
Quantum Theory

Assignment 3

Assignment 3.1

1. Consider a spin-1/2 system in a magnetic field in the z-direction. The Hamiltonian is given by:

H = −
(

eB

mc

)
Sz = ωSz .

a) Find the Heisenberg operators Sx(t), Sy(t), and Sz(t). Let us compute Sz(t). In this case:

U(t) = exp

(
−i

ωSz

~
t

)
.

The Heisenberg equation of motion for Sz(t) is:

dSz(t)

dt
=

1

i~
[Sz(t), H]

=
1

i~
U †[Sz, H]U

=
ω

i~
U †[Sz, Sz]U = 0

⇒ Sz(t) = Sz(0) = Sz ,

where we used

[Sz(t), H] = [U †SzU , H]

= U †SzUH −HU †SzU
= U †SzHU − U †HSzU
= U †[Sz, H]U ,

since [H,U ] = [H,U †] = 0. Using that [Si, Sj] = iεijk~Sk, we obtain for Sx and Sy:

dSx(t)

dt
=

1

i~
[Sx(t), H]

=
1

i~
U †[Sx, H]U

=
ω

i~
U †[Sx, Sz]U

= −ω Sy(t)



and
dSy(t)

dt
= ωSx(t). Therefore, we also have

d2Sy(t)

dt2
= −ω2Sy(t) ,

whose solution is

Sy(t) = A cos(ωt) + B sin(ωt) ,

with A and B operators. Let us determine A and B:

Sy(0) = Sy = A

dSy(t)

dt
= ωSx(t) = −ωA sin(ωt) + ωB cos(ωt)

⇒ dSy(t)

dt

∣∣∣∣
t=0

= ωSx(0) = ωSx = ωB .

Finally, we have

Sy(t) = Sy cos(ωt) + Sx sin(ωt)

Sx(t) = Sx cos(ωt)− Sy sin(ωt)

Sz(t) = Sz .

b) The system is in the Heisenberg state |x,±〉:

Sx |x,±〉 = ±~
2
|x,±〉 .

The expectation values of Sx = Sx(0), Sy = Sy(0), Sz = Sz(0) are:

〈x,±|Sy |x,±〉 = 〈x,±|Sz |x,±〉 = 0

〈x,±|Sx |x,±〉 = ±~
2

.

Using Sx(t), Sy(t), Sz(t) obtained in (a):

〈x,±|Sx(t) |x,±〉 = ±~
2

cos(ωt)

〈x,±|Sy(t) |x,±〉 = ±~
2

sin(ωt)

〈x,±|Sz(t) |x,±〉 = 0 .

c) Find the Heisenberg basis ket |x,±; t〉, corresponding to |x,±〉 at t=0.

|x,±; t〉 = U † |x,±〉
= eiωSzt/~ 1√

2
(|+〉 ± |−〉)

=
1√
2

(
eiωt/2 |+〉 ± e−iωt/2 |−〉) .



d) Compute |〈x,±; t|x,±〉|2.

|〈x,±; t|x,±〉|2 =
1

4

∣∣(e−iωt/2 〈+| ± eiωt/2 〈−|) (|+〉 ± |−〉)
∣∣2

=
1

4

∣∣e−iωt/2 + eiωt/2
∣∣2

=
1

4
|2 cos (ωt/2)|2

= cos2 (ωt/2)

=
1

2
(1 + cos(ωt)) .

e) Compute |〈x,∓; t|x,±〉|2.

|〈x,∓; t|x,±〉|2 =
1

4

∣∣(e−iωt/2 〈+| ∓ eiωt/2 〈−|) (|+〉 ± |−〉)
∣∣2

=
1

4

∣∣e−iωt/2 − eiωt/2
∣∣2

=
1

4
|−2i sin (ωt/2)|2

= sin2 (ωt/2)

=
1

2
(1− cos(ωt)) .

f) Calculate the Heisenberg basis kets |y,±; t〉.

We have Sy |y,±〉 = ±~
2
|y,±〉 and |y,±〉 =

1√
2

(|+〉 ± i |−〉). Therefore,

|y,±; t〉 = U † |y,±〉
= eiωSzt/~ 1√

2
(|+〉 ± i |−〉)

=
1√
2

(
eiωt/2 |+〉 ± ie−iωt/2 |−〉)

Compute the probabilities

|〈y,±; t|x,±〉|2 =
1

4

∣∣(e−iωt/2 〈+| ∓ ieiωt/2 〈−|) (|+〉 ± |−〉)
∣∣2

=
1

4

∣∣e−iωt/2 − ieiωt/2
∣∣2

=
1

2
(1 + sin(ωt))

|〈y,∓; t|x,±〉|2 =
1

4

∣∣e−iωt/2 + ieiωt/2
∣∣2

=
1

2
(1− sin(ωt)) .






