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An e�cient and precise thermodynamic method to extract the i nterchain coupling J ic of strongly
spatial anisotropic 2D or 3D spin-1/2 systems near their sat uration �eld H s is proposed. Using
DMRG and spin-wave theory we determine the in
uence of J ic on H s (T=0) of antiferromagnetically
coupled frustrated chains described in the J1-J2-Heisenberg model with ferromagnetic �rst and
antiferromagnetic second neighbor exchange along the chains. Applying our method to the reference
systems Li2CuO2 and Ca2Y2Cu5O10 , we show that their H s is solely determined by J ic . Using
H s=55.4 T from reported here high-�eld pulsed measurements on e readily reads out a weak J ic for
Li 2CuO2 close to that from inelastic neutron scattering. For Ca 2Y2Cu5O10 we predict H s � 61 T.

Real spin chain systems exhibit in addition to the
signi�cant intrachain coupling always also an interchain
coupling (IC), J ic . To understand their physics, the ques-
tion arises in which cases this relatively weak IC is still
important or even crucial? From the Mermin-Wagner
theorem its decisive role for the suppression of 
uctua-
tions is well-known. It provides a �nite spontaneous local
magnetization (due to long range order) atT = 0 in 2D
[1] and a �nite N�eel temperature TN in 3D (see e.g. [2]).

Often one is faced with the situation that the (large)
in-chain exchange couplings are known with reasonable
precision, e.g. from band-structure calculations, inelastic
neutron scattering (INS) or from high-T susceptibility
data [3], but precise values for the tiny (but nevertheless
important) IC are missing. If frustration is absent, J ic

can be determined quite accurately e.g. fromTN analyzed
by Quantum Monte Carlo based studies [4] and more ap-
proximately using mean-�eld theory for the 3D IC espe-
cially for a square-lattice of chains [5]. How to extract
small IC constants for frustrated systems and/or weakly
coupled planes of chains from experimental data where
these methods do not work? Here we address such a
2D/3D problem for the case of frustrated spin-1/2 chains
with ferromagnetic (FM) nearest-neighbor (NN) and an-
tiferromagnetic (AFM) next-nearest-neighbor (NNN) ex-
change described by the spin isotropicJ1-J2-Heisenberg
model (IHM). Nowadays it is the standard model for
edge-shared chain cuprates (see e.g. [6]). This 1D-IHM
attracted special interest [7{12] due to a very rich phase
diagram with multipolar phases derived from multi-
magnon bound states (MBS) in high magnetic �elds [13{
15]. Additional AFM degrees of freedom enhance the
kinetic energy of magnons. Thus, AFM IC might dis-
favor multi-MBS. A precise insight into the magnitude
of the IC is therefore a necessary prerequisite to attack
the multi-MBS problem, including a possible MBS Bose-
Einstein condensation. Its knowledge is therefore of gen-
eral interest [16{18].

In this context, Li 2CuO2 (see Fig. 1) is one of the best
studied frustrated cuprates and therefore a material well
suited for a comparison between theory and experiment.
In particular, using linear spin-wave theory (SWT) the
main in- and interchain J 's have been determined from
INS data and the strength of a speci�c AFM IC has been
found crucial for preventing spiral order in the 3D ground
state (GS) [3]. If the saturation �eld H s can be deter-
mined experimentally, an excellent opportunity occurs to
check the INS derivedJ ic . But for Li 2CuO2 H s has not
been measured so far, since such a measurement, simi-
larly as for many other spin systems, requires rather high
�elds. Here we report high-�eld magnetization data to
�ll this gap. Our paper is organized as follows. First we
revisit the 1D case and provide the reader with some de-
tails of the DMRG technique involved. Then we report
results for coupled chain systems. Finally, we compare
theoretical results with our experimental data.

We apply the density-matrix renormalization group
(DMRG) method [19] with periodic boundary conditions
(PBC) in all directions. Usually it is believed that this
method is much less favorable forD > 1; however, on
current workstations using highly e�cient DMRG codes,
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FIG. 1: (Color) Left: The crystal structure of Li 2CuO2 with
two AFM coupled CuO 2 spin chains per unit cell running
along the b-axis. Right: View along the c-axis on the ab-
plane. The main intra- and inter-chain exchange paths, J1;2 ,
J ic , and J 0

ic are marked by arcs and dashed lines, respectively.

http://arxiv.org/abs/1004.3300v2


1
2

3 4

5
67

8

1
2

3
4

0 0 . 1 0 . 2 0 . 3 0 . 4 0 . 5
0

0 . 2

0 . 4

0 . 6

0 . 8

1

8  c h a i n s

s i n g l e  c h a i n

2  c h a i n s

4  c h a i n s
M

a
g

n
e

ti
z

a
ti

o
n

 
M

/M
s

M a g n e t i c  f i e l d  h

0 . 9 5 1
0 . 9 2

0 . 9 4

0 . 9 6

0 . 9 8

1

h/hs

FIG. 2: (Color) Magnetization vs. applied external �eld for
di�erent chain systems as shown in the inset according to our
DMRG calculation for � =1/3, j ic = J ic =jJ1 j =0.05 and L =
24 sites in each chain. Lower inset: the 3D arrangement of
chains used for the DMRG calculations in the present paper.
Upper inset: magnetization curve inside the 3-MBS region fo r
j ic =0.005 (blue curve,x). Note the three times larger steps
as compared with the red curve (� ) in the 1-magnon C-phase
(as in the main part of the �gure for eight chains).

spin systems with up to about
p

10 �
p

10 � 50 sites,
i.e. ten coupled chains of lengthL � 50, can be studied.
Thus, by taking a proper arrangement of the chains 3D
lattices can be simulated, cf. the inset in Fig. 2. Let us
now describe how the block states are constructed: in
the n � L cluster, wheren denotes the number of chains
and L is the n-dependent chain length. If we regard the
n sites on aa-c plane as a \unit cell", the system can be
considered as an e�ective single chain withL sites ( �rst
step). This enables us to use an appropriate 1D array
for the construction of the PBC (see Fig. 1 of Ref. 20).
In the next step the sites within each \unit cell" are ar-
ranged into the numeric order as shown in the inset of
Fig. 2. This way, the distance between most separated
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FIG. 3: (Color) Saturation �eld hs vs. frustration ratio � =
� J2=J1 of a single chain according to our DMRG. Notice
the broken slopes. The OP (3-MBS) is realized for 0:2845 �
� � 0:3676 in between the HP (4-MBS) and the QP (2-MBS)
region. Dashed line: DMRG results (each dash contains about
5 data points). Red line: analytical curve from Eq. (1).

TABLE I: Saturation �eld hs at � = 0 :332, J ic = j J1 j= 3 =76,
J 0

ic = 0. J ic is multiplied by 4 for 2-chain systems.

L single chain 2-chain system 8-chain system

16 0.0610480058942 0.315789473684 0.315789473684
48 0.0616910423378 0.315789473684 0.315789473684
96 0.0616910487270 0.315789473684
144 0.0616910487247 0.315789473684

interacting sites can be held at 11 and 23 in the 4- and
8-chain systems, respectively. Since the exchange inter-
actions run spatially throughout the system, the wave
function converges very slowly with DMRG sweep but
without getting trapped in a `false' GS. We typically kept
m � 1600� 4000 density-matrix eigenstates in the DMRG
procedure. About 20� 30 sweeps are necessary to obtain
the GS energy within a convergence of 10� 7J1 for each
m value. All calculated quantities were extrapolated to
m ! 1 and the maximum error in the GS energy is es-
timated as � E=J1 � 10� 4, while the discarded weight in
the renormalization is less than 1� 10� 6. For high-spin
states [Sz

tot
>� (nL � 10)=2)] the GS energy can be ob-

tained with an accuracy of � E=J1 < 10� 12 by carrying
out several thousands sweeps even withm � 100� 800.
As a result, we obtain the reduced saturation �eld hs =
g� B H s=jJ1j with high accuracy [22]. The assignment of
various phases in the diagrams shown in Figs. 3 and 4
stems from an analysis of the magnetization curve just
slightly below hs as shown in Figs. 2 and 5. The signature
of each region is the height of the magnetization steps
� Sz=1,2,3,4, ... for dipolar (DP, 1-magnon), quadru-
(QP-, 2-MBS), octu- (OP, 3-MBS), and hexadecupolar
(HP-, 4-MBS), etc. phases, respectively [12{15].

Let us start with the single chain J1-J2 problem. Us-
ing its frustration parameter � = � J2=J1 the critical point
is given by the level crossing of a singlet and the high-
est multiplet state at � c=1/4. Approaching � c from the
spiral side� c � � , it is clear that H 1D

s (� ) decreases, van-
ishes at � c, and remains zero at the opposite FM side.
The curve H 1D

s (� ) is clearly not smooth: it consists of
quasi-linear parts with an in�nite number of jumps of
the slope at the ends of intervals which become shorter
approaching � c (see Fig. 3). These non-analytic points
re
ect the changes of multi-MBS related low excitations.
In the QP phase anexact solution is available [7, 10]

h1D
s (� ) = 2 � � 1 + 0:5=(� + 1) : (1)

Concerning Li2CuO2 we stress that a 1D-approach yields
for � = 0.332 [3], hs = 0 :0616916 (see Table I) i.e.H 1D

s =
9.8 T, only, where g= 2 and J1= 228 K have been used.
Thus, the value H s= 55.4 T reported below is strongly
underestimatedby a 1D-approach. Hence, we turn to the
3D problem. For strong enough IC multi-MBS disappear
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FIG. 4: (Color) (a): the saturation �eld hs at � =1/3 vs. IC
strength in units of jJ1 j from DMRG. Notice the two criti-
cal IC values J cr

ic,1 = 0 :0109 and J cr
ic,2 = 0 :03704 denoted by

dashed vertical lines. For INC- and C-phases see text. Inset:
the weak non-linearity of hs vs. J ic (b): 1-magnon inchain
dispersion in �elds h slightly above hs for J ic in C (INC)
[solid (dotted) line] (c): NN in-(orange squares) and inter -
chain (green diamonds) spin-spin correlation function (SSCF)
vs. �eld for phase C and J ic =0.04. The argument in the SSCF
given in the right of the �gure denotes the exchange coupling
responsible for its sign at H =0. Inset: inchain SSCF enlarged.

at H s and only 1-magnon excitations survive (see Figs.
2,4). Then SWT yields exactly:

g� B H s = N ic (J ic + J 0
ic ) for J ic � J cr

ic,2 ; (2)

whereN ic = 8 is the number of nearest interchain neigh-
bors. The spin-spin correlation functions show that the
inchain 
uctuations vanish much faster than the inter-
chain ones in approachingH s (see Fig. 4 (c)). This ex-
plains once more the surprising result of Eq. (2). Now
we take J 0

ic = 0. Then, Eq. (2) is valid for J ic (� ) >
(4� � 1)jJ1 j=9 � J cr

ic,2 . Turning to Li 2CuO2 and ignoring
spin anisotropy, we have [3]J ic � 9:04K > J cr

ic,2 (0:332) =
0:0364jJ1j � 8.21 K [21], whereJ cr

ic,2 separates a commen-
surate (C) from an incommensurate (INC) phase (see Fig.
4 (a)). Since in the C-phaseH s depends for the IHM
solely onJ ic , [22], J ic can be directly read o� from its ex-
perimental value of 55.4 T. This yieldsJ ic =9.25� 0.04 K
very close to 9.04 K from INS data [3] at H =0. For
J ic < J cr

ic,2 in the INC phase H s starts to depend very
weakly also onJ1 and J2. A smooth dependence and a
continuous transition are found in both SWT and DMRG

calculations (see Fig. 4 (a), inset). Hence, also in the INC
phaseJ ic dominatesH s. In the INC-phase above a lower
critical J cr

ic,1 � 0.0109jJ1 j =2.49 K only speci�c INC 1-
magnon low-energy excitations exist. BelowJ cr

ic,1 3-MBS
are recovered as low-energy excitations. The transition
from the 3-MBS- to the INC-phase is 1st order.

Pulsed �eld magnetization measurements have been
performed at the Dresden High Magnetic Field Labo-
ratory in �elds up to 60 T. The magnetization M (H )
was obtained by integrating the voltage induced in a
compensated pick-up coil system. The results taken at
T = 1 :45 K for H k b-axis on two Li2CuO2 single crystals
from the same batch as used in Ref. 3 is shown for one of
them in Fig. 5. The data imply a quasi-linear increase
of the magnetization M (H ) between 10 and 30 T, i.e.
a nearly constant derivative @M=@H= M 0. Above about
50 T M 0 increases notably and pronounced peaks develop
at 55.4� 0.25 T and 55.1� 0.25 T for two separately stud-
ied single crystals. The sharp drop ofM 0 towards 0 at
higher �elds justi�es to attribute the peaks with H s. The
saturation moment amounts to M s � 0:99� 0:06� B /f.u.
gb = 1 :98� 0:12 in reasonable agreement withgb = 2 :047
from low-�eld ESR-data at 300 K [23]. In Fig. 5 we com-
pare the reduced magnetization from the DMRG with
the experiment for Li2CuO2. The DMRG description in
this standard plot is rather good, but it is inconvenient
to extract the value of any parameter. This is due to the
weak quantum 
uctuations in Li 2CuO2. The function
f (M ) = H=H s � M=M s re
ects the remaining quantum

uctuations much better (see Fig. 5). Notice the en-
hanced 
uctuations for the weaker IC in the very vicin-
ity of H ic (see inset). We remind the reader that the
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FIG. 5: (Color) Left: Magnetization M (left axis) and the
derivative @M=@H(� ) from pulsed �elds. Red (green dashed)
line: auxiliary line to make the upturn near H s better visible
(classical magnetization curve M=M s = H=H s). Right: Fluc-
tuations as seen by the magnetization M=M s : DMRG results
vs. experiment for di�erent IC and a H s value within the ex-
perimental error bars. Inset: behavior just below H s for the
two slightly di�erent IC shown also in the main part.
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'width' of the DMRG curves in Fig. 5 comes from the
�nite magnetization steps caused by the �nite L . The
almost straight shape of theM (H ) curves shown in Figs.
2 and 5 evidences the 3D character of Li2CuO2 in accord
with the large local magnetic moment� 0:93� B observed
in the ordered phase at lowT at h=0. The measuredH s

of our single crystals results inJ ic =9.25 � 0.04 K, very
close to the INS-data. The barely higherJ ic might be due
to small negative quantum or �nite T-corrections for the
approximate SWT-analysis of the INS-data as compared
with an analysis based on a rigorous theory in our case.

Eq. (2) is also valid for antiferromagnetically coupled
weakly frustrated FM chains (i.e. � < 1=4). This sit-
uation is realized e.g. for Ca2Y2Cu5O10 [24]. It has a
similar IC as Li2CuO2, but a 2D arrangement of chains,
i.e. N ic = 4. This reduced N ic is overcompensated by
a larger IC J + J 0= 26 K [25]. As a result we predict
H s � 61 T < 70 T along the easy-axis estimated in Ref.
24 from a linear extrapolation of low-�eld data. Taking
into account also an AFM NNN IC J ic ;2 our method can
be applied also to the FM CuO2 chain part of the chain-
ladder material La6Ca8Cu24O41 [26]. There H s provides
a constraint for the NN IC J ic ;1 and the NNN IC J ic ;2.

With the experimental Curie-Weiss temperature � CW

� CW � � 0:5 [J1 + J2 + 0 :5N ic (J ic + J 0
ic )] ; (3)

which governs the high-T spin susceptibility � (T ) �
1=(T � � CW ), J ic can be replaced by � CW and Eq. (2)
reads as a useful, empirical constraint for the inchainJ 's

g� B H s + 4� CW = 2 jJ1j (1 � � ) : (4)

For a transverse and NN IC coupling, only, the C-phase
is missing. There is only one critical IC separating INC
1-magnons from 3-MBS. In this INC-phasehs reads

hs = 2 � � 1 + 0:125=� + N ic j ic : (5)

N ic =2 (4) for a 2D (3D) chain arrangement, respec-
tively. There Eq. (4) is replaced by g� B H s + 4� CW =
jJ1j [1 + 0:125=� ]. In the QP-phase for weak IC one has
g� B H s + 2� CW = jJ1j [� + 0 :5=(1 + � )] ; ( note the new
prefactor of 2 in front of � CW ). For Rb2Cu2Mo3O12,
another FM J1-J2 system, � � 0:29 together with un-
usually large J1 and J2 values J1 � � 600 K, as well as
H s � 11 T have been reported and analyzed within a
1D-model [27]. However, we argue that these data might
be heavily a�ected even by a weakJ ic and much smaller
J1 values could be realized. Adopting the validity of Eq.
(5), � = 0 :29, and J ic =5.7 K from 2 (4) NN at the NN
chains J1 � � 150 (� 300 K) follows.

To summarize, the crucial role of AFM interchain cou-
pling in frustrated quasi-1D systems, such as Li2CuO2,
for their behavior in external �elds and, particularly, the
strength of the saturation �eld has been demonstrated.
Extracting J ic for that compound from pulsed �eld data

we arrived at 9.25 K, very close to 9.04 K from a previous
INS study which con�rms the correctness of the adopted
spin model. It is worth to note that for extracting J ic

a saturation �eld study is highly advantageous over the
INS, due its smaller error bars, the possibility to work
with smaller single crystals and its much higher e�ciency
(concerning both time and costs). The high value ofH s

from two completely di�erent studies discards any 1D-
scenario. In the isotropic modelH s is independent on
J1 and J2 for a N�eel or spiral order of FM single chains.
The exotic multipolar phase diagram suggested by single
chain physics is very sensitive to the presence of IC in the
2D or 3D counter parts. In particular, it can be readily
eliminated by a weak AFM IC. The examination of other
CuO2-chain compounds is promising and in progress.
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