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STELLINGEN

Als A een eindige verzameling is bestaande uit n elementen, met n een
even getal, en @ een familie van n deelverzamelingen van A die ieder uit
een even aantal elementen bestaan, dan bevat o (minstens) twee verzame-

lingen waarvan de doorsnede uit een even aantal elementen bestaat.

Voor een Isingmodel met willekeurige n-spininteracties geldt, voor wille-

keurige verzamelingesn spins A, 3 en C, de volgende correlatiefunctie-

ongelljkheid:
T (o2 1 (o5 0Co o)
Z I BT
DCe ) DcC AD L
Jaarin, voor ledere verzameling spins X, oy = I Sy
ve X

Ten onrechte suggereren Hirsch en Smale daet het stelsel differentiaal-

vergelijkingen:
% = (A=By-2x)x; ¥ = (Cx-D-uy)y ,
met A, B, €, D, X en 3 groter dan nul, een limietcykel zcu kunnen heboen

M.W. Hirsch en S. Smale
Differential =quations, dynamical system

ard linear algebra.

Joor een Isingmodel ged=finigerd op sen oneindige planaire graaf in een

homogeen magneetveld o geldt voor een randrij (v ..,vn), met n een even

17"
getal, de volgende correlatiefunctie-identiteic:

n n i
mi g (-1)%¢ 45 L >} = 0.
1=1 i=1 i

S kL

M2t een eenvoudig voorbeeld kan men laten zien, dat de door Lycns et al.
noodzakelijk geachte uitbreiding van het theorema van Faxén voor het
geval van niet-lokale viscesiteit fout is.
K.B.” Lyons, R.C. Mockler and W.J. O'Sullivan
Phys.Rev. A10 (1972) 393.

&by,

3
3
H




by

Raatl

i,

+ willekeurige n-spin-

ralrix met masrixelementen

verzameling vau alle spins is,

dssom, dan geldt:

ningen gedaan aan

Gl. LaUVEourife o erek

Deer recent zljn deor

n de A=1Y fase, Teneind= hun berekeningel.

van NL,5n in de super-

avel de invioed te repndon van de veran-—

tenpvolge van de structurele fase-

tueller, prerrint.

| R B N
, ftevls Tlyron en

e clwnsdlrme-r ovarl do tod nu Loe opgeloste

~- rerexenen met beaulp var

rocster dlageraal cpuouwt dan met de over—

Ao overdracatsmatrix dic

drachlamatrix 1 rocsier rid v.or rlj opbouwt.

nande relunies wn

on Jo Legiers,

de ¥ri-s,

7 010T3) 308,

21 en het sociolegi-

ke overeenkomst met

2l medellen voor fysische syste-

dat tussen ideale modellen e nuien-

men. <P ogrond hicrvan kan men verrmo den dat het medische model slechts

2 nalde~orde benadering is.

- R et -
P e - e B R

etn




in eucarys

. Faulz, Progr. iu liuel

W. Gilvert, Haturce




oz
=X

ON CERTAIN RELATIONS BETWEEN
SPIN CORRELATION FUNCTIONS
OF ISING MODELS

PROEFSCHRIFT

ter verkrijging van de graad van doctor in
de wiskunde en natuurwetenschappen aan de
Rijksuniversiteit te Leiden, op gezag van
de Rector Magnificus Dr. D. J. Kuenen,
hoogleraar in de faculteit der Wiskunde en
Natuurwetenschappen, volgens besluit van
het college van dekanen te verdedigen op
woensdag 14 juni 1978
te klokke 15.15 uur

! door

RICHARD JOHN BOEL

; ] geboren te Rotterdam in 1951 i

Krips Repro — Meppel




b
§ i
3
id
Promotor: Prof.dr. P.W. Kasteleyn
~ !
1 . !
. I
i ¥
t
13 ’
i .

| t i
H




ey

Aan hen die dit proefschrift lezen, maar vooral

aan hen die het graag zouden willen kunnen lezen

13




whe

CONTENTS

IJTRODUCTION

I. CORRELATION-FUNCTION IDENTITIES FOR GENERAL PLANAR ISING SYSTEMS

Introduction

. Definitions and formulation of the main theorem

. Graph-theoretical preliminaries

Proof of the main theorem

Corollaries and some applications

. Concluding remarks

References

II. CORRELLATICN-FUNCTION IDENTITIES AND INEQUALITIES FOR ISING MCDELS

WITH PAIR ILITERACTIONS

1.
2.

N O W

Introduction

Conditions for the existence of certain identities and
inequalities for correlation functions

Generalizations of Theorems 1 and 2

Some properties of sets of A-identities

Examples of A-identities

Examples of A-inequalities

Concluding remarks

References

III. EXTREMAL A-INEQUALITIES FOR ISING MODELS WITH PAIR INTERACTIONS

- s ey - ——

Introduction

. Definitions and notation

Polyhedral convex cones
Extremal A-inequalities
Examples of extremal A-inequalities

References

15
16
18
21
27
31
32

3k
3L




IV, CORRELATION-FUNCTION IDENTITIES FOR GENERAL ISING MODELS T
7 1. Introduction T2 ®
2. Definitions and notation 72
3. General formalism T4
4. Applications 9
5. Concluding remarks 85
References 86
SAMENVATTING 87
¥ .
] i
| {
v
0 . .
pos—
i H 1
i
¥
- \
+ ” b ; "




b
Ernst Ising showed a remarkable form of foresight when in 1925 he wrote:
. "Irotzdem dlirfte die vorliegende Untersuchung fiir das Problem des
Ferromagnetismus von einem gewissen Interesse sein."
E. Ising, 2.Phys. 31 (1925) 253.
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INTRODUCTION.

One of the main fields of research in experimental and theoretical
physics of condensed matter in thermal equilibrium is that of the study of
phase transitions. A phase transition is characterized by the fact that the
number and nature of thermal equilibrium states of a system are changed by
smell variations of externally controlled variables. Associated with such a
transition is a drastic change in the values of certain macroscopic
variables of the system.

As a typical example we consider maegnetic crystals (of which certain
aspects will form the subject of this thesis), which consist of a large
number of particles, occupying the sites of a crystal lattice, each
particle having & spin and a corresponding magnetic moment. For certain
types of these magnetic crystals (ferromagnets) there is a temperature above
which they do not show & magnetization and below which they do (spontaneous
magnetization). Associated with this (critical) temperature is a divergence
in the values of the susceptibility, and sometimes the specific heat, at
zero magnetic field.

The aim of equilibrium statistical mechanics is to give a lheoretical
description, on the basis of the microscopic structure of the system, of
such phenomena. Since a phase transition is due to co-operative behaviour
of large groups of interacting particles, the interactions betwaen these
particles play a crucial role. This implies that one carnot Jescribe such
systems as nearly ideal (i.e. as deviating from ideal systems by the
presence of a weak perturbation), which complicates the theoretical treat-
ment considerably.

The first and simplest model propcosed to describe the behaviour of a
magnetic crystal is the Ising model (for the history of which the reader is
referred to a review article by Brush 1)). The model consists of a set of
vertices or points (representing the particles of the crystal), and with
each vertex v is associated a spin varisble a, (representing the spin of
the particle at v), which can take the values +1 or -1. The spins inter-
act pairwise with each other, and the interaction energy of a pair of spins
is -J 10,00 where va, is a real variable representing the strength of
the interaction. If Iyt 205 the interaction is called ferromagnetic and
the energy is minimal of both spin variables are equal; if va,< 0, the

interaction is called antiferromagnetic and the energy is minimel if the
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spin variables have opposite values. If thne cryslal is placed in an
external magnetic field, a spin will ir additior have an interaction with
thls field with interaction energy -mio _, where m is the magnetic moment of
the spin and H ‘he magnetic field. The total energy of the system is thus

given by

{(vyv" v

where the first sum is over all pairs of veriices, of which the associated
spins have an interaction,and ihe sccond sum is over all vertices. If one
assumes that the system is in thermal equitibrium at temperature T, theu, by
the standard methodz of eguilibrium statistical mechanics, the thermo-
dynamic functions such az the fruee encryy, the euergy, the entropy and the
specific heat can be obtained from the (canonical) partition function.

A major breakthrough in the stuady of this model is due to Onsager 2),
who succeeded in calculating exactly the partitilion function of the two-

imensional Ising model on a square lattice in zero magnetic field. He
also gave an expression for the magnetization. It turned out that the model
exhibits a phase transitica, but that the nature of the transition is quite
different from what existing theories had so far predicted. Until now
nobody has succeeded in deriving expressions for the partition function of
the two-dimensional Ising medel in a field or the three-dimensional model.

At first sight the model seems highly artificial (it was considered as
such for a long time) and the results for the two-dimensicnal case seem
to be only of theoretical interest. However, experimental physicists have
succeeded in finding compounds in which the interactions between the spins
of the particles have a two-dimensional character and can be described by an
Ising-like interaction. The experimental results on the specific heat and
magnetization of these compounds beautifully confirm the results obtained by
Onsager. For details on experimental results, we refer to a review
article of De Jongh and Miedema 3) or the Proceedings of the 1976 Inter-
national Confereace on Magnetism h).

However, it 1s not only the successful description of a megnetic crystal
which makes the Ising model interesting. The model can be considered as
describing any system of interacting units, which can be in two different
states. These two states can, for instance, be interpreted as corresponding

to the presence or absence of a particle at a vertex, and thus one has a

mthe,




model for a lattice gas. Furthermore, it can be used in the case that
every vertex can be occupied by two different kinds or atoms, and one has .
a model for a binary alloy. For some spplications of tne Ising model to
biology (for example the helix-coil transition in DNA) we refer the reader
to ref. 5. Recently, the Ising model has alsc found applications in
quantum field theory 6’7).

Although ihe thermodynamic functions are very important in the
description of the model, there is another set of quantities which are of
fundamental importance, namely the correlation functions. Correlatica
functions are thermal expectation values of products of spin variables, and
are a measure for the way the spins at different vertices arc correlated,
and hence for the order and symmetry present in the system. They give a
more detailed description of the microscopic properties of the model.
Furihermore, the spontaneous magnetization and the magnetic susceptibility |
L in zero magnetic field can be expressed in terms of correlation functions.

Since no axplicit results are known about thermodynamic functions in case a

magnetic field is present, the correlation functions can give important
information about the magnetization and susceptibility 8 . The
susceptibility is also related to cross-sections in neutron scattering on
magnetic systems and the correlation functions are important for the
interpretation of this kind of experiments.

The results which are known at the moment about correlation functions
in Ising models can be divided into two classes. First, there are explicit
expressions for the correlation functions. This is the case for the one-
dimensional model, which is, however, not very interesting, because it does
not exhibit a phase transition. Results for certain correlation functions
for some specific lattices {square, honeycomb and triangular) are also
known. Very recently, McCoy, Tracy and Wu 9) gave closed expressions for
all correlation functions of the two-dimensional model on a square lattice
in zero magnetic field. This exhausts the results thus far obtained in this
class. Secondly, there are general rigorous results about correlation
functions, which again fall into two classes, namely algebraic equations for
correlation func*tions and algebraic inequalities for correlation functions. §

Exact algebraic equations for the correlation functions are, for example,
the Kirkwood-Salsburg eq.ations 10) and analogous sets of equations due to
Gallavotti and Miracle-Sole m and to Gruber and Merlini 12). These are

linear inhomogeneous equations for the correlation functions in which the
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ccefficients depend explicitly on the interaction parameters of the system.

Algebraic equations for correlation functions not explicitly containing the

LN

interaction parameters of the system, to be called correlation-function

=08

. identities, were until now known only for the one-dimensional Ising model
and for the Ising model on a tree 13).

Algebraic correlation-function inequalities are statements about the
sign of certain algebraic functions of correlation functions. For example,
in ferromagnetic systems (in which all interaction parameters are non-
negative) the spins tend to align parallel to one another, since this lowers
the energy. This tendency is reflected in the statement that the pair-
correlation function is positive, which wes first proved by Griffiths and is
known as the first Griffiths inequality. This inequality is one of a set of
inequalities known as the GKS inequalities 1 , which are due to Griffiths,
Kelly and Sherman. Another inequality for ferromagnetic systems was derived
by Griffiths, Hurst and Sherman ) (and is known as the GHS inequality); it
proves the concavity of the magnetization as function of the magnetic field.

15) 16)

Further known inequalities are due to, for example, Lebowitz , Percus s

1) and Sylvester 18).

Newman
Both the algebraic equations and the algebraic inequalities have been

applied to prove the existence of the thermodynamic limit of correlation
[ functions, the existence or absence of phase transitions, and the !
analyticity and monotonicity of thermodynamic functions, to derive bounds .
for correlation functions in terms of lower-order correlation functions (i.e.
correlation functions containing fewer spin variables) and to give estimates
: of critical temperatures. For a general reference, see for instance

Ruelle 10) and Lebowitz 19). Furthermore, since some of the inequalities

can be generalized to higher-spin systems and continuous-spin systems they

have found extensive applications in quantum field theory 6’7). So in the

absence of explicit results these algebraic equations and inequalities can

be a powerful tool for obtaining information about the system.

In this thesis we shall study certain relations between spin correlation
functions in Ising models. Let A be a set of vertices and, if B ic a subset '
of A, let A\B denote the set of vertices in A but not in B. By g, ve denote
the product of all spin variables associated with the vertices of A and by

(cA) the thermal average of Tp- We shall study the family of functions
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where the sum is over all subsets B of A, and where AB is, for all BCA an

arbitrary complex number which does not depend on the interaction parameters

of the system; some generalizations of these functions will also be

considered. The main object of this thesis is to find conditions for the

AB under which l\A for a given Ising model (specified by a set of vertices

and a set of pairs of spins which have an interaction) is

(a) equal to zero for all possible choices of the values of the interaction
parameters

or

(b) nonnegative for all possible choices of nonnegative values of the

interaction parameters.

The family of functions l\A for which (a) applies then determines a family of
correlation-function identities, and the family of functions AA for which
(b) =pplies a family of correlation-function inequalities.

In chapters I, II and III the Ising models which we consider contain
only pair interactions. By representing the interaction between two spins
by an edge between the corresponding vertices we can, in a natural way,
associate with each Ising model a graph (and speak of an Ising model defined
on a graph). The coupling parameters associated with the interactions then
define a function on the set of edges. The graph-theoretical concepts and
lemmas developed and proved, respectively, in chapter I will be used
throughout the thesis.

In chapter I we shall give an example of a family of functions AA
(specified by the choice of A) for which (a) applies. The Ising models
considered will be Ising models on planar graphs.

In chapter II, (a) and (b) will be studied for Ising models on arbitrary
graphs. A necessary and sufficlent condition on the AB will be derived
under which (a) or (b) applies. It will turn out that in case (a) these
conditions consist in a set of homogeneous linear equations in the AB
with coefficients 0 or 1, and in case (b) in the corresponding set of
homogeneous linesr inequalities. The coefficients O or 1 are closely
related to the way in which the vertices of a given set A are connected
by edges of the graph, and can easily be determined. Examples of (a) and

(b) will be given.
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Chapter III will contain a study of the linear inegualities obtained in

b

the preceding chapter, and results from the theory of linear inegualities.
The main conclusion will be that for a given set A, any correlation-
function inequality of the form AA >0 can be written as a positive linear

"extremal"” correlation-function

combination of a fixed finite set of
inequalities of this form. Examples of extremal inequalities will be given
for the cases that A contains 4 and 6 vertices. Furthermore, some extremal
inequalities valid for general A will be derived. For Ising models with
pair interactions only, these extremal inequalities will give the best
possible upper and lower bounds of correlation functions in terms of lower-
order ones within the class of inequalities considered.

In chapter IV, the functions A, for which (a) holds will be studied in
the case where general n-spin interactions are present in the system. It is
proven that every AA for which (a) holds can be written as a linear
combination of simpler functions (namely functions AA for which AB takes the
values 1, -1 or 0 for all BCA), each of which satisfies (a). The study of
these simpler functions turns out to be rather simple, and a necessary and
sufficient condition will be derived under which (a) holds. Again, some

examples will be given.
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I. CORRELATION-FUNCTION IDENTITIES FOR GENERAL FIANAR ISING SYSTEMS

Abstract.

A system of exact algebraic relations is derived for the spin correlation
functions on any so-called "boundary set" of an Ising model on an arbitrary
planar graph. One way of expressing these relations is to say that every
higher-order correlation function is equal to a Pfaffisn of the pair

correlation function on the same set of boundary spins.
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1. Introduction.

-

In this paper we shall derive and study a set of identities which express

i

certain higher-order correlation functions of an arbitrary planar Ising model .
(in zero magnetic field) in terms of the pair correlation function of this i
model. These identities do not contain explicitly eny interaction parameter
of the system and they hold for any values of the parameters.

As is well known, identities of this general nature, i.e. algebraic

relations between correlation functions of various orders not involving the

interaction parameters, occur in many branches of physics. Most often they

are used in order to close an otherwise infinite hierarchy of equations and

to obtain a finite set which then can be handled much more simply. TFor this

reason such relations are often called "closure relations".

One distinguishes between exact and approximate closure relations.
Perhaps the best known exemple of the latter is Kirkwood's superposition

approximation in the theory of classical fluids and its use, in two different

hierarchies, to obtain the (approximate) Kirkwood and Born-Green integral
equations, respectively, for the pair correlation function 1).
Exact identities, on the other hand, are far more scarce and they are

only known for systems which, in a sense, are exactly solvable. We mention
{ the following examples:
i) The classical one-dimensional system of particles interacting via an
arbitrary nearest-neigibour interaction in an arbitrary (inhomogeneous)
external potential
! ii) It is well known, see e.g. ref. 3, that for an open Ising chain with

equal nearest-neighbour interactions in zero field every even-order

correlation between Ising spins factorizes into a product of pair correlstions

*)

! ' iii) Recently, Falk has generalized these relations to the case of the

each of which, in turn, is a product of nearest-neighbour correlations.

zero-field Isirg model on a Cayley tree.

The identities which we shall derive in the present paper can be
regarded as a generalization of Falk's result. This connection between the
two results will be elucidated in section 5, application 3(a).

The outline of the paper is as follows. 1In section 2 we define the mein

#) This result can in a straightforward way be generalized so as to cover
also the case of an inhomogeneous Ising chain, i.e. an Ising chain with

erbitrary nearest-neighbour interactions,in an arbitrary field.
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concepts to be used and state the main result (Theorem A). In section 3 some
graph —theoretical lemmas on planar graphs are proved. Section L contains
the proof of a theorem (Theorem B) which is shown to be equivalent to
Theorem 4. The proof of Theorem B goes by simultaneous induction on two
variables, one of which is the number of edges. In section 5 we discuss
some corollaries and applications. We end the paper with a few concluding
remarks {section 6),

The concepts and methods used in this paper are almost exclusively based
on abstract graph theory; only in one place (in the proof of Lemma 1) use is
made of torological graphs {(i.e. of (plane) embeddings of graphs). Although
at first sight one would expect it to be simpler to use embeddings throughout
the anslysis, it appears that the nonuniqueness cof embeddings of graphs of
low connectivity (in particular disconnected graphs and graphs -rith an
articulation vertex) would meke our proof of Lemmas 2 and 3 more cumbersome;
to exclude such graphs is not possible because they may result from the
removal of an edge in the proof by induction. Lemma 1 can also be proved
without resorting to a plane embedding (viz. by using MacLane's

characterization of planar graphs 5)), but in that case it is the abstract

proof which is the more lengthy one.

2. Definitions and formulation of the main theorem.

We define a graph G to be a pair \V(G), E(G)), where V(G) is a set of
elements called vertices and E(G) a set of unordered pairs {v,v'} of distinct
vertices, called edges. G is finite if V(G), and hence E(G), is finite.
For definitions of concepts used but not defined in this paper the reader is
referred to ref. 6.

In order to formulate the main result of this paper we introduce the
following two concepts.

First, let G be a planar graph, B a subset of V(G), and w a vertex not
in v(G). Out of G, B, and w we construct & new graph Gy with vertex set
V(G) V{w} and edge set E(G)VEy, where By = {{v,u} [veB}. We call the set
B a boundary set of G if GB is planar.

Second, let S = (v .,vn) be a sequence of (not necessarily distinect)

13




vertices of G, let WaW e esWy (n>1) be distinct vertices not in v(G), and
W the graph (called n-wheel for n> 3) defined by v{u) = {w,w1,‘..,wn},
E(W) = {{w,w1}} if n=1 and E(W) = {{w,wj}, {wj,wJ+1}|1'ij:_n} if n>2

(where w = w1). Qut of G, S, and W we construct a new graph Gs with vertex

n+1
set V(G) UV(W) and edge set E(G)UESUE(W), vwhere Eg = {{vj,wj}|1f_jin} .
We call the sequence S a boundary sequence of G if GS is planar.

If G is a finite planar graph, we shall understand by an Ising model on G
*)

a spin system with pair interactions only, defined by the Hamiltonian

H, = - ) KO0y 2 (1)
{u,v}€E(G)

where o is the spin variable associated with the vertex u, assuming the
values *1 only, Kuv is the coupling parameter between the spins at u and v
(which is allowed to take complex values), and the sum is taken over all

edges of G. The unnormalized and normalized correlation functions (cA)G and

(0, ), ere respectively defined by the equations
-H
_ G
X {g A
(2)
_ -1,
lopdg = (oA)G Z  if Z # 0,

where the summation is with respect to all spin variables of the system,
op = HveA g, for any ACV(G), and where Z, the canonical partition function,
is defined by Z = (1)G. For brevity we shall often omit reference to the
graph G and write (cA) and (cA).

Our main result states that each higher-order spin correlation function
on any boundary set B of G can be written as a Pfaffian of the pair

correlation function on B. More specifically:

Theorem A. If (v1,---,Vn), with n >1, is a boundary sequence of a finite

planar graph G, then for any Ising model on G with Z#0 the following identity
holds
{(0_ 0_ ...0_ )y =PfC, (3)

M) Vn

where C is the triangular array of elements given by:

= (o, 0. ) (1<i<jz<n).

%) Factors kT have been absorbed into H and Kuv'

17
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In the above the Pfaffian is for n even defined by

%

PPCc=1)"¢e_C c e €, 5 s (La)

P P P1P2 PBPh Pn-1 n
’ in which the sum is over all permutations P of (1, ..., n) with

< <j<}

Pos_q Poy (12i<2n) , .
< <] <ip-

Pyiq “Bpyyq (12izzn-1),

and €p is the signature of P (cf., e.g., ref. 7); for n odd we define
PfC =0. (ko)

3. Graph-theoretical preliminaries.

In the analysis we shall perform several operations on a graph G: the
deletion of an edge, the contraction of an edge {u,v} to a vertex u (or v),
the insertion of a vertex u' (u'€ V(G)) into an edge {u,v} (being the addition
i of the vertex u' to V(G) and the replacement of the edge {u,v} by the two |
new edges {u,u'} and {u',v}), and the extension of G with an edge {u,v} with ,
u,v €V(G) (being the replacement of E(G) by E(G)V {{u,v}}); note that in
the latter case the resulting graph is identical with G if {u,v} € E(G).

' If u and v are distinct vertices of G, & chain between u and v is a

connected subgraph of G in which u and v have valency 1 and all other
vertices have valency 2. (Such a chain exists if and only if u and v belong
to the same component of G.) It is convenient to extend this definition by
calling the subgraph with vertex set {u} and empty edge set a chain between
u and u.
The following elementary properties of boundary sequences of any planar
graph G are used in the sequel:
(a) A subsequence of a boundary sequence is a boundary sequence.
(b) Any cyclic permutation of a boundary sequence is a boundary sequence.
(c) A boundary sequence S of G is also a boundary sequence of any subgraph of
G contain’ng all vertices of S.
(d) The set of vertices in a boundary sequence is a boundary set of G. (For

a converse statement, see Corollary 1b of Lemma 1.)
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The following property is used in some applications but not in the proofs of

b,

Theorems A and B:

(e) A subset B of V(G) is a boundary set if and only if, for some plane
embedding of G, there exists a face R of G such that all vertices of B
belong to the (topological) boundary of R.

This property is proven from the fact that two points of the plane lying out-

side a given open connacted region can be joined by a curve lying entirely

inside that region if and only if they belong to the boundary of that region.

Lemme. 1. If v is a vertex of valency n>2 of a finite planar graph G and U

is the set of vertices of G adjacent to v, then the vertices of U can be
ordered into a sequence (v1, rees vn) such that the graph obtained by

}, 1<i<n, wvherev =V is planar.

extending G with the edges {vi,v:.L 041

+1
Proof. Consider an embedding of G in the plane such that every edge is

represented by a straight line segment. Since G is finite we can draw a

circle C around v not enclosing any other vertex of G and not intersecting

any edge of G except the edges incident with v. Let Wis eees W be the

poirt:z of intersection of G and the latter edges, in an order in which they

are encountered when C is traversed. We consider the figure thus obtained i
as a new (abstract) graph G'; for n>3 the line segments into which C is
divided define n distinct edges, for n=2 they define one single edge. By
construction G' is planar. For 1<i<n let vy be the vertex of V(G) adjacent
in G' to Wi If we now contract, for 1<i<n, the edge {vi,wi] of G' to .
the vertex v,, the graph G" thus obtained is the extension of G with the

edges {vi,v.+1], 1<is<n., It can be shown that the contraction of an edge

in a planar graph results in a planar graph (cf. ref. 6, p. 61). It follows

that G" is planar. [} ‘

Corollary la. If v is a vertex of valency >3 of a finite planar graph G and
u is a vertex adjacent to v, there exist two vertices u, and u, in G,
distinet from each other and from u and adjacent to v, such that the graph

obtained by extending G with the edges {u,u1] and {u,u2] is planar.

This corollary follows from Lemma 1 by identifying u with some v;» and u, and

u, with v _ and v, respectively.

2 1 i+1?
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Corollary lv. The vertices of any boundary set B of a finite planar graph G

L

can be ordered into a boundary seguence of G.

k.

*) . -
The case |[B| =1 ) is trivial. For IBI > 2, the corollary follows from the

proof of Lemma 1, applied to the vertex w of GB, if one puts S= (v1,...,vnk

= 1
GS G'.
dke) .
Lemma 2. If (v1,v2,v3,vh) is a boundary sequence of a planar graph G,
every chalin between vy and v, has a vertex in common with every chain between [~

3

v, and vy, In particular if v, =V3, every chain between v, and v, must

contain vy if further Vo =V, all four vertices coincide.

Proof. Suppose the lemma is false. Then there exists a chain 013 between

v, and v3 and a chain Cgh between v, and v), vhich have no veitex in common.
If we tpen form the graph GS’ where S = (v1,v2,v3,vu), with the aid of a
L-wheel W as introduced in section 2, the subgraph of GS which is the union

of C CQM and W, extended with the four edges {vi,wi} (1<i<h), is

13°
. nomeomorphic to the graph KS' By Kuratowski's theorem this is impossible
since GS is planar (ref. 6, p. 61). This proves the lemma. [
|
l 1
! .
' Lemma 3. If G is a finite connected planar graph and (v], ees vn), with

, 1s a boundary sequence of G, then: }

n >
\ (1) (v1, .y vn,vn) is a boundary sequence of Gj

(ii) if v, # v there exists a vertex v'€V(G) such that {vn,v'}e E(G)
' and (v1, ey vn,v') is a boundary sequence of G.

Proof. (i) It is easily verified that, since G is connected, it contains a
vertex u (not necessarily distinct from VooV, OF v]) such that there exist

three chains, one between u and v one between u en vn, and one between

n-1°
u and vy which have as their intersection the vertex u.
Consider the (planar) graph GS’ with 8 = (v1, vees Vn)’ the {planar)

: graph G' obtained from G, by inserting a vertex LA into the edge {wn,w]},

5

*) For any set B the number of elements in B is denoted by [B].
#%) This lemma has frequently been used in the theory of graphs, e.g. in the

theory of vertex colourings of graphs (see, e.g., ref. 6, p. 86).
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and the graph Gj obtained by extending G' with an edge {wr+1,wj}, wthere
L

2 <j<n-1. There exist in G, nine chain., one between each of the vertices

=

wn 12 wn, w1 on the one hand, and each of the vertices w, wr+1, u on the
- k]
- other hand, such that any two chains have at most an end vertex in common.

Inerefore Gj contains a subgraph homeomorphic to the graph K3 3 and nence is
3
nonplanar by Kuratowski's theorem.

We now consider the four vertices adjacent to LS i.e. w Vo1 W

n-17°
and Ve By Corollary la of Lemma 1, applied to the vertices wn and Wn+1’

we can extend G with two edges, each one betlween L. and another vertex

adjacent to W » SO that the graph thus obtained 1s planar. These vertices

must be w and v_s since w is excluded Ly the argument given above that

n n-1

the graph Gn-1 is nonplanar. The graph obtained from G' by extending it

with the edges {wn+1,w} and {w ,vn} is just the graph GS' corresponding

+
to the sequence S' = (v],...,v:,in). Since GS' is planar, S' is a boundary
sequence of G.

{11) Next we consider the set of vertices adjacent to v in G', 1i.e. the set
{vivev(c), {v,vn}eE(G)}U{ijZ <j<n, vj=vn} . By Corollary la of Lemma 1,
applied to the vertices v,and v .., We can extend GS' (defined under {(a))
with two edges, each one between LA and some other vertex adjacent to Vs
so that the graph thus obtained is planar. The edge {wn+1,w1} cannot be one
of these edges because vy # \%, so that w1 is not adjacent to Vi Nor can
either of these edges be of the form {wn+1,wj} with 2 <j <n-1, again for the
reason that Gj is nonplanar. The only remaining candidates are the edges

’ {wn+1,wn} and {wn+1,v'} , Wwhere v' is some vertex in V(G) adjacent to v,
! This shows that there exists at least one vertex v' adjacent to vy in G
such that the graph G" obtained by extending 5., with the edge {wn+1,v'} is
olanar. If finally we delete the auxiliary edge {wn+],vn}, the graph thus

- obtained is just G wvhere S" denotes the sequence (v1, cees Voo v'). Since

s"’
G", and hence GS"’ is planar, S" is a boundary sequence. fi§

' L. Proof of the main theorem.

' ) We define, quite generally, for any Ising model on a finite planar graph

G and any sequence of vertices (v1, S Voo v), with n>0, of G the
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following function:

n .
£(v,eeov s ve) = J (=10 6 ) (o, T o ) - (5)
1 n . . v, '
=1 J 1=1 1
i#]

For brevity we shall in most cases omit reference to the .zraph G in the
argument of f and write f(v1, cees V03 v)

For later use we list the following simple properties of the correlation
functions (cA) and the function f:
(A) If G is the disjoint union of the graphs G' and 3", aud o, and oy are

products of spin variables referring only to the graphs G' and G",

respectively, then:

(GAGB)G = (GA)G'(GB)G" .

(B) If n is odd and v <oy Vv, are vertices of G, then

1!

n;v) = 0 if n is zerc or odd.

Y
(D) If n>2 and n is even, then
.,vn;v) = —f(vn,v],...,vn_T;v) . (6)
(E) If n>2 and v, = V,, then
v ,...,vn;v) = f(VB’vh”"’vn;v) . (1)
Since f 1s an entire analytic function in all coupling parameters Kuv,

where {u,v}€E(G), we can mzke a convergent Taylor series expansion with

respect to all coupling parameters simultaneously of the form:
o
f(v1,...,vn;v) = 7 fm(v1,...,vn;v) , (8)
m=0

where fm(v1,...,vn;v) is a homogeneous polynomial of degree m in the

coupling parameters. This defines the functions fm uniquely.

Lemma 4, For any finite graph G and any sequence of wrtices (v1,...,vn,v,w)
of G with {v,w}€E(G) and n even, the functions fm defined above satisfy,

for m>1:
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*
3
EE——-fm(v1,...,vn;v) = —fm_1(w,v1,...,vn,v;v) + fnr1(v1,...,Vn,v,w;w).(Q)
%
We note that if G is planar and (v1, cees Vo Y, v) is a boundary sequence of

G, the arguments in the f-functions appearing in eqg. (9) are, by Lemma 3(i)

and property (b), boundary sequences as well.

Proof. By a straightforward calculation, starting from egs. (2) and (5),

using ci = 05 =1 and (-1)2 = 1, we find

9
SE;; f(v1,...,vn;v) = f(v1,...,vn,v,w;v) + f(v1,...,vn,v,w;w). (10)

Using eq. (6) we can rewrite this as

3
(v ,...,vn;v) = —f{w,v ,...,vn,v;v) + f(v1,...,vn,v,w;w). (11)

3K 1 1
W

Comparing terms of the same degree on both sides of this equation we obtain

eq. (9). M

Theorem B. If G is a finite planar graph and (v1, ceesVoa v), withn>1, a

boundary sequence of G, then for any Ising model on G

£(vyseeesv s vie) = o0, (12)

or equivelently, for all m>0,

£ (v, s v|e) = c. (13)

Proof. Egs. (12) and (13) hold tr}vially if n=0 or n is odd (property (C)).
Therefore, we may restrict ourselves to the case n>2, n even. Further-
more it is sufficient to prove eqs. (12) and (13) only for the case v, # v,
since the general case can be reduced to this case or to the case n=0 by .
properties (D) and (E). So let v, # v.
We now prove eq. (13) for all m by induction with respect to the ordered
! pairs of nonnegative integers (2,m) where 2 = |E(G)|. We shall say that a
pair (2',m') precedes a pair (&,m) if 2'< %, m'<m and (2',m') # (2,m). We }
note that in the set of pairs (%,m) ordered in this way every element has
(at most) a finite number of predecessors.

We choose a particular fixed pair of nonnegative integers (2,m), a finite
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plarar graph G with |E(3)| = 2, and a boundary sequence (v1,...,vn,v) of G,
with n >2, n even, and we take as our induction hypothesis that eg. (13)
nolds for all cases labelled by a pair (£',m') preceding (2%,m) *

" There are two possibilities to be considered: either & is connected or
it is disconnected.

First let C be connected. Since by assumption vy # v we have

£ = |E(G)} > 1. If m=d, then fm(VT,...,vn;le) = fo(v1,...,vn;v|GO) where
G, is the graph defined by V(GO) = v(a), E(GO) = §, i.e. the graph obtained
from G by deleting all its edges. Since (0,0) precedes (£,0) for % -1,
v

0'"1?
fO(VT,...,Vn;VIG) vanishes. Hence we may assume from now on m>1.

...,Vn;leO) vanishes by the induction hypothesis and so

Since £ >1 and G is connected, v s not an isolated vertex of G.
According to Lemma 3(ii) there exists a vertex WEV(G) such that {v,w}€E(G)
and {v1,...,vn,v,w} is a boundary sequence of G (remember that we can assume
n>2 and v, £ v).

We regard fm(v1,...,vn;v[G) as a function of K, Fromeq. (%) together
with the induction hypothesis we find that this function does not depend on

KVw so that we may restrict ourselves to the case that Kvw = 0. But in that

case,

fm(v1,...,vn;v]G) = fm(v1,...,vn;v|G') , (14)

where G' is the graph obtained from G by deleting the edge {v,w} . Since
[2(c")| < |E(G)| the right-hand side of eq. (1k4) vanishes by the induction
hypothesis. This proves the validity of egq. (13) for all cases labelled
(%,m) where the graph G is connected.

Suppose now that G is not connected, and let G' be the component of G
containing v. Let J = {j’vj €v(G'), 1<jsn}and J' = {1,...,n}\J. The
terms of the sum in the right-hand side of eq. (5) with j€J" are zero

tecause (cv )G factorizes into vanishing factors (see properties (A) and

o
v
(). TheJother terms (with j €J) also factorize and we obtain:

jéJ (-1)J (oijV)G'(ov igJ ° o)

i#]

(T)Gn (n o
1EJ!

v.)G"
i

#) This method of induction can easily be reduced to the ordinary method of
inductioa with respect to the number of predecessors of an element. See also

ref. 8.
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wnere G is defined by V(G") = v{(G)\Vvi¢'), E(G") = E(G)\E(G').

If |J| = 0, the sum in (15) is zero, and if |J|, and hence |J'}, is
odd, the second factor of (15) vanishes; in both cases eq. (12) follows
trivially. Let now J = {j1’j2""’Jp} with p>2, p even and
1<

Jp<ds < e <jp_in, and let K = {i|j1 <i <j2} and L = J'\ ¥. TFor all
<
kEX and €L it follows from Lemma 2, aprliel to the boundary sequence

V. X . .} is t 3 .

J1’ vK, VJE, vg), hat Vk 1S no n the same component as Vg Hence
iEJ'Uvi)G" factorizes into two factors, one of which contains only the
spin variables ¢ (k€K). This factor is zero, and hence eq. {12) holds, if

(\

{

(1
. A .k e . ..

|h| = JU—J]—1 1s odd, so0 that we may assume that Jo=dy is odd. Similarly,

we can argue that_jr+1—j can be assumed to be odd for every r (1 ;r‘ip—1).
J jq- . R .
In that case (-1)°F = (-1)91 1(—1)r. Introducing the notation
=v. (1<r<p) ve can write
R TRIELE
dq-1

f(v1,...,vn;v|G) =(=1)

.,up;v|G').

Since (u1,...,u ,v) 1s a subsequence of (v1,...,vn,v) it is a boundary
sequence of G (property (a) of section 3) and also of G' (property (c)).

It follows from eq. (16) that fm(v1,...,vn;v]G) can be expressed
linearly in terms of fm,(u1,...,up;v]G') with m'<m, where G' is connected
and |E(G')] <|E{G)| . Hence, from the induction hypothesis together witn the
above result for connected graphs, we deduce the validity of eg. (13) for
all cases labelled (%,m), and hence of eg. (13) and eq. (12) in all cases. I

In order to prove Theorem A we consider a boundary sequence (V1""’Vn)
of a planar graph G.

The validity of eq. (3) for n odd is an immediate consequence of eq. (Lb)
and property (B). HNow let n be even and n >2. From Lemma 3(i) and property
(b) of section 3 we conclude that also (v1,...,vn,v1) is a boundary seguence
of G. Applying therefore Theorem B, eq. (12), to this case we obtain, using

eq. (5) and dividing out a factor Z (which is non-zero by assumption):

n
I
i=
i#]




This is, for n even, the well-known expansion formula for a Pfaffian of a
triangular array with respect to the elements of its first row 7), from
which eq. (3) can be obtained by iteration. This completes the proof ¢f the

theorem. BB

We remark that, conversely, Theorem B for n even and 2#0 follows
directly from eq. (17), and hence from Theorem A. To show this we apply
eq. (17) to the second factor in the right-hand side of eq. (5). This yields

22(v vi = 1T e (<06 oo o) 1 o, ) (18)
1277 n? 351 k=1 kJ vj v v Ty ’
i#i,k

where ekj = sgn(k=-j) if k#j and € = O Since Ekj is antisymmetric in k and
Jj» and the product of the other factors in the terms on the right-hand side
of eq. (18) is symmetric, the double sum, and “ence f(v1,...,vn;v),
vanishes. The validity of Theorem B for the case Z=0 follows from a
continuity argument.

Eq. (3) shows a formal analogy with certein results of Green and Hurstg)-
These authors showed, on the one hand, that their S-matrix method for
calculating partition functions of a class of lattice models (now called
vertex models) can be applied to planar lattice graphs only if the
coefficients in a certain operator polynomial which generates the high-
temperature series expansion of the partition function satisfy certain
consistency conditions.

Although a general form of these conditions is not explicitly formulated,

the examples given *) show that they are formelly identical to the identities

(3) (ref. 9, p. 163 ff; ref. 10).

On the other hand, Green and Hurst proved that these consistency

conditions are satisfied for "effective" lattice models obtained from an
Ising model on a planar graph by summing over the interior states of certain
“"decorating” subgraphs (ref. 9, p. 214 f£f),

The analogy is not accidental. To see this we observe that in the latter
case the coefficients in the operator polynomial can be interpreted, apart

from a common factor, as correlation functions of the boundary spins of the

*) There are some annoying misprints in ref. 9, e.g. in egs. (4.36), {L4.k40)
and (4.41); ef. egs. (20), (25), (26), and the following three lines of ref.10.
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decorating subgraph, considered as a separate Ising model. However, in the
present work we adopt a different point of view and we employ methods which
are entirely different from those of Green and Hurst.

Firstly, our emphasis is on arbitrary planar graphs and the existence of
correlation-function identities as such and not especially with a view to the
solution of lattice models via a decoration transformation; for a discussion
of the latter problem, see section 5, application 1. Secondly, the proof
of Theorem A is essentially graph-theoretical and more or less self-contained,
whereas the derivation of the analogous result by Green and Hurst requires
the full apparatus of their S-matrix method. Finally, there are a number of

differences of a more technical nature.

Corollaries and some applications.

The identities (3) and (12) have been derived here under the sole
restriction on the coupling parameters Kuv that Z#0; otherwise all coupling
parameters are allowed to assume arbitrary complex values. For the sake of
completeness we also consider the case Z=0. By a simple continuity argument

one deduces from Theorem & the following corollary.

Corollary I. If 2=0, n is even, n>1., and (v1,...,vn) is a boundary

sequence of a finite planar graph G, then

v. V.

Pf D=0, vhereD,.=1(c o ), 1<i<j<n.
ij i V3 Y=

Another extension of Theorem A is to the case of infinite graphs. For
such graphs neither the partition function ncr the unnormalized correlation
functions are defined. Nevertheless, as is well known, one still can in
these cases attach a meaning to normalized correlation functions; this can
be done in various ways. One way is to define a correlation function (GA )G
<0A_)Gn , where the Gn (n=1,2,...)
are finite subgraphs of the infinite graph G and A.CV(Gn) for all n.

as the limit, for n-+=, of the sequence

Theorem A now has the following consequence .

Corollary II. If B is any finite boundary set of an infinite planar graph G,

and (G1, G2,...) & sequence of finite subgraphs of G each one containing the
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set of vertices B, and if for each pair of vertices u, v of B the limit

= lim (o 0 ) exists, then for any ACB the corresponding
> uv'G

(o o )
u v

G
n .
= 1i ists d these functions satisfy the
OA %} mn+m <0A )Gn exlists, an etl N

identities given by eq. (3)-

limit <

Applications.

1. The first application of the identities (3) concerns the gquestion of the
solvability of eight-vertex models by the reduction of such models to
equivalent planar Ising models.

Tt is well known that the partition funciion of the eight-vertex model on
a square-lattice graph is equal to that of an Ising model on a square lattice
with properly chosen two-spin and four-spin intiecractions beiween spins on
each (elementary) square of the lattice (ref. 11, p. 348). Also, the latter
partition function is equal (up to a known factor) to that of an Ising model
on a {not necessarily planar) graph, obtained from the square-lattice graph
by the addition of a set of new vertices and new edges with properly chosen
coupling parameters; in fact, one vertex and four edges suffice (see e.g.
ref. 12).

If the latter graph is planar, the corresponding partition functions can
be evaluated exactly by one of the standard methods. The question arises
whether by considering the most general planar graph one would he able to
solve some hitherto unsolved cases of the general eight-vertex model. A
quesiion equivalent to this, but phrased in the "dual language", can be
considered to have been answered in the negative by Green and Hurst in the
work discussed in the previous section. The same conclusion is reached using
the identities of this paper, as we shall indicate.

Consider a planar graph G decorating a square of the square-lattice graph
and having only the four corner vertices in common with this graph. Eq. (3),
applied in G, considered as a planar graph by itself, to the four spins on
the corner vertices, implies a relation between the two-spin and four-spin
coupling parameters in the equivalent generalized Ising model. If in turn
we translate this relation in terms of the equivalent eight-vertex model, we

obta’n in the usual notation (ref. 11, p. 347)
+ = ;
Wiy * Ly = e+ waug

This is precisely the so-called free-fermion condition. Such a condition

applies to the vertex weights at each vertex of the lattice; hence the
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~ight-vertex model is by definition a free-fermion model (ref. 11, p. L52).

T'"5 model, which was first considered by Fan and Wu as a special case
of th: «lght-vertex model introduced by them 13), was recognized by these
authors to be equivalent (via the high-temperature expansion) to the most
general (planar) lattice model which can, at least in principle, be solved
by the S-matrix method of Green and Hurst.

Hence, the above-mentioned procedure for solving eight-vertex models by
raducing the partition function to that of a planar graph does not lead to
the solution of a new class of eight-vertex models. For vertex models on
other planar lattices the situation is similar.

Conversely, however, one may use the above method to reduce the
calculation of the partition function of certain complicated planar Ising
models to that of simple free-fermion models. For example, it is now a
simple matter to reduce the calculation of the partition function of the
Ising model on the "Union Jack" lattice 14 to that of a homogeneous free-

fermion model on a square lattice.

2. It follows from property (C) that the four spins around a square of the

square-lattice graph form a boundary set, and this can be ordered into a

boundary sequence, (v1, Vos Vs Vh)’ say. Hence the identity (3), applied

to this sequence, expresses the correlation function (o o in

o o)
V1 V2 V3 Vh
terms of the pair correlations for pairs of nearest neighbours and pairs of
diagonal neighbours. The latter are well known for the translation-invariant
square lattice. Similar applications can be made to other planar lattice

graphs.

3. A next application concerns outerplanar graphs. A graph is called
outerplanar if for some embedding all vertices lie in the boundary of one
single face. In the terminology of the present paper these are planar graphs
for which the set of all vertices constitutes a boundary set (cf. property
(e)). It follows from property (a), Corollary 1b and Theorem A, that for
any Ising model on an outerplanar graph all correlation functions can be
expressed as Pfaffians of the pair correlation function.

Examples of outerplanar graphs are: (a) (Cayley) trees, (b) broken n-
wheels (obtained from n-wheels by deleting one edge of the rim), (e¢) poly~
gons with non-crossing diagonals. We now discuss some of these cases in

more detail.




(a) Correlation-function identities for Ising systems on a tree have been
obtained by Falk as mentioned in the intrc luction ). Falk's second
decomposition theorem can be derived from the identities (3) or (17), applied
to a tree,by using the fact that in general a boundary set on a tree can in
more than one way be ordered into a boundary sequence. It is obtained by
applying eq. (17) to each boundary sequence corresponding to a given set of
vertices, and (linearly) combining the resulting identities. Although this
derivation is, of course, not shorter than Falk's, it shows that his
identities are a consequence of (i) the identities (3) of this paper applied
to a tree, and (ii) the above-mentioned fact that a set of vertices of a
tree can be ordered in many different ways into a boundary sequence.
(b} An Ising model on a broken n-wheel is equivalent, via the usual dummy-
spin representation (see, e.g., ref. 15, p. 105) to an open Ising chain of n
spins in a magnetic field. The odd- (even-)order correlation functions of
the latter system are equal to correlation functions of the former system
which contain (do not contain) the spin variable associated with the dummy
vertex. It follows that for an Ising model with arbitrary nearest-neighbour
interactions in a (not necessarily homogeneous) magnetic field the identities
(3) remain valid for n even, whereas for n odd they are replaced by

(6. veo_ 3y =pPrct, (19)

M vn

where ct is the triangular array given by

+

iy (o, (1<j<n),

+ .
C.. .
ij (1<i<j<n)
(c) Another case where Thecrem A can be applied to any set of spins is that
of the open Ising chain with arbitrary nearest- and next-nearest-neighbour

interactions in zero field; it is easily verified that the graph

corresponding to this model is outerplanar.

4. As a last application we consider the conjecture that for ferromagnetic
Ising systems in zero field the (even-order) Ursell functions Usy (defined as
usual) alternate in sign according to the formula

(i ) >0 (e>1),

2=1
(=1) U2
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label the spins. For & = 1,2, and 3 these inequalities are
i7)

where 1

12reralng

known to be valid (cf., e.g., ref. 16). Also, Setd has shown them to

heold for trees for all 2.

It can be shown 18), using the identities (3) of this paper, that the
above inequalities hold, for all &, for the spins on any boundary set B of
any planar {zero-field) Ising model with the property that every pair
correlation in this set B is nonnegative (e.g. for a ferromagnetic model,

according to Griffiths's first inequality). This generalizes Seto's result.

6. Concluding remarks.

The identities derived in this paper differ from other equations for
correlation functions of Ising systems such as the identities derived by
Fisher 19) and generalized by Dekeyser and Rogiers 20) and by Gruber and
Merlini 21), or a hierarchy such as the Kirkwood-Salsburg equations (see,
e.g., ref. 22) in three respects: (1) they are non-linear; (2) they do not
contain the interaction parameters explicitly; (3) they are very special in
that their validity has been established only for planar Ising systems with
pair interactions (counterexamples for nonplanar systems are readily found).

There exists an interesting relationship between our results and some

3) derived for the one-dimensional Glauber model.

results of Bedeaux et al
One of their results is that certain polynomials of time-dependent
correlation functions, called C-functions (which are analogous to the Ursell
functions except for the occurrence of minus signs in their definition),
vanish more rapidly for time going to infinity than the Ursell functions
themselves. Such C-functions can also be defined for the systems considered
in this paper. It is interesting to note that the identities (3), translated
in terms of these C-functions, are equivalent to the statement that all
C-functions of order n >3 vanish identically for boundary sets of the
equilibrium Ising spin system considered in this paper (see also Kawasaki,
ref, 23, p. 467 ff., where this situation is somewhat elucidated).
Throughout this paper we have restricted ourselves to relations between
spin correlation functions on boundary sets. It is possible to extend these

results and derive certain relations between correlation functions for more
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general sets of spins in planar Ising models. This enables one in iurn to

i,

derive relations between odd-spin correlation functions in infinite zlanar
graphs below the critical temperature. For these relations, and for a
connection of the identities derived in this paper with inequalities for

spin correlation functions we refer to subsegqu nt papers (ref. 2L).
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Il. CORRELATION-FUNICTION IDENTITIES AJD INEQUALITIES

*

FOR ISING MODELS WITH PAIR INTERACTIONS

Abstract.

For Ising models with pair interactions in zero magnetic field a class
of linear combinations of products of two correlation functions is studied.
We derive sufficient and necessary conditions under which a function in
this class is (a) zero for all values of the coupling parameters, or (b)
nonnegative for all nonnegative values of the coupling parameters. Examples

of correlation-function identities and inequalities of this type are given.

1. Introduction.

In a recent paper 1), to be referred to as I,it was proved that for a
(zero-field) Ising model on a planar graph the correlation functions for
spins on a so-called boundary set satisfy certain algebraic relations which
are valid for all values of the coupling parameters between the spins. These
relations can all be derived from a set of identities which can be written

in the form

n 5 n
T (=) (oo, )o_ o nm o_ ) =0
j=1 VeV Vi Vyk=1 Yk
where (v,,...,v_) is a sequence of (not necessarily distinct) vertices which
1 n

is a boundary sequence of the planar graph (cf. I eq. (17)).

The left-hand side of the above equation can be considered as a special
case of a function of the type ZBCAXB (UB )G 4 o0y )G , Wwhere G is an
arbitrary graph, A is an arbitrary set of vertices of G, D a subset of A,
the sum is over all subsets of A, and the coefficients AB are independent
of the coupling parameters; the case where all vertices in the boundary

sequence are different then corresponds to the case D=A, i.e. 9%y = UA\B,

3L
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In Lhis paper we derive sufficient and necessary conditions on the
coefficients AB under which a function of this general type for an Ising
model with pair interactions in zero magnetic field is (a) zero for all
values of the coupling parameters, or (p) nonnegative for all nonnegative
values of the coupling parameters, respectively.

In section 2 such conditions are derived for the case D=A on the basis of
an expansion of Lhe Boltzmann factor with respect to the coupling parameters.
They take, respectively, the form of a set of linear equations and a set of

- linear inegqualities for the AB with coefficients 0 and 1. In section 3 the
results are extended to the general case DCA. Section U4 is devoied to an
analysis of some properties of the sets of correlation-function identities
that can be obtained in this way. In section 5 various examples of such
identities are given, among which those derived in I. 1In section 6 we show
that some known correlatjon-function inequalities follow from the general
analysis given in this paper and we derive a new inequality. We end this
paper with a few concluding remarks.

Since the extension of the partition function and the correlation
functions of Ising models to complex values of the coupling parameters is
sometimes useful , we allow for these complex values where possible.

This implies that the partition function may take the value zero, in which

! case the normalized correlation functions are not defined. For this reascn

we shall work almost exclusively with unnormalized correlation functions; the

translation of the results to normalized correlation functions is trivial.

2. Conditions for the existence of certain identities and inegualities for

correlstion functions.

§ f As in I we define a graph to be a pair (V(G), E(G)), where V(G) is a set
: \\ of elements called vertices and E(G) a set of uncrdered pairs {v,v'} of

' distinct vertices, called edges. G is finite if V(G) and E(G) are finite.
\ For definitions used but not defined in this paper the reader is referred to

refs, 1 and 2.
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An Ising model on a finite graph G is defined as a triple (G, /, K), where

L.

4 is the set of all functions o: V(G) » {-1,1} (called configurations) and
K a complex function on E(G) (called the irteraction function). The spin
variable 0_ 1s the value of ¢ at the vertex v, the coupling parameter K, is
the value of K at ihe edge e. The set of all interaction functlons will be
denoted vy A7, Lhae set of all L& such that K 20 (zce> 7) for all ee E(G)
oy F (.717+)', an Ising model (G,#, &) with KEF(F) is called ferromagnetic
(strietly ferromagnetic).

For any sc¢t ACV(G) we define

g, = 0 o3
A vEA v

for A = § we have 9 = 1. For any edge 2 = {v,v'} and any .ot.XC2(G) we

define
e
= ‘
o 9,9, (2)
X e
o= 1 o . (3)
eeX

The Hamiltoniaa of an Ising model (G, ., K) is defined by
e
H (G) = - E L0, (h) {
G.K e€R(G) © i
the unnormalized and normalized (spin) correlation functioms (GA)G K and ,
> .~

respectively, for any set ACV(G) by

06k .
-H,  {g) I
G,K |
(0,0 = ] o 72 5
LRI S g o |
5
90G,K A'G,K i

where 7, the canonical partition function, 1s defined bty Z = (i)G,K. ror
brevity, we shall often-suppress the index K, and, where no confusion can .
arise, the index G as well. We have taken 3=1.

Since the Hamiltonian is quadratic in the U, the correlation function
(GA)G,K vanishes if |A| is odd. Therefore, we shall 'ilenceforth consider
only correlation functions (OA)G,K for even sets A, 1i.e. for sets with |A] :
even.

We now consider an arbitrary even set ACV(G). Let ) = {AB}SCA be a set
of complex numbers defined for all even sets BCA, with the restrictinn

=2 for all B. YWe introduce the following quadratic ccmbination of

A A\B

B
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unnormaglized corrslation functions:

o

e
N Eél\ AB("B)G,};(GA\B)G,K ’

where the sum is over all even sets BCA. For converience,

—
[enN

A

a function of the

type (<) will te referred to as a A-function. We shall now derive &

condition for A under which a A-function satisllcc the cquation AA(G,K) =0

Tor all KE A (to Le referred Lo as a A-’dentity), and a conditgon for X
under which it satisfies the incgquality AA(G,K)z_O Tor all ¥ 2% (to be
referred to as a A-inequality).

We firsti consider an arbitrary product of two unnormalized correclation

functions (o) (OC)” with By, CCV(1), BNC = ¢, If we exrand the Boltzmann
T

I’
facturs in this product with the ald of the elementary rclation
. e

Ko

e

Q- =c¢c + s 0
e e

© (7)

4 we ottain

where e 1s au arbitrary edge, ¢, = coshil_and 5 = sinht

o?
e
)

8)elogle = fegloglg + s loga)gibe (o) + Se(ocoe)c'} >

OB)G' etc. are correlation functi.us of the Ising model (G',7, K') .

where ( s
ovtained from (G, ¢, K) by deleting e from G and restricting X to Z(G)\e

(which is cquivalent to putting ¥_ = 0 in H_ y(s) ).
e (S99
Using Ci = 1+s§ we rewrite eq. (8) as

Jolog)g = (oplgilogls, + Cese{(oaoe)o'(ac)c' * (OB>G'<OCGE>G‘} *

(o3)g

2 e e
¢ (
+ se“GB)G‘(JC)G' + og0 )G'(Oco )G'} :

We now repeat tinis process for all other edges of G. To write the result )

in a compacti form we associate with each t=rm in the resulting expression a

' function ,
' 8 : E(G) » {0,1,2} , (9)
| wherz 6_ = 0,1,2 labels the first, second and third term in the right-hand f
side of eq. (8')s respectively, and the edge sets Ly = {eeEE(G)jee =1} and :
My = {e €L‘(G)|8e = 2} . The set of all functions 0 is denoted by 6 . We
further define
gle) = 1 g {8), {10)
ecu(z) © €
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X LeY MG

in which GQS is the graph defined by V(GJ) = V(G),

The result of applying eq. (7) to all edges of 5 is

(o) (o). = 7 ale)r (B,C)
B'G*"C’G beo 8
A convenient way to characlerize the various terms in ]“e(B,C) is the
following. We define for each § a graph G9 by V(Ge) = v(G), E(Ge) = LGU I'Ie;
i.e. Ge
pair of sets XCLF}’ YCMe we define a function

is obtained from G by deleting all edges e with ee = 0. For each

) >~ 2. %x2Z

¢ 2 E(G, 2 ¥4

where 22 is the field of integers modulo 2, by

if e€X
if eELa\X
if e€Y
if eEMe\Y

Conversely, every functicn of the type (13) with the property

=1 1f eeLe
if eeMe

defines two sets XCLe, YCMe, and hence a term in I‘e(B,C) s by

X {eELe[¢e = (1,0)} ,
(16)
[eeM

olog = (1,1}

We remark that in the terminology of algebraic graph theory ¢ is a l1-chain

of Gy over Z,x Z, (ef. ref. 3).
Let us now analyse the various terms of [, {B,C). Since (0,)., =2ZI o
8 A GQ) g A

and )20 =t10v = 0, we have

(cA)qu IV(GHSA,Q for all ACV(G). (17)




Hence, the only nonvanishing terms in the right-hand side of eg. (11) are
those for.which
XY
oo =

LoV\X Y _
og =04, 0.0 o =0 (18)

g
The first cendition requires that every vertex in B is incident with an odd
number of edges of X VY and every vertex in V(G)\B with an even number of
edges of X UY; the second condition is analogous.
These conditions can easily be translated into a condition on the
function ¢ if we introduce the functions 3¢: V(G)~»Z_ x Z2 defined by
2
(3¢), = 1 o, > (19)
e inc v
where the sum {taken in 2, xZ,) is over all edges in Gy incident with the
vertex v, and x(B,C) : V(G) » Z, xZ, defined by
(1,0) if veB
XV(B,C) = (0,1) if vecC (20)
(0,0) if vgBuC
3¢ and X{B,C) are O-chains of Ge over 22 XZE’ 3¢ is called the boundary of ¢.

In terms of these functions, eq. (18) can be written as
3¢ = x(B,C) . (21)

The set of all functions ¢ which.for a given choice of 8, Band C (BNC = ¢),
satisfy eqs. (15) and (21) will be denoted by ¢B(B,C). Since every non-

ol
vanishing term in the right-hand side of eq. (11) is equal to 2“|V(G)I we

have

_ 2|vie)]
re(B,C) =2 |¢e(B,C)[ .

We now proceed to derive a few properties of the sets ¢e(B,C).
We call a set S of edges of a graph G a (generalized) cycle of G if each
vertex of G is incident with an even number of edges of S. The total number

of cycles of Ge, including the empty cycle #, will be denoted by Yo

Lemma 1. If, for 6€ 0 and for disjoint sets B, C CV(G), ¢e(B,C) is not
empty, then |¢e(B,C)| = Yq-

Proof. Let ¢e¢e(B,C), SCE(Ge), and define ¢' = ¢+y, where




"(1,1) if ees
(23)

(0,0) if egs
Tren it is easily verified that ¢'€ ¢e(B,C) if and only if S is a cycle of
G *). Since this establishes a one-to-one corresponderce between the

e
functions ¢' in ¢e(B,C) and the cycles S of GO, the lemma follows. [ ]

For any graph G and any set ACV(G) let n(A,G) denote the partition of
A induced by G, 1i.e. the partition in which two vertices of A are in tne
same block if and only if they are in the same connected component of G. 1If

H is a spanning subgraph of %, i.e. if V{H#) = v(G), E(E)CHE(G), the

partition w(A,H) is a refinement of w(A,G), i.e.,the tlocks of n(A,H) are sub-
sets of those of n(A,G). If H is a subgraph of G such that w(A,H) = @(A,G)
and no proper subgraph of H has this property, we call H a skeleton graph
associated with the partition n(A,%). Evidently, a skeleton graph is a
forest, 1i.e., it contains no circuits. It is easily seen inat for each
partition n(A,G) with A#@ there is at least one skeleton graph.

The set of all partitions of A will be denoted by EA, the set of all

even partitions of A (i.e. partitions of A into evern subsets) by ﬂe, and

the set of all even partitions of A induced by spanning sutgraphs of G by

e

My(G). Ovviously, Ty = n; = n;(c) = g.

A

Lemma 2. If, for 6€0 and for disjoint sets B,C CV(G), <I>6(B,C) is not

ermpty, then m(B,G.) and v(C,Ge) are even partitions.

8

Proof: Let H be any connected component of G

CNV{H). Consider a function ¢ €9

0’ BH = BNV(H), and CH =
e(B,C). By eq. (21) we have

Poolem, = 1 x (Bch= ] (1,00 + ) (0,1) .
vEV(H) vev(g) ¥ vEB, vec,

On the other hand, we have, by the definition of 3¢ ,

3)
. 2]
number of independent cycle vectors (the cycle rank or cyclomatic number) of

G .
QC('G). It is well known that c¢(G) =

%) If 5 is a cycle of Ge, ¢ is a cycle vector of & If we denote the

a graph G by c(G), we have Yo =

|E(G)| - [V(G)| + number of connected components of G.




) (3g), = } J o4, =1(0,0),
v ET(H) vEVY(H) eincv
since every =dge in H 1s counted twice in the double sum. It follows that

IBHl and ICH] are even. Since H is arbitrary, the lemma follows. @i}

Lemma 3. If, for 6€0 and for disjoint sets B, C CVY(G),

empty and (3, GO) is an even partition, then %(B,C) i

Proof. Suppose that d>e(¢, BUC) ls not empty and that n(B, ’Je) is an evern
partition.

Consider a skeleton graph H associaled with n(E, Ge). The set E(H) is
the disjoint union of two uniquely determined sets E1 and £, with the
property that if an edge e€E, (eGEE) is deleted from H the connected
comporent of ¥ contalning e breaks up into two components, each one
containing an odd (even) number of vertices of B. FEach vertex in B is

incident with an odd number of edges of E each vertex in V(H)\B is

-I,
incident with an even number of edges of El' We now delete the edges of E2
from H; in the resulting graph H' the vertices of B are the only vertices

of odd valency.
For vEB we have Xv(¢’ BuUC) = (0,1), XV(B,C) = (1,0) and hernce
X, (BsC) = x (@, BUC) + (1,1).
Consider a function ¢ € %(Q), BUC). We define a function
1. -
[ E(Ge) Zg X22 by
v = - =
R ¢e+(1,1)1fe E

'
%e = ¢
Ovviously ¢' satisfies eq. (15); by the above mentioned property of H' it

also satisfies eq. (21). Hence ¢'€ ¢6(B,C), which proves the lemma. {§§§

Let, for ACV(G) and NGT{Z(G), O"(A) denote the set of all functions
8 €0 such that n(A,Ge) = n and 4»0(\2),_/\) is not empty.

Lemma L. For any ACV(G), and any TTEHK(G), O"(A) is not empty.

Proof. 1If HE(G) is empty, the lemma is trivial, so let n:(c) be non-

empty, and m€ n:(c). Then, by the definition of I1°(G), there is a

A




spanning subgraph G' of G such that w(A,G') = n. Let H be a skeleton graph
agsociated with n(A,G'), and E, and E, the corresponding edge sets defined
in the proof of Lemma 3.
We now define for each e €E(G)
1 U

0 if e¢E UE,

1 1if eEE1

2 if eEE2 R

and for each eEE1 UE2

J(O,U if e€E,
¢, = (25)
- {(o,o) if e€E, .

The functions 6 : E(G) + {0,1,2} and ¢ : E(Ge) > Z2><Z2 thus defined have
the following properties: (a) since Ge = H, we have ﬂ(A,Ge) = n(A,H) =
m(A,G') = m; (b) by its definition, ¢ satisfies eq. (15); (c) since the
vertices of A are the only vertices of Ge = H incident with an odd number of
edges of E‘I (cf. the proof of Lemma 3), ¢ satisfies eq. (21) with B = ¢,

C = A. It follows from (b) and (c) that ¢€®e(¢,A), i.e. q>e(¢,A) is not
empty, and from this fact together with (a) that e€o"(a), which proves

the lerma. @

It follows from Lemmas 1, 2 and 3 that

0 otherwise.

| / |<I>e(¢, BUC)| if ﬂ(B,Ge) is an even partition
) = {

From egs. (12}, (22) and (26) we conclude that

22]\/(0)[

(aglglog)s = voe(8) Y n (B), (27)

Enez (G) I Ez (BUC)
m BUC Le Oﬂ

where for any set BCA and any partition ﬂEHA

1 if the number of elements of B in every block of 7 is even
n,(B) =
0 otherwise.
We observe that the factor in front of nﬂ(B) in eq. (27) depends only on
BUC, not on B and C separately. This implies that the function I\A(G,K)

introduced in eq. (6) can be written in the form

42




) ) 21 £(8) i 7
TE€TS(C) (€6 (a) 8 BCA

We now have the following two theorems:

Theorem 1. If A is an even set of vertices of a finite graph G, and
e
{)‘B}BCA

AB = AA\B

a set of complex numbers defined for all even sets BCA, with
for all B, then

e
BCXA )‘B(UB)G(UA\B)G =0 (29)

for every Ising model on G if and only if

BCA

e

A(G).

for every partition m€1

Proof. If eq. {30) holds for all m€N°(G), then by eq. (28), A, (G,K)

A A(
vanishes (i.e., eq. (29) holds) for all K€ AI Conversely, suppose that

AA(G,K) vanishes for all K€ X. Let 7 be an arbitrary element of HZ(G), H
a skeleton graph associated with m, E, and E, the edg? sets and 8 and ¢ the

associated functions defined in the ploofs o% Lemmas 3 and L. It was shown in
these proofs that  and ¢ satisfy egs. (15) and (21). On the other hand,
if ¢' is a function on E(H) satisfying eq. (21), the set of edges e with

¢é # ¢, must be a cycle of H. Since the only cycle of H is the empty cycle,
we have ¢' = ¢, i.e., ¢ is the only function with domain E(H) which
satisfies eq. (21). Eg. (15) then shows that the function 6 defined by eq.
(24) is the only element of 0, (A) such that 8, = 0 for e€E(G)\E(H), 1i.e.

if 6'€ ON(A) and 8' # 0 then 0, # 0 for some e€ E(G)\E(H).

Let now KO be a positive real constant and K the function on E(G)

defined by

K, =K, for e€ E(H)

K, =0 fore€ E(G)\E(H).

By eg. (10) we have in this case
IE1] g2y 12l
g(8) = (eps,) (sg) )

where ¢ cosh K s. = sinh KO. On the other hand, we have y_=1,

0 0° 0 ]




any other function 6! Elﬁn(A), g(0') contains at least one factor es, or sg
for e €E(G)\E(H), and hencs vanishes. The same applies to any other

8'€ 0 such that E(G )\E(Ge) # ¢, in particular to any 6'E€ Oﬂ,(A) where

e'
7' is not a refinement of 7.

Consider now a partition m'€ HE(G) wiere 1'(#1) 13 & refinement of n,
and a function 8'€ @_”,(A) such that E(Ge,)CH(Ge). From the definition of

the set E1 and the fact thal =©' is even 1%t follows trat 0' is cbiaincd from

8 by replacing the value 2 by the value O for ones or more properly chosen
edges of E,. Hence,
2

I, | |E,|-r
g2y 2

g(8') = (c.s.) s

o0 o with r > 1. (3

—2|V(G)|( )-IE

It follows that 2 1|/\A(G,I-£) is a polynomial in s;:) of degree

%0
|[E,t, in which the coefficient of the term of highest degree is
-2

Thca nﬂ(B))\B.

Since /\A(G,K) = 0 for all values of the constant KO’ we must have

e
TEn_(B)A, = 0,
BCA b1 B

which completes the proof of the theorem.

Theorem 2. If A is an even set of vertices of a finite graph G, and

“B}IEBCA a set of real numbers defined for all even sets BCA, with AB = AA\B

for e11 B, then
e
15 (o) (o,\)n 2 0
G -_—
A BB A\B’G

for every ferromagnetic Ising model on G if and only if

BCA

for every partition m GHE(G)-

Proof. For K€ 7 we have g(6) > O for all 6€ 0, Therefore, if eq. (35)
holds for all ﬂGHz(G), then, by eq. (28), I\A(G,K) is nonnegative (i.e.,
eq. (34) holds) for all KEF . Conversely, suppose AA(G,K) > 0 for ell
e
(

K E€F. Let m be an arbitrary element of n, G). Following the lines of the

pron of Theorem 1 we construct an interaction function K€ F for which
-2|v(a
2

)I(COSO)—IE”AA(G,K) is a polynomial in sg. Since this polynomial

is assumed to be nonnegative for all nonnegative values of KO’ the

Lk




coefficient of the term of highest degree must be positive, 1i.e.
@
BCA

which completes the proof of the theorem. §§

nn(B))-B 2 0

Corollary. If A is an even set of vertices of a finite graph G,

{AB}ZCA a sel as defined in Theorem 2, then

e

1T A (o) (G,0n), > O (36)
RCA B B'G TA\B'G

for every strictly ferromagnetic Ising model on G if and only if eq. (35)

holds for all n € ﬂ:(G) and in addition

(B, > 0 (31)
BgA ki B

for at leuzst one TE H:(G).

Proof. The corollary follows immediately from Theorems 1 and 2 together with

the fact that AA(G,K) is an (entire) analytic function of all coupling

prarameters. .

Generalization of Theorems 1 and 2.

Theorems 1 and 2 can be extended to identities and inequalities for
correlation functions on a vertex set A in which the products (OB)(UC) refer
to subsets B and C of A which satisfy the condition that their symmetric
difference (to be denoted by BC) is a given set DCA; the case discussed
thus far, where B and C are disjoint and their union is A, corresponds to
the choice D=A.

It is possible to derive these generalizations by a proper extension of
the analysis of the preceeding section. However, for reasons of
transparency, and in order to show that the general case is, in a certain
sense, already included in the special case D=A, we shall present another
derivation, starting from the results of section 2.

Let A be a (not necessarily even) subset of a graph G, and D an even

subset of A. By Hn(D) we denote the set of all partitions of A in which the
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number of vertices of D in each block is even, and by HA(D,G) the set of

those partitions in HA(D) that are induced by spanning subgraphs of G.

Theorem 1*. IfAis an arbitrary set of vertices of a finite graph G, D an
even subset of A, and {AB}ECA a set of complex numbers defined for all even

sets BCA, with AB = A, for all B, then

BD

e

7€ (o) (0. ) =0 (38)
a2 B'G'"BD’'G

for every Ising model on G if and only if

for all partitions m€ HA(D,G).

Proof. Let Q = A\D, and Q' a set of vertices not in V(G) which are in a
one-to-one correspondence with the vertices of Q3 the vertex in Q'
corresponding to vEQ will be denoted by v'. Let ¢* ve the graph defined by
v(6*) = v(g)uaQ', E(GY) = E(G)Ul{v,v'}|vEQ} , and let A¥ = AUQ'. We
extend the interaction function K to a function K. on E(G*) by defining

K = K, if e€E(G)

K

e
o
e

K, > 0 if e€ E(G™)VE(G)

It is readily verified that for any set of complex numbers {AB}ECA we have,

Béz Aplog)gw, oe(0pm\pglgw ou = (b cosh Ky sinh Ko),QlBg: 2809806,k (e g x-
(Lo)

It follows that the sum in the right-hand side of eq. (40) vanishes if and
only if the left-hand side is zero, i.e., by Theorem 1, if and only if
Z;CAn“*(B)AB = 0 for every e Hz*(G*); strictly speaking this regquires the
symmetrization of the set {XB]ECA with respect to NS

Consider a partition n¥e HZ*(G*). Since . is an even partition no
vertex v'€ Q' can form a block by itself. Therefore every vertex v'€ Q' is
in the same block as the corresponding vertex v€ Q; hence, the number of
elements of D in every block is even. Let now 7 be the partition of A
obtained from ¥ by deleting all vertices of Q'. Obviously, TE HA(D,G).
Conversely, every m€ HA(D,G) can be supplemented to a partition n*iiﬂz,(G*)
by putting each vertex v'€ Q' into the same block as the corresponding

vertex v€Q, and hence the theorem follows.

L6




The corresponding generalization of Theorem 2 (to be referred to as
Theoren 2*) is obvious and will not be discussed explicitly. Eq. (38) and
the analogous generalization of eq. (3L) will again be called a A-identity
and a A-inequality, respectively.

Theorems 1° and 2% remain valid if the unnormalized correlation functions
are replaced by the corresponding normalized correlation functions, provided
we restrict ourselves to Ising models with Z#0; in Theorem 2* this
condition is always satisfied. The resulting identities and inequalities
remain valid if for some cdge e = {u,v} we take the limit Keﬂ-m, il.e. if
the edge e is contracted and the spin variables 9y and o, are identified.

Using eqs. {28) and (49) and the relations

ag (1) dg (2)
=1+ zge(e), —_— zge(1) ,
BKe BKe
we also find that taking the derivative with respect to any coupling
parameter K (e €E(G)) in a A-identity (A-inequality) results in a A-identity
(A-inequality). For A-inequalities this implies, in the terminology cof

Newman 5), that they apply strongly.

L. Some properties of sets of A-identities.

It follows from Theorem 1 that for a given graph G and a given set
ACV(G) the number of linearly independent A-identities, with D=A, for
spin correlation functions on A, to be denoted by LA(G)’ is equal to the
number of linearly independent solutions of the set of linear equations (30).
The latter number depends on G and A only through the set of partitions
- A
conditions on A, the smaller the number of linearly independent solutions of

Hz(G). In general, the larger the set II,(G), and hence the number of

eq. (30), and hence LA(G)' In particular, we have the following theorem.
Theorem 3. If G and G' are finite graphs, and A is an even subset of V(G)
and V(G'), then

(i) 1,(6) =0 if ni(c) (41a)

(i) L (6") < 1,(6) if 1y (G) " (k1b)

iii) 1,(6) = AL nse) = ¢ . (41c)

b7
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Proof. (i) If Hi(G)=H§, eq. (30) is required to hold for all even partitions

m of A. We shall show that already the set of equations obtaired by

.

restricting m to the partitions of A into one or two even subsets has no
nontrivial solution.

It Pn and A\PTT are the subsets into which A is partitioned by w(where for
convenience a one-block partition is considered as a partition of A into &

end A), then for any even set BCA

1 if |BFWP“[ is even

n (B) =
0 if IBﬁPﬂ| is odd ,
i.e.,
BNP
n (8) = 31+ (<)IB0Faly

The set of eqs. (30), with the restriction imposed on m, can therefore be

written as

n
© (e (-1 <o (42)
BCA
for all even PCA; observe that the equations with P and A\P are identical.
"n
Multiplying eq. (L2) with (—1)|B PI, with B'CA, |B'| even, summing over

P and using the relation

! e lunp| _ _|a]-1
] PEA (-1) =2 (6U,¢ + sU’A)

for U=B' and U=BB', we obtain

Al-1 e
2' (03 A )60, 4+ 6, ) + (A, +2,,)]1=0

BCA B 'B',0 B',A B A\B
It follows that AB' + AA\B' = 0 for all even sets B' CA. Since we have
taken AB' = AA\B" it follows that XB' = 0 for all even sets B'C A. Hence,
L,(G) = o.

(ii) 1If HZ(G)CHZ(

(proper or improper) subset of that of G', and hence the set of identities

G'), the set of linear egs. (30) for the graph G is a

of the type (29) valid in G' is a subset of the set of identities valid in
i ! G. Statement (ii) follows.

(iii) 1f HE(G) = ¢ there are no linear equations for the coefficients
(except the condition AB|=IXA\B for all B), and we have LA(G) =
3{{B]|Bca, |B] even H =2 Al=2 The simplest set of independent identities

. . - €
then consists of the equations (UB)G(UA\B)G 0 for all K€ &

L8

¥

ey




i

(BCA, |B| even), the validity of which is crivial. a

.

Examples of the three cases considered in Theorem 3 are:
(i) G is a complete graph, i.e. G=(V,E_},¥itn Ec={{‘fn"'}["" vIEV, vET')
(ii) G is a spanning subgraph of &'
(iii) G is an empty graph, i.e. G = (V,@).

If ¢ = (V,E) with E # E, there is at least one set ACV for which
LA(G) >0, viz. A=V, This 1s expressed in the following lemma.
Lemma 5. If G = (V,E) with E = Eg\ e (eEEC) we have the following identity

|B ﬂ{v1,v2}]

Joen (5,)6(onp)g = O (43)

where v, and v, are the vertices incident with e.

1

Proof. The equations (30) read in this case

|Bﬂ{v sV,
1772
e n, (B)(-1 =
Bcv
or
§e n ({v ,v,}UR) - je n ({v,}UR) = 0 (44)
P.Cv” RCV"
where V" = V\{v],vg},and Z;CV" denotes summation over all odd subsets of V",

Consider first a partition m in which v, and v, are in the same block.
By the structure of G, pertitions in which v, and v, form a block by them—
selves are not contained in 1'[3(0). Therefore, if we denote the blocks of 7 by
U1,U2,...,Ur (where U, is the block containing v, and vg), U_lﬂV" is not
empty. The first sum on the left-hand side of (Lk) is equal to the number of
even sets RCV" such that |RnUi| is even for 1<i<r, the second sum is
equal to the number of odd sets RCV" such that |RN Ui| is even for 2<i<r
and odd for i=1, Since U, NV'" is not empty, the number of even subsets of
U, NV" equals the number of odd subsets. Hence, the two sums in the left-
hand side of (Lk4) cancel. A similar argument applies to partitions in which
v, and v, are in different blocks. (i

The generalization of Theorem 3 to the case that A is an arbitrary

vertex set of G and D an even subset of A is straightforward.

Lo




Fxamples of A-identities.

1) As a first example we discuss in detail the case |A| = b, D=A. Le:
A= {v1,v2,v3,vh} . We have, with Aij = A{i,j} and o, = O;i s
hy(7,K) = Qlkg(T)(010203ab) + A12(G102)(630b) +
* Ayglogog)(o o)) + Ay loqoyHogan) ] (Ls)

The set H:(G) is a subset of the set Rz = {n.|0< i< 3} where, in an obvious

notation,

n.o= (1234, w,o= (12|3h4), v2=(13]9h), v = (14]23). If we define:

0 1 3
k. (n) =3 1% A (B) (16)
A BéA B'n ’
wve find,

kA(nO) =gt At gt Ay s (L7a)

kA(v1) = xa + A12 . (LTb)

kA(“g) =25t A, s (47c)
{ - i

kAUrB) =g+ . (L7d) !

a) If HZ(G) = Hz, then according to Theorem 3 there are no A-identities for

A, as can easily be checked by putting all k (r.), O <i<3, equal to

Al
zero. As remarked above, this case is realized e.g. if G is a complete graph, |

with A CV(G).
b) We now consider the cases where |HX(G)| = 3. One easily verifies that

the only possibilities are HE(G) = Hi\{wi} with 1<i<3, since m, is in
H:(G) whanever two of the three partitions L (1<1i<3) are in ﬂe(G). Without

A
lack of zeneralily we assume HZ(G) = {ﬂo,ﬂ1,ﬂ3} « The condition for the

existence of an identity now consists of the equations kA(ni) = 0 (i=0,1,3),

which have as the only solution A¢ = =i = A13 = —A1h. The resulting

12
identity reads

(?)(cTcecBUu) - (0102)(°30h) + (01G3)(°20h) - (°1Gh)(G2°3) =0 . (48)

The grapts G for which this identity holds are characterized by the fact

that the partition m_, of the set A is not induced by any spanning subgraph of

2
G. This implies that every chain bstween v, and V3 separates vy from V),




;
)
(i.e. has a vertex in comron with every chain tetween v, and vh)' %
The identity (48) is a2 special case of a general class of identities
whicn formed the subject of I, and to which we shall return later on in
this section (example k).
¢} Consider now the cases where ’H;(G)l = 2. The only possitility is that
where HE(G) = {no,wi} for some i (1<i<3). Suppos: i=1. From the
. = Vo= i = - = =) nd t
equations RA(nO) = kA("1’ 0 we find A¢ Ao A13 A,y» and hence
1 - - =
rg[(1)(0,05050)) (0,0, (050,01 + X 51(0,05)(0,0),) - (0,0))(0,05)]
(L9}
for any A¢ and X13. This implies
(1)(0,0,0,0,) = (0,0 ){0.0,)
172737k 172 IR
3 3 (50)
\ -
(0103)(020h, (c1ah)(0203).
This case applies when G contains a vertex v (cut vertex or articulation
vertex) which separates vy and vy from v3 and v, (i.e., which is contained
in every chain between vy and vy etc.); v need not be distinet from ViaVos
¥4 OF V. This can be shown by intrcducing twe new vertices u and u', and .
four new edges (u,v1}, {u,vg}, {u',vg}, {u',vh} and applying Menger's !
theorem to the vertices u and u' (cf. ref. 2, p. 129). !
The relations (50) are trivial in that they follow directly from the
factorization of correlation functions in a graph with a cut vertex.
e . ey o e _ .
da) If IHA(G)[ = 1 we have either HA(G, {rg} 5 or HA(G) {r;} with
i=1,2 or 3; suppose i=1. In both cases there are three lirearly independent
A-identities. In the former case we find
= = . = . 1
(1)(016203%) (0102)(03%) ((’1(’3)((’2%) (G1Gh)(czc3)’ (51)
this case applies when G contains a cut vertex v (not necessarily distinct
from VisVpsVs OF Vh) which separates every v, from every vs (1<i,j<h,i#3).
If w, is the only partition in HZ(G), we find
i
(1)(0,0,0.0,) = (0,0,){(0.0y)
172 L 172 h iy
3 3 (52)
(0y05)(0,0),) = (01%)(0203) =0
Here, G is not connected, v, and v, are in one component and V3 and vy, in
another one.
e) The case where ﬂi(G) is empty, has been dealt with in Theorem 3.
¢ 51

| YRR -
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Wz next consider the case A = {v1,v2,v3,vh}, ID| =2, e.g. D = {v1,V2L

D,5) is a subset of the set {(123k), (123|Lk), (124]3), (12]3L),

Again, if HA(D,G) contains all “hese partitions, thers are ro
A-identitizs. In contrast with example 1, the deletion of one partition
from thls maxirmm set does not necessarily lead to a A-identity. If, 2.g.»
the partition (124]3) is missing (which is the case if vy ceparates v, and
v, frem v, ), onc ~asily sees thal <he ogs. (37) have ne non-trivial

2 i
solution.
We discuss only one case in which identitios do cecur, viz. tnat wherc

vy Suparales v, from v. and v). Iu that case, HA(D,G) = {{1.3hy, (123]8)3.
There are Lwo conditions on the four Independent coefficinnts Xb, and we

find the following identities,

(1){oy0,) = (9,0,)(0,0,) > (53)
(040,05 7,0 = (559, )(0,0,0.5,),

walch alsc follow, of course, from the factorization property mentioned
avove.

3) We new turn to the case [a| =6, D=A, If A = {vil 1<1<4}, then

o)

6
A (3,K) = E{Ag(T)(G1G:d3GhOSG6) + % 1..(c€dj)(0idjoA)} . (5L4)

We give one example of a A-identity which can occur in this case, viz. that

we

with

AMaS A T A 16 -

The corresponding numbers kA(ﬂ) are non-zero only for the partitions

n, = (12]2456), = (13]2k]| 58y, m, = {13]25]46) and wd_=(13|26[h5). Hence,
the corresponding A~identity holds if these partitions are not in Hz(G).

This can cccur in various ways, of which we mention the following ones.

a) G is the graph obtained from the complete graph K6 by deleting the edge
(v1,v3}, and A = V(G). This case has been dealt with in Lemma 5.

b) 5 is a planar graph and the sequence (v1,v2,v3,vh,v5,v6) is a boundary
sequence of 5. A boundary sequence of a planar graph G is a sequence of

(not reccssarily distinct) vertices (u1,...,un) of G such that the graph G'

-

ey — .

e 4 - o

e




= v{G) U{‘.'/O,‘.A:_]
{ui,wi}, {w. v,
I

i
proven in I that

<

tetween v, and u, separases u, from w3 furthermere, avery
3
sulsequonce of a boundary seguence is a boundary sequence. Arplying thsse

properties to 1he sequences (v1,v\,v,,vi) (1=4,5,0) we soe thal ndeed

3

dos not centain the partitions w_, @ moand ﬂl'
v e .

Tiis examplc can be generallized, o.g. in the folloving

s £

(V1,v\,v3,vh,w{,v5,v6,w;) e a boundary sejuznce of a planar grarh G

-l,
arbitrary grapn such that T(G1)f7V(G,) = {V(,V(,w;,V'} s WG= 3 VG,
. SO _

‘

the union of 5y and G,. A chain Letwzen v, and vy which do2s Lot contaln

th: vertlces v 3V sV sV is either a chaln i '] or it wuntnlinz
4

i

and hence ) } y 3 v from vy
in the laite contains a chain between w; 3
e, . . .
V) from v.,, v byl i In boiln cases HA(Q} does not contaln ihe
« p) i e

m m_oand

T
a’ b’ ¢

4) As a final example of A-identities we now give an &
of ihe main result of I mantioned in the introduction,

- . N . * N
planar graph and (v ,...,vn) a boundary seguence of G. 3By Theoreom 1, the

1
A-identity

{55)

holds if and only if
g . Do n p
-n (8} + 'z (-1) wﬂ({11,vj}z =C {5¢)

P

for all partitions m €0, (D,53), with 4 the set of all vertices occurring in

A
the boundary sequence and D the set of vertices occurring an cdd number of
v, ceas V.

i ) ; Cde? T i

(1 <J1 <. <Jm_:n, m odd) be the vertices which are in the same block of

times. Let 7 be such a partition and let v'j .
1

™ as v,. Obviously, using the fact that n“(w) = 1, eq. {56) reduces to

J
(-1} T =0, (57)
r=0

where jO =1. Since for any r every chain between vj and Vj : separates all
r r+

] with jr< i-i,jr+1 from all other vertices of the boundary sequence, the




set {vi]jr <i <jr+1} must be a union of blocks of 7, and hence even. There-
fore, (—1)Jr = (_1)r-1’ which proves the validity of eqg. {56), and hence

of eq. (55).

6. Examples of A-inegualities.

. R R . . L .
1) First consider the first GKS inejuality ) restricted to ferro-
magnetic Ising models on a graph, 1i.e. with pair interactions, which we

write in the form

20 (58)

Since nﬂ(¢) =1 for all 7 Gﬂz, eq. (58) follows from Theorem 2.

. . R i . .
2) The second GKS inequality ) for ferromagnetic Ising models reads
(O(b'(OBUC) - (GB)(UC) >0 (59)

for arbitrary sets B, CCV(G). The validity of this inequality in the case
of pair interactions follows from the fact that nﬂ(@) = 1 and nn(B) =0 or 1,

and hence nﬂ(Q) - n“(B) > 0, for all WEEHBJC (BC,G).

3) We next turn to a set of inequalities recently derived by Newman for
ferromagnetic Ising models with pair interactiong 5). Let A be an even
subset of a graph G and X, a collection of even subsets of A such that every
partition of A into pairs is a refinement of some two-block partition

(BJA\B) of A with BEX,. Newman's inequality reads

{og)(o)\5)

By Theorem 2, it is sufficient to prove that

n(g)=1< J n(B) foral nEHX(G) . (61)

m
BEXA

Consider any Trenz(G) and let 7' be a partition of A into pairs which is a
refinement of m. Since, by definition, there is at least one B€EXA such

that ' is a refinement of (B|A\B)every block of 7' contains 2 or O elements

sk




of B. Hence n“,(B) = 1, and therefore n_(3) = 1. Since n (B') 20 for all
other B'€ XA, the inequality (59) holds.

Our general formalism, applied to this particular case, resembles the

o)

derivation of eq. (60) given by Sylvester

4) Finally we derive a rew A-inequality for the case |A| = 6,

namely:

6
(1)(a,) + (0,0.)0,0.0,) < (6.0.)(0.0.0,)
% 522 1] 173°A i?§=2 1) 1 J A
i<j

By Theorem 2 it is sufficient to show that for all ﬂEEHZ
6
”n({“1’vj)) < 1 n“({vi,vj}) . (63)

i,j=2
i<

6
L

j=2
If = = (123456}, we have nn({vi,vj}) = 1 for all i,J (i#j) and hence eq.(63)
is valid. If 7 is of the type (1j|kfmn), the left-hand side of eq. (63) is
equal to 2, the right-hand side to 6, and again eq. (963) is valid. 'The
remaining two cases, where 7 is of the type (1jk&|mn) or (1jlxt|mn), are
dealt with in a similar way. The extension of the inequality (62) to the

case |A] = n>6, n even, is straightforward.

The examples of A-inequalities discussed above are valid for any graph G
containing the given sets A and D. Evidently for any choice of A and D,
Theorem 2° enables one in principle to derive all A-inequalities on A which
have the same geneTa} validity. The corresponding sets A, considered as
Al-

. n 2 .
vectors in R~ (n=2 ‘) with components A_, form a convex cone. If, for a

particular choice of G, I, (D,G) is a proper subset of HA(D), the

corresponding set of A—ingqualitites will again form a convex cone, which
may contain the convex cone mentioncd above as a proper subset.

In a subsequent paper 7) we shall investigate the structure of these
convex cenes. In particular we shall show that every A-inequality can be
"decomposed” into a finite number of extremal inequalities. We shall discuss
the relation of the inequelities mentioned in the examples with these

estremal inegualities, and derive new (extremal) inequalities.




7. Ceornecluding remarks.

1) Formally, the analysis of this paper is restricted to Ising models in
zero ragnetlc field. The case of an arbitrary (not necessarily homogeneous)

magrnetic field can, however, be easily included b% replacing tne field by a

"dummy" spin interacting with all other vertices ).

* #* . o
), 2(27) arnd 3 have been gcrived for firite graphs. The

) Theorems 1(1 ),

extenslon to infinite graphs 1s straightforward. Consider an infinite graph
G, two finite sets of vertices ACV(G) and DC A, and for each partition
TIEH;(G) a skeleton graph H . The edge sets of all H_ arv finite. Hence

Lhere exlsts a Tinite subgraph GO of G such that E(Hﬂ) CL(GQ) for all 7. Let

of increasing suvgraphs of € such that

n-e 1 joliad

ni(cn) = 1%(6) for n = 0,1,2,..., and the validity of ihe thecrems (with the
F%
unnormalized correlation functions replaced ty normalized correlation

lim_ 5 =14 and that L), = 11 (UB )G exists for aili 3CA. Then
r

funclions) for infinite graphs follows.

3) As the reader may have observed, all examples of A-identities given
in section 5 nave the prope—y that all AB are equal to 1, -1 or 0. In a
forthcoming paper 9), devoted to A-identities for Ising models with general
(n-spin) interactions, it will be shown that for every choice of 3, A and D
the set of all A-identities can be derived from an independernt set of
A~identities having this property.

4) Yany theorems on inequalities include a Specification of the condition
under which the equality sign holds (cf., e.g.,ref. 10}. For correlation-
function inequalities such conditions have hitherto not received mach
attention in thne literature {see, however, ref. 11). In the case of
A-inegqualities they are implicit in Theorem 1*, since the validity of a
A-cquality for all K€7 implies the validity for all K€%, The condition

takes the form of a condition on II,(D,G). For the secoud GKS inequality,

A
e.g., the condition reads (cf. section 6, example 2):nﬂ(B) = 1 for all

mE Ty i (BC, G), i.e. all partitions of BUC for which nﬂ(B) = 0 are gbsent

from HBUC

partitions are

(8¢, G). E.g., if B = {v1,v2], C = {VQ,VL}, the missing
3
(

13]24) and (14{23), in which case G contains a cut vertex

separating vy and Vo from v3 and vy, (see section 5, example l¢c). In case G
contains a "dummy" vertex v, connected with all other veriices, representing
a nonzero magnetic field, v must be the cut vertex. The graph obtained
from G by deleting vy and the edges incident with it then has v, and v, in

56




one component, Va and vy, in another. This specific result was earlier

derived by Setd 1),
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IITI. EXTREMAL A-INEQUALITIES FOR ISING MODELS WITH PAIR INTERACTIONS

Introduction.

In this chapter we shall investigate in more detail the class of
correlation-function inequalities introduced in the previous chapter. In
rarticular, we shall show that every inequality in this class which refers
to a particular set of vertices A can be written as a positive linear
combination of so-called extremal inegualities with respect to the same set
A. 4 method will be sketched by which they can, at least in principle, be
found. Throughout the chapter we restrict ourselves to the case discussed
in Theorem 2 and section 6 of chapter II (i.e. D=A). The generalizaticn to
the more general case (i.e. DCA) can in principle be treated in & similar
way and will not be discussed here. 3ome explicit examples of extremal
correlation-function identlties for general A will be given; for the case
!A|=6 we shall in addition give three examples not covered by the former
ones. These extremal inegualities are the strongest correlation-function

inequalities in the subclass determined by A.

2. Definitions and notation.

As in chapter II, a graph G is defined as a pair (V(G), E(G)), where
V(G) is a set of elements called vertices and E(G) a set of unordered pairs
{v,v'} of distinct vertices, called edges. G is finite if V(G) and E(G)
are finite.

An Ising model on a finite graph is defined as a triple (G,d4,K), where

Jis the set of all functions o: V(G)+{-1,1} and X a complex function on

E(G). The spin variable o, is the value of o at the vertex v, the coupling

parameter Ke is the value of K at the edge e. An Ising model is called
ferromagnetic if K >0 for all e€E(G).
For any set ACV(G) we define




where for A= we have c¢=1.
The Hamiltonian of the Ising model (G,d,K) is defined by
Hodo) = - 1 Ko,
eckE(G) € €
the unnormalized and normalized (spin) correlation functions (oA)G K and
3

{a,>, . , respectively, for any set ACV(G) by
A G,K
-H, (o)

(g.) G,X

4’6,k ©

(3)

IR if Z#0,
3>

where Z, the canonical partition funection, is defined by Z = (1)G,K' Since
the Hamilionian is quadratic in the T the correlation Tunction (GA)G,K
vanishes if |A| is odd. Therefore, we shall henceforth consider only
correlation functions (OA)G,K for even sets A, i.e. for sets with |A| even.
By JE(A) we denote the family of even subsets of A. We shall suppress the
index X and, where no confusion arises, the index G as well. We have taken
kT=1.

Consider a graph G and a set ACV(G). By w{A,G) we denote the partition
of A induced by G, i.e. the partition in which two vertices of A are in the
same block if and only if they are in the same connected component of G. If
H is a spanning subgraph of G, 1i.e. if V(H)=V(G), E(H)CE(G), the

partition w(A,H) is a refinement of n{A,G), i.e., the blocks of w{A,H) are

subsets of those of w(A,G). The set of all even partitions of A (i.e.
partitions of A into even subsets) is denoted by He, and the set of all even
partitions of A induced by spanning subgraphs of G by Hz(G). We furthermore

introduce for any set BCA and any partition mEHz

71 if the numper of elements of B in every block of m is even
n (B) =
m

10 otherwise.

Observe that n“(A\B) = nn(B). In II we have derived the following theorem.

Theorem 1. If A is an even set of vertices of a finite graph G and {AB} a
set of real numbers defined for all sets Bejé(A) with AB=AA\B for all B,
then

(0.)(0,\p)pn 2 0
BE.Pe(A) A]‘3 B'G' A\B'G




for every ferromagnetic Ising model on G if and only if

A
Be\%(m n (B >0 (5)
for every partition nEHE(G). The equality sign in eq. (%) holds for every
Ising model o G if and only if the cguality sign in eg. () nolds for every
partition neﬂZ(G).
Every inequality of the form eq. {4) wil. be called z A-inequality. The
set of eqs. (5) is a finite set of linear inequalities. In the following

section we shall present some general properties of such sets of linear

inequalities.

3. Polyhedral convex cones.

. n . . . .
Consider for any vector xS~ the following set of linear combinations of
the components X of ¥, where I is a finite index set,

n

Z a., X 3 1i€T , (6)
k=1 1k"k

with aikE‘R for all 1 and k. We define the set

. n
c, = {_xemn ,k; o, % 20 , for all ielj .

The set Ca is a convex cone ir the sense that if x(1),x(2)ECa then every
(1) (2)

positive linear combination of x and x (i.e. every vector

c]x(1) + ch(g) with ey >0) also belongs to Cq. In view of its definition

and the fact that I is finite Ca is called a polyhedral convex cone.

For any JCI we define

- n
F_ = fxem“ | a., x>0, i€J ; Z o, %X =0, for all ieI\J}. (8)

d & ke ik'k k=1

If F; is nonempty it is called a face of Cod Fg is called the null-face.

. . . . n _
Iif dJ is the number of independent vectors satisfying Ek=1uikxk = 0, for all
i€eI\J, we call FJ

faces of dimension smaller then d=d¢, that there is exactly one face of

a face of dimension dJ. It is clear that there are no

dimension d, and that there are at most 2}I faces.
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face F; of C is called an extremal face of Cy if no vector in Fy

expressed 25 a positive linear combination of two vectors in Cu\FJ'
e now state without proof the following facts about Cu:
1} The extremal faces of Cu are the d-dimensional null-face F¢ and the

(d+1)-dimensional faces (if any). Vectors in (d+1)-dimensional faces we

If in =ach extremal face F._ with dJ=d+1 we select an arbitrary vector

(1) (4)

% , and if the vectors x seeraX form a basis of Fﬁ’ every vector x in

cail extremal vectors.
J

Ca can be written ir the form

c. X+
J

X =

L
JCI:dJ—u+1

with 5 >0 for all J. For d>0 this decomposition of x in terms of extremal
vectors and vectors in the null-face is not unigue. For d=0 the rnull-face
consists only of the null-vector, and the decomposition is unigue (apart
from a positive norralization factor in each of the xJ *); in this case, to
which we shall restrict ourselves in this paper, the xJ can te formed by
zhe following procedure. Select in all possible ways a set of n-1 linearly
ind=pendent equations Z;=1aikxk = 03 if a vector x satisfying these
ejuations lies in Ca’ it is an extremal vector. TFor a general reference

Lo linear inequalities see ref. 1.

4. Extremal A-inequalities.

In this chapter we shall consider graphs G and sets A for which
e, e
IA(J) = HA’
inequalities

and in this section we sha’l investigate the set of linear

(10)
Be

Because n“(B) =7 (A\E) and A, = A

n( B A\B
even subsets of A a maximal family of subsets Jé(A), such that if BE)é(A)

for all BE?E(A), we select from the

then A\B Q?é(A); we assume that ¢EP;(A).
Let us denote the two-block partitions of A by {B,A\B}, Beﬁé(A). If for

convenience ve write the one-block partition {A) as {@,A} we can introduce

#) This proviso will not be repeated explicitly in the sequel.




%,

a square matrix n with elements

ng,p = Nip,a\p}(B) 3 B.BIERL(A) . ()

From the definition of n"(B') it follows that

=301+ (o) BB B,B'e! (A) . (12)

WB’BV
. . . -1 .
It is not difficult to see that n has an inverse n with elements

—[A|+3(_1)|BWB'|;

+ 2 B,B‘Ei’é(A) . (13)

-1 _
(n )B,B' - '6B,¢6B',¢

Let us introduce the set )\ = {XB|B€?é(A)}, considered as a vector in
R = [21(a)] = 2412
all n€l° will form a convex cone Cn. It is convenient to carry over the

A
concepts "extremal” and "positive linear combination" from the vectors A to

). The set of vectors A  which satisfy eq. (10) for

the corresponding A-inequalities.
We can now combine the results of the precnding section with Theorem 1.
Since n has an inverse, we are in the case d=0, and the following theorem

holds.

Theorem 2. Let G be a finite graph and ACV(G). If Hz(G) = Hz, then every
A-inequality with respect to A is the positive linear combination of a

finite number of extremal A-inequalities with respect to A.

To illustrate Theorem 2, we consider the case of a set A consisting of
. e . . .
four vertices, say A = {1,2,3,k4}. HA consists of the following partitions

(in an obvious notation)
(8]1234), (12]34), (13]2k), (14]23). (1k)
Let ?é(A) = {d#, (1,2}, {1,3}, {1,4}}. The matrix n has the following form
1111
1100
n= 1010 :
1001,

(15)

where the order of rows and columns is that of the partitions in (14). The
extreme vectors of Cn can be found by selecting any three linearly

independent equations from the set of four equations
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als,

.

Z ) WB,B')‘B' =0, BE?é(A) s
e

and requiring that the solution satisfies

) n A, > 0O
B Bl B' —
= 3 )
B e,e(A)

for the remaining sets B. In this way we easily find the following extremal

vectors (normalized so that [A¢|=1):

P S T Sl PTAL

A = eh ==k =h, =1 ,

I} 1 13 14 (16)
Mg = Ao T X3 = A s,

Ag = 7hqp = Thyg = oAy =T

The corresponding extremal A-inequalities are

(1)(°1U2°35h) - (oy05)(050,) + (0,0,)(0,0,) - (°1°h)(°2°3) 20, (17a)

3 193
(1)(010263°h) - (0102)(°3°h) - (0103)(°2°h) + (U1°h)(02”3) > 0, (170)
(1)(0102°3°h) + (0102)(°3gh) - (0103)(°20h) - (010h)(°2°3) >0, (17¢)
> 0. (17d) 3

—(1)(010203%) + (0162)(03%) + (0103)(020h) + (01°h)(02°3) >

The inequalities (17a, b, c) are special cases of inequalities Gerived by
Sherman 2) (see also ref. 3 and ref. b4, Theorem 5). The inequality (17d) is
a special case of a set of inequalities due to Newman ,» and is also a
consequence of the stronger GHS inequality 5) (see also refs. 6 and 7). By

adding all four eqs. (17) we obtain

(1)<°102°30h) >0 ; (18)
by adding eqs. (17a) and (17b) we obtain

(1)(0102030h) > (0102)(030h) . (19)

Inequalities (18) and (19) are examples of the first and second GKS
inequality > , respectively, which are thus seen not to be extremal. We
stress the fact that for the given set A the set of inequalities (17)
exhausts the class of extremal (i.e. strongest possible) correlation-
function inequalities of the form (L4). The example of the GHS inequality
shows that there exist stronger inequalities which are not in this class.

To prepare the way for the examples to be discussed in the next section
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we find it convenient to introduce a change of variables which enables us to .
R write the inequalities in a somewhat simpler form. We define, for Be}e‘(A), K :
k, = ) My medny {20)
B Bred(a) B,B'"B
Using the inverse of n it is easily verified that
-laj+ 1R
hg = by gy + 20 AT R e (21)
> B'er'(A)
e
Consider a partition w = {B1""’Bk}en2’ with E1,...,Bk nenempty. From
the definition of n it follows that for BeJ‘é(A)
ko 37|
n(8) = 1 L1 (on) L (22)
m=1
Define K = {1,...,k} , and for LCK define
B, = U B, , (23)
L el 2
(in particular, BQ, =6);
| nn(B) can now be written as
|BNB. | !
i n(B)=2% 7 (-1) L | (24) 1
1 " ICK ,
Using egs. (21) and (2L4) and the fact that
(aY - {
| (-1)IB x| 2 plal-2 {5X PR u (25) '
f Be2'(A) i >
€ 1
for all Xe)e(A), we find
Bz |
Ioong®ag=-2 T (a1 Py e
BE?! (A) Be? () LCK ’
BNE. |
-k, -|A|+ BB l L
: s o [Als g ) 1 =nlE® e Ky
: BEJ‘é(A) B'Ei‘é(A) ICK
. i
! -k+ .
! - = -ky + 2 2 3 k . (26) :
1K By :
rd]
ELEJe(A)
If we introduce
an
4
{
\
]
i
i ’ - '




{1 if B is a nonempty union of (nonempty) blocks of =

¢ (B) =

T N
LO ctherwise

we [inally obtain

k=2 Z( n(B)ay = (27 ok T g (Bl . (27)
; 7!

S ki B
Be)e A) Be e(A)

In the new variables the set of inegualities (10), with ?e(A) replaced vy

}é(A), reads

k-2 ; - ‘o
et in cn(B)kBj_ (2 - 1)x(j > mEl, . {28)

Note that the set of inequalities (28) includes the set of inegualities
kg >0, for all BEZ!(A).

To find the extremal inequalities from (28), we select a set of n-1
independent equations of the form

¢ (B)k, = (2]‘"2 -

e
; . 1)k¢, el . (29)

Be}é(A)

If the solution of egs. (29) satisfies the inequalities (28) for all

remaining = in 1€ then it will be an extremal inequality.

A

5. Examples of extremal A-inegualities.

In this section we shall give several examples of extremal -
inequalities. The examples given dc not exhaust the class of all possible
extremal A-inequalities.

1) We shall first derive three types of extremal A-inequalities which are
valid for arbitrary sets A with |A| >4, To this end we first select a
vertex v€EA and chcose for ?é(A) the set of @ll even subsets of A not

-2
containing v. As in section 4 we define n = Ifé(A)| = 2|A| .

(a) Let C be an arbitrary nonempily element of fé(A), and take

k, =1 for B=C , (30a)

B
(30b)
kg

Obviously, since k, = 0, all inequalities (28) are satisfied. Using eq.
3

0 for B#C
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(21) we see that the A-inequality corresponding to the choice (30), multiplied
Al-3

by a factor 2 in order to avoid fractional coefficients, reads

) (-U’Bﬂc’(oB)(c
Beﬁg(A)

apl 20 - (31)
Since the n-1 egs. (30b) are manifestly linearly independent, the
inequality (31) is an extremal A-inequality. Any A-inequality with k¢=0 and
kB#O for more than one Be]g(A) is a positive linear combination of A-
inequalities of the type (31) with strictly positive coefficients, and
hence not extremal.
It is easy lo verify that the inequality (31) is of the type derived by

Sherman 2) (see also ch. IV).
(v) Next we select a vertex v'EA, v'#v, and we take

RB 1 1f v'¢B and B # A\{v,v'} , (321)

kB = (0 otherwise. (32b)

Obviously, this set of kp-values satisfies the inequalities (28) for all =
such that k =] <2. If |A| >6 we further consider a partition

T o= {B1""’Bk} with k >2, where the order of the blocks is chosen so that
v,v'eBiuBE. There are two cases to be distinguished: (a) v and v' are in
the same block, say B1, and (B) v and v' are in different blocks, say v in
B,, and v' in B,. 1In case (a), the left-hand side of eq. (28) is equal to
KTy (if B, # {v,v'}) or equal to L (if B,
and k> 2, the inequality (28) is satisfied. In case (B), the left-hand

side is equal to (2k‘1— 1) - 25-2 = 2k-2 - i, and hence the inequality (28)

= {v,v'}). Since k@ =1

is again satisfied.

To show that the choice (32) of kB—values satisfies a set of n-1
linearly independent equations of the type (29) we consider, for |AI >6, the
partitions m = {B1,B2,B3}, with veB1, V'EBE' For such a partition the

equation (29) reads

X thy +ky =Ky (33)

B2UB3 B2 3
which reduces, by eq. (32b), to the equation kB = k¢. Since for any
B # AMv,v'} not containing v' such a partition with B3==B can be found,
and since the full set of equations for the kp thus obtained is linearly
independent, and has (32) as a solution, the corresponding A-inequality is

extremal. By using eqg. (21) one easily verifies that the coefficients AB
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(again multiplied by a factor 2[A|-3 in order to avcid fractional values)
are

2|A|-3 -1 if B = AMv,v'} ,

if B contains v'

otherwise.
(c) Finally we take
0 if |B| »3fa| -1, (35a)
1if |B] =3|al -1, (350)

2 if |B] <}|A] -1 . (35¢)

Again, this set of ky-values satisfies the inequalities (26) for k= |n|< 2.
If [A|> 6 we further consider a partition 7 = (B1,...,Bk} with k> 2 and
veB1, and we define M = {2,...,k}. Using the definition (23) we write eq.

(28) for this partition as

ky, + ) 3(k, +k, )>2(2 . (36)
By v B Bau

LM

Since for any L # @#,M we have

B | + |8 I8l - I3,] < la] - 2,

! =
[BL] and |By,; | cannot be both larger than }[A[-1. Hence we have, by (35),
kBL + kBM L3_2. Since the number of sets L # ¢,M is 2|M‘— 2 = o8] -2, and
since k¢ =2, the inequality (36) is satisfied.

We shall now show that the set of ky defined by (35) satisfies a set of
equations of the form (29) with k =|wv| <3, among which n-1 are linearly
independent. First, the eqs. (35a) are of this form, and they are
independent. If |A]|>6, we further consider the set of simultaneous
equations of the form (29) where m = (BT,BQ,B3} , with B, = {v,v'}, where

v' is an arbitrary vertex not equal to v. They have the form

k
B2UB3

which reduces

k., +k, =k, , (37)
B, B3 @

since |B2uB3] = [al-2 > [a] -1, 1r [B,|> fB3l, then ky =0, and eq.

(37) further reduces to the equation kB3=kQ' Iif |B2| = |B3| we consider a
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vertex v'eB, and the sets B; and Bé obtained from 31 and B2 by interchanging

v' and v". For the partition {B',Bé, 53} og. (I4) reads
kg t g =y (38)
z 3
From eqs. (37) and (38) it follows that hoo S Ropeating this argument
el

we find that k = k, for any two setis B,E? IR Bl = B'|. n the case

B! B

|B.] = |B3I considered we conclude that Ay == lkg. This shows that if
. 2

hﬁ is Tixed, the solution of the set of crhuntions considered 13 unique.

5

Putting k¢ = we cobtain egqs. (3%a,b,c). Consciquertly, the corrcsponding
A-inequality 1s extremal. The AB can be found from 2as. (21) and (3%), but

the general expression is not very illuminatirg.

2) After having discussed these general Lypes of cxtremal inequalities we
row turn to a special case, viz. |A] =03 let A= {1,7,3,4,5,6}. 1In tuis
case, 1t is convenient to choose for,?é(A) the set of all even sutsets
3 of A such that |B|5.2. Using the notatlion kij = k{i,j} We can write the
egs. (28) as

(392)

for all pairs i,j such that 1<i<j<é6 (390)

kij +kkjl > for all pe{mu?ationsﬂijklmn of ?23h56 (33¢)
such that 1 <j, k<2, m<n; 1<k<m.

In this case, there is exactly one extremal A-inesquality (up to a
permutation of the vertices) of each one of the three general types derived
under t(a), (b), (c¢). Searching semi-systematically we have, in addition,
found three special extremal inegualities (again counting cases which
diff=r only by a permutation of the vertices as a single case). The way in
which they have been arrived at suggests that there are no more extremal
irequalities in this case. We hope to present a more complete analysis in
the future.

The six extremal inequalities are represented in Tables la and 1b. Table
la gives the values of the kg EEJZ(A), Table 1b those of the g
(multiplied by a common factor in order to avoid fractional values). The
first columns label the type of inegquality, the last column of Table 1b
gives the number II of distinct extremal inequalities obtained from the one

represented by a permutation of the numbers 1, 2, 3, k4, 5, 6.
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Values of the kE, B (4}, for extremal A-inequalitics in the

A= {1,0,3,4,5,7

|

Table 1b. he g, BEJE(A), for cxtremal A-inequalities in thae
case A = {1,2,3,4,5,6 }, The last column gives the number ¥ of distinct
extremal inequalities obtained from the one represented by a permutation of

the numbers 1,2,3,4,¢,6.

Mo A3 My s Mg Rog Ray Pos Pag Aan 35 236 Mus g Ase

-1 =1 =1

1

The extremal A-inequality labeled a 1s, of course, one of the type
derived by Sherman, the one labeled ¢ is a special case of Newman's

inequalities, referred to in section 4; the other ones are new, as far as

we know.




Remark: One can prove that the inequalities (c¢) and (174) are the only

Newman inequalities which are extremal A-inequalities.
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IV. CORRELATION-FUNCTION IDENTITIES FOR GENERAL ISING MODELS

Abstract.

For Ising models with general interactions correlation-function

identities of the form ZBAB (cB ) (oBcA } = 0 are studied. It is shown that

each identity of this form is equivalent to a set of special identities, in

which the coefficients A, take only the values -1, 0, 1. A necessary and

B
sufficient condition for the validity of such a special identity is derived.




Intrcoduction.

)

: 1 2
In two previous papers, to be denoted Ly I ) and II ', =a class cf

correlation-function identities for Ising models with pair irteractions was

studied. These identities have the form

Z AB (oB ) (OBUA y =0 (1)

where A for all B, is independent of the interaction parameters of the

>
system,B and they hold for all values of these parameters. 1In II a necessary
and sufficient condition was derived under which the identity (1) holds. It
turns out that this condition consists in a simple set of linsar eguations in
the AB's, with coefficients 0 and 1

In this paper we shall show that if, for a given Ising model- with
general n-spin interactions, one has an identity of the above-mentioned
form, the left-hand side of eq. (1) can Le written as a lirear combination
of special functions, each of which is zero for all values of the
interaction parameters. These functions have the same form as the left-hand
side of eq. (1), but the coefficients AB take only the values -1, 0, 1. Ve
then proceed to give a necessary and sufficient condition under which these
special functions satisfy the identity (1).

As an application, it will be shown that ii. the case of Ising models
with only pair interactions this condition is equivalent to that of II,
Theorem ™ (applied to the special functions mentioned). We also study in
some detail the equation (OXGY) =0y ) {oy ) = 0. Finally, 1t will be
shown that identities of the special type mentioned are readily constructed

for arbitrary Ising models.

Definitions and notation.

Let V be a finite set of elements called vertices and (V) the family of
subsets of V. Elements of (V) will be denoted by A, B, C,..., and subsets
of 7

sets), called the bond set, which wiil be denoted by A . We give A(V)

(V) By ay By Yy eves except a specially chosen subset {and some derived

the structure of a group by defining the product AB of two elements A and B
of 2 (V) as the symmetric difference (AVB) U(BV\A). The unit element is the

empty set and every element is of order two.




For aC.?(V) we define

where V¢ = P¢ = ¢; further g(e) denctes the smallest subgroup of (V)
naving o as a subset.

A set o C- (V) will be called a cycle if Pa = ¢, and gycle-free if
there is no B Cua , B#P, such that P = . Olserve that by these
definitions the set @ is both a cycleuand cycle-free, whereas the set {@} is

a cycle and not cycle-free.

If A €.V) and B € 2(V), a set aCB will Le called a factorization of A

with respect to B if o is cycle-free and Pa = A; the elements of a will be

called B-factors of A. AB denotes the set of all factorizations cf A with

respect to B,and BA the set of all @-factors of A. Obviously, AB i35 not

empty if and only if Aecg(R).
For a given finite set V and a given set #C /(V) we define an Ising

model on # as a pair (A, K) vhere K is a mapping from 43 into the complex

numbers. Let 4 be the set of all mappings o:V »+ {1,-1}. The Hamiltonian
of ( A,K) is defined by

H, . (0)=- § Ko, ,» o&d , (3)
A.K ep XX
where oy is defined by
oy = 1 o . (L)
VEX

5 is called the bond set of (.3,K) and KX the interaction parameter

associated with the set X. The normalized and unnormalized correlation

functions (GA).,’;),K and (UA )4/'},]( , respectively, are, for a given set

A€ P(V), given by

-H , (o)
(O ) - Z g e JﬁsK .
ATALK - A (5
= -1 1
(OA)J.‘),K = (UA).B,K ZJ},K if ng,x £0 ,

where ZJ5 e the canonical partition function, is defined by ZJZ,K = (1?/3,}(.

We have taken KT = 1.

If for a given interaction function K on 49, Ky = 0 for a given X€ D,

*




and 3’ =3\ {X} and K' is the restriction of K to ', then

)3,k = (F0p 0 k0
Henceforth, we shall omit reference to K. As in II we shall work

exclusively with unnormalized correlation functions, the translation to

identities for normalized correlation functions being trivial.

3. General formalism.
We first prove a simple lemma about (GA)Jb .

Lemme 1. If V is a finite set, AcCJ(V) and A€V (V), then (GA)J')
every Ising model on /3 if and only if A€ g(B).

Proof. Since for any X € )

where ¢, = cosh KX and s we can write

X X - X

(8)

(0.}y = 1} it c it sj (0,0, } .
A T oih (xess Xyes X A B

From eq. (8) one easily derives that (UA)\? = 0 for every Ising model on .3
if and only if (GAUPB)¢ = 0 for all BCA, i.e., because of the relation
(0.}, = 2""5 for all DEP(V) (9}
D g D’¢ ’

if and only if A # PB for all BCA, which proves the lemma. W

Let us now, for a given Ising model (J,K), consider the function

A (Ala) = F Aglogly (059,05 s (10)
Beg(o)
where A€EXV), «CP(V), and where, for all B, Ay is an arbitrary complex
number not depending on the interaction parameters of the system. By Lemma 1
we may, without loss of generality, assume oCg(.3) and Acg(.d).
We shall study the following identity




©

A*B|A) = O for all Ising models on v3. (11)

For this purpose we first apply to the right-hand side of eq. (10) a
Fourier transform with respect to the group g{a). Since g(a) is abelian and
of order two, its characters satisfy x(B)€ {1,~1} for all Beg(a). We can
construct the characters, labelled by the elements of gla), in the
following way. Let «' be an arbitrary but fixed maximal cycle-free subset of

o (i.e. a minimal generating set of g(ea) )} and Cegla). Further, let ycCa'

be the unique factorization of C with respect to a'. We define for 3€a'
-1 if Bey
x(®) = (re)
¢ 1 if B€a'ly

and for B€g(a)\a'

x-(B) = T x.(D) , (13)
C DR C
where B is the unique factorization of B with respect to a'. It is easy to
see that
1) = [
Xo(B)xo(B') = x,(BB') (1)

and hence that XC is a character of g(a). Observe that the labelling of the
characters depends on the choice of a'. The orthogonality relation for the
characters reads
.
— X-{B)x.,(B) =& . (15)
C C' 1

lg(a)| Beg(a) ¢.C

Finelly we have xp(C) = x,(B)

I1f we define

AMBlA) = T x. (B ay)(og,) (16)
C Bea(a) C BA'"B AR

and
o= 7 x.(B)A, (17)
c B s (o C B

we can write A%(B|A) as follows:

1

AM(B|A) = I aghgiala) . (18)

lg(a)] cegla)

We now have the following theorem.
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Theorem 1. Let V be a finite set, ACP(V), A€g(B) and aCg(B). Ir
I\Q(ZJIA)=O for every Ising model on vb, then there exists a yCg(a) such
tnat I\g(]J[A)=O for every Ising model on /3 for all CE€y, and )\5=O for all
c€gla)\y . Furthermore, 0€y.

Proof. Since 1\a(J5|A)=O for all K, we have
32 o
— A (Bla) = 0 for all K and all X € 4
SKX

from which it can easily be seen that

) )‘B(GBGX)'b(GBOAoX)f" = (0 for all X and all XEJ3. (19)
BEg(d)

Repeating this argument, we find that eq. (19) holds for all X€g(h), and in
particular for all X€gla).
Multiplying eq. (19) by )(C(X), with C€ gla), using eq. (14) and summing

over all X€ gla) we find

¥Eg(a) Beé(a) XC(EX)XC(B))‘B(GBX)JB(OBXGA)A =0 . (20)

Using the fact that g(a) is closed under multviplication we find from eq. (20)
that

MASBIA) = 0 for all c&gla). (21)

The first part of the theorem follows directly from eq. (21).
From eq. (14) it follows that xB(¢)=7 for all BE€g(a), and that hence

AS(BlA) = (0)p(0 0, )5
R

Now suppose § €y, i.e. AS(J3|A)=O for all K. Let B be a factorization of A
with respect to /. It follows that for X €8

aAg(J‘HA) 3
Bl A (0,00)4(000,) . + (0.) )}=
”y Bet(a) { 8%%/a' 98% B/ 989 %x "3
- 2n(a,{X}) (6.),(0.0.6.)7 = 0 (22)
BGgL(a—U{X}) BA B AXA
where, for 8CM, n(a,8) = |&| - r(aus) + r(a), with r(a) = |a'| for any

raximal cycle-free set a'Co (which is easily seen to be independent of

T6




nfe,{x})

the choice of a') The factor 2 arisecs from the fact tnat if

ot

XE€gla), we have to take into account a factor 2, Frem eq. {7?) it follows,

that if we repeat the argument for all X€ & we find

> (0.)4( Ya= 2 (o)2 =o0.
BEg(als) 782 78°a%pg B T 2 1

This would, for any real interaction function, imply that (OB)/'b:O for all
B€g(aUB), which is impossible by Lemma 1, since a,8C BH. Hence the

second part of the theorem follows. [ ]

"

/

From Theorem 1 and eq. (18) it follows that if A™(3lA) is zero for all
Ising models on B, it is a linear combination of functions Ag(ﬂfA) which
are themselves zero for all Ising models on J. ’

- Now every I\g(ﬂ[A) with C#§ will consist of terms with xC(B)=1 and terms
with XC(B)=-1, B,CE€g(n). If we introduce, for a given C€gla), the set
gla,C) = {BEg(a)GC(B) = 1} , which is easily seen to te a group, and if
D is any element of gla) with XC(D)=-1 , We can write I\g(AEA) as

] _
AE(h1A) =B€§g(a,0) Joplalogo )y = G lstogoop)) (23)

which is a special case of the following function

A’\Y(JilA,D):=BEZg(Y) J(o3)30059,0 = (o )aepa,op)a (

n
=
~—

where vy is any subset of /{V) and A and D are arbitrary subsets of V. This .
kind of functions has already been studied in connection with correlation-

function inequalities. Sherman 3) and Ginibre ) have shown that for any

ferromagnetic Ising model on J}

Ay(.'bIA,D) >0 for all yEg(h) and A,DE V).

We now proceed to give a necessary and sufficient condition under which

Ay(J'B|A,D)=O for all Tsing models on +} .

Theorem 2.

Let V be a finite set, H,yCPA(V), and A,DE (V). Then Ay(u% A,D)=0 for

all Ising models on ¥ if and only if

DEglaVy) for all a€hy (25)

T
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In words, condition (£5) expresses that every facterization of A with

respect to /Y contains a subset which can be supplemented by a subset of Y to

by

yield a factorization of D with respect to.3Uy

This theorem is a conseguence of two lemmas which we shall prove first.

Observe that if A¢gld), Ad is empty and the identity holds for any D.

Lemma 2. Let V be a finite set, v , yCA(V) and A, DEA(V). Then
/\Y(«/3|A,D) = 0 for all Ising models on 3 if and only if AyUa(mAPa"D) =0

for all o€ 3 and all a'Ca.

Proof. Using eg. (7) and the fact that ci = 1+s;, we find by a straight-

forward calculation that for any X€.3
n{y,{x})
[

Ay(.bIA,D) = Ay(.é'|A,D) *toysy Motk (D |ax,D) +
2 . n{y,{x}) . L
*+ sy 2 I\YU{X}(A [A,D) , (26)

where &' = M\{X} and n(vy,{X}) is defined as in the proof of Theorem 1. If
we apply eg. (7) to all Xe&h and iterate eq. (26) we obtain

Ay(,J}|A,D) =3y T oes, si,} ve) AYUa(mAPa,,D). (27}
aCHA a’'Ca | XeQ! Xex\at

If AyUa(Q)IAPa"D) = 0 for all aCdand all a'Ca it follows that Ay(.biA,D)= 0
for all Ising models on Jy . Conversely,suppose AY(ﬁIA,D) = 0 for all Ising
models on ¥ ., We select an o€ and consider an interaction function K such

that K,=0 if XE d\at, KX;éo if X€a. From eq. (27) it follows that in that ,

case
A(Blap)=0= ] )N es T s2, onlvse) 4 Ul B1aP L ,D). (28)
Y a'Ca (XEa! X'ealat X Yoo o
Il we divide out a factor HKEmCKSX’ we obtain a polynomial in the variables
-1 . . . ..
by = ey Sy» YEa. This polynomial is (by continuity) zero for all values of

the variables KX’ XEa, even if HXEO.CXSX = 0. We select an o'Ca and consider
the restriction K' of K to a. We now take ES'(=O if Xea' and K}'(=KO#O if

¥€al\e' and obtain a polynomial in tanh KO of which the coefficient of the
term of highest degree is AYUa(ﬁlAPa.,D). Since this polynomial is zero for
all values of Ky it follows that /\YUa(ﬁlAPa,,D) = 0. Since a and o' were

arbitrary, the lemma follows. R

TR
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Lemma 3. AY((ZJIA,D) = 0 for a given set yCXV) and A,DEXV) if and only if

o,

A=¢ implies Deg(y).

Proof. Using eg. (9) we find

2|v|
A (@|la,D) =2 T8, 8, _ -6 & ) =
Y Bea(y) B,@ A,B D,B AD,B o
: 9
2|vl
=2 8 (- 3 § ]
A0 segly) P

The lemma directly follows from eq. (29).

Proof of Theorem 2. From Lemmas 2 and 3 it follows that Ay(uJIA,D) =0 for
given A,DEMN V), Yy, ACAV) and all Ising models on /% if and only if the
relation APa‘=¢ implies DEg(yUn) where a'CoCg(y). From this it follows that
Ay(v:l.
Acg(a), D is an element of g{aUy). The theorem follows from the last

A,D) = 0 for all Ising models on.d if and only if for all aC.}such that

statement. i

Theorem 2 can be used in several ways. First, it states that for fixed 3,
vy and A there is an identity of the form AY(/3IA,I)) = 0 for every set D in ;
the intersection (to be denoted by gA(Y)) of all sets glaUy) with €A, . It ,
should, however, be observed that not all these identities are distinct, and :
that some of them are of the form 0=0Q. Suppcse D,D'EgA(Y) and DD'eg(yu{al), .
then it is easy Lo see that /\Y(ﬂ#IA,D) = Ay(JSIA,D'); in this case D and D'
will be called eguivalent. Furthermore. if D=@, terms of opposite sign in
Ay(./'blA,D) cancel pairwise so that the d-ntity holds trivially.

Alternatively, it follows from Theorem 2 that for fixed +3, A and D there
is an identity of the form A_(A|A,D) = 0 for every set yC(V) having a non-
empty intersection with all sets {BE7(V)|B=DX for some ¥€g(a)}. Obviously,
if Ay(ﬁlA,D) =0, then Ay,(~f3[A,D) = 0 for every Y'Dy.

L, Applications.
1) As a first application we consider the case g(y) = {#}, i.e. we
study the equation

(oylylogoyin = (oy)yloy)p -




el

The equatlon nas been s

studied by 3Setd for some special cases of 4 and Y in
-
5)

ferromagnetic systems Setd found, that for a ferromagnetic system with
pair interactions and in a sufficiently general magnetic [lield

<c1d2 y = (o1 ) (02 ) and (o1cgc3ob y = (0102 ) <4739]J Yy if and only if
spin 1 "decouples” frem spin 2 in the former case and spins 1 and 2
"decouple" from spins 3 and 4 in the latter case. VWe shzll now generalize
theze results to Tsing models with arbitrary (not necessarily ferromagnetic)
n-spin interactions. If X or Y=¢ eq. (30) is trivially irue; furthermore,
if ¥¥=@ and X#@, Theorem 2 Lells us that e3. (30) can not te valid for all

Ising models on M. So we assume X, Y, XY # § and furthermore %, YEg(3). Ve

have the following lemmas.

Lemma 4. Let V be a finite set, BCPAV) and ¥, Yeg{d). The following two

statements are eguivalent.
(&) For all yCA, xY¥eg(y) implies 7€gly).
(v) 404 = 3.

Proof. (a)-{(b). Suppose i%ﬁl& # #. Then there are OGXd’ BEY, with common

A factors , i.e. there are sets a'Ca, o'#a and B'CB, 8 #B, such that
Pﬁ\q, = PB\B" Let a' and B' be such sets with the property that [a\a'[ is
maximal. We have

X1 = B By, (31)
and hence XYeg(a'UB'). It follows from (a) that X€g(a'us'), i.e. there are
sets a"Ca', B"CB' such that X = PaIIPBII’ and hence Y = PO!'\OL“PB'\B"' It
follcws that

PovarFang” = PB" ’ (32)

Since a is cycle-free, PBn#¢; since B is cycle-free, Pa'\a" # §. This
leads to a contradiction because |a'\a"| has been assumed to be maximal.
Therefore, BX"\BY = g.
(b} +(a). Take any cycle-free y such that XY = PY and let BEYp; then
¥ =P, P ... Si HNd = i i ' =

B\yiy\g Since }X v #, there is a y'Cy\8 such ihat PY\B PY' and
hence X = P(Y\P)\Y" Since (y\B)\y'Cy, this completes the proof of the

lemma. | |




The following lemma tells us something about the structure of .&’,.

Lerma 5. Let V be a finite set, #&®V), (#0,and AE€2(V). Then avery
TEg(b.\,) bLelongs to a factorization of ¥ with respect %o J}XU(Z},i.e.,there is
a YCJJY such that Z.Y=X and there is no 7'Cy such that Z=Py,.

it follows that (‘/3:{)2 = (\/}):{')zq (Ji/’).‘{ # 0,

and hence,by Lemma 4, applicd to -4, instead of V3, there is a YCV‘S}" such
A .

Proof. Let 3C »b,< such that Z=P .

that Z¥eg(y) and %g(y),from which the lemma follows. {
Lomma G. Let V be a finite set, 7,YeMV) and ACA(V);shen y}l,ﬂ..g?y =@ if
and only if g(&/)mg(-/"}v> = {$}

Proof. If e;(.by.)'\g(.éy) = {¢} , then trivially JBXOZY = J. Cuppose now
ﬂ}(nﬂy = @ vut g(\ﬁx)ng(\[’)y) # {#)}, i.e., there are sets aC.bX, BCle,

a,B # $, such that @ # Pa = PGEg(‘&Y). From Lemma 5 it then follows that
there is a YCaZX such that PBPY = X,and there is no v'Cy such that P, = PY,;
hence BFN}X # @, which leads to a contradiction and ends the proof of

the lemma. -

Lemma 7. Let'V be a finite set, X,YeAV) and HCHV). If .13‘(!1-3\[ = ¢ and .
A =4‘J\(\3XU'J)Y), then g(&')ng(ﬁxub\{) = {2}.

Proof. Suppose g(_‘b')ﬂg(,&}(uvif) # {#}, i.e.,there is a ZEg(JB'),aC\B.(,

C ) = . hat =PE .

8 -5!, a8 # ¥, such that 2 Pr;.PB [t follows tha 2P, o g(fﬁx) By
Lemma 5, ther= is then a yC.&_, such that ZPBPY = X, and there is no vy'Cy
such that 2P, = Py,. Since ZFeld,) Ug(Z,Y) it Ffollows that Bﬂ"ax £ 0,
which leads to a contradiction. (i§

From Treorem 1 and Lemmas 4 and 6 we immediately obtain the following

theorem.
Theorem 3. Let V be a finite set, H CP(V) and X Yeg(A), X,Y # #. Then
(0¢)J3(OXOY)15 = (OX)J)(OY).B for every Ising model on B if and only if

gld, Ne(3,) = 19},

From Thecrem 3 together with Lemma 7 1t follows that if




@{b(OXOYl@ = th(oyin , the bond set is the union of three pairwise

disjoint subsets.BX, ﬂY and M = &\(hyuia), such that g(ﬂx)ﬂg(by) = {¢g}
and g(ﬁ')ﬁg(Ax\JJY) = {@g}. It follows that one can extend Jo with all

(o (o

elements from g(bx), g(@Y) and g(®»') to a new bond set A" with the property

that (Uﬁ)ﬁ"(oxg}f)?}” = (OX)?_)"(OY)])"'

2) In our second application we consider Ising models with pair inter-
actions only, i.e., with.BCIT?(V):= {BEP(V)||B| = 2}. This case was treated
in I and II. We shall show that Theorem 1* of IT, restricted to functicns
of the type (24), 1is equivalent to Theorem 2 of the present paper,
restricted to 3<3}E(V); by Lemma 1 and Theorem 1, the corresponding

identities are the only ones that need to be considered.
D
2
with vertex set V and edge set B. Let ACV, IA[ even. G defines a set of

(G), in the following way. If m is a

With each Ising model with AC /> (V) we can associate a graph G = (V,3)

partitions of A, denoted by HA

partition of A, 1i.e. a family of pairvwise disjoint non-empty subsets of A
whose union is A, then mEHA(G) if there is a set BCWsuch that two elements
are in the same block of m if they are in the same connected component of
the spanning subgraph G, = (V,8) of G. Conversely, every spanning subgraph

G

B8

R of G defines a partition of A, which will be denoted by n(A,GB).

The following lemma was used in the proof of Lemma 3 of II:

Lemma 8. Let A€X(V) and BCJE(V). If ﬂ(A,GB) is even, there is a cycle~
free aoCf such that A=Pa'

Proof. Take aCB such that n(A,Ga) is even and |a| minimal. Then @ is cycle-
free and each BEa separatc. two odd subsets of A in Ga. It follows that each

vertex in A (in VMA) is incident with an odd (even) number of elements of a,

i.e., A=P<x' a

Let us define, for any set BEX(V) and any partition m of a set Xe(V),
1 if the number of elements of B in every block of 7 is even,
n_(B) =

m 0 otherwise.

Furthermore, we define HX(A,G) = {neHX(G)Inﬂ(A) = 1}. We now have the

following proposition.
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Proposition. Let 3cC J’E(V), vy A V), A€eg(B),DeP(V). The following two
statements are equivalent:

(a) DEg{ay) for all a€h 3

(v} ZBeg(ﬂ{n“(B)—nﬂ(BD)} = 0 for all €M (A,G) . (33)

Procf. (a)->(b). Let NGHV(A,G) and RCWA such that v(V,GF)=n. Since ﬂ(A,GB)

is even there is, by Lemma 8, a cycle-free oCR such that A=Pa' Hence,

ae.%, and hence, by (a), Deg{auy), i.e., therc are sets a'Ca, ¥'Cy such
that D=Pa'Py" Let 71'=71(V,G(‘); then r)ﬂ,(DPy,) = r)ﬂ,(Pa,) = 1 because each
component of Ga contains an even number of vertices of Pu" Since 7' is a

refinement of m, we alsc have .W“(DPy,)=1, and hence r.ﬂ(EDPy,) = nn(B) for
every Beg(y). Since Py,eg(y), we conclude that

) n (BD) = ) n

. BDP_,}) = ]  n.(B),
Beg(y) BEg(Y) Y

(
i BEg(v)

which proves (b).

(b) »(a), Let a€Ay and T|‘=TI(V,Ga)‘, men, (A,G) because A=Pa. Since nﬂ(¢)=1,

(BD) > 1. So there

v

Beg(y)nn(B) > 1, and hence, by (b), )?Beg(y)nﬂ

is a Beg(y) such that nﬂ(BD) =1, i.e., BD is partitioned by = into even

we have L

subsets. In other words, =(BD, Ga) is even. By Lemma 8, BD=P , for some

a'Ca, and hence D=Pa,Beg(aUy). [ ]

It is easiiy seen that the set of equations (33) is equivalent to any
set obtained from (33) by replacing V by X, where VyuAUDCXCV. This
suffices to show that the proposition establishes the relation between
Theorem 2 and Theorem 11‘I of II referred to above.

A convenient way to find, for a given #CA(V) and ADEXV), a family of
sets v such that Ay(.fbfA,D) = 0 for all Ising model on 4 is the following.

Consider the set I1,{A,G), ordered by refinement. Let HIE(A,G) be the set

of minimal elements ofAthis ordered seti, aCAJ; and ™ a refinement of n(A,Ga)
such that weﬂX(A,G). Since every two points ViV which are in the same
block of T are connected in G, by a chain, {v1,v2]€g(a)- Using this fact it
is easy to see that g(m)Cg{a) and that, hence, if ycd then glmuy)C glauy)-
It follows that

pi= N glnuy) ¢ n glouy) ,
melR(A,G) aE€Ay
so that if vy is such that D€y, then /\Y(3,A,D)=O for all Ising models on»B8.
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Since ¢ can be found relatively simply (Lecause it does not depend on
th2 detailed siructure of the graph) examples of identities of the form
I (h!A,D) = 0 can easily be constructed from the condition DEy. For example,
let G be a plenar graph and {v1,v2,v3,vu,v5,v6} a Loundary sequence of 7
(for tne definition of a boundary sequence, see I). Let A =

{v1,v9,v3,vh,v5,v6) ard D = {v1,vg}. The set cf minimal partitions consists
in this case of w, = (12]34]56), W, o= I RN Ty = (14]z23]50),

m, = (25|3h,16) and L (12
9, ={BCA|B = DX for some XEg(ﬂi)} (each of which consists of eight

h5|36). If we row construct the sets

elements), then the sets y such tha% y”¢i # ¢ for all i are readily

constructed.

3) As a last example we consider & set of special identities which can
readily be constructed for Ising models with n-spin interactions.
Let V be a finite set,»C/XV). Suppecse that V is the union of three
pairwise disjoint sets V1, V2 and Vs and that A= ﬁ1u-55uf5, with
D ci \7 > v NP b i.e. i
1C?(V1UV5) (VS), BZCJ(VZUJS) (VS) and JECJ(VS), i.e.,there is no BEH

containing both a vertex of V1 and a vertex of V?. We further assume that

V1,V2 # 0. VS is then called a separating set.
Consider now non-empty sets X1,X2€J(V) suzh that X{\V2 =@ = X20V1 and
X1X§Eg(b). Take aC.sh such that X1X2=Pa, and let a, = aﬂti (i=1,2,s). Then
= R 1 e J Y = ! 8} = B
we have X1Pa 72Pa Pa Since X1Pa1 5 ¢ ard X2P°2Pas v, @ we have
X1Pa1CVS,or X1€g(auﬂ Vsﬁ). By Theorem 2,we therefore have the identity

E(V ) {(OS)J‘;(GSOX1°X2)JB - (GSGX1)J5(°SGX2)J>} =0 (3t)

That separating sets are readily constructed can be seen as follows.
Consider any set A1CV' Let AS be the set of all vertices u, u&AT, such
that there is a set BEJ) containing u and a verten v in A Let

= . A \ \V i
A2 V\(A1UA5) Then any VSD s such that A1 Vs and A2 . are not empty is a
separating set.

As an illustration, consider the following example. Let v1,vézv and
define H= ;%(V)\{v1,v2}. The set V, = V\{v1,v2} is a separating set and
we have the identity

~

(g h (0.0, 0 0y )y = ) (0q0y Jalogo, oy )y =0 {35)
S sv1 V2 VS r SEPO(VS) sv14> sv2 VS\&

8L

. . ey -
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where J)E(VS) and _?O(VS) are the families of even and odd subsets of V.,
respectively.
t can easily be seen that eg. (35) can be written as
IS“{VI,VEH

< w7V Coglylengly =
Py \lt‘

0, (35")

a relation which was already derived in IT. It is clear that eq. (35') re-
mains valid, if we extend the bond set with those BeX V) which do not

contain both v, and v,_.

1

%. Concluding remarks.

1) At first sighi, an obvious generalization of the identity AQ(J}IA) =0
would te an identity of the form

} aloy0,),(00,,), =0 (36)

B AW "BTA ’
Beg(a) © O A 2

with A and A' arbitrary subsets of V.

! If AA'Eg(AR), it is clear from Lemma 1 that we can restrict ourselves
to the case gla)cgld). In that case, however, one finds by the use of
multiple differentiation (see the proof of Theorem 1) that eg. (36) is
equivalent to the identity A%*(«)|AA") = 0. IFf A and A' are not both elements
! - _ t ek : ' 3.
. of g(3), there can only be non-vanishing terms (UBUA)‘/;(GBGA,)ﬁ if AAtegl3);
furthermore, a term is nonzero only if B is of the form B=AC with Ceg(s3),
and it is easy to see that eq. (36) again reduces to an identity of the

form A%(»]AA') = 0.

2) Lemma 1 £nd Theorem 1 can be combined to the statement that every

function of the form

T oa(oo)(om0,), » (37)
BE v B*"BW "E°AD

i with B, yC?(V) and Acgld), which is zero for every Ising model on 4, can

be written as

=< ;
D oyl )y t 2 anaEB) () (38)
Bey\g(H) ceg(yNg(d))
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- Ng (A . .
where A7 and AE g(w)ﬁbfA) are defined by egs. (16) and (17) with Az=0 for
BEg(vUg(wh))\y, and where each individual term is zero. This shows that
Theorem 2 together with Lemma 1 covers the most general case of an identity

of the form (11).
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SAMENVATTING,

In dit proefschrift worden bepaalde relaties tussen spincorrelatie-
functies in Ising modellen onderzocht. Deze relaties worden bepaald door
een klasse van functies (gemakshalve A-functies genoemd) die gedefinigerd
zijn als lineaire combinaties van produkten van twee spincorrelatiefuncties.
De coéfficiénten (aangegeven met A's) van deze produkten zijn willekeurige
complexe getallen die niet van de koppelingsparameters van het systeem af=-
hangen.

Onderzocht wordt wanneer voor ecn gegeven Ising model (gespecificeerd
door een verzameling punten die de spins voorstellen en een verzameling
lijnen tussen punten, die aangeven tussen welke spins er wisselwerking is)

een gegeven A-functie

(a) nul is voor alle waarden van de koppelingsparameters (de relatie die
hierdoor bepaald wordt noemen wij een A-identiteit),
of

niet-negatief is voor alle niet-negatieve waarden van de koppelings—

c

parameters (de relatie die hierdoor bepaald wordt noemen wij een
A-ongeli jkheid).

Het blijkt dat een nodige en voldoende voorwaarde waaronder (a) geldt, be-
staat in een stel homogene lineaire vergelljkingen in de bovengenoemde
coéffici®nten A, met coéfficiénten O en 1. Een nodige en voldoende voor-
waarde waaronder (b) geldt wordt gegeven door het corresponderende stel
homogene lineaire ongelijkheden. De coéfficiénten 0 en 1 hangen nauvw samen
met bepaalde connectiviteitseigenschappen van een groep punten in de graaf
die men op een natuurlijke manier aan ieder Ising model met paarvisselwer-
kingen kan toevoegen, en zijn eenvoudig te bepalen.

In hoofdstuk I wordt een voorbeeld gegeven van een klasse van A-identi-
teiten, die gelden voor Ising modellen die gedefiniéerd zijn op planaire
grafen. ‘

In hoofdstuk II worden bovengencemde nodige en voldoende voorwaarden
afgeleid en worden enkele vcorbeelden van A-identiteiten en A-ongelijkheden
gegeven.

Hoofdstuk III bevat een meer gedetailleerde studie van de p-ongelijkhe-
den. Een van de resultaten uit dit hoofdstuk is dat iedere A-ongelijkheid
(uit een bepsalde klasse) te schrijven is als een positief lineaire combi-

natie van een vast eindig stel "extremsle" A-ongelijkheden (uit dezelfde
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klasse). Deze extremale A-ongelijkheden geven, binnen de beschouwde klasse,

de scherpste boven- en ondergrenzen van spincorrelatiefunctics in termen van

correlatiefuncties van lagere orde. Voorbeclden van extremale A-ongelijk-

neden worden afgeleid.

In
n-spin
iedere
termen

> ‘15

nodige

hoofdstuk IV worden A-identiteiten onderzocht die geldern wanneer er
interacties (n >2) in het Ising model aanwezig zijn. Het blijkt dat
A-functie, die een A-identitelit bepaalt, geschreven kan worden in
van eenvoudiger A-functies (waarin de bovengencemde co8ffici&nten

1 of 0 zijn), die ieder voor zich een A-identiteit hepalen. Een

en voldoende voorwaarde wordt afgeleid waaronder voor deze egenvou-

diger functies (a) geldt. Enkele toepassingen worden daarna tehandeld.
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Once, when T.A. Edison showed one of his new inventions, somebody said
to him: "It's marvellous, Mr. Edison, but what is the use of it?"

Edison answered: '"And what is the use of the newborn child?"




