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The experimental progress in synthesizing low dimensional nanostructures where carriers are
confined to bent surfaces has boosted the interest in the theory of quantum mechanics on curved
two-dimensional manifolds. The current theoretical paradigm relies on a thin wall quantization
method introduced by Da Costa E] In Ref. B] Jensen and Dandoloff find that when employing the
thin wall quantization in presence of externally applied electric and magnetic fields, an unphysical
orbital magnetic moment appears. This anomalous result is taken as evidence for the breakdown
of the thin wall quantization. We show, however, that in a proper treatment within the Da Costa
framework: (¢) this anomalous contribution is absent and (i7) there is no coupling between external

electromagnetic field and surface curvature @]

PACS numbers:

To derive the thin wall quantization in presence of ex-
ternal electromagnetic field we start with the Schrédinger
equation that is minimally coupled with the four com-
ponent vector potential in a generic curved three-
dimensional space. Adopting Einstein summation con-
vention and tensor covariant and contravariant compo-
nents, we have
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where @ is the particle charge, G¥ are the contravariant
components of the metric tensor and A; are the covariant
components of the vector potential A with the scalar
potential defined by V' = —Aq. The covariant derivative
D; is as usual defined by

_ k
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where v; are the covariant components of a vector field
v and I‘fj are the Christoffel symbols

1
Ffj = EGM [alei + 81'Glj — 31Gij] .
From Eq. (1) one obtains
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where for convenience we introduced the time gauge co-
variant derivative Dy = 0; — iQAp/h. To proceed fur-
ther, it is useful to define a coordinate system. As in
Ref. [2-4] we consider a surface S with parametric equa-
tions r = r(q1,¢2). The portion of the 3D space in the

immediate neighborhood of § can be then parametrized
as R(q1,¢2) = r(q1,2) + @3N (q1, g2) with N(q1,q2) the
unit vector normal to S. We then find, in agreement with
previous studies E—@], the relations among G;; and the
covariant components of the 2D surface metric tensor g;;
to be
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with a indicating the Weingarten curvature tensor of the
surface S |4, 4]. We recall that the mean curvature M
and the Gaussian curvature K of the surface S are related

to the Weingarten curvature tensor by

M o= Tr(a)
2
K = Det(a)

Now we can apply the thin-layer procedure introduced
by Da Costa [2] and take into account the effect of a con-
fining potential Vy(gs), where A is a squeezing parame-
ter that controls the strength of the confining potential.
When A is large, the total wavefunction will be localized
in a narrow range close to g3 = 0. This allows one to
take the ¢s — 0 limit in the Schrodinger equation. For
the sake of clarity, it is better to introduce the indices a, b
which can assume the values 1,2 alone. From the struc-
ture of the metric tensor, one finds the following limiting
relations:
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With this, the Schrédinger equation Eq. (@) can be then
recast as

thDoYp = Hsy + HNY
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where Hs is an effective 2D Hamiltonian that depends
on the surface S alone and reads
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The Hamiltonian H y that depends on the degrees of free-
dom in the normal direction to the surface S is
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where we left out the confining potential term. In the
equation above, the linear coupling between the A3 com-
ponent of the vector potential and the mean curvature of
the surface through the term @ M As corresponds to the
anomalous contribution to the orbital angular moment of
the charged particle found in Ref. |3]. Now we show that
this term identically cancels by considering the effective
Schrodinger equation for a well-defined surface wavefunc-
tion. In agreement with Ref. [4], we subsequently find
that there is no coupling between an external magnetic
field and the curvature of the surface, independent of the
shape of the surface.

In order to obtain a surface wavefunction depending
on (g1, g2) alone |2-44], we introduce a new wavefunction
x(q1, ¢2,q3) that in the case of separability decomposes
as x(q1,92,93) = xs(q1,q2) X xn(g3). Conservation of
the norm requires

Hs =
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In the g3 — 0 limit, the following relations hold:
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With these limiting relations, H reduces to
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The second term in the square brackets corresponds to
Da Costa’s curvature induced scalar potential [2].

The Hamiltonian Hy governing the dynamics along
the direction normal to the surface is thus coupled to
the dynamics on the surface S only via the term A303;x
[4]. One finds that, contrary to Ref. [3], a coupling be-
tween the surface curvature and the external vector po-
tential is lacking. This implies absence of the fundamen-
tal problem that was signaled in Ref. [3] in Da Costa’s
thin wall quantization method — instead the method is
well-founded and can be employed without restriction.
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