ ′ +a−σ ,−σ ′b+τ ,+τ ′ +a−σ ,+σ ′b+τ ,−τ ′ +a+σ ,−σ ′b−τ ,+τ ′ .
(5.4)

The degree of entanglement of the mixed state with 4×4 density matrix ρ is
quantified by the concurrence C, given by [3]

C = max
{

0,
√
λ1 −√

λ2 −√
λ3 −√

λ4

}
. (5.5)

The λi ’s are the eigenvalues of the matrix product

ρ · (σy ⊗σy) ·ρ∗ · (σy ⊗σy),

in the order λ1 ≥ λ2 ≥ λ3 ≥ λ4, with σy a Pauli matrix. The concurrence ranges
from 0 (no entanglement) to 1 (maximal entanglement).



52 CHAPTER 5. TRANSITION FROM PURE-STATE TO . . .

In a typical experiment [6], the photodetectors can not measure C directly,
but instead infer the degree of entanglement through the maximal violation of
the Bell-CHSH (Clauser-Horne-Shimony-Holt) inequality [4, 5]. The maximal
value Emax of the Bell-CHSH parameter for an arbitrary mixed state was ana-
lyzed in Refs. [7, 8]. For a pure state with concurrence C one has simply Emax =
2
√

1+C2 [9]. For a mixed state there is no one-to-one relation between Emax and
C. Depending on the density matrix, Emax can take on values between 2C

√
2 and

2
√

1+C2, so Emax > 2 implies C > 0 but not the other way around. The general
formula

Emax = 2
√

u1 +u2 (5.6)

for the dependence of Emax on ρ involves the two largest eigenvalues u1,u2 of
the real symmetric 3 × 3 matrix RT R constructed from Rkl = Trρ σk ⊗σl . Here
σ1,σ2,σ3 refer to the three Pauli matrices σx ,σy , σz, respectively.

We will calculate both the true concurrence C and the pseudo-concurrence

C′ ≡
√

max
(
0,E2

max/4−1
) ≤ C (5.7)

inferred from the Bell inequality violation.
As a special case we will also consider what happens if only one of the two

beams is scattered. The other beam reaches the photodetector without changing its
mode or polarization, so we set v±

mσ = δm,1δσ ,±. This implies bστ ,σ ′τ ′ = δσ ,τ δσ ′,τ ′ ,
hence

Zρστ ,σ ′τ ′ = aτ̄ σ ,τ̄ ′σ ′ , (5.8)

where we have defined τ̄ = −τ . The normalization is now given simply by Z =∑
σ ,τ aστ ,στ .

5.3 Random-matrix theory

For a statistical description we use results from the random-matrix theory (RMT)
of scattering by disordered media [1, 2]. According to that theory, the real and
imaginary parts of the complex scattering amplitudes uσnτ are statistically dis-
tributed as independent random variables with the same Gaussian distribution of
zero mean. The variance of the Gaussian drops out of the density matrix; we fix
it at 1. The assumption of independent variables ignores the orthonormality con-
straint of the vectors u, which is justified if N1 � M1. Similarly, for N2 � M2

the real and imaginary parts of vσnτ have independent Gaussian distributions with
zero mean and a variance which we may set at 1.
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The reduced density matrix of the mixed state depends on the two indepen-
dent random matrices a and b, according to Eq. (5.4). The matrix elements are
not independent. We calculate the joint probability distribution of the matrix ele-
ments, using the following result from RMT [10]: Let W be a rectangular matrix
of dimension p × (k + p), filled with complex numbers with distribution

P({Wnm}) ∝ exp
(−c TrW W †

)
, c > 0. (5.9)

Then the square matrix H = W W † (of dimension p × p) has the Laguerre distri-
bution

P({Hnm}) ∝ (Det H )k exp(−c Tr H ). (5.10)

Note that H is Hermitian and positive definite, so its eigenvalues hn (n = 1,2, . . . p)
are real positive numbers. Their joint distribution is that of the Laguerre unitary
ensemble,

P({hn}) ∝
∏

n

hk
n e−chn

∏
i< j

(hi −hj )2. (5.11)

The factor (hi − hj )2 is the Jacobian of the transformation from complex matrix
elements to real eigenvalues. The eigenvectors of H form a unitary matrix U
which is uniformly distributed in the unitary group.

To apply this to the matrix a we set c = 1/2, p = 4, k = N1 − 4. We first
assume that N1 ≥ 4, to ensure that k ≥ 0. Then

P({aστ ,σ ′τ ′ }) ∝ (Deta)N1−4 exp
(− 1

2 Tra
)

, (5.12)

P({an}) ∝
∏

n

aN1−4
n e−an/2

∏
i< j

(ai −aj )2, (5.13)

where a1,a2,a3,a4 are the real positive eigenvalues of a. The 4 × 4 matrix U of
eigenvectors of a is uniformly distributed in the unitary group. If N1 = 1,2,3 we
set c = 1/2, p = N1, k = 4− N1. The matrix a has 4− N1 eigenvalues equal to 0.
The N1 non-zero eigenvalues have distribution

P({an}) ∝
∏

n

a4−N1
n e−an/2

∏
i< j

(ai −aj )2. (5.14)

The distribution of the matrix elements bστ ,σ ′τ ′ and of the eigenvalues bn is ob-
tained upon replacement of N1 by N2 in Eqs. (5.12), (5.13), and (5.14).
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5.4 Asymptotic analysis

We wish to average the concurrence (5.5) and pseudo-concurrence (5.7) with the
RMT distribution of Sec. 5.3. The result depends only on the number of detected
modes N1, N2 in the two photodetectors. Microscopic details of the scattering
media become irrelevant once we assume random scattering. The averages 〈C〉,
〈C′〉 can be calculated by numerical integration [11]. Before presenting these
results, we analyze the asymptotic behavior for Ni � 1 analytically. We assume
for simplicity that N1 = N2 ≡ N .

It is convenient to scale the eigenvalues as

an = 2N (1+αn ), bn = 2N (1+βn). (5.15)

The distribution of the αn’s and βn’s takes the same form

P({αn}) ∝ exp

(
−N

4∑
n=1

[αn − ln(1+αn)]+O(1)

)
, (5.16)

where O(1) denotes N -independent terms. The bulk of the distribution (5.16) lies
in the region

∑
n α

2
n � 1/N � 1, localized at the origin. Outside of this region the

distribution decays exponentially ∝ exp[−N f ({αn})], with

f ({αn}) =
4∑

n=1

[αn − ln(1+αn)]. (5.17)

The concurrence C and pseudo-concurrence C′ depend on the rescaled eigen-
values αn ,βn and also on the pair of 4 × 4 unitary matrices U , V of eigenvectors
of a and b. Both quantities are independent of N , because the scale factor N in
Eq. (5.15) drops out of the density matrix (5.4) upon normalization.

The two quantities C and C′ are identically zero when the αn’s and βn’s are
all � 1 in absolute value. For a nonzero value one has to go deep into the tail of
the eigenvalue distribution. The average of C is dominated by the “optimal fluc-
tuation” αopt

n , βopt
n , U opt, V opt of eigenvalues and eigenvectors, which minimizes

f ({αn})+ f ({βn}) in the region C > 0. The decay

〈C〉 � exp
(−N [ f ({αopt

n })+ f ({βopt
n })]) ≡ e−AN (5.18)

of the average concurrence is exponential in N , with a coefficient A of order unity
determined by the optimal fluctuation. The average 〈C′〉 � e−B N also decays
exponentially with N , but with a different coefficient B in the exponent. The
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numbers A and B can be calculated analytically for the case that only one of the
two beams is scattered.

Scattering of a single beam corresponds to a density matrix ρ which is directly
given by the matrix a, cf. Eq. (5.8). To find A, we therefore need to minimize
f ({αn}) over the eigenvalues and eigenvectors of a with the constraint C > 0,

A = min
{αn },U

{
f ({αn})|C

(
ρ({αn},U )

)
> 0

}
. (5.19)

The minimum can be found with the help of the following result [12]: The concur-
rence C(ρ) of the two-qubit density matrix ρ, with fixed eigenvalues �1 ≥�2 ≥
�3 ≥�4 but arbitrary eigenvectors, is maximized upon unitary transformation by

max
�

C(�ρ�†) = max
{

0,�1 −�3 −2
√
�2�4

}
. (5.20)

(The matrix � varies over all 4 × 4 unitary matrices.) With this knowledge, Eq.
(5.19) reduces to

A = min{αn }
{

f ({αn})|α1 −α3 −2
√

(1+α2)(1+α4)> 0
}
, (5.21)

where we have ordered α1 ≥ α2 ≥ α3 ≥ α4. This yields for the optimal fluctuation
α

opt
1 = 1, αopt

2 = α
opt
3 = α

opt
4 = −1/3 and

A = 3ln3−4ln2 = 0.523. (5.22)

The asymptotic decay 〈C〉 ∝ e−AN is in good agreement with a numerical calcu-
lation for finite N , see Fig. 5.2.

The asymptotic decay of the average pseudo-concurrence 〈C′〉 for a single
scattered beam can be found in a similar way, using the result [8]

max
�

C′(�ρ�†) =
√

max
{
0,2(�1−�4)2 +2(�2−�3)2 − (�1+�2+�3+�4)2

}
.

(5.23)
To obtain the optimal fluctuation we have to solve

B = min{αn }
{

f ({αn})|2(α1 −α4)2 +2(α2 −α3)2 − (4+α1 +α2 +α3 +α4)2 > 0
}
,

(5.24)
which gives

α
opt
1 = 1

2
(−1+2

√
2+√

5), αopt
2 = αopt

3 = 1

2
(1−√

5), αopt
4 = 1

2
(−1−2

√
2+√

5),

(5.25)
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Figure 5.2: Average concurrence 〈C〉 (squares) and pseudo-concurrence 〈C′〉 (tri-
angles) as a function of the number N of detected modes. Closed symbols are for
the case that only one of the two beams is scattered and open symbols for the case
that both beams are scattered. The decay of 〈C′〉 in the latter case could not be de-
termined accurately enough and is therefore omitted from the plot. The solid lines
are the analytically obtained exponential decays, with constants A = 3ln3−4ln2
and B = ln(11+5

√
5)− ln2, cf. Eqs. (5.22) and (5.26).

hence

B = ln(11+5
√

5)− ln2 = 2.406. (5.26)

The decay 〈C′〉 ∝ e−B N is again in good agreement with the numerical results for
finite N (Fig. 5.2).

If both beams are scattered, a calculation of the optimal fluctuation is more
complicated because the eigenvalues {αn}, {βn} and the eigenvectors U , V get
mixed in the density matrix (5.4). The numerics of Fig. 5.2 gives 〈C〉 ∝ e−3.3N

for the asymptotic decay of the concurrence. The averaged pseudo-concurrence
for two-beam scattering could not be determined accurately enough to extract a
reliable value for the decay constant.
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5.5 Polarization-conserving scattering

If the scatterers are translationally invariant in one direction, then the two polar-
izations are not mixed by the scattering. Such scatterers have been realized as
parallel glass fibers [13]. One polarization corresponds to the electric field par-
allel to the scatterers (TE polarization), the other to parallel magnetic field (TM
polarization). The boundary condition differs for the two polarizations (Dirichlet
for TE and Neumann for TM), so the scattering amplitudes u++, v++, u−−, v−−
that conserve the polarization can still be considered to be independent random
numbers. The amplitudes that couple different polarizations vanish: u+−, v+−,
u−+, v−+ are all zero.

The reduced density matrix (5.4) simplifies to

Zρστ ,σ ′τ ′ = δσ ,τ̄ δσ ′,τ̄ ′aσσ ,σ ′σ ′bττ ,τ ′τ ′ , (5.27)

with τ̄ = −τ , τ̄ ′ = −τ ′. We will abbreviate Aστ ≡ aσσ ,ττ , Bστ ≡ bσσ ,ττ . The
concurrence C and pseudo-concurrence C′ are calculated from Eqs. (5.5) and
(5.7), with the result

C = C′ = 2|A+−||B+−|
A++ B−− + A−− B++

. (5.28)

It is again our objective to calculate 〈C〉 for the case N1 = N2 = N . The
distribution of the matrices A and B follows by substituting N1 − 4 → N − 2 in
Eq. (5.12):

P({Aστ }) ∝ (Det A)N−2 exp
(− 1

2 Tr A
)

. (5.29)

The average over this distribution was done numerically, see Fig. 5.3. For large
N we may perform the following asymptotic analysis.

We scale the matrices A and B as

A = 2N (11 +A), B = 2N (11 +B). (5.30)

In the limit N → ∞ the Hermitian matrices A and B have the Gaussian distribu-
tion

P({Aστ }) ∝ e− 1
2 NTrAA†

. (5.31)

(The same distribution holds for B.) In contrast to the analysis in Sec. 5.4 the
concurrence does not vanish in the bulk of the distribution. The average of Eq.
(5.28) with distribution (5.31) yields the algebraic decay

〈C〉 = π

4

1

N
, N � 1, (5.32)
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Figure 5.3: Average concurrence 〈C〉 as a function of the number N of detected
modes, for the case of polarization-conserving scattering of both beams (open
squares) and one beam (closed squares). The data points are the result of a nu-
merical average. The dashed line is the asymptotic result (5.32) and the dotted
line is the analytical result (5.34). The pseudo-concurrence C′ is identical to C
for polarization-conserving scattering.
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in good agreement with the numerical calculation for finite N (Fig. 5.3).
A completely analytical calculation for any N can be done in the case that

only one of the beams is scattered. In that case Bστ = 1 and the concurrence
reduces to

C = 2|A+−|
A++ + A−−

. (5.33)

Averaging Eq. (5.33) over the Laguerre distribution (5.29) gives

〈C〉 =
√
π

2

�(N +1/2)

�(N +1)
. (5.34)

For large N , the average concurrence (5.34) falls off as

〈C〉 =
√
π

2

1√
N

, N � 1. (5.35)

This case is also included in Fig. 5.3.

5.6 Conclusion

In summary, we have applied the method of random-matrix theory (RMT) to the
problem of entanglement transfer through a random medium. RMT has been
used before to study production of entanglement [14–21]. Here we have studied
the loss of entanglement in the transition from a pure state to a mixed state.

A common feature of all these theories is that the results are universal, in-
dependent of microscopic details. In our problem the decay of the degree of
entanglement depends on the number of detected modes but not on microscopic
parameters such as the scattering mean free path.

The origin of this universality is the central limit theorem: The complex scat-
tering amplitude from one mode in the source to one mode in the detector is the
sum over a large number of complex partial amplitudes, corresponding to different
sequences of multiple scattering. The probability distribution of the sum becomes
a Gaussian with zero mean (because the random phases of the partial amplitudes
average out to zero). The variance of the Gaussian will depend on the mean free
path, but it drops out upon normalization of the reduced density matrix. The ap-
plicability of the central limit theorem only requires that the scattering medium
is thick compared to the mean free path, to ensure a large number of terms in the
sum over partial amplitudes.

The degree of entanglement (as quantified by the concurrence or violation
of the Bell inequality) then depends only on the number N of detected modes.
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We have identified two qualitatively different types of decay. The decay is ex-
ponential ∝ e−cN if the scattering mixes spatial modes as well as polarization
directions. The coefficient c depends on which measure of entanglement one uses
(concurrence or violation of Bell inequality) and it also depends on whether both
photons in the Bell pair are scattered or only one of them is. For this latter case
of single-beam scattering, the coefficients c are 3 ln3 − 4ln2 (concurrence) and
ln(11 + 5

√
5) − ln2 (pseudo-concurrence). The decay is algebraic ∝ N−p if the

scattering preserves the polarization. The power p is 1 if both photons are scat-
tered and 1/2 if only one of them is. Polarization-conserving scattering is special;
it would require translational invariance of the scatterers in one direction. The
generic decay is therefore exponential.

Finally, we remark that the results presented here apply not only to scattering
by disorder, but also to scattering by a cavity with a chaotic phase space. An
experimental search for entanglement loss by chaotic scattering has been reported
by Woerdman et al. [22].
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Chapter 6

Entangling ability of a beam splitter
in the presence of temporal
which-path information

6.1 Introduction

Entanglement, the nonclassical correlations between spatially separated particles,
is typically a signature of interactions in the past or emergence from a common
source. However, it can also arise as the interference of identical particles [1]. By
postselecting experimental data based on the “click” of detectors [2, 3], photons
scattered at a beam splitter have violated a Bell inequality, even if they originated
from independent sources [4, 5]. In reverse, triggered by an interferometric Bell-
state measurement, entanglement has been swapped [6] to initially uncorrelated
photons of different Bell pairs [7–9]. The observation of these nonclassical in-
terference effects is an important step on the road towards an optical approach of
quantum information processing [10, 11].

Being furnished by interference, the ability of a beam splitter to entangle
the polarizations of two independent photons depends on their indistinguisha-
bility [12]. One of the incident photons is horizontally polarized in state |H;ψ〉,
the other vertically polarized in |V;φ〉. The photons are partially distinguish-
able by their temporal degrees of freedom captured in the kets |ψ〉 and |φ〉. Be-
sides temporal which-path information inherited from incident photons, a scat-
tered two-photon state possibly holds polarization which-path information. We
make no assumptions about the scattering amplitudes connecting polarizations at
the beam splitter, except that they constitute a unitary scattering matrix. Trans-
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lated to a polarization-conserving beam splitter, this corresponds to incident pho-
tons in states |σ ;ψ〉 and |σ ′;φ〉 where σ , σ ′ are arbitrary superpositions of H, V.
The analysis presented in this chapter generalizes existing work on a polarization-
conserving beam splitter where σ = H and σ ′ = V [5, 13].

The polarization-state ρ of a scattered photon pair is established from the scat-
tering amplitudes of the beam splitter, the shape and timing of photonic wavepack-
ets (|ψ〉, |φ〉) and the time-window of coincidence detection. If not erased by
ultra-coincidence detection, an amount of temporal distinguishability of
(1 − |〈ψ |φ〉|2) pertains corresponding to a mixed state ρ. We calculate both
its concurrence and the Bell-CHSH parameter. The ability of the latter to wit-
ness entanglement can disappear in the presence of a Mandel dip. In terms of
a polarization-conserving beam splitter, this corresponds to a deviation of σ , σ ′
from σ = H and σ ′ = V.

6.2 Formulation of the problem

In a second-quantized notation, the incident two-photon state |H;ψ〉L|V;φ〉R takes
the form

|�in〉 =�
†
H,L�

†
V,R|0〉, (6.1)

with field creation operators given by (see Fig. 6.1)

�
†
H,L =

∫
dωa†

H(ω)ψ∗(ω), �
†
V,R =

∫
dωb†

V(ω)φ∗(ω). (6.2)

(The subscripts R,L indicate the two sides of the beam splitter.) The operators
ai (ω) with i = H,V satisfy commutation rules

[ai (ω),aj (ω′)] = 0, [ai (ω),a†
j (ω′)] = δi j δ(ω−ω′). (6.3)

The same commutation rules hold for the operators bi (ω), with commutation
among a and b.

The outgoing operators ci (ω), di (ω) are related to the incoming ones ai (ω),
bi (ω) by a 4 × 4 unitary scattering matrix S, decomposed in 2 × 2 reflection and
transmission matrices r ,t ,t ′,r ′:(

c(ω)
d(ω)

)
=

(
r t ′
t r ′

)(
a(ω)
b(ω)

)
, a(ω) ≡

(
aH(ω)
aV(ω)

)
, (6.4)

and vectors b(ω), c(ω), d(ω) defined similarly. The scattering amplitudes are
frequency-independent. The outgoing state |�out〉 can be conveniently written in
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{a}

{c}

{b}

{d}

DL DR

SL SR

C

S

RL RR

Figure 6.1: Schematic drawing of generation and detection of polarization-
entanglement at a beam splitter. The independent sources SL and SR each create
a photon in modes {a} and {b} cf. Eq. (6.1). The beam splitter with unitary
4 × 4 scattering matrix S couples the polarization of incoming modes to the po-
larization of outgoing modes {c} and {d}. Polarizations are locally mixed by RL

and RR. A coincidence circuit C registers simultaneous detection of photons by
photodetectors DL and DR.

a matrix notation

|�out〉 =
∫

dω
∫

dω′ψ∗(ω)φ∗(ω′)
(

c†(ω)
d†(ω)

)T(
rσint ′T rσinr ′T
tσint ′T tσinr ′T

)(
c†(ω′)
d†(ω′)

)
|0〉.

(6.5)
Here we used the unitarity of S and σin = (σx + iσy)/2, with σx and σy Pauli
matrices, corresponds to the polarizations of the incoming photons cf. Eq. (6.1).
The matrix σin has rank 1 reflecting the fact that polarizations are not entangled
prior to scattering. Since we make no assumptions about the scattering amplitudes
(apart from the unitarity of S), the choice of σin is without loss of generality (see
Appendix 6.A).

The joint probability per unit (time)2 of absorbing a photon with polarization
i at detector DL and a photon with polarization j at detector DR at times t and t ′
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respectively is given by [14]

wi j (t , t ′) ∝ 〈�out|E (−)
iL (t)E (−)

jR (t ′)E (+)
jR (t ′)E (+)

iL (t)|�out〉, (6.6)

where E (+)
iL (t) and E (+)

iR (t) are the positive frequency field operators of polarization
i at detectors DL and DR. The probability Cij (t) of a coincidence event within
time-windows τ around t is given by

Cij (t) =
∫ t+ τ

2

t− τ
2

dt ′
∫ t+ τ

2

t− τ
2

dt ′′wi j (t ′, t ′′). (6.7)

Experimentally, the time-window τ has typically a lower bound determined by
the random rise time of an avalanche of charge carriers in response to a photon
absorption event.

The polarization-entanglement is detected by violation of the Bell-CHSH in-
equality [15]. This requires two local polarization mixers RL and RR. The Bell-
CHSH parameter E is

E = |E(RL, RR)+ E(R′
L, RR)+ E(RL, R′

R)− E(R′
L, R′

R)|, (6.8)

where E(RL, RR) is related to the correlators Cij (RL, RR) by

E = CHH +CVV −CHV −CVH

CHH +CVV +CHV +CVH
. (6.9)

Substituting the correlators of Eq. (6.7) into Eq. (6.9), we see that

E(RL, RR) = Trρ (R†
Lσz RL)⊗ (R†

Rσz RR), (6.10)

where σz is a Pauli matrix and ρ a 4×4 polarization density matrix with elements

ρi j ,mn = 1

N

(
(1+|α|2)(γ1)i j (γ1)∗mn + (1−|α|2)(γ2)i j (γ2)∗mn

)
. (6.11)

The parameter α is given by

α =
(∫ t+ τ

2

t− τ
2

dt ′
∫

dω
∫

dω′φ(ω)ψ∗(ω′)ei(ω−ω′ )t ′
)

×
(∫ t+ τ

2

t− τ
2

dt ′
∫

dω
∫

dω′φ(ω)φ∗(ω′)ei(ω−ω′ )t ′
)−1/2

×
(∫ t+ τ

2

t− τ
2

dt ′
∫

dω
∫

dω′ψ(ω)ψ∗(ω′)ei(ω−ω′ )t ′
)−1/2

(6.12)
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and γ1,γ2 are 2×2 matrices related to the scattering amplitudes by

γ1 = rσinr ′T + t ′σ T
intT, γ2 = rσinr ′T − t ′σ T

intT. (6.13)

The normalization factor N takes the form

N = (1+|α|2)Trγ †
1 γ1 + (1−|α|2)Trγ †

2 γ2. (6.14)

The parameter 1−|α|2 ∈ (0,1) represents the amount of temporal which-path
information. Generally, the time-window τ is much larger than the coherence
times or temporal difference of the wavepackets. We may then take the limit
τ → ∞ and α reduces to the overlap of wavepackets

α =
∫

dωφ(ω)ψ∗(ω). (6.15)

In the opposite limit of ultra-coincidence detection where τ → 0, temporal which-
path information is completely erased corresponding to |α|2 = 1.

6.3 Entanglement of formation

The entanglement of formation of the mixed state ρ is quantified by the concur-
rence C [16] given by

C = max
(

0,
√
λ1 −√

λ2 −√
λ3 −√

λ4

)
. (6.16)

The λi ’s are the eigenvalues of the matrix product ρρ̃, where ρ̃ = (σy ⊗σy)ρ∗(σy ⊗
σy), in the order λ1 ≥ λ2 ≥ λ3 ≥ λ4. The concurrence ranges from 0 (no entangle-
ment) to 1 (maximal entanglement). For simplicity of notation it is convenient to
define (x̂ y)i j ,mn ≡ xi j y∗

mn. The matrix ρ̃ can be written as

ρ̃ = 1

N

(
(1+|α|2) ̂̃γ1γ̃1 + (1−|α|2) ̂̃γ2γ̃2

)
, (6.17)

with γ̃ ≡ σyγ
∗σy . The product ρρ̃ takes the simple form

ρρ̃ = Trγ †
1 γ̃1

N 2

(
(1+|α|2)2γ̂1γ̃1 − (1−|α|2)2γ̂2γ̃2

)
, (6.18)

where we have used the multiplication rule x̂ yv̂w = (Tr y†v)x̂w and

Trγ †
1 γ̃1 = −Trγ †

2 γ̃2, Trγ †
1 γ̃2 = Trγ †

2 γ̃1 = 0. (6.19)
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The results for the tilde inner products of Eq. (6.19) hold since the photons are
not polarization-entangled prior to scattering (Detσin = 0).

The non-Hermitian matrix ρρ̃ has eigenvalue-eigenvector decomposition

ρρ̃ = |Trγ †
1 γ̃1|2

N 2

⎛⎝∑
i=1,2

γ̂i si

⎞⎠(
(1+|α|2)2ŝ1s1 + (1−|α|2)2ŝ2s2

)⎛⎝∑
i=1,2

γ̂i si

⎞⎠−1

,

(6.20)
where we have defined orthonormal states s1 = (1/2)(11+σz) and s2 = (1/2)(σx +
iσy). The pseudo-inverse is easily seen to be⎛⎝∑

i=1,2

γ̂i si

⎞⎠−1

= 1

(Trγ †
1 γ̃1)∗

(
ŝ1γ̃1 − ŝ2γ̃2

)
. (6.21)

It follows that

C = 2|α|2|Trγ †
1 γ̃1|

N
. (6.22)

The trace that appears in the numerator of Eq. (6.22) is given by

|Trγ †
1 γ̃1| = 2

√
Det X† X Det(11− X† X ), (6.23)

where we have defined a “hybrid” 2×2 matrix

X =
(

rHH t ′
HV

rVH t ′
VV

)
(6.24)

holding elements ri j and t ′
i j of both r and t ′ respectively. The normalization factor

N given by Eq. (6.14) can be expressed in terms of X using

Trγ †
1 γ1 = Tr X† X −2Per X† X , (6.25)

Trγ †
2 γ2 = Tr X† X −2Det X† X . (6.26)

(“Per” denotes the permanent of a matrix.) In the derivation of Eqs. (6.23,6.25,6.26)
we have made use of the unitarity of S. The concurrence becomes

C = 2|α|2√Det X† X Det(11− X† X )

Tr X† X − (1+|α|2)Per X† X − (1−|α|2)Det X† X
. (6.27)

Entanglement depends on the amount of temporal indistinguishability |α|2
and the Hermitian matrix

X† X =
( |rH|2 rH · t′V

(rH · t′V)∗ |t′V|2
)

, (6.28)
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containing the states rH = (rHH,rVH) and t′V = (t ′
HV, t ′

VV) of a reflected and trans-
mitted photon to the left of the beam splitter. The determinant of X† X measures
the size of the span of rH and t′V as

Det X† X = |rH|2|t′V|2
(

1− |rH · t′V|2
|rH|2|t′V|2

)
. (6.29)

If rH and t′V are parallel (DetX† X = 0), a scattered photon to the left of the beam
splitter is in a definite state, giving rise to an unentangled two-photon state (C =
0). Similarly,

Det(11 − X† X ) = |tH|2|r′
V|2

(
1− |tH · r′

V|2
|tH|2|r′

V|2
)

(6.30)

involves scattered states tH = (tHH, tVH) and r′
V = (r ′

HV,r ′
VV) to the right of the

beam splitter. The denominator of Eq. (6.27) is the probability of finding a
scattered state with one photon on either side of the beam splitter. It deviates
from its classical value (X† X )HH + (X† X )VV −2(X† X )HH(X† X )VV by an amount
−2|α|2|(X† X )HV|2 due to photon bunching. This reduction of coincidence count
probability is the Mandel dip [17]. It measures the indistinguishability of a re-
flected and transmitted photon as the product of temporal indistinguishability |α|2
and polarization indistinguishability |(X† X )HV|2.

6.4 Violation of the Bell-CHSH inequality

The maximal value Emax of the Bell-CHSH parameter (6.8) for an arbitrary mixed
state was analyzed in Refs. [18, 19]. For a pure state with concurrence C one
has simply Emax = 2

√
1+C2 [20]. For a mixed state there is no one-to-one re-

lation between C and Emax. Depending on the density matrix, Emax can take on
values between 2C

√
2 and 2

√
1+C2. The dependence of Emax on ρ involves the

two largest eigenvalues of the real symmetric 3×3 matrix RT R constructed from
Rkl = Trρ σk ⊗σl , where σ1 = σx ,σ2 = σy and σ3 = σz . In terms of γ1 and γ2, the
elements Rkl take the form

Rkl = (1+|α|2)

N
Trγ †

1 σkγ1σ
T
l + (1−|α|2)

N
Trγ †

2 σkγ2σ
T
l . (6.31)

The matrix γ2 has a polar decomposition γ2 = U
√
ξV where U and V are

unitary matrices and ξ is a diagonal matrix holding the eigenvalues of γ †
2 γ2. The

real positive ξi ’s are determined by

ξ1 + ξ2 = Trγ †
2 γ2, 2

√
ξ1ξ2 = |Trγ †

2 γ̃2|. (6.32)



70 CHAPTER 6. ENTANGLING ABILITY OF A . . .

The matrix γ1 can be conveniently expressed as (see Appendix 6.B)

γ1 = U Q
√
ξV , where Q =

(
c1 c2

c3 −c1

)
. (6.33)

The parameters c1,c2,c3 are real numbers. The matrix Q is traceless due to the
orthogonality of γ1 and γ̃2. The number c1 ∈ (−1,1) on the diagonal is related to
the inner product of γ1 and γ2 and takes the form

c1 = Trγ †
1 γ2

ξ1 − ξ2
, with Trγ †

1 γ2 = Trσz X† X . (6.34)

The numbers c2,c3 are determined by the norm and tilde inner product of γ1 and
satisfy the relations

c2
1 + c2c3 = 1, c2

1(ξ1 + ξ2)+ c2
2ξ2 + c2

3ξ1 = Trγ †
1 γ1. (6.35)

We substitute γ1 of Eq. (6.33) and the polar decomposition of γ2 in Eq. (6.31)
and parameterize

U †σkU =
3∑

i=1

Nkiσi , Vσ T
k V † =

3∑
i=1

Mkiσ
T
i , (6.36)

in terms of two 3×3 orthogonal matrices N and M . The matrix R takes the form

R = N R′ MT, (6.37)

where R′ is given by Eq. (6.31) with substitutions R → R′, γ2 → √
ξ and γ1 →

Q
√
ξ . With the help of Eqs. (6.32,6.34,6.35), the eigenvalues ui of RT R can now

be expressed as (see Appendix 6.C)

u1 = 1

2N 2

(
T +

√
T 2 −4D

)
, (6.38)

u2 = 1

2N 2

(
T −

√
T 2 −4D

)
, (6.39)

u3 = 4
|α|4|Trγ †

1 γ̃1|2
N 2

, (6.40)

where

T = N 2 +4|Trγ †
1 γ̃1|2 −4(1−|α|4)

(
Trγ †

1 γ1Trγ †
2 γ2 −Tr2 γ

†
1 γ2

)
, (6.41)
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D = 4|Trγ †
1 γ̃1|2

(
N 2 −4(1−|α|4)Trγ †

1 γ1Trγ †
2 γ2

)
. (6.42)

We can relate the ui ’s to X† X and |α|2 using Eqs. (6.14,6.23,6.25,6.26,6.34). The
parameter Emax depends on the two largest eigenvalues of RT R as

Emax = 2
√

u1 +max(u2,u3). (6.43)

Generically, the expression for Emax takes a complicated form where ordering of
u2 and u3 depends on X† X and |α|2.

6.5 Discussion

The objective of the discussion is to reveal the role played by the Mandel dip
−2|α|2|(X† X )HV|2 in the connection between C and Emax.

We first consider the case |(X† X )HV|2 = 0. The concurrence of Eq. (6.27)
reduces to

C = 2|α|2∏i=H,V

√
(X† X )ii (1− (X† X )ii )

(X† X )HH + (X† X )VV −2(X† X )HH(X† X )VV
. (6.44)

The maximal value of the Bell-CHSH parameter takes the form

Emax = 2
√

1+C2 (6.45)

and C > 0 implies Emax > 2.
In the presence of a Mandel dip (|α|2|(X† X )HV|2 > 0), the ability of E to

witness entanglement can disappear. We consider the special case (X† X )ii =
1/2. This corresponds to |rH|2 = |tH|2 = 1/2 and |r′

V|2 = |t′V|2 = 1/2, which, in
particular, is attained if t†t = 11/2. The concurrence of Eq. (6.27) reduces to

C = |α|2 (1−4|(X† X )HV|2)
1−4|α|2|(X† X )HV|2 . (6.46)

To find Emax we have to consider the ordering of u2 and u3 which depends on
|(X† X )HV|2 and |α|2. The function

f (|α|2) = |α|2
2(1+|α|2)

(6.47)

divides parameter space in the region |(X† X )HV|2 ≤ f where Emax = 2
√

u1 +u3

and the region |(X† X )HV|2 > f where Emax = 2
√

u1 +u2. The equation Emax = 2
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Figure 6.2: Parameter space of a beam splitter with (X† X )ii = 1/2 spanned
by |α|2 ∈ (0,1) and |(X† X )HV|2 ∈ (0,1/4). All points correspond to a non-
vanishing polarization-entanglement (C > 0) except the line segments |α|2 = 0
and |(X† X )HV|2 = 1/4 where entanglement vanishes (C = 0). Only in the shaded
region, the Bell-CHSH parameter is able to detect entanglement (Emax > 2). The
lines correspond to the functions f , g of Eqs. (6.47,6.48) respectively.
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has a solution g(|α|2) for |(X† X )HV|2 that lies in the region |(X† X )HV|2 ≤ f . The
function g takes the form

g(|α|2) = 1

4

(
1−|α|2 +|α|4 − (1−|α|2)

√
1+|α|4

)
(6.48)

and breaks parameter space in two fundamental regions: a region |(X† X )HV|2 < g
where Emax > 2 and a region |(X† X )HV|2 > g where Emax < 2. We have drawn
these regions in Fig. 6.2. The maximal value of the Bell-CHSH parameter is given
by

Emax = 2C|α|−2
√

1+|α|4 (6.49)

in the region |(X† X )HV|2 ≤ f .

6.6 Conclusions

In summary, we have calculated the amount of polarization-entanglement (con-
currence C) and its witness (maximal value of the Bell-CHSH parameter E ) in-
duced by two-photon interference at a lossless beam splitter. The ability of E to
witness entanglement (Emax > 2) depends on the Mandel dip −2|α|2|(X† X )HV|2.
In the absence of a Mandel dip, C > 0 implies Emax > 2 cf. Eq. (6.45), whereas
in its presence this is not necessarily true. In the latter case, as we have demon-
strated in Sec. 6.5 with (X† X )ii = 1/2, the witnessing ability of E depends on the
individual contributions of temporal (|α|2) and polarization indistinguishability
(|(X†X )HV|2).

Our results can be applied to interference of other kinds of particles, getting
entangled in some 2 ⊗ 2 Hilbert space and being “marked” by an additional de-
gree of freedom. However, determining the indistinguishability parameter |α|2 re-
quires careful analysis of the detection scheme. In case of fermions, the matrices
γ1 and γ2 of Eq. (6.13) are to be interchanged. Systems without a time-reversal
symmetry are captured by the analysis, as we did not make use of the symmetry
of the scattering matrix.

6.A arbitrariness of two-photon input state

The unitary scattering matrix has a polar decomposition

S =
(

K ′ 0
0 L ′

)( √
11 − T i

√
T

i
√

T
√

11 − T

)(
K 0
0 L

)
, (6.50)
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where K ′,L ′,K ,L are 2 × 2 unitary matrices and T = diag(TH, TV) is a matrix of
transmission eigenvalues TH, TV ∈ (0,1). The outgoing state |�out〉 is related to
the 4×4 matrix

S

(
0 σin

0 0

)
ST (6.51)

cf. Eq. (6.5). By group decomposition K = K1K2 and L = L1L2, |�out〉 is easily
seen to correspond to K2σinLT

2 scattered by S of Eq. (6.50) with substitutions
K → K1 and L → L1.

6.B joint semi-polar decomposition

The matrices γ1 and γ2 have a decomposition

γ1 = UAV , γ2 = U
√
ξV , (6.52)

where U ,V are unitary matrices and ξ is a diagonal matrix of eigenvalues of γ †
2 γ2.

As we do not yet specify A, such a joint decomposition always exists. In our case,
the matrices γ1 and γ2 have the special properties

Trγ †
1 γ̃1 = −Trγ †

2 γ̃2, Trγ †
1 γ̃2 = 0, (6.53)

|Trγ †
1 γ̃1| = 2

√
Det X† X Det(11− X† X ), (6.54)

Trγ †
1 γ1 = Tr X† X −2Per X† X , (6.55)

Trγ †
2 γ2 = Tr X† X −2Det X† X , (6.56)

Trγ †
1 γ2 = Trσz X† X . (6.57)

It is the purpose of this appendix to demonstrate that A = Q
√
ξ where Q is a real

traceless matrix of Eq. (6.33) with c1 given by Eq. (6.34) and c2,c3 satisfying Eq.
(6.35).

The inner and tilde inner product of γ1 and γ2 take the form

Trγ †
1 γ2 = TrA†

√
ξ , (6.58)

Trγ †
1 γ̃2 = (DetU V )−2 TrA†σy

√
ξσy = 0. (6.59)

(Here we have used the identity UσyU T = Det2U σy , valid for any 2 × 2 unitary
matrix U .) The conditions of Eqs. (6.58,6.59) involve the diagonal elements of
A as respectively

Trγ †
1 γ2 = √

ξ1A
∗
11 +√

ξ2A
∗
22, (6.60)
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Trγ †
1 γ̃2 = (DetU V )−2

(√
ξ1A

∗
22 +√

ξ2A
∗
11

)
= 0. (6.61)

It follows that A11 = c∗
1

√
ξ1 and A22 = −c∗

1

√
ξ2 where c1 is given by

c1 = Trγ †
1 γ2

ξ1 − ξ2
. (6.62)

The number c1 is real since Trγ †
1 γ2 = Trσz X† X ∈ R.

The determinant of A is fixed by Trγ †
1 γ̃1 = −Trγ †

2 γ̃2 implying

DetA = −√
ξ1ξ2. (6.63)

It follows that A12 = A′
12eiφ and A21 = A′

21e−iφ with real A′
12,A′

21,φ. The num-
bers A′

12,A′
21 satisfy

c2
1

√
ξ1ξ2 +A′

12A
′
21 = √

ξ1ξ2, (6.64)

c2
1(ξ1 + ξ2)+A′2

12 +A′2
21 = Trγ †

1 γ1, (6.65)

where Eq. (6.65) comes from TrA†A = Trγ †
1 γ1. The undetermined phase φ can

be taken out,

A =
(

ei φ2 0

0 e−i φ2

)(
A11 A′

12
A′

21 A22

)(
e−i φ2 0

0 ei φ2

)
, (6.66)

and absorbed in the unitary matrices U and V by the transformations

U

(
ei φ2 0

0 e−i φ2

)
→ U ,

(
e−i φ2 0

0 ei φ2

)
V → V . (6.67)

(Note that these transformations also hold for γ2 since
√
ξ commutes with a diag-

onal matrix of phase factors.)
The matrix A is related to Q by A = Q

√
ξ . It is now easily seen that the

matrix Q is real and traceless and takes the form of Eq. (6.33), with c1 given by
Eq. (6.34) and c2,c3 satisfying Eq. (6.35).

As a last step we perform a consistency check to demonstrate that Eqs. (6.64)
and (6.65) have solutions for A′

12 and A′
21. The Hermitian matrix X† X has an

eigenvalue-eigenvector decomposition

X† X = W †�W . (6.68)

In terms of the eigenvalues�i ∈ (0,1) and the unitary matrix W , the inner product
of γ1 and γ2 and the ξi ’s take the form

Trγ †
1 γ2 =�1(|W11|2 −|W12|2)+�2(|W21|2 −|W22|2), (6.69)
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ξ1 =�1(1−�2), ξ2 =�2(1−�1). (6.70)

It follows that c1 = cos2η, where we have set |W11| = |W22| = cosη and |W12| =
|W21| = sinη. Eqs. (6.64,6.65) can be expressed as respectively

A′
12A

′
21 = sin2 2η

√
�1�2(1−�1)(1−�2), (6.71)

A′2
12 +A′2

21 = sin2 2η (�1(1−�1)+�2(1−�2)). (6.72)

Since
2
√
�1�2(1−�1)(1−�2) ≤�1(1−�1)+�2(1−�2) (6.73)

a family of solutions exists.

6.C eigenvalues of RTR

The non-vanishing elements of R′ are given by

R′
11 = 2

N

(
1−|α|2 − (1+|α|2)(c2

1 − c2c3)
)√
ξ1ξ2, (6.74)

R′
13 = 2

N
(1+|α|2)c1(c2ξ2 + c3ξ1), (6.75)

R′
22 = 2

N

(−1+|α|2 + (1+|α|2)(c2
1 + c2c3)

)√
ξ1ξ2, (6.76)

R′
31 = 2

N
(1+|α|2)c1(c2 + c3)

√
ξ1ξ2, (6.77)

R′
33 = 1

N

(
(1−|α|2)+ (1+|α|2)c2

1

)
(ξ1 + ξ2) (6.78)

− 1

N
(1+|α|2)(c2

2ξ2 + c2
3ξ1). (6.79)

The matrix R′T R′ has eigenvalues

u1 = 1

2N 2

(
T +

√
T 2 −4D

)
, (6.80)

u2 = 1

2N 2

(
T −

√
T 2 −4D

)
, (6.81)

u3 = R′2
22, (6.82)



6.C. EIGENVALUES OF RT R 77

where T ,D are the trace, determinant respectively of the 2 × 2 real symmetric
matrix

N 2

(
R′2

11 + R′2
31 R′

11 R′
13 + R′

31 R′
33

R′
11 R′

13 + R′
31 R′

33 R′2
13 + R′2

33

)
. (6.83)

By making use of Eqs. (6.34,6.35) u3,T ,D can be simplified to yield the results
of Eqs. (6.40,6.41,6.42) respectively.
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Samenvatting

Verstrengeling (in het Engels “entanglement”) is een quantummechanische corre-
latie tussen twee ruimtelijk gescheiden deeltjes. Voor elektronen is de correlatie
over het algemeen tussen spintoestanden, voor fotonen tussen polarisaties. Zo’n
quantummechanische correlatie is veel sterker dan kan worden verklaard met de
klassieke mechanica. Verstrengeling is niet alleen een wonderlijk verschijnsel,
het is ook nuttig: verstrengelde deeltjes zijn de “brandstof” voor een quantum-
computer.

Verstrengeling is experimenteel aangetoond voor fotonen in de vrije ruimte,
maar nog niet voor elektronen in de vaste stof. In dit proefschrift stellen we een
verrassend eenvoudige methode voor om mobiele ladingsdragers in een geleider
te verstrengelen. Ook geven we aan hoe deze verstrengeling kan worden gemeten
in het laboratorium. De methode is zo eenvoudig, omdat er, in tegenstelling tot
eerdere voorstellen, geen wisselwerking tussen de elektronen nodig is. De me-
thode kan gerealiseerd worden in twee-dimensionale elektronengassen in hoog
magnetisch veld, zoals experimenteel onderzocht in Delft.

De verstrengeling is tussen spintoestanden van een elektron en een gat, ruim-
telijk gescheiden door een tunnelbarrière. Elektron-gat paren ontstaan door een
spanningsverschil aan te leggen over de barrière. Het optisch analogon is een
bundelsplitser uit de lineaire optica. In tegenstelling tot de bundelsplitser, die
geen fotonen kan verstrengelen afkomstig van een thermische bron (zoals een
gloeilamp), werkt de tunnelbarrière wel voor elektronen in thermisch evenwicht.
Een ander verschil tussen de elektronische en optische verstrengeling is dat in
het elektronische geval geen synchronisatie nodig is: elektron-gat paren ontstaan
automatisch op hetzelfde moment, terwijl in het optische geval twee fotonen de
bundelsplitser gelijktijdig moeten bereiken.

Verstrengeling is kwetsbaar: de quantummechanische correlatie gaat gemak-
kelijk verloren door wisselwerking met de omgeving. In dit proefschrift onder-
zoeken we zowel elastische wisselwerking als inelastische wisselwerking (deco-
herentie). Verstrengeling blijkt opvallend robuust met betrekking tot elastische
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wisselwerking, in overeenkomst met een optisch experiment uitgevoerd in Lei-
den.

De opbouw van dit proefschrift is als volgt. Hoofdstuk 1 is een korte in-
leiding met achtergrondinformatie over verstrengeling. De hoofdstukken 2 en 3
gaan over elektron-gat verstrengeling, waarbij de produktie van verstrengeling
wordt behandeld in hoofdstuk 2 en de invloed van decoherentie in hoofdstuk 3.
In de hoofdstukken 4, 5 en 6 richten we ons op fotonen. De hoofdstukken 4 en 5
gaan over elastische wisselwerking van twee verstrengelde fotonen met hun om-
geving. Hoofdstuk 6, ten slotte, gaat over de produktie van verstrengeling met een
bundelsplitser. We berekenen de relatie tussen de synchronisatie van twee fotonen
en de verstrengeling van hun polarisaties aan de bundelsplitser.
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