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Chapter I

Outline

i

■ Iculations within the framework of the electroweak standard model more 
: i l the interest is shifting towards the radiative corrections. This shift is 

the prospect of high accuracy measurements investigating the weak
■ ions which are expected to take place from 1989 onward at the e+e~ storage 

: Ing LEP at CERN and the linear collider SLC at SLAC.
Up to now the investigation of the weak interactions has been in its childhood 

years although a lot of progress has been made since nuclear decay experiments 
gave a first indication of its existence. As the years went by more and more of the 
rich structure of weak interactions was revealed, like for instance the discovery of 
charged and neutral currents, the existence of CP violating interactions and the 
ordering of the fermions into families. A first climax was reached in 1983 with 
the discovery of the heavy gauge bosons at the proton-antiproton collider
SppS at CERN. This was the experimental verification of a prediction made by 
the Glashow-Salam-Weinberg (GSW) model for electroweak interactions [1] and 
consequently meant the breakthrough for this model, establishing itself as what is 
often referred to as the electroweak standard model. Subsequent experiments at 
PEP and PETRA (with energies up to 40 GeV) did not change this picture of the 
GSW model being at present the most successful theoretical concept to describe 
electroweak phenomena [2].

But it should be kept in mind that at present weak experiments can only give 
insight in the lowest order (classical) content of any theory describing weak inter­
actions. This feature causes the investigation of the weak interactions to trail, at 
the moment, a long way behind that of QED, the tremendously successful quantum 
field theory describing pure electromagnetic forces. The presence of very high accu­
racy experiments, involving the measurements of the anomalous magnetic moment 
g — 2 of the electron as well as muon [3], have made it possible to verify theoretical 
QED predictions with unmatched precision. In this way one has been able to probe 
the theory of electromagnetic interactions beyond the classical level entering its 
very heart as a quantum mechanical perturbation theory in the form of the higher
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Z events in fermion pair production experiments of the form e+e~

of the Z
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of the Z 
andard

order (radiative) corrections which constitute the quantum effects. So, in order to 
have access to the quantum mechanical content of the electroweak standard model, 
bearing in mind that its renormalizability as proved by’t Hooft in 1971 [4] assures 
its predictive power as a perturbation theory, experiments are required which 
accurate enough to be sensitive to the small weak quantum effects.

In the near future this requirement will be satisfied by the experiments taking 
place at SLC and the first stage of LEP (commonly referred to as LEP 1). These 
two colliders will reach center of mass energies up to about 100 GeV, which lies 
beyond the energy necessary to produce a real Z gauge boson (Mz ~ 91 GeV). 
This allows for an expected LEP yearly production rate of C>(106) ne;ir resonance

' f . The fact 
that the background will be negligible in this energy region will enab; perform 
high precision measurements. This involves the determination of th 
gauge boson and its width, two important parameters of the elect: 
model. The expected experimental uncertainties are predicted to I

• bMz = 20 — 50 MeV from the determination of the peak p 
resonance, which corresponds to uncertainties smaller than 0

• AT2 = 20 MeV from an examination of the form of the Z resonance, which 
corresponds to uncertainties smaller than 1%.

Measurements of on-resonance asymmetries, like the left-right asymmetry A^r in 
case of longitudinal beam polarization [6,7) or the forward-back ward asymmetry 
Afb [7,8], supply us with a supplementary set of high precision quantities. Espe­
cially ALR is well suited to fulfil the high standards set in order to be sensitive to 
the weak quantum effects.

At stage two of LEP (commonly referred to as LEP 200) the aim is to increase the 
center of mass energy to about 200 GeV by means of superconducting techniques. 
This means that another interesting aspect of the electroweak standard model comes 
into our reach : its non-abelian character. This is caused by the fact that center of 
mass energies above the W-pair production threshold will be reached, allowing us 
to investigate the reaction e+e~ —» W+W~ to its full extent. At a production rate 
of 0(10'*) W-pair events per year it is expected that the W mass can be determined 
with an accuracy of about 0.1% (AMw ~ 100 MeV) from threshold analysis [9]. 
Moreover it will allow for the first time a look into the kitchen of non-abelian 
couplings entering via the 3-gauge boson interactions -yW+W~ and ZW+W~ as 
appearing at the classical level of the theory.

Besides being a necessity for probing the consistency of theories at the quantum 
level, electroweak radiative corrections (EWRC) can also offer us the possibility of 
getting information about objects that escape observation (even at SLC and LEP 
energies). Within the framework of the standard model there are still two pieces of 
the puzzle missing :



the missing constituent of the third fermion generation
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• the top quark as

• ultraviolet (UV) divergences, originating from the large integration momen­
tum region

The first source of divergences will be handled by means of n-dimensional regular­
ization [16] and an ’on-shell’ renormalization scheme [17,18,19]. In the case of IR 
divergences, regularized by giving the photon a small fictitious mass indicated by 
A, the combination of virtual and real photonic corrections will render finite results 
[20]. This leads to strong internal cancellations enhanced by the possible presence

• the Higgs boson as the physically accessible remnant of the Higgs - Kibble 
mechanism of spontaneous symmetry breaking [10].

• infrared (IR) divergences, appearing when virtual photons are attached to 
two external particles or when real photons are radiated off external particles 
(bremsstrahlung). These divergences have their origin in that part of the 
integration region or real photon phase space where the 4-momentum of the 
photon becomes zero.

Both particles might just be too massive to be detected directly by the above men­
tioned e+e~ colliders. In that case an indirect investigation would be appropriate, 
involving high precision experimental quantities sensitive to EWRC effects depend­
ing on the unknown parameters Mn (Higgs boson mass) and mt (top quark mass). 
In view of this the on-resonance asymmetries play an essential role.

't:.: however not the whole story. It might be possible that the experimental
.r-.js the way to a whole scope of theoretical concepts which lie beyond the 

■- she standard model, indicated by the term new physics [11,12]. To 
. knowledge of the EWRC effects is crucial for setting the margins

■ ■■. model predictions. The present experimental status is such that any 
physics is expected to be found via indirect detection rather than via

■ i ion, stressing once again the importance of a profound understanding 
. limits set by the standard model. As an example the 3-gauge boson 

veH • ms appearing at the classical level of the process e+e~ —» W+W~ , could be 
mentioned. Alternative models [13,14,15], allowing for a much broader spectrum of 
3-gauge boson couplings, in general introduce small deviations from the standard 
model predictions. So, in order to distinguish between results lying within the 
margins set by the standard model and those bearing traces of new physics, one 
has to go beyond the lowest order and also include EWRC effects as an indispensable 
ingredient.

When dealing with the actual calculation of those on many occasions compli­
cated EWRC effects, one is bound to encounter divergent loop integrals. These 
divergences are twofold :
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Chapter II

The GSW model

- .duction

existing

(1-1)C-a = C-G + C-H + £-F ■

Gauge field part2

(2.1)

7

Adopting the metric and summation convention of appendix A the pure gauge field 
part of the classical Lagrangian, describing massless gauge fields W“(z) (a=l,2,3) 
and is given by a Yang-Mills Lagrangian

pier some attention will be paid to the classical as well as quantized 
: : lie Glashow-Salam-Weinberg model of electroweak interactions [1]. It is 

. ..e . .1 io be the best minimal model, incorporating the well established features 
of the low energy behaviour of the interactions and at the same time fulfilling the 
requirements of a consistent quantum field theory : renormalizability and absence 
of anomalies.

In order to tune theoretical predictions and experimental outcomes as much 
as possible, the question of the best input parameter set for actual calculations 
at LEP/SLC energies will be discussed. In this light improvements on 
parameters at SLC and the LEP 1 stage have to be taken into account.

Led by experimented findings the GSW model is described by a Lagrangian 
containing doublet as well as singlet structures for the fermions, which is realized 
by a gauge field theory based on the non-abelian gauge group SI/(2)l x I7(l)y. 
Incorporation of the Higgs - Kibble mechanism of spontaneous symmetry breaking 
[2] provides in a gauge invariant way for the, experimentally backed, presence of 
massive gauge fields. The classical Lagrangian constitutes of a gauge field, a Higgs 
and a fermion part :



Higgs fields and symmetry breaking3

(3.1)Q

(3.2)*(x) =

(3.3)

8

In order to explain the experimental findings of short range weal: ions theo­
rists suggested that those weak interactions were mediated by mas -or bosons 
[3). When trying to incorporate this suggestion in a gauge theory . .ion of the 
electroweak interactions it proved necessary to implement a special mechanism for 
introducing those masses without the loss of gauge invariance as a tool of describing 
interactions. This mechanism, referred to as the Higgs - Kibble mechanism [2], in­
volves a spontaneous symmetry breaking of the original S(7(2)z, X tf(l)r symmetry 
via the introduction of scalar fields which leads to a non-vanishing vacuum expecta­
tion value, leaving behind an unbroken 1/(1) gauge subgroup to be identified with 
the electromagnetic gauge group (7(l)enl. The generator Q of the C/(l)em gauge 
group obeys the Gell-Mann - Nishijima relation

13'
In this sense, the electromagnetic gauge group being the constituent that survives 
the symmetry breaking, we are dealing with a ’unification’ of the weak and electro­
magnetic forces. The fact that each have their own independent coupling constant 
makes that this is not a unification in the true sense of the word.

The minimal Higgs - Kibble mechanism proceeds via the introduction of a com­
plex scalar doublet field with hypercharge Y=1 :

*X) 
A*)

The gauge invariant Lagrangian describing propagation of the Higgs fields, selfin­
teractions and couplings to the gauge fields is given by

CH = (•D/iS)t(D“$) - V(S) ,

containing the field strength tensors

= W - d„w° + ff2co6cwXc
= d,B„ - , (2.2)

where eatc denote the structure constants of the SU(2) subgroup and 91,92 the 
abelian 17(1) resp. non-abelian SU(2) coupling constants. The vector fields W°(x) 
(a=l,2,3) corresponding to the generators Ia of the isospin group SU(2) form an 
isotriplet belonging to the adjoint representation of St/(2), whereas the vector field 
Bp(x) is a singlet corresponding to the hypercharge generator -Y/2 of 17(l)y. The 
fact that we are dealing with a non-abelian gauge group is displayed by the presence 
of 3- and 4-point gauge field self interactions in the first term of (2.1), entering via 
the term quadratic in the gauge fields in (2.2).



with the Higgs potential

(3.4)

and the covariant derivative

(3.5)

(3.6)

the choice

(3-7)

${x) = (3-8)

Mh = ^2/2 (3.9)

9

v
7$

<f>+(x) \
^-(v + H(x') + ix(x)) ) ’

where the fields and x now have zero vacuum expectation values, mean­
ing that we have expanded $ around its vacuum expectation value, in this way 
separating it into classical and quantum fluctuation parts.

Because of the presence of the quartic self couplings of the Higgs fields, as given 
by (3.4), the real field 77(z) acquires a mass

and describes neutral physical scalar particles. The fields 4>+{x} and x(z) <1° not 
correspond to physical particles as they can be removed by choosing an appropriate 
(unitary) gauge as will be discussed in section 6.

Due to the Higgs field - gauge field interactions entering via the kinetic term 
of (3.3) three of the four gauge bosons will acquire a mass, leaving behind one 
massless gauge field corresponding to the remaining unbroken gauge group C/(l)em. 
This massless gauge boson will be identified with the photon.

V(<I>) = -m2($*$) + j(4>f$)2

Dll = d„- ig2IaW° + ip, y .

< 1^1 >0= =

The essential concept is now to realise that the real ground state of the quantum 
system including Higgs fields corresponds to the minimum of the classical potential 
' > resulting in a non-vanishing expectation value of the quantum field operator 

■ with respect to this ground state :

. 0 A< $ >0= V .

\ 75 /
a particular ground state obeying (3.6) with respect to which all other fields will be 
defined, leads to a reduction of the manifest symmetry of that very ground state 
from the full St/(2),, to the mere U( 1 )em subgroup. The Higgs doublet consequently 
takes on the form :



Fermion fields and Yukawa couplings4

V-f = (4-1)

ith hyper-kets

(4-2): isospin 0 fermionic fields

The various fermion doublets appearing in the standard model .

k'rthe lepton doublets :

the quark doublets :

(4-3)

(4.4)

10

I

^Yukawa = -'£,{9j+ [’/’f+(^°),V,f+ ]

"c 

e
f— (7 = +
<— a = —

• the right handed fermion fields 
charge denoted by

are represented by SU(2) s

(:)

It should be noted that the quark doublets have a threefold degeneracy correspond­
ing to their colour content. The doublet structure for the left handed fermion 
fields eliminates the possibility of generating by hand different fermion masses in 
a gauge invariant way. To avoid this problem couplings between the Higgs fields 
and the fermion fields, called Yukawa couplings, can be introduced, using the sym­
metry breaking mechanism to generate the necessary mass terms. The fermionic 
Lagrangian takes on the following form :

£-f = £ ^i^D^ + 52 tA” + £Yukauta
j

+ ^_^_] + h.c.} ,

where stands for (<^+)L The fermion masses are related to the Yukawa coupling 
constants gj„ through the presence of the non-vanishing vacuum expectation value 
of the Higgs field operator.

I

■ (:) • (0

Here j denotes the family index (numbering the doublets) whereas the com­
ponent index cr = ± corresponds to the weak isospin

: isospin — fermionic fields .

+ 9i-

The fermion fields are grouped into a singlet-doublet structure as follows (suppress­
ing colour indices for the quarks and neglecting any quark mixing) :

• the left handed fermion fields are grouped into SI7(2) doublets with hyper­
charge Yj. They are of the form



Physical fields and parameters5

boson field interactions described in section 3, take

0

(5.1)

diagonalization procedure this can be casted in

(5.2)

(5-3)Mz =

(5.4)

cw — cos 0W —

(5.5)

(5-6)

11

0
0

0
0

<71?2 

s?

0
0
9i 

9'91

The mass terms for the gauge boson fields , as obtained from the Higgs field - gauge 
on the following matrix form :

consisting of the mass eigenvalues

( 9i
0 9}
0

\ 0
TV"’3
B" /

v

1Mw = ^>g2

and the corresponding eigenvectors

Z„ = cos f)w W2 + sin Sw B„

A„ = - sin 6W W2 + cos 0W B^ ,

with the weak mixing angle 9W, appearing in the rotation connecting the set (IV3, B) 
with (Z, A), defined by

The masses generated in the fermion sector as a consequence of the Yukawa cou­
plings between the Higgs fields and the left and right handed fermion fields are 
given by

Mw 9i

~ x/g? + si
.sw = sin0w = — cos2 6W .

By performing a diagonalization procedure this can be casted in a diagonal form 
. .s of ’physical’ parameters and fields, which are just the eigenvalues and 

. - dmg eigenvectors of the above mass matrix. The term physical parameters 
,e fact that these parameters are directly accessible via experimental 
at; if the suitable experiments become feasible. The application of the 
ion procedure yields :

0 0 \ ( A“ \
0 M2 J[Z“ J ’

\v^9i + 91 , My = 0



(5.7)

6

(6.1)

Mzjtfx

(6.2)

u^(i) , (6.3)C-FP = ““(z)

12

92= — sw

Quantization of the classical Lagrangian

The presence of the massless gauge field A^x) describing photons makes it manda­
tory to apply the gauge fixing principle. Because of a surplus of gauge freedom in 
the part of the classical Lagrangian containing the pure photon field propagation 
any successful attempt to quantize this part requires a reduction •. ■very gauge 
freedom beforehand. This reduction is commonly called gauge Because of

ors we will 
live gauge 
ages. This

The fact that we have identified the field with the photon field forces us to relate 
the coupling constants and g? to the electromagnetic coupling constant e as a 
measure of the interaction between the photon and the electron :

e e
ffi = — 

Cw

6F°

containing the independent anticommuting scalar fields ua and u“, obeying a Grass­
mann algebra, and the change of the gauge fixing functions under infinitesimal gauge 
transformations (as related to the physical fields).

practical reasons regarding the form of the free gauge boson j 
also apply this gauge fixing principle to the gauge fields descri: 
bosons. In this section we will mention the class of covariant ’t 
involves the addition of the following gauge fixing Lagrangian :

CGF = -1-[{F^ + {Fzy + ‘lF+F_] ,

containing the linear gauge fixing functions

Ft = ~4=^d“W^iMw^

FZ = -^d'lZp-

F, = ~^= d* A„ .

The pure photonic term —|(K,)2 is equivalent to the gauge fixing term commonly 
used in QED.

Because of the non-abelian character of the Sf7(2)L subgroup compensation for 
the unphysical content of £Gf >s necessary via the introduction of the Faddeev- 
Popov ghost term [4]. By replacing the group indices a by the indices a = ±, Z, ~f, 
related to the physical gauge fields introduced in the last section, this Faddeev- 
Popov ghost term takes the form



the particularly pleasant form

(V = W,Z,7) (6-4)=

in contrast to the more general form for = £V

(6-5)

(6-6)Ccsw = £-a + C.GF + C-FP ■

Input parameters and renormalization7

(7-1)e, Mw, Mz, Mh, rrij„

13

(l-DM*
k2 -

i 
k2 - Ml

ig nV
k2 - Ml

D^„ =

The most natural input parameter set, to be used for calculating EWRC effects, 
would only consist of the physical parameters

Powerful checks on calculations and renormalization are provided for by the residual 
gauge invariance, which requires that any measurable quantity should not depend 
on the choice of a particular gauge. This means that measurable quantities should 
be free of (Y dependence. In case a particular gauge has been chosen for the sake of 
having a workable form for the Feynman rules, this feature takes on the form of the 
Slavnov-Taylor identities [6]. These identities are the generalized Ward identities 
corresponding to the so-called BRS symmetry [7], which includes besides the gauge 
transformations also transformations of the ghost fields in order to compensate 
for the fact that C-gf + £-fp breaks the original gauge invariance. The complete 
quantized Lagrangian of the GSW model, reflecting this BRS invariance, is given 
by

a the free vector boson propagators take on

the other propagators in the unphysical sector corresponding to <t>± ,x and 
u±,u±,uz,uz have poles coinciding with those in the physical sector, located 
at Ml,, Ml ■

The choice -too (i = 1,2 and V = W, Z, 7), called the unitary gauge, has 
become very popular because it has the nice feature that no unphysical states enter 
the actual calculations. When dealing with calculations beyond the lowest order in 
a, however, one has to be careful to avoid violating unitarity or renormalizability. 
In contrast to what is often believed this can be achieved [5]. Another gauge choice 
well suited for performing higher order calculations is given by = 1 (’t Hooft- 
Feynman gauge). The advantages of this gauge, to be adopted in the following 
chapters, are twofold :



(7.2)

(7.3)

(7.4)

14

providing for a process independent definition of the weak mixing angle valid in all 
orders of perturbation theory. The presence of sin2 6W in (7.3) makes it necessary

d from the 
romagnetic

ira 1

(1 — Ar) sin2 f)w
containing higher order effects via the quantity Ar, which is a function of all model 
parameters (including Mh and mJ, and

1/137.03604(11), obtained .n> > he Thomson 
Thomson sea 1: leading to 

it jnds to the

sin2ew = l-^,

• the Fermi constant = 1.166344(11) x 10-s GeV-2, 
muon lifetime T„, leading to a result which is only sensitiv 
corrections [9]

• the fine structure constant a = I, I 
limit of Compton scattering referred to as 
a result which is free of radiative corrections [8] (so 
classical electron charge e)

as they can be directly accessed in suitable experiments. At the LEP 1 stage the 
favoured parameter set should include those parameters which have the highest 
reliability. Besides the masses of the fermions and the physical Higgs, where Mh 
and m, will play the role of free parameters, the following three parameters survive 
this criterion :

replacing the original parameter set

• the mass of the Z gauge boson, extracted from the line shape of the Z res­
onance in e+e~ —♦ f f as will be measured at LEP 1. Because the peak 
position turns out to be independent of the other mass parameters, including 
the unknown Higgs and top mass, the measurement of the Z mass fulfils the 
additional requirement of being model assumption independent [10,11,12].

For concrete calculations of electroweak radiative corrections the electroweak 
’on-shell’ multiplicative renormalization scheme, proposed by Ross and Taylor [13] 
and worked out in great detail in [12], is applied as a natural extension of the well 
established on-shell scheme of QED. It relates the ’bare’ parameters of the classical 
Lagrangian to the physically measurable parameters of the quantized renormalized 
Lagrangian : a,M\v, Mz,Mh,rnjo. By applying this renormalization prescription 
one can derive the following relations, linking the quantities Mw,Mz and sin2#^ 
[14,15,16] :
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Chapter III

Special techniques

introduction

Causality and the Cutkosky cutting rule2
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The use of causality to arrive at the Cutkosky cutting rule for Feynman diagrams 
involves the analysis of energy flow through those diagrams. To be able to do this 
we first have to discuss some aspects of energy flow in propagators. Because we are 
only interested in scalar quantities like 2-,3- and 4-point integrals we will restrict 
ourselves to propagators involving scalar fields, following the line of reasoning given 
>n [!]•

' his chapter some handy techniques will be discussed which can help to improve 
om ability to handle the large cancellations and extensive algebra inherent to any 
of Hie calculations involving electroweak radiative corrections. The first special 
teclmique involves the use of causality within Feynman diagrams, leading to the 
Cutkosky cutting rule, in order to derive their absorptive part. The calculation 
is completed by applying dispersion integral techniques as a result of the analytic 
nature of those Feynman diagrams. To extend the results to all possible regions 
(even unphysical ones) analytic continuation procedures have to be performed. Be­
cause of the way these techniques can be implemented in our specific calculations, 
applications will only involve scalar integrals of the 2-,3- and 4-point type.

Besides the scalar content of EWRC calculations we also have to deal with the 
unavoidable algebra originating from the Lorentz structure of Feynman diagrams. 
To this end some propositions will be made regarding the use of projective methods 
to derive general as well as special reduction schemes depending on the purpose for 
which they are going to be applied. In view of the applicability outside the restricted 
area of EWRC calculations somewhat more generality will be introduced on a few 
occasions.



well

(2.1)<O|T(^(x)^(x'))|O>= Ar(x-x') ,

where
(2.2)

(2-3)P(-s)

(2.5)Ap(x) = 0(xo) A+(x) + 8(—x0) A (x) ,

where 0(x) is defined by

(2.6)*(*) = 6(x) + 0(-x) 1 .

lality A+|/ (x) corresponds to the positive/negative energy func-

(2.7)
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I

x > 0
x < 0

1
0

g — ikozo

( k0 — y/u2 — it)( k0 + y/u2 - it)
dk0

■oo

= c 8(s — m

dk0

According to the Kallen-Lehmann representation [2] for bare as 
propagators we can write :

as dressed

=rJ—oo

Now we can : 
in terms of a

As ruled by cans:
tion (energy flowing towards/from x). This will become clear on the next page 
when the Fourier transforms of these functions are presented. Explicit expressions 
for these energy functions can be derived from (2.2) by performing the k0 integra­
tion. By applying Jordans rule for complex integration the decomposition (2.5) will 
immediately become visible. Consider the integral

e—tfcoro

k2-s + ie

p(s) = 6(s — m2) . (2-4)

introduce a decomposition of the propagator function Ap(i) of (2.2) 
contribution with x0 > 0 and a contribution with x0 < 0 :

f°°IsL

where the first contribution originates from the discrete 1-par. spectrum
(with corresponding mass m) and the second one from the co spectrum
of intermediate states, like two- or three-particle states. In this sense he function 
a(s) represents the presence of interactions contributing to the above mentioned 
dressed propagator above a certain threshold value indicating the lowest mass 
intermediate state. In case of free fields with mass m the spectral function p takes 
on the form

k2 — s + it
The integration variable it in the above expression corresponds to the 4-momentum 
mediated from x' to x. The positive infinitesimal imaginary part e added to the 
denominator ensures a proper incorporation of causality as will become clear from 
the forthcoming discussion. It should be noted that we have ado ;d e Bjorken- 
Drell metric as described in appendix A, in contrast to the met. :i [1]. The
general form of the spectral function p(s) is given by :

i2) + <r(s) t JR ,



with
(2.8)

+

(2.9)

k0 plane

Cn

Fig. 1. Contours in the complex kg plane

(2.10)I = —2trt < S(zo)

(2.11)

g^iwxo (2-12)
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\
\

l

= J d4k e~ik l 0(±fco) $(*’ - s) ■

Consequently the energy functions take on the form :

A±(i)=(2^ L°°ds p(s) JdAk e~ikx e(±fco) s{k2 ~s) 
by making use of the integral identity

A
J 2oi

0(—Zo)jT dk0

where the contours Cj and Cn

I = 0(xo) / dk< 
JCu

w = k 2 4- s .

According to Jordans rule this integral can be written as 
g—ikoxo

0 (fc0 - t/w2 — t'e)(fc0 + x/^2 - te) 
g-ikoxo

(k0 — y/w2 — ie)(k0 + \/w2 — ie) 

are specified in fig. 1.

Complex contour integration of meromorphic functions renders 
g—iu/xo e’u/x° I

-2zr+e(-Io)izr} •



(2.13)

xe 5s

z2 *3,
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Fig. 3. Diagram with forced energy flow 

circles by means of the following mechanism :

particular 
a diagram

Fig. 2.

The aim is now to investigate the energy flow patterns in those skeleton functions 
led by the time ordering, related to the space-time points x,-, and restricted by the 
energy flow conditions imposed by the character of the external sources (energy 
input or output) and energy conservation at each space-time point regarding those 
external sources. To this end we study the influence on the skeleton functions 
caused by forcing the energy in certain propagators to flow in a particular direction. 
This can be represented diagrammatically by introducing for instance the diagram 
depicted in fig. 3. This diagram can be obtained from the diagram without the

5s Xa

As p(s) e2R the complex conjugate propagator function consequently has a reversed 
energy flow behaviour as visualized by the decompostion

Ay(x) = fl(x0) A_(x) + 9(-x0) A+(x) .

The actual incorporation of the causality principle in scalar Feynman diagrams 
proceeds via the introduction of so-called skeleton functions G(ii,.. ■, xn~), which 
are constituents of a particular amputated Green’s function. After it has been mul­
tiplied with the appropriate sources (not necessarily on mass-shell) and integrated 
over all x,- (r = such a skeleton function corresponds to a
diagram contributing to the S-matrix. As an example we show in fis- 2 
corresponding to a skeleton function of the form G(xt,... ,Xs).



1 I,-

2 xjXi -o

3 x,- o-

4 I; -oo

5

0

= not necessarily 0 .
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: keep the original propagator &f(x,- — ij)

: replace the original propagator by A_(x, — Xj)

: replace the original propagator by A+(x; — ij)

: replace the original propagator by Ap(x, — Xj)

Because of this feature we can skip circling the vertices and represent any contribut­
ing diagram by means of dividing it into regions of circled and uncircled vertices 
separated by so-called cutting lines as depicted in fig. 4.
The shaded region in the first diagram of fig. 4 is the one containing the circled 
vertices. So, the energy flows from the unshaded regions into the shaded regions. 
Now we can explicitly make use of causality to establish a relation between cut 
skeleton diagrams : the largest time equation. It states the following :

Xj

any circled space-time point induces the replacement of one factor i by its 
complex conjugate -i.

So, the arrows appearing in the above depicted propagators denote the direction 
i ’ which the energy is forced to flow. From energy conservation at each vertex 

■ ? time point) it is obvious that diagrams containing circled vertices can only 
- ■ non-zero contributions if the circled vertices form connected regions 

at least one outgoing line (a source which causes the energy to flow out 
For example :



-» -(iff)3 A (*1 - *2)A (*2-*3)-

-» + (iff)3A (zi-x2)A (x2-z3).
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ertices
. inside
in the

Fig. 4. Relation between cutting lines and circled vt

•----------- o----------o
X\ 2^2

The first negative energy function is a result of the circling prescriptions, whereas 
the second one is caused by the fact that ~ x3 > selecting in this way the first 
term in the decomposition (2.13). The plus sign is a consequence of applying twice 
circling prescription 5.

This immediately leads to the Cutkosky cutting rule, which states that the sum 
over all possible cuttings of a particular skeleton diagram equals zero. The sum 
over all possible cuttings consists of two separate contributions :

•---------•------ ------ o
Xi x2 x3

The first negative energy function is caused by the fact that x° — x? < 0, selecting 
in this way the second term in the decomposition (2.5), whereas the second one is 
a result of the circling prescriptions. The minus sign is a consequence of applying 
once circling prescription 5.

This is a direct consequence of the decompositions (2.5) and (2.13) and the pre­
scription 5 of the circling procedure. We will try to illustrate this by considering a 
string of 3 connected vertices zi,z2»®3 with a coupling ig at each vertex. We will 
place the vertex x^ in the unshaded region and the vertex x3 in the shaded one. 
By assuming finally that x° > we are now in the position to investigate the 
origin of the largest time equation.

suppose x° > x® in a particular diagram contai;
indicated by Xj,..., xn. Then any cut diagram with the v 
the unshaded region equals minus the same diagram v 
shaded region.



be depicted by the Cutkosky cutting rule in diagram form :

(2-14)= 0 ,++

(2-15)

(2.16)S = 1 + iT .

(2.17)

k
: free scalar propagator in unshaded region1 k2 — m2+ie

: free scalar propagator in shaded region2
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T - Tf = iT'T , 

whc:<: T is related to the S-matrix by

E 
cut 

graphs

2. the contribution formed by the so-called cut graphs, consisting of all other 
cut diagrams which hence contain one or more internal cuts.

All this can

1. the contribution coming from those diagrams which do not contain any cuts 
at all. This means that all vertices of those diagrams lie completely in the 
shaded or unshaded region.

This can easily be seen by realizing that the above restrictions will cause the second 
diagram in (2.14) to equal the complex conjugate of the first diagram. It should 
be remarked that the cutting rule is more stringent than the unitarity equation 
because of the fact that it holds for a single diagram instead of a complete T-matrix 
probability amplitude.

As we are used to performing actual calculations in the momentum representa­
tion, we define the following Fourier transform :

F<‘>-
The prescriptions involving the cutting of diagrams take on the following form to be 
used in future specific applications (to this end we restrict ourselves to free scalar 
fields) :

I
blob stands for any skeleton diagram. Because we are only interested 

: content of the Cutkosky cutting rule and because we will only be 
h hermitcan Lagrangians, this cutting rule can be related directly to the 

>' equation



2ne(k0) 6(k2~m2)3 : cut scalar free propagator

4 vertex in shaded region means replacing a factor i by -i.

(2.18)

(2.19)

diagrams with opposite propagators cut, like1.

diagrams with two neighbouring propagators cut, like2.

diagrams with two sets of neighbouring propagators cut, like3.
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E
cut 

graphs

ImZ)0
8tt2

suppressing the parameter content of Do at the moment. The Cutkosky cutting 
rule takes in this case the form :

where the sum over the cut graphs consists of the following different types of cut 
diagrams :

~ 16tt2 D° ’

I

It should be noted that an n-dimensional version of the line of reasoning leading to 
the cutting rule and the cutting prescriptions, involving n-dimensional space-time 
points and corresponding momenta, will lead to the same results as a consequence 
of the fact that the decompositions (2.5) and (2.13) rem? T unchanged.

Let us now consider a diagram corresponding to a sc< ‘ -point integral :



larger diagram

Dispersion integrals3

/(92)

Fig. 6. Feynman diagram with one external momentum
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. uple of a diagram (inside the dashed box) within a

implications of these analyticity properties. In case there exists a region of real 
g2 values such that Z(g2)elR in that region, the reflection principle of Schwartz 
can be applied. This principle states that the function Z(g2) can in that case be 
continuated from the upper to the lower half complex plane by the prescription

Which of these cut diagrams actually contribute to the imaginary part (absorptive 
part) of Do is ruled by the sources, indicating whether energy is being absorbed or 
emitted at a certain vertex connected to such a source, and momentum conservation 
at each vertex. It should be noted that the nature of the sources have not been 
specified at any stage of the above reasoning. So it is very well possible that the 
considered diagrams are even constituents of yet larger diagrams (see for example 
fig- 5).

Now we can try to explore the consequences of the Cutkosky cutting rule (2.14). To 
do this the analyticity properties of Feynman diagrams and integrals will be applied. 
Consider a Feynman integral I depending on the external momenta gi,...,g„ via 
all possible invariants Qi-Qj. Then the following has been shown in the literature 
[3] : I is analytic on the upper half of the complex plane corresponding to any of 
the invariants provided the other invariants are taken to be fixed. This means that 
I is an analytic function in all variables when their definition range is extended 
from being pure physical real quantities to complex quantities on the upper half 
plane. Let us now restrict ourselves for a moment to a Feynman integral depending 
on just one external momentum q (see fig. 6) in order to have a closer look at the

q



(3.1)

I + q,m2

= P

Z,mi

where the loop

(3.3)
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i

Let us now 
to this end :

Im+B0(g2)
8?r2

one in fig. 6. Define

At this stage the Cutkosky cutting rule comes into play by giving information about 
Im+Z(g2) for real q2 values.

explicitly treat the cutting of a diagram like tl:

momentum I covers n degrees of freedom ■ to handle the 
UV divergences present in this particular example. The can lity related positive 
infinitesimal imaginary parts e in the denominator are part of the Feynman rules 
leading to this scalar 2-point Feynman integral. They will ensure that the cutting 
rule (2.14) leads to an imaginary part of the form (3.1). When investigating the 
analyticity properties of Bo(g2), however, we will be dealing with (3.2) without 
these imaginary parts. They will only reappear when the Feynman integral (3.2) 
is considered or results thereof. Without loss of explanatory power we assume, for 
convenience, that mi > 0. The cutting rule yields according to (2.14) the following :

r dnl___________
J (2rr )n [Z2 — m2 + — m2 + re] 

(3-2)

The first diagram contributes only when g0 > 0 and the second one only when 
go <0. At go = 0 no energy enters or leaves the skeleton part of the diagram. 
So, the external sources do not rule the internal energy flow anymore. This is not 
a pre >lem as we can make use of the Lorentz invariance of (3.2) by boosting in 
such a way that q0 > 0. If this is not possible we can immediately conclude that 
q = 0, a situation which will not lead to imaginary parts. Hence the easiest way 
to incorporate the case q0 = 0 using (3.3) is to regard it as go 1 0. Because of the 
symmetry of the integral (3.2) under the transformation q —» —g, it will be sufficient 
to consider only the case go > 0, in this way selecting the first diagram (regarding 
go = 0 as go J. 0). Now the cutting prescription can be applied, yielding :

L([g2]") = /"(g2). In this way a holomorphic function is obtained with a possible 
cut on the real g2 axis in the presence of real g2 regions with non-zero imaginary 
parts for Z(g2). The discontinuity across that cut is given by (g2elR)

discing2) = lim [f(g2 + i<5) - /(g2 - i«)]

= 2i lim Im [/(g2 + i«)] = 2ilm+/(g2) .



8tt2 = 2(2ttm)‘

(I + g)2 — Z2 + g2 + 2Z0^/g2?2 and

(3.5)

integral (3.4) reduces to the

8tt2 (3.6)J ,

A(x, y, z) = x2 + y2 + z2 — 2xy — 2xz — 2yz , (3.7)

the angles :

(3-8)

{ remaining propagators } 1 , (3-9)
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m2), defined by

and J for the integral over

w = y Z2 + m2

to replace the radiale coordinate |f|, the n-dimensional Z integral finally takes on 
the form :

where A stands for the Kallen function A(g2, m2,

’=° 0(?2 - ["h + m2]2) (2?r^)'
AV 

(4g2)?-1

j=y dn,

The first thing to realize is that we are dealing with a Lorentz invariant integral, 
only depending on scalar invariants. As a result of that property the case q2 < 0 
will not lead to a non-zero result as can easily be seen by working in that inertial 
frame in which g0 = 0, resulting in a conflict between the two ^-functions. Let us 
now restrict ourselves to the cases g2 = 0 and g2 > 0. The latter offers us the 
opportunity to work in the rest frame corresponding to g, leading to the identities

o>(a>2 — mJ)3?1 .J d"l = j°° dl0 /°° dw J da,
By performing first the l0 integration and then the w 
trivial result :

g = o , go =

jd"Ze(-Zo)5(Z2-m?)9(Zo + go)<5([Z + g]2-m2) .

(3-4)

(3.4). The n-dimensional I integration can be split into an l0 inte- 
Euclidean (n-l)-dimensional integration running over the spacial 

 of /. By introducing (n-l)-dimensional spherical coordinates and sub- 
■ i-e new variable

= 2 * .
T(^)

As the Cutkosky cutting rule will only lead to 2-propagator cuts in the case of 
3- and 4-point integrals, this result also holds in those cases appart from just one 
extension to be found in J :

J = J da,



with the supplementary conditions

lo — —

(3.10)

Im+B0(g2) = 6(q2 - [mt + m2]2) (2ttm)' (3.H)

(m;+m3)2

Fig. 7. Cauchy integral contour for B0(q2)
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i

The threshold indicated by the argument of the 0-functi' 
physical threshold for the process describing the decay into 
state particles with masses mi and m2. In fig. 7 the cut s;;j. ■ of the 2-point

q2 plane

;s in fact the 
intermediate

integral BQ(q2) in the complex q2 plane is displayed together with the definition of 
the contour to be used in the Cauchy integral for calculating its complete analytic 
expression at q2 = q2. The circular part of the contour corresponds to a circle with 
infinite radius, so if we assume the function BQ{q2)/q2 to go to zero fast enough on

_.A"7„ 2
(4g2)2 1

g2 + ~ _ y/X
27^ ’ 1,1 ~

propagators in shaded region are to be conjugated .

The remaining case q2 — 0 will not render a non-zero result as a suitable choice 
of inertial frame will generate a conflict between the ^-functions and one of the 
^-functions; because mx > 0 a choice leading to q0 < tt^ will do the trick. We can 
summarize the above evaluation by the following result for the imaginary (absorp­
tive) part of Bo :



(3.12)

(3.13)

Dispersion integrals for IR-divergent scalar integrals4
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In this section we will consider a few general IR-divergent integrals which are of 
an electroweak origin. This last additional restriction means that the only possible 
divergences present in these integrals will be the UV and IR ones, the latter being 
caused by the coupling of a virtual photon to two external (on-shell) particles. As 
the IR-divergent scalar integrals will be of the 3- or more-point type we can forget 
about the UV divergences and hence will be allowed to perform these integrals in 
4 dimensions. For our purposes (2- to 2-body processes) we will impose a further 
restriction by excluding 5- and more-point integrals.

The reason for selecting this particular type of integral to show dispersion inte­
gral techniques at work is twofold :

dq'2

dq'2

that part of the contour the following Cauchy integral can be derived :

n _ 1 / . ,2 Bo(g'2) 1 f°° ,2 discB0(g'2)
So(9) - ^Jdq 7^2=^i q q'2-q2

1 f°° . ,2Im+B0(g'2)
7T j(mi+m2)2 q,2-q2

In case of absence of the proper amount of convergence of B0(g2)/g2 on the infinite 
circular part of the contour, for instance when Bo(q2) tends to a constant there, 
the contribution coming from that circular part can be a non-zero one and hence 
. h *uld not be omitted. This is however not a genuine problem as we can decide on 

.. Cauchy integral in that case :

W) = Bo(<?o2) , 1 /•“ , , 2 Im+B„(g'2)
82-?0 52 -9o J(m,+m2)’ (?'2 - 9o)(9'2 - 92) '
integrals (3.12) and (3.13) are called the dispersion integral respectively 

• ; i , ■■!. racted dispersion integral of the function B0(g2). This terminology reflects 
its close relation to similar integral representations in the analysis of forward light 
scattering in an absorptive medium [4]. Causality of the scattered wave, resulting 
in the possibility of applying the reflection principle of Schwartz, corresponds to the 
it - prescription for propagators (see last section). The optical theorem, connecting 
imaginary parts of scattering amplitudes for positive frequencies to the cross section 
of the absorption of light with those particular frequencies, can be related to the 
Cutkosky cutting rule, displaying unitarity at the diagram level.

The example given above is in fact not the most suitable one to show the strong 
points of the dispersion integral method for calculating scalar integrals. The strong 
points will be discussed in the next section when explicit dispersion integral calcu­
lations involving more complicated integral structures like 3- and 4-point integrals 
are going to be considered.



IR-divergent scab ' 4-point in-

(4-1)A)(P1, P2, P3, A, Hl],

with the denominators

(4-2)

have the

mi 0 0Pi, mi p2,m2

A m0

m4 0p4,m< P3, m3

Fig. 8. IR-divergent scalar 4-point integral

following features :

(4.3)
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D, 
D2 
d3 
D4

• these integrals are the main sources of the instabilities in numerical evalu­
ations of EWRC effects. They contain IR-divergent terms as well as ’mass 
singular’ double poles, which will both be cancelled by similar terms originat­
ing from real photonic corrections

mo,m4)= [ -—r {IA1IA2IA3IA4} 
J ITT

Pi + P2 + P3 + P4 = 0 ‘ momentum conservation 
p! - m? for i = 1,..., 4 
mi,m4eIR+ : displaying the electroweak origin 
(Pl + P«)2 = (P2 +Ps)2 s s 
(Pl +P2)2 = (Pa +p<)2 = t ■

= I2 — A2 +
= (1+ P1)2 - m2 + if
= (< +P1 +p2)2 - m„ + ie
= (1 + Pi + P2 + P3)2 - m4 + ie .

The momenta in (4.2) corresponding to the diagram depicted in fig. 8

• because of extra symmetries present in these integrals the combined use of the 
Cutkosky cutting rule and dispersion integral techniques will render trans­
parent results displaying some of the particularly attractive aspects of this 
approach,

Consider the following most general form of an 
tegral of electroweak origin :



if
(4-4)

if z = (m — m')2-1

(4-5)

1). (4-6)(x
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log(l - zt) 
t

LG(z) = — [ dt 
Jo

where z may be a complex quantity. According to the cut structure of the logarithm 
the dilogarithm has a cut along the positive real axis with a branching point situated 
at z = 1. The discontinuity of both functions across the corresponding cuts are 
given by :

Because the integral (4.1) has kinematical singularities at s = (nij + m4)2 and 
t = mfr m will exclude these two situations from our calculation. This calculation 
will involve the evaluation of the dispersion integral in the parameter s. The choice 
of the parameter s is a purely practical one as it reveals the symmetries present 
in the integral in the best way (see fig. 9) by decomposing it via cutting into the 
scalar processes 14 —» 14 and 23 —» 14. In order to avoid problems with the other 
remaining parameters, bearing in mind that any cut in one of those parameters 
(the so-called cut invariants) will be of the form (3.6), we will start off with the 
restrictions m? , m2 , t < 0. Later on the obtained expressions will also be extended

z (m — m')2
■1 m rn'

[z —(m —m')2]
4mm1

[z —(m —m')2]

in principle complex quantities. In the case 
on the form — 4m , which is a 

yl-4m2/j + 1
use in e+e“ physics when the final state

irameters are
function takes

ki. <1 variable that finds frequent 
part nave the same mass.

The most important constituents in the forthcoming calculations will be the 
logarithm and dilogarithm. We define the logarithm of a complex quantity to have 
a cut along the negative real axis with a branching point situated at zero. The 
dilogarithm is defined by means of the integral representation

The parameters s and t are just the standard Mandelstam variables for the process 
14 —> 23. At this point we will restrict ourselves to reed and positive masses mo. 
Later on we will come back to that. For simplicity sake we will from now on leave 
out the long parameter list of Do except for the parameter in which the dispersion 
integral will be evaluated. In order to be able to give general results in a compact 
form we are led to define the following kinematical function :

lim [log(x 4- i8) — log(r — i8) ] = 2ztt (x < 0) 

lim [Li2(x 4- i6) — Li2(x — z<5)] = 2z7rlog(z)



mi m2

X m0

m4 m^

Fig. 9. s-channel cut

(4.7)

with A = A(s, mJ, mJ)

-1}”J

(4.8)/o —

(4-9)+ B

a—channel #(s - [mt + m<]2)Im+D0(^) 2 log

+
(4.10)
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i-

Y, l°g(* - *,.«) - 21og(z - 1) - 21og(z + 1) 
P,<7=±1

7T 

>/A(t - mg)

cos 6 + C sin 3 cos <t>~) } 1 .

m0A 
mg - t

as defined in (3.7) and the angular integral J given by

mi 

t I 
m4

= jdil {[(I — pi)2 — X2 + ie][(l + p?)2 — rn, 

s + m^ — m\ ■/A
2^/s ’ ll~2v/5’

The sign difference between the Iq conditions of (3.10) and (4.8) is caused by the 
direction of the integration momentum as compared to the direction of the energy 
flow, imposed by the shaded region of the cut. By a proper parametrization J can 
be brought in the form

J = jdtl {(a+ b cos

Now we can make use of a general result displayed in appendix B and after ne­
glecting A whenever that is possible, bearing in mind that we have left out both 
kinematical singularities, we are left with

to non-negative values. Application of the Cutkosky cutting rule vie e of 
(3.6), (3.9) and (3.10) yields the following :

Im+Z>0(s) ch‘‘nnel f)(s — [mj 4. m<]2) —- J , 
4s



with

z

(4-12)

and

D0(s) =

(4.13)+

log(z — y) —

{log(z) + log(-y)} . (4-14)
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52 log(z - z„,„) - 2 log(z - 1) - 2 log(z + 1) 
0,<7 = ±1

symmetry present in the integral can be exploited by realizingzp,°

•s — ml — ml + x/A 

2m\mt

s' — s 
m,\m4

(z - zo)(z - zo ') 

z

1

Z — Zo

1
A'(s, mi, m4)

Now the zpa - 
the following :

Using formula (4.10) as

1
z - Zo 1

■j {i°g(z - y) + log(2 - y ’)} =

i
Z — Zo 1

1 1
Z — Zo 1 J

1 1
z — Zo z —

/■°°, r i 
/ dz -----

Jo [z — Zq 

Jldz [-J-. 
Jo [z — Zo

leading to the replacements 

ds' dz

where z0 and A' are shorthand notations for K(s,m\,m^ and A(s',m?,m5), this 
reduces to the much simpler integral

_________ zo_________ /■“ dz r
— mo)(zo — 1) Ji [

zPi„ = - Kplm22,mi,mo) K"(ml,mi,m0) . (4.11)

From the definition of the function K in (4.4) it can be seen that z e (1, oo) because 
of the ^-function condition s > (mi + m()2 and zp„ < 0 in view of the conditions 
imposed on the other cut invariants restricting them to negative values. So none 
of the arguments of the above logarithms will lie on a cut. Now we can apply the 

j sa > ■ integral formalism and calculate Do- Just as in the case of the other cut 
he selected s-range will first be restricted to s < 0 in order to avoid the 
i continuity of Do from entering the dispersion integral. Of course an 
this s-range needs to be implemented later on.

■bti acted) dispersion integral for Do looks as follows :

1 r°° d
D0(s) = - —— Im+D0(s').

7T J(mi+m4)2 6 — <S

input and introducing the new integration variable

z = A"1(«',mi,m<) ,

IJ I ~ 4



- log(z + 1)D0(s) =

log(z)

(4.15)- 2 log(l — z) + 2 log

= - l°g(-*o)

=c

• (4.16)

(4.17)
z=0

and

j log(z)-log(l -z)}
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a — b 
z — b

52 los(2 - zp,»)
P,<?=±1

the left hand side has to be 
' we arrive at

— Li2

1
Z — Zo

1
1 — Zo

log(l - z) = -Li2

= \Li2

To come to this expression the second logarithm on I 
submitted to the transformation z —» z-1. In this way

Th'
1

z — z0

1 /'
2 Jo

1
Z — Zo 1

) + Li2

+ { log(2 - b) - log(z - a) } log ) j

2 C dz 
Jo

1
Z - Zo 1 J

1
Z - Zo 1

(f—D41os2(2-6)

__________ Zo__________
rr^mjt - mg)(zg - 1)

1 
+ 2

■oo 
dz

+ | log2(z - 6)

12 los(z - 2p.v) =
P,<7=±1

12 Tii2(l - zjzp,,) = 12 {^(l - ZoZp,,) + i log2(z0zp,„)}
P,<7,T=±1 P,ff=±l '*

(4.18)

z=0

which even holds for complex a and b as can be seen from appendix C. In our 
calculation we are at the moment mainly dealing with the above integrals in the 
cases t > 0 and a, b < 0. This enables us to use a more pleasant form for the last 
integral identity, reading

/‘dz 108(2-/)
Jo z — b

This can easily be derived by applying the dilogarithm relation (D.3) given in 
appendix D. As a consequence of the above identities and the dilogarithm relations 
(D.2-D.6) of appendix D we arrive at the following integral results :

1 1
z — z0 z — Zo 1

1
2

{/> [:
+P' [

(5^)1) ■
Now we can make use of a few integral identities : (telR)

f dz [—------
Jo [z — z0 z — z0

r1 J r i i / dz----------------------- —T
Jo [ z — z0 z — z0 1

r‘log(z — a) _ I
Jo z — b L

1
2



log(z + 1) = -£i2(l - Zq) - log2(-zo) •

(4-19)

Putting together all ingredients yields :

D0(s) = —2 log(-zo) log

(4.20)
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-Li2(l-z£) + 52 ^»i(l ~ zoz,,„) > .
P,<7 = ±1 J

the 
which

_______ fo_______
m1m4(t-mg)(zg-l)

I 
z - z„

m0A 
mg - t + 7 52 log2(-z„,<7) 

P,<7 = ±1

rial result for the scalar 4-point integral (4.1) restricted by the con- 
11 cut invariants are smaller than zero (well below any of the possible 
The reason that the s-channel dispersion integral is sufficient to cover 
ice of Do on all other cut invariants is that any term present in Do

■ obtained from the s-channel dispersion integral survives on the infinite 
circular part of the contour as depicted in fig. 7 in the last section. But it is obvious 
that the * dependence of the original integral (4.1), via its multiplicative propagator 
character, ensures that no such term exists.

Maybe this is the right time to make a few remarks about the above approach 
of calculating scalar integrals as compared to already existing general integral for­
malisms. Because of the fact that the dispersion integral is just 1-dimensional, as 
compared to the basicly 3-dimensional integral obtained by Feynman parametriza­
tion of (4.1), any symmetry or systematics which might be present can more easily 
be exploited. Of course general integral formalisms like the one by’t Hooft and Velt- 
man [5], which applies Feynman parametrization to end up with general formulae 
covering all physical parameter regions, axe very much appreciated because of that 
very general character. However, they tend to obscure any systematic behaviour as 
protruding in the above described dispersion technique. At the moment the use of 
dispersion techniques is restricted to integrals which are likely to lead to numerical 
instabilities caused by the presence of IR divergences and ’mass singularities’. See 
for instance the integrals given in [6], used in [7], which were calculated by means 
of both above mentioned integration techniques. Extension of its range of applica­
tions to integrals which do not have these particularities might be considered in the 
future in order to come to an alternative general integral formalism which could 
be complementary to the already existing ones as far as insight and transparency 
are concerned. Any attempt to do so has up to now been restricted to physically 
imposed parameter choices (including several small masses like me).

After this intermezzo we return to the scalar 4-point integral under considera­
tion, which is at this moment in a form valid well below all possible thresholds as 
set by 2-propagator cuts of the form (3.6). The continuation of expression (4.20)

/■°°, r 1 
/ c‘z ---------

Jo [z — Zo



(4.22)

D0(s) = [log(z2) + log(x$)]
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1
2m1m4(f — mo)

m0A 
mg — t — ie

-------- , Ij2Vl----- (2 log(r,) [log(l - x2) - log (
— mo)(l — x‘) ( [ \

+ ^- + ii2(xj) + log2(x2) + log2(x3)- 52 l^i2(x,x^)
2 p,»=±t

+ { log(*.) + log(*2) + log(x^) } log(l - I.xJlJ)] }

3 = (mj — m<)2 :

to cover all possible real values for the cut invariants, whether they are physical or 
not, proceeds via an analytical continuation procedure involving the logarithms and 
dilogarithms. To this end we introduce a shorthand notation for the kinematical 
variables :

_ y- 1 + J2I3 
pXil 1 - *2*3

x, = — K(s + ie, mt, m4) 
x2 = — K(m2 + ie, n>i, m0) 
X3 = — A'(m2 + ie, m4,m0) . (4.21)

The positive infinitesimal imaginary parts e constitute the ie - propagator prescrip­
tion as present in (4.1), which leads to the realization of analyticity v. I e upper 
half of the complex plane corresponding to any of the above mentic. .t invari­
ants. All this results in the replacements z0 —» — x, and zp„ —> - . n (4.20). 
In the same way we could in fact have introduced xt = —K(t + ie, but this
automatically takes on the form f°r t / as a consequence c .ifinites-
imal character of the photon mass A. Notice that the introduction <■ positive 
imaginary parts e is necessary to extend the cut invariants above the correspond­
ing thresholds in such a way that the correct imaginary parts, as predicted by the 
Cutkosky cutting rule, are reproduced. When the cut invariants cover all possible 
real values, the corresponding kinematical variables x,, xt, x2, x3 vary only on the 
first Riemann sheet, i.e. — n < arg(x,, xlt x2, z3) < tt, whereas their absolute values 
are smaller than 1 as a consequence of the infinitesimal imaginary parts e. The fact 
that the kinematical variables vary only on the first Riemann sheet is of crucial im­
portance to the analytical continuation procedure, allowing the arguments of some 
of the logarithms and dilogarithms to move on the corresponding Riemann surfaces 
beyond the first sheet as a result of the combined effect of a product of more than 
one kinematical variable. The continuation of terms of the form log(XjX2 • - • r„) and 
Li2(l — XiX2 ■ ■ -xn) is displayed in appendix E. Application of this procedure leads 
to the following result, valid for all real cut invariants and including all possible 
cuts :

s - m<)2 :

D0(s) =



+ 2 log (4.23)-2

•DoM — 2 log(xJ) log (4-24)

= (4-25)2 log

(4.26)

(4-27)
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A2 
—t — ie

A2 
—t — ie

1 
2m1m4f

m0A 
mj — t ~ ie

For more special forms involving the case m0 = 0 and ’mass singularities’ we can 
refer to [8). Any of the above types of integrals appearing in the specific calculations 
of EWRC effects to the fermion pair production processes e+e~ —* ff can be found 
in appendix F. At this point we should stress that the expressions (4.22) and (4.23) 
will remain of the same form when the mass m0 is allowed to have a non-zero 
imaginary part, provided this imaginary part is a non-positive one. This in order 
to avoid crossing any cut while continuating the propagator Dg in (4.2), containing 
the positive infinitesimal imaginary parts +e, to a resonant type of propagator 
involving a non-real mass m0. This feature is particularly handy for the process 
e+e~ —♦ ff when final state particles are considered with mass < Mzfi.

Our survey of IR-divergent scalar integrals can now be completed by determining 
the expression for the scalar 3-point integral

ioco(Pi,P2,P3,A,mI,m0,m4)] .
mJ—oo

The immediate consequence of this relation is a general expression for Co of the 
form (using once again a shorthand parameter list) :

{D.ZW1 , 
ITT

Co(Pi,P2 + P3, A,mi, m4) = J

with Dj,D2 and D* as defined in (4.2), described diagrammatically by the scalar 
diagram of fig. 10. This integral can be linked directly to the 4-point integral (4.1) 
via

C0(pi,P2 +P3, A,m1,m() = lim [-m;
mi —»oo 1

The explicit division into the situations s (rn\ — m4)2 and s = (mi — m<)2 is neces­
sary as in the latter case xa = 1 and consequently both numerator and denominator 
become zero in (4.22), demanding a limiting procedure for the determination of the 
possibly finite answer.

To finish the above example we will give a special form of (4.22) and (4.23) 
containing two sources of IR divergences, indicated by the parameter conditions 
m2 = mt, m3 = m4 and m0 = A. This leads to an expression containing just two 
cut invariants s and t given by :

3 y- (:»., - rr;4)2 :
-X, 

mim4t (1 — x?) 
m4)2 :



Pl 1 ml m, 0

-Pi - Pt
A

m4 0P4,77l4

Fig. 10. IR-divergent scalar 3-point integral

f.

C0(s) =

(4.29)C0(s) = log — 2 —

Reduction of tensor integrals5
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1

m4 / J 
m4\~[ 

’ mi) f
(4.28)

A2
77? ] 77? 4

s = (mi - m4)2 :
1 

2771)7714

log(z3) [-1 log(z4) + 2 log(l - x}) - 1c.

+ Lij(xJ) + log2 + Lii + Li? [ 1

Up to now our efforts have been focussed on the scalar integrals, the basic building 
blocks in any calculation of EWRC effects. The next step will be a discussion of 
ways to arrive at those scalar integrals starting off with some diagram contributing 
to the S-matrix of a particular process. To this end we will concentrate in this

LUtiogf^j 
1 “ St °\m4/J

Specific forms of this 3-point integral to be used in the calculations of EWRC effects 
to the fermion pair production processes e+e~ —iff can be found in appendix F. 
Note that the most general expressions for Do and Co have, for transparency reasons, 
not been written in a form containing as few dilogarithms as possible. The number 
of dilogarithms can be reduced from 5 to 4 in the Do expression and from 3 to 2 in 
the Co expression by application of the special two parameter dilogarithm relation 
displayed in appendix D. This, however, leads to all kinds of additional logarithms, 
accounting for the crossing of some cuts, which in general obscure any systematics 
that might be present.

s (m4 — m4)2 :

m1m4(l—ij)

6 m4



j4o(Mi) = (2tt/i)‘

^{o,p,pp}(pi, A/i, M2)

Qo,

D{0. u, u„p} (pt, p2, P3, Mi, M2, M3, M.,)

(5.1)

vitb . lominators given by

(5-2)

Dp
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= P1M-B1

= PipPii- B2\ + B22

= I2 - M2 + ie
— (I 4- Pi )2 ~ M2 4- ie
= (z + Pi 4- P2)2 ~ M3 + ie
= (i + Pi 4- P2 4- P3)2 — M2 + ie .

p}(Pi,Pi,M1,M2,M3)

C33

C36

Di

O2
d3
D4

Bp

Bp„

section on the 2-, 3- and 4-point tensor integrals. First define the following :

r <Tl 1
J in2 Di

= (27rp) DiD2

= (2,rp) J ---- d^d3-----
- fdn’ 'A. Wp} = / i^2 DiD2D3D<

= Pip Bn + p2p B12 + p3p D\3

Cp = Pip Cll + P2p C12
Bpp = PipPip C2i 4- P2pP3p C22 4- {pi p3}pp C23 + gpp C2i 

Cppp = PlpPlpPlp Cll + P2pP2pP2p C32 + {Pl Pl P2}ppp 

+ {pi P2 Pi}ppp C34 + {pi g}ppP C35 + {p2 g}ppp

The fact that the loop momentum integration is an n-dimensional one displays 
our wish for a little bit more generality, enabling us to extend any forthcoming 
method beyond the electroweak theory to, for instance, the massless theory of 
strong interactions (QCD), with its much richer structure of n-dimensionally reg­
ulated divergences (UV, IR and mass singular ones). In the case of integrals of 
pure electroweak origin the 4-point scalar and tensor integrals present in (5.1) will 
not need an n-dimensional treatment, because of the absence of real mass singular­
ities (not labeled by a small mass) and UV divergences (for that given number of 
integration momenta in the numerator).

Because of the symmetry properties of the tensor integrals (5.1), they can be 
decomposed by applying Lorentz covariance into :



+ Smu -Djt

have introduced shorthand notations like

(5-4)

= Pip ffpp + Pip 9pp + Pip 9pp ■

Qi = £pjQi =o and for i > 1 .

Now we can introduce

5{o,m,Mp)(*:,Z) S (2irp)4 " (5.6)

= (2ttM)4 n yc{o,
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I

^313 »

(5-3)

{.PiPjPk}pup— 53 ?*(»’)/* P°(j)1' Po(k)p j

with <r(i, j, k) denoting all different permutations of (z, j, k), and 

{Pi 9 } pup

+ {pig} pup

where we

DpU

M. IM', V vp}^, I, m)

d"Z {1, Ip, W
i*1 DkDt

d"l {1, Ip, IpL, Iplplp} 
DkDtDm

(5.5)

The coefficients Bj(k),Cjk and Djk^, a notation taken over from [9], scalar 
functions depending on all possible invariants and the masses M,. To .'.void obscur­
ing any transparency all the arguments of the tensor integrals and the coefficients 
related to them have been dropped in the above decomposition.

Examining for instance the last expression of (5.3), the determination of the 
coefficients fJji(i) will in principle lead to a 13 x 13 matrix problem. This can 
however be reduced to a 3 x 3 matrix problem as will be explained and elaborated 
below.

Because it is often a question of taste whether the tensor integral decomposition 
will be of the form (5.3) or in terms of linear combinations of the momenta pi, Pi 
and pz (e.g. an orthogonal set), we will at this moment try to be as general as 
possible.

The first step in the process of pinpointing the relations linking the coefficients 
Djjt(i) to the scalar integrals will be the introduction of some shorthand notations. 
To this end we will indicate the combination of external momenta occuring in the 
propagators Dx given in (5.2) by Q,, so

, (5-7) 
l<?»=o

= PlpPlp Dji + PZpPlp Dji + J>3pP3p Djz

+ {pi PjJpm + {Pl Palpi/ 7^25 + {pz Pz}pp D26

= PlpPlpPlp 7>31 -I- PzpPZpPzp D32 + P3pP3pP3p D33
+ {Pi Pi Pi} pm D-n + {pi pi Pz}ppp O3S + {pi p2 P?}ppp D36

+ {PiPsPsLup D37 4- {P2 P2 P3} pup D38 + {P2 P3 P3 } pup ^39

+ {P1P2P3} ■D310 + {pi <7} pup Alli + {P2 9} pup D3\2 + {P3 <?} pvp



(5.9)X =

(5.10)

with
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P1P3
P2P3

P3

Jiao
Z?21
J?22

Pll

P12
D\3

P1P2 
P2 

P2-P3 

0 0, which is equivalent to the statement 
be constructed if the 4-momenta pi,p2,P3 form an independent set.

p?p.

f?20 = ^ [ Co(l, 3, 4) - Co(2, 3,4) + APo ] 

K2I = i[Co(l,2,4)-C0(l,3,4) + y2P0]

R22 = [ Co(l, 2,3) - Co(l, 2,4) + f3D0]

where (k,l,m) C (1,2,3,4) is an ordered set, hence k < I < m. The denominators 
in the above definitions are the ones to be found in (5.2). Looking for instance 
at the 3-point tensor integrals (5.7) the definition in the case (k,l, m) = (2,3,4) 
deviates from the other ones as a consequence of the non-trivial condition Qi = 0 
in order to have it in a form corresponding to the tensor integral definitions (5.1). 
The coefficients originating from the above tensor integrals will consequently be 
written in the form BtJ(k, Z) or Cij(k,l, m) defined according to (5.3). The reason 
for introducing these specific 3- and 2-point tensor integrals is to be found in the 
fact that they constitute the integrals which remain after one respectively two of 
the denoi.iiuators have been divided out in the 4-point tensor integrals. Now we

■ J , tools to project on the various momenta and combinations of momenta 
tensor. As the main tool necessary to achieve this we introduce the 

■menta P/1 defined by :

Pl“ Pip = ^il

D„ = X

for I = 1,2,3 . (5.8)

of these projective momenta is directly related to the existence of the 
; ; to the matrix

This can be seen easily by realizing for example
, f dnl Pl I _ /Q f — 2 1 ~ -Pi + /1 ]- (27TM) J DiD2D3Di (2?rP) / ilr2 DlDjD3Dt

(5-12)

Pi
Pl P2
P1P3

So, the Pi can be constructed if detX
that the Pi can
The matrix X corresponds to the reduction of the PM tensor integral :

(p?
P2

\PU3

(5-11)



= X +

= X +

(5.13)= X +

(5.14)9

which has the nice features

(5.15)Pi^P^^O
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1

Pf
PS
P3

Pl
Pl
P3

P\ 

Pl 
P3

) an expression for D27, consist- 
be found in appendix G.

R30
^31

R32

R36
R37
R38

R33
R34
R35

0
D27

0

D27 

0 
0

D25
D26
^23

I?24
Z>22

£>26

0
0

Z>27

Z>21
P24

£>25

P^ = —
n — 3

PtD^

P3DpU

P^D^

',“'-E^P>| •

In this way one arrives at P"1' Dpu = D27 leading to
ing of terms also present in P2, and R3i, which can 1

The above described use of the first two projective operators shows the essence 
of the projective operator method :

where the expressions P3t, consisting of coefficients originating fro. already 
known reduction of and 3-point coefficients, can be found in apj G. The 
remaining coefficient Djj, appearing in the above matrix expressions h corre­
sponds to the term in the reduction (5.3), can be obtained dire iy 5' intro­
ducing the projective tensor

1. the contractions between the tensor integrals and the momenta Pi,P2,P3 or 
the metric tensor g'“' are needed in order to get rid of one of the propagators, 
leading to tensor integrals of a lower-point type, or in order to reduce the 
rank of the tensor integral by one.

2. the projective operators, which need not be known explicitly in terms of the 
external momenta, are needed for the handling of the algebra, maintaining 
the most compact problem casting as possible.

We can now extend this recipe to the determination of the coefficients originating 
from the decomposition of DpUp as given in (5.3). Once again new projective tensors 
are indispensible to maintain the mere 3x3 matrix structure as compared to the

and gpp P^ = 1 .

In the case of the reduction of Dpu this 3x3 matrix structure is maintained by 
including the projective momenta Pi as follows :



Ptf = Pt Pt - (Pl'.pt) p^ , (5.16)

which has the properties

^7s<*u = o Pip P£l P]P = ijl ■ (5.17)and

This leads to the following set of matrix identities :

= X +

= X +

= X +

(5.18)= X +

(5.19)Pf“'p = pt Pup ,

with the features

(5.20)9ppPip = Pf

This automatically yields

(5-21)= X
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expected 13 x 13 matrix problem. First a projective tensor is needed which is in 
fact complementary to P''1' :

Pi
Pi
P3

Pl
Pi
P3

Pl
Pi
P3

Pl
Pi
P3

Ra3
Raa

Pas

D311
£>312
£>313

Rsi
Ps3
Rsa

Ras

Pat

Ras

Ra9
Rso
Rsi

£>36
£>32
£>38

£>39
£>33

£>312
£>31!

0

£>31
£>34

£>35

£>34 

£>36 

£>310
£*2.1 Dpvp

0 
2£>312 

0

ppPP

0 
0 

2£>313

2£>311 

0 
0

pppp 
pppp 

pr

P^Dppp

■“‘"D:p'ppp

.. -^ppp

Dppp

The same kind of procedure can be adopted for the 2- and 3-point tensor inte­
grals. As (5.6) and (5.7) cast them in a similar form compared to the 4-point tensor 
integrals, leading to a reduction in terms of just one respectively two of the three

For explicit expressions for and 7?s. we refer once again to appendix G. The 
second projective tensor will be needed for coefficients corresponding to the terms 
in the decomposition (5.3) containing the metric tensor guu :

9pp Pip = 0 and pi“'‘> 9pp Pip = Pl Pi ■



(5.22)F"1' =

(5.23)for I = 1, ■ ■ •, d — 1
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1 
n — d + 1

momenta pi,p2,p3, the corresponding projective operators can be deduced from the 
ones mentioned above. For simplicity sake we will take the one respectively two 
reduction momenta to be pi and pi, pj. The specific set of projective operators will 
be identical to the ones given above with just one replacement to be implemented 
in all projective tensor definitions :

- k' K‘ ~kj

which project on the momenta k, according to Kf = 6 a. They can be used 
to project on any string of external momenta appearing in (5.3) by just com­
bining the corresponding projective momenta to form an analogous string. 
This is a consequence of the fact that has been replaced by The 
condition det X yf 0 as appearing in the general case ensures that none of the 
momenta fc, are lightlike (fc? = 0) and hence that the above projective opera­
tors exist. In general it involves application of a diagonalization procedure to 
the matrix X in order to arrive at an orthogonal momentum set. In the case 
of massless theories however, like for instance QCD, an orthogonal set is a 
natural approach. Consider for example a 2- to 2-body process with lightlike 
external momenta Pi, - ■ ■ ,pt, then the linear combinations pi + pi, pi + pz and 
Pz + P3 will form an orthogonal set as a consequence of momentum conserva­
tion.

where d denotes the number of propagators occurring in the denominator of the 
tensor integral. In the 3-point case for example this allows for a 2 X 2 .:. trix for­
mulation of the C-coefficients appearing in (5.3). The results obtaine. applying 
these projective operators can be found in appendix G. Because of .resence
of UV divergences in case the number of integration momenta in merator
exceeds 2d —5, the n-dimensional treatment of the 2- and 3-point ten grals is
unavoidable, even when we would restrict ourselves to integrals appe in pure
electroweak calculations.

It should be noted that the projective operators as given above take on par­
ticularly transparent forms in case one decides to work with an orthogonal basic 
momentum set ki,k2,k3, being linear combinations of the momenta p\,p2 and pi, 
and with the metric tensor replaced by the projective operator /<*“' derived 
from (5.22). If we use these 4 objects to construct the Lorentz structures appearing 
in (5.3) the following self projective scheme can be derived :

• for the reduction of the d-point tensor integrals (d = 2,3 or 4), as given by 
(5.1) with pi replaced by fc;, we can instantly use the projective operators 
derived from (5.8) :



(5.24)K‘“' = 9

Because of the symmetric form of K"* its projective nature is extended to

(5.25)= K’“' kiv = 0 and = 1 .

(5.26)fc+-k0 = P2~
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1 
n — d + 1

(n - d + 1) K“u

, fc_ = pi-------p4m4
Pi-k_

kl

• for the determination of coefficients corresponding to Lorentz structures con­
taining the metric tensor replacement we can apply this very operator 
A'"" as derived from (5.22) :

j ;t.veals the self projective nature of the 4 objects we have decided upon 
One is now able to project on strings containing one tensor and 
. .f external momenta, as appearing in the reduction of tensor integrals

■ >2, by combining the corresponding projective tensor and projective 
• era in the same way. For example, (n — d + K? projects on the 
(.spending string A'M„ fc1(, and hence on the symmetric reduction Lorentz 

structure {£. A'}^.

As an example of the use of such an orthogonal approach in the framework of the 
EWRC calculations we will investigate how the IR-divergent scalar integrals of the 
last section appear when tensor structures corresponding to the 4-point integral 
(4.1) are under consideration. So, we will restrict ourselves to a 4-dimensional 
treatment of the 4-point tensor integrals of (5.1), with the supplementary conditions 
Mt = A, M2 = ni! , M3 = m0, M4 = mt and p? = m-. First we will discuss 
some general features of how the IR-divergent scalar 3- and 4-point integrals enter 
the tensor integral reduction. In case of just one source of IR divergences these 
divergences will have their origin in that part of the integration region where the 
4-momentum of the photon becomes zero. In our example this corresponds to 
I —» 0 which automatically leads to the conclusion that the coefficients given in 
(5.3) will be IR-finite. So, we can conclude that the IR-divergent scalar integrals 
enter the reduction in the form of the IR-finite combination (t-mj) Dq — Cq(1,2,4) , 
where the first integral can be taken from (4.22) or (4.23) and the second one from 
(4.28) or (4.29). In order to find the Lorentz structure accompanying this IR-finite 
combination we will have to construct a momentum set that projects on the scalar 
4-point integral. This is achieved by introducing

J __ .
= Pl “I-------- P4

. 4 
which constitutes an orthogonal momentum set (&+, ko) with corresponding pro­
jective operators. The momentum ko is the one that enables us to project on the



k-.lk+.l -

(5.27)

• Kg Kg =

(5.28)p/H-ZiniU = (< _ m2) 2>4)

the above projective operators result in the following reductions :

D"

(5.29)+
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P2-fc- 
klmo)} -

kjK^ - kg kg 
4ij

k% {k0K}‘“'p - kgkgkg

to be used in the reduction of .

(t-rnffD^1'

to be used in the reduction of Z>Ml/

) not lead­
one is the 
ring at an 
tain terms

to be used in the reduction of

t~)IR—finite 
■^(1)

We can easily extend this procedure to the case of two sources of IR divergences : 
mo = A, m\ = m2 and m4 = m3. The second part of the integration region

to be used in the reduction of Dpup

scalar 4-point integral because of the following properties : 

fc+.Z=i{P2-O1-^[D4-D1]}

k0.l = ^ {D3-D2-[t-mg]}-

= P = Dt ,

where A has been neglected whenever possible. The only term i 
ing to a reduction of the number of propagators D, (i = 1,-- 
—| [t — mJ] term originating from p?.!. So, the only possibility 
expression containing Da is offered by those projective operators I 
only consisting of k0. They are given by :

k*1• Kq = to be used in the reduction of Dp

k*k*

kpk*
k0

_ k£k"kz
k0

• 1*0 ^0^0 — k%

Introducing the shorthand notation for the IR-finite combination of the scalar 3- 
and 4-point integrals with one source of IR divergences

• KSK*"



= tDo _ 2Co(1,2,4) (5.30)

D1'

D“ +
(5.31)
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will represent the finite contribution of the integrals (4.24) or (4.25) and (4.28) or 
(4.29). Using the above approach, while at the same time bearing in mind that 
the limit I —> —Q3 will render the IR-divergent content of the tensor integrals, we 
arrive at :

This shows how in an elegant way, without any brute force, information about the 
occurrence of IR-divergent scalar 3- and 4-point integrals in the reduction of tensor 
integrals can be obtained by application of some simple projective methods.

.2 r^IR-finite
1 ^(2)

„UCO(1,2,4)

CO(1,2,4) 
t
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Chapter IV

I..--' -oduction1

fH

and the light final state fermions by

fl
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: consisting of the top quark and maybe further generations of quarks 
and charged leptons (1-1)

: consisting of the remaining quarks and leptons, except the electron 
and its neutrino . (1.2)

In this chapter we will discuss the various aspects of the production of light as well 
as heavy fermions from e+e~ collisions being the most important set of processes to 
give information about Z gauge boson related quantities. Via the examination of the 
Z resonance valuable information is gained concerning the Z mass and width [1,2], 
whereas various on-resonance asymmetries will provide us with strong tests of the 
electroweak standard model at the quantum level as well as high precision quantities 
necessary for probing the unknown model parameters Mn,mt and the possibility 
of theoretical concepts lying beyond the restricted area of the electroweak standard 
model [3,4], To this end much care has to be taken with the implementation of 
the EWRC effects and polarization of the e* beams. The specific division into 
light and heavy fermion production as mentioned above has its origin in the fact 
that the presence of light final state fermions allows for a much more transparent 
treatment of the EWRC effects [5], as we will neglect the corresponding small masses 
(compared to for instance the CM energy or Mw,z) in the EWRC effects whenever 
possible. So, in order to keep things as compact as possible we will show explicit 
light fermion expressions whenever it makes sense to do so. The heavy final state 
fermions will be indicated by

Fermion pair production from 
e+e~ annihilation



Conventions and Born cross sections2

q = (E, E{3 sin 6,0, E/}
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cos#) , q = (E, — E0sin 6,0, — Efl cos 6)

» = (P+ +P-)2 = (9 + 9?
t = (P+ - 9? = (P- - 9?
« = (P+ “ 9? = (P- - 9? ■ (21)

In the CM system of the electron-positron pair we will adopt the following conven­
tions valid for the 2-particle final state processes :

p± = (e,o,o,t£)

The reason for leaving out the electron and its neutrino from the list of possible 
final state fermions is to be found in the fact that they lead to process characteris­
tics deviating from the ones corresponding to the other final state fermions. This is 
caused by the fact that in addition t-channel exchange contributions corresponding 
to the scattering process have to be included when final state fermions are involved 
originating from the same fermion doublet as the initial state fermions (e±). Fur­
thermore the EWRC effects on e+e~ and i/ei7e production processes have already 
been discussed extensively in the literature [6,7]. It should be noted that the pure 
annihilation process in those cases will be covered like the other fermionic final state 
processes by the following discussions.

In this section we want to set up our notation and give some g structures 
necessary to present the matrix elements. Further we will give s< ?>west order 
(Born) results for the differential as well as total cross sections <r. d >r some on- 
resonance asymmetries. This will involve the incorporation of the possibility of 
longitudinal e± beam polarization. As far as possible we will neglect and hence omit 
the electron mass me. In general we will refer to the fermion pair production process 
from e+e annihilation as e+e~ —> f f , whereas in special cases we will explicitly 
indicate whether we are dealing with light (/L) or heavy (fH) final state particles. 
The 4-momenta and helicities (by definition ±1) of the initial state (incoming) 
electron and positron are denoted by p_,/c_ and p+,/c+ respectively, while we will 
use q,Tj and g, fj for the fined state (outgoing) fermions f and f. The masses of 
the corresponding particles will be indicated by me and mj. As we will only be 
concerned with 2-particle final state cross sections in the forthcoming evaluations 
the following standard set of Mandelstam variables will be used :

P — — mj/E2 : the final state fermion velocity



(2-2)8 = Z(e , /) : the scattering angle

(2-3)u

case .

(2-4)M(K+,K_;T7,r/;s,t) = M(k; T), t)\ s, t) ,

with

(2.6)

The colour factor
if f=lepton1

2V/ = (2-7)
3

(2.8)
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^(«;’7,’?;«,<) = Z2 zz •
»=1 p=±l

and hence we can rewrite the standard set of Mandelstam variables (2.1) in the CM 
system as follows :

—(k;s,cos0) = —N^P 52 |Af(«; 77,77; s,f)|2 .

K = K_ = —K+ . (2-5)

We have chosen our normalization such that M is related in the CM system to the 
differential cross section per initial state helicity via

if f= quark

distinguishes quaxk and lepton final states with respect to their colour content. The 
general helicity amplitude (2.4) covering Born as well as higher order contributions 
can be decomposed, when we restrict ourselves to Born and first order contributions, 
into a set of 4 basic helicity amplitudes Af-”1 and corresponding form factors Lf* , 
containing all gauge group details, according to :

the fact that the electron and positron are essentially massless as 
■ he beam energy E, except when the before mentioned ’mass singu- 
illto play, the matrix element for the process e+e~ —> ff will vanish 

e+ have equal helicities, as enforced by the presence of initial state 
try. This allows for the following notation for the 2-particle final state 

helicity ■ ..lolitudes :

s = 4£2

0 = ^1 - 4mj/s
t = m2 — | (1 —/Jcosfl) 

m2 — (1 + 0 cos 8) .

da
da

O0
4s



with the basic helicity amplitudes

Mr =
=

(2.9)

(2.10)A = ±1 .

Fig. 1. 7 and Z exchange Born diagrams

originating from

(2.11)

with

(2.12)+ 9^
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X(20)(s) 

s

son exchange is neglected since it is suppressed by a factor originating from 
the Yukawa coupling between electrons and the Higgs bosons. Applying the de­
composition (2.8) only the first basic helicity amplitude is present in the Born 
approximation :

[“/(?) 1“^,, «/(«)] he(P+) Ue(P-)]

[“/(«) ”/(?)] [ve(p+) |(rf - i)u>K Ue(p_)J

[“/(?) u„ «/(?)] [i>e(p+) |(rf - i')uK Uc(p-)]

= [“/(?) 'W+Up V/(?)) [v.(p+) 1pUK u.(p_)J ,

=
m;k

p

j\o)pk __ QpQj 
s

where we have suppressed the final state helicities r),fj as they -e summed 
anyhow. It should be noted that no summation is and from now oi> intended
when helicity related indices (like «,p) are repeated. In the abo ic helicity 
amplitude set we have used the chiral projectors

For the initial state e± these chiral projectors also are projectors on helicity states 
because s 3> m?, whereas due to the possibility of finite masses for the final state 
fermions the quantity A in (2.10) does not necessarily coincide with the f or f 
helicity. In case we are dealing with for example final state muons, with negligible 
mass compared to the beam energy E, the parameter p corresponds to the helicity 
r/ of the muon.

In lowest order the 7- and Z-exchange diagrams of fig. 1 contribute. Higgs bo-

1 + A75 
-A = -3-



(2.13)97,J =

and the lowest order Z propagator function

X(Z°’M = (2-14)

(2-15)

(2.16)

(2-17)

(2-18)

(2-19)
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r°z = Er°z(//).
i

to be found in appendix H.
Introducing the vector and axial vector couplings

2 Re 57 tj, 77; s, t) *(«; 77,77; s, t) 
T},fj

cross section (2.6) with definite initial 
have to average over the initial state

cos 0)

appearing in the calculation of the differential 
state helicities. For unpolarized beams we 
electron and positron helicities :

- *iQ'j

S

s-M} + iMzr°z ’

This involves besides the charge fractions Qej the left and right handed coupling 
constants of the fermions to the Z gauge boson

contaifiuf. tree level width T°z (see section 4) which can be written as a sum 
’ I fermionic decay widths rz(//) for mj < Mz)2 :

$ (ff. J + »«./) ■

da, n. 1 F da 
dQ^COS^ = 4 dfi(+;S’

• are going to include 1-loop corrections to the Born matrix element, 
co, : jr-.-j part of the EWRC effects, we have to take into account the interference 
of (2.11) with the first order contribution 77,77; s, t). As long as we are not
interested in final state polarizations we have to sum them, leading to a first order 
contribution of the form

The interference (2.16) of the Born helicity amplitude with the first order one can 
be evaluated in terms of the interferences of the basic helicity amplitudes (2.9) with 
the one appearing in the Born approximation (2.11) :

Cose) + S(_;s’da
dQ.



(k; s,cos0) =

(2.21)

0)
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• and a® will denote the longitudinally polarized total, forward and
backward cross sections for left handed (k = — ) electrons

;l
a2
4s

i section in the CM 
mz) :

the result for the longitudinally polarized initial state Born cross 
system can be written in the following way (without neglecting 1

da™
dQ '

■»|2

cos 0)

(+;s,cos

S J Je<*/2

= [
JS>*/2

aB

2k ff,(s))(l + cos2e)

+ ([1 + k2] G2(s) - 2k H2(s)) ^sin20

+ ([1 + k2] G3(s) - 2kH3(s)) 2/3cos0} .(2.20) 

The functions Gi(s) and H{(s) are given by :

G,(s) = Q2Qj + 2vcv,QcQt Rex?’(s) + (v2 + a2)(v2 + /32<>

Gj(s) = QlQ'j + 2vtVjQcQ, Re Xz’(s) + («’ + a2)v] |xz’(s 

G3(s) = 2acajQcQj ReXz’(«) + 4veaev/a/ |Xz)(«)|2

J?i(s) = 2aevJQt:Qi Rexz’(^) + 2v.ae(v2 + 02a2f) |xz’(s)|2

H2(s) = 2aev/QcQ/Rex(z,(s) + 2vcaevJ|xz)(-s)|2

K3(s) = 2veazQeQy Rex(z0)(«) + 2(v2+ a2)v/a/|xz0,(s)|2 •

Consequently the differential Born cross section for unpolarized initial state elec­
trons and positrons will only contain the G,(s) : 

da’0’
- (s, cos 0)

’ da<0’ m da<0’
— (+;s,cose) + — (_;s,cos

( 4?n
N<p < Gi(s) (1+cos2 0) + —-^G2(s) sin2 0 + 2 G3(s)/3 cosfl j .

(2.22)

As a preparation to the forthcoming calculations of total cross sections and 
on-resonance asymmetries we are led to define a couple of shorthand notations :

• aF will denote the forward cross section :

• <zfl will denote the backward cross section :

dfl —(s,cos0) 
di l

gN/^{([l + K2] G,(s)



ff) = (2.23)

->//) = 2<z0 Ncf 0 GM +/- HM + [ GM +/- HM ] .

4°i(e+ -*//) =

(2.25)

4°A(e+e--//) =

4s <°>(e+e- - ff ) =
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• CTR> aR and <7® will denote the longitudinally polarized total, forward and 
backward cross sections for right handed (k = +) electrons

• a0 will denote the pointlike muon cross section :

gL — gR

<?L + <7r

2veae

1,2 + al

s=M^

a^°\e+e

M @ ~ 3^ _________ 2VjCLj_________

4 ZG.(Mi) + ^G2(Ml) ~4 Zv}(l + ^) + /Jla} ’

(2.27)

(2.24)

T on-resonance asymmetries to be considered (neglecting higher order
te. . .nal to [r^/Mz]2) :

‘he , olarized forward-backward (FB) asymmetries, sometimes referred to 
as the charge asymmetries,

aF
aF

3 G3(M?)
A PZ 2m21 G1(M|) + ^G2(M»

2vjaj I

where 0z denotes the on-resonance final state fermion velocity.

2. the left-right (LR) asymmetries

-<7® 

+ <7®

g.(M>) + gg2(M»

(2.26)

(o) l J.

<7o = <70(e+e -» 7* -♦
is

(2.22) we can write :

2m2 \P ( ^i(s) “•----------  ^2(5) )

\ s J
2m2j

s

2veae 

fe + “e

3. the polarized forward-backward (FBpol) asymmetries 

-Q’f ~ 1<7r~<7r] 
aL + + aR + <7®

H3(Mp 3
2m^ rr / iz9\ 4

Using these notations and (2.20) or

3
4

3
4



(2.28)

act solely

(2.29)ASl =

Electroweak radiative corrections3

General framework3.1

(3.1)<5Af = 6A/5 4" 8My 4- 8Mb ■
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2(1-44IQ/J)
14- (1 _ 4^ IQ/J)2 '

2vfLalL

+ “k
Even at this point we are getting some insight in the reason why the on-resonance 
Alr is so very well suited for probing the standard model and what is lying beyond. 
The fact that the on-resonance Alr is almost independent of the final state fermion 
specifications (at least at Born level) allows for an inclusive measurement, which 
means that we will not lose any statistics by having to identify the specific fermions 
in the final state. A property which starts to vanish when off-resonance s values 
are considered.

In this way one gets information about two things: first of all the above asymmetries 
will shed some light on the question of universality of the fermion couplings to the 
Z gauge boson, whether fermions with the same isospin and charge couple in the 
same way, and secondly assuming that very universality as a result of the standard 
model concepts information is gained on sin20w. This last aspect is a consequence 
of the fact that the above asymmetries can be rewritten in terms of the quantities

AJ ~ ----------

2(l-4sJ„|Q,|)
— PZ -------------------- ^-5------------------------------- )

^ + (1 + ^)(1-432w|Qz|)2

which leads in case of light final state fermions fa to the following 
sin2 0W depending form :

Since we can neglect the Higgs boson exchange contribution, being suppressed by a 
factor our sample of electroweak radiative corrections to e+e“ —> ff consists of 
the 7 and Z propagator corrections, the 7- and Z-fermion vertex corrections, the box 
contributions involving 2 gauge boson exchange and the real photon bremsstrahlung 
contributions. We can divide those EWRC effects, contributing terms of (9(a3) to 
the various cross sections and of (9(a) to the asymmetries, into :

1. virtual corrections consisting of selfenergies, vertex corrections and box con­
tributions. They can be accounted for by adding the corresponding 1-loop 
expression to the matrix element for the 4-fermion processes :



b. t
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2. real photon bremsstrahlung e+e~ —> ffy : the integration over the soft pho­
ton phase space yields a 2-particle final state cross section which cancels the 
IR singularities present in (3.1).

Separating off the QED corrections makes sense since they depend on the details 
of the experiments via the applied cuts to the final state photons. Although they 
are considered not very interesting with respect to the underlying theory they are 
in general large at LEP/SLC energies and hence need some care. Moreover, the 
unbroken J7(l )cm symmetry allows us to treat the renormalization as well as the 
evaluations in this QED sector completely independent of the details of the full 
electroweak structure. The weak corrections will be treated in the subsections 3.2 
- 3.4, whereas the QED corrections can be found in subsection 3.5.

As a consequence of the application of the multiplicative ’on-shell’ renormalization 
scheme as briefly mentioned in section 7 of chapter II it has become customary to 
subdivide the radiative corrections to e+e“ —► ff into the following gauge invariant 
classes :

3.2 Self energy corrections and neutral gauge boson propagation

The analogy to QED advocates to fix the electron field renormalization constants 
for the left and right handed components by imposing the condition that the residue 
of the pole should be equal to 1 on the renormalized electron propagator (and anal­
ogously on the other charged lepton propagators) . Consequently there is no wave 
function renormalization factor for external e* lines as well as for all other sequential 
charged lepton lines. On the other hand, due to only one doublet renormalization 
constant Zl , displaying the multiplicative character of the applied renormaliza­
tion scheme [5], the corresponding neutrino partners get a finite wave function 
renormalization factor when they occur as external particles. The extension of this 
prescription to the quark doublets involves an ambiguity since there both I3 = 4-1/2 
and I3 = —1/2 members have electromagnetic couplings to the photon. In order 
to maintain the analogy to the lepton sector we take over the condition for the

corrections’, consisting of the remaining 1-loop diagrams : 7 vacuum 
: . Z self energy and 7Z mixing, non-photonic vertex corrections, 

i buttons with two massive gauge boson exchange and non-photonic 
fermion self energies entering in the form of wave function renormal­

ization factors.

the ’QED corrections’, consisting of those diagrams which contain an extra 
photo-; attached to the original Born diagrams. They therefore cover all the 

virtual photonic corrections to the 7 as well as Z exchange Born



E^(s)
(3.2)

D-M D,z(s)
(3.3)

D7z(s) Dz{s)

with

=

Dz&

(3.4)D.z^} = PZ(«) ■P7(s)
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3 + S^s)

s-M22 + Sz(s)

The 1-loop 1PI renormalized transverse self energies S'’,z "'z(s) 
appendix I. After inversion we arrive at

[^z(3)p r1
-Ml + Sz(s) j

3 + £>(3) J

S + E'i'(3)

as follows :

— 19 pv

—

s 4- £P(s) - - 
s

s - M2z 4- Sz(s) -

frz(s)
3 - M2Z + Sz(s)

In perturbation language this should be interpreted

1. the gauge invariant part of the 1PI renormalized transverse gauge boson self 
energies S(s) can be resummed to all orders according to the solution of 
Dyson’s equation, which involves extending the series beyond its radius of 
convergence. The expansion in terms of powers of J enters the resummed 
expression in the form of a corresponding expansion of S(s). Restricting 
ourselves to O(cx) corrections to the Born propagators this corresponds for 
instance to the inclusion of the 1-loop 1PI corrections originating from fermion

can be found in

I3 = — 1/2 quarks to propagate with residue 1, i.e. no wave function renormaliza­
tion factors for external lines. Then external Z3 = 4-1/2 quarks automatically get 
finite wave function renormalization factors which we will treat together with the 
vertex corrections in the next subsection.

The next order contributions to the vector boson propagators can be summa­
rized in terms of the 1PI renormalized transverse self energies S7(s), Sz(s) and 
E7Z(s). We only need the transverse parts as the longitudinal parts will be sup­
pressed by a factor Because of the 7Z mixing self energies the at the classical 
level diagonal mass matrix (ZZ.5.2) will acquire off diagonal components leading to 
an intertwining of the propagation of photons and Z gauge bosons, fhe radiatively 
corrected complex of neutral gauge boson propagators consequent ’ ?s a matrix 
structure which can be determined by inversion of



(3.5)
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M(0)(K;r;, ^-,3,t) + 6Ms(k; T),T); s,t) -» - Mf" { QeQ/x-,(s) + Xz(s) 
5 p

+ [Qegj + Qjg^x-rz^)} ,

loops (being gauge invariant by themselves) and in case of -Dz(s) also some 2- 
loop 1PI corrections at s = leading to an imaginary part constituting (9(a) 
corrections to the lowest order (fermionic) width of the Z gauge boson (see 
section 4). In this way we will have incorporated the to all orders resummed 
leading logarithmic contributions

[>(?)]■ ■
constituting the dominant contributions to the real parts of the diagonal self 
energi- and in case of Dz[s'j the O(o) corrected fermionic width. These

. ructions to the Z gauge boson width are provided with rm approxi- 
• ar near resonance s-dependence motivated by the lowest order near

.. behaviour.

ing gauge depending 1PI contributions to E(s) enter the expansion 
th utral gauge boson propagators in terms of powers of - in a pertur­

bative vay and should not be resummed because of their close relation, as 
far as gauge dependence is concerned, to the perturbatively treated vertex 
corrections and box contributions.

When one also considers the real part of the terms in (3.4) containing [ S',z(s) ]2 one 
effectively takes into account second order corrections to the real part of the Born 
propagators. For large mass splitting in the top-bottom doublet (m( > 150 GeV) 
these terms will lead to corrections exceeding the aimed experimental uncertainties 
for some of the measurable quantities. This is however not the complete story as we 
should in fact include all second order contributions present in (3.4) to come to a 
conclusive statement regarding the inclusion or exclusion of higher order corrections. 
Recent calculations involving leading top mass evaluations [8] give indications that 
the lowest order large mass splitting effects are reduced by the inclusion of second 
order contributions, especially those originating from the Yukawa sector which is a 
breeding place for large mass splitting effects because of the fermion mass depending 
couplings between the fermions and the Higgs bosons. This stresses the importance 
of a complete second order leading top mass evaluation in the near future. To avoid 
an inadequate and incomplete treatment of higher order effects we will exclude them 
from our evaluations and stick to the O(a) corrections to the Born propagators seen 
in the light of the above given interpretation of what we mean by an expansion in 
terms of powers of

Combining the above considerations with the Born matrix element (2.11) we 
arrive at



with

(3.6)Xtz(s') = XzW

(3-7)

(3.8)

3.3

(3.9)+ 6M\
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X-,(s) =

Xz(«) =

Weak vertex corrections

As the influence of the
Born level, 
except in the
The weak vertex corrections

s D^s) 

s Dz(s)

whereas the remaining 7Z mixing self energy term appearing 
any calculation including O(a) corrections from now on as a sc. 
to this dressed Born matrix element. This once again in order 
misplaced inclusion of higher order terms. For later use

-s D^z(s)

mass of the light final state fermions is very small, even at 
we will neglect that mass when considering further (9(a) corrections, 

case of ’mass singularities’ present in some of the QED corrections, 
can be divided into 4 separate contributions :

= 6M™ak + 6M™£k + + 8M^azk

according to the corrections to the 4 types of vertices present in the Born diagrams 
of fig. 1. Because of the resonant behaviour of the Z propagator and in order to 
maintain a gauge invariant treatment of the radiative corrections, as the gauge 
depending part of the self energy corrections is related to part of the weak vertex 
corrections, the above given weak vertex corrections will involve a resummation of 
the propagators connecting the two fermion currents. This resummation will be of 
the same diagonal type as the one appearing in the dressed Born matrix element 
(3.7). It should be noted that the final state vertex corrections are not irreducible 
in case of I3 = 4-1/2 fined state fermions as they will also include the external 
wave function renormalization factors mentioned in the last subsection. The weak

S7Z(s) 
s

and as given in (3.4). The ’dressed’ Born part, from now on to be used
instead of the Born matrix element (2.11), consists of the first two terms of (3.5) *.

Wj’’(K: rj, Tj- 3, t) = 1 £ { Q'Ql X,W + X ( C } ,
5 p

.5) will enter 
ry correction 
id a possibly 

we will ••ke a separation 
between the dressed matrix elements related to 7 and Z exchange according to *.



e+

weak

Fig. 2. Weak ee7 and eeZ vertex corrections

(3.10)

(3.H)=
for k = +0

and

(3.12)

A2(s,M) =

(3.13)A3(s,M) =

where
= - K(s + it, M, M) .
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a 
4ir

6
2w
~3~

contributions from the renormalized initial state ee7 and eeZ vertices (see fig. 2) 
can be brought in the general form (2.8) as follows :

2w + 1
3

where projects on k = — electrons :

7 
“'2

5  
6

M2 w =------—
s + te

3c
A2(s,Mw)- -y A3(s,Mw) -

amplitudes with left handed

f 1 for k = —

 y/1 — 4w — 1
x/1 — 4w + 1

The weak vertex corrections corresponding to the final state fermions Eire more 
involved. Without neglecting fermion mass terms the analytical expressions for the

q

Fi‘ = 
1 

8«2,Cu,

The invariant functions A2,3 are given by :

• •M) = i {(<7:)3A2(s,Mz) + 25K_Ff'}

— 2w — (2w + 3) log(—w) + 2(1 + w)2 |z,i2 (1 + —)

2
\/l - 4w log(z) + - w(w + 2) log2(z) , 

o

{-Q'W2 A2(s, Mz) + 26._ Fl‘] Q, £ A/f’ 
5 z>

Xz(-s)
s

W

e+ y

Z ( 4- W
e



= ie

2 i^Ftf]

(3.16)

with

F[,L A2(s, Af(v)

(3.17)As(.s, Mw) + A2(s,Afw) ,
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i

PF^] + 2MrF^} ■

(3.15)

In case 
sions like the 
form factors :

of light final state fermions, except for the bottom quark, compact expres- 
ones in (3.10) axe recovered. In that case we find for the surviving

integrals and corresponding reduction coefficients axe sizably more complicated and, 
in addition, a list of diagrams with internal Higgs lines contribute [9] as displayed 
in fig. 3. The renormalized vertices can be expressed in terms of form factors, which 
only depend on s and some masses, in the following way :

f7Z/ = «>{7p[W/-Q/)-^/75] + (g-9)M[F2/ + F2/75]

-(« + 9)J^/ + J?/7s)}
f= ie [ (pZj + V/) - (F? ' + a/) 7s] + («-«)„ [ FmJ + FjV 7s ]

]} , (3-14)

resulting in a general contribution to the matrix element which reduces because of 
current and axial current conservation at the initial state eey and • < .< vertices and 
CP invariance, resulting in the absence of electric dipole momc. 1-loop level 
(Fe — 0), to

- (9 + QK[F^ + FZJ 7s

^(s) = ^{-Q/t(^t + a2/t)A2(3,Mz) + F[iL}

Fal(s) = +

FvtL(s) = W’L + 3a}t)A2(s,Mz) +

F^L(s) = {aJL^vh + “/J Aj(s, Mz) + Fl'L } ,

5My7»*(K;I7,f;;3,t) = -Qe^l

3i3zl . , M . QrL 
= — A3(s,Mw)-^-

3cwI3L k t 9/;

where f denotes the isospin partner (=doublet partner) of f.



f f' w{7;^} {7; Z} {7; Z}

f f w
{a;j} {b;k} {c;l} {d;m}

f{7; Z}

f ! f

{f;°} {g;p}e;Dj q

w{t,z}

w

{i;u}{h;s} tr

Fig. 3. Weak ffy and f fZ vertex corrections
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Z^r{(ff/J3A2(s,Mz) + 25, 
p

F^} ■

(3.18)

The magnetic (2*m) form factors can be neglected as their contribution will be 
suppressed by a factor compared to the contributions originating
from the vector (Fy) and axial vector (Fx) form factors. From this we can derive

In the case of bb or tt production the mass of the top quark mt will enter the 
final expressions of the form factors and should not be neglected in view of the 
fact that mt is of the order of the gauge boson masses and the exp-’ LEP/SLC 
CM energies. Focussing our attention on bb production the top n . ill enter as 
a consequence of the isospin changing interactions between form nd charged
bosons. Below we will give a listing of all kinds of vertex correct: ontributing
to the vector, axial vector and magnetic form factors appearing \ .5). When­
ever somewhere in the following the bottom mass mj appears, wlv • in bb or tt 
production processes, it can in fact be left out. We will however not explicitly do 
so as we want to cover both production processes at the same time. In appendix J 
one can explicitly find the orthogonal reduction procedure applied to the vertex 
corrections of fig. 3. We do so as it slightly deviates from the general one discussed 
in the last chapter in order to be able to recognize certain symmetries which might 
reduce the number of non-zero coefficients.

We can divide the ff-y and f f Z vertex corrections into 6 different classes which 
are listed below separately. First a few definitions :

• any definition of couplings between fermions, gauge bosons and physical or 
unphysical Higgs bosons appearing in the forthcoming vertex correction ex­
pressions can be found in appendix K. This involves the vector/axial vector 
couplings between fermions and gauge bosons (denoted by V/A or gv/qa\ the 
scalar/pseudo scalar couplings between fermions and Higgs bosons (denoted 
by gs/gp or g's/g'p) an^ couplings between 3 bosons (denoted by G).

• in case we are dealing with a fermionic internal line we will indicate the 
corresponding mass by mj which is equal to m/> in case of isospin changing 
charged current interactions or my in case of isospin preserving neutral current 
interactions.

Class I: the gauge boson exchange contributions (see fig. 4).

F^(s) = £- {AJ[4C°-2 + (8m’-2s)C2+ + 2sC2--4(4m}-s)C1+

52Mr{-Q/t(ff;L)2A2(s,Mz) + 2(5(,_F7/,•}



9v,a m.
mj

V,A
M

=

(3.19)

with

(3-21)

with

Ay = G (</y 4- g\)
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5

a 
4-7T

my

+ (6m} — 2s) Co ] — 2m} Ay Co }

{ Aj [4C2 - 2 4- (8m} - 2s) C2+ 4- 2s C2" - 4(2m} - s) C+

4- 2(m} — s) Co ] — 2m} A^ Co }

F/ 1 ™ { Ay [ —8m/Cj-4-12m/C* — 4m/Co]
4-7T 1

+ X'v [ -8m/-C1+ + 4m j Co] } ,

F^(s) = £; { [ 12 C? - 2 + 2(4m’ - s) C} + 2s C;

— 4(4mj — s) C\+ ] + 6mjmj X'v Co }

F"(s) = £- {Ax[12C?-2 + 2(4mJ-s)C3+ + 25C2-

- 4(mj - s)C)+]}
F"(s) = {Av[8m/C+ + 2m/C1+]-6m7A'vCi+} ,

(3.20) 

are the ones given in appendix J

C = C(-q,q,mJ-,mJ-,M') .
Class II: the fermion exchange contributions with 2 internal gauge bosons (see 
fig- 5).

= v (.9v + g\) ± 2AgvgA 
Aj = ± A (g?. + ?1) + 2V gvgA 
A'v = V (^ --£)•

The coefficients appearing in the above expressions 
with the specification

^V'A m/

Fig. 4. Class I vertex correction



9V,A

Fig. 5. Class II vertex correction

9s,P mI
mI

V,A

F^W =

F^ =

Fm (s) — [ —4my Cj" + 2mj C2 ] + 2i
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i

i

i M
s

a
4rr

a
4?r

(3.22) 

ppendix J

9s,p

Xa = ~Ggv9A
A'v = G (jv - g2A) .

The coefficients appearing in the above expressions are the ones gi 
with the specification

m.

Fig. 6. Class III vertex correction

{ Xy [ 2 C2 — — + (4my — s) C2+ + s C2 — m2 Co ]

— m2jXyCo-2mJmJ-X'vCo}

A)J [ 2 C2 — — + (4m2 — s) C2 + s C2 + m2 Co

- 4m2, C+ ] - m2j X~A Co + 2mImj X'A [ 2 Cf - Co ] }

!myAyC+} , (3.23)

C = C(—g, g, M, M, mj) .

The following classes of contributions are in the light fermion ca ‘ ept for bb 
production) suppressed by at least a factor {mjt; m2,^;m jLmj’L} / {■ '(i 3}-

Class HI-. Higgs boson exchange contributions (see fig. 6).

M
s

1*



with

(3.24)

Class IV: fermion exchange contributions with 2 internal Higgs bosons (see fig. 7).

mI9s,p

9s,p

a

(3.25)

with

(3.26)
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5

7^

The coefficients appearing in the above expressions are the same cis the ones ap­
pearing in the expressions of Class I.

fFW =
=

M,
G

a
47T 
a
4tt

Fig. 7. Class IV vertex correction

M2

C = C(-g,g, AG.-Mj.my) .

Class V: fermion exchange contributions with 1 internal gauge boson at the top 
and 1 internal Higgs boson at the bottom (see fig. 8).

= V (gs9s - gpg’p') ± A (gsg'P - gPg's)
- ±A(gPg'P-gsg's)+ V (gPg's - gsg'p) 

A'v = V (gsg's + 9p9'p)

X'A = A (gsg's + 9p9p) ■

The coefficients appearing in the above expressions are the ones given in appendix J 
with the specification

F^(s) = £{2AvC°J
{2XaC°}
{ A v [ 4m j C? — 2m j Of ] 4- mj Ay [ 2 Cq ] } ,

Xv = G (gsg's ~ 9p9p) 

XA = G (gpg's — gsg'p) 

x'v = G (gsg's + gpg'p} ■



9v,a m.

9s,p

(3.27)

with

(3.28)

the same as the ones ap-

772 f

9v,a ™I
Fig. 9. Class VI vertex correction
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-

s

Class VI: fermion exchange contributions with 1 internal Higgs boson at the top 
and 1 internal gauge boson at the bottom (see fig. 9).

FVa^ =

=

mz

Fig. 8. Class V vertex correction

a
4rr 
a
4rr

m2

9s,p 
Mi 

G

The coefficients appearing in the above expressions are 
pearing in the expressions of Class IV.

mj

m I

Fy (s) = | —2m j Ay Ci + my Ay Co }

{ 2my Ax C? + 772 y A'x Co } 

{Ay[C,+ + C,-]} ,

Ay = G (g'sgv + 9p9a} 

Ax = G {g'sga + g'pgv} 

A'y = G (g'sgv — g pg a) 

A'x = G (jsjx — ffpSv) ■

s

7*
Mi

G r-^



(3.29)

with

(3.30)

2k
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The co< 
the

= G(gsgv — 9 pg a) 
= G{gpgv — gs9A} 

= G (gsgv + JpSa) 

= G (gsgA + 9p9v) ■

a
4tt 
a
4tt 
a

4?r

Fvw(s) =

*7(k) =
F^'(s') =

0 
0 
0

I^mp/2sF 

l3mJ'/2s2w

a 
JT 
c

e 
T 
g
h_

class 

~T~
I 
n 
in 
in 
in 
IV 
v 
VI

Xy 

-QA^< - «2J 
o 
o 

-QnA 
Qfri ~ 

2QpHjfij'

Z/my./2s^~ 
Z/m/72s^~

Ay

A^

AV
*a

_____ ffy vertex correction diagrams a, ■ ■ ■, j 
Ay or Av

-Q/(v2f + a2f)

-Z//2s?„
-Qjrf
-Qiri

-QM + Mr)
-2Zj(^ + ^,)

-ljmf/2si
-I^m.f/2sl~

A* or Ayt 

-2QjVja/

-U/2sj 
0 
0

QAfi - 4) 
2I3 (m2 ~ Mr) 
-Ijmj/Zsl 
llmj/2s2w~

| 2m j Ay Cj + mj AV Cq } 

{ -2m j A^ Cf + mj X'A Co } 

{Av[c+-cr]},

.pearing in the above expressions are the same as the ones ap­
pearing essions of Class IV.

This . 1 s the listing of the different classes of contributions to the fermion 
- neutral g-tugc .<son vertex corrections. In order to have all the ingredients to 
construct the unrenormalized weak vertex corrections we list the detailed content 
of the form factors according to the separate Feynman diagrams of fig. 3. The 
separate contribution of each diagram to the various form factors is denoted by 
Fy, F%, Fm ; Fy, Fj, Fj^ ; • • •. For each of the diagrams a, • • •, v the corresponding 
couplings from the following tables have to be inserted into the expressions for the 
form factors as prescribed by the class that particular diagram belongs to. Diagrams 
a, • • •, i are the weak vertex corrections to the ffy vertex, diagrams j, • • •, v are the 
weak vertex corrections to the f f Z vertex. It should be noted that the mass content 
of these diagrams can immediately be read off from fig. 3, consequently no mass 
parameters will be included in the tables below.



M/

(3.31)

C$'w'°k = -Q,C[-Qj^z;-6Z^-vj(6Z;z

70

alml 
alm1/232wcl

Thereby we have used the following abbreviations :

k 
1 

m 
n 
o 

P 
q 
r 
s

T 
u

class 

—F~ 
i 
n 
m 
ni 
hi 
IV 
IV 
IV 
v 
v 
VI
VI

_!----------------
df-mp 

-ajmj/2s2wc2w ■,/2s2wc2w
firn j> 
l/2s2wc2w

v/(v2f~a2f) 
0
0 

v/M2

~2«rM/M/‘ 
4«/M/M/- 

0 
0

—a Jim ji 
-Vfmt/2s2wc2w 

—a fim ft 
-virnJ/2s2ulc2w

A± or A.4 

±aj(y2f+a2r ± 2vif) 
g^/^i 

cwli/2^,

T°/M2 
-M2g7- + Mrg* 
2aI (p2 - Mr) 

2Q/M2 
2o/M2 
-aim.

where the empty blob denotes the sum of the Feynman graphs and the one contain­
ing the C the counter terms. The vertex counter terms combined with the fermion 
wave function renormalization factors can be expressed in terms of contributions to 
the vector (Cv) and axial vector (C^) form factors according to :

The sum of the diagrams listed above yields the unrenormalized weak vertex 
corrections. The renormalized vertices are obtained by adding the corresponding 
counter terms as specified in [5]. Since we want to include the on-shell self energy 
contributions from the external fermions, entering in the form of wave function 
renormalization factors, we obtain our renormalized vertex corrections as displayed 
graphically by :

_ m! = m!
2swMw 2swcwMz 

a I = a, (s2w - c2w) .

__________f fZ vertex correction diagrams fc, • • •, x 
Xy or Ay

v/(v2+a2 ± 2a2)

cu,rj/2s2, 

V/Mf 
V/M2

M2p7- + Mpg* 
-2a-/(m2 + fi2.) 

0 
0

-a/m/
-v/m//2s^c2

_____ —afirtf
-vImI/2s2wc2w



(3.32)

with

c{ =

(3.34)

and

!

(3.35)

(3.36)
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- 2v/af + 1] - -^—[2Bt(q2, m^Mw) + 1 ]
4-sJ,

+ (M/ - )B1(g2,mr,MM,)J ,

where B'o find B\ denote the derivatives of Bo and Bt with respect to q2. For the 
functions Bo and Bi we refer to appendix G. Now we have all the ingredients for 
constructing the form factors appearing in (3.15). The weak ffy form factors are 
given by

C' = - Re 
47T

(s) = £F,(s) + C?/'w'°k 
a

F2f^k(s) = EFx(s) + Cl'-W"k 
a

= ±FM(s) ,

CJZ’W“* = _Q/C/_a/(527z-5ZJz)
CZJ.weak = VjC/ + a/ CJ + V/ ^gZZ _ SZZ) + Qj (gzlZ _ sz^,Z^ 

CZI'wtak = aj C{ + Vj Cl + aj (6Zz - <5Zz) ,

( 6Zt - 6Z2 (1, 4 ) , (3.33)
2?r sw sw

where the UV-divergent quantity is defined in appendix G. The weak renor­
malization constants C{,Cl, related to the left and right handed fermionic renor­
malization constants, are given by the on-shell (q2 = m2) expressions :

+ aj) [2 Bi(g2, mj, Mz) + 1 ] + j-y [2Bi(q2,mp, Mw) + 1 ] 

[Bl(q2,mJ,MH') + Bi(q2,m1,Mz') + B, (q2, mr, Mw) ] 

, B^q2,mr, Mw) + 2m2 (v2 [2 B[(q2, mf, Mz) 

B'0(q2,rnj,Mz')] + a}[2B'l{q>,ml,M2) - 4 B'0(q2,mf, Mz~)] 

+ + p2 (B[(q2,m/,MH) + B',(q2,m/,MZ)

+ B[(q2,mr,Mw') + Botq^m^M^ - B'0(q2,m/,MH')] 
+ M/' [•^K?2.”7/',^/^) + 2B'0(q2,mJ:,Mw')]j }



e+ Z e+f fZ f e+ WW f
ff f fe e V' t'e

f fz z ww
ba dc

Neutral current weak boxes

Fig. 10. Neutral and charged current weak boxes

whereas the weak f f Z form factors are given by

(3.37)

Weak box contributions3.4

(3.38)
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piZ f ,weak

can be

Charged current weak boxes 
diagram c contributes for Z{ = —1/2 
diagram d contributes : ?r = +1/2

The UV-finite weak box contributions to the 1-loop matrix element (3.1) 
divided into a neutral current and a charged current part :

6M£eak = + <5M£C

pZf.weak^̂  = fFv(s)iC^weak

^) = ^W + C^f'weak

each of which is characterized by the exchange of two massive gauge bosons. As 
these weak box contributions are not resonant no resummation is needed. Because 
of the suppression by a factor originating from the Yukawa couplings between 
the initial state e+e~ and the Higgs bosons, any Higgs boson exchange box con­
tribution can be neglected. In terms of the diagrams of fig. 10 the neutral current 
weak box contributions correspond to diagrams a and b, whereas in the case of the 
charged current box contribution only the direct (diagram c) or crossed (diagram d) 
box is present depending on the isospin Z3 of the fined state fermion. Each of these



■

box contributions allows for a decomposition according to (2.8), yielding :

(3.39)

with

(3.40)

(3.41)

(3-42)
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related to. The symbols P± (=0,1) have 
crossed box contributions in the charged 
can be expressed in terms of the 4-point

B^'

a and c

SM = E E W* {^„B,(1)* + 6'B&"} ,

The functions B, .., Bl0 corresponding to the direct box contributions 
only depend on the external momenta and internal masses :

B;=P/ F,(p+,-g,-g,Af1,M2,M3,M4) , 

where the parameter list of the F, coincides with the parameter list appearing 
in the 4-point tensor integrals they are 
been introduced to select the direct or 
current case. The functions Ft,..., Flo
tensor integral coefficients of (III.5.3) and the scalar 3- and 4-point integrals defined 
according to (BT.5.7) respectively (III.5.1), using the above mentioned parameter 
list, in the following way :

= A;(2B, - 2B2‘) + X*(B7 + B7) - \~(Ba + Bl)
= Aj(2B2 - 2Bf) + A*(Bg + Bl) - A;(B7 + B‘7)

= 2Ak-B^
= 2A+B3

2AtB4 - 2A;b: + A+(Bf0 - Bl) - A;(BI0 - B9)
2Aa+B5 - 2X-BI + A+(B9 + BI0) - Ws + Bfo) 

a*b^-a;b6
a:b6-a;b'.

b['}k 
Bp)K 
B^" 
B2(2)“ 
B;‘n’ 
B^' “

B, = Pj f,(p+, -g, -g,M2,M2,M3,m4)

and the functions B(,..., Bf0 corresponding to the crossed box contributions b 
and d are obtained as :

Fi = ^[(M^-t)D0 + C0(l,2,4) + C0(2,3,4)]

F2 = 2^-D27
4%

F3 = 2 — [Z>n + D2f — O25]
47T

= 2m j -— [ P12 + ^22 ~ -^26 ]
47T



(3.43)

have to
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{(^-*3) [J^i F2(p+,-g,-g,0,Mlv,mr,MVv) 

+ M^~ F3(p+,-q, -g, 0,Mw,rnr,Mw) 

+ M9~ Fs(p+, —q, — g, 0, Mw,mj’,Mw) 

+ M2

-(5+'>')!

-

F5 = — 2m j —— [ Dl3 4- D2q — D23 ] 
47T

F6 = -2M3^Dn 
4tt

F7 = -2M3mt ~ P12
4 k

Fs = —2M3mj — Du
4tt

Fa = -2M3^[O12-D13] 
47T

F10 = 2M3 — [ Dn + Oi3] .

For the separate neutral

4jrl-1JT-13J . 

or charged current weak box contrib. we
insert the following in (3.40-3.42) :

neutral current boxes : A* = (g^g**)2 , A* = (gtfgjg = 1

and Mi, Af2, Af3, A/4 = meyNIz3 Mz
charged current boxes : A+ = 8K_/4s*w , A; = A* = 0 , Pf = (| ± I3) 

and Mj, A/2, A/3, A/4 = 0, A/w, mp,Mw • (3-44) 

give the charged current box contribution in terms of the func-

3.5 QED corrections

The (9(a) QED corrections complete our survey of EWRC effects to fermion pair 
production from e+e“ annihilation. They constitute in fact the major part of those 
EWRC effects as a consequence of large contributions originating from interactions 
between particles with small masses. The QED sector can be treated as being de­
coupled from the weak part of the theory as a result of its direct relation to the 
unbroken gauge group £7(l)eTn which survives the symmetry breaking mechanism 
and hence will be treated as such. As far as we are interested in probing typical 
aspects of the electroweak standard model like the quantum effects from weak inter­
actions or its dependence on the unknown model parameters m< and M//, the QED

-A+-^(p+, ~q, -q,0,Mw,mr,Mw')]

Fi(p+,-q,-q,O,Mw,mr,Mw')]} • (3 45)

As an example we 
tions F, :



i

7,^
QEDQED

Fig. 11. QED vertex corrections to the ee-y, eeZ and ff~t, f fZ vertices

I
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I 
i

6M^ed = 6M?£D + 6M^zD + 6M^ED + 6MffzD . (3.46)
It should be noted that because of the presence of ’mass singular’ terms some care 
has to be taken when neglecting small fermion masses in explicit expressions for

corrections could be regarded as being not very interesting. The fact, however, 
that they cover a major part of the complete electroweak quantum effects makes it 
mandatory to have a precise knowledge of the QED sector to be able to recognize 
the interesting weak sector. Apart from the fact that the QED corrections are in 
general large as compared to the weak corrections there is yet another distinguish­
ing feature to be found in the dependence of the QED corrections on the details 
of the experiments via the applied cuts to the final state photons of the inclusively 
treated 3-particle final state.

The calculations in the QED sector need special care as that very QED sector 
is a breeding place for, finally vanishing, IR divergences and ’mass singular’ double 
poles. For this reason the special techniques of the last chapter have been developed. 
In order to arrive a; results which are free of those IR divergences and ’mass singular’ 
double poles it v i-' be sufficient to restrict ourselves to the 2-particle final states 
and to th< ■<! t of the inclusively treated 3-particle final states, introducing a 
fixed enet; ■ C ,/s for the emitted photon in the CM frame of the initial
state elect., id on pair. This leads to expressions which are closely related 
to the exp- Drresponding to the weak corrections as the energy loss in the
photon an /.■ g.r boson propagators are very small. In the case of the resonant 
Z propagator we have, however, to be careful as a result of the fact that the energy 
loss due to soft photon radiation of the initial state e+e~ is not necessarily small 
compared to the size of the Z resonance shape. The remaining part of the allowed 
photon phase space restricted by all kinds of detector bound cuts will be referred 
to as the phase space corresponding to hard photon radiation. This hard part, 
being free of any divergences, can be treated separately by means of Monte Carlo 
techniques [10].

The QED corrections to the ee7, ffy and eeZ, f f Z vertices as displayed in 
fig. 11 lead after renormalization to the following contributions to f>Mv appearing 
in (3.1) :

/ z 
Z C 7

e+

K 7,2 
7 (

(ze



with

Ai(s,m)

(3.48)

(3.49)

with

- 2

(3.50)-2] .
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)+1“!(4^2£)] M-3 - ie 

m2
—s — if 

m2

[ 5q(3, 771y, Z71y)

those QED vertex corrections. Bearing that in mind and performing the in this 
case unavoidable resummation we arrive at

6M^D(K-r],fj;s,t) + 6M^D(K-,T),fj-,s,t) = ~ Ql s,t) ,
4" (3.47)

S ~Q}^~S

The IR-divergent scalar 3-point integral Co can be found in appendix F and the 
scalar 2-point integral Bo as well as the UV-divergent quantity >n appendix G. 
Obviously this reduces to a result similar to (3.47) when only light final state 
fermions are considered including the case of bottom pair production as the QED 
interactions, being neutral current interactions, are not isospin changing and hence 
keep any top quark from entering the bfry or bbZ vertex corrections.

The QED box contributions (see fig. 12) consist of photonic corrections to both 
the 7 and Z exchange Born diagrams :

6M%ed = + 6M? . (3.51)

The structure of the corresponding contributions to the O(a) corrected matrix 
element is almost the same as in the case of boxes with two heavy gauge boson

( / A2 \A(s,m/) = <-2(s-2m})C0(-g,g + q,A,m/,m/)-4-2 log I —7 j
47T \TnJ/

- 3[B0(.5,"i/,m/) - Am;

2m j

- M”
L \— 5 — If

+’*(^
for the combined eey and eeZ QED vertex corrections which are ;> .oportional to 
the dressed Born matrix element. Because of finite mass effects the does not 
hold in the case of heavy final state fermions :

(K;q,rj;s,t) = QeQz {A(s, mz) Mf" + 2AM(s,
s p

6M^}EzD(K;r],rj-,s,t) = {[ A(s,ml') g", - imjpNM{s,. .■ ■ • >:j ]
s p

+ 2h.M{s,mI')vI ,



fT,T, Ze+

fe

f

parameters and

yZ boxes

(3.52)

• the resummed propagators

• we have to maintain the gauge invariant prescription.
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and

=
and

are situated inside the box integral

75^5 7

Fig. 12. QED boxes

exchange given by (3.39-3.43). The first step is to specify the mass 
the various couplings which have to be inserted :

It should be noted that the resonant behaviour of these boxes originates from that 
part of the integration region where the photon momentum goes to zero displaying 
the close relation to the interference soft bremsstrahlung contributions. In that par­
ticular limit the resummation has all the features of the Born resummation leading 
to the dressed Born. Our prescription is the following : calculate the box integrals 
with a complex Z gauge boson mass by adding the physical width. This removes 
the unpleasant loop momentum dependence of the resummed propagators from 
the integrals and at the same time incorporates the resonance effects originating 
from the remaining part of the integration region. Afterwards the result will be 
given the full s dependence of the dressed Born propagators by multiplying with 
an appropriate factor. This of course involves an approximation as we will give the 
non-resonant parts the same s dependence as the resonant parts.

In the case of light final state fermions these box contributions take on a partic­
ularly compact form (compared to the general expressions) provided we apply the

77 b '-'-'s : Aj = A* = , P/ = l
and M3, = mc, X,mj, X

: AJ = A: = Q.Qjg^ , P/ = 1
M3,Mt = me,X,mj,Mz

A* = Q.Qjg^ , = 1
M3, M4 = me, Mz,rnj, X .

The second step involves the inclusion of the resummations as a consequence of the 
resonant nature of the 7Z and Z7 boxes. Now we have to be careful! There are 
two things which have to be kept in mind :
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