d. C. J. Paasschens and G. W. ’t Hooft

Influence of boundaries on the imaging of objects

in turbid media

J. C. J. Paasschens

Philips Research Laboratories, Prof. Holstlaan 4, 5656 AA Eindhoven, The Netherlands, and Instituut-Lorentz,
University of Leiden, P.O. Box 9506, 2300 RA Leiden, The Netherlands

G. W. 't Hooft
Philips Research Laboratories, Prof. Holstlaan 4, 5656 AA Eindhoven, The Netherlands

Received September 24, 1997; revised manuscript received January 15, 1998; accepted February 10, 1998

To image objects that are present in a random medium, one needs to know how sensitive measurements are to
different kinds of objects and to the position of those objects. Within the diffusion theory we generalize ex-
pressions that describe the sensitivity to extra scattering and extra absorption. The sensitivity is influenced
by the geometry and by the boundaries of the medium. We describe how sources and detectors at different
boundaries have to be handled theoretically. We then compare an unbounded medium, a medium having a
black boundary, and a medium having a mirror as a boundary and study the differences in sensitivity. Our
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results are confirmed by experiments. © 1998 Optical Society of America [S0740-3232(98)00307-X]
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1. INTRODUCTION

For imaging the interior of a turbid medium, several
methods have been developed in the recent past. The im-
aging consists of two parts. First, one has to define a ge-
ometry and a measurement. Next, one has to recon-
struct the interior of the medium with the data. For
detection one has at one’s disposal, apart from
continuous-wave measurements, the time-resolved mea-
surements and the photon-density-wave approach. For
reconstruction one uses, among others, backprojection
and algebraic reconstruction techniques. Both detection
and reconstruction depend on the geometry of the me-
dium, the positions of sources and detectors, and the char-
acter of the objects that one wants to image.

Two factors are of experimental importance in detect-
ing the object. The first is the accuracy of the measure-
ments. In practice, this depends on the strength of the
signal: the larger the signal, the less the relative noise
and therefore the larger the accuracy. The second is the
sensitivity to inhomogeneities. This depends on the mea-
surement method as well as on the position of the object
with respect to the source and the detector. For a given
accuracy one can ask the question, what kind of objects
can still be detected and possibly reconstructed? Which
measurement method is the best? Furthermore, since
the boundaries are of influence on the measured signal,
one can ask, which kind of boundary is best for imaging?

To address these questions, we will start with the cal-
culation of the influence of an object on the measured sig-
nal. We are mainly interested in the order of magnitude
of the effect, so that we can give a reasonable estimate of
the accuracy needed to detect an object. We will gener-
alize the methods given by den Outer et al.! and Zhu
et al.? to be able to split the effect of an object on a mea-
surement into a geometry-dependent part—including
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boundaries, sources, and detectors—and a pure-object-
dependent part. Both parts depend furthermore on the
optical parameters of the medium and possibly on the fre-
quency of the amplitude modulation of the source. Time-
dependent sources are related to the latter by a Fourier
transform.

The treatment will lead to general formulas to estimate
the effect of objects on measurements for general geom-
etries. We can then include the influence of the bound-
aries of the medium and compare these with measure-
ments in an infinite medium. We will basically consider
two kinds of boundaries. The first are those that reflect
the major part of the light. This reflection can be due, for
instance, to a mirror. The second boundary to be consid-
ered is that consisting of a transparent medium sur-
rounding the turbid medium, with possible refractive-
index mismatch. When this mismatch vanishes, none of
the light leaving the turbid medium will be reflected back
and the boundary is equivalent to a completely black
boundary.

To discuss the effects of boundaries, we will consider
the two basic classes of measurements, those in reflection
and those in transmission. In the first case we will con-
sider a semi-infinite medium; in the second, a slab geom-
etry. In both cases the source and the detector are lo-
cated at the surface. We argue that our results are
qualitatively the same for other, possibly more complex
geometries.

The outline of this study is as follows. In Section 2 we
will calculate the influence of an object on a measure-
ment. We will find a general formula that can be used in
any geometry. The object-dependent parameters are cal-
culated for objects that have slightly different optical pa-
rameters compared with those of the background, as well
as for a completely black object. We will calculate the
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sensitivity to both absorption and scattering. In Section
3 we will address the question of optimal boundaries. To
do this, we need to describe the effects of boundaries and
sources on the propagation of light. Subsequently, we
can estimate the difference in sensitivities between the
different kinds of boundaries. The theoretical results are
compared with experiments. Finally, in Section 4 we
present our conclusions.

2. PERTURBATION THEORY FOR
GENERAL OBJECTS

Before we consider the influence of different boundaries,
we first need to consider the sensitivity of a measurement
for a given perturbation of the absorption and scattering
parameters. Hence we need to determine what the dif-
ference in a measurement is between a homogeneous me-
dium and a medium with some perturbation. The pre-
cise quantity that one measures depends on a lot of
factors concerning the detector, among them its shape,
surface area, and acceptance angle. In general, however,
the measurement itself is proportional to the photon den-
sity at the detector position.> The photon density ®(r, ¢)
at position r and at time ¢ is described by the diffusion
equation?

(%CD(I‘, t) = V- -D(r)VO(r, t) + v, (r)P(r, t)

= S(r, £). (1)

The absorption coefficient u, and the transport scattering
coefficient u, can depend on the position in the medium.
(We disregard the prime sometimes used to distinguish
the transport scattering coefficient from the scattering co-
efficient itself.) The diffusion constant D = 3v/u, (v is
the velocity of the light) then also depends on position.
We do not take any absorption dependence of the diffu-
sion constant into account, as many other authors do,2%
since corrections to D are of the same order as that of cor-
rections to the diffusion equation itself.”® For the diffu-
sion equation to be valid, one needs*®

Ba < ps- 2

The source term S(r, ¢) describes the density of photons
generated per second. The diffusion equation (1) has to
be supplemented with boundary conditions, which we will
consider below.

Since the diffusion theory can handle only photon den-
sities, then, without being able to distinguish different di-
rections of propagation, we must take the source S to be
isotropic. For simplicity we will consider only point
sources. A short discussion on nonisotropic light sources
will be given in Section 3, following Haskell et al.?> When
the source is amplitude modulated, the photon density
will be time dependent, although always nonnegative. If
we take only one Fourier component with frequency o
into account, a source at position r, is then given by

S(r, t) = S, exp(—iwt)d(r — r,). (3)

Unless w = 0, the corresponding photon density will be
complex and have the same harmonic time dependence.
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We will formulate the theory in terms of Green func-
tions. A Green function describes the propagation of
light in a homogeneous medium (no objects present), hav-
ing only one source at an arbitrary position r’' (not neces-
sarily the position r, of the physical source). From now
on we will use u, and u, to characterize the homogeneous
background medium and use extra subscripts to denote
inhomogeneities. The Green function obeys the diffusion
equation

-V2G(r, r') + K2G(r, r') = 8(r — 1), (4)

with the same boundary conditions as those for ®. Here
Kk = [(nav — iw)/D]Y? is the inverse decay length of the
background medium. For use below we also define «
= k(w = 0) = y3uy u,s, which is real. We suppose that
the solution to Eq. (4) is known. The photon density for
the homogeneous medium is then given by

®y(r) = (S,/D)G(r, ry). (5)
The Green function obeys the symmetry of reciprocity,*’
G(r,r') = G(r', v), (6)

which can be useful in calculations.
An important Green function in our calculations is that
of the infinite medium, given by

G.(r — r,) = (1/47mr)exp(—«r), (N

where r = |r — r,] is the distance to the source. When r
and r’ are close together and far from boundaries, all
Green functions tend to G,,. We will use this when we
consider the influence of small objects.

A. Born Series
For any source term S(r), the solution to the homoge-
neous diffusion equation can be found as

®(r) = D’lf dr'G(r, r')S(r’). (8

Consider now the diffusion equation (1) at frequency .
Rewrite it such that the left-hand side corresponds to the
homogeneous medium, and all terms that are due to per-
turbations of the optical parameters, as well as the physi-
cal source, are on the right-hand side:

AD(r)

S,
—-V2d(r) + 2D(r) = D S(r —r,) + Vi0(r)

+ D7 VD ,i(r)] - [VO(r)]
- 3,LLSA/.LG(1')(I)(I‘). 9

Here we introduced the perturbation in the absorption
constant and in the diffusion constant:

Alua(r) = lu’a,obj(r) ~ Ma> (10a)
AD(r) = Dyy(r) — D, (10b)

where the subscript obj is used to distinguish the param-
eters from the background. For the scattering parameter
Ap,, a similar relation holds. The complete right-hand
side of Eq. (9) then acts as a source in Eq. (8). In general,
one can therefore write the solution of the diffusion equa-
tion (after partial integration) as'b!2
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Ad(r) = O(r) — Py(r)

= _3Msf dr'G(r, v )Apu,(r')P(r')

AD(x'")
— f dr'[V,.G(r, r')] D

V.®(r). (11

By substituting the expression for & itself into the
right-hand side and repeating this for every new expres-
sion, one generates a series. Each term in this Born se-
ries contains only @, and G (which are proportional) or
derivatives thereof, but no longer the complete photon
density ®. This (infinite) Born series is a solution of the
diffusion equation for any spatial variation of the optical
parameters.

For systems where the perturbation of w, and p, is
small, one can use the first-order Born approximation,
which implies that one replaces ® on the right-hand side
of Eq. (11) by the most important contribution, ®,. This
is the basis of the forward calculation in many reconstruc-
tion techniques, 13717 since it assumes that the measure-
ments depend linearly on the perturbations.

B. Small Objects

Let us now consider a single small object. For an object
at position r, to be small, its characteristic size a must
obey

a < |ro - rslr |ro - I‘l, |K|71~ (12)

Outside the object the perturbations of the optical param-
eters vanish (Au, = AD = 0). Let us first consider only
a perturbation in u,, i.e., AD = 0. Since the object is

small, the Green function G(r, r') in the integral of Eq.
(11) is nearly constant and we find that

P(r) = Po(r) — 3u,G(r, I‘O)J dr'Ap,(r")®(r"),
Q
(13)

where () denotes the volume of the object. This still leads
to a Born series. Every term of this series contains in the
integral the photon density ®,(r') = S,D 'G(r', r,).
Again, this Green function varies only little over the vol-
ume of the object. Therefore the photon density can be
written as

D(r) = Po(r)[1 + qQ(x,; 1, ry)], (14)
where @ is the sensitivity for absorption®!®1? defined by

4 G(I‘, rO)G(r07 rs)

G(r, 1,) (15)

Q(ro ; r’ rS) =

The dependence of @ on r has a banana shape.?’ The
(real) factor 4 7/ k is conventional and has been chosen to
make @ unitless and void of factors 4 for the infinite me-
dium. The rest of the Born series gives the strength ¢ of
the object:

3u
q = —Ko 4—7: fndr'AMa(r')

X

3 s , Aug(r”)
1 - 477_ fﬂdl‘ m(l —) . (16)
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The usefulness of Eq. (14) [and similarly of Eq. (17) and
relation (21) below] lies in the fact that the sensitivity for
absorption @ depends not on the object but only on its po-
sition, and that the strength of the object, ¢, does not de-
pend on geometrical factors of the surrounding medium.
The strength does depend on the spatial distribution of
the perturbation of the absorption coefficient, i.e., on the
shape of the object and its absorption contrast with re-
spect to the background. Since any measurement de-
pends only on the position of the object and its strength,
the shape of the object and the precise distribution of the
absorption inside the object are therefore not important
for the measurement. This means, for instance, that a
very small and completely black object can give the same
result as that for a larger object with only moderate ab-
sorption, as long as both fulfill condition (12). This has
consequences for reconstruction, in the sense that not all
characteristics of objects can be reconstructed. We will
give the strength g of several objects in Subsection 2C.

We can give the same analysis for an object that has no
extra absorption (Au, = 0) but that has a different diffu-
sion constant from that of the background. The descrip-
tion of scattering objects introduces the gradient of the
Green functions [cf. Eq. (11)]. Since we have two of
them, one for light going from source to object and one for
light going from object to detector, we need a matrix p;;
with two indices to describe the object. In the same way
as that above, we find that

O(r) = Oo(r)| 1 + 2 pPy(ry; 1, 1) (A
L,J

Here P;; is the sensitivity for scattering:

4 Vro,iG(r” I'o)vro,j G(ro’ I‘S)

P;j(r,;x, v) = P Gr. r)

(18)

Again, the factor —47/k,° is conventional. The object is
characterized by the symmetric matrix

3

o fd/AD(')a EJd”AD(”)
Pi = 4ap |4 i 4aD =~ ),
1
X Vr,’in”’k m (5kj — ) . (19)

For spherical symmetric objects the dipole term is a sca-
lar: p;; = pd;;. In that case one needs not all elements
of P;; but only the trace:

P(rg;r, 1) = 2 Pii(rg; ¥, 1)
4 V,OG(I", ro) VrOG(ro, I‘s)

= 2
Ko® G(r, r,) 20

which is the vector product of the gradients of two Green
functions.? For objects with less symmetry, all compo-
nents of p;; can, in principle, be nonzero. But the devia-
tion from the contribution p &;; is generally small. Hence,
in all the examples, we will use the simplified form (20).

A difference between absorbing objects described by Eq.
(14) and scattering objects described by Eq. (17) is that
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the former actually take light away, whereas the latter
mainly redistribute the light, such that the total amount
of light detected does not necessarily change. The de-
scription of objects that includes both scattering and ab-
sorption is somewhat more complex than that above. We
will not address this problem here. We only note that
strengths describing the combination of absorption and
scattering are negligible when the object is also small
with respect to the absorption and scattering lengths of
the object itself, since such a combination is always a
higher-order effect.

The next question to be asked is, what is the result for
multiple objects? In first order all the different objects
contribute linearly to the measurement. That is, for
multiple objects, we can write

P(r) = Po(r)

1+ E qu(ra; T, rd)
0

+ X poP(ry; vy, 1) |, (21)
(o]

where the index o identifies the objects. Equations (14)
and (17) and relation (21) generalize the expressions
given in Refs. 1, 2, and 21. We will see that the first-
order approximation (21) is good, even when the differ-
ence between ® and @, is of the order of tens of percent.
Note that relation (21) is basically the first-order Born ap-
proximation discussed in Subsection 2.A, but now with a
more realistic description of single objects.

C. Strength of Specific Objects

Now we will give the explicit form of the strengths g and
p for different objects. Not many of them can be calcu-
lated analytically, however. For small objects and per-
turbations that are not too large, we again need only to
take into account the first term of the series in Eqs. (16)
and (19). For an object with volume Q) and only a small
constant perturbation in absorption, Au,, we find that

K03QA/La

L, p =0, (22)

q=
and for an object with only a small constant perturbation
in scattering, AD, we find that

ko>QAD

pP = W’ q = 0. (23)

For spherical objects of radius @, one can find the re-
sults in Refs. 1 and 2 for general values of the optical pa-
rameters of the background and the object. For the spe-
cific case of Au, = 0, AD = D, — D is constant inside
the spherical object, and for ka < 1, these reduce to

Dobj - D

D_T9D (24)

— 3
P sphere = (KOa)

obj
One can show that the series in Eq. (19) gives the same
result. Consequently, even for small radius a, one needs
to take the full series into account when AD itself is not
small. When the scattering in the object increases, D y;
decreases, until p reaches a maximum value of —3 (kqa)®.

That p has a maximum is due to the fact that large scat-
tering of the object implies that all the light will be re-
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flected, almost at the point of entering. If this is so, the
absolute amount of scattering given by the value of D, is
no longer important. Also, the opposite case of a very
transparent object, with large D,;, leads to a saturation
value of p = (koa)®. We see that as long as D ; and D
differ enough, their precise values are not important for
the determination of p.

We observe that for weak objects the strengths p and g
scale with the volume of the object. One can use this to
rewrite relation (21) into its integral equivalent'?:

3lu'sKO
477. f dro AM(Z(!‘O)Q(I'D7 r7 rS)

d(r) = Oy(r)|1 —

3 o3 D g(r,) — D
+ Ko dl‘o obj(ro)
4r Dgyi(x,) + 2D

P(ro; r, 1'2) .

(25)

For the case of AD = 0 and a large but constant Ay, in
the object (kq,ja = 1), one finds™? that

4 sphere = 7K0a[1 - tanh(Kobjaf)/"lobja]: p = 0. (26)

In the limit of large absorption («g,a > 1), this leads to
the strength of a black sphere:

Qblack = ~Kol- 27

Note again that in the limit of large perturbations the
precise value of the optical parameters of the object is no
longer important. The strength (27) can also be found by
solving the diffusion equation directly for a spherical
object,?® assuming that the photon density vanishes on
the boundary of the object:

d(lr —r,| =a)=0. (28)

That this boundary condition is not exact is well known.>*

This is due to the approximate nature of the diffusion
equation, which requires that u, < u, [cf. relation (2)].
This is not the case inside a strongly absorbing object.
Equation (28) works rather well, however, when correc-
tions to length scales of the order of the scattering length
s~ ! are negligible. For a small absorbing sphere, this is
no longer the case, since a can be of the same order as
s L. Therefore Eq. (27) no longer holds. In the neigh-
borhood of an absorbing boundary, the photon density
does not vanish. Instead, it has an offset. A boundary
condition that incorporates this effect* and hence gener-
ally gives more accurate results® is (see also Section 3)

D + gextﬁ ' V(D|at the surface — 0. (29)

Here n is a unit vector perpendicular to the surface of the
scattering medium and pointing outward. The extrapo-
lation length &, is of the order of u,~!. Its precise value
depends on the ratio of refractive indices*??72* [cf. Eq.
(40) below] and on the geometry. Solving the diffusion
equation (1) with a spherical object but using the bound-

ary condition (29) instead of Eq. (28), one finds that

K0a2

Qolack = ~ 4 7 e (30)

The length &, itself depends only weakly on a. For
large a it takes the value of the semi-infinite medium*
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Eext = 2/3us. In the limit of vanishing a, its value is ¢,
and will be calculated in the following.

Consider a virtual sphere of radius a < u, '. We
know that for a given source strength S, (in photons per
second) the photon density at the position r, of this
sphere is given by ®,(r,). Within the diffusion approxi-
mation the photon flux is given by* I(r, §) = (v/4m)(®,
— s 8- V®,). The number of photons entering the
sphere per unit of time, S,, is given by this flux I times
the cross section of the sphere, 7ma?, integrated over all
angles S, which results in S, = ma?v®,. Ifthe sphere is
completely black, S, denotes the number of photons ab-
sorbed by the sphere per unit of time. Hence the sphere
acts as a negative source with strength S,. The photon
density can now be written as

®(r) = Oy(r) — (S,/D)G(r; r,). (31)

Combining this with Eq. (14), we get Qplack
= —3u.koa’/4 and consequently &, = 4/3u,, which is
two times as large as &, for large a.

We see from Eq. (30) that a crossover exists in the de-
pendence of g On the radius a, between small black
spheres (au, < 1) and larger spheres (au, > 1). It is
fair to ask if such a crossover exists for spheres that have
only a small extra absorption compared with the back-
ground (Au,a < 1). We know that for spheres that obey
the diffusion equation (and therefore have relatively
small u,) Egs. (22) hold and hence ¢ ~ a3. For a very
small sphere, we can use the same arguments as those
above. The number of photons present is again
47 dy(r,)a’/3. The frequency at which these photons
get absorbed in the sphere more than in the background
is Ap,v. Using again Eq. (31), we find that
q = —a®Au,pusko conforms to the first of Egs. (22). We
see that no crossover exists.

We can explain the cubic dependence on the radius a
qualitatively as follows. For any a the number of pho-
tons entering the object is proportional to the number of
photons absorbed if the object is perfectly black, i.e.,
% Qplack from Eq. (30). When a is small, this number
scales with a?. The average path length is linear in a.
Consequently, the extra absorption that determines q is
cubic in a. When a gets larger, the number of photons
entering the sphere scales with a. The average length
that a photon travels inside the sphere is then no longer
linear in a: the photon will have a diffusive motion in-
side the sphere. Its average time in the sphere will be
~a?/D, and hence the average path length in the sphere
will be ~a%u,. Again, we find that g is cubic in a.

D. Example

Let us consider a simple situation to obtain some insight
into the formulas, deriving the main dependencies on the
parameters, as well as getting some feeling for the sensi-
tivity to scattering and absorption. We take both the
source and the detector at a distance r from the object, all
three of them on a line. The sensitivities are then given
by

Q=—, (32a)
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2
P=——(1+ «r)2 (32b)
(kor )3

(Note the difference between the real k,, acting as a
length scale, and the complex and frequency-dependent
x.) In many cases of practical interest for medical imag-
ing, the distance r between source and object is of the
same order as |x|”!. This means that both sensitivities
are of equal order. For large r and zero frequency, they
are even identical in this geometry. When taking a real-
istic spherical object, where ¢ and p are given by Egs. (22)
and (24), we find the following for the perturbation in
photon densities:

—__ 9 _ _ 3 __
B = g, (ko) (33a)
AD, AD ) ,
- 1+ «r)?, (33b
By 3D+ ap 04 oga (L) (33D)

where the index ¢ (p) denotes a perturbation in absorp-
tion (scattering). We see that, in general, the perturba-
tion that is due to scattering can be as large as that which
is due to absorption. In many cases of practical interest,
however, the wavelength is chosen such that the mean
absorption of normal tissue is at a minimum.?’? This
means that any change in the tissue will result in a
(large) increase in absorption, whereas the change in
scattering will average out. This is used, for instance, in
tissue oximetry.?® Hence we expect that, in practice,
Awp, /g > AD/D, so that for medical imaging purposes
absorption is more important than scattering.

E. Amplitude-Modulated Sources

All formulas given above can be applied as well as to the
case of an amplitude-modulated source. We will, as in
the experiments, use the amplitude A and the phase ¢,
ie.,

O = A exp(ie), (34)

and write ®, = A, exp(ig,) for the homogeneous back-
ground medium. (For zero frequency & itself is real, and
hence ¢ = 0.) Consider a perturbation in the photon
density, which we can write as

AD = [Ad|exp(id). (35)
From this perturbation one needs to calculate the pertur-

bation in A and ¢. For small perturbations we can write

AA
A, = |A®|cos(¥ — ¢g)/A,

=
Re FO . (363)

AD
Ap = |AD[sin(d — @y)/Ay = Im(?). (36b)
0
We give explicit formulas for the same example as that
above, where the object is exactly in the middle between
source and detector, both distances being equal tor. We
get

AA

- 2
A, Re(1 + «r)

5>

Ha 9 D
PIELAUARY, ey,

(37a)

2 3 AD
¢ =3 (‘1) == Im(1 + «r)2. (37b)
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In general, we see that the amplitude difference AA/A, is
sensitive mostly to absorption inside the object, whereas
the phase A¢ is sensitive mostly to the extra scattering of
the object. When the object is not on the line between
source and detector, the sensitivity has an extra exponen-
tial factor. Because of this factor both amplitude and
phase can vary for a single object, even if it is purely ab-
sorbing or purely scattering with respect to the back-
ground.

3. OPTIMAL BOUNDARIES

A. Sources and Boundaries

The purpose of our research is to image an object inside
some medium. This medium will, in general, be a finite
one. It is well known that the boundary of the medium
affects the measurements. One boundary of interest is
the open boundary, where only air or a transparent fluid
is surrounding the medium. For the description of the
scattering of light inside the medium, this is almost
equivalent to a complete black boundary, since no light
that leaves the turbid medium will reenter it. An open
boundary can also be accompanied by a mismatch in the
refractive index between the turbid medium and the me-
dium outside. An opposite kind of boundary is also pos-
sible, i.e., a boundary with as much reflection as possible,
so that only a little amount of light gets lost. This can be
done by surrounding the medium with mirrors. Sur-
rounding the medium by another diffusive medium gives
a similar result, since a diffusive medium also reflects
much of the light entering it. The question arises, which
of these two possibilities is better for imaging objects? In
answering this question, we have to take into account
both the sensitivity to the object, as discussed in Section
2, and the possible accuracy of the measurement, which
benefits from large photon densities having less noise.
Both change with boundary conditions. Also, the algo-
rithm of reconstruction can favor a choice of boundaries.
To study this problem, we will start with describing the
boundaries and the way that we will treat them. Then
we will look at both sensitivity and accuracy.

Typically, the source may consist of a fiber placed in the
middle of a large medium or at the edge of the medium.
Therefore the incoming light will be a directed beam of
light with some aperture. The diffusion theory assumes
point sources. It is possible to model a directed beam by
a point source.®> One has to determine where the model
point source is located, given the physical source. Be-
cause of symmetry reasons this point source will be at
some distance from the end of the fiber but on its axis n.
This distance, which we will call ¢&;,, will depend on the
aperture. It has been shown?’ that for a collimated beam
having a small aperture, &, = u, ' is a reasonable
choice. We will take this value in the following. Larger
apertures will have smaller &;,,. It is known that the dif-
fusion theory gives inaccurate results close to boundaries.
To use the diffusion theory, it is therefore advantageous
to have a (model) source as deep into the medium as pos-
sible. This means that when the system is to be de-
scribed by a diffusion equation, a small aperture of a
source at the boundary would be best.
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When we model a physical detector, the same argu-
ment as that above holds. The physical detector also con-
sists of a fiber. We assume that it has a small aperture,
too. Because of the symmetry with respect to the source
fiber, the intensity detected in this way will be propor-
tional to the photon density a length &;, away from this
detector. This symmetry between source and detector is
a result of reciprocity!® [cf. Eq. (6)]. There is another
way of looking at this. The approximation that one
makes in deriving the diffusion equation from the theory
of radiative transfer is to write the photon flux I(r, s) at
position r in the direction § as*

v
4

1A

16, 8) = 1= [®00) — 1, '8 VO] = 1 b(r — p, '8,

(38)

The flux at the detector position and pointing into the fi-
ber is then

I(rg, —R) = = Blxg + &), (39)

which is proportional to the photon density a length &;,
= u, ! in front of the physical detector.

Apart from the sources, we need to model boundaries
as well. This can be done by the boundary condition
(29).342228  This boundary condition can be derived by
using conservation of light flux at the boundary in combi-
nation with the requirement that no light enter the me-
dium. (Note that sources at physical boundaries are
modeled as point sources in the medium and therefore do
not interfere with these boundary conditions.) The value
of £,y is given by®?2

/2
1+ 3] d# R(6)sin 6 cos® 6
0

gext = o 2 s (40)

3us )
Bs 1y 2f d6 R(6)sin 0 cos 0
0

where R(6) is the reflectivity of the boundary for light in-
cident at an angle . However, the boundary condition
(29) is not always easy to handle. For small &, one can
expand ® around its value at the boundary r,. With use
of the boundary condition (29), this results in ®(r) = (r
— Ty — Eeg) V®(r,). Hence the photon density
vanishes for r = r, + &, 1, i.e., at a distance &, outside
the medium. This is basically the requirement of the so-
called extrapolated boundary*?>2?*. the density is ex-
trapolated by a distance &, beyond the boundaries, at
which point the photon density vanishes, i.e.,

PL(r—1y) - A= &l = 0. (41)

This simplification of the boundary condition can be done
only when the photon density is approximately linear
over a distant &.; consequently, the extrapolated-
boundary condition can be used only for «&.; < 1. This
puts a restriction on the use of Eq. (41). It is, however,
much simpler to handle than Eq. (29) in calculating the
photon density, and it therefore has been used extensively
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in the literature. Haskell et al.? showed that the differ-
ence between both boundary conditions is indeed small
for reasonable optical parameters. We prefer to use the
latter boundary condition [Eq. (41)] whenever possible.

The extrapolation length & used in Eqgs. (29) and (41)
depends on the refractive-index mismatch between the
scattering medium and its surroundings.?? It is of the or-
der of a mean free path. It has a minimum of 2/3u, for
the semi-infinite geometry* (its value when considering
the theory of radiative transfer?® is 0.71u,~!). It in-
creases with refractive-index mismatch and can become
several mean free paths long.?>?* Hence we can model
the amount of Fresnel reflection at the boundary, which is
due to this mismatch, by the value of &.; .

The introduction of &, enlarges the system effectively
with a distance of the order of the mean free path. One
would therefore expect only a small correction to the re-
sults, of the order of & /L, where L is a measure of the
system size. This is, however, not true in the case where
either source or detector is close to a boundary. The less
deep the source is located, the larger the losses at the
boundary will be, and consequently the smaller the trans-
mission will be, for example. As we will see, for small &,
the photon density scales with the distance between the
(model) source and the boundary of the effective medium:
E= & + & When the absolute value of the photon
density is calculated, the value of &, is important. The
source strength S, is of equal importance. Fresnel re-
flection at the boundary has its influence both on the
source term and on the value of &.;. Since it is, in prac-
tice, difficult to determine the source term, we will seek
quantities that depend only on relative measurements.
For these cases the exact value of . is not very impor-
tant as long as «&. is small. For reflecting boundaries,
however, k& can be large, in which case the value of &
is important.

We want to study the influence of the boundary ex-
trapolation. Two limits are evident. The first is the
limit &, — . In this limit the two boundary conditions
(29) and (41) give different results. The former corre-
sponds to having perfect mirrors at the boundaries, re-
flecting all the light. The latter corresponds to an infi-
nite medium. Both are similar but not equivalent. The
second limit is that of small &.,;. This is almost equiva-
lent to completely absorbing boundaries, or a (large) sur-
rounding medium that does not scatter the light and that
has (almost) matching refractive index. Both will be con-
sidered. When considering good reflecting mirrors, we
assume that measurements are made by using small fi-
bers, which penetrate the mirrors, instead of measuring
the small amount of light that is transmitted through the
mirrors.

B. Green Functions

To determine the sensitivities @ and P and their depen-
dence on the boundary, we first need to calculate the
Green functions.?° We will start with a semi-infinite me-
dium, since this is the simplest case and it already gives
some insight. The medium occupies the half-space
z > 0. The source is, as above, located at r,. The dif-
ference in the x—y plane between the position and the
source is given by the vector p = r — r,. The system is
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cylindrically symmetric, so that the Green function and
other resulting quantities depend only on p = |p| and not
on the direction of p. We find it useful to perform a Fou-
rier transform in the x—y plane, writing

d’q .
Gs(pa Z, Zs) = (27)2 eXP(lq : p)Gs(q’ 2, Zs)
* da
= j 2—Jo(PVOé2 - *)aG(a; z, 2,).
« 2T

(42)

The subscript s stands for semi-infinite, and J, is a
Bessel function. The change to the variable o = «?
+ q? is introduced for later convenience. For amplitude-
modulated sources, x and therefore « will be complex.
However, for notational simplicity we will write the inte-
gral over « as being from « to «. To find the Green func-
tion, we need to solve Eq. (4). After Fourier transforma-
tion we get

2
(——2 + a?|Gya; 2, 2,) = 8(z — z,). (43)
dz

Since we do not want to restrict the value of & yet, we
will use the boundary condition (29). The solution for the
Green function at fixed « is then given by

1- agext

exp(az pmin) — TF at,

1
Gi(a; 2z, 25) = e

X exp( —az min) exp( —az max) B (44)

as can be checked by substitution. We defined z;,
= min(z, z,) and z,,,, = max(z, z,). The Green function
in real space is then given by

= da
Gs(pa 2, zs) = J’ EJO(P Vaz - K2)

1- agext

exp(aZmin) — 1+ at
ext

X exp(—azpmin) |[€XP(— @2 nay).  (45)

Equation (7) for the Green function G.. in the infinite
medium can be found from Eq. (45) by considering a
source and a final position far into the medium (kz i,
> 1). Then the boundary will not have any influence,
and we find that

Gw(p’ 2, Zs) =

» da
f 4_J0(PVC¥2_ K2)
« 4

X exp[_a(zmax - Zmin)]

1
— exp(—«r), (46)
41
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where r2 = p? + (z — z,)2. Using this equality, one can
rewrite the Green function (45) for the semi-infinite me-
dium as®

1 1
Gulp, 2, 2,) = g exp(—kr) + g exp(—r.)

2 725(]2’ 1 ,
- Eoxt J 47r’ exp(—«r')
X exp[(z' + Zs)/gext]? (47>

where r,2=p2+ (z + 2z,)% and r'2=p%2+ (z — 2')2.
This expression can be interpreted as follows. The first
term is the result from the original source, when no
boundaries are present. The second term describes the
propagation of light from a source just on the other side of
the physical boundary at z = 0, which we call the mirror
source. The last term describes the propagation of light
from a distribution of sources on the z axis between z’
= —wandz’' = —z,. The density of this distribution is
a Poisson distribution §e’xlt exp[(z’' + z,)/é4:] and has a to-
tal strength of —2.

We can now model the different boundaries by taking
the limiting values of &... For perfectly reflecting
boundaries (&, — ), the distribution of sources at z’
has a vanishing contribution for any position. Hence the
Green function has only two terms, that of the original
source and that of the mirror source.

If we take the other limit, &, — 0, the distribution
term is limited to the one point z’ = —z,. The Green
function then consists of a term describing the propaga-
tion from the original source and a term describing the
propagation from the mirror source, but with total
strength —1. For &, = 0 the Green function itself van-
ishes at the boundary, whereas for £, — * its derivative
with respect to z vanishes. This can also be seen directly
from the boundary condition (29). Note that for a realis-
tic absorbing boundary the value of &, does not vanish
completely. For small values we can write Eq. (44) as
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Gs(ﬂv 2, zs) = Gcc(\/(z - 23)2 + pZ)

— G.((z — 2, — 2E40)% + pD),
z>z,. (49)

For large but finite &, it is not possible to find an ex-
pression such that the Green function or its derivative
vanishes at the same position for every a. Therefore no
extrapolated boundary in any sense can be used for good
but not perfect mirrors. Qualitatively, a mirror that is
not perfectly reflecting can be described by using a mirror
source of a somewhat smaller strength. For quantitative
calculations, however, one needs to use the full expression
(47).

The next geometry that we consider is that of the slab.
The slab geometry consists of a medium of infinite extent
in both the x and y directions, but limited between two
boundaries in the z direction: 0 <z < L. In a slab ge-
ometry two qualitatively different measurements are pos-
sible. The first is a reflection measurement, which is
similar to a reflection measurement for a semi-infinite
medium. The second is a transmission measurement,
where source and detector are on two opposite bound-
aries. Also, for other (finite) geometries that have
smooth and convex boundaries (such that without scatter-
ing every detector can see all possible sources), any mea-
surement is either like a reflection measurement or like a
transmission measurement. For our discussion it suf-
fices to consider these two possibilities as general proto-
types.

As we did for the semi-infinite medium, we take the
physical source at z = 0, pointing into the medium. We
then need to solve Eq. (44) to find the Green function.
The boundary condition (29) takes the explicit form

GL(0>Zs) = gextazG(z> Zs)|2:07 (50a)
GL(L5 Zs) = _gextazG(Zy Zs)|2=L (50b)
for the slab geometry considered here. We find that

[exp(azmin) -F exp(iazmin)]{exp[a(l’ - zmax)] -F exp[*a(L - Zmax)]}

G ; ’ S = b 51
ples 2, 25) 2afexp(al) — F2 exp(—aL)] (51a)
1 - adex
F = TF at, (51b)
1 The Green function in real space is then given by
Gs(a; 2, Zs) = %{exp(azmin) - eXp[_a(zmin + dext)]}
= da
X exp(_azmax)y ngxt <L (48) GL(p’ 2, Zs) = f 4_J0( a2 - K2p)2aGL(a; 2, Zs)~
« 4w
(52)

This expression and the resulting Green function
G(p, z, z,) again describe two sources, one at the original
source position and one (with strength —1) at —z,
— 2&.. The Green function then indeed vanishes at
the extrapolated boundary z = —¢&., according to the
boundary condition (41). In real space the resulting
Green function is given by>!

Expression (52) can be simplified when we can make
use of the boundary condition (41) instead of the bound-
ary condition (29). This results again in the use of mirror
sources.?? In the slab geometry the system consists of
two extrapolated boundaries, where the photon density
has to vanish. To find the Green function, one needs a

mirror source for each of these two boundaries. Each
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mirror source also needs its own image in both boundary
planes, which in turn need their own images. This leads
to an infinite number of mirror sources, all regularly
spaced. The formula for the Green function G; of the
slab then reads as®

Gi(r, r,) = 2 [Ge(x, ri + 2m(L + 2&,44)Z)

- G.(r, o rs — 2§ext2 + 2m(L + 2§ext)2)]'
(53)

Here o, is a mirror operation in the x—y plane: o,r
= olx,y,2) = (x,y, —2).

C. Reflecting Boundaries

We now consider the differences between an infinite me-
dium and a medium bounded by mirrors. As mentioned
in Subsection 3.B, the Green function consists of only two
terms, that of the original source and that of the mirror
source. Suppose that the source is at a boundary, which
we model with z, = &, = u; '. Then the source and its
mirror image are separated by a distance of 2, !. For
positions not too close to the source, the mirror source will
appear as strong as the original source (the difference be-
ing a factor of the order of «/u,, or 1/u,r smaller).
Hence

Gs(p, 2, gin) = 2G0C(p? 2, gin)’

This enhancement appears for every position r, and
therefore the Green function from source to detector at
the same boundary is enhanced by a factor of 2. The
Green function from source to object, well away from a
boundary, is also enhanced. For symmetry reasons the
Green function from object to detector is enhanced by the
same factor. Bearing in mind the definition (15) of the
sensitivity for absorption, we see that this sensitivity it-
self also gets enhanced by a factor of 2 for the measure-
ment in reflection described here:

Qmin‘or = 2Qw

Next we consider a transmission experiment. The
Green functions from source to object and from object to
detector get enhanced by a factor of 2 with respect to the
Green function of the infinite medium, as above. The
Green function from source to detector gets an enhance-
ment factor of 2, which is due to the mirror close to the
source. The mirror at the detector, however, is not the
same mirror. Hence, for symmetry reasons alone, at the
detector we also get an enhancement of 2. The total en-
hancement for the Green function from source to detector
is then 4. For the sensitivity to absorption @, we then
find that

Qmirror = ro

Another way of looking at this is by using a mirror ob-
ject instead of mirror sources and detectors. One can
then easily see that in reflection one actually measures
two objects, one on each side of the boundary, one of them
a mirror object. In transmission the mirror objects will
be too far from either source or detector to be measured.
Corrections to this simple picture have to be made when

E oo (54)

(reflection experiment). (55)

(transmission experiment). (56)
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the system size L is such that exp(—«L) = 1 or when the
object is close to a boundary. In the former case one
needs the full expression for the Green function in a slab
geometry [Eq. (52)]. When the object is close to a bound-
ary but far from both source and detector, the ratio be-
tween @ ;ror and @, is again 2.

A mirror that is almost perfectly reflecting can be de-
scribed qualitatively by a mirror source of a somewhat
smaller strength than 1. The enhancement factors dis-
cussed above become smaller than 2 but are still present.
For mirrors reflecting only a part of the light, the value of
&eoxt decreases even more. In those cases there is even
less difference between an infinite medium and a bounded
medium. The Green function in the infinite medium is
such that ® = « !|V®|. Therefore the boundary condi-
tion (29) is almost fulfilled by G.. when «é. = 1. For
boundaries that are even less reflecting—we will show ex-
perimental examples of this in Subsection 3.D—the sen-
sitivity is somewhere between that of an infinite medium
and that of a medium with absorbing boundaries. These
different boundaries will be compared in specific geom-
etries below. We can conclude that the influence of mir-
rors on the Green function is a factor only of the order of
1 with respect to the infinite system.

The arguments presented above also hold for the sen-
sitivity to scattering P. Since the difference between an
infinite system and a system with good mirrors is a factor
only between 1 and 2, we can conclude that a boundary
with good mirrors is qualitatively equivalent to an infinite
system:

Qmirror = ro’ = Poc ) (57)

the difference being a factor only of the order of 1.

For black boundaries the situation is entirely different.
For small &, the source and its mirror have different
signs. Hence the difference between these two sources
determines the Green function. Instead of G, itself, its
derivative becomes important. In this case there will
also be differences between the sensitivities for absorp-
tion and for scattering. It is difficult to compare the sen-
sitivities for absorbing boundaries with those of an infi-
nite medium by using only general principles, as above.
For the case of absorbing boundaries, we will do some ex-
plicit calculations in Subsection 3.E. Before we do this,
however, we first describe the experimental results.

P mirror

D. Experimental Results

The experimental setup to measure the influence of vari-
ous kinds of boundaries on the detectability of objects is
as follows: As a turbid medium a fish tank filled with 1%
INTRALIPID is used. INTRALIPID is an emulsion of
soybean oil in water, commercially available in concentra-
tions of 10% and 20%. We diluted the 10% solution ten
times to obtain a transport scattering coefficient of u,
= 0.85mm ! and an absorption coefficient of u, = 7
X 107* mm™ 1, resulting in k, = 0.042 mm!. The light
from a temperature-stabilized semiconductor laser oper-
ating at 670 nm is administered by a multimode fiber
with a diameter of 1 mm. The light intensity at the fiber
end in the fish tank is approximately 1.2 mW. The de-
tector position is determined by one end of a second mul-
timode fiber, which is connected at the other end to a



1806 J. Opt. Soc. Am. A/Vol. 15, No. 7/July 1998

Object’

o [

Detector T

© Object: |
*

d L

_______________________ |
P Hf

Source
(b)

Fig. 1. Schematic view of the geometry used for experiments
and theory. (a) For measurements in reflection, the source—
detector distance in the x—y plane is denoted by p;. The posi-
tion of the object is given by its lateral coordinate p, and its
depth d. The dashed line shows the position of the physical
boundary when present. The object is moved along the horizon-
tal dotted line for the measurements of Figs. 2 and 4 below and
along the vertical dotted line for the measurements of Figs. 3 and
5. The scale of the object corresponds to the black cylinder. (b)
For measurements in transmission, L is the thickness of the slab
in the z direction. The position of the object is given by p, and
d. The dashed lines show the position of the physical bound-
aries when present. The object is moved along the vertical dot-
ted line for the measurements of Figs. 6 and 7.

Hamamatsu H5783-01 photomultiplier, having a maxi-
mum sensitivity of 3 X 10> A/W at 670 nm. An elec-
trometer measures directly the current output of the pho-
tomultiplier, and after analog-to-digital conversion the
data are archived in a computer. The source and detec-
tor fibers are positioned in the fish tank, either with small
white Delrin holders to resemble an infinite medium, in
the 1-mm holes of black Perspex plates, or in the holes of
polished aluminum plates acting as reflecting boundaries.

Both absorbing as well as scattering objects are stud-
ied. The absorbing object is a 5-mm-diameter cylinder
made of black Delrin with a height of 5 mm. A computer-
controlled stepper motor holding a 2-mm-diameter white
Delrin rod attached to the cylinder makes it possible to
move the object freely through the fish tank. The rod has
a negligible influence in comparison with that of the black
cylinder. The scattering object is a hollow white Delrin
cylinder with an internal diameter of 8.4 mm (wall thick-
ness 0.5 mm) and an effective height of 55 mm, filled with
20% INTRALIPID. To correct for any absorbing effects
of this container, each measurement is followed by a sec-
ond one in which the container is filled with the same con-
centration as that of the surrounding medium, i.e., 1%
INTRALIPID. Only the differences between two such
scans are displayed in the figures.

In Fig. 1(a) we show the geometry for the measure-
ments in reflection (we discuss the experiments in trans-
mission below). We performed two measurements. For
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both we have taken a fixed source—detector distance p,
= 30 mm. The object is then scanned either parallel to
the source—detector line, with constant d, or over the
symmetry line p, = p,/2, with varying d. For all situa-
tions we have measured the signal with and without an
object. The difference is then normalized by the mea-
sured signal without the object, which equals the ratio of
photon densities, AD/D,.

To compare the experimental results with theory, we
used Egs. (15) and (20) to calculate the sensitivities @ and
P. The Green functions that we used are Eq. (7) for the
infinite medium, Eq. (49) for the semi-infinite medium
with absorbing boundaries, Eq. (47) for the semi-infinite
medium with reflecting boundaries, and Eq. (562) for the
slab. For the absorbing cylinder we took the value of @
at the center point of the object and multiplied it by ¢ to
find A®,/P,. Since the scattering object is large, we
cannot use the value of P at only one point. Instead, we
use Eq. (25) to find A®,, with D/D,; = 20. For com-
parison below we calculate the strength as if it were a
small object and find that p = —0.025.

To determine q, we use Eq. (30) for qy.qc, with an ef-
fective radius a. We determine ¢ by assuming that it is
such that the surface of the effective sphere, 4 ma?, equals
the surface of the cylinder, wd(h + d/2). The reason for
taking the surface is that ¢ scales approximately with a?.
We find that @ = 3.06 mm. Since this is already larger
than a mean free path, we choose for & its value for
large a, which is 0.67u, ! = 0.79 mm. We find that
qg = —0.10.

The different boundaries are characterized by the value
of the extrapolation length &, as defined in Eq. (40).
For the black boundaries we find that u ¢, = 0.67. For
the aluminum plates, having a refractive index of
1.4 — 6.28i (reflection for normal incidence of 88%), we
use séexial = 7.34. For a theoretical comparison we
also calculated the results for a gold-coated mirror, with a
refractive index of 0.134 — 3.65: (reflection for normal in-
cidence of 96%), and hence s & an = 28.0.

In Fig. 2 we show the results for the sensitivity to the

0.5 Reflection

@ Black
0 Infinite
X Aluminum

04

0.3

—Ad,/ B

0.2

0.1

004730 20 0 20 40

Fig. 2. Sensitivity to absorption A®,/®; = ¢Q in a reflection
measurement as a function of the lateral position p,. The
source—detector distance p; is 30 mm. The depth d of the object
is 10 mm. Squares, an infinite medium; crosses, a semi-infinite
medium with reflecting aluminum boundaries; dots, a semi-
infinite medium with absorbing boundaries. The solid curves
are the corresponding theoretical curves; the dashed curve is the
theoretical curve for a reflecting gold mirror.
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Fig. 3. Sensitivity to absorption A®,/®, = g@ in a reflection
measurement. The parameters are the same as those in Fig. 2,
but now the lateral distance p, is fixed at p;/2 = 15 mm and the
depth d is varied.

absorbing object. The scan is parallel to the line joining
the source and the detector. The three sets of data show
the measurements for an infinite medium and for a semi-
infinite medium with either absorbing or reflecting (alu-
minum) boundary. The corresponding theoretical results
are shown with solid curves. The two maxima are at po-
sitions p, such that the object is in front of either source
or detector. The correspondence between experiment
and theory is good, even though up to 45% of the light is
already absorbed by the object. Remember that the
theory is based on the assumption of small objects. This
does not mean, however, that only small A®/P, can be
described; larger values can be considered, as long as the
strength g is calculated from the full expression in Eq.
(16). No adjustable parameters have been used. The
dashed theoretical curve is for a semi-infinite reflecting
(gold) boundary, which has a higher reflectivity than that
of the aluminum boundary. For the same source—
detector distance, we also scanned the object over the
symmetry line p, = py/2. The results are plotted in Fig.
3. Again, the correspondence is quite good.

We note that the sensitivity @ is proportional to the
data in the figures. One can see in Figs. 2 and 3 that, in
general, the sensitivity for the semi-infinite medium with
absorbing boundaries will be larger than that for the
semi-infinite medium with reflecting boundaries or than
that of the infinite medium. This is not true for objects
close to absorbing boundaries, where the amount of light
is small. The sensitivity @ of the semi-infinite medium
with reflecting boundaries seems to be between that of
the two other cases. As mentioned above, this results
from the fact that the aluminum mirrors reflect an
amount of light that is between that of the absorbing
boundary and of that part of the infinite medium that is
on the other side of the dashed curve in Fig. 1. The
dashed curve shows a sensitivity that is proportional to
the sensitivity in the infinite medium, as described by re-
lation (55). For d = 10 mm the difference between a
good mirror (dashed curve) and a not-so-good mirror
(crosses, solid curve) is minimal. (The exact curves de-
pend on the values of £.,;.) Although the Green function,
in general, increases when the reflection of the boundary
increases, the sensitivity, involving three Green func-
tions, has a behavior that is different. When the object is
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close to the boundary, the sensitivity for an aluminum
mirror drops, since the amount of light near the boundary
is low. For the gold mirror the sensitivity keeps rising
and will be maximal at the boundary itself. Therefore
the difference between a good mirror and a not-so-good
mirror is visible mainly close to boundaries, at least for
reflection experiments.

We also measured the sensitivity for scattering P.
The results are shown in Figs. 4 and 5 for the same ge-
ometries as those in Figs. 2 and 3, respectively. The data
points are for an infinite medium and a medium with ab-
sorbing boundaries. The theoretical curves again corre-
spond to the data points. Systematic errors include the
determination of the position of the scattering object and
the drift of the detector during the measurement. As a
result of the subtraction of two measurements, these
small errors lead to larger errors in the determination of
A®,. The final error is equivalent to an error of the or-
der of 1 mm, which is already large enough to explain the
discrepancies between theory and experiment. Note that
the shape of the curves agrees quite well with that from
theory.
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Fig. 4. Sensitivity to scattering A®,/®, in a reflection mea-
surement as a function of the lateral position p,, with
pq = 30mm, as in Fig. 2. Squares, infinite medium (d
= 15 mm); dots, semi-infinite medium with absorbing bound-
aries (d = 17 mm). The solid curves are the corresponding the-
oretical curves; the dotted—dashed curve is the theoretical curve
for the aluminum mirror; the dashed curve is the theoretical
curve for a gold mirror (d = 15 mm for both).
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Fig. 5. Sensitivity to scattering A®,/®, in a reflection mea-
surement as a function of the depth d, with p, = py/2
= 15 mm, as in Fig. 3. The solid theoretical curves correspond
to the data points. The dotted—dashed curve is for an aluminum
mirror; the dashed curve is for a gold mirror.
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Fig. 6. Sensitivity to absorption A®,/®, = ¢Q in a transmis-

sion measurement as a function of the depth d, with p,

= 15mm. The solid curves are the theoretical values; the

dashed curve is the theoretical curve for a gold mirror. The

thickness of the slab is L = 50 mm.
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Fig. 7. Sensitivity to scattering A®, /®, in a transmission mea-
surement as a function of the depth d. The thickness of the slab
is L = 50 mm, as in Fig. 6. For the infinite medium (squares),
po = 19 mm; for the semi-infinite medium (dots), p, = 15 mm.
Note that the domain of d for the infinite medium is larger than
in Fig. 6. The solid theoretical curves correspond to the data
points. The dotted—dashed curve is the theoretical curve for an
aluminum mirror; the dashed curve is that for a gold mirror
(p, = 15 mm for both).

We also calculated the theoretical curves for an alumi-
num boundary, which is shown in Figs. 4 and 5; the
dotted—dashed curves signify that no experimental re-
sults were available, and the dotted curves are for a gold
mirror. We observe again that the semi-infinite medium
with reflecting boundaries is similar to the infinite me-
dium.

The expression (20) for P may take on negative values.
This happens when the scattering of a photon density
wave from the object is effectively backward. Such a
negative sensitivity means that the detected signal will
increase when the object scatters more strongly. For ab-
sorbing objects a change of sign is not possible. For Fig.
4 we observe this effect when p, is large enough. This
implies a faster decrease in P than that which we ob-
served for @. In the geometry of Fig. 5, the sensitivity to
scattering P becomes negative either when d is large or
when d is small and the boundary is absorbing. In the
latter case the photon density wave will travel from the
source into the medium and turn back to the object, which
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is close to the boundary. There it will reflect effectively
backward and propagate to the detector, again avoiding
the absorbing boundary. This effectively backward re-
flection implies a negative sensitivity P.

To give a full comparison between infinite systems and
finite systems with different kinds of boundaries, it is not
enough to consider only reflection measurements. As we
discussed in Subsection 3.B, for a finite medium all mea-
surements are either like reflection measurements or
like transmission measurements. The geometry that
we chose for transmission experiments is one where
the source and the detector are opposite to each other
(head on), as in Fig. 1(b). The thickness of the slab is
L = 50 mm. The object is scanned along a line parallel
to the source—detector line, at a distance p,. The depth
of the object, d, is again varied. Results are shown in
Figs. 6 and 7 for the absorbing and the scattering object,
respectively. We have also theoretically investigated a
geometry that is finite in two directions instead of one
and found no qualitative difference from the slab.

As is shown in relation (56), the sensitivity in a trans-
mission experiment when the object is not close to a
boundary is the same as those for an infinite medium and
for a medium with mirrors. The amount of reflection is
not very important in this case, as can be observed in Fig.
6. When the object is closer to the boundary, one can
again observe differences between good and not-so-good
mirrors.

The results shown in Fig. 7 are noisy because of the
smallness of A®,/®,. A systematic shift can be ob-
served between the data points of the absorbing medium
and the theory. Again, this is due either to a drift in the
detector or to a small error in determining the position of
the object, which results in larger errors after the sub-
traction of two measurements. Qualitatively, there is
only a slight difference between the different boundaries
in this case.

E. Absorbing Boundaries
Using the experimental results, we could already qualita-
tively compare the absorbing boundary with the infinite
medium. Here we will give some quantitative results to
compare the infinite medium with media having absorb-
ing boundaries. To find simple expressions in the case of
absorbing boundaries, we will take ¢ = &, + &, to be
small. This results in approximate expressions that can
be used for qualitative discussions. Since the model
point source is very close to the boundary, we can take the
terms in Eq. (53) pairwise together:
G.(r, r,) — G (r, r, — 2£2)
= 2¢z - V. Ga(rg, vy — £z). (58)

We note that the argument r, — £z = T, is a point at the
(extrapolated) boundary. Using relation (58), we can
write the following for the total Green function for the
slab:

Gi(r, x,) = 262 - Vi D, G.(r, T, + 2mL2). (59)

Since the Green function for the infinite medium depends
only on the difference between the two points r and r’,



d. C. J. Paasschens and G. W. ’t Hooft

ie, G.(r,r')=G.r —r'), we can write the Green
function for light going to the detector at position r; as

Gi(ry, ¥) = *262 - V5>, Gu(¥q + 2mLZ, v). (60)

Here T; = r; * £z is also a point at the (extrapolated)
boundary. The upper signs belong to a reflection mea-
surement, where the detected light propagates in the
negative z direction. The lower signs correspond to a
transmission measurement. There can, however, be no
doubt about which sign to take, since the Green function
is always positive.

For calculating G;(r;, r,), we can use Eq. (59) and
evaluateit at r; = T; = £z. We again use the derivative
with respect to T; to find that Gi(ry, r,) = *éz
. V;.dG .(r;, ry). The photon density can now be easily
found. When only one absorbing object is present with
strength g, we find that
S,

D

4mq
GL(rd> rs) + K_O GL(rda ro)GL(ror rs)

Dr(ry) =

S . .
= £282 20 (3 V)3 - V5

4mq

Ko

x> [Gx('i-d, T, + 2mLZ) + 2
X > Gy + 2m'LZ, 1,)

X Go(r,, Ty + 2mL37)|. (61)

In general, the sums over m and m' will have only a few
terms that are important, which is due to the exponential
decay of G...

Let us first consider the semi-infinite medium. Since
L — o, we have only to take m = m’ = 0 in the sums.
Furthermore, only measurements in reflection are pos-
sible. We find from Eq. (61) that

228,
D

q)s(rd) = (2 ' V'f's)(i . V?d)[Gw(‘f‘dr i:s)

(62)

8mq ~ _
+ —— G.(ry, r,)G.(x,, 1) |.
Ko

We can compare this with the equation that we would
have found in the infinite medium:

S. 47q
(DC/J(rd) = F Gm(rd, rs) + K_O GOO(rd; ro)GW(ro; rs)

(63)
So, basically, the photon density at the detector for the
semi-infinite medium is given by that for the infinite me-
dium, differentiated to both source and detector position.
Furthermore, we see that an extra factor of 2 appeared in
front of ¢. This enhancement is similar to that of rela-
tion (55). The sensitivity to absorption @ = (P
— ®y)/qP, can be found rather easily from the expres-
sions above.
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As an example let us consider the case where source,
object, and detector are all in the same plane (see Fig. 1).
Only the depth d of the object into the medium and the
lateral distances p; and p, are of importance. Define
d,=2z,—z;and d; =2z, — z4. Of course, d; and d;
have the same value d, but the functional dependence of
® on both differs. Hence we have to consider them sepa-
rately when taking derivatives. The two differential op-
erators become

(2 Vi) — (64)

Cady g

Three distances are needed: r; from source to object, ry
from object to detector, and r;5 from source to detector.
They are given by

ry = Vp02+d32? rg = V(po_pd)2+dd27

rio = \pa® + (dg — d,)?. (65)

We calculate the photon density ®., for the infinite geom-
etry and @, for the semi-infinite geometry, both at the de-
tector position r;. The results are

S, 1
Dy = i7D 7“_12 exp(—kr19), (66a)
AD, = So + 66b)
o T 47TD KoT'17s exp[_K(rl r2):| ) (
Su) 9 1 + KI'19
cDO,s = 4nD 2§ r123 exp(—Krlz), (66C)
S, (1 + kry)(1 + krg)
AD, = 4q&°d* 3
47TD Korl r2
X exp[ —k(ry + ’"2)]}' (66d)

From these results we calculate the sensitivities

12

Q. = P, expl —ko(ry + ro — rig)l, (67a)

(1 + Krl)(]. + Kr2) d2r122

1+ KI'19 r12r22

Q (67b)
We note that these no longer depend on the value of &.
The expressions for the sensitivity for scattering can be
calculated readily, but they are rather lengthy and will
not be presented here.

In many practical cases the ratio drq/r;ry will be of
the order of 1. Only when the source—detector distance
remains fixed and the objects are far from both does this
ratio decrease. But then the influence of the object on
the measurement is negligible, as a result of the exponen-
tial decay of @. Hence, in practice, @,/Q.. is of the same
order as 1 + kriy (which means of the order of 1 when
kri9 < 1 and of the order of «r;y when kriy > 1). The
black boundary can therefore increase sensitivity. A
price has to be paid, however. The total intensity de-
tected in the semi-infinite system will be largely de-
creased with respect to the infinite medium. This can be
seen from the ratio
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2
02 _ 2(;) (1 + kryp) (in reflection), (68)
12

which is always small (¢ = u,”!). (We always assume
source—detector distances to be larger than a few scatter-
ing lengths.) The decrease in intensity that is due to the
finiteness of the medium is due mainly to a loss of inten-
sity at the boundary close to the source and at the bound-
ary close to the detector.

For the quantitative discussion in the slab geometry,
we consider only the situation where source, detector, and
object are on the same line (p, = p; = 0). Furthermore,
we assume that the object is not too close to the boundary.
Then the result [taking only the most important terms in
the sum of Eq. (61)] is

L
ro = (693)

Korirs’

L? (1 + kry)(1 + kry)

slab = — oy (69b)
le rqiro 2 + 2«xL + Kzlz2 Q
(1 + Krl)(]. + Krz)L
P, = , 69
K03r12r22 ( C)
(2 + 2Kr1 + K2r12)(2 + 2Kr2 + K2r22)L3
Pslab =

(2 + 2kL + k2L%)ky’ri%ry®
(69d)

Note that r;{ + ro = L. From this we find that for large
k there is no difference in the sensitivities between the
slab and the infinite system. This is basically due to the
fact that for large absorption a boundary has only a local
effect. At the position of the object or the detector, the
difference between a source at a boundary and a source in
an infinite medium is no longer visible, apart from an
overall prefactor. The same holds for the boundary at
the position of the detector. Therefore the sensitivity is
the same in both cases. This is not true in a reflection
measurement, where the influence of the boundary on the
propagation from source to detector is no longer local but
can be felt everywhere between source and detector.
Therefore, for large « and in reflection, the sensitivities
for an infinite medium and for a bounded medium will be
different. For small « the sensitivity @y, will be a factor
of L%/2r,ry, > 2 larger than Q.., and P, will be a factor
of 2L%/rir, > 8 larger than P,,. From the expressions
we also see that the sensitivities can be large for small r;
or ry, increasing the sensitivity when the object is close
to source or detector, even more so when the boundaries
are absorbing. The expressions (69) are, however, are no
longer correct close to the boundary.

Again, we note that the enhancement is relatively
small compared with the loss in detected signal. The ra-
tio between the detected signals in this geometry is given
by

@ slab
(I) 0

2
- (5) (2 + 2kL + «%L?) (in transmission).
(70)
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As was the case in the semi-infinite geometry, this ratio is
small, mainly because of the £2 term, which is a result of
the boundary. Hence, again, a large price has to be paid
to increase sensitivity.

In comparing the infinite medium with the semi-
infinite medium with absorbing boundaries, we comment
on some other features. Consider again Fig. 3. All
curves show a maximum at some depth d and a decrease
in the sensitivity for larger depths. The difference be-
tween the different boundaries seems to be only in the po-
sition of this maximum, giving the position of the maxi-
mum sensitivity. The sensitivities for an infinite
medium are centered on the line between source and de-
tector. One can say that the photon density wave propa-
gates along this line, although, of course, single light
paths can be much more complex. For absorbing bound-
aries the Green functions and therefore the sensitivities
(almost) vanish at the boundaries. This implies that
when the line between source and detector lies close to a
boundary, the centerline of the sensitivity—the line
where for different p, the maximum value of @ can be
found—will curve away from this boundary. Conse-
quently, the propagation direction will be curved (see Fig.
8). The maximum shown in Fig. 3 lies away from the
boundary, at larger depths than that of the infinite me-
dium (or the medium with reflecting boundaries). This
means that the semi-infinite medium is not really more
sensitive to absorbing objects; rather, the spatial location
of this sensitivity is changed.

As a next point we note that the strength p of the scat-
tering object [calculated by using the first of Egs. (23)] is
approximately four times smaller than the strength g of
the absorbing object that we used. Furthermore, the
scattering object is large, and therefore it has some parts
in regions with low sensitivity for scattering. Nonethe-
less, the measured effects are almost as big as those of ab-
sorbing objects, at least in reflection measurements. Ap-
parently, the sensitivity for scattering P is generally
larger than the sensitivity for absorption @. The differ-
ence of approximately a factor of 5 appears mainly close
to the boundary, and for absorbing boundaries almost ev-
erywhere. The latter is due to two reasons. First, scat-
tering objects have an influence that scales with the gra-
dient of the Green function rather than with the Green

o w
/ . ’ ‘ \

/ P . \

I .. \
-4

I 4
lDetector Source

Fig. 8. Schematic view of the propagation of the photon density
in a reflection measurement, as shown schematically in Fig. 1.
The arrows show the average direction of the photon density
flow. The two solid arrows show the propagation of light in and
just outside the source and detector fiber. The dotted arrows
are for an infinite medium, where propagation is direct. The
dashed arrows are for a semi-infinite medium with absorbing
boundaries, where the propagation avoids the boundary.
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function itself. Since the decrease of G is larger for an
absorbing boundary, the sensitivity will increase. Sec-
ond, consider the position at p, = 15 mm and d = 10
mm, which can be found in both Figs. 2 and 3. For the
infinite medium an extra term cos # appears in the sensi-
tivity, where 61is the angle between the source—object and
object—detector lines. This term enters as a result of the
inner product. In the semi-infinite medium, however,
the angle 6, which is the angle between the two gradients
of the Green function, will be smaller. This reflects a
photon density wave that does not propagate straight
from source to object. As discussed above and shown
schematically in Fig. 8, the propagation will rather be
curved on account of the absorbing boundary. Upon ar-
riving at the object, it will propagate more parallel to the
boundary than in the infinite medium. Also, the propa-
gation from object to detector will be such that its direc-
tion at the object is almost parallel to the boundary. The
effective cos 0 will therefore be larger than in the infinite
medium.

The difference between the sensitivities for absorption
and scattering implies that |A®/® | is larger for an object
with a given AD/D than for an object with the same
Apg/pg. In practice, however, the variation in absorp-
tion can be 1 order of magnitude larger than the variation
in scattering. Therefore measurements will, in general,
be more sensitive to absorption than to scattering.

4. CONCLUSIONS

We have studied the influence of different boundaries on
the detection of objects. To do this, we started with a
derivation of the expressions that give the values of the
photon density—which is proportional to measured
data—when the optical parameters are not constant but
rather vary in space. We have shown a clear distinction
between geometrical factors, given by the sensitivities @
and P, and the strengths ¢ and p of (small) objects.
These can be calculated independently. We have shown
how to calculate the strengths even when the scattering
or the absorption in the object is not small and have im-
proved the expressions from the literature for a com-
pletely black spherical object.

The experiments that we performed are done with a cy-
lindrical object, whereas the theoretical value of ¢ was de-
rived only for a spherical object. From this we note two
things. First, experimentally it is nearly impossible to
see the difference between different shapes of objects, in
our case a sphere and a cylinder. As mentioned above,
this means that, for small objects, only the value ¢ (or p)
can be measured and that nearly nothing about the pre-
cise shape can be found. Second, even though we did not
calculate the exact value of g for a cylindrical object, we
are able to give a rather good estimate by using the theory
for a sphere.

Next, we have compared the different boundaries. For
a boundary of a good mirror, such as gold, the sensitivity
is merely a constant times the sensitivity of an infinite
medium. This constant is nearly 2 for a measurement in
reflection and approximately 1 for a measurement in
transmission. For a medium with absorbing boundaries,
the sensitivity in reflection can become rather large, when
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the decay constant « is large, compared with the inverse
source—detector distance. For moderate k, however, the
difference with an infinite medium lies mainly in the spa-
tial position of the sensitivity rather than in the values
themselves. Close to absorbing boundaries the sensitiv-
ity vanishes. For a system bounded by a not-so-good mir-
ror, such as the aluminum mirror that we used in the ex-
periments, the sensitivity is between that of an infinite
medium and that of a medium with absorbing boundaries.

Considering the effects of sensitivity to the object and
total intensity detected, we see that there is a trade-off
between the two. Since the effect of loss of intensity
when black boundaries are used is much larger than the
gain in sensitivity, we argue that for detecting objects an
infinite system, or one with good mirrors, is better than a
finite one, or one with not-so-good mirrors. Furthermore,
the infinite medium has another advantage: formulas,
such as those for the photon density and the sensitivities,
will be simpler. This simplifies the reconstruction of in-
homogeneities inside the turbid medium. Since, in prac-
tice, an infinite medium is difficult to achieve in the cir-
cumstances needed for medical imaging, a finite system
with a rather good reflecting boundary resembles the in-
finite medium enough to be useful for both forward calcu-
lations and reconstruction techniques.
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