
Index to Problems1. Violation of 
ausality in 1 + 1 dimensions 1112. Casimir e�e
t 1113. Euler-Lagrange equation 1134. Creation and annihilation operators 1135. Real and 
omplex �elds 1146. Commutation relations and 
ausality 1157. Feynman rules for a 
lassi
al �eld 1168. Photon propagator 1169. Coulomb gauge and temporal gauge 11710. Preparation for the path integral 11711. Path integral for a free parti
le 11812. Massive ve
tor �elds 11913. Perturbative approa
h to the path integral 12014. Combinatorial fa
tors 12115. Quantum 
orre
tions 12116. Legendre transformation and 
lassi
al limit 12317. Feynman rules for 
omplex �elds 12518. Elementary s
alar pro
esses 12619. Lorentz transformation for spinor 12720. Lorentz algebra vs. su(2)�su(2) 12721. 
 algebra 12822. Majorana and Weyl fermions 12923. Dira
 equation 13024. Canoni
al formalism for spinors 13125. Anti
ommuting variables 13226. One loop Feynman diagrams 13327. Compton s
attering for pions 13328. Elementary fermioni
 pro
esses 13429. e�e+ 
ollisions in QED 13430. Weak intera
tion in the standard model 13531. Gauge �elds 13632. Dira
 equation with gauge �elds 13733. Linear sigma model 13834. Higgs me
hanism 13835. Higgs e�e
t and ghosts 13936. Elektroweak intera
tions in the standard model 14037. LEP experiment 14138. 1 loop 
al
ulation with s
alar �elds 14239. Va
uum polarisation and Pauli-Villars regularisation 14340. Beta de
ay of the neutron 146
110



1. Violation of 
ausality in 1 + 1 dimensionsIn the le
ture notes it is shown that in 3 + 1 dimensions the Hamiltonian H =pm2
4 + ~p2
2, where ~p = �i�h~r, gives rise to violation of 
ausality. In this exer
isewe will 
on
lude that this is not a spe
ial property of this dimension, by 
onsideringthe 1 + 1 dimensional 
ase.a. Give the exa
t plane wave solutions of S
hr�odinger's equation for the HamiltonianH = pm2
4 + p2
4.b. Let  0(x; t) be the solution of S
hr�odinger's equation with initial 
ondition  0(x; 0) =Æ(x). It follows that  (x; t) = R dyf(y) 0(x� y; t) is also a solution (for whi
h initial
ondition?). Therefore it is suÆ
ient to study the time evolution of  0.Fourier expand  0(x; t) and rewrite this expression as 0(x; t) = i
��tK0(z); with K0(z) = Z 10 dy 
os(z sinh(y)); z2 = m2
2�h2 (x2 � 
2t2):(K0 is a modi�ed Bessel fun
tion, when
e the above expression 
an be rewritten interms of ordinary Bessel fun
tions. See for example Abromowitz & Stegun's hand-book for details.)
. Show that for m 6= 0 the solution violates 
ausality.d. Prove that Re( 0) = ( 0+ �0)=2 respe
ts 
ausality, but does not satisfy S
hr�odinger'sequation. Show that  �0 is a solution of the time inverted S
hr�odinger equation, orequivalently S
hr�odinger's equation with opposite (negative) Hamiltonian.Prove that both  0 and  �0 satisfy the Klein-Gordon equation, and that Re( 0) isthe unique solution that respe
ts 
ausality.2. Casimir e�e
tIn quantum �eld theory the va
uum energy depends on the spatial volume. In thele
ture notes it has been derived that a free s
alar massless �eld whi
h is spatially
ontained between two in�nite parallel planes with separation x, has an energy perunit area E(x) = 12(2��h
)2 1Xm=1 Z d2ksk2 + (��h
mx )2:This expression is divergent, but 
an be made �nite in a sensible way by subtra
tionof a 
orresponding sli
e in in�nite volume, i.e. without boundary 
onditions in the xdire
tion. An alternative way of getting rid of the unphysi
al in�nite part, is so-
alleddimensional regularisation. The above integral (the sum will be atta
ked analogouslylater) falls into a 
lass of integrals that is parametrised by (a.o.) the dimension. Themethod then 
onsists of 
omputing the 
onvergent integrals within this 
lass, andrede�ne the divergent ones by analyti
 
ontinuation (in the set of parameters) of the
onvergent out
omes.For the 
ase at hand the following 
lass of integrals is usefulIn;�;�(�) � Z dnk k2�(k2 + �2)� (n 2 IN; �; � 2 lC; �2 > 0):111



For 2Re(���)+n < 0 this is 
onvergent (and analyti
). For n = 2; � = 0; � = �1=2it redu
es to the integral in E(x). Assume for the time being that 2Re(���)+n < 0.a. Change to spheri
al 
oordinates and deriveIn;�;�(�) = �B(1; 12)B(32 ; 12) � � �B(n� 12 ; 12)B(�+ n2 ; �� �� n2 )�n+2��2�;where B is the so-
alled beta fun
tion:B(x; y) � 2 Z 10 dt t2x�1(1 + t2)�x�y:b. Let the gamma fun
tion be de�ned as�(x) = Z 10 dt tx�1e�t (Re(x) > 0):Show that �(x+ 1) = x�(x) and �(1=2) = p�. Also proveB(x; y) = �(x)�(y)�(x + y) :
. Now write In;�;�(�) in terms of gamma fun
tions. Note that �(x) 
an be 
ontinuedanalyti
ally to Re(x) � 0 using �(x + 1) = x�(x). Therefore we 
an also 
ontinue Ianalyti
ally to parameter values for whi
h the original integral was divergent. Alsonoti
e that the dimension n 
an now be given arbitrary 
omplex values withoutdiÆ
ulties. Show that after having done these regularisations we obtainE(x) = E2(x); En(x) = p��h
 1Xm=1(p�m2x )n+1�(�(n+ 1)=2)�(�1=2) :d. Only the summation over m remains to be regularised. De�ne the zeta fun
tion�(x) = 1Xm=1m�x (Re(x) > 1):For x = �3 this 
oin
ides with the relevant divergent summation. Like for theintegrals, we would like to repla
e this expression by the analyti
 
ontinuation of�(x)jRe(x)>1 to Re(x) � 1. This 
ontinuation satis�es�(1� n) = (�1)n+1Bnn ; n 2 IN; (1)where Bn are the Bernouilli numbers:1Xn=0Bn tnn! � tet � 1 :Derive eq. (1) by expanding t=(et � 1) in e�t, and e�t in t (be 
areful with the t0term).Hint: introdu
e new parameters that enable 
hange of summation order. In the end
ontinue ba
k to the relevant parameter values.Finally 
ompute the fully regularised energy per area E(x) and pressure F (x) =�dE(x)=dx. Given the Bernouilli number B4 = �1=30, evaluate this pressure forx = 1�m. 112



3. Euler-Lagrange equationLet �(x) = �(~x; t) be a 
omplex s
alar �eld with a
tion fun
tional S = R d4xL(x). Lis the so-
alled Lagrange density (the Lagrangian is L(t) = R d3~xL(~x; t)):L(x) = ����(x)���(x)�m2��(x)�(x);with metri
 g�� = diag(1;�1;�1;�1) and units su
h that �h = 1, 
 = 1.a. Prove by variational 
al
ulus the Euler-Lagrange equation (equation of motion)ÆSÆ�(x) = �� ÆSÆ(���(x)) and show that this gives the Klein-Gordon equation.b. Given the energy-momentum tensorT��(x) = ����(x)���(x) + ����(x)���(x)� g��L(x);show that ��T �� = 0.
. Given the 
urrent densityJ�(x) = i(��(x)���(x)� (����(x))�(x));show that ��J�(x) = 0.d. Prove that the total energy E, momentum Pi and 
harge Q, given by E(t) =R d3~xT00(~x; t), Pi(t) = R d3~xT0i(~x; t) and Q(t) = R d3~xJ0(~x; t), are 
onserved.4. Creation and annihilation operatorsWe start from operators p and q satisfying 
anoni
al 
ommutation relations [p; q℄ =�i�h. De�ne a = 1p2�h! (!q + ip); ay = 1p2�h! (!q � ip); N = aya:a. Show that [a; ay℄ = 1. Also 
al
ulate the 
ommutators [a;N ℄, [ay; N ℄ and [(ay)n; N ℄.b. De�ne jni by N jni = njni, hnjni = 1. Show thatajni = 
�n jn� 1i ; ayjni = 
+n jn+ 1i ; jni = 
n(ay)nj0i:Compute 
�n , 
+n , 
n and show that they 
an be 
hosen real.Given an algebra of operators and 
ommutation relations, we mean by the asso
i-ated Hilbert spa
e the (smallest) Hilbert spa
e that may be used to in
orporate thealgebra. What is the asso
iated Hilbert spa
e in the present 
ase?
. Derive a matrix representation for the operators a, ay and N .d. Now 
onsider operators with anti
ommutation relationsfbr; bysg = Ær;s; fbr; bsg = fbyr; bysg = 0;where fX; Y g � XY + Y X. What is the 
orresponding Hilbert spa
e?De�ne Nr = byrbr. What are the possible eigenvalues of Nr? Constru
t a matrixrepresentation for the operators br, byr and Nr. Why is the algebra generated by brand byr, with the above anti
ommutation relations, suitable for des
ribing fermions?Prove that ex
hanging br and byr 
an be des
ribed by a unitary transformation.113



e. The BCS theory of super
ondu
tivity uses the following operators that des
ribe an-nihilation and 
reation of ele
tron pairs.
~k = b�~k#b~k"; 
y~k = by~k"by�~k#:Prove that [
~k; 
~k0 ℄ = [
y~k; 
y~k0 ℄ = 0 and 
al
ulate [
~k; 
y~k0 ℄. Also determine the Hilbertspa
e and the a
tion of the operators on this Hilbert spa
e. Would you 
all theele
tron pairs fermions or rather bosons?5. Real and 
omplex �eldsLet us 
onsider a real s
alar �eld '(x) and a HamiltonianH = Z d3~xf12�2(x) + 12(�i'(x))2 + 12m2'2(x)g;where �(x) = �t'(x) is the 
anoni
al momentum. For quantisation we postulate thefollowing 
ommutators at some time t, say t = 0. (Argue brie
y why these relationsare 
ompatible with 
ausality.)[�(x); �(y)℄ jx0=y0=0= ['(x); '(y)℄ jx0=y0=0= 0; [�(x); '(y)℄ jx0=y0=0= �iÆ3(~x� ~y):Write the Fourier de
omposition of '(x) as follows:'(x) = 1(2�)3 Z d3~k 1p2k0 (a(~k)e�ikx + ay(~k)eikx);where kx = k0t� ~k � ~x and k0 = +q~k2 +m2.Remark: '(~x; t) is the Heisenberg representation of '(~x; 0). This 
an be veri�edexpli
itly at the end of part d.a. Give the Fourier de
omposition of �(x). Why 
an we (formally) set �(~x; x0 = 0) =�i�=�'(~x; x0 = 0)?b. Derive the 
ommutation relations for a(~k) and ay(~k).
. What is the asso
iated Hilbert spa
e?d. Write the Hamiltonian H in terms of the o

upation number (density) operatorsN(~k) = ay(~k)a(~k). Note that H is time independent.It is impossible to de�ne a total 
harge Q for a real �eld '(x) (in a nontrivial way).Basi
ally this is be
ause a real �eld des
ribes parti
les that are their own antiparti
les.Therefore let us introdu
e a 
omplex �eld ' 6= 'y with HamiltonianH = Z d3xf�y(x)�(x) + �i'y(x)�i'(x) +m2'y(x)'(x)g;where �(x) = �t'y(x), �y(x) = �t'(x).114



e. Show that H = R d3~x T00 (see exer
ise 3 for the de�nition of T�� , in whi
h 
lassi
al�elds now be
ome operator �elds).The nontrivial 
ommutators are postulated to be[�(x); '(y)℄ jx0=y0=0= [�y(x); 'y(y)℄ jx0=y0=0= �iÆ3(~x� ~y):Let us write '(x) = ('1(x) + i'2(x))=p2 and substitute for the real �elds 'i(x) theFourier de
ompositions in terms of ai(~k) and ayi(~k).f. Give a(~k) and b(~k) in terms of ai(~k) su
h that'(x) = 1(2�)3 Z d3~k 1p2k0 (a(~k)e�ikx + by(~k)eikx):Also derive the Fourier de
ompositions of 'y(x), �(x) and �y(x).g. Give the mutual 
ommutation relations for the operators a(~k), ay(~k), b(~k) and by(~k).h. Write H in terms of Na(~k) = ay(~k)a(~k) and N b(~k) = by(~k)b(~k).We would like to interpret the parti
les 
reated by by as the antiparti
les of the ones
reated by ay. This allows us to de�ne the total 
hargeQ = 
onst:(#parti
les�#antiparti
les) = e(2�)3 Z d3~k(Na(~k)�N b(~k)):(at t = 0).i. Prove that Q is 
onserved. Also show that Q 
an be written asQ = Z d3~x�(x) + 
onstant;where �(x) = �ief(�t'y)(x)'(x) � 'y(x)(�t')(x)g. Note that �(x) = eJ0(x) (seeexer
ise 3).6. Commutation relations and 
ausalityWe re
onsider the Hermitian operator �eld'(x) = 1(2�)3 Z d3~k 1p2k0 (a(~k)e�ikx + ay(~k)eikx):In exer
ise 5 
ommutation relations (['(x); '(y)℄ jx0=y0=0= 0 et
.) and a Hamiltonianhave been introdu
ed. Use these for deriving an integral representation for�(x� y) � ['(x); '(y)℄;x, y arbitrary.Show that �(x � y) = 0 whenever x0 = y0 (x0 arbitrary). Also show that �(x� y)is Lorentz invariant and use this for generalising the result to x, y with (x� y)2 < 0(i.e. spatially separated).Hint: Prove that R d3~k = R d4kÆ(k2 �m2)�(k0)2k0, where � is the step fun
tion.115



7. Feynman rules for a 
lassi
al �eldConsider real �elds '1 and '2 as des
ribed by the LagrangianL['1; ��'1; '2; ��'2℄ = 12��'1��'1+12��'2��'2�g0 log[1+ 12g1('1�F )2℄� 12g2'1'22:a. Determine the dimension of the �elds 'i and the 
onstants gi; F . (Remember that for�h = 1; 
 = 1 all dimensions are powers of [l℄ = [m℄�1; also the a
tion S = R d4xL(x)is dimensionless.)b. In a perturbative 
al
ulation ~' = '1 � F and '2 are 
hosen as fundamental �elds.Explain why.Expand L in ~' and '2 (up to 4th order terms). Write the result as L = L0 + Lint,where L0 are the quadrati
 terms and Lint 
ontains the intera
tion terms. What arethe masses of the �elds ~' and '2?
. We now introdu
e sour
e terms � ~J � ~' and �J2 �'2. Derive the Feynman rules for theperturbative expansion using the (
lassi
al) method in the le
ture notes (pp. 13{15).Use the following notation: �
G2~G J2~J et
.d. Whi
h expression is asso
iated to the diagram below?
���
8. Photon propagatorGauge invarian
e 
ompli
ates the derivation of the photon propagator (see le
turenotes p. 16). In this exer
ise we will �x the gauge by using the following Lagrangian:L(x) = �14F��(x)F ��(x)� �(x)��A�(x)� J�(x)A�(x):This des
ribes a photon �eld A� and a Lagrange multiplier � in the presen
e of anexternal (i.e. not dynami
al) sour
e J�.a. Use partial integration to write the quadrati
 part of the a
tion as12((A�); �) � M̂  (A�)� ! ;where M̂ is a hermitian 5 � 5 matrix operator. The inner produ
t `�' in
ludes anintegration over spa
e-time. 116



b. Show that M̂ is invertible and that the 
orresponding photon propagator is the sameas in the so-
alled Landau gauge �!1 (le
ture notes p. 17).Hint: work in Fourier spa
e.9. Coulomb gauge and temporal gaugeThe gauge freedom of the photon �eld 
an be eliminated through an extra 
onstraintbesides the equations of motion (imposing the 
onstraint is usually 
alled `
hoosinga gauge'). Examples:(1) Lorentz gauge ��A� = 0(2) Coulomb gauge �iAi � ~r � A = 0(3) temporal gauge A0 = 0.Here we will analyze the 
onditions (2) and (3). These are not Lorentz invariant, butexpose the photon's degrees of freedom ni
ely.a. Show that (2) or (3) 
an always be realised after an appropriate gauge transformationA�(x) ! A�(x) + ���(x). Furthermore show that (2) and (3) 
an be imposedsimultaneously in the absen
e of sour
es (i.e. J� = 0).b. The transversal (T) and longitudinal (L) 
omponents of an arbitrary ve
tor �eld ~vare de�ned as follows: ~v = ~vT + ~vL; ~r � ~vT = 0; ~r� ~vL = ~0Write down the relations between ~A and ~E; ~B in terms of their T and L 
omponents.Also express Maxwell's equations in these 
omponents. Here ~A, ~E and ~B stand forthe ve
tor potential, ele
tri
 �eld and magneti
 �eld, respe
tively.
. Coulomb gaugeShow that A0(~x; t) is 
ompletely determined by �(~x0; t) and the spatial boundary
onditions at time t (hen
e the name `instantaneous Coulomb potential'). It followsthat the longitudinal 
omponent of the physi
al �eld ~E is not a degree of freedom inthe radiation �eld. (Why? What do we mean exa
tly by a degree of freedom in a
lassi
al system?)temporal gaugeShow that ~AL is 
ompletely determined by the 
harge distribution � and the spa-tial boundary 
onditions, together with an initial 
ondition ~AL(~x; t ! �1). Show(again) that ~EL is not a degree of freedom in the radiation �eld.10. Preparation for the path integralConsider a one dimensional harmoni
 os
illator with the Hamiltonian H = p̂22m +12m!2q̂2. Here p̂ = 1i ��q and q̂ is the position operator, so that < qjHjp >=1p2�eipqh(p; q) with h(p; q) = p22m + 12m!2q2 :
117



a. Prove the following exa
t identity (Æt � T=n):Kn(qn; qo; T ) � Z dpn2� n�1Yi=1 dqidpi2� exp[i nXj=1fpj(qj � qj�1)� h(pj; qj)Ætg℄= < qnjfexp(�im!22 q̂2Æt) exp(�i p̂2Æt2m )gnjq0 > :b. Show that Kn(qn; q0; T ) =< qnj exp(�im!24 q̂2Æt)T n exp(im!24 q̂2Æt)jq0 >, where T =exp(�im!24 q̂2Æt) exp(�i p̂2Æt2m ) exp(�im!24 q̂2Æt). Prove that T is a unitary operator.
. We are going to prove that T = exp(�i ~HÆt), where ~H is also a harmoni
 os
illatorHamiltonian: ~H = p̂22M + 12M
2q̂2.Note: until that is proven, one should of 
ourse use T as de�ned in part b.1. Show that [p̂; q̂℄ = �i implies[e�p̂2 ; q̂℄ = �2i�p̂e�p̂2 and [e�q̂2 ; p̂℄ = 2i�q̂e�q̂2for any � 2 lC. Now solve the `eigenvalue equation'T (��q̂ + ��p̂) = ��(��q̂ + ��p̂)T(��; ��; �� 2 lC). Show that �� = exp(�i
Æt), with 
 de�ned by sin( 12
Æt) =12!Æt.2. Determine the 
ommutation relations between �+q̂ + �+p̂ and ��q̂ + ��p̂. Forwhi
h normalization are we dealing with 
reation and annihilation operatorsây; â? Show that the 
orresponding Hamiltonian is given by ~H, with M =m sin(
Æt)=(
Æt).3. Now that (�; �; �)� are known, the eigenvalue equation determines T uniquelyup to a p̂; q̂ independent fa
tor. Prove that T = C exp(�iâyâ
Æt) satis�es theequation (C 2 lC). Use the de�nition of T to show that C = exp(� 12 i
Æt).Hint: Sin
e C is independent of p̂; q̂, it 
an be determined by 
al
ulating h0jT j0iwith j0i the ~H-va
uum (âj0i � 0). First evaluate hpj exp(�im!24 q̂2Æt)j0i =A exp(�Bp2=2), with A and B de�ned appropriately.d. Use the above result to show that limn!1Kn(qn; q0; T ) =< qnje�iHT jq0 > :11. Path integral for a free parti
leWe start from the path integral for the evolution operator asso
iated to S
hr�odinger'sequation (le
ture notes p. 21). As Lagrangian we take L(q; _q) = 12m _q2, and prob-lems from integrating rapidly os
illating fun
tions are avoided by 
hoosing so-
alledEu
lidean time � = iT . The path integral then be
omes (with d� � �=n and forn!1): hq0jU(�)jqi = � m2�Æ� �n=2 (n�1Yj=1 Z dqj)e�S(q0;q1;���;qn); (1)where q0 � q and qn � q0, and with a
tionS(q0; q1; � � � ; qn) = nXj=1 m2 �qj � qj�1Æ� �2 Æ�:118



The Eu
lidean evolution operator is U(�) = exp(�H�), H being the usual quantumme
hani
al Hamiltonian asso
iated to L.Upon de�ning U(~q; �) � h~qjU(�)j0i transl: inv:= hq0jU(�)jqi; ~q � q0 � q;U(~q; �) satis�es the Eu
lidean S
hr�odinger equation by 
onstru
tion. Due to theEu
lidean time this is a di�usion equation:U(~q; 0) = Æ(~q) ; ��� U(~q; �) = 12m �2�~q2U(~q; �) (2)a. Determine U(~q; �) by solving eq. (2) (use a Fourier transform).b. In this simple 
ase the path integral in eq. (1) 
an be 
al
ulated expli
itly. We willdo this by 
hanging variablesyj = qj � qj�1; j = 1; 2; � � � ; n:Show that Qn�1j=1 dqj = (Qnj=1 dyj)Æ(~q �Pnj0=1 yj0):The Æ-fun
tion 
an be written asÆ(~q � nXj=1 yj) = 12� Z d! exp�i!( nXj=1 yj � ~q)�:These steps redu
e the path integral to a produ
t of Gaussian integrals. Perform theintegrations and verify that the out
ome equals the result in a.12. Massive ve
tor �eldsThe following Lagrangian (mass m 6= 0) des
ribes a massive ve
tor �eld,L = � 14F��F �� + 12m2A�A�:a. Show that this Lagrangian is not gauge invariant.b. Determine the equations of motion for the �eld A�(x). Show that these are equivalentto ��A� = 0 (�) ; (�2 +m2)A� = 0:Remark: the 
ondition (�), being a gauge 
hoi
e in the massless 
ase (see exer
ise 8),is now imposed by the equations of motion!
. Bring L to the form 12A�M��A� (more pre
isely, use partial integration to �nd an Msu
h that this gives the same a
tion|and therefore the same equations of motion).Constru
t the inverse of the operator M (use a Fourier transform).d. Now add a sour
e term: �J�A� with ��J� = 0. Whi
h expression for A�(k) isasso
iated to the following Feynman diagram?�119



Are there other diagrams in this model 
ontributing to A�(k)?(M�1)�� 
onsists of two terms. Show that one of them drops out of (M�1)��(k)J�(k),and that limm!0(M�1)��(k)J�(k) exists. Compare this limit to the Maxwell propa-gator (le
ture notes p. 17) for � = 1, the so-
alled Feynman gauge.13. Perturbative approa
h to the path integralIn this exer
ise we will treat perturbatively the generating fun
tion Z(J) for a reals
alar '3 theory. The Lagrangian readsL = L2 � Vint � J'; with Vint = g3!'3; L2 = 12'G�1'; G�1 = �(���� +m2):In the le
ture notes (p. 34) it has been shown that the path integral 
an be redu
edto Z(J) = e�i R d4xVint(i ÆÆJ(x) )e� i2 R d4y R d4zJ(y)G(y;z)J(z):a. Show thatZ(J) = 1 + �� i2 � �� 18 � �� ��+  12 �m � i3! �""bb� �� i4 �m� �!+ O(J5) +O(g2):Here � �= R d4x R d4yJ(x)G(x; y)J(y) et
. (do not work in Fourier spa
e).N.B. In this exer
ise you are not supposed to work out the analyti
al expressionsasso
iated to the Feynman diagrams.b. Read the page 
opied from `Diagrammar' 
arefully. Verify that the 
ombinatorialfa
tors in the above expression are 
orre
tly given by the Diagrammar pres
ription.Remark: In this pres
ription the sour
es J should be 
onsidered as 1-verti
es.
. Show up to �rst order in g and fourth order in J that Z(J) = exp(G(J)), G(J) beingthe sum of 
onne
ted diagrams.d. The `n-point fun
tion' 
an be expressed in the following way:h'n � � �'1i � h0j'n � � �'1j0i = 1Z(0)  i ÆÆJ1 � � � i ÆÆJnZ(J)!J=0('i � '(~xi; ti); ti+1 > ti; j0i = ground state in absen
e of J). This is why Z(J) is
alled the generating fun
tion.Substitute the result of part a. to obtain the 1,2,3 and 4-point fun
tions up to orderg. Argue that the produ
t rule guarantees that the Diagrammar pres
riptions fordiagrams in Z(J) and h'n � � �'1i are 
onsistent, and verify expli
itly the 
orre
tnessof the Diagrammar pres
ription for the 1,2,3 and 4-point fun
tions to the given orderin g.e. Show non-perturbatively that i ÆÆJ1 i ÆÆJ2G(J)!J=0 = h'2'1i � h'2ih'1i:For n > 2 similar expressions hold. This means thatG(J) is the generator of quantum
u
tuations. 120



14. Combinatorial fa
torsa. Given a real s
alar �eld ' with intera
tionVint = �3!'3 + �4!'4;determine the 
ombinatorial fa
tors of the following diagrams (see the dis
ussionon pg. 36 and 37 or the se
tion on 
ombinatorial fa
tors in "Diagrammar", CERNYellow report 73-9, by G. 't Hooft and M. Veltman, reprinted in \Under the spell ofthe gauge prin
iple" by G. 't Hooft (World S
ienti�
, Singapore, 1994))m1 2 ; m1 2 ; """bbb 12 3 ; m m1 2 ; m ; mmb. Consider the following models:I S
alar �eld A, L = 12��A��A� 12m2A2 � �3!A3 � JA:II S
alar �elds A and B with equal mass,L = 12��A��A+ 12��B��B � 12m2A2 � 12m2B2 � �2!A2B � JA:We limit ourselves to diagrams with an even number of external A-lines (and noexternal B's). Let us pose the question whether we 
an make a distin
tion betweenthe above models from knowledge of the amplitudes for its diagrams.1. Let us �rst 
onsider tree diagrams.� Show that � and � 
an be 
hosen su
h that the models I and II give anidenti
al 4-point fun
tion:���� ����AAA AA = ���� ����BAA AA� Show that the 6-point fun
tion is di�erent for the models I, II.2. Pro
eed to show that at 1-loop level even the 2-point fun
tion, whi
h at treelevel is trivially the same, is di�erent for the models I, II.15. Quantum 
orre
tionsIn this exer
ise we set out to prove that the expansion of Feynman diagrams in thenumber of loops amounts to an expansion in powers of �h. We 
onsider a real s
alar�eld theory with an arbitrary intera
tion potential:Vint = Xn�3 gnn!'n:To ea
h Feynman diagram we asso
iate the following quantities: E, I, L and Vn(number of external lines, internal lines, loops, and verti
es with n lines, respe
tively).121



a. Prove that for any 
onne
ted diagram the following relations hold:( L = I + 1�Pn�3 VnPn�3 nVn = E + 2I:Hint: Any diagram 
an be redu
ed to a tree diagram (i.e. a diagram with no loops)by 
utting L times appropriate internal lines (this is the pre
ise de�nition of L).Determine how E, I, L, PVn and PnVn have 
hanged after one su
h 
ut. Anotheroperation is the amputation of an external leg. Find the 
hange in the above quan-tities for this operation too. Finally determine these quantities for a simple diagramin order to obtain the `initial 
ondition'.b. Sin
e we are looking for quantum e�e
ts, we do not take �h = 1 (for 
onvenien
e wekeep 
 = 1, though). Powers of �h 
an now pop up at several pla
es in the Lagrangian.We 
an limit the number of su
h pla
es by 
onveniently 
hoosing the dimensions of', J and fgng. Show that this 
an be done in su
h a way thatLJ �h=1� L� J' �h6=1= 12��'��'� 12m2�h2 '2 �Xn�3 gnn!'n � J';but that the �h-dependen
e in the quadrati
 part 
annot be removed.Note: for �h 6= 1, mass and 1/length have independent dimensions.Remark: It is natural to require that the 
lassi
al theory (i.e. the Euler-Lagrangeequations) is independent of �h. The above result then implies that m � �h, so thateven in the 
lassi
al theory the mass is an e�e
tive parameter of quantum me
hani
alorigin.Show that the path integral now readsZ(J) = C Z D'e i�h R d4x[L('(x))�J(x)'(x)℄(C independent of J).
. We absorb the fa
tor �h in exponent of Z(J) into the quadrati
 part of L by de�ning~' = �h�1=2'; ~J = �h�1=2J:This gives Z(J) = ~C Z D ~'ei R d4x[ ~L( ~'(x))� ~J(x) ~'(x)℄:What is the expression for ~L( ~')? Show that the propagator for the �eld ~' does nothave any �h-dependen
e. This means that all fa
tors of �h in a diagram 
ome fromthe verti
es (and external lines). Express the total power of �h in terms of fVng (andE). Finally make use of the results in a. to prove that this power equals L, up to afun
tion of E alone.d. Show that for a model with only four point intera
tions (gn = 0 for n 6= 4) theexpansion in the number of loops L 
an be interpreted as an expansion in powers ofg4. 122



16. Legendre transformation and 
lassi
al limitIn this exer
ise we will 
onsider the 
onne
tion between quantum �eld theory and
lassi
al �eld theory on
e more. Therefore take �h 6= 1 again. As explained in theprevious exer
ise, we then haveZ[J ℄ = Z D'e i�h R d4x(L�J') = Z D'e i�hS[J;'℄; (1)where S[J; '℄ is independent of �h. Furthermore, Z[J ℄ = exp(G[J ℄=�h), G[J℄�h being thesum of 
onne
ted diagrams. The overall fa
tor of �h has been 
onveniently 
hosen 1=�hso that G[J ℄ = 1XL=0 �hLG(L)[J ℄; (L = #loops)with �h-independent G(L)[J ℄'s. A saddle point, or stationary phase approximation(�h! 0) of eq. (1) then immediately givesG(0)[J ℄ = iS[J; '
l[J ℄℄: (2)Here '
l[J ℄ is the solution of the Euler-Lagrange equations ÆS[J; '℄=Æ' = 0 (hen
e thesubs
ript `
l', for `
lassi
al'). This saddle point '
l[J ℄ is unique under the assumptionthat in eq. (1) only �elds vanishing (suÆ
iently fast) at in�nity are integrated over.Let us inspe
t if eq. (2) is reprodu
ed by perturbation theory. For 
onvenien
e welimit ourselves to '3-theory, whose Lagrangian has already been introdu
ed in exer-
ise 13.a. 1. Substitute the expansion of '
l[J ℄, as given on p. 15 of the le
ture notes, in thea
tion in order to obtain�S[J; '
l[J ℄℄ = 12 � �+ 16 �""bb� �+ 18 ���������� ��+O(J5):Verify expli
itly that eq. (2) holds to this order in J .2. It follows from the path integral that (
f. exer
ise 13d.)h'i[J ℄(x) = iÆG[J ℄ÆJ(x) : (3)Here h'i[J ℄ stands for the expe
tation value of the Heisenberg operator '̂(x) ='̂(~x; t) in the groundstate j0i[J ℄ of the Hamiltonian Ĥ[J ℄, i.e. in the presen
eof a sour
e J . Note that h'i[J ℄ is an ordinary real valued �eld, and not anoperator �eld. Also note that in ea
h point x it is a fun
tional of J .Show up to third order in J thath'i[J ℄ = '
l[J ℄ +O(�h): (4)b. Now let us see if we 
an generalise these results to arbitrary order in J . Brute for
e asused in a. is of no use here be
ause this method generates the 
ombinatorial fa
torsfor S[J; '
l[J ℄℄ in an almost intra
table way. The proper framework for the proof is123



the formalism of Legendre transformations (see Itzykson & Zuber for more details).We assume that eq. (3) is invertible to J(x) = J [h'i℄(x). This allows us to de�ne afun
tional � on h'i via a Legendre transform:i�[h'i℄ � G[J [h'i℄℄ + i(J [h'i℄; h'i); (5)with (f; g) � R d4xf(x)g(x). Derive from eq. (3) thatÆ�[h'i℄Æh'i(x) = J [h'i℄(x): (6)Hint: The 
hain rule for fun
tional derivatives reads:Æf [g[h℄℄Æh(x) = Z d4y Æf [g℄Æg(y)�����g=g[h℄ Æg[h℄(y)Æh(x) :Remark: an important example of a Legendre transform is the relation between aLagrangian and its Hamiltonian: H(q; p) = p _q(p)� L(q; _q(p)) with p = �L(q; _q)=� _q.(The position q plays no role in this transformation.)
. 1. It is useful to Taylor expand G[J ℄ around J = 0:G[J ℄ = 1Xn=1 (�i)nn! Z d4x1 � � �d4xnG(n)(x1; � � � ; xn)J(x1) � � �J(xn):Why 
an we disregard the n = 0 
ontribution?Note: G(n) is pre
isely the 
onne
ted n-point fun
tion as de�ned in exer
ise 13.We also expand �[h'i℄ around h'i[J = 0℄. For simpli
ity we limit ourselves tothe 
ase h'i[0℄ = 0.�[h'i℄ = 1Xn=2 1n! Z d4x1 � � �d4xn�(n)(x1; � � � ; xn)h'i(x1) � � � h'i(xn):Why do the n = 0; 1 terms vanish?2. �(n) 
an be obtained from fG(m)jm�ng by di�erentiating eq. (3) n�1 times withrespe
t to h'i and then setting h'i = 0 (
orresponding to J [h'i℄ = 0). Showthat �(2) = i(G(2))�1; �(3) = �iG(3) amp;where `amp' means amputation:G(n)amp(x1; � � � ; xn) � Z nYi=1 �d4yi(G(2))�1(xi; yi)�G(n)(y1; � � � ; yn):Argue that G(3)amp = G(3)1PI. The latter stands for the sum of `1 Parti
leIrredu
ible' diagrams, i.e. amputated diagrams that are still 
onne
ted after
utting one arbitrary internal line. In general the following holds:�(n) = �iG(n)1PI: (n � 3)You are not asked to prove this, but it might be enlightening to 
he
k it forn = 4. 124



3. Use the above to show that, to order �h0,�(2)(0)(x; y)=�Æ4(x�y)(����+m2); �(3)(0)(x1; x2; x3)=�gÆ4(x1�x2)Æ4(x2�x3);whereas �(n)(0) = 0 for n � 4. Also show that�(0)[h'i℄ = S[J = 0; h'i℄:d. Show that, to 0th order in �h, eq. (6) is just the Euler-Lagrange equation (for h'i).Under what boundary 
onditions 
an you now prove eq. (4)? Finally prove eq. (2).Remark: The above shows that �[h'i℄ may be viewed as a quantum me
hani
algeneralisation of the 
lassi
al a
tion (without sour
e term). The physi
al relevan
eof this parti
ular generalisation 
omes from eq. (6). Apparently the observable h'i[J ℄is governed by this generalised Euler-Lagrange equation. The quantum 
orre
tionsusually 
ause h'i[J ℄ 6= '
l[J ℄. For J = 0 a symmetry often prohibits su
h a shift, butfor J ! 0 the shift may still be possible. In su
h a 
ase h'i[J ! 0℄, and thereforej0i[J ! 0℄, is less symmetri
 than '
l[J ! 0℄. This means that quantum 
u
tuations
an (spontaneously) break a symmetry.17. Feynman rules for 
omplex �eldsIf two real s
alar �elds, '1 and '2, are governed by the LagrangianL('1; '2) = 12��'1��'1 + 12��'2��'2 � 12m2('21 + '22)� V ('21 + '22)� J1'1 � J2'2then it is possible to give an equivalent formulation using the 
omplex �elds' = '1+i'2p2 ; '� = '1�i'2p2 ; J = J1+iJ2p2 ; J� = J1�iJ2p2whi
h transforms to the LagrangianL('; '�) = ��'��'� �m2'�'� V (2'�')� J�'� J'�(see exer
ise 5 for the interpretation of ' and '� in terms of parti
les and antiparti-
les). Among the Feynman rules we now �nd oriented lines:�� >J J�a. Whi
h two pro
esses are des
ribed by this diagram?b. Give all Feynman rules for the model withV (2'�') = 14g('�')2:
. For this potential write down all 
onne
ted diagrams with at most two loops 
on-tributing to ������ > >���������������������� .125



18. Elementary s
alar pro
essesConsider three real s
alar �elds (A, B, C) des
ribed by the LagrangianL = 12(��A��A+ ��B��B + ��C��C �m2AA2�m2BB2�m2CC2� gAA2C � gBB2C):a. If mC > 2mA a C-parti
le 
an de
ay into two A-parti
les. To lowest order (in the
ouplings) this pro
ess is asso
iated to the Feynman diagramp p p p p pp p p p p pC AAq p1p2 .Determine the S-matrix element outhp1p2jqiin to this order (le
ture notes p. 40). Alsogive an expression for the de
ay width �(C ! 2A). Work out this expression for aC-parti
le at rest (~q = ~0).Determine the behaviour of �(C ! 2A) for mC � 2mA, and for mC�2mAmC � 1.Give the total width �(C) if mC > 2mB too. Also express the expe
ted C-lifetimeh�i in terms of �(C).b. Another possible pro
ess is the elasti
 s
attering of two parti
les A and B, s
hemat-i
ally HHH ���j* ���*HHHj�������������������������� BABAp1p2 p3p4 .Write down the single diagram that 
ontributes to this pro
ess to lowest order. Deriveexpressions both for the matrix element outhp3p4jp1p2iin and for the di�erential 
rossse
tion d�(AB ! AB).In the 
enter of mass (CM) frame the pro
ess looks like this:- ���	 ���~p1 ~p2 = �~p1~p3~p4 = �~p3� .In this frame the di�erential 
ross se
tion only depends on the external momentathrough p = j~p1j and � = 6 (~p1; ~p3). Work out d�d
(p; �) in 
ase of equal massesmA = mB � m. To this purpose, �rst prove these intermediate steps:(i) R d3~p3E3 d3~p4E4 Æ4(p3 + p4 � p1 � p2) CM= p2pp2+m2 R d
:(ii) [(p1 � p2)2 �m21m22℄1=2 CM= 2ppp2 +m2:Cal
ulate the total 
ross se
tion �(AB ! AB) by integrating over all dire
tions 
.Show that in the limit mC ! 1, while keeping � � gAgB=m2C 
onstant, �(AB !AB) is the same as for a model with only A and B parti
les and intera
tionLint = ��4A2B2:126



19. Lorentz transformation for spinors- v = p3=E x3x03� �0
An ele
tron is observed in a frame �, where it has velo
ity v along the 3-axis. It'srest frame is 
alled �0. In �0 the ele
tron's wave fun
tion is given by 0(x0) = 1p2V 00BB� 10�10 1CCAe�imt0 : (Weyl representation)(Due to the volume fa
tor V 0,  0 has a volume independent norm and one 
an takeV 0 !1.)a. Verify that this is indeed a positive energy, zero momentum solution of the Dira
equation. What is its spin? Transform the solution to the `
onventional representa-tion' of the le
ture notes p. 48.b. The wave fun
tion  in the �-frame 
an be determined via a Lorentz transformation.Show that the transformation K = (K��) from 
oordinates on � to 
oordinates on�0 (i.e. (x0)� = K��x�) 
an be written asK = e��L03 withL03 = 0BB� 0 0 0 10 0 0 00 0 0 01 0 0 0 1CCA; sinh(�) = p3m ; 
osh(�) = Em :
. Show that the indu
ed transformation of spinors is given byS = 
osh(�2 )1+ i sinh(�2 )�03with ��� as in the le
ture notes (p. 50).d. Determine  (x) = S�1 0(Kx) in the Weyl representation. Verify expli
itly in the�-frame that this is a solution of the Dira
 equation with the 
orre
t momentum.Finally transform  to the 
onventional representation.20. Lorentz algebra vs. su(2)�su(2)Using the property that the (Eu
lidean) Lorentz algebra is isomorphi
 to su(2)�su(2)one 
an easily 
lassify all its �nite dimensional representations (su(2) is the Lie alge-bra of SU(2)). We will analyse this situation in the present exer
ise.127



a. Show that the matri
es L�� de�ned by(L��)�� = g��g�� � g��g�� ;generate the Lorentz group (
f. part b. of the previous exer
ise). Furthermore provethat [L�� ; L��℄ = g��L�� + g��L�� � g��L�� � g��L��:b. De�ne J �̀ = 12( 12"`jkLjk � iL` 0): ("123 � +1)Determine all 
ommutators [J�i ; J�j ℄ and 
on
lude that the Eu
lidean Lorentz algebrais isomorphi
 to su(2)�su(2).
. It is well-known that the set of all �nite dimensional representations of su(2)�=so(3)is given by f�ljl = 0; 12 ; 1; 32 ; � � �g, where�0(Ji) = 0� 12 (Ji) = � i2�i 2 su(2)�1(Ji) = Li 2 so(3)� � �For ea
h pair (a; b) with a; b 2 f0; 12 ; 1; 32 ; � � �g an irredu
ible representation of theEu
lidean Lorentz algebra 
an now be de�ned:�(a;b) � �a 
 �b:In parti
ular � � �( 12 ;0) and �� � �(0; 12 ) are de�ned through�(J�i ) 1 = � i2�i 1�(J+i ) 1 = 0��(J�i ) 2 = 0��(J+i ) 2 = � i2�i 2:Subsequently we 
an 
onstru
t the (redu
ible) representation � � �� a
ting on pairs( 1;  2).Give the a
tion of (�� ��)(J�i ) on ( 1;  2).d. Now derive the a
tion of (� � ��)(L��) on ( 1;  2) and note that these obje
ts arepre
isely the generators � i2��� in the Weyl representation (le
ture notes p. 50).21. 
 algebraThe de�ning property of the 
-matri
es 
1 � � �
4 isf
�; 
�g = 2g��1 �; � = 0; 1; 2; 3:Furthermore one de�nes 
5 � i
0
1
2
3.a. Show that f
�; 
5g = 0; (
5)2 = 1:128



b. Let Tr(
�1
�2 � � �
�n) denote the tra
e over n 
-matri
es (take �i 2 f0; 1; 2; 3g).1. Prove that su
h a tra
e equals zero for n odd. Also prove that Tr
5=0.2. Compute Tr(
�
�)Tr(
�
�
5)Tr(
�
�
�
�)Tr(
�
�
�
�
5)
. Prove the following identities:
�
�
�
�
� = �2
�
�
�
�
�
� + 
�
�
� = 12Tr(
�
�
�
�)
�:22. Majorana and Weyl fermionsa. Given any set of gamma matri
es f
�g another set is de�ned by
0� = U y
�U; U yU = 1:1. Take f
�g to be 
0 =  1 00 �1 ! ; 
i =  0 �i��i 0 !(the `
onventional representation' on pp. 48, 51 of the le
ture notes) and 
hooseU = �1 
 12(�1 � i�3) + �3 
 12(�1 + i�3) = 12  �1 + i�3 �1 � i�3�1 � i�3 �(�1 + i�3) ! :Show that U is unitary and that the set f
0�g is given by
00 = �3 
 �2; 
01 = �i
 �3; 
02 = i�2 
 �2; 
03 = �i
 �1:Note that all 
0-matri
es are purely imaginary.2. This so-
alled Majorana representation f
0�g allows us to impose the following: � =  (Majorana 
ondition)(with  =  (x)). Show that this is 
onsistent with the Dira
 equation.3. Prove that the 
ondition implies �  = 0.Remark: This result is no longer valid for anti
ommuting  ; � .4. How 
an we interpret Majorana fermions? (
harge; antiparti
les?)b. Another possible 
ondition on fermions is
5 =  : (Weyl 
ondition)1. Use the Dira
 equation to prove that ne
essarily m = 0.2. Prove that Weyl fermions ! and  satisfy �! = 0.129



3. The heli
ity operator ~� � k̂ (with k̂ = ~k=j~kj) is de�ned via �i � 12"ijk�jk. Showthat in the original 
-representation of part a.1. this reads�i =  �i 00 �i ! :Also prove that (~� � k̂)2 = 1.4. Show that for m = 0 the plane wave solutions of the Dira
 equation 
an bewritten as k0 = +E : U+(~k) =  �(~� � k̂)� !k0 = �E : U�(~k) =  �(~� � k̂)�� ! :Determine the a
tion on U� of the 
hirality operator 
5 and the heli
ity operator~� � k̂. In parti
ular show that their a
tion is the same, up to signs.5. Con
lude that a massless spinor satisfying the Weyl 
ondition 
an either des
riberight-handed parti
les or left-handed antiparti
les. Here right-(left-)handedmeans having positive (negative) heli
ity.Remark: from b.3. it is 
lear that heli
ity equals the (anti-)parti
le's spin 
om-ponent in its dire
tion of movement. Therefore the heli
ity operator 
ommuteswith the Dira
 equation for any mass m, this equation being Lorentz (hen
erotation) 
ovariant. Chirality, however, is only a good quantum number in themassless 
ase.
. Is it possible to realise the Majorana and Weyl 
onditions simultaneously?23. Dira
 equationWe start from the Dira
 a
tionSDira
 = Z d4x � (x)(i
��� �m) (x):a. In the le
ture notes (p. 11) the energy-momentum tensor T �� has been 
onstru
tedfor the (s
alar) bosoni
 
ase. As this 
onstru
tion uses general 
oordinate invarian
e,its generalisation to fermions is 
ompli
ated (the formulation of spinors in generalrelativity is involved). For this we refer to se
tion 10 of \The spa
etime approa
hto quantum �eld theory", by B.S. DeWitt in Relativity, groups and topology II, ed.B.S. DeWitt and R. Stora (Norht-Holland, Amsterdam, 1984). The generalisation ofeq. (3.20) yields an energy-momentum tensor that is no longer symmetri
:T �� = � i
��� � g�� � (i
��� �m) + 14��� � (
���� � 
���� + 
����) �:Use the equations of motion to show that ��T �� = 0 and that the energy-momentumtensor is equivalent to the following symmetri
 result:T �� = 14� � i
��� + � i
��� � (�� � )i
� � (�� � )i
� �:130



It is possible, however, to use only translational invarian
e (and of 
ourse, as alwaysfor Noether 
urrents, the equations of motion). This derivation is very 
lose in spiritto the dis
ussion on pg. 10 and to eq. (3.20). Show that translational invarian
e 
anbe formulated in the following way:L[ �; � �; �� �; �� � �℄(x� �) = L[ ; � ; �� ; �� � ℄(x); (1)where  �(x) �  (x+ �) (� independent of x) et
.Expand the left-hand side of eq. (1) to �rst order in �. Now use the equations ofmotion, and eq. (1), to prove that ��T �� = 0 forT �� = � i
��� � g�� � (i
��� �m) :Also verify expli
itly from the Dira
 equation that ��T �� = 0 is satis�ed.Show that all three de�nitions of the energy-momentum tensor give the same resultsfor H = R d3~x T00 and Pi = R d3~x T0i, that these quantitities are 
onserved and thatfor a plane wave solution of the Dira
 equation with momentum ~k (see se
tion 13 ofthe le
ture notes) they 
oin
ide, as it should be, with the energy and momentum ofthat solution, i.e. H = k0(~k) and Pi = ki.b. Now add intera
tions and (external) sour
es:L = LDira
 � Vint + Lsour
e; Vint = 14g( �  )2; Lsour
e = �( �J + J � ):What are the 
orresponding Euler-Lagrange equations for  and � ? Solve theseequations in a perturbative way, like in the s
alar 
ase (exer
ise 7; pp. 13{15 of thele
ture notes). In parti
ular give the Feynman rules for the equivalent diagrammati
expansion. For the lowest order result use the following notation:>< ���JJ� = = ,.24. Canoni
al formalism for spinorsa. 1. On p. 54 of the le
ture notes 
reation and annihilation operators for the Dira
�eld are introdu
ed: (x) = Z d3~k(2�)3=2 1p2k0 2Xa=1 �ba(~k)u(a)(~k)e�ikx + dya(~k)v(a)(~k)eikx� ;with k0 = +q~k2 +m2. Give the 
orresponding expression for � .2. Postulate anti
ommutation relations as on p. 55:fba(~k); byb(~k0)g = fda(~k); dyb(~k0)g = ÆabÆ3(~k � ~k0);the remaining anti
ommutators are zero. Show thatf �(x);  �(y)g = f � �(x); � �(y)g = 0 andf �(x); � �(y)g = (i
��� +m)���(x� y); with�(x� y) = Z d3~k(2�)3 12k0 �e�ik(x�y) � eik(x�y)�131



(and �� = �=�x�). Compare with exer
ise 6 and 
on
lude that 
ausality isrespe
ted.3. Alternatively, postulate 
ommutation relations (substitute f ; g ! [ ; ℄ in aboveanti
ommutation relations). Show that[ �(x);  �(y)℄ = [ � �(x); � �(y)℄ = 0 and[ �(x); � �(y)℄ = (i
��� +m)�� ~�(x� y); with~�(x� y) = Z d3~k(2�)3 12k0 �e�ik(x�y) + eik(x�y)� :Con
lude that 
ausality is violated.Remark: This result 
an be generalised to a theorem stating that any lo
al quantum�eld theory that respe
ts 
ausality admits only fermions with half integer spin andbosons with integer spin.b. Add a sour
e term �J + � J to the Dira
 Hamiltonian density � (�i
i�i + m) ,J�(x) and �J�(x) being anti
ommuting external �elds. Expand h0j exp(�iHt)j0i upto se
ond order in the sour
es. To this purpose use the Hamiltonian perturbationformalism (le
ture notes pp. 17{20); use the properties of u, v (p. 54) and the gammamatri
es to simplify the spinor stru
ture. Your �nal result should beh0je�iHtj0ieiE0t = 1� i Z d4xd4y �J(x)GF(x� y)J(y) + � � � withGF(x� y) = Z d4k(2�)4 k�
� +mk2 �m2 + i"e�ik(x�y):Note that GF is pre
isely the 
lassi
al fermion propagator of the previous exer
ise.25. Anti
ommuting variablesIn this exer
ise Greek letters denote anti
ommuting variables, ordinary letters 
om-muting ones.a. Compute the following integrals:Z d� e�a; Z d� 11� a� ; Z d� ln(1 + �):b. Given the following linear relation between two sets of n independent anti
ommutingvariables, �i = nXj=1Bij�j;show that (for invertible B)d�1d�2 � � �d�n = 1detBd�1d�2 � � �d�n:Compare this to the 
ase of 
ommuting variables.Hint: Consider the most general fun
tion of n anti
ommuting variables, whi
h is apolynomial of degree n. Analyse its behaviour under integrations and linear trans-formations on the variables. 132




. Prove that, for independent �i; ��j,Z d�1d��1 � � �d�nd��ne��iAij�j = detA:Use this result to prove the following result, whi
h holds for any antisymmetri
 matrixA: Z d�1 � � �d�ne 12 �iAij�j = �pdetA:Hint: Substitute �i = �i + i��i, ��i = �i � i��i.d. Given a smooth fun
tion f satisfying limy!1 f(y) = 0, prove thatZ dx1dx2d�d��f(x21 + x22 + ���) = ��f(0):26. One loop Feynman diagramsConsider a model 
onsisting of fermions  and real s
alar parti
les ' with intera
tionVint = g � ' :Determine the redu
ed matrix elements 
orresponding to the following diagrams (donot work out the analyti
al expressions):1. ' self-energy ����>< .2.  self-energy > > > .3. vertex 
orre
tion ���� >< .27. Compton s
attering for pionsAt not too high energies the pion-photon intera
tion is well approximated by s
alarQED: L = � 14F��F �� + (�� � ieA�)'�(�� + ieA�)'�m2'�':The pion (��) is des
ribed by the 
omplex s
alar �eld ', the photon (
) by the ve
tor�eld A� (F�� = ��A� � ��A�).a. Show that the 3 point vertex is given by��������>p - q��R� = e(p� + q�);and give the other Feynman rules in the Lorentz gauge.b. Whi
h Feynman diagrams 
ontribute, to order e2, to ��
 ! ��
 elasti
 s
attering?133




. The initial and �nal photon states are plane waves:"in� (~k)e�ikixiq(2�)32k0 resp. "out� (~k0)e�ik0ixiq(2�)32k00 :Express the redu
ed matrix element for the s
attering pro
ess, to order e2, in terms ofthe polarisation ve
tors "in;out and the external momenta. Use the following notation:
��� ��������

������� ��������������� p0��Rp��� k0���k��R"in� (~k) "out� (~k0)
d. Using the result of part 
. prove (to order e2) that the S-matrix vanishes wheneverthe initial or �nal photon is longitudinal (i.e. "�(~k) � k�). Explain whi
h propertyof the model is responsible for this.e. Give all Feynman diagrams that are needed for an order e6 
al
ulation of the 
rossse
tion. Whi
h of them are UV divergent, i.e. whi
h give rise to expressions thatdiverge due to integrations over large momenta?28. Elementary fermioni
 pro
essesLet us re
onsider the situation in exer
ise 18, with the bosoni
 �elds A and B repla
edby fermioni
 �elds  A and  B . The Lagrangian now isL = 12��C��C� 12m2CC2+ � A(i 6��mA) A+ � B(i 6��mB) B�gA � AC A�gB � BC B:a. For mC > 2mA, C 
an de
ay into A and anti-A a

ording to the diagram������q - p2��Rp1��� .Determine like in exer
ise 18a. the S matrix element and the de
ay width �, whi
hnow are fun
tions of the fermion spins. Perform a summation over all possible spinsto obtain the expe
ted lifetime of C.Hint: some properties of the u and v spinors (le
ture notes p. 54) are very usefulhere.b. S
attering of A and B is des
ribed by ��������B B .A A

Write down the analyti
 expression for the 
orresponding S matrix element.134



Now assume that mA = mB and work in the CM frame. Determine the di�erential
ross se
tion d�(AB ! AB). Average over the in
oming spins and sum over theoutgoing spins. For whi
h experimental situation is this justi�ed?Work out your result as a fun
tion of the CM variables j~pj and �. As a 
he
k it isgiven that d�=d
 is spheri
ally symmetri
 for mC = 2mA.29. e�e+ 
ollisions in QEDThe QED Lagrangian with two 
avours, ele
trons and muons, readsL = � 14F��F �� � 12�gauge(��A�)2 + Xf=e;� � f(i
�D� �mf) f ;where D� = �� � ieA� (le
ture notes p. 74).a. e�e+ ! e�e+ (Bhabha s
attering).Whi
h two diagrams 
ontribute to lowest order?In the le
ture notes the M�ller (e�e� ! e�e�) di�erential 
ross se
tion is 
al
ulated.Perform an analogous 
al
ulation to obtain (in the CM frame)d�d
(e�e+ ! e�e+) = �216E2 ( (2E2 �m2)2(E2 �m2)2 sin4(�=2) + �8E4 +m4E2(E2 �m2) sin2(�=2)+12E4 +m4E4 � 4(2E2 �m2)(E2 �m2) sin2(�=2)E4 + 4(E2 �m2)2 sin4(�=2)E4 ) ;where � = e2=4�, m = me; E and � are the CM variables for the energy of thein
oming ele
tron resp. the angle between the in and outgoing ele
trons.Note that unlike in the M�ller 
ase there is no divergen
e at � = �. What is thereason for this?b. e�e+ ! ���+.How many diagrams 
ontribute to lowest order?Show that in the CM frame, and in the limit me=E;m�=E ! 0,d�d
(e�e+ ! ���+) = �216E2 (1 + 
os2 �):Cal
ulate the total 
ross se
tion. Use dimensional analysis to express your result inunits �h; 
 6= 1.30. Weak intera
tion in the standard modelThe Lagrangian given below des
ribes a simpli�ed version of the standard model.This simpli�
ation, whi
h only 
ontains fermions  and massive ve
tor bosons W�,
aptures the me
hanism through whi
h the standard model gives rise to an e�e
tive4-fermion intera
tion.L(W�;  ) = � 14F��F �� + 12M2W�W � + � (i
��� �m) + gW�( � 
� )with F�� = ��W� � ��W�. 135



a. Give the Feynman rules.b. We restri
t ourselves to tree diagrams whi
h satisfy two 
onditions: 1. all externallines are fermioni
; 2. p2 � M2 for all momenta p�. Show that su
h diagrams 
ane�e
tively be des
ribed byLe�e
tive( ) = � (i
��� �m) � �(2!)2 ( � 
� )( � 
� )and express the parameter � in terms of g and M .31. Gauge �eldsIn this exer
ise we use the following gauge �eld 
onventions (
f. le
ture notes):A� = qAa�T a F�� = qF a��T a [T a; T b℄ = fab
T 
Tr(T aT b) = � 12Æab D� = �� + A� F�� = [D�; D�℄ = ��A� � ��A� + [A�; A�℄;where fT ag spans a matrix representation �(LG) of the Lie algebra. Note that weabsorb the 
oupling q in A�.a. Notation: X; Y; Z stand for arbitrary elements of the Lie algebra �(LG).In the le
ture notes the generators of the adjoint representation are de�ned as(adT a)b
 = �fab
:Show that this representation 
an be thought of as a
ting on the Lie algebra itself,in the following way: (adT a)Y = [T a; Y ℄:Also prove from this formula that X ! adX indeed is a representation of the Liealgebra, i.e. prove that it is a linear map, satisfying(ad[X; Y ℄) = [(adX); (adY )℄:Hint: work out (ad[X; Y ℄)Z, using the Ja
obi identity [X; [Y; Z℄℄+
y
li
= 0 (whi
h
an be seen to hold trivially by expanding the 
ommutators).Finally prove that eadXY = eXY e�X :This means that the adjoint representation of the group G is a 
onjugation. Thereforegauge transformations a
t on the �eld strength through the adjoint group represen-tation (as F�� ! gF��g�1, le
ture notes p. 87).b. De�ne D(ad)� X � (adD�)X = [�� + A�; X℄ = (��X) + [A�; X℄. Prove thatD(ad)� D(ad)� F �� = 0:Hint: What is [D(ad)� ; D(ad)� ℄? 136




. The gauge invariant Lagrangian for a fermion �eld 
oupled to a dynami
al SU(N)gauge �eld is (le
ture notes pp. 86, 87)L = � (i
�D� �m) + 12q2Tr(F��F ��) == � (i
��� �m) + 12q2Tr(F��F ��) + 2q2Tr(J�A�) withJ� = qJ�aT a; J�a = �iq � 
�T a :Derive the Euler-Lagrange equations:D(ad)� F �� = J� (1)(i
�D� �m) = 0 (2)Show from eq. (1) that D(ad)� J� = 0:Show that this equation follows from eq. (2) as well.d. Use the Ja
obi identity to prove the Bian
hi identity:D(ad)� F�� + 
y
li
 = 0:Show that for ele
tromagnetism (G =U(1)) this gives the homogeneous Maxwellequations.32. Dira
 equation with gauge �eldsa. By 
onstru
tion the Klein-Gordon equation is obtained from the free Dira
 equationin the following way:0 = �(i
��� +m)(i
��� �m) = (�2 +m2) :Analogously prove from the Yang-Mills Dira
 equation (problem 31
. eq. (2)) that(D2 +m2 � i2���F��) = 0: (1)b. Now spe
ify to ele
tromagnetism,T = i; q = �e; F�� = ��A� � ��A� et
.Choose the gauge A0 = 0 and turn o� the ele
tri
 �eld by assuming that �t ~A = ~0.Show that eq. (1) redu
es to(D2 +m2) + e ~� � ~B 00 ~� � ~B ! = 0:Write  = � G S � and de�ne the 2-spinor  s
h to be s
h = eimt G137



(subtra
tion of the rest energy from the Hamiltonian). Show that1� 12m �2�t2 s
h + i ��t s
h = 24(~p+ e ~A)22m + e2m(~� � ~B)35 s
h:Show that in the non-relativisti
 limit this equation simpli�es to the well knownS
hr�odinger equation for an ele
tron in a magneti
 �eld, i.e.8>><>>: i ��t s
h = H s
hH = 12m(~p+ e ~A)2 + e2m(~� � ~B):33. Linear sigma modelThe Lagrangian for the linear sigma model readsL = 12 [��~' � ��~'+ ������℄ + 14�2[j~'j2 + (� + v)2℄� g[j~'j2 + (� + v)2℄2;where ~' is the pion �eld (3 real 
omponents), � is the sigma �eld (1 real 
omponent),v a 
onstant and �, g are real positive parameters.a. Show that this Lagrangian 
ontains a linear term �� and express � in terms of �, gand v. What is the Feynman rule for su
h a term?For � 6= 0, this Feynman rule makes the perturbative approa
h unne
essarily 
ompli-
ated. Argue that this 
ompli
ation is avoided when v is su
h that ~' = ~0 and � = 0
orresponds to the minumum of the potential asso
iated to the Lagrangian.Determine v, and show that the ~' and � masses are 0 resp. �.b. Show that the Lagrangian is invariant under the global in�nitesimal (isospin) trans-formations Æ��(x) = 0; Æ�'i(x) = �"ijk�j'k(x); (1)and also under the global transformationsÆ��(x) = �~'(x) � ~�; Æ� ~'(x) = (�(x) + v)~� : (2)Now write eqs. (1,2) in matrix notation w.r.t. the 4-
omponent ve
tor '�(x) by de�n-ing '4(x) � �(x) + v (i.e. write Æ�'�(x) = �iLi��'�(x), resp. Æ�'�(x) = �iKi��'�(x)for suitably de�ned 4� 4 matri
es Li and Ki). Prove that Li and Ki span the spa
eof real antisymmetri
 4� 4 matri
es.Con
lude that eqs. (1,2) are in fa
t in�nitesimal SO(4) transformations. Verify thisby showing that the Lagrangian, written in terms of the 4-
omponent ve
tor '�, ismanifestly SO(4) invariant.
. Give the Noether 
urrents asso
iated to eqs. (1,2)1Please note: To respe
t 
ovarian
e pk = �i�=�xk, whereas pk = �i�=�xk or ~p = (p1; p2; p3) = �i~ras used in non-relativisti
 quantum me
hani
s.138



34. Higgs me
hanismWe 
onsider a model with real s
alar �elds 'i and ve
tor �elds Ai�, i = 1; 2; 3. These�elds transform in the fundamental representation of an internal group SO(3), withgenerators (T i)jk = ��ijk i; j; k = 1; 2; 3:In parti
ular the 
ovariant derivative and �eld tensor read(D�')i = ��'i � g�kijAk�'j;F i�� = ��Ai� � ��Ai� + g�ijkAj�Ak�:The Lagrangian is taken to beL = � 14F i��F ��i + 12(D�')i(D�')i � V (j~'j2) with potentialV (j~'j2) = �4 [j~'j2 � F 2℄2; �; F > 0:The (0-loop) va
uum expe
tation value (vev) of the s
alar �elds is 
hosen to beh~'(x)i = ~F �  00F! (F 
onstant):a. Explain why this is a valid 
hoi
e for the vev. Show that this vev is invariant undera 1-dimensional subgroup of SO(3).b. De�ne ~'i = 'i � F i, and expand the Lagrangian in terms of ~'i and Ai�. Note thatthe quadrati
 part of the Lagrangian 
ontains o�-diagonal elements (mixing A and~'). In general su
h terms 
an be handled by diagonalisation (rede�ning A and ~'in terms of ea
h other in an appropriate way), but anti
ipating the gauge 
hoi
e inpart 
. you may negle
t them here.Interpret the various terms (mass terms, kineti
 terms, intera
tion terms). Give themasses for the �elds Ai� and ~'i (i=1,2,3), and also the 
ouplings for the following3-verti
es: ������~'2 ~'3~'2 ����������~'3 A1�A1�
. Show that we 
an 
hoose the gauge su
h that~'1 = ~'2 = 0:Does this 
ompletely �x the gauge?This model 
ontains 9 physi
al degrees of freedom (dof). Read o� from the quadrati
terms how in the above gauge these physi
al dof are distributed over the �elds.d. Re
onsider the situation for a di�erent potential, V (j~'j2) = 12m2j~'j2. What is the ~'vev in this 
ase? Read o� the number of physi
al dof again ('1 = '2 = 0 is not a
onvenient gauge 
hoi
e now. Why?).139



35. Higgs e�e
t and ghostsTake the model in the previous exer
ise and add the following gauge �xing term tothe Lagrangian: Lgauge = ��2F2a ; Fa = ��A�a � g��ab
F b'
:a. Expand L+ Lgauge up to quadrati
 terms in Aa� and ~'a � 'a � F a. For 
onvenien
e
hoose F a = FÆa3, as in the previous exer
ise. Show that due to the spe
ial gauge
hoi
e, the quadrati
 terms mixing A and ~' 
an
el among L and Lgauge.b. Determine how Fa transforms under in�nitesimal lo
al gauge transformations ' !
'; A� � Aa�T a ! 
A�
�1 + g�1
��
�1 with 
ij = (exp(�aT a))ij = Æij � �a�aij ,and write the result as ÆFa =Mab�b (
f. le
ture notes pp. 90, 91). Read o� the ghostmasses.
. Determine the ve
tor, s
alar and ghost propagators as a fun
tion of �. Whi
h limits
orrespond to the transversal gauge (��A�a = 0) and the unitary gauge ( ~'1 = ~'2 = 0,as in part 
. of the previous exer
ise)?d. Whi
h poles in the propagators 
orrespond to physi
almasses? Che
k that unphysi
alpoles always 
oin
ide mutually, and argue why this is ne
essary.36. Elektroweak intera
tions in the standard modelIf  is an SU(2) doublet and has U(1) hyper
harge � 12Y g0, its 
ovariant derivativereads (for SU(2) generators �i�a=2 and U(1) generator i)D� = �� � 12 ig�aW a� � 12 iY g0B� :It is given that the fermion �elds eL; eR (ele
tron), � (neutrino), uL; uR; dL; dR (upand down quarks) have the following SU(2)�U(1) properties: Le = � �eL� doublet Y = �1 Re = eR singlet Y = �2 Lq = �uLdL� doublet Y = + 13 Ru = uR singlet Y = + 43 Rd = dR singlet Y = � 23Furthermore, we reformulate the gauge �elds:W�� = 1p2(W 1� � iW 2� );Z� = �W 3� 
os �W +B� sin �W ; Aem� = W 3� sin �W +B� 
os �W ;and �� = �1 � i�2.a. Write the 
ovariant derivative of  Le and  Re in terms of W�� ; Z�; Aem� and �+; ��; �3.140



b. We require the intera
tion between the ele
tron �elds eL; eR and the photon �eld Aem�to be the same as in quantum ele
trodynami
s (QED). Derive from this requirementtwo relations between g; g0; �W and the ele
tron 
harge �e.
. Work out the relevant 
ovariant derivatives to determine the ele
tromagneti
 
hargeof the neutrino and the up and down quarks. Also analyse the ele
tromagneti
properties of the �eldsW�� and Z�. Dis
uss the parti
le interpretation of the 
omplex�elds W�� .d. The Lagrangian of the standard model 
ontains a.o. the following terms:i � Le 
�D� Le + i � Re 
�D� Re :Determine from this all possible 3-verti
es of type �������> , where ���������� stands forW+� ;W�� or Z�, and > for eL; eR or �.e. The standard model allows for the pro
ess W� ! eL + ��. It is given that the de
ayrate �0 equals �0 � �(W� ! eL��) = 148�g2MW(MW is the mass of W�, the masses of eL; eR and � are negle
ted). Use your resultsfrom part d. to express the de
ay rates �1 � �(Z ! eR�eR) and �2 � �(Z ! ���) interms of �0 and �W .f. Show that �(Z ! eL�eL) 6= �(Z ! eR�eR)and interpret this result.37. LEP experimentSin
e 1989 CERN has been operating the \Large Ele
tron-Positron" (LEP) 
ollider, aring with a 
ir
umferen
e of 27 km. Ele
trons (e�) and positrons (e+) are a

eleratedin opposite dire
tions, ea
h rea
hing an energy (E) of about 45 GeV. The CM energy(2E) in a 
ollision is 
omparable to the mass of the neutral ve
tor boson Z that wasen
ountered in the previous exer
ise. From Heisenberg's un
ertainty relation it isthen 
lear that a Z-boson 
reated in the 
ollision 
an exist for a relatively long time.This gives rise to a so-
alled resonan
e in the ele
tron-positron 
ross se
tion. In thepresent exer
ise we will analyse this phenomenon for the pro
ess e+e� ! �+��.The following part of the standard model Lagrangian (in the unitary gauge) suÆ
esfor a leading order 
al
ulation:L = � 14(��Z� � ��Z�)(��Z� � ��Z�) + 12M2ZZ�Z� ++ Xf=e;�( � f(i
��� �mf ) f � ep3 � fZ�
�
5 f) :In this Lagrangian the spinor �eld  e(�) des
ribes the ele
tron (muon) with massme(�) =0.511 MeV (105.7 MeV), while the Z-parti
le (with mass MZ =91.2 GeV)is des
ribed by the ve
tor �eld Z�. For 
onvenien
e the Weinberg angle �W hasbeen approximated (sin2 �W = 0:25 instead of sin2 �W = 0:23). As 
an be seen from141



part d. of the previous exer
ise this 
onsiderably simpli�es the intera
tion betweenthe Z-parti
le and the fermions. The Feynman rules now are����������k� � = �(g�� � k�k�M2Z )k2 �M2Z + i� ; >kb a = (mf + 
�k�)abk2 �m2f + i� ; �������> �ab = ep3(
�
5)ab:a. Give all Feynman diagrams and the S-matrix for e+e� ! �+�� via a Z-parti
le. Alsogive the Feynman diagrams for e+e� ! e+e� via a Z-parti
le.b. Prove from the Dira
 equation that �us1(p)
�vs2(q)(p� + q�) = 0 and the same foru$ v. Here us(p) (vs(p)) is a Dira
 spinor des
ribing a parti
le (anti-parti
le) witharbitrary spin s. For QED, explain why these equalities are related to U(1) gaugeinvarian
e.
. Show like in part b. that �us1(p)
�
5vs2(q)(p� + q�) = 2mf �us1(p)
5vs2(q) and derivean analogous formula for u$ v. Here mf stands for the fermion mass.d. The typi
al energy s
ale in the LEP experiment is MZ . This means that me and m�
an be negle
ted. Show that this implies that in part a. the Z-propagator 
an berepla
ed by �g��k2 �M2Z + i� :e. In the le
ture notes (pp. 39, 46) it is explained that quantum 
orre
tions modify thepropagator. Show for the present 
ase that the Z-propagator will be modi�ed to�ZZg��k2 �M2Z + iMZ�Z + i�(ZZ =Z's wavefun
tion renormalisation; �Z =Z's total de
ay rate).To a good approximation the k�dependen
e of �Z may be negle
ted near the res-onan
e. Furthermore, O(e2) 
orre
tions to ZZ will be negle
ted too, i.e. we takeZZ = 1. Why is �Z 6= 0?f. In your 
al
ulation below you may (or rather should) use the result from exer
ise 29b,namely that in QED the total 
ross se
tion for e+e� ! �+�� (i.e. via a photon) equals��23E2 . Here � is the �ne stru
ture 
onstant, the fermion masses are negle
ted, and thein
oming parti
les are not polarised.Show that the total 
ross se
tion � for e+e� ! �+�� via a Z-parti
le equals, forunpolarised ele
tron-positron bundles and in the approximations dis
ussed before,� = 13��2(4E=3)2((2E)2 �M2Z)2 +M2Z�2Z :Remark Sin
e �Z � MZ (see below) it is 
lear from the above formulas that nearthe resonan
e photon \ex
hange" 
an be negle
ted. Also Higgs \ex
hange", possiblein the standard model, is negligible, as the 
oupling between the Higgs parti
le andfermions is proportional to mf=MZ (� e).142



g. The �gure on the �rst page of the le
ture notes shows the LEP data (in the �gureEnergy=2E). Explain this plot qualitatively from your 
al
ulations, and extra
t �Z .Note that ea
h fermion anti-fermion pair, into whi
h the Z-parti
le 
an de
ay willgive a positive 
ontribution to �Z . As also neutrinos 
ontribute, one has been ableto determine the existen
e of pre
isely three (light) neutrino types.38. 1 loop 
al
ulation with s
alar �eldsA model with s
alar �elds '0, '1 and '2 is des
ribed by the LagrangianL = 12(��'0��'0+��'1��'1+��'2��'2�m20'20�m21'21�M2'22��0'0'22��1'1'22);with M � m1 > 3m0.a. Even though there is no dire
t intera
tion between '0 and '1, the model gives riseto diagrams with only external '0 and '1 lines. Clarify this statement by drawingsome diagrams 
ontributing to the pro
esses '1 ! '0'0'0 and '1'0 ! '1'0. Usethe following notation for the propagators:'0 '1 '2b. Consider the diagram '1 ��������
'0
'0! q ! q0

! q00 = q � q0# p� q0���p��Rq � pGive the asso
iated S-matrix element without working out the d4p integration yet.
. The S-matrix element 
ontains the following expression:g(q; q0) = Z d4p(2�)4 i�1�20(p2 �M2 + i")((p� q)2 �M2 + i")((p� q0)2 �M2 + i") :Argue that g(q; q0) 
an be viewed as the e�e
tive 
oupling 
onstant for the leadingorder 
ontribution to the pro
ess '1 ! '0'0. Do you expe
t g(q; q0) to be real or
omplex?d. Compute g(q; q0) with the te
hniques introdu
ed in the le
ture notes pp. 101{103:write g(q; q0) as an integral over a fun
tion of the form In;�;�( ~m). To this purpose usea Wi
k rotation, the Feynman tri
k and a shift of the integration variable p. Writethe relevant fun
tion In;�;�( ~m) in terms of Gamma fun
tions.e. Assuming q, q0, q00 on-shell, 
ompute q2, q02 and q � q0, and observe that these s
alarsare mu
h smaller than M2. Use this observation to expand your result from part d.in terms of 1=M2. In this way show thatg(q; q0) = g0M2 + 
0m20M4 + 
1m21M4 +O  m4M6!and 
al
ulate g0; 
0; 
1. 143



39. Va
uum polarisation and Pauli-Villars regularisationQED, quantum ele
trodynami
s, is the �eld theory of minimally 
oupled photons andele
trons. Their �elds are a U(1) ve
tor �eld A� and a spinor �eld  (x), governedby the LagrangianLQED[A;  ℄ = Lphoton + Lele
tron + Lint == � 14F��F �� + � (i
��� �m) + eA�( � 
� ):Choosing the Landau gauge (�!1, le
ture notes p. 17) the 2-point fun
tion readsto 0th order ����������q� � � �(0)�� (q) = (�i) �1(q2 + i")2 [q2g�� � q�q� ℄! :(the propagator equals i�(0)�� (q), 
f. exer
ise 13). We are interested in the leading
orre
tion to i�(0)�� (q), the so-
alled va
uum polarisation:�����������! q� �����>< �����������! q� � � �(1)�� (q):!12q + p!12q � pa. Show that �(1)�� (q) = �(0)�� (q)!��(q)�(0)�� (q);with !��(q) = � e2(2�)4 Z d4pTr 
� m + 
 � ( 12q + p)( 12q + p)2 �m2 + i"
� m+ 
 � (p� 12q)(p� 12q)2 �m2 + i"! :Note that this expression is divergent.b. Compute the tra
e in the above expression using your results from exer
ise 21.N.B. Throughout the present exer
ise do not assume q on-shell.
. Show that q�!��(q) = 0 (stri
tly speaking this is only valid after regularisation as inpart e.). From this 
on
lude that !��(q) takes the form!��(q) = !(q2)(q2g�� � q�q�):d. Determine the s
alar fun
tion !(q2) by 
ontra
ting the above expression with g��.e. The result in part d. 
ontains a divergent d4p integration. This divergen
e will nowbe regularised by the method of Pauli-Villars. In this method attention shifts from!(q2; m) � !(q2) to the sum �!(q2) �Xs�0Cs!(q2; ms);where C0 = 1 and m0 = m. Here the sum should be performed before doing the d4pintegration. 144



Show that �!(q2) is of the form�!(q2) = Z d4p Xs Cs P2 +m2sP0~P4 +m2s ~P2 +m4s ~P0 + i" ;where Pn and ~Pn are polynomials of degree n in p and of arbitrary degree in q;furthermore they are independent of ms.Expand the quotient Is (appearing within the sum and integration in �!(q2)) for largevalues of p2: Is = CsP2~P4 + Csm2s "P0~P4 � P2 ~P2~P 24 #+O(p�6):Show that the 
onditions PsCs = 0;PsCsm2s = 0 guarantee that �!(q2) is given bya 
onvergent integral.Remark: Closer inspe
tion shows that the se
ond term in Is is only of order p�6.The naive 
on
lusion that the 
ondition PsCsm2s = 0 is super
uous is wrong, as the
an
ellation of the p�4 
ontribution does not take pla
e at the level of !��. Hen
eleaving out the se
ond 
ondition makes the derivation in part 
. invalid.f. A solution to the 
onditions isC0 = 1 C1 = 1 C2 = �2m20 = m2 m21 = m2 + 2�2 m22 = m2 + �2for arbitrary �2. Show that for this 
hoi
e �!(q2) gives the same va
uum polarisationas a model 
onsisting of the photon �eld and the following �elds:(mass)2 statisti
s 0 m2 Fermi 1 m2 + 2�2 Fermi 2 m2 + �2 Bose 3 m2 + �2 Bosewith a Lagrangian L = Lphoton + 3Xs=0 � s [i
�(�� � ieA�) +ms℄ s:g. RemarkThe situation in part f. des
ribes the regularised theory. To return to the true theorywe would like to eliminate the �elds  1;2;3 by pushing their masses to in�nity, i.e. bytaking the limit �2 ! 1. However, 
areful inspe
tion shows that �!(q2) diverges asa fun
tion of �2: �!(q2;�2) �2!1� log �2m2! :This divergen
e 
an be absorbed in a wavefun
tion renormalisation, whi
h will neverappear in physi
al quantities. 145



40. Beta de
ay of the neutronThrough the weak intera
tions a neutron (N) 
an de
ay in a proton (P ), an ele
tron(e) and an anti-neutrino (��e). At quark-level this so-
alled beta de
ay reads d !u+ e+ ��e. The following intera
tion term in the Lagrangian of the Standard Modelis relevant to this de
ay:Lint = gp2 �W�� � Ld 
� Lu +W�� � Le 
� �e + h:
:�(h:
: =hermitian 
onjugate,  L = 1�
52  ).a. Give the lowest order Feynman diagram for the above pro
ess (for quarks).b. Show that if the external momenta are mu
h smaller than the W-boson mass MW ,we 
an just as well 
onsider the e�e
tive intera
tionLe�int = � Gp2 � � d
�(1� 
5) u � �e
�(1� 
5) e�+ h:
: (1)and express the so-
alled Fermi-
onstant G in terms g en MW .
. Prove that Se�int = R d4xLe�int is not invariant under parity.d. Sin
e the proton and neutron are built out of 3 quarks (N = ddu, P = uud), one 
anderive from eq.(1) an e�e
tive Lagrangian for neutron de
ay.~Le�int = � Gp2 � � N
�(1� �
5) P � �e
�(1� 
5) e�+ h:
: (2)Through QCD-e�e
ts � will deviate from 1. In good approximation one has � = 1:22.Give the redu
ed matrix element M for the de
ay of the neutron. Use the following
onventions for the momenta (p; ki) and spins (s; ti):��������� ��� ��I��� �����Rk1; t1 k2; t2k3; t3p; sP e
��eNe. During the beta de
ay of the neutron, whi
h is assumed at rest, only the momentumof the ele
tron (~k2) is measured. Using a magneti
 �eld the spin of the neutron isaligned along the positive z-axis.Give the expression for the spinor uN for this polarisation and prove thatXt1;t2;t3 jMj2 = G22 �uN
�(1� �
5)(6k1 +mP )
�(1� �
5)uN ��Tr ((6k2 +me)
�(1� 
5) 6k3
�(1� 
5)) : (3)Here me; mP and mN are the masses of resp. the ele
tron, proton and neutron. Wework in the limit mN !1; mP !1, but we keep �m = mN �mP �xed.146



f. Show that in this limit�uN
�(1� �
5)(6k1 +mP )
�(1� �
5)uN = 4m2P �
�g�� � �(Æ�0 Æ�3 + Æ�3 Æ�0 )� i�2"0��3� ;with 
� = 1 for � = 0 and 
� = ��2 for � = 1; 2; 3; "0123 = �1, "���� 
ompletelyantisymmetri
; g is the metri
 diag(1;�1;�1;�1).Prove that the `partial' de
ay width is given byd�" = f(j~k2j)0�1� 2�(�� 1)1 + 3�2 j~k2j(k2)0 
os �1A d3k2; (4)where � is the angle with the positive z-axis, along whi
h the ele
tron is dete
ted.Hint: Prove �rst that in the limit mN ; mP !1 
onservation of energy implies that�m = j~k3j+qm2e + j~k2j2:g. Explain why the unpolarised partial de
ay width is given byd�� = f(j~k2j)d3k2 ?Compute from this the life-time of the neutron in the approximation thatme=�m = 0(in reality me=�m � 0:4, whi
h leads roughly to a 
orre
tion with a fa
tor 2). Inunits where �h = 
 = 1, you may use that�m = 2:0 � 1021s�1,mP�m = 7:3 � 102,G = 1:0 � 10�5m�2P .h. Already in 1957 (breaking of) invarian
e under parity in the weak intera
tions wastested. Free neutrons are experimentally hard to handle. This is why a pie
e ofCobalt (Co60) was used, whose nu
leus 
hanges under beta de
ay into Ni
kel (Ni60).S
hemati
ally the following result was obtained:
Cobalt6~B?
6 -� ��R��	 �����I ee e

e ee
ee(that is a bigger ele
tron 
ux in the dire
tion of � ~B than in the dire
tion of ~B, where~B is the applied magneti
 �eld).Argue why this experiment demonstrated the violation of invarian
e under paritytransformations.Note: Nu
lear 
ompli
ations make the pre
ise 
omputations for Co60 rather morediÆ
ult than those for a free neutron. The result is nevertheless given by eq.(4),but with appropriately modi�ed �. For the above question this is not relevant;To 
on
lude that parity invarian
e (mirror symmetry) is broken, the details of theunderling theory are not required. 147


