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Abstract

In this thesis, we theoretically consider a system of three quantum dots. A constant bias
voltage is applied via leads connected to the dots. The voltage is assumed to be large,
such that tunnelling of electrons between the dots and the leads is irreversible and thus
incoherent. Tunneling between the dots themselves is assumed to be reversible.

This setup shows an interesting behavior: an electron can become trapped in a coher-
ent superposition of charge on two of the dots. The trapping is caused by destructive
interference of single-electron tunneling between the dots.

In absence of decoherence, one of the electrons passing through the system will be-
come trapped and prevent further flow of current due to Coulomb blockade. In a more
realistic case, unavoidable coupling to external charges will cause decoherence which
will occasionally disrupt the trapped state thus allowing a certain current to flow.

We calculate the counting statistics of the number of transferred charges, finding a
crossover between three parameter regimes featuring sub-Poissonian, Poissonian, and
super-Poissonian noise. The physical origin of the system’s behavior in these regimes
is identified.

For example, in the limit of weak decoherence, on average one electron is transferred
through the device for each decoherence event. While some decoherence events tem-
porarily untrap the system causing a cascade of several electrons in quick succession,
others immediately cast the system back into the trapped state where it stays for a long
time on average. This results in “bunching” of electrons which manifests itself as super-
Poissonian statistics.
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1. Introduction

Noise is usually seen as an unwelcome disturbance of a signal. However, noise, that is
fluctuations of a measurement in time, can also present a precious source of information
not accessible via the time-averaged value of a measurement [2].

Not all kinds of noise are of equal interest. For example thermal noise, also known as
Johnson-Nyquist noise, depends only on temperature — information which is usually
more easily acquired in a different way. On the other hand, shot noise, that is noise due
to the granularity of charge, depends on properties of the underlying transport process.
Among other things, it can provide information about the effective unit of transferred
charge and correlations between charges.

In the last two decades of the 20th century, progress in microfabrication techniques
has incited interest in electronic transport in nanostructures, e.g. quantum dots (see
App.[A). The typical length scales in such devices are called mesoscopic: they are much
larger than the size of an atom, but small enough to allow quantum effects related to
wave coherence, e.g. interference.

One of these is coherent population trapping, originally a phenomenon from quan-
tum optics in which an atomic electron is trapped in a coherent superposition of orbital
states by laser illumination. It has been recognized as a useful and interesting concept
also in the electronic context [24, 6]. In a mesoscopic implementation, proposed by
Michaelis et al. [[18], the trapping occurs when an electron is coherently distributed over
two quantum dots, with a phase difference of 7 between the two components of the
wave function. Portions of the electron’s wave function leak from the two dots into a
third, where they interfere destructively: the electron cannot tunnel into the third dot.

Advances in experimental technique have allowed to measure not only the conduc-
tance but also the noise power in mesoscopic devices [7]. Going further, it has recently
become possible to measure the full counting statistics, i.e. the statistics of the number
of transferred charges in a given time interval. The first two moments of the count-
ing statistics give the mean current and the noise power, and higher moments further
specify the correlations between the tunneling electrons [5]. Measurement of the full
counting statistics of single-electron transport in a quantum dot has been reported very
recently [9) 10]. This development provides a motivation to investigate in this thesis
the counting statistics of coherent population trapping, going beyond the first moment
studied in Ref. [18]].

In Chap. [} the concepts of noise and full counting statistics are defined. The method
to obtain full counting statistics (due to Bagrets and Nazarov[l], and to Kiefslich et
al.[14]]) is derived. As an example, counting statistics of tunneling through a single
quantum dot is calculated. Chapter B specifies the device which implements coherent
population trapping and its theoretical description. In Chap. @ the full counting statis-



1. Introduction

tics for this device is calculated, revealing regimes of sub-Poissonian, Poissonian, and
super-Poissonian noise. The physical mechanisms leading to such differing statistics

are discussed.
Throughout this thesis we seth = 1.



2. Noise in mesoscopic systems

The objective of this chapter is to provide the tools for Chap. Bl and B First, noise
power and full counting statistics are introduced. Then the method (due to Bagrets and
Nazarov [1]], and to Kiefilich et al. [14]) to calculate the full counting statistics through
a system described by a Lindblad master equation [20), 8] (see App. [B) is introduced.
Finally, as an example, counting statistics of tunneling through a single quantum dot is
calculated.

2.1. Definition of current noise

Let us consider a time-dependent current I(t). We assume that all external influences

are stationary, such that the current’s statistics also does not change with time. In prac-

tice a stationary process will be also ergodic: an average, denoted by angular brackets

(---), can be seen equivalently as an ensemble average or an average over time.
During a time interval of duration T, the current I(t) transfers the charge

T

Q(T) —J dtI(t). (2.1)

0

The spectral noise power density is defined as the Fourier transformll

S(w) =2 Joo dre ' CTCy(T) (2.2)

—00

of the current-current autocorrelation function
Cri(t) = (8I(t + t)8I(t)) = <I(T FOIt) — <1>2>, (2.3)

where 0I(t) = I(t) — (I). The autocorrelation function does not depend on the amount
of global time shift t.
Now, we will show that the zero-frequency noise

S(O) :2JOO dTCH(T) (24)

—00

!Other definitions of noise, e.g. in Quantum optics, leave out the factor of 2.
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is equal to the variance of the transferred charge per time:

.
S(0) = lLim 2J dt Cy(7) (2.52)
T—o0 -T
o2 (T, T/
:TIEI;oTuO dt | . dt Cyy(7) (2.5b)
o (T T
= lim = | dt’| dtCult—1) (2.5¢)
Tooo | Jo Jo
. ) T / T . )
= lim | de| dr <1(T)1(¢ ) — (1) > (2.5d)
. 2 T / T / 2
= lim = <L dt L dt [I(T)I(T ) — (1) ] (2.5¢)
e 2 /02T 2
= lim Z(Q*M) - (Q(M)). (25

We can carry out the step leading to Expression .5D) because the autocorrelation func-
tion Cy;(7) is peaked around t = 0. In Expression (Z5d) we use Eq. Z3), shifting T’ into
the second factor.

2.2. Full counting statistics

The full counting statistics P(n) of a transport process is the statistics of the number of
charges transferred within a time interval of length t. Its raw moments <nk> are given

by
<nk> - i P(n)nk. (2.6)
n=0

As one is interested in stationary properties, one chooses for t a time much longer
than all characteristic times of the system responsible for the process, so that any non-
stationary initial behavior becomes negligible. Full counting statistics contains infor-
mation about all possible correlations and moments of charge transfer. For example,
mean current is given by the mean number of transferred charges

(1) = e<lt>, 2.7)

e being the unit of elementary charge. According to Eq. (Z3) zero-frequency-noise is
given by the variance of transferred charge,

2 (n?) — <n>2‘

S(0) = 2e "

(2.8)



2.3. Full counting statistics from Lindblad master equation

Equivalently, the cumulants Cy contain all information about the probability distri-
bution P(n). These are defined in terms of the cumulant generating function F(x),

e FX) =3 Pn)ex, (2.9)
n=0
as
Cx = _(_iax)kF(X”x:O- (2.10)

C1, Cy, C3, and Cy are, respectively, the mean, variance, asymmetry (“skewness”), and
kurtosis (“sharpness”) of P(n). Subsequent cumulants contain additional information
about the probability distribution. We obtain the average current (I) = eC;/t, and the
zero-frequency noise S(0) = 2e?Cy/t.

The dimensionless quantity o« = C»/Cj, called Fano factor, is a measure of electron-
electron correlations. For independent electrons the current fluctuations form a Pois-
son process. All cumulants are equal, and we have & = 1. A Fano factor smaller then
1 indicates negative correlations between electrons (anti-bunchingﬂ. Conversely, pos-
itive electron-electron correlations (bunching), lead to an increase of noise signalized
by a Fano factor larger then one. Depending on the Fano factor being smaller, equal,
or greater than unity, one speaks of a sub-Poissonian, Poissonian, or super-Poissonian
process, respectively.

One can also define “generalized Fano factors” C3/Cq, C4/Cy, ..., that quantify cor-
relations of higher order. As we will see, for the systems considered in this thesis, these
quantities tend to behave similarly to the Fano factor. Consequently, we will mainly
restrict ourselves to an analysis of the first two cumulants.

2.3. Full counting statistics from Lindblad master equation

The time evolution of an open quantum system interacting with a memory-less (i.e.
Markovian) environment can be expressed as a Lindblad master equation (see App.[B). In
this section it will be shown how to obtain the full counting statistics of a transport pro-
cess by modifying this scheme. In short this works as follows: We write the Lindblad
equation as dv/dt = My, collecting the elements of the density matrix in a vector v. We
multiply one or a few distinguished elements of M by counting factors e'X (or integer
powers thereof). The cumulant generating function is then given by the eigenvalue of
the modified M whose real part is closest to zero.

The analysis leading to Eq. (ZI8) is due to Izak Snyman of Lorentz Institute.

Consider a density matrix p describing the state of an open quantum system, and its
Lindblad form equation of motion (B.):

dp

1 1
0= —tH e+ ) (Lup(t)LL — S LLLup(t) - gp(t)LLLu> :
u

?In the case of extreme anti-bunching, subsequent electrons follow each other after equal time intervals
and the Fano factor vanishes.
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This can be expressed as

% = (—iH - %) p(t) + p(t) <iH — %) + % Lup(t)LI, (2.11)

where A =3 | LLLH. The quantum jump operators L, describe transitions in the sys-
tem induced by the environment. H is the Hamiltonian of the system in absence of
coupling to the environment. Let us transform p(t) to the interaction picture:

pr(t) = M3 tp(ryel -T2t (2.12a)
L (t) = e(MH2)t o(-H-2)t, (2.12b)
Note the different sign in front of 4 in the second exponential of both formula. Tak-
ing the time derivative of Eq. (Z12a) and using Eq. (ZI1)), one obtains the equation of

motion for pr:

d
== % Lu(tpr(tL] (1), (2.13)

This can be converted to an integral equation, subject to the boundary condition p;(0) =
po, and solved iteratively making use of the rule

t
o™ ) =po+ Y L drL (7)o} ™ (TIL, (1) (2.14)
o

to get

0 t t =
—po+) D Jd‘qJ dtz...J dtyLy, (t) ...
k=1 H1,..., Lk 0 0 0
- Ly (ti)poLfy, (t) ... LE, (1) (2.15)

Consider an initial density matrix pp = ) (1|, and investigate the probability

(@ p(t) 1) = (blelTH=2)tp (1)e(H=3 )t |¢) (2.16)

to find the system in state |¢p) at time t. An arbitrary k’th order term of the expansion
derived by inserting Eq. ZI5) into Eq. (Z.168) has the form

<Cb| e(—iH—%)(t—tl]Lule(—iH—%)(tl—tz]LH2 .

. . 2
LelTH= )t e(HH-S )ty Tdtydt, . dty,  (2.17)

with t; > t; > .-+ > ti > 0. It is natural to interpret this as the probability for the
following sequence of events: From time 0 to time ty the system evolves with H —iA /2
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as generator of time—translationﬁ At time ty the environment induces the transition
described by the operator L, . Between times ti and ty_; the system again evolves
subject to H—iA/2 up to t, and ends up in the state |}p). The total probability of finding
the system in the state |¢p) is the sum over the probabilities (as opposed to the square
of the modulus of the sum of amplitudes) of all such sequences of events. The k’th
order term in Eq. (ZI0) represents the sum over all sequences of events containing k
transitions induced by the environment. We see that quantities depending only on the
numbers of events are classical stochastic variables.

To be more specific, let us consider an electronic transport problem: A system is con-
nected to a left and a right lead. The coherent time evolution of the system is governed
by a Hamiltonian H. Interactions with the leads and the environment are modelled
by quantum jump operators L,,. For each operator we denote the number of electrons
transferred by a single event from the system into the right lead (or, equivalentlyﬂ, from
the left lead into the system) as 0,. For example, o, will have the value —1 for an event
transferring a single electron from the right lead into the system. If an event is not
related to transport between the system and the right lead, o,, will be zero.

In order to obtain the counting statistics, we now introduce the counting field x.
The counting field x and the number of transferred charges n are conjugate variables
connected by the Fourier transform (Z9). We replace the jump operators L,, in the
amplitude (¢|... 1)) of term @I7) by eX°:L,, without replacing the adjoint operators
LL in the amplitude (|...|¢d). As the result we get the old value, being the probability
of the sequence of events {uy, ti}, multiplied by a factor exn(imed)  where n({puy}) =
Y« Oy, is the number of electrons effectively transferred into the right lead by that
sequence of events. But Eqs. (Z15) and (Z.I7) with the modified L,, can be found as
solution of the modified Lindblad equation

A A .
o= (g e (-3 + P

Knowledge of py(t) gives us, by Eq. (Z9), the full counting statistics of the transfer
process for the time interval running from 0 to t:

e TX) — Z P(n)e™* = (e™X) = Tr[p, (t)]. (2.19)

n=0

As the final step in obtaining the full counting statistics, let us collect all unique coef-
ficients of the Hermitian matrix p, into a vector vy. Equation (ZI8) obtains the simple

3The term —iA/2 introduces decay. This is necessary in order to ensure proper normalization of py at all
times. The decay term can also be seen as reducing exponentially with time the probability of coherent
evolution as described by H.

4The number of electrons transfered from the left lead into the system and the number of electrons trans-
fered from the system into the right lead are equal up to the amount of electrons that can stay inside the
system, which is finite. The difference becomes negligible for the long times t which will be considered
in this analysis.



2. Noise in mesoscopic systems

form
dvy

- =My (t), (2.20)

where the matrix M, encodes the couplings between elements of v, (t) in accordance
with Eq. (ZI8). The formal solution of Eq. (Z20) can be written as

vy (t) = eMxty, (0). (2.21)
Equation @.19) becomes
o FOO) — Z vy ()], (2.22)
ieD

where (... ); denotes the i'th element of a vector, and D is the set of all elements of v
which were diagonal elements of p,. On our way to a useful expression for F(x), we
plug Eq. @Z1) into Eq. (Z22): and express vy (0) in terms of eigenvectors wy of M, with
eigenvalues Ay:

e FX) = Z <eMXth(O))i = Z (eMXt Zw1> = Z Z <e)‘1tw1)i. (2.23)
L i

ieD ieD L ieD

Defining the constants y; = ZieD [wil;, we can write:
e T = Z eMby. (2.24)
1

The real parts of all eigenvalues A have to be non-positive. Otherwise, for times t
going to infinity, the integral over the squared modulus of e~F(X) would not stay finite,
which would be in conflict with the finite norm of P(n) of which e~ F(X) is the Fourier
transform.

For the long times t under consideration, only the term of Eq. (24) contributes
whose eigenvalue A has the smallest absolute real part. Thus we obtain

F(X) = _7\mint —In Ymin,
where Anin denotes the eigenvalue of M, which vanishes for x = 0, and ymin is the

corresponding constant y;. As we are only interested in derivatives of F(x) the constant
term In ymin plays no role and can be omitted:

F(X) = —Amint (2.25)

As a final remark, we see from Eq. (Z9) that due to conservation of probability, F(0)
and thus also Apinly—o vanish for all times t.



2.4. Example: transport through a single quantum dot
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Figure 2.1.: A single quantum dot connected to a source and a drain reservoir. Irre-
versible transitions (rates I, and ) are indicated by arrows.

2.4. Example: transport through a single quantum dot

As a simple example we calculate the full counting statistics of transport through a sin-
gle quantum dot connected to two reservoirs (leads), as depicted schematically in Fig.
EZ1l In the limit of large bias voltage, which we consider here, electron tunneling from
the source reservoir into the dot and from the dot into the drain reservoir is irreversible.
We assume that a single level in the dot lies within range of the bias voltage, and that,
because of Coulomb blockade, at most a single electron can occupy the dot. The set of
basis states, therefore, consists of the states |0), and [1), in which the dot is, respectively,
empty, and occupied by one electron.

The time evolution of the system’s density matrix p is given by the Lindblad master
equation (BJ). As there is no internal dynamics, the Hamiltonian H vanishes. The
quantum jump operators

L =M1 (0, Lr=+/TrI0) (1]

model irreversible tunneling into and out of the dot, with the rates I, and IR, respec-
tively.

Having specified the evolution of the system in terms of a Lindblad master equation,
we can proceed to calculate the full counting statistics along the lines of section
Let us count the electrons moving from the system into the right lead, i.e. o = 0, and
or = 1. We have:

A=) TiL, =TLI0) {0+ Tr 1) (1. (2.26)
n

Now we can write down the modified Lindblad master equation @.I8):

dox _ TLI0) 01+ Tr (1) (1|p . M. [0) (O] + Tr [1) (1]

dt 2 ?< X 2
+ T [1) (0 py [0) (1] + eXTr [0) (1] py I1) (Ol

_ ( eXTR(px)11 = TLlpxdoo  —5(ML + TR)(Px)on > (2.27)
—LM+ R px)0 Tulpy)oo — Trlpy) / '
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We see that if we choose a diagonal initial state pp, the non-diagonal elements of p,, will
remain zero. Therefore, it is sufficient to collect the diagonal elements of p, into v,:

(WM)
= . 2.28
Vx ( (P )11 (2.28)
The time evolution of v, follows from Eq. @Z7) as

de N - —FL eiXFR

=M M= (TR (229)

M, has two eigenvalues,

_ L —Tr =% \/(FL — FR)Z + 4eiXFLFR
— 5 ,
of which the one with a plus-sign in front of the square root has a real value closer to
zero. Thus, by Eq. (ZZ5)), we obtain the cumulant generating function

L +TrR— \/(FL —TR)? + 4elXTy )
5 .
The final step is to evaluate the derivatives of F(x) at x = 0. This yields the cumulants

according to Eq. I0):

Ao (2.30)

F(X) = —Amint =t (2.31)

M.k R +T3)
L+ o (L+TRP
(We do not display the expressions for subsequent cumulants, because they get increas-
ingly lengthy and decreasingly informative. See Fig. though.) In analogy to the
current flowing through two resistors with resistances I}~ land Iy 1'in series, we find
the mean current to be

Ci=t (2.32)

Cq IR
I)=e— = , 2.33
< > € t erL + TR ( )
For the Fano factor we obtain
C M2+ T3
——=<__L R 2.34
* Ci (lL+TR)? @34

Figure 22 is a plot of normalized average current (I) /el[x = C1/Irt, Fano factor, and
the “generalized Fano factors” C3/C; and C4/C; as a function of the ratio of tunnel
rates I /Tr. We see that Poissonian statistics is approached for strongly asymmetric
coupling, with sub-Poissonian statistics in between. Higher order cumulants behave
similarly to the Fano factor. The mechanism behind the anti-bunching observed for
1, ~ IR is easily explained: as the dot can hold only one electron (Coulomb blockade),
it takes some time to fill the vacant dot after an electron has left. This queuing effect
breaks down when the rates differ vastly, leading to Poisson statistics.

It will be interesting to note for the analysis done in Section that in the special
case [, — 2I', TR — I'/3 we get:

2 37

H=Ze a=7. (2.35)

10



2.4. Example: transport through a single quantum dot

108

I'L/Twr

Figure 2.2.: Four dimensionless quantities derived from the first four cumulants of
transport in a single one-level quantum dot, plotted as a function of the
ratio of tunnel rates I, /Tr. C1/Trt is the normalized average current, C»/Cy
the Fano factor. C3/Cy and C4/C; are “generalized Fano factors” quanti-
fying, respectively, the “skewness” and the “sharpness” of the probability
distribution P(n) of the number of transferred charges.
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3. Device

In this chapter, an all-electronic implementation of coherent population trapping in
quantum dots (proposed by Michaelis et al. [18]) is introduced. A modified Lindblad
master equation (see Sec. 3) is derived which will allow to calculate the full counting
statistics. For a short introduction to quantum dots see App.[Al

3.1. Setup and model

The system is depicted schematically in Fig. Bl It consists of three tunnel-coupled
quantum dots connected to two electron reservoirs (leads). In the limit of large bias
voltage, which we consider here, electron tunneling from the source reservoir into the
dots and from the dots into the drain reservoir is irreversible. We assume that a single
level in each dot lies within range of the bias voltage. We also assume that due to
Coulomb blockade there can be at most one electron in total in the three dots. The basis
states, therefore, consist of the state |0) in which all dots are empty, and the states |A),
IB), and |C) in which a single electron occupies one of the dots.

The time evolution of the density matrix p for the system is given by the Lindblad-
type master equation,

dp .
at = —i[H, p] + Z (LHPLL - %LLLHP - %pLLLu)' (3-1)
u=A,B,C,dba, b5, dc
which is an instance of Eq. (B.J).
The Hamiltonian

H =TI|C) (A| + T|C) (B| + H.c. (3.2)

is responsible for reversible tunneling between the dots, with tunnel rate T, which we
assume to be positiveﬂ. For simplicity, we assume that the three energy levels in dots
A, B, and C are degenerate and that the two tunnel rates from A to C and from B to C
are the same.

The quantum jump operators

model irreversible tunneling out of and into the reservoirs, with a rate I' (which we
again take the same for each dot). Finally, the quantum jump operators

Loy = VTo IX) (XI, X=A,B,C, (3.4)

!When T is an arbitrary complex number, we can make it positive by absorbing its phase into |C).

13
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Figure 3.1.: Three quantum dots connected to a source and a drain reservoir. Reversible
transitions (rate T) and irreversible transitions (rate I') are indicated by ar-
rows.

model decoherence due to charge noise with a rate I'y,. It is reasonable to model de-
coherence in this way by projecting onto the dot-states |A), [B), and |C), because de-
coherence is caused by external charges measuring the location of the electron in the
system.

As a basis for the the density matrix we use the four states

le1) =2712(|A) + [B)),
le2) =271/2(|A) — [B)),
le3) =IC), les) =10). (3.5)

Now the Hamiltonian can also be written as
H = V2T|C) (e| + H.c,, (3.6)

and we see that |e;) is the trapped state.

3.2. Modified Lindblad master equation

In order to extract the full counting statistics, we have to modify the Lindblad master
equation by introducing counting factors e’X°+ according to the method of Sec. We
wish to arrive at an instance of Eq. @ZI)). The procedure is the same as in the first part
of Sec.Z4

We are free to choose whether to count incoming or outgoing electrons. To keep
things simple, let us count electrons leaving dot C for the right lead. Consequently,
the counting factors associated with all jump operators are 1, with the exception of the
counting factor of Lc which is eX. The only term in the modified master equation
containing a counting factor will be therefore

eXLepy (t)LE = Te'X[0) (Cl py (1) [C) (0] (3.7)

14



3.2. Modified Lindblad master equation

If the initial state is |0) (0], most of the coefficients of p, will remain zero. We collect
the five non-zero variables in a vector

vy = (o), ox)22, (0 )5, (o s Im (9 i) 9

whose time evolution follows from Eq. ZI8) as

—Tp/2 Tg/2 0 ro-2327
dv Fp/2 —Te/2 0 r 0
d—tX:MXvX, M, = 0 0 -r 0 23/27 . (39
0 0 reix —or 0

2121 0 =2V2T 0 —T/2-Ty

The eigenvalue of M, whose real part is closest to zero will yield the cumulant gener-
ating function.

15
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4. Solution and results

In this chapter, mesoscopic transport in the system introduced in Chap. @ is analyzed.
A perturbative approach is employed to obtain the first four cumulants of the statistics
of the number of transferred charges. A discussion follows in which parameter regimes
characterized by Poissonian, sub-Poissonian, and super-Poissonian noise are identified.
In the final section, the behavior of the system at limits typical for the different regimes
is examined in detail.

4.1. Analytic solution

4.1.1. Perturbative approach

To obtain the cumulant generating function F(x) by Eq. (ZZ5)), we seek the eigenvalue
Amin of My (as defined in Eq. (B9)) whose real part is closest to zero. Unfortunately,
M, is a 5 x 5 matrix with complex coefficients, making a direct calculation impossible.
However, setting x = 0, it is possible to find an exact expression for the eigenvector
Wminly—o. This is the stationary solution of the unmodified master equation. As the
stationary solution is invariable in time, the corresponding eigenvalue Aminly—o must
vanish.

In the following we will denote the rate matrix My by M, its smallest eigenvalue Amin
by A, and the corresponding eigenvector win by w.

To calculate cumulants up to C, by Eq. (10), it is sufficient to know the cumulant
generating function to n’th order in x. The wanted eigenvalue A of the rate matrix M
has the expansion

A=A+ MXFAXE+ -, 4.1)

where A\g = Aminly—0 = 0. We also express the eigenvector w and the matrix itself in a
power series in x:

w=wo+wix+wax’+ -, (4.2)
M = Mg+ Mix +Mp2+---. (4.3)

Inserting the above expansions into the eigenvalue equation M = Aw yields the follow-
ing relationships of respective order zero, one, two, and so on:

M()Wo = 0, (44a)
Miwg + Mowy = Aiwy, (4.4b)
Mowg + Miwq + Mowy = Aawg + Aqwy, (4.40)
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4. Solution and results

The coefficients My are known, while wy and Ay remain to be found by solving these
equations sequentially, starting with the known wy = wpinly—o. The cumulants then
follow from Eq. @I0) as

Ci=—ith;, Co=-2thy, ---. (4.5)
For completeness we provide the exact stationary solution:

(M 4 2Ty, +8T2) /2P
(T2 +2TTy, + 8T2Ty, + 8T2T/Ty,) /2B
wo = 4T2/B , (4.6)
2T2%/B
V2TT/B

where
B =T2+14T% + 21Ty (1 +2T%/T5).

4.1.2. Average current

By following the procedure just outlined we find (in agreement with Ref. [18]) the av-
erage current
(I) = Cre = 4eTT/B, (4.7)

shown in Fig. LTl As one might surmise, (I) is equal to the occupation probability of dot
C (third component of wy, see Eq. @&8)) multiplied by I'. The average current reaches
its maximum value

V14T
max — — < =€ (48)
7+ 2V7
for I' = /14T and Iy, = v/2T.
4.1.3. Fano factor
Calculating the successing cumulant we obtain the Fano factor
oa=Cy/Cq
_ T+ 148T* + 2Ty, (16T + 212) (1 + 2T2/T3) + 412 (T5 + 4T% +12T4/T3) 19)

B2
At the point of maximum average current, the Fano factor assumes the slightly sub-
Poissonian value (127 + 44v/7) /(154 4 561/7) ~ 0.806.

In Fig. the Fano factor is shown as a function of I';, /T and I'/T. Additionally, three
cuts through Fig. B 2lat constant I'/T have been plotted in Fig. The plots clearly show
three parameter regimes in which the Fano factor assumes a largely constant value. A
region of super-Poissonian (« > 1) noise appears in the limit of weak decoherence, sub-
Poissonian («x < 1) noise in the limit of slow dot-reservoir tunneling, and Poissonian

18



4.1. Analytic solution

104 r T T T T
L 4 0.35
) 0.3
102 — — 0.25
0.2
r 7 0.15
&~ L ) | 0.1
S 0.05
L e} | 0
1072 — |
104 o« Lo Lo
107 1072 1 102 104
Ly/T

Figure 4.1.: Normalized average current ((I) /elg = C1/Irt) as a function of normalized
decoherence rate 'y, /T and normalized reservoir-dot tunnel rate I'/T.

(o« = 1) noise both in the limit of strong decoherence as well as fast dot-reservoir tun-
neling. Two “rims” in which the Fano factor assumes a low value separate the realm
of sub-Poissonian noise from the other two domains. Physical explanations for all four
limiting cases will be presented at the end of this chapter. We have no simple physical
picture for the appearance of the rims.

4.1.4. Higher cumulants

We have also calculated exact (and very lengthy) expressions for C3 and Cy4, and could,
in principle, continue further. However, as can be seen from Fig. £4] showing “gener-
alized Fano factors” C3/C; and C4/Cy, no qualitatively new features appear.

19



4. Solution and results

Ly/T Ly/T

Figure 4.2.: Fano factor « as a function of normalized decoherence rate I',/T and nor-
malized reservoir-dot tunnel rate I'/T. The gray-scale-scheme used to pro-
duce the right plot was chosen to make fine differences in the value of «
visible more easily.

Figure 4.3.: Dependence of Fano factor « on normalized decoherence rate 'y, /T for three
values of T'/T.
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4.1. Analytic solution

C3/Cy

1074 1072 1 102 10*
Ty/T

Ca/Ch

1074 102 1 102 10*
r,/T

Figure 4.4.: “Generalized Fano factors” as a function of normalized decoherence rate
I'p/T and normalized reservoir-dot tunnel rate I'/T. C3/Cy, plotted at the
top, characterizes asymmetry (“skewness”). C4/Cy, plotted at the bottom,
characterizes kurtosis (“sharpness”). In the center, C4/C; reaches slightly
negative (~ —0.02) values. However, no qualitatively new features appear
compared with the Fano factor C,/C; plotted in Fig. B3
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4. Solution and results
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Figure 4.5.: Tunneling of electrons after a single decoherence event in the limit of weak
decoherence.

4.2. Limits

4.2.1. Weak decoherence
For decoherence rate I';, < T', T, we have the limiting behavior

(I)=ely +0(Tg), a=3-Ty (1—r7+%> o(r3). (4.10)

Hence one charge is transferred on average per decoherence event, but the Fano factor
is three times the value for independent charge transfers.

There exists a simple physical explanation of this behavior. For zero decoherence the

system becomes trapped in the state |e;). If decoherence is weak, we expect the system

to be almost always trapped. Indeed, we see from the limiting behavior of the stationary

solution .4),

r 1 r s o To Ty |
wo = KW + F) e, 1— (W + ﬁ> T, %’, 2—";, % +0I3), (411
that the system is trapped, up to a correction of order I'y.

We propose to think of the system being untrapped by “decoherence events”, which
occur randomly at the rate Iy, according to Poisson statistics. If I'y, is sufficiently small,
there is enough time for the system to decay into the trapped state between two sub-
sequent events, so they can be viewed as independent. The super-Poissonian statistics
appears because a single decoherence event can trigger the transfer of more than a sin-
gle charge.

The probability of n electrons being transferred in total as a consequence of one de-

coherence event is .

1 —
RY(n) = PREs

(4.12)
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4.2. Limits

since a decoherence event projects the trapped state |e;) onto itself or onto |e;) with
equal probabilities 1/2 and each electron subsequently entering the dots has a 50%
chance of getting trapped in the state |e;) (see Fig. E5).

The number of electrons which have been transferred due to exactly k decoherence
events has distribution R*(n), the (k — 1)th convolution of R!(n) with itself. We get
(defining ny =n — Z]f;ll )

n  mn ng2 k
REmy=3 > - > JIrR(M
n1=0mn,=0 ng_1=01i=1
1 n n Ny-2
a2 D ML) M

Tl1:0 TIZIO le,1:0
1 n+k—1
- < h > (4.13)

Note that ("**71) = ("*1) is the number of ways n electron transfers can be dis-

tributed among k decoherence events. By definition,

1 n=20
RO(M) = 8pp = { 0 for >0 (4.14)

being the distribution of the transferred charges after no decoherence events have oc-
curred.
The decoherence events in a time t have a Poisson distribution,

PPoisson(k) = eitrd) (trd) )k/k!- (415)

Combining with Eq. @I3), we find the probability that n electrons have been trans-
ferred during a time t,

P(n) = ) Pboisson (k)R*(n)
k=0

= e o (M, )k <n +k—1

om-+kl n ) + eitr¢5n,o~ (4.16)

k=1

The corresponding cumulant generating function is

tly
F(x) =tlg — o’ (4.17)
which gives rise to the cumulants
Ci = tF¢, Cp = 3tF¢, (4.18)

in agreement with Eq. @I0).
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4. Solution and results

The probability distribution @.I7) has been found by Belzig in a different model [4].
As shown in that paper, this superposition of Poisson distributions with Fano factor 3
arises generically whenever there are two transport channels with very different trans-
port rates (in our case slow transport via the trapped state |e;), and fast transport via
the untrapped state [eq)).

4.2.2. Weak dot-reservoir coupling

For decoherence rate I' < Ty, T, we find

2 37 (18 36
I)=Zelr+0(M?), a=>"— b 4 0(r2). 4.19
(D) =7l +0M), a=7 (343T2+343F¢> +0(r) (4.19)
The stationary solution @8 is in this limit
2 (3l 4
7t (98T2 B 49r¢> :
2 (3, 10
7t <W * 9—¢> :
2 (2T 4 2
wo=1 2_ r|+or?), 4.20
7 <49T2 * 49r¢> e (.20
1 (Te 2 r
7 \49T2 " 497,
r
72T

showing that up to a correction of order T', the system stays in a mixed state, in which
the three dots are equally populated with probabilities 2/7. This is the consequence of
the system being mixed by dot-dot-couplings and by decoherence at a rate much faster
then the rate of entering and leaving the system.

In this limit, the three-dot system behaves like a single dot, connected to the left
lead via a coupling 2I' (as there are two channels leading into the system), and to the
right lead via a coupling I'/3 (as the electron is spread equally across the three dots).

Compare Eq. @35).

4.2.3. Strong decoherence

In the limit Iy, > T, T, we get

T2 1 6T> 1
oy 12 my 12

The stationary solution ([.6) becomes

1 31 1 31 21 T2 T\ 1
L L O(=). 4.2
W2 T, 2 T AT, Ty Ty Var, ) (=) (4.22)

24



4.2. Limits

We see that, up to corrections of order Fq: 2 the system resides in an incoherent super-
position of states |e;) and |e>), or (equivalently) states |A) and |B).

The mechanism behind this behavior is the quantum Zeno effect (see App.[): De-
coherence measures the electron’s location at the very high rate I'y,, continuously pro-
jecting the state of the system onto the basis states |[A), |B), and |C). This effectively
weakens the tunnel couplings between the dots. As a consequence, the left dots are
constantly filled, while the right dot is almost empty.

Occasionally, an electron will “escape” into the right dot and into the drain reser-
voir. This events occur independently leading to Poisson statistics, because a new elec-
tron will enter the left dots very quickly after the “escape”. There is neither a queuing
mechanism (as in the symmetrically coupled single dot, see Sec. Z4) nor a memory of
previous events (as in the limit of weak decoherence) to create correlations between
electrons.

4.2.4. Strong dot-reservoir coupling

Results for the limit I' > T, T, also indicate Poisson statistics:

2
<I>:4€TT+O(%), oc:1+(‘)(%). (4.23)

The limiting behavior of the stationary solution .6,

5+ =—,0,0, 0(=5), 4.24
2 T, 2 TTy ) o) (424

<1 212 1 212 \/§T>T 1
Wy = e

shows that the system stays, up to corrections of order ' 2, in an incoherent superpo-
sition of states |e;) and |ez), or (equivalently) states |A) and |B). This is easily compre-
hended, as the strong coupling between the source reservoir and the left dots keeps
filling them up, while the strong coupling between the right dot and the drain reservoir
depletes the right dot.

In this picture, however, it seems paradoxal that (I) depends inversely on I'. Why
should dot-reservoir tunneling at a yet higher rate inhibit the current? Again quantum
Zeno effect is the culprit: the right lead acts as a broadband detector constantly probing
whether dot C is occupied or not. This effectively lowers the dot-dot couplings which
are already the bottleneck of transport in this case.

The argument for the appearance of Poisson statistics is the same as for strong deco-
herence in Sec.
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4. Solution and results
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A. Quantum dots

Quantum dots [[16] are nanoelectronic devices which confine electrons or holes in all
three dimensions. This results in a quantized energy spectrum earning quantum dots
the nickname “artificial atoms”. It is today possible to confine a few or even single
electrons in quantum dots [[15]. First fabricated in the 1970s [23], quantum dots are now
routinely manufactured lithographically on semiconducting substrates.

Typically, in a quantum dot charges are first confined in one dimension in a so-called
heterostructure, which is composed of layers of dissimilar semiconductor material (of-
ten GaAs/AlGaAs). The 2-dimensional electron gas thus created is further electrostat-
ically confined in the remaining two dimensions by metallic gates placed on top of the
heterostructure. The shape of the gates and the voltage applied determine the electro-
static potential felt by the electron gas. Fig. [Al displays two micrographs of double
quantum dots. A system of three quantum dots, as described in Chap. B could be
realized in a similar way.
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A. Quantum dots

(a) Atomic force microscope im- (b) Scanning electron microscope image

age of a double quantum dot. of a double quantum dot. The dots are

Reproduced with kind permis- indicated by filled circles, the quantum

sion of Dr. L. M. K. Vander- point contacts by arrows. Reproduced

sypen, TU Delft. with kind permission of Dr. S. Ludwig,
LMU Miinchen.

Figure A.1.: Micrographs of two pairs of tunnel-coupled quantum dots with quantum
point contacts (QPCs) on both sides. The current through the QPCs is
modulated by the state of the dots thus allowing to measure their state.
The GaAs/AlGaAs heterostructure (dark background), which contains the
two-dimensional electron gas, and the lithographically patterned gates
(light foreground) are clearly visible.
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B. Lindblad master equation

In 1976, Lindblad presented [17] an differential equation describing the time evolution
of an open quantum system, the Lindblad master equation. An quite exact derivation and
further references can be found in the lecture notes by Preskill [22], and in the books by
Nielsen and Chuang [21], and Le Bellac [3].

To derive the Lindblad equation, one considers the unitary evolution of the closed
supersystem consisting of the system and its environment. One makes the Markov ap-
proximation that the environment is memory-less (This approximation is reasonable for
a very big environment whose disturbance by the system can be neglected.) and traces-
out the environment degrees of freedom. Finally, one arrives at an equation describing
the non-unitary time evolution of the system’s density matrix p:

do _

dt 2

. 1 1
—iH,p(t]+ Y (Lup(t)LL — SLLLuplt) - —p(t)LLLu> , (1)
w
where H is the Hamiltonian of the system and L, are non-hermitian quantum jump
operators which describe the possible interactions of the system with the environment.
A possible transition, induced by the environment at the rate I', for the system to jump
from state |0) to state |1) is modelled by the jump operator

Lo = V1) (0. (B.2)

Notice that in the absence of jump operators Eq. (BI) becomes the quantum Liouville
equation, the equation describing the time evolution of the density matrix of a closed
system.
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B. Lindblad master equation
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C. Quantum Zeno effect

Zeno of Elea, a Greek philosopher who lived during the fifth century BC, devised a a
set of famous paradoxes [11]. In one of his problems, Zeno claims that movement is
not possible. He argues that because an object is precisely localized at a certain instant,
it does not move at that instant. But time is just a collection of instants, he continues,
and therefore the object is always at rest. In kinematics this “paradox” is resolved by
infinitesimal calculus.

In 1977, Misra and Sudarshan proposed a quantum version of Zeno’s paradox [19] in
which a quantum system is held in a certain state by measurements executed in quick
succession. On the level of basic quantum mechanics this so called quantum Zeno effect
is not paradoxal at all and can be understood as follows.

Consider a two level system

H=TI0)(1+T) (O, T>0, (C.1)

for example two tunnel-coupled quantum dots holding a single electron. Suppose we
start out with the system in state |0). The probability to measure the system being in
state |0) after a short time T is

p(t) =[(0le ™7 |0) * = (C.2)

2 00 (—TT)ZmZ
_‘T;) (2m)!

= cos?(Tr). (C.3)

Hence the probability to find the system in state |0) after a time t during which we
execute N regularly spaced measurements is cos?™ (Tt/N). As N approaches infinity,

0s?™N (Tt/N) approaches 1. If we perform the measurements sufficiently densely, the
system always stays in state |0).

The question remains if it is possible to execute measurements sufficiently quickly
for the Zeno effect to appear. An experimental demonstration was reported in 1990 by
Itano [13]. Whether this experiment indeed displays the quantum Zeno effect remains
a matter of intense debate [[12]].

The quantum Zeno effect can be also modelled with a Lindblad master equation (see
App.B). Consider the same system as above. We model the repeated measurements
with the quantum jump operator L = +/T'|0) (0|. The density matrix evolves according
to

dp _ . f_ 1y I S
Fre i[H, p(t)] + Lp(t)L 2L Lp(t) zp(t)L L
_ ( —2TIm(po1) iT(poo — p11) — T'po1/2 ) (C.4)
iT(p11 — poo) — MP10/2 2T Im(po1) ‘ '
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C. Quantum Zeno effect

We see that tunneling between the states |0) and |1) is mediated by the imaginary part
of the non-diagonal elements of p. But these decay at the rate I'/2 under the influence of
repeated measurements L. By increasing I', a p which starts out as either |0) (0] or [1) (1]
can be kept in that state for an arbitrary long time.
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