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Antiferromagnetically (AFM) coupled frustrated spin-1/2 chains in magnetic fields are studied by
the DMRG technique and spin wave theory. The exchange along the chains is described within the
J1-J2 Heisenberg model with ferromagnetic (FM) first neighbor and AFM second neighbor couplings.
The multipolar (MP) ground states especially for those related to 3-, 4- or higher magnon bound
states (MBS) are destroyed by a weak AFM interchain coupling (IC). Details are of less importance.
Based on band structure and empirical estimates for the IC we suggest that quantum spin nematics
might be found for LiVCuO4 whereas for Li(Na)Cu2O2 it is unlikely due to a relatively strong
IC. Similarly even for a much smaller IC from 3- or 4-MBS derived MP phases are for Li2ZrCuO4

unlikely, too. Here a saturation field of ≈ 13 T is predicted. It much exceeds the 1D value of 4.7 T.

I. INTRODUCTION

Quasi-one-dimensional (Q-1D) spin chain compounds
exhibit in addition to significant intrachain coupling al-
ways also an interchain coupling (IC). To understand
their physics, especially with respect to that suggested
by appropriate 1D-models for a single chain, the ques-
tion arises in which cases even a relatively weak IC is
still important or even crucial? The transition from 1D
to 2D or 3D is often non-trivial. Features found in
1D might not occur there. In particular, from quan-
tum mechanics it is well-known that bound or local-
ized states are strongly pronounced in 1D and more
rare in 2D or 3D. Here we address such a problem,
namely, the fate of multipolar states related to multi-
magnon bound states (MBS) especially at high exter-
nal magnetic fields. We consider frustrated edge-shared
cuprates formed by spin-1/2 CuO2 chains with ferromag-
netic (FM) nearest-neighbor (NN) and antiferromagnetic
(AFM) next-nearest-neighbor (NNN) exchange described
approximately by the isotropic J1-J2-Heisenberg model2.
Recently, this 1D-model and related compounds revealed
considerable interest3–16 due to a rich and exotic phase
diagram with multipolar phases (MP)17–19. Nowadays it
is the most popular model for edge-shared chain cuprates
(see e.g.6). Additional AFM couplings typically provided
by the IC enhance the kinetic energy of magnons. Hence,
such an AFM IC might disfavor the formation of low-
lying MBS. On the contrary, FM IC might stabilize such
MP or create even new MP states. A realistic exami-
nation of real quasi-1D systems to evaluate the chances
to detect remnants of the rich 1D physics, to find novel
states or unusual properties, and to compare with exper-
iments is of broad interest11–13,20–22.

II. COMPOUNDS AND TYPES OF
INTERCHAIN INTERACTION

Among edge-shared cuprates LiCu2O2, the isomor-
phic NaCu2O2, and LiVCuO4 (see Fig. 1; for compar-
ison the reference system Li2CuO2 is shown, too) have
been proposed to be candidates for quantum-spin nemat-
ics, i.e. quadrupolar phases derived from 2-MBS. Other
systems like Li2ZrCuO4

16 and Rb2Cu2Mo3O12 located
closer to the FM-spiral critical point might be regarded as
candidates for the triatic or quartic MP related to higher,
i.e. to 3- and 4-MBS. Besides the strength of the IC also
the influence of various topologies of the IC resulting from
different 3D arrangements of individual chains is of inter-
est. The main types of IC are depicted in Fig. 1. The
simplest case is given by unshifted neighboring chains
and a predominant perpendicular IC. In this situation
spirals on neigboring chains are only weakly affected by
an AFM IC11 (classically their pitch angle, i.e. the in-
commensurate (INC) magnetic structure along the chains
in the dipolar phase at ambient external fields remains
even unaffected). Hereafter, we call this IC the ’unfrus-
trated IC’. Even with four CuO2-chains per unit cell,
only an effective 2D chain arrangement is realized ap-
proximately for Li(Na)Cu2O2, where Jic ∼(0.5 to 1)J2 ∼
40 to 100 K25–27. A square lattice of unshifted chains, i.e.
a simple 3D case considered in Ref. 22 is not realized in
cuprates due to the anisotropic electronic (orbital) struc-
ture of the basic CuO4-plaquettes. Nevertheless, we will
refer to that academic case (but most frequently consid-
ered in the theoretical literature on quasi-1D systems)
to compare the theoretical methods and approximations
applied there with our approach (see Fig. 2). (Another
3D case is given by a triangular lattice of chains. It
occurs in hexagonal structures and it is also of less in-
terest for frustrated edge-shared cuprates.) A bit more
complex 3D case but with shifted neighboring chains is
realized for Li2CuO2(see Fig. 1). The strength of the
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resulting frustrating AFM IC has been found crucial for
preventing a spiral order in the 3D ground state12. For
that well-studied reference compound Hs ≈ 55.5 T has
been measured recently13. From this data, from inelastic
neutron scattering (INS) studies, and from recent band-
structure calculations the IC can be determined with high
accuracy12. As a result one arrives at 1 meV as the rel-
evant IC energy scale. This holds also for Li2ZrCuO4
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with buckled chains which show a reduced IC.
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FIG. 1: (Color) Crystal structure and exchange pattern of
chain cuprates discussed in the text. The main in- and inter-
chain exchange paths, J1,2, Jic, and J ′

ic are marked by arcs
and dashed lines, respectively. Upper: On the right a projec-
tion of half of the unit cell with two of four chains is shown.
The depicted planes with green and yellow Cu sites are con-
sidered as uncoupled in the present simplified analysis. Only
perpendicular (unfrustrated) IC in each plane is taken into
account. Middle: The main interaction in the basal plane
of unshifted chains. The IC for the first and second diagonal
(not shown) are frustrating in the sense of spirals as discussed
in the text. Lower: Projection of two NN shifted chains in
different (ab)-planes stacked along the c-axis. Here the frus-
trated interaction between these planes provides the leading
IC. The first diagonal IC J ′

ic is much weaker than the second
one Jic we take into account here, only (see also Ref. 12).

III. THEORETICAL METHODS

We used the density-matrix renormalization group
(DMRG) method23 with imposing periodic boundary
conditions (PBC) for all directions. In general, it is
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FIG. 2: (Color) The critical interchain coupling (IC) for the
3D case of a square lattice arrangment od chains with unfrus-
trated perpendicular renormalized IC j̃ic = NicJic ⊥/ | J1 |
vs. inchain frustration rate α = J2/J1, where Nic = 4 is the
number of nearest interchain neighbors in 3D. The correpond-
ing renormalized 2D case is rather similar apart from slightly
larger quantum fluctuation more pronounced in case of less
neigbors Nic = 2 (see also the remark in Fig. 3)
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known that this method is much less appropriate for
D > 1. However, spin systems with up to about√
n × √

n × L =
√
10 ×

√
10 × 50 sites can be studied

by taking a proper construction of the lattice block (See
Ref. 13). We kept m ≈ 800− 4000 density-matrix eigen-
states in the renormalization procedure. In fact, about
100 − 300 sweeps are necessary to obtain the GS en-
ergy within a convergence of 10−7J1 for each m value.
All calculated quantities were extrapolated to m → ∞
and the maximum error in the GS energy is estimated as
∆E/J1 ∼ 10−4, while the discarded weight is less than
1×10−6. Under the PBC, a uniform distribution of 〈Sz

i 〉
may give an indication to examine the accuracy of DMRG
calculations for spin systems. Typically, 〈Sz〉−Sz

tot/(nL)
is less than 1 × 10−3 in our calculations. Note that for
high-spin states [Sz

tot
>∼ (nL − 10)/2)] the GS energy

can be obtained with an accuracy of ∆E/J1 < 10−12 by
carrying out several thousands sweeps even with m ≈
100− 800. As a result, we obtain the reduced saturation
field hs ≡ gµBHs/|J1| with high accuracy. In addition to
DMRG we have also applied the linear spin wave theory
and the hard core boson approach10. The latter provides
exact results for the 2-MBS phases. Some qualitative
results for the reported magnetization curves have been
additionally checked applying the complete diagonaliza-
tion of finite chain systems. All methods do provide in
the regions of their validity practically coinciding results.
Some examples are given in Ref. 13.

IV. RESULTS

A. Unfrustrated interchain couling and unshifted
chains in 2D and 3D

We start with the simplest IC model of a 2D and the
simplest 3D ordering of chains within a square-lattice
arrangement of parallel chains with a single AFM per-
pendicular IC (called also ”unfrustrating” as explained
above), only. This model provides a reasonable 2D
approximation for Li(Na)Cu2O2 and the academic 3D
model case with four NN chains studied in Ref. 22 for
the latter. A typical curve for a point in the triatic 3-
MBS phase is shown in Fig. 3. One realizes that a rather
weak critical IC of the order of few percents will remove
the triatic phase in favor of the usual dipolar one becom-
ing a ”conic” or ”umbrella” phase in external magnetic
fields. The reduced saturation field hs for the INC phase
on the 1-magnon side is described by an exact expression
obtained within spin wave theory (SWT):

hs ≡ gµBHs/ | J1 |= 2α (1− 0.25/α)
2
+ j̃ic, (1)

where j̃ic = Nicjic and Nic=2 or 4 for a 2D and a square-
lattice chain arrangement, respectively. Using the Curie-
Weiss temperature ΘCW = −0.5 [J1 + J2 + 0.5NicJic]
which determines the high-T (T ≫ −J1, J2) spin sus-
ceptibility χ(T ) ∼ 1/(T −ΘCW), the IC entering Eq. (1)

can be eliminated. As a result in the INC dipolar phase
one obtains an expression convenient for the extraction
of J1 or α from Hs and ΘCW:

G(Jic) = gµBHs + 4ΘCW =| J1 | [1 + 1/(8α)] . (2)

Similar equations for G =| J1 | f(α) can be derived also
in other parameter regimes, where f is a relative simple
function affected by the type of the IC and the region
of the MP phase diagram. For instance in the cases of
Li2CuO2 and Ca2Y2Cu5O10 to be considered below ig-
noring NNN IC and long range inchain coupling such as
J3 and J4, we have simply f = 2(1 − α) (see Ref. 13, a
generalization to include these very weak couplings, too
is straightforward at the price of a more tedious f). Thus,
these equations for G connect properties affected by the
IC with single chain properties on the right hand. In most
case it is much easier to determine the latter theoretically
whereas the former can be measured experimentally.

The reduced form of θ = −2ΘCW/J1 provides a useful
constraints for the exchange parameters:

1 = α+ β + γ + θ + (D − 1)



jic,⊥ + 2
∑

f

jic,f



 , (3)

where in addition to α further reduced inchain and IC
quantities β = −J3/J1, γ = −J4/J1, jic,⊥ = −Jic,⊥/J1
and analogously for nonperpendiculiar ”frustrating” cou-
plings have been introduced. D = 3 stands for a
square-lattice chain arrangement. Applying Eq. (2) to
Li2ZrCuO4 we predict a saturation field Hs of about 13 T
using J1 = 273 K, α = 0.3 , and ΘCW = 93 K8. The
small 1D-value of Hs ≈ 4.5 T, only, clearly demonstrates
the importance of the IC in the vicinity of the FM-spiral
critical point where Hs → 0. The validity of Eq. (2) is
guaranteed by a twice as large IC jic ∼ 0.219 compared
with the critical value of 0.134 as deduced from Fig. 2.
Thus, we are clearly outside the regions of triatic and the
quartic phases and deep enough in the usual dipolar re-
gion. A similar 1-magnon picture holds for Li(Na)Cu2O2

where the critical IC coupling for a nematic phase is ex-
ceeded by a factor of 3. In fact, from the LDA derived
IC and J1 we estimate jic ≈ 0.7 well above 0.14 for the
critical IC coupling strength taken from Fig. 2 for α ≈ 1
for LiCu2O2

25. Similarly, using the empirical values for
NaCu2O2: ΘCW = −41 K taken from the 1/χ(T ) data
between 350 and 400 K, α = 1.9, J1 ≈ −47.5 K, and
ga = 2.0627, we predict a saturation field Hs of about
155 T. From Eq. (1) we estimate jic ∼ 0.2 which clearly
exceeds its critical value of about 0.12 (see Fig. 2). Using
instead Eq. (2) and adopting a weak J3 ≈5 K due to the
dominant J2 one estimates even 0.72 in accord with the
LDA estimate given in Ref. 25. The difference between
these estimates might be caused by the 1D approach used
in Ref. 8 to extract J1 and α in the presence of a sizable
IC.

The inspection of the inset of Fig. 2 shows that the
nematic 2-MBS phase region reaches a maximum as a

3
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FIG. 3: (Color) Magnetization vs. applied external field for a
2D arrangement of unshifted chains with a direct AFM IC as
modelled by four chains with N = 24 sites in each chain for
different strengths of the IC jic ≡ Jic/ | J1 | and an inchain
frustration α = 0.5 The criticaL value of jic at h = hs amounts
0.088 for D=3 and 0.094 for D = 2.

function of the inchain frustration ratio α = −J2/J1
at α ≈ 1.103. Noteworthy, its position and height
(≈ 0.071688) differs somewhat from the feature shown
in Fig. 6 of Ref. 22 : ≈ 0.62 and 0.057, respectively. We
ascribe these differences to the field theory approxima-
tions used there (exact in the limit α ≫ 1).

B. Shifted frustrated chains in 2D and 3D

Let us now turn to the case of shifted chains with
frustrated IC as in Li2CuO2 (see Figs. 1,4). If the IC is
strong enough, MBS are supressed and only 1-magnon
excitations survive at high fields. Then Hs reads

gµBHs = J̃ic + J̃ ′

ic
if Jic ≥ Jcr

ic,1, J̃ic = NicJic (4)

where Nic =8 denotes the number of interchain NN
sites. Eq. (4) is valid for jic(α) > (4α − 1)/9 ≡ jcr

ic,1

for j′
ic

= 0; jic(1/3) ≈ 0.03704. These parameters are
very close to those for Li2CuO2: neglecting the exchange
anisotropy, we obtained from INS data12: Jic ≈ 9.04K >
J cr

ic,1
(0.332) = −0.0364J1 ≈8.2 K for J ′

ic = 0. Then Hs

depends solely on the IC. It can be directly read off from
the extrapolated experimental value of Hs(T = 0)13. For
weaker IC hs depends also somewhat on the intrachain
parameter α. This has been clearly observed in our SWT
and DMRG calculations. The latter also suggest that in
this intermediate INC-phase above a second critical IC
jcr

ic,2
≈ 0.0109 only specific INC 1-magnon low-energy ex-

citations exist, see Fig. 4. Below jcr

ic,2
3-MBS are recovered

as low-energy excitations and only this narrow region is
1D-like. The commensurate (C) phase behaves like an or-
dinary 3D antiferromagnet despite its seemingly quasi-1D
nature. Finally, we note that for an unfrustrated AFM
IC, the C-phase is missing. There is only one critical IC
separating INC 1-magnon excitations from 3-MBS.

C. LiVCuO4

From Eq. (3) a constraint for LiVCuO4 follows. In-
deed, from 1/χ(T ) at 500 K ≤ T ≤ 650 K a small FM
value ΘCW = 7.4 K can be fitted from the data shown
in Ref. 28 in contrast with ”fits” employing the 300 K
region resulting in artificial AFM values of ∼ −25 to -
15 K29. Thus, θ ≤ 0.15 holds for −J1 ≥ 100 K and α
must be near 0.9±0.1 to get a weak IC. Thereby a weak
diagonal IC of ∼ -10 K more or less close to that reported
from INS data28 and a third neighbor inchain coupling
J3 =-5 K have been adopted. The values α ∼ 0.5 to
0.6 and J1 ≈ -180 K proposed in Ref. 16 are incompati-
ble with a weak IC. A weak IC is suggested also by the
weak magnetic moment at T = 0 due to strong quantum
fluctuations being three times smaler than for Li2CuO2

and Ca2Y2Cu5O10 with frustrating AFM IC. We con-
clude, that for α ≈ 0.9± 0.1 and −J1 ≈ 100 K nematics
could be observed in LiVCuO4. For a weak FM(AFM)
IC the saturation field can be estimated using a fit of the
numerically exact quasi 1D-solution10:

hs(α) ≈ h1D

s
(α) + j̃ic/2 + η(α)j2

ic
, (5)
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FIG. 4: (Color) 3D DMRG phase diagrams for frustrated IC .
The saturation field hs (given by contour lines) as a function
of the reduced normalized IC j̃ic and the inchain frustration
α. Lower(Upper): (un)shifted chains with ±3/2b (±b) IC.
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h1D

s
(α) = 2α

(

1− 0.25/α2 + 0.5/α
)

/(1 + 1/α), (6)

where η(α) ≈ 0.89 + 0.63084α for α ≤ 3. The result is
in accord with the data, if −J1 is close to 100 K. Indeed,
J1 = −98 K, α = 0.83, and g = 2.13 yield 55 T for
Jic,⊥ =8.8 K or 4.4 K expected for diagonal coupling to
the NNN of the adjacent chain in a 2D arrangement of
unshifted chains. For a FM IC of Jic,⊥ = −9.9 K or -
5 K for a diagonal coupling a J1 = 94.8 K can be found
from Eq. (5). More advanced studies including explicitly
the diagonal IC are necessary to refine all numbers. In
particular, the quantum effect of Jic on the pitch angle is
of interest. A systematic study of FM IC as well as of the
J1-J2-J3 inchain model is without the scope of our paper
and will be considered elsewhere. Now the challenging
point is to find other MP exotic phases beyond the 2-
magnon Bose condensation21 triggered by the additional
attractive FM IC.

V. SUMMARY AND CONCLUSIONS

To summarize, the crucial role of realistic AFM inter-
chain coupling in quasi-1D helimagnets has been demon-

strated. The rich and exotic physics of multipolar phases
recently predicted for single chains is very sensitive to the
strength of the IC. It can be readily eliminated by a weak
AFM IC especially for triatic, quartic, etc. phases. For
most CuO2 chain systems studied so far, except probably
LiVCuO4, where a nematic phase or some other exotic
phase might be expected, the AFM IC is too strong to
allow for multipolar phases. The examination of weak
FM IC as well as of anisotropy effects present in real
materials is under study.
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