Solutions for Assignment 2

3. Weak coupling: spin density wave

(a)The substitution is easy. Since
Nt = Opp + 00y, np| = O] + 00y (1)
the interaction term in the Hamiltonian reads
U naney =U D 010 | + 04400x + 6041 Oy + 604100y
r r
=U Z Or10r| + Oy (ne] — Or)) + (npt — Opp)Oy| + higher order in fluctuation
r
~U Y Oppngy + Opnep — OOy (2)
r

because operators of up and down spin commute.

(b)Using the transformation given in the exercise, we have
Ort =1p + 5, Op) =0 — Q4 (3)
and the substitution into Eq.(2) dictates, for the interaction part of the Hamiltonian
U [n(neg +ney) = Qi (nag = ney) = (0)* + ()] (4)
r

where we used [n,, QZ] = 0.

(c) In terms of the A and B sublattices, the Hamiltonian can be rewritten

R =3 clperron +U Y [ — Qneg + (7 + Qngy — (72— 2)(7 + Q)]

réo reA
+U D (A4 Qng + (2 — Qngy — (2 + Q) (0 — Q)]
reB
= tZCIaCF-HSU + Z [EAanT +€aNy| — lEATGAl:| + Z [EBanT + €| ny| — lGBTeBl
réo 7 rcA U reB v

(5)
where we have introduced eq; = U(n—Q),e4; = U(n+Q),epr = U(n+Q) and eg| = U(n—Q). We
notice that this is just a Hamiltonian for electrons on sublattices A and B with spin-dependent on-

site energies €4 po, just like a tight-binding model; the on-site repulsion which will be disregarded.



FIG. 2: The Brillouin Zone(filled square) of the checkboard lattice.

In the case of half-filling, the condition n., + ny5 = 1 is fulfilled, then the above Hamiltonian
describes the situation of one orbital per site. The unit cell contains one A atom and one B
atom. As depicted in Fig. 1, the Bravais lattice can be built up by two vectors R; = (1,1) and
R, = (—1,1). The reciprocal lattice (Q;)is defined as Q; - Rj = 2md;;, which gives

11 11
Q=27 <§7§>7 Q2 = 2m <—§7§> . (6)

The Brillouin Zone is depicted in Fig.2, which is the same shape as the Bravais lattice in the real

space. Considering the hopping between the nearest neighbors, as in Fig.3 then the Hamiltonian

oW

FIG. 3: Nearest neighbor jumping from the surrounding B sites to A site.



in the real space reads,

1
=1 Z CAMCBH&; + Z Z €AcTro — EEATEAl)

reAdo

1
+1 Z CBraCAI'+5U +Z ZEBgan - EEBTEBl) . (7)

reBéo
where we have dropped some constant terms like €4(p) ,€4(B),5 /U and the lattice constant is taken
as a = 1. Now the Fourier transformations to transfer the operators from the real space into
k-space(within the first Brillouin zone), i.e.,

CA(B Z ekre T Blko' CAB)ro = Ze_ik'rCA(B),k,a ; (8)
X

gives for the hopping term ) ch »CBr+8c

ir-(k—k') i85k’
ZCTAI-UCBI'-{-JO' = Z C:[quCBk-i—éaezr( et (9)
réo rkk/do
_ T id-k
= Z CAkchk—Hsael ) (10)
kdo

and similar for the other one, where we used > €% = §(k). Now we define a function (k) as

1 .
==Y ek, (11)
o o

Here 2 is the coordination number, number of nearest neighbours, which is equal to 4 in our case.

For two dimensions, § takes the values {(1,0);(0,1);(—1,0);(0,—1)} and we find
4y(k) = (€= e~ =) 4 (e'fv 4 e7 ™) = 2 cos ky + 2cos ky, (12)

The Fourier transformations of the potential terms just turn r’s into k’s. Substitution of the

above into the Hamiltonian gives

H = Z [215 cos kg + cos ky) (cAk +CBk,o + cjrgk o CAK, g> + EAUCZk’UCAk,U + eBUcEchBkJ]

ko
€A1 4ty (k) 0 0 CAK]
4ty (k) €B1 0 0 CBk1
_ T T T
= Z(CAkT7 CBk1 €Ak CBK| (13)
ko 0 0 ea div(k) CAk|
0 0 4t’}/(k) EBl CBkL

Noticing that these two blocks have identical eigenvalues, we can calculate from the characteristic

polynomial

(ear —w)(epr — w) — 16t*y(k)* = 0 (14)



FIG. 4: Band structure for 2 = 0 and U2 small. In the latter case a gap opens up, with the Fermi surface
exactly in the middle.

to derive two dispersion relations (using es; + epy = 2Un and eqrep = U?n? — U%0?)

2
Lt farteBr | \/(GAT +ep)® earenn + 16129(K)?

ko2 4
=Un+ \/U2(22 + 4t (cos kg + cos ky)? . (15)
For 2 =0,
wlf = Un + 2t| cos k; + cosk,|* . (16)

For half-filling, the Fermi surface lies half-way the extrema, and is nested (see Fig. 4), i.e. it
coincides with the boundary of the Brillouin Zone everywhere. For {2 small but finite, a gap opens
everywhere. The lower band is completely filled, while the upper band is totally empty (at least
at T =0).

When = 0, the distinction between the A- and B-lattices (and corresponding Hamiltonian
terms) vanishes. We might as well just consider the lattice as one, leaving a tight-binding model
with square-lattice potential. In this case, the cells of the Bravais lattice become twice as small,
each containing just one lattice site, so that the area of the Brillouin Zone (~ 27”) is doubled. To
compare the two approaches, the first Brillouin Zone of the single-band model corresponds to the
first and second Brillouin Zones of the staggered model.

To obtain the band structure of the staggered model from that of the single-band model, one

'folds’ the band at the zone boudaries (of the staggerd model) inward. This happens automatically



in the repeated zone scheme.

(d)At half-filling, the low-lying energy band should be filled up while the other is empty, then

the classical energy is

E@,0) =~ 3 wp (1,9) + U@ — ) (17)
keBZ

where the last term can be regarded as potential energy, which was dropped in obtaining the

Hamiltonian (3.8). To minimize the classical energy, we have the saddle-point equations

0E(n, ) _ 1 g
" 9 — — Q
on v+ N 5, on "k (7, ©2)
0E(n,Q) 1 Z 9 .
keBZ

According to the dispersion relation and 0F/0n = 0, we immediately obtain (1 —2n)U = 0 and
since U finite, 2n = 1. Because we have already assumed that the charge density is uniform, which
means on every site the charge density is the same, i.e., 2n. At half-filling, we should certainly

expect 2n = 1 without doing any calculations. As to the equation concerning €2, the derivative is

0 _ U2Q (19)
o = — :
o0k VU?Q2 + 4t2(cos ky, + cos ky)?

Making use of the identity cosk, + cosk, = 200s(k””;rky)cos(k””;ky) and taking into account the
Jacobian for transforming integration variables from k to h,,), which is |0k;/Oh;| = 2, we shall
have

9 w/2 w/2 1
0= dhy dh, \/ . (20)
™ Jo 0 1+ ( 4t

2
T Cos h, cos hy)

The transformation of the sum to the integral over h goes like

1 1 2 ) /2 /2
N = A%k —/ d?h = —/ dh, dhy
N keBZ VBz keViz VBz heVi, VBz —/2 /2
8 " dh " dh 21
o2 /0 @ /0 vy (21)

where the last mapping holds because the cosines are symmetric in 0, and V§}, denotes the rescaled
Brillouin Zone.
(e)At the strong coupling limit U > ¢, the Eq.(20) reads

9 w/2 w/2 8t2
O~ — dh, / dh, [1 cos? hy cos? hy
0
2

72 J, U2

= % (1 - 2@) . (22)



Now try the solution Q = % — a[%, which leads to a = 4 (this was stated wrongly to be 2 in the

assignment).

Filling this in in the classical energy per site

1
E,Q) =+ Y w(7,9) + U@ - ?) (23)
keBZ
at the saddle point gives
1 1 t?

Eln==-,0==-|=—-4— 24
(n 3 2) . (24)
This already holds for the zeroth order () ~ %, and requires some more work for the next order.

The prefactor 4 is again the coordination number of the square lattice. Then the total classical

energy at saddle point is given by

2
0= 1) - —4N% . (25)

Since we limit ourselves to the configuration with the order parameter S = (0,0,1/2) for site A

and S = (0,0,—1/2) for site B, in the Heisenberg model, the first term

I 1
J> S Sips=—4ANJ x 1 (26)
ré

where 4 accounts for the number of nearest neighbors and IV is the total number of sites. The last

term in Heisenberg model
Iy L (27)
4
ré
In total, the Heisenberg Hamiltonian reduces to

L 1 t2
Iy <S,r Sy — Z) — —2NJ =—4Ng (28)
ré

which is the same as the classical energy at the saddle point in the large U limit.

(f)The average value of cos h, over [0,7/2] is given by

w/2 9
< hy >= (g)—l/o dhy coshy =~ . (29)

Now we expand cos h, around the Fermi surface h, = § introducing h), = h, — 7, i.e.,

cos hy ~ —h, . (30)



Equation (20) is then modified as

1 [h 1 Q [
O~ —/ ’ dh, 5 = (é—tarcsinh <8[j_|h(02|>
0 T
O 1+ (galh)
which implies

8t|hy|

=0 32
U sinh (%) (32)

At limit ¢t/U > 1 one expects an exponential decay of the Neel order parameter

16t|h!
O~ %e—% , (33)

which is still finite at large t/U.

(g)*In the present case only the nearest neighbors are counted, we see that the Fermi-surface
coincides with the Brillouin zone boundary, and along everywhere on the Fermi-surface a gap
opens for finite US). If we include the next-nearest-neighbor hopping, the Fermi-surface will more
spherical than the case with only nearest neighbor hopping. As a consequence of such geometry,
such Fermi-surface intersects with Brillouin zone only at certain points. Recall the saddle point

equation for Neel order parameter

2 w/2 w/2 1
0= dhy dh, \/ : (34)
™ Jo 0 1+ ( 4t

2
T Cos h, cos hy)

or its equivalence reads

1 9 w/2 w/2 1
=== / dh, / dh,, : (35)
™ Jo 0 \/U292 + (4t cos hy cos hy)?

which implies a finite €2 for every finite U. When the next-nearest-neighbors are counted even for

Q = 0, the integral could still be finite, but for infinitesimal U there is no condensation. So, for

spin-ordering to occur, we need sufficiently large U.



