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Abstract. Recently we have shown that the thin spectrum associated with the process of spon-
taneous symmetry breaking will lead to a maximum coherence time for many-particle solid state 
qubits [1, 2, 3]. In this paper we will discuss how the general mechanism of dephasing caused by 
a thin spectrum can be applied to the case of BCS superconductors. We will find that the BCS 
superconducting state is a state of broken global U(l ) symmetry, and that the thin spectrum as-
sociated with the breaking of this phase symmetry induces dephasing and decoherence within the 
fundamental timescale x = 27vNh/ksT. 
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INTRODUCTION 

Recently we have shown that spontaneous symmetry breaking imposes a fundamental 
limit for the time that a many-particle solid-state qubit can stay quantum coherent. This 
universal timescale is T = InNfi/ksT, where N is the number of constituent particles 
involved in the superposed state [1]. We have shown this timescale to be applicable to 
qubit systems based on crystals, antiferromagnets and even superconductors [2, 3]. In the 
case of superconducting qubits we have considered a local pairing, negative-C/ Hubbard 
model to describe the superconducting state [3]. The goal of this paper is to show that the 
result on decoherence in a superconductor does not depend on the specific model used. 
To do so, we will  consider the standard BCS model for superconductivity and show that 
it too has a thin spectrum which causes the dephasing of the computational states of a 
superconducting qubit and thus gives rise to the universal maximum coherence time T. 

The many-particle qubits that motivate us to study decoherence due to spontaneous 
symmetry breaking in superconductors are realized in a number of mesoscopic solid 
state systems. For instance, by engineering aluminum on a sub-micron length scale, su-
perconducting Cooper pair boxes can be manufactured. A Cooper pair box is a supercon-
ducting island, containing N ~ 108 electrons, which can be brought into a superposition 
of two states with a different number of Cooper pairs [4, 5]. 

THE BCS SUPERCONDUCTOR 

Previously we have shown that the presence of a thin spectrum leads to dephasing and 
decoherence in a local pairing model for superconductivity [3]. It could be argued that 
such a local pairing model is somewhat pathological, and not really representative of 
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real-life superconductors, even though from the point of view of symmetry the model 
is equivalent to a weak coupling model (because there is no phase transition which 
separates the two [6]). In this paper we will  therefore study the symmetry breaking and 
dephasing in a BCS description, and show that although the picture changes slightly, 
the underlying physics is exactly equivalent, and in fact gives rise to the exact same 
conclusions regarding the thin spectrum and the timescale on which decoherence will  set 
in. The draw-back of doing the calculation in the BCS description is that we cannot do it 
in a manifestly gauge invariant way, so that the role of the vector potential is obscured. 

After creating Cooper pairs, we arrive in the standard BCS theory at the effective 
Hamiltonian [7] 

H, BCS 
ãt 5 > [clck + clkc_k)-^Ukclc ãtãt 

c ,,c k'^V 
k^k' 

Here we have adopted the convention to write (£,|) as k and (Ñk,l)  as Ñk. The 
dispersion of the bare Fermi-sea is characterized by ek while Uk is the effective pairing 
interaction due to phonon exchange. Uk is non-zero and attractive only in a shell around 
the Fermi energy with a width of about the Debije energy. It is easy to see that extensivity 
of the model in fact requires Uk to be inversely proportional to the total number of 
electrons in the system. We will  therefore redefine the pairing potential as Uk = Vk/N, 
where N denotes the total number of electrons in the £-space shell in which Uk is non-
zero. 

By writing down the Hamiltonian (1) we have assumed that there is no external 
magnetic field and we have fixed the gauge to ensure that the electromagnetic vector 
potential vanishes everywhere (to include the full vector potential, we would have to 
let the phase of the hopping parameter depend on the gauge field, and change the 
Hamiltonian accordingly). Anderson showed that the BCS Hamiltonian in this form can 
be rewritten as a spin problem by introducing the pseudospins [7] 

si 1 'CkCk C-kC-k (1) 

In the subspace without any quasiparticles (i.e. nk = n_k V£), the Hamiltonian up to an 
overall constant becomes 

HBcs = -2^ekSl-^^(SlSi, 
k k^k' iV -W (2) 

Interpreted at face value, this Hamiltonian describes pseudo spins on a lattice which 
has position-label k. On this lattice, three different and independent regions can be 
identified. In the region k < kp Ñ  kp, (where kp is the Fermi wavenumber and kp, the 
Debije wavenumber) we know that the pairing potential vanishes and ek is negative, so 
that all pseudospins in that region will  point down, which corresponds to completely 
filled electronic states. In the region k> kp +ko the pairing potential is zero as well, 
but here ek will  be positive, causing all spins to point up, and all electronic states to be 
empty. In the shell of width kp, around kp a more interesting situation occurs. There Vk 

is nonzero (and approximately constant), while ek switches sign right at kp. The pseudo-
spin structure that one would classically expect in that region is that of a magnetic 
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domain wall: the pseudospins point up at one end of the region, then continuously fall 
over until they reach the xy plane exactly at kp, and then they continue on until they 
point down at the other end [7]. Electronically that structure corresponds to the BCS 

wavefunction\\k [uk + Vkc\J_k]  | vac) [8]. 
The Hamiltonian HBCs however is invariant under rotations around the z-axis, and 

thus the groundstate will  also obey this symmetry and have a completely delocalized 
projection of the pseudospins on the xy plane. To form a true domain wall, and thus 
the classical superconducting state, this U(l ) symmetry will  have to be spontaneously 
broken. 

FIGURE 1. A schematic representation of the region of width kn around kp. The vectors represent 
the pseudospins S. Spontaneous symmetry breaking causes the projections of the pseudospins in the 
horizontal plane perpendicular to the paper to align. 

Because the symmetry breaking will  only have an effect in the region around kp and 
because this region is fully decoupled from the other two regions of £-space, let's focus 
solely on that shell from now on, and define all sums over k to run from kp Ñ  kp, to 
kp +ko- In this region the pairing potential is approximately constant and thus we 
set Vt = V there. The collective dynamics of the system which govern the process of 
spontaneous symmetry breaking will  in fact only be described by the singular points of 
the Bogoliubov transformation which diagonalizes the Hamiltonian [2]. Because of the 
ferromagnetic sign, the collective model in this case consists of only the k = 0 part of 
equation (2): 

V 
Hcoll Ñ  Ñ  TT ¡tot ¡tot ¡tot¡tot (3) 

where Stot = X^S* and where we have neglected terms of order 1/iV2. We have also 
made a strong coupling approximation by setting etot = 0. Other approximations of 
Etot are possible, but it turns out that after some tedious mathematics these will  give 
the exact same form for the thin spectrum and the maximum coherence time as the 
simple approximation etot = 0. The eigenstates of the collective Hamiltonian are trivially 
found to be labeled by the total spin quantum number S and its z-projection M, while 
the corresponding energies are given by Ecou (5, M) = ÑV/N (S(S+l) ÑM 2). The thin 
spectrum in this case is labeled by M, and describes states with different total electron 
densities. The total spin excitations labeled by S on the other hand, are gapped with an 
energy ~ V. To break the xy-symmetry of Hcou we can add a symmetry breaking field 
ÑBSx

tot along for example the x-axis. After evaluating its matrix elements [2] and taking 
the continuum limit, Schrodinger's equation can be written as a harmonic oscillator 
equation 

-^^V(M,x) + ^(D2M2V(M,x) = vV(M,x), (4) 
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with a)2 = (2V) / (BNS) and v = 1 + (E (S,x) - Ecoll (S, 0)) / (BS). The symmetry broken 
wavefunctions \S,x) = JiM

yi'(M,x) \S,M) thus have energies 

E(S,x) = --S(S+l)-BS+[x+-)VVB\ Ñ.  (5) 

In the ground state S will  be maximal (i.e. N/2), and then the term ¡c NB in the 
energy signals spontaneous symmetry breaking: in the thermodynamic limit the system 
can gain an infinite amount of energy by aligning with an infinitesimally small symmetry 
breaking field [9]. 

DECOHERENCE 

The collective excitations that make up the (dual) thin spectrum on top of the symmetry 
broken ground state are labeled by x. Their energies are slightly influenced by the 
remaining collective quantum number S. If we were to use this superconductor as a 
qubit then we would have to use the states labelled by S as the computational states of 
the qubit system. After all, the thin spectrum states labelled by x are so sparse that they 
cannot be seen in experiment [2]. The total spin excitations in this model correspond 
to changing the total number of cooper pairs in the electronic Hamiltonian (1). The 
superposition state that we are describing should therefore be closely related to the 
superposition state that is experimentally realized in Cooper-pair box qubits [4, 5]. If we 
make a superposition of total spin states and trace away the unobservable thin spectrum, 
then the small shift in the thin spectrum's energy levels will  cause a dephasing of the 
computational states and subsequently the decoherence of the visible, reduced density 
matrix, in a manner completely analogous to the introduction of decoherence in a crystal, 
antiferromagnet or local pairing superconductor [1, 2, 3]: 

Pt=o = 

Pt>o = 

^ S^ £ ^ 0 ) [ |x , 0 ) + |x,l)][(x,0| + (x,l|] 
2Z 

^ S^ £ ^ ¡ ) [ |x ,0) ( x ,0| + |x,l )(x,l | 

+ e-i(E(x,0)-E(x,l))t i^ y ^ j | + hQ 

p?>to = -yÇJ£( j : ' 0 ) Ç" i ( £ ( x , 0 ) " £( j : ' 1 ) ) ( ( " ! t i ) / s. (6) 
Z x 

Here Z is the partition function at time t = 0, pt is the density matrix at time t, and pfD 

is the off diagonal element of the reduced density matrix which is obtained by tracing 
the full density matrix over the thin spectrum states. The resulting maximum coherence 
time of the superposition state within the BCS superconductor is given by the half-time 
of pfD, which turns out to be 

T = T ^ V , (7) 
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where N counts the number of states in the k space volume of ko around kp, which is 
proportional to the number of Cooper pairs in the superconducting condensate. Notice 
that we find the same universal form for the expression of the coherence time set by 
spontaneous symmetry breaking as in the case of the crystal, the antiferromagnet and 
the local pairing model for superconductivity [1, 2, 3]. 

If we substitute values for the temperature and number of Cooper pairs as they are 
used in modern day Cooper-pair box qubits [4, 5], then the resulting decoherence time T 
will  be of the order of 500 microseconds. Other sources of decoherence typically destroy 
superposition states in these qubits long before the limit set by the thin spectrum states 
is reached. However, with the current rapid advance of technology this new source of 
decoherence may become important within the near future. 

CONCLUSIONS. 

In this paper we have shown that the superconducting state of the BCS model is char-
acterized by a broken global U(l ) phase symmetry. We have described the process of 
spontaneous symmetry breaking and the associated thin spectrum in the BCS model for 
superconductivity. The presence of the thin spectrum states associated with spontaneous 
symmetry breaking in qubits based on superconducting material, will  lead to dephas-
ing and decoherence of these qubits within the time T = InNh/ksT, where N counts 
the number of Cooper pairs involved in the superposition. This timescale is universal 
in the sense that it does not depend in the underlying modelparameters. Its form coin-
cides precisely with that of the decoherence time induced by thin spectrum dynamics in 
antiferromagnets and quantum crystals. 

The maximum coherence time that we found here for superconducting devices should 
apply directly to experimental realizations of the so called Cooper pair box qubits, and 
thus give a maximum coherence time of the order of half a millisecond. The decoherence 
caused by the thin spectrum at the moment is much weaker than that caused by other 
sources, but it may well come within experimental reach within the near future. 
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