Quantum Theory

Assignment 3

Assignment 3.1

1. Consider a spin-1/2 system in a magnetic field in the z-direction. The Hamiltonian is given by:

H:—<§>Szzwsz.

mc

a) Find the Heisenberg operators S,(t), S,(t), and S, (). Let us compute S,(t). In this case:

U(t) = exp (—iwszt) .

The Heisenberg equation of motion for S, (t) is:
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where we used
[S.(t), H] = [U'S.u, H]
= U'SUH — HU'S.U
= U'S,HU —U'HS.U
= U'[S., H]U,
since [H,U] = [H,U'] = 0. Using that [S;, S;] = i€;jxhSk, we obtain for S, and S,,:
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and ot wS,(t). Therefore, we also have
d2S,(¢)
d;JQ = _w25y<t) )

whose solution is
Sy(t) = Acos(wt) + Bsin(wt),

with A and B operators. Let us determine A and B:

Sy(0)=S5,=A4
d%’t(t) = w9, (t) = —wAsin(wt) + wB cos(wt)
= d%;t) =wS,(0) =wS, =wB

Finally, we have

Sy(t) = Sy cos(wt) + S, sin(wt)
Sz(t) = Sz cos(wt) — S, sin(wt)
S.(t) = S..

b) The system is in the Heisenberg state |z, £):
h
Sy |z, £) = :|:§ |z, ) .

The expectation values of S, = S,(0), S, = 5,(0), S, = S.(0) are:
(x, £| Sy |z, £) = (x,£]| S, |z, £) =0
h

(x, £| Sy |z, £) = ii .

Using S, (t), Sy(t), S.(t) obtained in (a):
h
(x, £]| S(t) |z, £) = iE cos(wt)
(@, £] Sy(t) |z, £) = j:g sin(wt)
(o, 4] S.(8) |, ) = 0.
c) Find the Heisenberg basis ket |z, £;t), corresponding to |z, +) at t=0.
2, %5t) = U |z, %)
w 1
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d) Compute |(z, +;t|z, £)|°.

(2, £ tle, £)[°

e) Compute |(z, F;t|z, £)|°.

(@, F |z, £) |
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|e—iwt/2 + eiwt/2|2
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= \2cos(wt/2)|
= cos? (wt/2)
= %(1—!—008(@5)) :
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|—2i sin (wt/2)]?
= sin? (wt/2)
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_ %(1 ~ cos(wt)) .

f) Calculate the Heisenberg basis kets |y, ;).

h
We have S, |y, £) = j:§ ly, £) and |y, +) =

|y,

Compute the probabilities

[y, 5t £)|°

[y, Fs tla, £)I°

+t) = Uy,

7 (|[4) £i|-)). Therefore,
>

= o t/h\f<r+> +i|-))

= i eiwt/2 je—iwt/2

= 75 P+ )
= i | (72 (+] F ie™/2 (—|) (|+) £ |—>)}2
= l}e*iwtﬂ ze""tm’
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%(1 + sin(wt))
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}e 'Lwt/2+,lezwt/2‘

(1 — sin(wt)) .
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3 Problem 2

We want to calculate the time dependent momentum space wavefunction

¢a(pt) = (playt) . (24)

We do this by first noticing that, using the associativity of Dirac products,
it is
wla,t) = | (U(t) |a,t = 0)) = (p|U(2)) |a,t =0) . (25)

We can think we have switched to the Heisenberg representation, where the
base kets |p, t) are time dependent.
For a free particle moving in one dimension we have

- 2
U(t)=cxp{-’llﬂt}=t-xp{—-;-l-£-’;!} : (26)

so that

Ip. t)y = cxp{z-if‘%t} In,t =0) = exp {g;"%t} s . (27)

Inserting this into (24) we have

1p?

¢n(f’:t) = CXp {“mt} (Plult - 0) ' (28}

with (pla,t = 0) given by formula (1.7.42) in the text. We finally write,
assuming k = 0,

d iy pPd
$a(p.t) = rﬁﬂp{—mf-w} , (29)

We now proceed to determine ((Az)?), using our result (29). The position
operator in the momentuin space representation reads

G

I = lha—p . (3“]






