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e shall regew e anaiptic methods that Sawe been developed suer the past few years to understand the
it dependience of filid theones om 3 tormss, which 15 the grometry relevant for lattice gauge thaories,
Forsz smr: staert om sl o mtemediate schumes, below one cultie fermy, and discuss the results for the low-
frgong spactrum of pare SU{I) gauge theorg. T hem me ssssme 2 mass gag: i foemed in the inflnite valume and
ﬁszMMM&WwwhmMW&MMWW
mzsses, due 1o polmizetion efiects sad for the -masses, dive to scattering

wehmme. The mmmwmmmwmu}m using the exact S-matrix. Tke
gerersization to four {or sny} dimensians for the refation betweey the mizsnes in & finite volume
amd the scattenny pheoe dufts, based o 2 very recent snalpss by Easciver, nﬁ&s&m fn the near
futwre thes wll make 3 carefal study of resoances is 2 fste wiome feasble Finalle we discuss how the
Bethe Amsatr fior the tuo dimessicaal (N} moded can be used 1o calenlate the nfimte wolome mass gag.

peoviding 2w mportant test for kettice Monte (arlio studies to extract this quantivg

1. INTRODUCTION

i feld theomes The goeometry of the fsdte wof-
ume wll be that of 2 torms, which s rdevant for
2imost 2l lattice BMoate Cado stadies. As fattice
artrfacts are ssphysical most of the analysis wili be
descnbed 1 ile contisuum. It should also be aeed-
less to podat out that the ooly way one will be able
to reliably predict infinite wolame guantities, Kk the
mass-specktum, is to match the volume dependence
1o analytic predicions that are parametnized by inf-
nite volume quantities.

In sect. 2 we will first review the analytic work
of Vohwinkei® for the low-lying mass-spectrum in
SU(3) pure gauge theory. |t is through the compar-
ison between the continuum and fattice calculations
in volumes up to one cubic volume for mass-ratios
as a function of L, that one has been able to find
a good quantitative measure for the size of lattice
artifacts. Espedially for SU(2) gauge theory this has
allowed even for an analytic control over the lattice
artifacts?

The remainder of this review will be concerned
with the large volume domain. There are basically
two approaches to study the large volume asymp-
totics of field theories. One is based on chiral per-

*KNAW fellow

gwenpa The Gobdssoue bosons (associated 1o 3
spontasecesly beoles syovaetry) will stronghs dom-
e be captared ns an efffective Lagramgian, restrcted
Ar ecample s of comse the non-lneer sigesa-sodel,
both 2s 2u effective description of the mees o QU0
and as a2 modd for 2 beavy Hoges particie i the ston-
dard modef. Expecally o the costext of the fatter,
ciral pestwrbaon theory bas been woed rather suc-
cessfully in recest years. We refer to¥ for the most
recest asalytic resudts and for farther referesces, m-
duding references that compare with Lattice Moste
Carlo results.

that have a wider range of apphicability The only
assumption is that the theory has a nos-vanishing
mass gap. Sect.3 will review Lascher's aaalys'ss
for the volume dependence of stzble one-particle
masses. The volume dependence here arises due to
polanzation effects. This is typ*cally the formulz one
will want to employ to extrapolate (necessanly] &-
nite volume lattice Monte Carlo estimates to their
infinite volume values for, say the gluebaf s

pure gauge theory. We will also review Neut

mass
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anaiysi56 of the volume dependence “r the one-
particle irreducible vertex functions at zew external
momenta, which can be analysea with almest sdenti-
cal techniques and has important implication: for the
analysis of the Higgs-mode! in the unbroken phase.
Sect.4 will discuss the volume dependence for
two-particle masses. If one neglects the polarizaticn
effects, which ate exponential in L, the volume de-
pendence here arises because one particle can prop-
agate around the volume and scatter off the other
particle, which in leading order will give 3 1/L* cor-
rection on the two-particle mass, as was first conjec-
tured correctly by Parisi e.a.l. With techniques sim-
ilar to those developed for the one-particle masses
Lischer had pre\riousiy8 developed an expansion in
powers of 1/1. However, very recenﬂyg he found
2 way to extract a relation between the two-particle
masses in a finite volume and the phase-shifts to all
orders in 1/L. This result is quite similar to what
can be derived in two dimensions {one space and
one time dimension), to be illustrated for the O(N)
model. We will give a very short review of the exact
S-matrix found with the bootstrap method by A.B.
and ALB. Zamolodchikovl®. The S-matrix was ver-
ified by measuring th= two-particle masses in a finite
1 Hlustrating the power of the formalism.
We then derive in a simple setting the ali order re-
sult in four dimensions, using a technique different
from (but related to) Liischer’s? analysis. This tech-
nique, based on the pseudo-potentials, was used by

volumel

Huang and Yemg12 to derive the volume dependence
for the groundstate energy of two hard spheres.

Sect.5 will describe a method, originally pro-
posed in work by Polyakov and Wiegmannl?’ and
recently successiully employed by Hasenfratz, Mag-
giore and Niedermayer14 to calculate the mass gap
for the O(N) model in two dimensions, directly in
an infinite volume. This method is based on the
Bethe Ansatz, and we will discuss some of the in-
tricate issues, related to the vahdity of the Bethe
Ansatz for the O(N) model on one hznd ard the
analysis of a highly singular integral earation on the
other hand. We also review the present status of
the Monte Carlo results, especially based on simula-
tions by WolfftD using the cluster algorithm and the
el expansionm' 17,

2. SU{3) PURE GAUGE SPECTRUW N INTER-
MEDIATE VOLUMES

One defines 2 gauge theory on the torus by -

posing periodic boundary conditions with peniod £
in each of the three spatial dirschions. The princ-
ple of the calculation of the Jow-lying spect
smaf! and intermediate volumes 15 based on denw

an effective Hamittonianl® for the zero-momen:
zauge fields {A2(x) = /L), by integrating cut the
non-zero momentum modes 1n perturbation theory.

2 '"" 1 e s E L
Heisle) = =37 gz ¥ ggap Fol 19
9 —
Vile) = i z 3 Trag(2rm 4 oo T2 (213
n#8

Here, 7, are the generators and 72 = —clel i is
the feld strength in tevms of the zero-momentum
gauge field and the structure constants fu.. Fur-
thermore, g is the renormalized coupling constant at
the scale g = 1/1. The effective potential 13{c). be-
ing invariant under constant gauge transformations,
only depends on the Casimir invariants

P = 3THAETY, s = 4TS, -, (22)

where the sum over the colour indices s imphat.
There are as many independent Casimir invanants
as the rank of the gauge group For SU(2) only r;
will be non-trivial. These coordinates are pniquely
related to those obtained by restricting the zero-
momentum gauge field to be abelian. For SU(2),
T, = X;03]2 yields 12 = X2 whereas for SU(3),
T, = {X:ds + Yid3)/2 gives 2 = X? + Y72 and
5; = Xo/3(¥YZ — X2/3). ht implies that if we know
the effective potential restricted to the abelian con-
figurations there is a unique and minimal way to ex-
tend it to all constant gauge fields. In this way one
can show that eq. (2:1) is accurate to O(¢®/3) (us-
ing that ¢ is O(g**)). To this order the calculated
spectmm1 is valid for L < 0.1fm and the wave-
function is localized around ¢ = 0.

Bij adding the zero-momentum (n = 0) contri-
bution to the one-loop effective potential one gets

Vile) = Vi(e) 4 2L Trgl(eeTL)?],  (2.3)

whose symmetries are a consequence of the gauge in-
vanance. A crucial roleis played by the twisted gauge
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wihere e {defimed modsde N & the gaope muariant
s generated by exp{2ri ¥} {for SU2Y T = /2
and for SU{3}, T = he/V3). Explicitly one bas

r\) ot - v
alxi= e ZE T, 28)

Thes gouge temsformation, when applied to an
ahellian zero-momestem gaege Beld (& specrfed
zbove} wifl amoust o 2 shift = the X; coords-
nates For SU{2) X — X + 2ok and for SU3)
X — X+ i7k/+/3. Farthermore, V; is tevariast we-
der constant gavge trassionmations, whech whea ex-
pressed in terms of the abehan coordinates amounts
to the invariance wader the Weyl group (the sab-
group that leaves the set of abelian geserators mvan-
z0t). Wavelunctionals are of course invarnant nnder
these constant gauge transformations. For SU(3),
figure 1 gives a cross section for the effective potes-
tial ¥;. The hexagonal symmetry is related to the
Weyl invariance (which for SU(3} is somorphic to
the permutation group S;) and the penodic structure
is due to the invariance under twisted gauge transfor-
mations. For SU(2) the Weyl group is isomorphic to
the permutation group S, which coincides with par-
ity, restricted to the abelian zero-momentum gauge
fields (X — —X).

To implement these symmetries on the wave-
functional we perform a change of coordinates ¢ —
(X:, Y, ). where €); stands for the collection
of SU(N)-angular coordinates and (X, Y:) are re-
stricted to a fundamental Weyl chamber, where the
relation between (X.Y) and (r.s) is one to one. For
SU(2) these new coordinates are the spherical co-
ordinates. The Jocobian, J? = [J; JZ, of this
transformation is given by J; = X; for SU(2) and
J; = Yi(¥Y2 — X2) for SU(3). The wavefunctions
can be decomposed as

W) = [[ (X YORR).  (26)

W

gﬁwh L

X —>
Figuve I Two dimensional cross-section of §;. for
represents the anit =il the fat hexagon the Gribow
keczon and the shaded ares is the fondamental Weyl
chamber.

The “rakal” part v will be aatisymsowetric with re-
spext to Wyl reflections, so 25 1o cancel the rero’s
of the Jacobian. For SU{2)} the angelsr wavefanc-
tions Y{f}} are nothing but the spheracal harmonics,
whereas in general they are wreducible represents
tions of the gange groep.

We note that a combination of the twasted gaoge
transformation and 2 cossiant gawge tramsforma-
tion leaves invariant the fine X = 7 for SU(2) and
X = 2zJ+/3 for SU(3). This imphes that alterma-
tively the properties of y can be described in terms
of boundary coaditions at this ime. Applymg 2 Weyl
transformation leaves the wavefunction invariaat and
maps this line into another hine where the wavefunc-
tion will satisfy the same boundary conditions. Ia
this way one obtains the unit c<fl indicated by the
dashed line for SU(3) in figure 1 (or for SU{2) defined
by r; < ), to which the theory can be restricted
by imposing appropriate boundary conditions. This
restriction to one unit cell is quite essential if one re-
alizes that the effective Hamiltonian of eq. (2.1} can
not be extended beyond the Gribov horizon, which
is indicated by the fat hexagon indicated in figure
1. For more details on this we reier to2l. Carefully
working out the consequence of the symmetries one
can show! 2! that a complete basis for y in the case
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Figure 2: For SU{3) pure gauge theory the mass
ratios (AT *)/m{E++) and \/e/m{Et+) are given
as a function of z = m(E**;L. The masses are
labeled by the representations of the cubic group and
¢ is the string tension {energy of electric flux per unit
tength). The Monte Carlodata is fromZ2>, the drawn

curve below z = 1 from19 and above from!.

of SU(2}is given by x(X) =
SU(3) one finds
X(X,Y) = sin(m¥/2jemX 312 en
-+ sm(m(\/_ 3X -Y) /4)gi'lx/§(n/’:ix+i/3/2
—_ Siﬁ(m{ﬁx 4 }r)/4)fz‘n,/§({3_'x._yw2w

sin{nX/2), whereas for

for each of the three coordinate directions. The
quantum numbers n and m will be restricted by the
electric flux ard irreducible representations of the
Weyl and cubic groups. Finally if one restricts [, J;
to transform as a singlet under SU{N) one obtains a
complete and gauge invariant basis for the effective
Hamiltonian, that through the boundary conditions
carries the information of electric flux. it is dear that
for SU(3)! the computations of ali the sclevant ma-
trix elements is rather more cumbersome than the
cerresponding calculations in SU(2)22. However,
once the matrix of the Hamiltonian for this basis is
computed one performs a simple Rayleigh-Ritz analy-
sis to determine the spectrum. The intermediate vol-
ume range sets in when tunneliing trough the quan-
tum induced barriers of Vl becomes {requent (below
that, the results of ref.19 are valid and the energy
of electric flux ’s exponentially suppressed). Figure 2
(froml ) compares Monte Carlo data?? (for a more
complete presentation see24) with Vohwinkel's! an-
alviic results.

We corclude this section by mentioning that

alternative bounrdary condrions have besn vsed iz
calculate the spectrum in a smal wolume Moo
tably twisied boindsry conditions, reviewed Twg
WEATS aga?; is o continues interestZ? Very e
cently Kronfeld and Wiesed el
C.peniodic boundary conditions, which for SU
provides an interesting aliernative over perindic
twisted boundary conditions.

rut

have devised so-c3

R

3. LARGE VOLUWE EXPANSION FOR STABLE

PARTICLE MASSES

The method of extracting the volume depen-
dence at large L is based on untverss] propertes of
cuclidean one-particle irredunible vertex functions m
massive. field theories. The exprewion of 2 Feym-
man diagram m 2 hote wolume s exactly of the
same form as in an isfote volume, except that in-
tegrating over the vertex positicns is restricted 1o
the fimite volume and the mfmite voleme propage-
tor A{z) s replaced by the fmite vnlume propagator
Lglxy= Engil‘”" Adz + nd). The latter sam wil
converge for massive propagators Aiz) ~ e {4
s the space-dimensior ). Physically Alr + nl) ce
be identibed with propagation from = = § to 7, go-
ing in addition n Gimves arouad the “universe” . Going
only oace around the “usiverse” should thus give the
feading finite volume comrection of the order ¢4,
where M is a soitable mass-parameter.

A general Feynman diagram D wall correspond
te the amplitade

ol ] dz. () exp(i T ple) - xte))

TEV\zg =0

<V [[ Au=((6) - =((6).  (31)
€L

JuDy=

where p(e} are external momenta, v are vertices, £
propagators, V' and £ the sets of all vertices and
propagators, vy is a vertex connected to an external
line and V is the product of ali vertex factors (cou-
pling constants). To define precisely what is meant
by propagating once around the “universe” (that this
requires care is obvious when, say z;, = L;/2) it is
useful to define the Z*™* gauge invariance z(v) —
2(0) +m()L, n(E) — n(€) +m(f(€)) - m(i(2)),
where m,,(v) € Z and n(£) occurs in the expansion
sf Ap{z). With graph theory5 one can show that
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sﬁmﬁzw—s&dzfﬂmb—ﬁk pufie) = i for
which® el {pierly = fi- and M(&m@ul
1PY wertex fumction with vastshing external somenta
for which® wi {p(e)}) = 1. The leading Smite volame
cosrection is cleady gives by the coatribation dwe to
ing the Sciminger-Dysoe equatios, graphically vzp-
resented by figuwre 3.

The 1P1 vertex functioas that appear on the
right hand side of the Schminger-Dyson equation are
strictly infinite voluine vertex functions and general
theorems allow one to extract the domain of an-
alytiaty. Sufhaent for our purposes will be that
I®p.—q — pf2,q — pf2) and T(p,q.—p.—q)
are analytic for (lmp, £ Imq,}? < 4m®, whereas
any n-point function I'=X0. --- 0, g. —¢) is analytic
for (Imq.)* < 4m?. Let us first analyse the -
nite volume corrections for the lightest stable one-
particle state. In that one case takes Ly =
and L; = L, Vi. The mass is measured using
< ¢(t)6(9) >r= exp(—Mit), which coincides with
the pole in the finite volume two-point function,
Gr'(iML,0) = 0. The two-point function G(p)
is defined by G2 (p) = p* + m? — SL(p), where
the normalization of the self-energy ¥ is such that
Toolim,0) = %Em(im,o) = 0, which implies that

Figure 3. The Schwinger-Oyson equation for the
leading finite volome correction: of an IPY vertex
paint function €{p) = denated By the open bich.

ﬁh&mmauﬁ = «-«-»4,4, - T i, O =

(i @ [L];. This s expressed o bavmes of
&thm Greens famction by F'24p, [1f) =
24 | SR GG (pg —p.~q) which & re
fated to the forwond sratterng seglivgde thenegh
Fiz2y = C*¥p 4. —5. ~q).

To extract the beading ordier comections we cas
edge of the anadyticity domames of the variows IPY
vertex functioes. For the ths of Sgore 3 we oo
shift the ¢, contowr of integration to gy + imy's [2.
This is within the asalyticity domaias of the rele-
vant 1P functions. For the last two dagrams we
ouly have to keep track of the costribation coming
from the mesonpole at ¢ = iym* + G+ & + &
for @+ E€+¢ < Im?/t. This is becanse
the integral over the shifted costour can be ne
glected wrt. 1o exp(—y3/2mL}, which i the
leading order contribution due to the gasge orbits
fn] # [0].1] (see above). On the other hand, for
the first diagram there are meson poles at ¢; =
iyfmz + @& + & + (go £ im/2)?, which furthermore
coincide for go = 0. To deal with this, one first?
shifts go — go £ 7m /2 and then shifts the g; inte-
gration contour. The extra contribution from g; = §
corresponds to having both ¢ — p/2 and —q — p/2
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on-shell, such that the residue is proportional to A7,
where A equals the 1P! three-point vertex function
with all three external momenta on-she? {the phys-
ical coupling constant). The remaining vagle ¢ le
contributions combined with the contributicns from
the fast two diagrams in figure 3 can be rewrirten in
terms of the forward scattering amplitude anc one
obtains® up to O(e’V?mL}

My d)@mﬁ""’(t}z'm!_,
m  Br 3

d 7 di exp{—\/q *m‘
4m? / (2x)d Vol +m

where K, is the modified Bessel-funtion. In leading
order for thiee spatial dimensions this amounts to
My, = -ma@( —3mL/2) + Ole™). Foran
estimate of the glueball coupling constant in strong
coupliag see28.

For a scalar ¢ theery in the uabroken phase afl
odd-point 1P1 vertex functions vanish and in partic-
ular A = 9, which implies rather complicated fmite
volume correcticns, as they depend in leading or-
der on the analytically continsed forward scattermg
amplitude. Instead Neuberger® cousidered 1P ver-
tex functions at vanishing external momenta. They
are relevant as an alternative 1o the so-cafled con-
strained effective potential for the magnetization,
that has a powerlike volume dependmﬁ. For zero-
momentum 1P| vertex functions the mesoa poles
in the first diagram of higure 3 coindde for all
go. Now we shift the ¢; contour of integration to
g1 + imv/3 and the residue of the meson-pole only
contributes for ¢2 + g7 + ¢ < Zm®. At this pole
T%)0,---,0,9,—q) is independent of 2 + ¢Z + @2
such that the first diagram is proportic -3l to a one-
loop graph with two mass insertions, whereas the last
diagram is proportional to a one-loop graph with only
one mass insertion (the second diagram vanishes).
Thus, for the symmetric case Ly = L; the volume
dependence up to O(e~™Lv?) is given by

-
BmL
J K (Y

) f(56., (34)

m* 7 {eA(mL)+mp dAé::L) }

(3.5)
= 3 (four euclidean dimensions)
AV aﬁd 4'(z) = Ky(z). Even the
b ion ts of a simple form now.

o) -r(0) =

4. VDLUME DEPENDENCE AND SCATTERING
PHASE SHIFTS
4.1 Two dimensions
Let s first consider the cese of s LT T

chanics for two mteracting pariicdier
ter of mass we have the redoced ¥amioane B =
—m R84 V{zy ond the Bose symretry dic-
tates the reduced wavefuntion 1o be ween iz} =
P(—z). if the potential has a Fnite range 2 {Vizy =
Ofor |z} > A), then the wavefonction i » plhe-npve
outside of the interaction segion. From scsttermg
theory in 1+1-dimensions one gets 2 umigee relebion
between the incoming aave ¢~ and the outgoing
wave ¢4 in terms of the scattenng phase shift £(L)

These states form 2 complete basis of scattenmg
states. In a Foite wolume with pericdc bousdary
conditiors, Uiz + LJ2) = iz — L72) umplies the
following implicit equation for the momenta

£2HEL g €2

which holds 25 lomg as L > 21. indeed, for 2 van-
wshing potestial (which of course implhes 2 vanishing
phase shift, (&) = 0) one obtains the standard dis-
cretization of the momenta, k = 2mnfL.

ln field theocy it can be shown® 11 that the
reduced Hamiltonian is replaced by an effective
Schrodinger equation, that can be desived from the
Beth=-Salpeter equation for the four-point function,

18

m 012

+3 [ 42Utz 2)8(2) = Ev(z).
(43)
The energy-dependent “potential” Ug(z,2’) is pro-
portional to the Bethe-Salpeter kemel, its range is
determined by the polarization doud (which is why
we restrict our analysis to field theories with 2 mass
gap) and E = k?/m (with k the momentum of the
two particles in the center of mass). The fully rela-
tivistic two-particle energy W is then given by

W=2/Eirm?=2/m(m+E). (84

This generalizes to arbitrary dimensions and allows
one to derive a relation between the energy of two-
particle states in a finite volume and the scattering
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phese shifs o the consee of sor-redativistin quan-
e o S B m«m reatan & amiversal
ard evzends 1o Whe edletastic cave using s (4.4}

37 Tive twg disrewsional OCN) madel
DN} syreemeny s defimed by the action

L= — ,i7 iV mr). mdrmtory =1
e &

(4.57
Troe i 2 oviimite et of canvsereed charges one can
garncie mumber {pey gerticle type] 5 conserved 2nd
that the oot of momewta before sod 2fter the scat-
tenmg &5 the sawe | “solttoe befiaviour™ ). The pas-

Sl Ky, ey = [ Stk k) (4.8}
oLy

Usmg the Bose symmetry, the S-axatrix bas to be
independesy of the ordeting of the roments ¥ the
pactacies buve watesnal degrees of fresdom {m this
case the O} degrees of freedoe), Sik: ki) s 3
poses 2 nos-Lrinsal constramt, which will be satisfed
for am arbstrary mawher of particles, s soow as it
s satished for three partidies (the Litter defines the
mudtiphcation rules for 2 seitable aoa-commatative
algeieall) This equation s knows a5 the Yang-
Baxter {or sometimes star-triangle) equatios. In fig-
vre 4 we give the graphicai represesiainos of the
matrix equation 5135155 = 513512513, where the
index caly indicates the relevant momentum.

k2
t b
& ks Y .

513512523 = SnSiSi3
Figure 4: The consistency condition for three-
particle scattening to be independent of the ordering
of the particles (the Yang-Baxter equation). The
O(N) indices are suppressed.

Remembering that one cannot have {massless}
Goldstone bosons i two dimensions it is natural to
assume that the partcles wil form masmve O(N}
vectors of mass m. Elasbc enitarity, cressing sym-
metry and analyticity will then almost uniquely de-
termine the scattering matrix. fn terms of the ra-
pidity # defined by k = & = msishi#) and W =
# = o coshy ) one writes the two-partcle S-matmx
Stiey. Ryt am Sidhy, — #yr and for the O(N}-model ane
can make & decomposition v Ciscepin” Wm

S = Zm@‘}?ﬂ&,&mﬂ.

Bty

Pila o dy = ?Md’ (47}

Priebee.d) = Slbue - k).

Pifa bre d) = éi‘ Eucling + ki — %M@
The phase shift for each sospen chaane is guen by
8} = expiBg®)) fmremsof A = (N - BT
and z = Z one fimds i
sy T+ 2fly — oty + A+ afid—2)

& M-+l + 3 -2 (8 ¢ 2)
= f’ A’a@' o).
o) = E‘*'_:_ﬂ)i‘_...:}, i
i e v S

The ouly asmlugrity = e the sv-calfed (DD-wctor,
winch describes the presence of bomsd states or reso-
nances, f{#} = iﬂdﬂﬂ*ﬁmﬁ’ﬂﬁ-@i"
ke the it N —» oc it can be show 19 teat £(6) = &
and this i assmmed 1o bold for fiaite N a5 well. For
Of3) this leads 1o the following particolaly senpie
expression of the S-matrix

r— l r+i

POy 51(‘3-:5

_{z—~l1}x+ &}
“O= e nE—y

Actually, measuring the energy of a2 two-particle state
in a finite volume and using eq. (4.4}, will grve
the momentom k in the center of mass frame and
through eq. (4.2) will determ ne the scattering phase
shift (at the momentum k). Figure 5, from!t
trates this for &;. {The deviations, incre

so{0) =

(4.9)
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Figure 5: The scattering phase shift &,(&) obtamed
from eq. {4.2) for the [{3) model on lattices ! of
size 128 x 54 at § = 1.5 {bars) and 1.4 {open
squares) and 256 x 128 at § = 1.54 {fdled sguare}.
The fulll curve indicates the exact result, eg. {45).

‘the momentum &, are most fikely doe 1o lattice ar-
tifacts.) it conkrms for O(3) that the {DD-factor
equals 1. it also sllustrates the feasibality of extract-
ing phase shifts ths way.

4.3. Four dimensions

As we discussed in sect. 4.1, it 5 sufhcent to
analyse the two-particle states in the non-relativistic
wtuzhon. Agaia we assume the wleraction potential
to have a fimte ramge, Vi{x) = O for x] > A 2nd
the Hamiltonian in the cenver of mass irame s now
given by H = —m33/3x° + V{x}. A complete
set of scattering wavefunctions is given by

$i2(x) = Lielkr) — tan( (k) el br | ¥em (k).
{4.10)
where obviously k& = [k, k = kfk, r = |x] and its
enerzy ~ 2 = k?/m. It appears that the spuerc:’
nature of the scattered waves makes it impossible to
impose peniodic toundary conditions.

However, this problem is quite similar to the
analysis of the hard-sphere bose gas by Huang and
Yangu. The essential idea is equally simple as pow-
erful. Replace V{x) by a simple pseudo potential
Vs(x) such that for |x] > A, eq. (4.10) is still an
exact solution of the relevant Schrodinger equation.
Then one solves in the finite volume the Schrodinger

to infiniie volomes

sguation with 3 a2 s Tenergy depentem) poten
tiah, Let us dhestrete this by mekng the soapifed
assumption Thet all phase shifis vensh, encegt for

&, o that cese one easily verihes ther whe pea
dopotential is given by

Vilmy =

where one I »ff;g;izx, gk o : b SRIL SN
Ahernatively, since we have 1o #llow for wavefunc-
tions that are singalenr a1 e ongwm, we Can o ex-
tend our ces of funcsom o those thet, when
pvetaged ower the amges, ke 2 Lowrens espam
sion T o™ e thet cese e Lan diefine
bafmnblx) = abuxy. For the tores we o

pand the wavefunciion wm plave waves wim =
1T bpexp(2rox m/L; and subsyivete this mm the
relevant Schmdmger aguation

2

mavelfanction one an Galoddate ¢ and Sed 1t to be
proporSonal o «p T he constant of propostionaiity
therefore kas to be 1, which yisids the desred rela-
tioe between the momestem in the center of mass
and the scatterng phase shift of this mementum

= »

sl Sl _, KL
? T2

2z2q]
The zeta-function Zgis:q) = Enel*(“z -
is defined®- 9 through analytic continuation in s.
There are also “singular” solutions at momesta
x = 2an/L, if there exists n' € Z°, such that
n] = Io’j. In that case ¥(x) = exp{2zin - xfL) —
exp(2vin’ - x/L) is a solution that venishes (and is
regular) at the origin (in other words these wave-
functions correspond to the case ¢y = 0). H % is
in the scalar representation (A;) of the cabic group,
this singular behaviour only occurs when n' is not
related to n by a cubic transfcrmation, which will
make the momentum where this occurs quite large.
Furthermore, restricting to the A; sector, eq. (4.14)

{4.14)



&

it dms be yahd if the ghase sufix anly vamish for
g momentz § > L Ths s because 3 spim 2
oo e poses it the £ and T, regresen-
retusas.of e cubie group and hence does not coaple
s s s sector {ote that due 1o the Bose mym-
muetry db cdd saguler momantum phase siufés willl

Liimrier's® zmalisis is based on studying the
scistions of the Helwholtz equation (830 +
Erixl = § w3 foorte woliome, alliowing for power-
like snguianizies 2t the ongin. For the smylified case
skt onby 4y, i nen-vamishing, this is precisely whiat
we acfveved shoue.  Lascher 5%@@%
arall cose v prest detad and shoes that truncating
% 2 Gtz mawser of seguicr momena ({ < Ajm
gemeral comwerges ragudly with % This & nportant
for practicad appikcations, where one s peneral kas
iy 2 Snite nuwdber of phase shifes wailable. One
of the wost eportast fetee applications will be
amaliyse wiat wilh kapgen to the exergy of 3 reso-
e (e the ¢} 25 2 fonctios of L. The presented
results, valid 1o o orders m 1/L. wil allow for 3
mee MLEATE shabyss thee was possitle o the tac
chonmed resomsmce model of Wiese?S. A most triiol
appfication wil be 2 uongle devaation of the large [

Zanll:q) = % + Zauk 1:0) + ' Zaok 20 + Oig").
van(én(k}) = aalk] + OFF).  (4.15)
where Zy(q) = Zuafs:q) — (—g7) " and e is

o d the soattering benpth Owe com mom ctraiehe
formardly fterate eq. (4 14) asd fnd

YT e

P= -‘”—“‘;(i 2 "“ "'z) +O(L%),(4.35)

_ _Z_m(l 0} _ %(1,0) Zagi2:0)
t S z v - o2 -
The numerical valuesd- 12 are o = —2.837297 and

o = 6373183

Finally, let us mention that many of the aspects
of the large vol:me expansions for the one-particle
and two-particle masses have been verified saccess-
fully fou the four dimensional Ising model by Moat-
vay and Weisz and for the four dimensional O(4)
¢* model in the symmetric phase by Frick, ea 3l
More ambitious has been the attempts to extract the

£ van Baal /Flaite 1o infinize velymes i1

pian scattenng length .. from the wclume depen
dence of the tweo particle masses. For both Whisen
and staggered farmions Apedl presented some e
suits. Also new resuits -wth staggered fermicns ang
& compariscs with Weinberg's formuia (adiusted for
the number of fflavours) were presented by Sharpes?.
to witich we refer for further discussions. Also see
the plesary taik by Kilenps, who furthermore dis-
cussed the method of Maiani and Testa ¥ 10 extrace
the scatterng length from suitalile mhnite volyme
euciidesn correlation functicas,

5 THE NFRITE \fGLUﬂi O(N) MASS GAP IN
T DIRSENSIOH
w&mwmm whem o, —r ] > X
fior alt 7 and ;. the Wparticie wanefuncticn will be 2
plawe wawe

wlry - 2up =

) h,up:(szgkxmx\v BEy
Sy

Here we and that the set of momenta wdl be con-
so-caliied feee regions {definad By the different cnder-
ings of r.]. whick are separated by regions whers
eatios cload {whnch o by definition: of the s 1),
Gomg fecw ome S anotier sinck cegion: {peaencaily)
wreglives the collcson of two particles and the wave-
fonction » the tus free regions differ gresisely by 2
hm-ﬁdkmtsmhﬁem«m
terag pegvoms There m 3 sice aud conmpact way 1
wite the wavelsmctics = 2 Fock-space notatios that
captwres all the zbowe feateves and s2tisfies the Base

s;'-elry5
R o || 3 | SN
B (244
+afx — o [l o > . (52)

whete x:(z} s 30 opergtor valued, smeared-cut
representation of the Heavtside function. coinadmg
with it for [zj > X, ie outside the W‘Mtﬂ'ﬂ
dosd. This is caled the Bethe Ansatz®® For tfe
nos-linear Scheodinger model, the maszive Thir
model, the sine-Gordor model or2n
be solved by the guantum inverse scatierinz —
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the Bethe Ansatz is exact {i.e. one zan replace 7,
by the Heaviside function)}. Although 1t is iikely that
this is also the case for the O[N} mode' 13 the.e is
no rigorous proof availatle in that case. The analy-
sis of Polyakov and Wiegmann uses the eguvalence
with a fermionic model. Although the Bethe fnsatz
is exact for this fermionic model, the equivamnce
between the models is not sufficiently rigorous, to
conclude the exactness of the Bethe Ansatz for the
O{N) model. Showing equivalence by proving that
the Bethe Ansatz for the two models gives the same
results is in this context unfortunately @ circular a1
gument,

{et us nevertheless make the assumption that
the Bethe Ansatz is exact. In that case, impos-
ing pericdicity on the wavefunction {see eq. {52))
Pza, - xn) =< O L @laiilkr, . km >, one
easily finds as for the two-particle case {eg. {4.2})

eELI Sk k)= 1. Wi (53)
#3

We now wish to take the thermodynamic fimit, 4
and M — oo, while p = M/L remains finite. The
application we have i mind ¥ will only deal with
the isospin 2 channel for the O} model, such that
S is given by s; in eg.{48), which has the prop-
erly so{f; — 8;) = —1 for 8, = 6,. Wavefonctions
with &; = k; wall therefore vanish identically { “Jocal”
Pauli exclusion, similar to the hard-sphere repulsion).
Thus, each momentum state is at most occupied
only once. It is now easy to compute the vacuum
energy £ at a fixed density p. 5. {5.2) can be writ-
ten as mlsinh{8;) — i3, In 5(8. — ¥} = 2zm,,
which enumerates with n the consecutive momen-
tum states. Oefining dn = Lg{0)df/2z one eas-
ily derives the following thermodynamic limit for the
above equation

OF
9(8) — / K(8 — 0"g(0')d¢ = mcoshd,
—0p
K(#) = —z';;% In 5(0), (5.4)
where Jr is the “Fermi level”, up to which all mo-

mentum states are occupied and which is implicitly
defined by

1 e
r=5f ,, 9(0)d0. (5.5)

The grovndstate energy £ o1 foed density p s there

fore
™

£ &.;ﬂ; coshl £ 196 188 55
Az low densities one basically has 4 Free Fermi
gas, where g{£)df = dk, sack that p = Esirhdy =
Epf7 and £ = mp+ 7% fBm + - - Bot 2t high
densities one might object thet in case the Bethe
Ansztz 15 not exact, there will not be & singe free
region where one Can impose the penindic bowndary
corditions, in which case the vacwum enengy couif
depend in quite @ complicated manmer on the de
tails of the theory. However, st 1 oot raled oot tha
even when the Bethe Ansatz is mot exact, i the
thermodynamic it one will otill recover the 2bowe
equations {an examyple of this comns ix the des of
Tods-Lattice models37 ). This might well be the case
since one can prove {Misdermayer's rebuttal) that
when M parbicles are Sstribated over N colfis {say
N = 0.1L]) the probabity that o celf is emgty
will vazish exponentially i the thermodynamac Bt
One empty oell, e free region, willl be sefficient 1o
denive eq.{5.3). Nevertheless, there are examples of
wavehunctions baving different boasdary coaditices
2t 2 set of measare 26, that have different esergies.
Assurung that the thamodysamic limit is de-
scribed by eq. (5.4.5.5.5.6) one cam ohtain m;Aﬁ
in an infisite volame by the following steps!¥. First
couple the nor-linear o-model to the coaserved car-
rent j2(z) = (mydun; — nzd,m)jgo by adding
—h [ dz j7(x) 1o the Hamiltontan. This will create
M isospin 2 partides (where M = { dr j**{z}} and
the free energy f(h) will be given by the Legendre
transform

J(k) = min,[£{p} — hp]. (57)

On the other hand, one can also calculate f(h) in
perturbation theory for large h, using asymptotic
freedom of the O(N) non-linear 5-model in two di-
mensions. There are N — 2 degrees of freedom that
acquire a mass h® and one finds

() - f(0) = +<~ afd o )d\/‘“x R4

= —(N-z)h—2 In(——)+--- (5.8)

\/"A



Fowan Bad f Finiee to iafiaite woinmes 13

¢ aithougih Phe srain i dveady fized by the oneloog
sqpEtion, the en-iuop contrButice i dso required
an B EStenTEGT evpaawon et gues op o, and -
Dinting, e costane tem o fRRLE. From the

ECENY = — IR As
grves the froe snergy 25 & fomction of &) \ypy, equat-
g the bes empresions wil gee m/Agy What
therelume rewaes, st determmee the expansca of
g free emergy 2 e, {37} MWmm&
e cant iw the fomm of 2 dvegrald

tg
£y~ , Kifh - @il ¥ = b — v cosh .
b
gihpy =8 {55}
25 cam e seew frome the Gact that {asieg eg. (5.4]}

hp— £ = _: gk — mu cosii )
51,
Vo, e
- [_h . ‘,_Wdfkg& i)}

m g )
=5 !; . déi¥joonh ¥ {5.15)
Ve con amterpret —={#} /27 {moting thay d¥ cosh ¥ =
di) as the enexgy owe gaims by sdding 2 state with r>-
pucdity § (math ali lowes levels occapied). The freees-
ergy is dearly mimimal if ose keeps on addiag states
notil = changes sign, which implictly defines the
Fermi level_ It is importast to observe that eg. (5.9}
tncorporates the effect of the shift in the emevgies of
the cccnpred ome-particle states when adding an ad-
ditional partide. This 1s of course since the theory is
interacting, despite the fact that particles propagate
freely (but with 2 mass m) in the free regions.

It is highly non-trivial to extract from eq. (5.9)
the asymptotic expansion of f(k) for lage b, as &s
already obvious from eq. (5.8). It is amasing to ob-
serve that for O(3), where the integral Kemnel takes
the simple form K(0) = (x> + 2), eq. (59) s
related to the capadity of a drcular plate conden-
sor, if we put m = 0. That particular problem has
been arcund for very long and it is illustrative for
the complexity of the singular integral equation that
only in the early sixties Hutson38 was able to rig-
orously extract the azymptotic expansion. Unfortu-
nately, eq. (5.9) is even more cumbersome to analyse

d m: # 1t would lead vs too far 1o discuss any of
the detads here {1 thank Peter Hasenfratz for pro-
wding some of the detale not presented o ref 14}4

The vesult, whech o onfut for avbitrary ¥, e
b 1
T L 81
jﬁ'l? FEE 4 5% N2 ’

The factor 5 i determined By 3 nomencal analysis,
but agrees 1o eght digies with § = 4/e. Ths s
consatent with the krge N resaltl® 17

mvtlvﬁ¢hﬁni+m}+c§{‘h A
5.1
The farge ¥ analysis was extended'S 1 O V-3),
gving good agreement 2 larger 5 with Monte Cado
data by WollFS aud 2t lorge comrelation kgt with
eg (511} as i Hustrated o Gpae 6 for ¥ = &
Howewer, i partucaiar for ¥ = 3 the impressioely
brge correlation fesgth that con be aclivved s
tive chuster aigorichon 1o heat critical sioming
uungﬁe%hmmnﬁg
{based o the perturiative theve-loop: ;
Using Moste Caslo reccrmalization grouy methcds
allows ome n primcigle 0 go 1o even much beger
coerelation leagih, ghimg™® m = (33 + &1}Vgy
As systematic esrors dye 1o hitice artifacts ave not
quite snder contyol, it &5 mot clear wivether the theee-
o &ffesence with eq {5 11} shosld be tzkes sezious.

- ———— T R —

Figure 6: Monte Carlo data!5 and 1/ ressits1®
(dotted curve to O(N '), dashed corve to O{N~%}
and the foll curve to ({¥3)) at N = 8 [kindly
made available by Flyvbjerg). The correlation fength
£ is in lattice units. The moss gap m was converted
to physical units using the three-loop 3-functions?
and*l Ags = ALVBexp(z/2(N — 2} . is
the infinite volume mass gsxp1 eq. (5.11).



14 P. van Baal /Finite to infinite volumes

6. CONCLUSION

The importance of analytic methods for lat ‘ce
field theories is twofold. First it can provide im-
portant checks on the reliability of the Monte Carlo
technique to extract physical quantities from lstiice
field theories. [ssues like the magnitude of latice
artifacts can be studied with much more confidence
then is otherwise possible. In sect. 2 we discussed
Vohwinkel‘s! analysis of the low-lying spectrum for
pure SU(3) gauge theories. It is important that in
these calculations no free parameters are introduced.
The method is, however, only valid for volumes below
one cubic fermi (the scale is set by a string tension of
(420MeV')?). Beyond this volume the spectrum will
become sensitive to the H‘parametern' 42, which
has not yet been taken into account. QOur under-
standing of finite volume gauge theories is now rela-
tively complete. For SU(3) it might still be useful to
include lattice artifacts and massless fermions in the
intermediate volume analysis, similar to what was
achieved for SU(2)2' 43 The finite volume stud-
ies have made it clear that Gribov horizons in the
Hamiltonian formulation dominate the long range
dynamics of gauge theories?l. The volume pro-
vides a parameter that allows us to control how far
the wavefunctional will spread out over configura-
tion space and thus how many Gribov horizons are
being crossed. Going to volumes larger than one
cubic fermi involves crossing a new class of Gribov
horizons and it is hoped that in the future we will be
able to venture out beyond these additional horizons.

Another example of comparison with lattice
gauge results was discussed for the O(N) non-linear
o-model in two dimensions (sects. 4.2 and 5). The
evidence, although not conclusive, is nevertheless in
favour of the correctness of the thermodynamic limit
of the Bethe Ansatz, which gives a highly singular in-
tegral equation, from which the infinite volume mass
gap could be extracted!?. It allows one to address
the issue of asymptotic scaling in the lattice Monte
Carlo data on the mass gap. For O(3) this has been
a notorious problem and even the most recent Monte
Carlo results at very large correlation length are not
sufficient to resolve this issueld.

The second reason for the usefulness of analytic
es Lies in the fact that lattice Monte Carlo re-

sults are always restricted to a finite volume, due to
limited computer resources. Thus one needs to know
when a volume is big enough to be able to extract
with confidence infinite volume quatities. The most
reliable method is based on analytic expressions for
the volume dependence, usually a large volume ex-
pansion, parametrized by infinite volume quantities.
We discussed in sect. 3 the situation for stable one-
particle masses in massive field theories. The volume
corrections are in that case exponential5 and these
formula were successfully applied to the Ising and
#* models in four dimensions30. A reliable applica-
tian for the pure gauge glueball calculations?¥ will,
however, require better statistics at larger volumes.
In sect. 4.3 we discussed the case of two-particle
energies, that have power-like volume dependence
and provides a relation with the scattering phase
shifts. Also here the Ising and ¢4 models30 were
used to test these ideas, but ultimately one would
like to use these results to calculate the pion scat-
tering Iength31' 32 providing an important test for
the dynamical fermion algorithms to reproduce chi-
ral behaviour. Even more important will be a full
understanding of the volume dependence of reso-
nances like the p or glueballs in the presence of light
fermions?. For a preliminary study based on a two
channel resonance model see?9 (see also45). Much
activity is likely to develop in that area in the near
future.
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