
l_ ~T~ODUCTIO~ 

~me ~ be  ~bat d a toms.  u ~ c b  K ~ , m ~  kw 

a|ma~ a~ l a t 6 ~  ~ o m ~  Cado sudae~ As ~ 
a~ffaa::ts are uaF~a~a~ ~ of l:be alu~s/s m t  be 
described ia ~.Le ~ .  h slmaM aim be Ned- 
less to Jm~at ~et that  the oa~f mat o~e d b~ a&~e 
to reliably predict iaEa/te vdame  qaaatibe~ ~ the 
mass.specuum, is to match the mlame ~ 
to analytic pred/cfions that  a ~  p a ~ m e t m ~  by iaf~ 
nite volume quantifies. 

Insect.  2 we ~i l l l i rs t  rm0ie~ the a~ab/tic work 
of Volnvinlmi ~ for the low-lying mas~spectrum in 
SU(3) pure gauge theory. It is through the compa~r- 
ison between the continuum and lattice calculations 
in volumes up to one cubic volume for w.~m-ratios 
as a function of  L~ that one has been able to lind 
a good quantitative measure for the size of lattice 

artifacts. Especially for SU(2) gauge theory this has 
allowed even for an analytic control over the lattice 
artifacts 2. 

The remainder of this review will be concerned 
with the large volume domain. There are bafically 
two approaches to study the large volume asymp- 
¢otics of field theories. One is based on chiral per- 

~KNAW fellow 

cam be c a ~  M ~ e ~ c b e  ~ .  ~ . ~  

aml as a amdel for ~ ImmS I ~ g s  l a m ~ l e i  i s u ~  
da~ madd_ Eslmc/a~/a the ¢~w.~  d i h ¢ ~  
c l l i ~  Fer tmlm/~ t l a s ~  gas Imm meal ~ sine- 

rector am.~fic msdl~ a ~  thr ;wi~er ~ m- 
d m E q  reE~mass d~,t ,..~mpaee 1~i~ La~c~ ~ 
Carlo 

assumptkm is that the theory has a non-v~m~n~ 

mass gap. .~,'c'L3 will ~ Lfischer's a a a l ~  ~ 
for the volume ciepem~ace of stable on~--parl/c~ 
masses. The volume dependence here arises due 
polafi~tion effects. This is typ;cal~] the formula o~e 
will want to employ to extrapolate (necessarily.) fi- 
nile volume lattice Monte Cado e~timates to their 
infinite volume values for, say the giueba!J ma~s i~ 
pure gauge theory. We will also review ? ~ e ~ e ~  
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analysis 6 of the volume dependence "or the o~e- 
particle irreducible vertex functions at ze-o external 
momenta, which can be analysee with almc-~t identi- 
cal techniques and has impo~ant implication= for the 
analysis of the Higgs-mode! in the unbroken p;~ase. 

Sect.4 witl discuss the volume dependence for 
two-partide masses. If one neglects the polarizatic.n 
effects, which are exponential in L~ the volume de- 
pendence here a~ises because one :part{de can prop- 
agate around the ~elume and scatter off t~le other 
particle, which in leading order will give a ] /~z  cor- 
rection on the two-particle mass, as was ~rst conjec- 
tured correctly by Parisi e.a. 7. With techniques sim- 
ilar to those developed for tile one-particle masses 
LiJscher had previously 8 developed an extension ~n 
powers ~f 1/~. However, very recent|y g he foat~d 
a way to extract a relation between the two-part~le 
masses in a finite volume and the phase-shifts to a|J 
orders in 1/£. This result is quite similar to  what 
can be derived in two d{mensio~cs (one space a#d 
one t ime dimension), to be illustrated for t~e O(N) 
model. We will give a very short re-~iew of the exact 
S-matrix found with the bootstrap method by A.B. 
~nd AI.B. Zamolodchikov 10. The S-matrix was ver- 
ified by measuring th ~. two-part i te masses in a finite 
volume 11. illustrating the power of the formalism. 
We then derive in a simple setting the all order re- 
suit in four dimensions, using a technique d~fferent 
from (but related to) Luscher's g analys~s. This tedl-  
nique, based on the pseudo-potentials, was used by 
Huang and Yang 12 to derive the volume dependence 
for the groundstate energy of two hard spheres. 

Sect.5 will describe a method, odg{nally pro- 
po~ed in work by Po!,',~kov ~nd \~egmann 13 and 
recently successfully employed by Hasen~ratz, Mag- 
giore and Niedermayer 14 to calculate the mass gap 
for the O(N) model in two dimensions, directly in 
an infinite volume. This method is based on the 
Bethe Ansatz, and we will discuss some of the in- 
tricate issues, related to the validity of the Bethe 
Ansatz for the O(N) model on one h~nd and the 
analysis of a highly singular integral em,ation on the 
other hand. We also review the p:esent status of 
the Monte Carlo results, especially based on simula- 
tions by Woiff 15 using the cluster algorithm and the 
:=:i< r~J expansion 16, 17 

2. SU(3) PURE GAUGE SPECTRUt~t it4 ~I~CT~_~- 
MEDIATE VOLUMES 
One de~nes a gauge tbe3ry on ,the t o r~  #~ i~- 

posing periodic boundary cond,~t{~r:s ~ t ~  ~r~o~J ]. 
;in each ot the three spat:al :d~e~t~o~. T~e #rms# 
#le of t~e catcu~at;-on ot" the ~c)~-)y:m:g s~e~=~  :.n 
sma~! and intermediate ~oia~es is based ~'~ ~ i : ¢ i ~  
an e~ective Ham'{ten,an 2~8 f-or t,~e , z ~ . ~ . ~ - ~  
gauge 15elds (.4~ (x) = c~ /£) ,  by iate~ati,#g ~,~t ~ 

' ~d / ( ' c )  = 2 L ~ c ~ "  + "-JL--f'F:"~:L "-" ' ;~ + r~:{,:::,) 

z)  r 

t~e ~ d  s t r ~  iu t~ms  of ~ ~ m - m e m ~ t ~ m  
gauge ~eJcl a~d t~e st~rac~-a~e c;~4~n!L~ ~ _  F=r- 
~ermore, ~ is t~e rc~orma~iz~i c~u~ng c o e ~ n t  a~ 
tl~escale# = ] / L  T i ~  e~ect~e potemtial |{C~). ~-~ 
]ng in~rar~aat Br ie f  constant gauge trar~orn~tions~ 
on~ depends on t i~  Ca.~mir invariants 

~here t~e sum ove~ the colour indices is impi~it. 
There are as many independent Casimir in~adan~ 
as the rank of  the gauge group For SU(2) only r~ 
will be non-trivial. These coordinates are uniquely 
related to those obtained by restricting the zero- 
momentum gauge fidd to be abdian. For SU(2), 
~T=  = X,~r~/2 yields ~ = X~ ~ e r e a s  for SU(3), 
C r =  = ( x ~ s  + ~;~a)/2 gives .~ = A? + } 7  and 
-~, = x , v ~ ( } 7  - x~' /3) .  ~t implies that if we know 
the effective potential restricted to the abelian con- 
figurations there is a unique and minimal way to ex- 
tend it to all constant gauge fields, in this way one 
can show that eq. (2.1) is accurate to O(g 8/3) (us- 
ing that c is O(g2/~)). To this order the calculated 
spectrum 19 is valid for L << 0.1fro and the wave- 
function is localized around c = 0. 

Bij adding the zero-momentum (n = 0) contri- 
bution to the one-loop effective potential one gets 

~(c) = V~(c) + 2L-'¢Trad[(C~T~)2] , (2.3) 

whose symmetries are a conseq uence of the gauge in- 
variance. A crucial role is played by the twisted gauge 



, ~.-skk - x l ,  ~ 
~ x ) !  = e ~  T ~!. ~2.~ 

x - .  x + ~ / ~ _  ~ ~  ~ ~ m ~ , i ~ , ~  

to th~ i n v a ~ K e  ~ ~ W ~  ~m~p (the s ~  
group that leaves tke set o f  abelEa~ gesu=--~.~a~ ~var~ 
ant}. W ~  alre d colsrse ~ 

cor,.~Zan~ gauge t ~ a ~  Fm SU(3). 
l~gure I gives a u-~ sectiem ~ the eff~ potem- 

6al ~. The hexagonal symme~ is,e~u~ to the 

w ~  i , , ~ , ~  ( , , i ~  ~ su(3) is ~ to 
the permutation group & )  and the penod~ structme 

is dne to  the invar~ance uml~r tunsted gauge t ~ -  
mat.ions. For SU(2) the W e ~  group is ~ o n m ~ c  to  
the permutation group ~ .  wh~h c ~ n c K l e s ~  par- 
ity, restdcte~ to  the abelian zero-momentum g~uge 
~d~ ( X  - .  - X ) .  

To implement these symmetries on the wave- 
functional we perform a change of  coordinates ~ -~ 
( X ] ~ , g / , ) ,  where ~ stands for the collection 
of  SU(N)-angular coordinates and (X~ ,~ )  are re- 
stricted to  a fundamental Weyl chamber, where the 
relation between (X,Y) and (r.s) is one to one. For 
SU(2) these new coordinates are the spherical co- 
ordinates. The Jocobian, ,]2 = ]-[~j~z, of this 
transformation is given by Ji  = X i  for SU(2) and 
j~ = ~ ( ~ 2  _ ~ )  for SU(3). The wavefunctions 
can he decomposed as 

• (~) = ] ] J . ' x ~ ( X ~ , ~ ) Y ~ ( f ~ ) .  (2.6) 
i 

z Z 

Tie  "radi~ ~ ,~ m l  l~,e ~ ~ k  re- 
q~ct to We~ ~ so as to ca~n~ the ~m% 

tms)l[~) a,e ~6ms u~ the ~pUen~ ~ 
wbereas m ges~ral they an ~ ~ 

tions of the gaul~ gm~- 

We note Ikat i combinalk~ aftlbe twid_ _,~i_ gau1~e 

t r a a d m m a 6 ~  aml a _c~--d_ m t  Ipm~e tram/mma- 
~ v e s  ~mnw~mt the k e  X = ~ fm SU(2) aid 

Cm~ly the ~ af X caa be d,~=,:,~ed ~ tem~ 

of bouda~ ~ a t  tWs E~_ ~ a W ~  
traadmmadoa iemes t l~  ~ mva~m and 
maps this hne into a ~  line wbeme t l ~  mmed lc -  
l~on will s a t ~  the same boundmy (~n~. In 

this way one obtains the unit c~-J iad~Led by 

dashed line for SU(3) in 6gure 1 (or for 50(2 )  deGm~l 
b y r i  < ~). to  wh~h the themy can b e r e ~  
by impodng appropriate boundmy ~ .  This 
restdc~m to one unit cell is quite essent~a| i f  one re- 
alizes that the effective Hamiltonian ofeq. (2.1) can 
not be extended beyond the Gribov horn.on, which 
is indicated by the fat hexagon indicated in ~gure 
1. For more details on this we refer to  21. Carefully 
working out the consequence of  the symmetries one 
can show 1" 21 that a complete basis for X in the case 
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Figure 2: For SU(3) pure g~u~e theory the ma~ 

rat;~ m(.4++)im(~ ++ ) ~nd V~/m(£ ++) ~,e ~i~,e. 
as a function of z = m(E++ iL .  T~e m a ~  are 
labeled by the representations o{ the cubic :group and 
c is the string tension {energy of electric flu~ per unit 
length). The ~onte Carlo data is {tom 23, the drawn 
curve belo~ z = 1 from 19 and abow from t .  

of SU(2) is given by ~ (X)  = sin(r~X/2), whereas To~ 
SU(3) one finds 

x(x, Y) = si,,(,,~Yl~)#'~/~ (2.7) 
+ ~ , ( ~ ( v ~ X  - Y) /4)~{~-~÷~} /2  

-~n(m(v~X + Y)14)~,~-x-r}~L 

for each of the three coordi~ate diceUiJOl~. The 
quantum numbers ~ and m w~|| be restricted by the 
electric flux and irreducible repcesentations of  t~e 
Weyl and cubic groups. Finally froze ~ ]'~ ~ 
to transform as a sin~et u~ler SU(N} one obt.~ns a 
complete anc] gauge invar;.ant basis for the e~ective 
Hamiltonian, that through the lx~ndary conditim~ 
carries the information of electric fJux~ tt is clear that 
for SU(3) 1 the computations of all the ,ele~aat ma- 
trix elements is rather more cumbersome than the 
corresponding calculations in SU(2) 22. However. 
once the matrix of Che Hamiltoniaa for this basis is 
computed one performs a simple ~ay]eigh-P~tz analy- 
sis to determine the spectrum. The intermediate vol- 
ume range sets in when tunnelling trough the quan- 
tum induced ha:Tiers of ~ becomes frequent (below 
that, the results of ref. 19 are valid and the energy 
of electric flux ;s exponentially suppressed). Figure 2 
(from 1) compares Monte Carlo data 23 (for a more 
complete presentation see 24) with Vohwinkel's I an- 
~F;ic results. 

we co~clude this section by mentioning that 

alternative bour, dary conditions h~,-_ b_~n .L, se# ~.= 
calcuiate t~e spectrum {~ a sm~l; v#I~m~ ~q~- 

tabby t~is~e~ bo-:n~ary conchticms, reviewed ~,~ 
years ago 25 is M c~,nt;~nue~ i-nterest ~ Yety .r.~ 
eentiy Ktoafetd an~{ '~fie.~e 27 ~ e  c i ~ , ~  so-~[~e~, 
C-periodic boundary :ong{tions, *a, hic~ ~o~ S'U(S;! 
#rovid~ ~n intere~-~in~ ~ttesnat~e ~ . ~  # ~ i o ~  ~m[ 
t~isted boundary coadi~ios~s. 

3. LARGE VOLUt~E £_×:PARS',I:DN FC.~ ST~.F~E 
PARTICLE MASSES 

tar ~(~) is ~ ~ ~ ~ t ~  ~ ~ r ~ _ ~  

be ide~tF,~ ~ i ~  ~ farm ~t = ~ to z ,  i ~  

leading E~te ~o~um~ correc~n of tlke ocder ~ - ~ L  
M is a suitable mass-parameter_ 

A geKr~! F ~ .  diagram # ~ 
to tee ampEtade 

xv  I I  ~ ( = ( / ( O )  - ~( i (O)) ;  (3.x} 

where p(e) are external momenta, v are vertic~, t 
propagators, ~; and £ the sets of  all vertices and 
propagators, ~o is a vertex connected to an external 
line and V is the product of all vertex factors (cou- 
pling constants). To define precisely what is meant 
by propagatingonce around the "universe" (that this 
requires care is obvious when, say x~ = L~/2) i t  is 
useful to define the 7/~-~ gauge invariance x(~) -4 

x(v) + m(v)L, n(~) --~ n(~) + m(f(~)) -- m(i(~)), 
where m~(~) E 7/and n(~) occurs in the expansion 
~f AL(z).  With graph theonj 5 one can show that 



~m++ ++~+~ ~++, +:( + :  = ++y+: ++= ++++± ++++++~ :am +ram ++,er 

+:,+ +~;++++,:e+++ +++~++~m +~?~+~i -- ~,.+ ++&+ ~+ 7++i 

+ 

++~:~j + + + '  : . . . . .  = ~ V ' ~ ' + + +  ~ + ++r+ m +  ++ + ~ + + ~ +  ++ '+ + + 

+~+ ~ ~+(+~+j ++++ - +~++++++++ !: ~+ m++++ £)~ + ~++~ 

~++~+ii++i++ . . . .  + +'++ +, + . . . . . .  + +++:z] ++ ~+-+,'+~+ ~ ~:0+- +,+ +~55 G:+m+3++_ 

r ~ t e d  by ~ m r e  3. 

TSe 1PI ~teac luct~o~s tsar ~ om 
right hand side of  the S~e~-l)ysom eq~ are 

st~ infin+te volume ~mrte~ funcl~0ms and 

tbeo~u.e, alk~e one to extract the domain of an-- 
aJytl~L~. S ~ I ~  far" ou r  p n ~  + ~ 

are analytic fo r  ( imp~ -!-- lmq~.) 2 < -~n z, ~Azereas 
any n-point ~unctJon r(~}(0. - - - ,  O, q; --q) iS a n z l ] ~  
for (Imq+) + < 4m ~. Let us first analyse the 5- 
n[te volume correclJons for the 5ghtest stable one- 
particle state. In that one case takes L0 ----- 
and L+ = L, Vi. The mass is measured umng 
< ~(t)O(O) > ~ =  e x p ( - - M ~ ) ,  which coincides with 

the pole in the finite volume two-point function, 
G~z(L, zd~,O) = O. The two-point function G~(p) 

is defined by G~:(p) -- p~ + m ~ - *~(p),  where 
the normalization of the self-energy ~ is such that 
~,oo(ZT~ O) = ~---~-~-oo(Z~ O) = O, which implies that 

+ + + + + + + + :  +i : 

- - +  , ~ . . . . .  / 

~ + + + + ~ , + + +  ++++~+)+• 

F~, , j  = ~ . + + - + . - + ] + +  

To e m m ~  dDe ~ +mdie+ o e m m m ~  m ~ 

~ ~ t + d m  the , lmll~jt~y ~ of  the .d~,- 
mint 1PI fmKlicm~ F-or ~e lamt l~m 1~pra~s ~e 

o~ ~ to l~p trek oe t~ o~mem om,~ 

m,,. ~ ~ +,t e = i+/',,.. + , ~  + ~ ÷ ~  
f o r + + ~ + ~  <_ .'s,.2/++ T i ~ + s s , , m ~  
the i~egra i  ~ the sbi l ted oc.mmJr ca,, be me- 

w.r. t ,  t o  emp( -~3p-m/+~,  

leading ouler ~ d~e to tSe gaeq~e o d ~  

the fiPst diagram t h e ~  are meso. IXAeS at  9+ = 

~x/~ + ++ + ~ + (+o ~ +,~l+-) +. , + ~  + , ~ a ~ e  

f_Jo~nd~h~ for qo = O. To de~l with the, one 5Psi ~ 

ah~ ~ts ~o --~ qo ~ im /~  and the~ shifts the 9t inte+ 
grat+on contour+ The extra contribution from ++ = 0 
corresponds to having both q - -  p / ~  and --q - ? /2  



on-shell, such that the residue L~ pr.~?ortiona| te A 2, 
where A equals the IPI three-point ve~e× function 
with all three external momenta on-shef !the phys- 
ical coupling constant). The remaining ~:~g~ F :,te 
contributions combined w-th the contribu'ac~ @ore 
the la~ two diagrams in figure 3 can be rewri~te~ in 
terms of the forward scattering amplitude eric one 

obtains 5 up to O(e - v  "~'~L) 

,6M~, d~rn  ~-s ' 4rmL~ ~_~/~ . .  , ~ r n L  

~here K~ is the ~ l ~ e d  ~ t - f ~ n t i ~ .  t~ ~e.~di~ 
order for three spatial dimensions this amo~ts ~o 

estimate of the b4ueba~] coupfing c o . t a u t  in stror~ 
coup~.~g see ~8. 

For a scalar ~ theory ha tire aa~ -=n  ~ z~l 
~dd-lmint 1P1 vertex functim~ vanish and ha partic- 
ular ~ = O, which imt~n~ ratter ~ t ~ l  fr~ite 
volume correCti~, aS they ~eq~md in ]e.a~g or- 
der on the a n ~ ) y  e n n b n ~  ~ r , c ~ a ~ g  
amplitude. Instead Nmherger ~ ~zms~lered l[~l ~ r -  
rex functions at ~ar~hi~g external ~ .  They 
are relevant as an alternative to the ~ 

strained e f fec t~  potential for the ma~'~me~i~lio~, 
that has a tx~'ntike volume dep~s~s~e 6_ For zero- 
momentum 1PI vertex functions the mem~n poles 
~n the first diagram of fi~ure 3 coincide for all 
q0- Now we shift the qz contour of integration to 
qz + imv~  and the residue of the mesmvpole only 
contributes for ~0 + ~ + q~ < 2m:. At this po~e 
F(")(O,--- ,O,q,--q) is independent of q~ + q~ + ~ .  
such that the first diagram is proportb: '~1 to a one- 
loop graph ~ t h  two mass insertions, whereas the last 
diagram is proportional to a one-I~op graph with only 
one mass insertion (the second diagram vanishes). 
Thus, for the symmetric case Lo = Li the volume 
dep~.ndence up to O(e -"Lv'~) is given by 

4:) o)_r~(o ) , . . . . . . . .  d~(~L), - = m t e ~ x t m ~ , ) + r n p ~ j .  
(3.5) 

ti ~t for d = 3 (four euclidean dimensions) 
:~{ : ) /z  ~nd ~ ( z )  = K~(z). Even the 

:: :~:ioi~ is of ~ simple form now. 

4. VOLU~E DEPENOE~CE A~D S ~ f ~  

PHASE &H~F-TS 

,o~ts~le of the ~ e r ~  ~ ; ~ ,  F~=¢~ ~ ;  

falkm~lg ~m~idt ~ a ~  ~mr the ~ 

la ~ ~ i t  cad be ~ 8 ~  11 ~ 
reduced 14amato~n is reldaced by a dledi~ 

~::~[:~n~tr e q ~ t ~ ,  that can be ~ flnmm 
~eth~alpeter equation for the four-point fum:l l~, 

' /  
(4-3) 

The ~ e n t  " ~  U~(=, =') is pro- 
Imrronal to the ~ S a l p e t e r  ke~el, its range is 
detmnir~ by the p~arizado, ek~ud (wh~ m 
we restrict our analysis to field theories with a mass 
gap) and E = ~ / m  (with k the momentum of the 
two particles in the center of mass). The fully rela- 
tivistic two-particle energy W is then given by 

w = ~ m ,  = ~ / , . ( m  + ~).  (~.4) 

This generalizes to arbitrary dimensions and allows 
one to derive a relation between the energy of two- 
particle states in a finite volume and the scattering 



~' ?" ,+," '*++ + . . . .  +,~'~-n +=i=  ~_ uS' = 7 j' ++:++++~+++ +'z,~Pm+,:+z++ r~ ~ +'~ + 

r.+~,£ 

~ k+,m mtmml a~,,,ms ol  ~ O. t+m 
t ~  o(m) ~ a ~, , , , ) ,+  s+:t,.t+> ~, ,, 

m i l t i # k ~ i ~  mlts lot  a s , i t ~ *  ~ 

ure 4 we g ~  d~e I ~ p l k ~  represe~,,~, ~ ~ 

it~l~t c~ly imlkatts tim ft..rant ~ m _  

t _,- 

+, 

St~St2S~ = ~,+SoS. 

Figure 4: The  o ~ n ~ e n o /  condition for three- 

particle scattering to  be independent of  t he  ordering 

of the particles (the Yang-Baxter equation). The 
O(N) indices are suppressed. 

~em~m~r+~[ ~'i~at +r~e canno+c have ( m ~ e ~ }  

C.~t~ae ~ s  i .  ~ ~mensm~s it i~ hat , rat  to 
asm~me ~a~  ~he pa++c+dms ~.|1 ~Orm m ~ v e  O(~t) 
+,<m::tm~ ~ mamt m:+ Ela~m¢ m t i ~ +  ¢.,+~mng ~ m -  

r ~ m ~  the  ~ a t t ~ i n g  matnz.  M t+~'m~ ~ the  ~ -  

i: 

2 

++ . + 
e++++_~++,+) = + + + ~  + +La++)+:- N ~ . _  

+,,0+~ 

+P.,e oily ~ im i t  i l l .  m.<:~mi CBO-,,,a:t~. 
~ t l m m o l l t o m d  ~ o f  mm~- 

;m tk t lm/ t  X -* o~it tzm t ~ m t l ~ t  I(g~ = i 
atKI tkis is ~ to Iwkl im ft~te X ~ u d .  Far 

e q , m s i m  d t k e  S - , m t ~  

x - - I  z + i  

{ z -  t~(z + ~) {4.9) s,(o) = ( = +  l ) { ~ -  +)" 

J~mally, meamfiRgtlm e ~ q ~ M a  tin.particle s~te 
in a t i u~  volurlm and using ~!- {4.4)= will g~e  

t he  rnomemtam k in the  center  o f  m a ~  frame an~ 

through eq. (4.2) will deterr~Yne t he  sc2tter~ng phzse 

shift (at  the  momen tum k). ~gu re  5. ffcm11~ ~!iu~ 

trates this  for 62. (The deviations~ {ncreas7 ~ +'--~ 
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_T~ 
4 

2 

I : 2  
I I . . . .  ~ _[ 

05 I, t5  

klm 

F/gure 5: The scatteri~ please ShKrt 6~(~ 

~r~  eq. 0 2 )  ~r  t ~  0(3) moa~ ~ ~ t ~  '~ ~f 
size t28 × ~ ,at ~ = L5  ~ ) a r i a  ;.~ ~(~m 
s~areS) aM 2 ~  × t28 at fi = L54 {t/tI~ ~aa~r£~. 
The fatl ,~r~e i ~ - a t ~  ~1~ ~ac t  ~¢~u~, ~ .  :(~.~). 

t ~  momentum ~, are ~ tikeS, dcm ~ ~a~,i~e at- 

4 3 .  Four  d ; ~  
A~ ~ ~i~.~c~mmed ~a mm~t. 4 . l ,  i t  is ~ to 

a a a h ~  the t ~  ~aates ia the ~a -~g ta~ i s6c  
~ t a a l ~ .  Again we amam~ the  i~eracfion poc~at~ 
to have a ~aite ~ange~ V~x) = 0 ~ Ix i > I a a d  
the H a h n  ~a the £~ac~r of  mass frae~ ~s ~o~ 
g h ~  by _~ = - m - ~ a ' / a x  = + ~ x ~ .  a ~ V ~ t e  
set d scatteriug ~ w f a ~ d / ~ s  is ~ by 

(~.10) 
• a, here obviously e = ~k], i~ = k/~ ,  r = ~ and its 
enetg~ . :f = k ? ~.m. It appears that  the sl~,e~;cz' 
nature of the scattered ~aws makes i t  [mposs~Me to 
impose periodic ~oundary conditions. 

However, this problem is quite similar to the 
analysis of the hard-sphere bose gas by Huang and 
Yang t2.  The essential idea is equally simple as pow- 
erful. Replace V(x) by a s~mple pseudo potential 

~ ( x )  such that for ] x] > A, eq. (4.10) is still an 
exact solution of the relevant Sehr6dinger equation. 
Then one solves in the finite volume the Schrfdinger 

The z e t a - ~ i o a  Z~(s;q) _= E , , ~ q n  ~ - q Z ) - ,  

is defined & 9 through anal/tic continuatio~ in .s_ 
There are also ".fingular" solutions at momenta 

k = 2~a/L, if there e~sts n" E ~'~. such 
~n[ = Jp'j. In that case e ( x )  = exlp[2~rin - x / / . )  -- 
exp(2":'in' - x / L )  is a scgul~n that r a n g e s  (and is 
regular) at the origin (in other words these wave- 
functions correspond to the case co = O). If @ is 
in the sca!ar representation (A ] )  of the cubic group, 
this singular behaviour only occurs when n'  is not 
related to n by a cubic transfcrmation, which will 
make the momentum where this occurs quite large. 
Furthermore, restricting to the A] sector, eq. (4.14) 
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TEe .-mericai ~ 1 ~  & 12 are c~ = - 2 . ~ 7 ~ r i  

cz = 6~375183 
Fiaaib. let us memio. ~ t  ma~ /o f  d ~  aspeds 

of the large vol,:me expaF~s i~r ~ 
and two-parlide masses ha~e been wenilBed 
fully fm the four dimel~onal king model by Momt- 
vay and Weisz and for the four ~ ~  0(4)  
~ model in the symmetric phase by Frick. e.a_ 30. 
More ambitious has been the attempts to extract the 

e / ~ e  e{ the r~o ~r~ide masses, F~ bet~ ~ tse .  

die ~tuer ~f~) ~e~e-pre~enzeet ~y, SE~rpe i2. 
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:W~CZIF 

f a r m  mlld~ is ~ ~ f w  ~ e  eetk~zm ~ -  

t ~ e ~  i a ~ : e t a e k ~  dzzt 
¢almmes aI  tlke abeme feztmm amL s z ~ e s  z~e ~ 

E 

dle~l_ TI6s~c~tbe ~eAx~236. For t~.~ 
t l o ~ i l ~  ~ c ~ e t -  ~ . ~ ,  L~e ma:.~ive T~i r /  

be ~ by the q~ant~m i,~ve~se sc~tteri ~ ~ : 
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the Bethe Ansatz is exact (i.e. one ~a~ replace ~; 
by the Heaviside function). Although c ~s ~ikety that 
this is also the case for the O(N) mc~cl~ ]3 Chc.e ~'~ 
no rigorous proof availaEle in ~hat case 7~e ana!y- 
sis of Polyakov and Wiegmann uses the equ-valence 
with a fermionic model. Although Che B~the ~.ns~ 
is exact for this fermionic model, the eqgiva~nce 
between the models ~s not suf~c~endy rigorous, to 
conclude the e~act~ess of the ~ethe Ansa~ for t ~  
O(N) model~ SEo~i.g c-*quivalence by p~ovi~ t~at 
the ~ethe Ansatz for the two ,models gives t~e same 
resuJts is ;n this context ~nfortuna~tety a c~c~ar aT- 
gument. 

Let US :nevel'the~ make ~he a~surn:ption that 
the Bethe Ansatz ~s ~aG.  te tba~ case, impos- 
ing perh~d~ on ~ .a~r, ct~. (see eel,- (5 2))  

easily finds as for the tWo-T~a~e case (eq. (42))  

We now wish to take the t t ~ , ; c  ~hr~, L 

and M --+ ~o, m4~le p = -~'/L ~em~msF:ad"~. 

application we have in w~r~ 14 ~ c~y deal 
the isospi. 2 d~annel ~ the 0 {~ )  mm~t~, ~ 
S is given by s2 in eq.(4.8), ~ has the prop- 

Pauli exclusion, similar to ~ e  ~anJ-splbere ~ei~l~m_ )_ 
Thus, each momentum state is at most oocapi~l 
only once. It is n~w easy to compute the v a l u t a  
energy E at a fixed density p. E'~. ~5.3) can be writ- 

which enumerates with n the o ~ r ~ f i v e  momen- 
tum states, Defining da = Lg(8)d~[2~: one 
iiy derives the following thermodynamic limit for tim 
above equation 

C ~(o) - oF K ( O  - O'?~(O')do'  = m~.~O~ 

K(o) a - - ~ 2 ~  ~" s(o),  (s4) 

where OF is the "Fermi level", up to which all mo- 
mentum states are occupied and which is implicitly 
defined by 

/::.,(o).o : = ~ (s.s) 

The g~oundsta~e er,~gy E ~t f ind ~e~s:~y # ,~s ~ -  
{ore 

A~ low dens?ties, OT~ .:bzsi~U~' ~ ~ ~ :T~T~:i 

gas, .~e,:e :.q(:~)dO = dk, ~:c~ :t~'t p = ~-~ s i~ , t :  = 

A~s~z 'is :mot e~c~, ~ r ~  ~ i  ,T~: ~ ~ ~i~F~ 

depend ~e q=ite ~ c = ¢ r ~ c a ~  ~ ¢~ ~ 

M p ~ i d ~  a~e t i is t r~m~ ow~ % c~s (s~ 

at = ~e~ of w, ea~re ~e~ro, zkaz kawe ~ t  e ~ e q ~ .  
A ~ g  t ~ t  ~ O ~ ~  Sw~t ~ ~ 

inim i ~ i t ~  ~ m l ~  !~ t l~  t ~  ~ J [ 4  

tmople tll~ ~m~5oear c~-modd to the compared cm- 

- - h ~ d z  j L~(~) to  the  Halmlton~n.  TiSk am'[] cmeate 

the free energy f (h )  will be given by the Legendre 
transform 

f (h )=minp [E(p ) - -hp ] .  (S.7) 

On the other hand. one can also calculate f (h )  in 
perlLurbat~n theory for large h. using asymptotic 
freedom of the O(N)  non-linear o-modal in two di- 
mensions. There are .iV - 2 degrees of freedom that 
acquire a mass h 2 and one finds 

h 2 dak 
f(h)-f(O)=-~go-l-(N-2)/~-~V~-l-h2-1--- 

h 2 h 
=-(~-~)~ I.(~----~---__~__ )+--. (s.8) 
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E 

r-~ k.~. h ~ ~=~=~ to o~=ne t~m ~. (S.@ 
i=¢=qporat~ the e#ect of  ~!~ d=ft m t ~  ~ of 

i=acraoi=~ &si=ke the fact ~ particles ~mlpag~.e 
f r e ~  ( l~ t  =~th a ~ m) i~ t l~  free ~ 

the asymptot~ e q ~ a ~  of f(/~) fo, I,,~,e/~. as is 
already ~ from eq. (5.8). It  is am,,~q~ to 
serve that for 0(3). where the iutegral Kemd takes 
the ample form K(O) = (~r z -F F ) - ' .  eq. (5.9) is 

related to the capadty of  a circular plate ¢x)mJea- 
sot. if we put m -- O. That particular problem has 
been around for very long and it  is illustrative for 
the complexity of the singular integral equation that 
only in the early sixties Hutsou 38 was able to rig- 
orously extract the a~-ymptotic expansion. Unfoltu- 
nately, eq. (5.9) is even more cumbersometo analyse 

if m ; ~L i t  ~uJ~ ~ . s  t ~  far t~ ~isc~s any of 
~h~ d~a|s I ~  0 tJ~a.k P~e~ Ha~nfrztz for pr~ 
~icli~g ~ 0¢ the ~e~|s not: pce,~n~d~ in rcf I4)~ 

A = ~ ~5.1:I) 

qm~e mdeJr ¢mmoL ~ ~ m t  dle~,dmekmr eke ffme- 
o d l e m c e  = ~  eq~(SJJ.) ~ li~ ~ R  

i 
6: ~ Caao a.~u I~ ~ z/zs ~ ~ 6  

a ~  0be f d  cunwe to  O(_,:V-s)) a t  N = 8 ( t i ~ /  

is  in l a t t i ce  units .  The  m~-ss g a p  m was  c~m~n~rte~ 
to p i l l  units asiag the three-loop 3-function 39 

au .  4 z  ^~-~ = A L ~ e ~ ( ~ / [ 2 ( : ~ - -  ~])_ ~ .~  .~ 
the ir~nite volume mass gap14, eq. (S_11)_ 
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O. CONCLUSION 

The importance of analytic methods for fat 'ce 
field theories is twofold. First it can provide im- 
portant checks on the reliability of the Monte Carlo 
technique to extract physical quantities from l~ttice 
field theories, issues like the magnitude of lat~,ice 
artifacts can be studied with much more confidence 
then is otherwise possible. In sect. 2 we discussed 
Vohwinkel's I analysis of the low-lying spectrum for 
pure SU(3) gauge theories. It is important that in 
these calculations no free parameters are introduced. 
The method is, however, only valid for volumes below 
one cubic fermi (the scale is set by a string tension of 
(42OMeV)2). Beyond this volume the spectrum will 
become sensitive to the O-parameter 21, 42, which 
has not yet been taken into account. Our under- 
standing of finite volume gauge theories is now rela- 
tively complete. For SU(3) it might still be useful to 
include lattice artifacts and massless ferrnions in the 
intermediate volume analysis, similar to what was 
achieved for SU(2) 2, 43. The finite volume stud- 
ies have made it clear that Gribov horizons in the 
Harniltonian formulation dominate the long range 
dynamics of gauge theories 21. The volume pro- 
vides a parameter that allows us to control how far 
the wavefunctional will spread out over configura- 
tion space and thus how many Gribov horizons are 
being crossed. Going to volumes larger than one 
cubic fermi involves crossing a new class of Gribov 
horizons and it is hoped that in the future we will be 
able to venture out beyond these additional horizons. 

Another example of comparison with lattice 
gauge results was discussed for the O(N) non-linear 
~-model in two dimensions (sects. 4.2 and 5). The 
evidence, although not conclusive, is nevertheless in 
favour of the correctness of the thermodynamic limit 
of the Bethe Ansatz, which gives a highly singular in- 
tegral equation, from which the infinite volume mass 
gap could be extracted 14. It allows one to address 
the issue of asymptotic scaling in the lattice Monte 
Carlo data on the mass gap. For 0(3) this has been 
a notorious problem and even the most recent Monte 
Carlo results at very large correlation length are not 
sufficient to resolve this issue 15. 

The second reason for the usefulness of analytic 
~i~ ,~i~ !ie~ in the fact that lattice Monte Carlo re- 

suits are always restricted to a finite volume, due to 
limited computer :esources. Thus one needs to know 
when a volume is big enough to be able to extract 
with confidence infinite volume quatities. The most 
reliable method is based on analytic expressions for 
the volume dependence, usually a large volume ex- 
pansion, parametrized by infinite volume quantities. 
We discussed in sect. 3 the situation for stable one- 
particle masses in massive field theories. The volume 
corrections are in that case exponential 5 and these 
forrnu~a were successfully applied to the Ising and 
~4 models in four dimensions 30. A reliable applica- 
tmn for the pure gauge glueball calculations 44 will, 
however, require better statistics at larger volumes. 
In sect. 4.3 we discussed the case of two-particle 
energies, that have power-like volume dependence 
and provides a relation with the scattering phase 
shifts. Also here the Ising and ~4 models30 were 
used to test these ideas, but ultimately one would 
like to use these results to calculate the pion scat- 
tering length 31, 32 providing an important test for 
the dynamical fermion algorithms to reproduce chi- 
ral behaviour. Even more important will be a full 
understanding of the volume dependence of reso- 
nances like the p or glueballs in the presence of light 
fermions g. For a preliminary study based on a two 
channel resonance model see 2g (see also45). Much 
activity is likely to develop in that area in the near 
future. 
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