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CHAPTER I

GENERAL INTRODUCTION
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1. Introduction.

n2(zi .z2>ri2) (i-D
*12 + y 12 - 2Z]2 

2ry=-H

Interfaces appear in a wide variety of physical contexts. An interface forms the separa­
tion between two bulk phases and as these can be of all kinds, interfaces may have very dif­
ferent properties. From a macroscopic point of view, interfaces are sharp and can be 
regarded as a "sheet" separating the bulk phases. In this sheet acts a "stress", the surface ten­
sion, which tries to contract the sheet and therefore minimizes the area of the interface. The 
surface tension stabilizes the interface and the interface disappears when the surface tension 
vanishes. Two different types of interfaces are the solid-fluid and the fluid-fluid interface, 
which are the interfaces studied in this thesis. The solid-fluid interface can be considered as 
an interface imposed on the fluid by the rigid nature of the solid. This rigidity makes the 
interface "stiff, which stiffness is reflected in a large surface tension. The question why a 
fluid separates into two phases is much more subtle. Both phases, having no a priori struc­
ture, are alike and not as difficult to match as a solid and a fluid. Therefore, the surface ten­
sion of a fluid-fluid interface is in general lower than that of a solid-fluid interface : d as a 
result, the former interface is much more flexible.

These differences are especially well visible at a microscopic level where t!:e interface 
attains a structure and a finite width. The structure of the solid is described by a density pro­
file with sharp peaks at the lattice positions. This peaked, oscillatory structure of the micros­
copic density propagates into the fluid at a solid-fluid interface as if the first adsorbed fluid 
layers are of a solid nature. The peaks damp out further into the fluid until the density pro­
file attains a constant fluid density. Entirely different is the density profile of a fluid-fluid 
interface: it interpolates smoothly between the densities of the fluid phases. The low value of 
the surface tension of a fluid-fluid interface causes the interfacial width to be significantly 
increased by capillary wave fluctuations. In fact, fluid-fluid interfaces are unstable with 
respect to these fluctuations and their width diverges in an infinite, field-free system1). The 
systems encountered in e.g. simulations, however, are finite although the simulated interfaces 
may still be very wide, especially near criticality where the surface tension vanishes.

Quantities like the surface tension are closely connected to the structure of the interface. 
As an example, the surface tension y of a fluid-fluid interface can be expressed2) in the pair­
correlation function 02(7*] ,r*2) in the interface and the interaction potential <p(r) between the 
particles:

r . . *12 + Ji2 - zzi2 8<I>('T2)dzt dz2 J dx12dy12-------- -------------------5-------
**12 drl2

where r'12='r1 -r*2 and we employed the planar symmetry by which n2 depends only on the 
z-positions of the particles and their distance r 12 (the z-direction is taken to be perpendicular 
to the interface). Note that the integral vanishes in the bulk fluid phases at z =00 and z = -<» 
where n2 becomes isotropic. In a simulation of a fluid interface by molecular-dynamics or 
Monte Carlo techniques, one can sample the paircorrelation function and evaluate the 
integral. One can thus measure a surface tension directly with an accuracy that is determined 
by the statistical accuracy of the results of the sampling.

Expressions like (1.1) are regularly employed in the simulations described in this thesis. 
This is possible since one can obtain from a simulation the microscopic structure of an inter­
face with details that can not be given by theoretical considerations or experimental
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Fig. 1. A liquid droplet at a substrate, surrounded by a saturated vapor; 6 is the contact angle.

techniques. Moreover, simulations study a well-defined model system which facilitates the 
comparison with theoretical predictions. In this thesis for example, results of our simulations 
are compared with the results of density functional calculations3^ which are tailored for the 
simulations. The limitations of a computer experiment are related to the limitations on the 
computer capacities. A direct consequence of these limitations is an upper bound on the size 
of the systems that can be simulated. This bound becomes especially crucial in simulations 
of interfacial phenomena because one needs at least two bulk phases to form an interface. In 
the wetting simulations of the capters III-VI, we even encounter three bulk phases and a sub­
strate simultaneously in the system. This is beyond the capacity of a usual simulation which 
treats maximally a thousand particles. A second, important limitation of the simulations is 
the limitation on the range of the interactions which is necessary to keep the computing time 
within reasonable limits. Realistic interactions, which are long-ranged, are often modelled by 
truncated Lennard-Jones potentials but it is shown in chapter IIX that the truncation is by no 
means harmless and may have a large effect on the properties of an interface.

Our simulations are carried out on a special purpose computer: the Delft Molecular- 
armies Processor (DMDP)4) which allows systems up to 16,000 particles. The use of this 

computer and its 24 hours per day availability, enabled the large-scale simulations described 
in thesis. As already stated by the name of the DMDP, the simulations are of the 
molecular-dynamics type. All phases in the system are formed by particles with a Lennard- 
Jones 12-6 interaction:

4>(r) = 4e {(a/r)12 - (a/r)6} (1.2)

which is truncated at 2.5 a. The majority of the simulations is devoted to the "wetting" and 
"drying" transition and related phenomena. These transitions will be described in the next 
section.
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2. Wetting and drying.

a

The wetting and drying transition have attracted much interest by

Cahn

(2.3)Yrv y si 

whereas the r.h.s. scales with the exponent |i:

!
=

The terms wetting and drying refer to the adsorption of two coexisting phases at a third 
"spectator" phase5). A model system to discuss these phenomena is the system of a coexist­
ing liquid and vapor phase in contact with a wall, which is also the system encountered in 
our simulations. Consider a liquid drop that rests on the substrate and is surrounded by a 
saturated vapor. The liquid-vapor interface makes a well defined angle with the substrate­
liquid interface which is called the contact angle 9 (see fig. 1). This angle is related to the 
surface tensions ySb Yrv and that belong to the substrate-liquid, the substrate-vapor and 
the liquid-vapor interface respectively. This relation, called Young’s law, takes the form of a 
condition for mechanical equilibrium if the surface tensions are considered as mechanical 
forces that act on the contact line where the three phases meet. It reads

Yrv = Ysl + Y/v cos9 (2.1)

The contact angle varies with e.g. temperature. If it vanishes, the droplet spr er the
substrate and a liquid layer intrudes between the solid and the vapor phase all . e sub­
strate surface. The vanishing of 6 thus implies that a direct contact between the : nite and 
the vapor phase is no longer stable but that a macroscopically thick liquid layer should 
develop in between them. Complementary, a contact angle that is equal to it implies that a 
stable interface between substrate and liquid incorporates an intermediate macroscopic vapor 
layer. The case 0 < 9 < tt/2 is called the partially wet state, the case 9 = 0 the completely 
wet state and similarly are the cases rt/2 < 9 < n called the partially dry and 9 = it the 
completely dry state. The transition from the partially wet to the completely wet state is a 
genuine surface phase transition, called the wetting transition. The drying transition is 
defined analogously. The transition from the partially dry to the partially wet state is not 
phase transition but it is convenient to be able to distinguish between these two states.

an argument of

Y/v - (T - T')* (2.4)
which have the values Pi =0.8 and |1=1.3 in the 3-d Ising universality class, which is the 
appropriate universality class for classical, three dimensional fluids. As Y/v vanishes faster 
that the difference (Yrv-Yr/) according to these scaling assumptions, inequality (2.2) should

Yrv Yr/ < Y/v (2.2)

(with Yjj < y„, otherwise one would be in the partially dry regime) and noticed that as T 
approaches Tc both sides vanish with a critical exponent. The l.h.s. is assumed to scale with 
a surface exponent P ]:

Cahn6) that predicts that, whenever a system is partially wet (dry) at T below Tc, one should 
encounter a wetting (drying) transition as the temperature is raised towards Tc. 
inspected the condition of partial wetting:

~ (T - TC)P'
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the wetting temperature, below Tc where the inequality

x > 1

cos 0 = -1 + c (e - Ej) (2.6)
(where E^ is the drying point and c is positive) the transition is first order. If, on the other 
hand, cos6 merges tangentially with the line cos0 = - 1:

break down at a temperature Tw, 
becomes an equality:

cos 0 = -1 + c (e - Ej)x x > 1 (2.7)

the transition is continuous. Inspecting the contact angles, both simulations predicted a 
first-order drying transition whereas the simulation of Sikkenk et al also gave a first-order 
wetting transition. However, the results of Sikkenk et al for the drying transition turned out 
to be controversial14) because of inaccurate measurements of and y,,.

- Yrf = liv (2.5)
which marks the presence of a wetting transition. This wetting scenario is called "critical 
point wetting" because the wetting transition is expected in the vicinity of the critical point.

Obviously, Cahn’s argument cannot be rigorously correct because, as soon as the wet­
ting transition occurs, (2.5) holds and thus, scaling assumption (2.3) is no longer valid. 
Instead, the difference should also scale with p. A careful analysis7) of scaling
functions is needed to understand the flaw in the argument. Nevertheless, the notion of Cahn 
has inspired much research on the wetting transition and many systems have indeed been 
shov. f; .0 exhibit critical point wetting. The status of the drying transition is less clear. 
Ar.' j -'.i the wetting and drying transition appear to be two similar demonstrations of the 

r i ysical mechanism, a drying transition has not been observed experimentally. Ques- 
ard in the research5) on wetting and drying are e.g. on the location and order 

. ansitions and their relation to the molecular interactions. Theoretically, such ques- 
a: . e been studied in lattice models8,9), in variants of Landau’s mean-field theory5) and 
;.:ty functional calculations5,10,11). There is general agreement that in systems with 

.a .Ac interactions, the wetting transition is first order unless the transition takes place very 
close to Tc in which case continuous wetting may occur11).

Intermediate between theory and experiment, simulations of the wetting and drying 
transition have been carried out, both in lattice models and in models of real fluids. Among 
the earliest examples of the latter is a simulation of van Swol and Henderson12) who studied 
the drying transition in a system with square-well interactions. A more extensive simulation 
of wetting and drying in a Lennard-Jones system was carried out on the DMDP by Sikkenk 
et al1^- Instead of by temperature, the transitions are driven in both simulations by changing 
the substrate-fluid interaction strength e. Increasing e, one passes from the completely dry to 
the completely wet state via a drying and, subsequently, a wetting transition. These transi­
tions are identified by a measurement of cos0 as a function of E where cos0 is obtained 
from a measurement of surface tensions and the application of Young’s law. The cosine rises 
from -1 in the completely dry state to 1 in the completely wet state. The order of the wet­
ting and drying transition can be deduced from the way in which cos0 approaches its limit­
ing values. If in the case of e.g. the drying transition, cos0 cuts the line cos0 = - 1 under a 
finite angle:
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Outline

The simulations described in the chapters III-VII are related to the wetting and drying 
transition and contain a liquid phase, a vapor phase and a substrate. The latter is absent in 
he simulations of the chapters VIII and IX which aim at a study of the liquid-vapor inter­
face. Before we describe the simulations, we devote a chapter, chapter n, to a discussion of 
relations like (1.1) between macroscopic and microscopic quantities of the interface. As such 
relations are frequently used in the simulations, chapter II provides the formal background 
for those measurements. Special attention is paid to the derivation of an expression for the 
surface tension of an interface between a fluid and a substrate that is modelled by a struc­
tured, i.e. periodic, external potential. Such interfaces are encountered in the simulations and 
the appropriate expression for y had not yet been derived. The derivation had been given for 
a structureless substrate but it turned out that as one treats the more realistic sn ed case, 
the derivation becomes much more complicated.

Chapter IB treats a visual measurement of contact angles which circumvc meas­
urement of surface tensions that had been so cumbersome in the simulation of k et al. 
A liquid-vapor meniscus is enclosed between two parallel substrates and the ingle is 
obtained from the shape the meniscus attains. The angles display a strongly shifted drying 
transition compared with Sikkenk’s simulation and moreover, they are consistent with both a 
first-order and a continuous character of this transition. The wetting transition has remained 
first-order.

This modified picture of the wetting and drying transitions is confirmed in chapter IV. 
The set-up of the simulations in this chapter is the same as in Sikkenk’s simulation apart 
from the representation of the substrate. Whereas the substrate particles were allowed to 
oscillate around their lattice positions in the simulation of Sikkenk et al, they are frozen in 
at those positions here. Representing the wall thus as an external potential, one obtains a 
series of contact angles with varying e which agrees well with the visually measured angles.

The most accurate determination of the order and location of the drying transition is 
obtained in chapter V. In this chapter, the variation of the contact angle with e is measured. 
The measurements form strong evidence for a continuous transition and, moreover, locate the 
position of the transition an order of magnitude more accurately with respect to the measure­
ments of the angle itself.

In chapter VI, a step towards the simulation of a more realistic system is taken. We 
have added the long-ranged tail of the substrate-fluid interaction to the simulations and rein­
spected the wetting and drying transitions. It is to be expected that the drying transition will 
be suppressed by the added tail and this is confirmed by the simulations.

Chapter VII inspects a transition which should accompany a first-order wetting transi­
tion: the prewetting transition6, *5\ This is a transition between a thin and a thick adsorbed 
film which occurs in the regime of the undersaturated vapor. The existence of this transition 
is predicted on sound theoretical grounds but it has so far only been observed in lattice-gas 
simulations16'17) and in one simulation18) of a Lennard-Jones system. Any experimental 
observation lacks in spite of several attempts19,20). We have inspected the adsorption at the 
wall at a range of vapor densities and values of e but find no clear evidence for a thin-thick 
transition. The region in which the transition occurs must be narrow and we give bounds on 
it
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The last two chapters discuss some properties of liquid-vapor interfaces. Chapter VIII 
discusses simulations in which a pan of the liquid-vapor coexistence line is scanned with 
planar interfaces between the coexisting phases. The values quoted in the literature for the 
liquid-vapor surface tension vary significantly. We have accurately measured this quantity, 
as well as some properties of the liquid and vapor phases. Moreover, we increased the cut­
off radius of the Lennard-Jones potentials from 2.5a to 7.33a and observed a significant 
effect on the properties of the interface and the coexisting phases.

The last chapter studies the influence of curvature on the surface tension in a simulation 
of liquid drops. It is assumed21) that the surface tension deviates from its planar value with 
an amount of the order of the inverse droplet radius. We show that this amount can be 
obtained from an analysis of the pressure difference over the interace and this difference is 
evaluated in the simulations. It turns out that the effect of the curvature is small.



CHAPTER II

ABSTRACT

Microscopic expressions 
for the surface and line tension

We consider the change in grand potential of a fluid under a deformation of its containing 
vessel. Thermodynamically, the change is expressed in terms of the pressure, the surface ten­
sion and the line tension of the fluid. As the change can also be expressed in the fluid’s 
microscopic properties, one obtains microscopic expressions for thermodynamic quantities. 
We consider two types of such expressions, the first one relating the pressure, surface and 
line tension to the density at the hard walls of the vessel, the second one relating them to the 
pressure tensor. Moreover, we can generalize these two types of expressions to a single 
expression which contains them both. Besides the distinction between surface and line ten­
sion, we consider three models of the wall: a "hard" wall, a "structureless, soft wall" and a 
"structured, soft wall". It is shown that the expressions for the surface and line tension are 
similar for all types of walls.
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1. Introduction.

p = kBT n0 (1.1)

where kB denotes Boltzmann’s constant and T the temperature of the system. We call rela­
tions of this type between a thermodynamic quantity and the density of the fluid at a wall

The behaviour of fluids near a wall has attracted considerable interest in recent years. 
Especially the question whether a fluid wets a wall or not, has been the subject of many 
investigations'). This question refers to the equilibrium state of the wall-fluid interface 
which is characterized by the surface tension, describing the contribution of the wall-fluid 
interface to the grand potential of whole system. It forms the basis of many theoretical 
descriptions of the interface and can be measured experimentally. There exist formal expres­
sions relating it to microscopic properties of the interface. As these properties are accessible 
in a simulation, the surface tension can also be evaluated in a simulation2).

In reality, two thermodynamic phases meet at a wall-fluid interface: the fluid and the 
solid which forms the wall. The atoms of the solid form a lattice, oscillating around their lat­
tice positions. In this perspective, a solid-fluid interface is similar to a liquid-vapor interface 
and the same molecular expressions apply. The description of the interface is greatly simpli­
fied if the solid atoms are frozen in at their lattice positions. This simplification alters the 

'vs of the interface only marginally in many cases. Such a rigid lattice is no longer a 
p:.n the thermodynamic system but serves as a boundary condition for the fluid. The 
; . dary condition appears as an external potential acting on the fluid particles and prevent­
ing then, from escaping from the system. Microscopic expressions have to be adapted for 
such an inert wall.

This paper is addressed to the derivation of formal expressions for the surface tension 
and related quantities of an interface between a fluid and an inert wall. As model for the 
wall we will consider three cases

a) The simplest model is a wall which is only a restriction on the positions of the fluid 
particles. The restriction is represented by an external potential which is zero at one side of 
the wall and infinite at the other side. This representation of a wall will be denoted as a 
"hard wall".

b) The model of a wall becomes more realistic when the potential varies smoothly with 
the distance from the wall. If the potential is still translationally invariant along the wall, 
the model for the wall is denoted as a (structureless) "soft wall".

c) The closest inert representation of a real wall is an external potential field which 
depends not only on the distance from the wall but varies also along the wall. The latter 
variation models the lattice structure of the wall. Since a lattice is periodic, the external 
potential is taken to be periodic along the wall also. This model of the wall is denoted as a 
"structured, soft wall".

An example of a relation between a thermodynamic quantity and a microscopic quantity 
of a fluid is the connection between the density at a hard wall and the fluid’s pressure. 
Approaching a hard wall from inside the fluid, the density of the fluid changes discontinu­
ously from a finite value to zero in the wall. The finite, limiting value of the density is 
called the density at the hard wall, ng- It is related to the pressure p of the fluid by3)
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(1.2)

(1.4)

p = kBT nB - J dr r3 0'(r) n2fi(r) 
J o

where nB denotes the density of the bulk fluid, <f>(r) the interpanicle potential for two parti­
cles at a distance r and its derivative with respect to r. In this form, the relation holds 
for a three dimensional fluid with central, pairwise additive interactions which is the type of 
fluid we will restrict ourselves to throughout this article. Relations as (1.2), expressing a 
thermodynamic variable in essentially an integral over the pair correlation function, are 
called "virial expressions". Virial expressions can often be formulated in terms of a "pres­
sure tensor". As an example, the virial expression for the surface tension of a bard wall, y*. 
located in the plane z = 0 with the fluid at z >0, reads5!

+ V J dz> I ^12 
2 0 -- r12

with 7^2 = 7*j —7*2, n2 the pair correlation function. In terms of a pressure tensor, the rela­
tion reads5)

= -J dz (pT(z) - p) 
o

where pT(z) denotes the component of a pressure tensor tangentially to the hard wall at a 
distance z. The pressure tensor is defined in terms of the density and the pair correlation 
function (see below). Substitution of this definition transforms (1.4) back into (1.3). Rela­
tions between thermodynamic variables and a pressure tensor are especially useful in simula­
tions of fluids where the tensor can be measured explicitly5). We call such relations "pres­
sure expressions".

Formal relations between thermodynamic and microscopic quantities such as (1.1)-(1.4) 
can be derived from a deformation of a vessel which contains the fluid and at the same time 
provides the wall-fluid interface. The deformation results in a change in the grand potential 
of the fluid which is thermodynamically expressed in terms of quantities like the pressure 
and surface tension. On the other hand, it is possible to express the change directly in 
microscopic quantities of the fluid. The equivalence of the two expressions leads to micros­
copic expressions for the thermodynamic quantities. This technique has been employed in 
various cases. A systematic evaluation of the deformation method has not been given and it 
is the purpose of this paper. We were confronted with this problem when we simulated 
fluids contained by structured, inert walls which require a delicate treatment of the

Ya = ~^BT J dz (n(z) - nB) 
o

yU12+yi2)
0Z(r 12) (^2(z 1 »z2»r 12) “ 'I2fi(r12)) 0-3)

"density expressions".
In this example, the pressure is related to a surface property of the fluid. An example of 

a different kind is the classical relation4) between the pressure and the pair correlation func­
tion of the bulk fluid, n2B
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2. The pressure tensor and the change in grand potential.

(2.1)

The concept of a pressure tensor has long been present in phenomenological descrip­
tions of inhomogeneous fluids4). The concept has been formalized by Schofield and Hender­
son7) who gave a microscopic definition of the tensor which they could link rigorously to 
the change in grand potential of a fluid. For a simple fluid, the microscopic definition reads

microscopic expressions.
We will employ two microscopic expressions for the change in grand potential. The 

first expresses the change in grand potential in, essentially, the density at the hard walls. The 
expression gives rise to density expressions of the type (1.1). The second expresses the 
change in terms of a pressure tensor from which pressure expressions of the type (1.4) can 
be derived. In this paper, we will consider deformations of the vessel which result in an 
increase of the area of the vessel as well as an increase of the length of the edges. Therefore, 
the change in grand potential involves both the surface and the line tension and density and 
pressure expressions will be derived for both these quantities.

The deformation is applied to the three models of a wall we mentioned above. At first, 
a vessel of hard walls is considered. Secondly, one of the hard walls is replaced by a struc­
tureless, soft wall and finally, this wall is replaced by a structured, soft wall. We thus obtain 
density and pressure expressions for the surface tension of a hard wall, a structureless soft 
wall and a structured soft wall. We also obtain density and pressure expressions for the line 
tension of the edges in these vessels. We do, however, not consider the edge formed by a 
hard and a structured, soft wall since already the surface tension of the structured wall turns 
out to be a complicated case.

The article is further organized in the following way. We introduce the concept of the 
pressure tensor and the two routes to the change in grand potential in section 2. Before we 
start the actual calculation, we give some comments on the definition of the surface and line 
tension in section 3. The first route to the change in grand potential is then exploited in sec­
tion 4 which derives the density expressions. The second route is exploited the sections 5, 6 
and 7 in which the pressure expressions are presented. Section 5 treats the hard wall and the 
edge formed by two hard walls. Sections 6 treats the structureless soft wall and the edge 
formed by a hard and a structureless soft wall. Section 7 treats the case of the structured 
soft wall. Finally, conclusions are drawn in section 8.

P(T) = kBT n(r) I - — J dr! dT2 ----  <t>'(^i2) ”2(^1 .^2) J d/ 8(/-7)
2 — r‘7 C„

=» . . 
where / denotes the unit tensor and C u is a contour from rj to rt. This contour can be 
chosen arbitrarily and therefore, the pressure tensor is not defined uniquely. The most obvi­
ous choice for the contour is a straight line from 7*2 to 7*i, a choice which is referred to as 
the Irving and Kirkwood8) (IK) tensor. An alternative choice has been investigated by 
Harasima9) who took the contour to be a straight path from r*; to (X2,y2.zt) followed by a 
straight path to 7*2- Clearly, each expression of a physical quantity in terms of a pressure 
tensor, like (1.4), must be independent of the choice of the tensor. It can furthermore be 
shown that the divergence of all tensors (2.1) satisfies
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(2.2)

(2.3)Z/v =

(2.4)

(2.5)

(2.6)

(2.7)

are

z = e

The grand potential is calculated from Zgr as

J d7\, . .. , drN e 
V

-Pl/»

Q = -kBT log Zgr
The integration volume V in (2.3) defines the position space in which the particles 
allowed to move. If the external potential becomes strongly repulsive near the boundaries of 
V, the available position space is effectively defined by this potential since it prevents parti­
cles from intruding up to the boundaries. The volume is then bounded by soft walls and the 
precise location of the boundaries of V does not influence the physical behaviour of the sys­
tem. If there is no external potential to prevent the particles from reaching the boundaries of 
V, the volume is bounded by hard walls. In this case, the boundaries of V, i.e. the position of 
the hard walls, can not be changed without changing the physical behaviour of the system. 
In general, the volume can be bounded by a combination of soft and hard walls.

Schofield and Henderson considered the change in the partition function under an infin­
itesimal deformation of the integration volume V. The deformation is described by an infini­
tesimally small displacement field 17(7*) which shifts the boundaries of V from their original 
positions {7*} to new positions {7* + 77(7*)}. We consider only cases in which is not 
affected by the application of a displacement field which implies that any soft wall remains

1
A3WN!

where A denotes the thermic wavelength, the energy of a configuration of ’ :■‘tides

= -n(7) V<t>“'(?) 

where $“'(7*) denotes the external potential acting on the fluid.
The tensor (2.1) can be used to describe the change in grand potential of a fluid when 

the container of the fluid is deformed. Schofield and Henderson discussed these deformations 
in the canonical ensemble, preserving the amount of particles in the system. It is however 
easy to show that the expression for the change in free energy that they obtain applies 
equally well to the change in grand potential. This thermodynamic potential has to be con­
sidered if the deformation is brought about in the grand canonical ensemble under constant 
chemical potential. Instead of considering the canonical partition function Z^ of a system of 
N panicles

Unfit..........7\) = X +
(ij)

one has to consider the grand canonical partition function Zgr given by

ZJr = 1 + £ zN ZN 
N=\

with z the activity, related to the chemical potential p by
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(2.8)

(2.9)

(2.10)

(2.12)

1

dil = -kBT J dSuZCT’) n(7?) 
dv

which expresses dil entirely in terms of the density at the wall. The equation shows that if 
the volume is bounded by soft walls everywhere, the grand potential does not change since

d£2 = j ir {-kBT 
v

in place and the deformation affects the hard walls only. The change in grand potential can, 
up to order u, be described by the one and two-particle correlation function

+ i?(r) V4>"'(r) } n&

d£2 = - J dr" { pfr): VizCr) - nfr) tA/) • Vif)"3 (7*) }
V

+ J d?{ p(r) - kBT n(r) J 
dv

.end integral is over the surface of V. If the surface is shielded by a soft wall, the 
’ the surface will be zero since particles never reach the boundary of V in that case.

I ;• e. for any reasonable choice of contour, the pressure tensor will also be zero at a 
soli and thus, soft walls do not contribute to the surface integral. At a hard wall, the—>_, _.
pressure tensor p(r) becomes equal to kBT n(r) I for a large class of contours. Each con­
tour which does not intersect the wall, belongs to this class. Note that the IK and the 
Harasima tensor both fulfill this condition (if the wals are in the x-y, x-z or y-z plane). 
Therefore, for this class of tensors, hard walls also do not contribute to the surface integral 
which then does not contribute to dfl at all. So the change in grand potential is, up to first 
order in u, fully given by

dQ = -/ d7 {
v

if the pressure tensor at a hard wall dV reduces to

p<f, Wk) = kBT n(7, dVk) 7 (2.11)

We will restrict ourselves to tensors satisfying (2.11) in the remaining part of this paper, 
which means that only reasonably simple contours will be considered, typical examples of 
which are the IK and the Harasima contour.

Equation (2.10) is what we referred to as the "pressure route" to dQ. The "density 
route" to dQ is easily obtained from (2.9) if the combination is replaced by -V-^, in 
accordance with (2.2). Partial integration of the resulting term gives

+ | j dri d?2 { <7(n) ~ } — <t>'(''i2) "2^1/2)
2 v r12

However, it can equally well be described7' by the pressure tensor (2.1)
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3. The definition of the surface and line tension.

Q = Q v + fl 5 + Qg (3.1)

Expansion (3.1) could become ambiguous if p and yA depend too strongly on the system 
size, e.g. approach their thermodynamic value inversely proportional to the linear size of the 
system. If, however, p and y* in a finite system are defined in terms of local quantities such 
as in (1.2) and (1.4), it is reasonable to assume that the influence of the size of the system is 
exponentially small. This assumption does probably not hold near criticality where the dis­
tinction between pressure and surface tension should be carefully reanalysed, which is 
beyond the scope of this paper.

To be complete, we should have added a term of the order 1 to (3.1) to include the 
contributions of the comers of the box to the grand potential. Such contributions however, 
will not be studied in this article and therefore we neglect them. Qy, and Og define the 
pressure, surface tension and line tension

= -p V (3.2)

— Ya (3.3)
&E = XAA Lhh (3-4)

The geometry of the box is the geometry of the integration volume in (2.3). Changes in the 
volume induce changes in the grand potential. Consequently, the proportionality factors p, Ya 
and are unambiguously defined.

These notions may appear somewhat trivial but more care is needed when soft walls are 
involved. Consider the same box as before with one of the hard walls, taken to be in the 
plane z=0, replaced by a soft wall. Contributions from the hard wall to the grand potential 
must now be distinguished from contributions from the soft wall

the density vanishes at a soft wall. This must be so because in that case the boundaries of V 
can be distorted without changing the physical behaviour of the system. Equation (2.12) 
also shows that d<2 does not depend on the value of 17 in the interior of V. This reflects the 
fact that the deformation is determined by the value of 17 at the boundary of V only. In par­
ticular, Q does not change if 17 vanishes at the boundary of V since in that case, the integra­
tion volume is not distorted at all. Equations (2.8), (2.10) and (2.12) denote three different 
but equally valid ways to express the change in grand potential under a deformation 17 of the 
boundaries of the fluid.

Consider a fluid in a three dimensional, rectangular box which consists of hard walls. 
The grand potential of the fluid is defined by (2.3)-(2.7) with 0“' (7“) = 0. As we mentioned 
in section 1, the surface tension y* of the hard walls and the line tension Xhh of Jhe edges of 
the box can be defined from the change in the grand potential under a well chc-en deforma­
tion of the box. An alternative definition of these quantities is obtained from ■■ decomposi­
tion of the grand potential in terms of the order of the volume V, the size of -a face A/,, 
and the length of the edges of the box
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(3.7)= 0,

so

(3.8)

(3.9)

(3.10)

= Y, A, + Y* Ah (3-5)

with y, and As the surface tension and area of the soft wall. Similarly, the contributions 
from the edges formed by two hard walls must be distinguished from the contributions from 
the edges formed by a hard and a soft wall

8Q = (p8z + Sy,) As + (y*8z - 8-c,*) Lsh + 0(1) = 0 (3.11)

In (3.11) we have neglected the term t**8z which is of the order 1. The two terms in (3.11) 
are of a different order of magnitude and must vanish seperately

8y, = -p 5z (3.12)

St,* = Y* Sz (3.13)

These equations demonstrate that the magnitude of y, and t,* depends on the location of the 
lower boundary z=0 of the box. The dependence is trivial in the sense that e.g. y, varies 
linearly with the position of the boundary with a coefficient which is not an intrinsic pro­
perty of the surface but can be determined from the bulk state of the fluid alone. Note also 
that in e.g. the study of surface phenomena at a fixed wall the absolute value of the surface 
tension is never of importance but only the difference in surface tension between competing 
interfaces. For instance in the wetting problem, the coexisting liquid and vapor phase, com­
peting to wet the wall, both have the same bulk pressure p and thus the difference in surface 
tension is independent of the location of the lower boundary z = 0. Although the dependence 
of y, and t,* on the location of the boundary forces one to treat the boundary carefully, they 
remain central parameters in the description of interfaces and contact lines respectively.

= P 8z A,

s ~ Y* Sz 7.,* 

f,* - 4 t** 8z

= 0

8V = —As 8z, 

87-,*

= ~Lsh Sz,

= t,* Lsh + ihh Lu, (3.6)
with T,* and Lsh the line tension and length of the edges formed by a hard and a soft wall. 
Contrary to the previous case, the lower limit on the z-integrations in (2.3) can be shifted 
without affecting Z*,. The geometry of the box however, does change under such a shift. If 
the lower boundary is shifted from z=0 to z = 8z, the geometric changes in the box are

8Qy

6Qs = 8y, A
= bxsh

Note that p, y* and r** do not change because they were completely specified by the tem­
perature and the chemical potential which remain of course unaltered by the shift 8z in the 
boundary of the box. Since ZN does not change, the grand potential of the fluid does not 
change. Adding (3.8), (3.9) and (3.10) gives

SA, = 0, 6A*

87.** = —4 8z
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4. Density expressions.

(4.2)

4.1 Hard wall.

(4.3)

12A. L2,

(4.5)

(4.6)«»( y, z) = n( 0, y, z)

First, we take the wall in the plane 
tial is then given by

z = 0 to be a hard wall. The change in grand poten-

d£2 = -p dV + yA dAh + dLw,

With displacement field (4.1), the changes are

L L
dQ = -3 kBT A. L J dy J dz n( 0, y, z) 

o o
Note that the thermodynamic expression (4.3) consists of different orders of L. The term of 
order L3 determines p, the term of order L2 y* and the term of order L determines t**. We 
decompose (4.5) also in orders of L. The decomposition is obtained from a decomposition of 
the density. Define the density at the wall, nw

Relations between thermodynamic and microscopic quantities of the fluid will be 
obtained from deformations of the box which contains the fluid. The box we will use 
throughout this paper has dimensions 0<x,y,z<L. The wall in the plane z=0 is the wall of 
interest. It will taken to be a hard wall, a structureless soft wall or a structured soft wall. The 
five remaining walls will always taken to be hard walls. The box is deformed according to 
the displacement field

z?(r) = A ( x-L, y-L, z) (4.1)

The parameter A. makes It infinitesimally small. This displacement field trait ■■ for .‘s the box 
from a cube with edge length L to a cube with edge (1 +A.) L. To obtain y expres­
sions, expression (2.12) for the change in grand potential is exploited wh'. resses the
change in the density at the walls

dV = 3A. L3, iAh = 12A. L2, dLhh = 12A. L (4.4)

The thermodynamic expression (4.3) for d£2 has to be compared with the microscopic 
expression (4.2). The three walls that contribute to (4.2), give the same contribution. Take 
the wall x = 0 as exemplary

dQ = -kBT J dSll(p) n(y) 
Sv

The product dS-lt vanishes at the planes x=L, y=L, and z=0. Only the t nee remaining 
walls contribute to the integral (4.2).
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(4.8)

(4.10)

comparison with (4.3) shows

(4.12)

(4.13)

(4.14)

no - "»(“,")
■>nly y to infinity, (4.7) gives the definition of An*(z)

d£2 = -1 kBT 3L { L2 n0 + 4L J dz An*(z) + 4 J dy dz An**(y,z) } (4.11)
o o

Anj(z) = nw(~, z) - «o (4-9)

white At;** is defined by (4.7) itself. Substitution of decomposition (4.7) in (4.5) gives

This density has a constant value no far away from the edges and comers at the wall x = 0. 
The density is distorted by the presence of neighboring walls within some microscopic 
length £ of the edges. The distortion near an edge, far away from a comer, is denoted An*. 
The additional distortions near a comer are denoted An**. The decomposition of n„ reads

+ 4 j dy J dz Anhh(y,z) } 
0 0

The factor 2 in front of the integral over An* accounts for the fact that there are two walls 
in both the x-z and x-y plane bordering on the wall at x = 0. The factor 4 in front of the 
integral over An** accounts for the fact that there are four comers at this wall. The sym­
metry between the walls implies that the integral over An*(y) gives the same contribution to 
d<2 as the integral over An*(z). Decomposition (4.10) is the decomposition of d£2 in orders 
of L

L oo L oo L

dQ = -X kBT 3L { j dy dz n0 + 2 j dy J dz An*(y) + 2 j dz / dy An*(z) 
o oo oo

x** = -kBT J dy J dz An**(y,z) 
o o

p = kBT n0

7* = — kBT f dz An*(z) 
o

nw(. y, z) = n0 + An*(y) + An*(z) + An**(y,z) (4.7)
where An*(y) denotes the correction near an edge formed with a wall in the x-z plane, 
An*(z) the correction near an edge formed with a wall in the x-y plane. A correction term 
vanishes if its argument, or one of its arguments, is chosen far away from the edges. We 
denote such positions, £« y,z < L/2, as y,z approaching infinity. Taking e.g. y and z to 
infinity, (4.7) gives the definition of no
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4.2 Soft wall.

(4.15)

are

(4.17)

(4.19)

= d£21 + dQ2 (4.18)

where d£22 refers to the integral in (4.17). The density at the wall x = 0, nw(y,z), is decom­
posed as in (4.7). The influence of the soft wall on the density near the edge with the soft 
wall is denoted as An,, The influence of a comer formed with the soft and a hard wall is 
denoted as An1A. The decomposition of the density in the comer y,z > 0 reads

n0 + L J dz An,(z) 
0

L L
dQ = X { - p L3 + 4yh L2 + 4tAA L -2 kBT L J dy j dz n( 0, y, z) } 

o o

'i»(y,z) = n0 + An,(z) + AnA(y) + AnsA(y,z)
The decomposition of the integral dQ2 becomes

dQ = -p dV + ys dA s + yk dAh + dLsh + xhh dLhh

The change in volume is the same as previously, the other changes in the geometry

+ L J dz Anh(z) + 27, J dy An*(y) 
o o

dA, = 2X T,2, 

dZ,jA = 4X L, 

Expression (4.15) is again compared with

We replace the hard wall in the plane z=0 by a structureless, soft wall and repeat the 
calculation of the previous section. One can now question whether the density at a hard wall, 
bordering at the soft wall at z=0, is still related to e.g. the surface tension of this wall. The 
calculation shows that this is indeed the case.

One has to distinguish between the soft wall with area A, and surface tension ys and 
the hard walls in the calculation. One also has to distinguish between the edges formed by 
the soft and a hard wall, with total length Lsh and line tension T,*, and the edges formed by 
two hard walls. A similar distinction has to be made between the comers Apart from the 
replacement of the hard wall, the box and displacement field are the same as in the previous 
section. The thermodynamic expression for the change in grand potential reals

which are the desired density expressions. The first of these was already quoted in (1.1). It is 
seen to be the first of a hierachy of three which relates the pressure, suface tension and line 
tension to the density at a hard wall.

dAh = 10X L2,
dLhh = 8X 7, (4.16)

(4.2). The three walls that contribute to the 
integral (4.2) no longer contribute equally. The wall at z =L gives the same contribution as 
previously, i.e. one third of (4.3). But the contribution of the walls at x = 0 and y=0 will be 
different since they border at a soft wall now. Their contributions to (4.2) however, will still 
be equal to one another. Take the wall at x =0 as exemplary

dQ2 = -X kBT 27, { 7,2
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(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)-«0

dQ2

-kBT 2L2 J dz A«,(t) - kBT 4L J dy J dz Anrt(y,z) } 
0 0 0

Adding dQj and dl^2> we get

= X {-2p L3 + 6y* A2 + 4tm L

Ans( 0) =

+ 2 J dy J dz AnjA(y,z) + 2 J dy f dz An**(y,z) } 
oo oo

with the aid of the density expressions (4.12)-(4.14)

Ys = ~kBT J dz An,(z)
0

tsh = "W j dy j dz Anjh(y,z) 
o o

The density at a hard wall near an edge formed with a soft wall, is related to the surface ten­
sion of the soft wall. The density at a hard wall near a comer formed with a second hard 
wall and a soft wall, is related to the line tension of the edge formed by the soft and the 
hard wall. The structure of (4.23) and (4.24) is exactly the same as the structure of (4.13) 
and (4.14).

In general, we can state that the deviations of the density at a hard wall near an edge 
formed by the hard wall and a second wall are related to the surface tension of that second 
wall. This second wall can be either a hard or a soft wall. The deviations of the density near 
a comer formed by the hard wall and two other walls is related to the line tension of the 
edge formed by the other two walls. This relation has been proven for the case that the other 
two walls are hard and for the case that one of them is hard and the other soft. Using the 
same method, one easily finds that it also holds for the case that the other two walls are both 
soft.

We conclude this section with a consideration of the remark we made in section 3 
about the dependence of ys and Tj* on the lower boundary z=0 assigned to the system. 
The dependence is stated explicitly in equations (3.12) and (3.13). It should be possible to 
recognize the same dependence in the microscopic definitions of and (4.23) and 
(4.24). We have to inspect how these definitions change if the lower boundary z = 0 is 
shifted with an amount 8z. At z=0, the integrands become

d£2 = X {-3p A3 + lOy* L2 + 8taa L }

-X kBT { 2L1 J dz Ans(z) + 4A J dy J dz Anrt (y,z) } 
0 0 0

Comparison with (4.15) gives the density expressions
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(4.26)

(4.27)Sy,

(4.28)

(4.29)(z)

5. Pressure expressions for the surface and line tension: hard wall.

(5.1)

of the previous section. The

0) = -Anh(y)
Therefore, y, and change under the shift 8z

d Q = - J d'rpfr):V 77(7)
v

With displacement field (4.1), the tensor V<7has the simple form

example, 
■ j ccureless,

at a hard wall show that these

In this section, we exploit route (2.10) to the change in grand potential which leads to 
relations between thermodynamic quantities and the pressure tensor of the fluid. The box and 
displacement field are the same as in section 4. The wall in the plane z = 0 is taken to be a 
hard wall in this section.

The thermodynamic expression for dQ is given by (4.3) while on the other hand, equa­
tion (2.10) with <t>“'(r) = 0, states

P = ~ J dz «(z) 4- 0“' 
0

since the r.h.s. denotes the force per unit of area which the wall exerts at the fluid.

V17(7) = Z T (5.2)
Our strategy is the same as in the previous section: we split the microscopic expression (5.1) 
in orders of L. On comparison with (4.3), the term of order L2 gives the microscopic defini­
tion of y*, the term of order L the definition of T^,. The decomposition of (5.1) in orders of 
L is obtained from a decomposition of the pressure tensor.

This decomposition is similar to the decomposition of 
tensor is translationally invariant and isotropic in the bulk fluid

= -kBT n0 8z

= -kBT 8z f dy Anh(y) 
0

The density expressions (4.12) and (4.13) for the density 
changes are equal to those in (3.12) and (3.13).

Density expressions do not only exist for hard walls. They can be deriv .-g for soft walls 
too from a deformation which also shifts these walls. In that case, the ci- - nent field 
does not only affect the boundaries of V but also the external potential whic1 s the soft 
wall. An extra term must be added to (2.12) to account for this shift and den . . xpressions 
can then be derived from the modified (2.12) in the way demonstrated here, 
one easily notices that the relation between the pressure and the density ncn. 
soft wall is given by
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(5.4)

(5.5)

(5.6)

(5.7)

dQ

(5.8)

(5.9)

=t 
Pb

Pb = P* (5.3)

where p denotes as usual the bulk pressure. Near the walls, within some microscopic length 
£, p deviates from pB. The deviation near a wall, far away from edges and comers, is 
denoted as Sph- The additional deviations near an edge are denoted as Ap**. The influence 
of the comers is denoted as ^p^hh- The decomposition of p in the comer x,y,z > 0 reads

&Phh( y. z)

The definition of tiptwi >s (5.4) itself. The decomposition (5.4) of the pressure tensor 
is inserted in (5.1). This integral splits in an integral involving p*, 6 integrals involving Ap* 
(resulting from the deviations of p near the walls), 12 integrals involving tip>,h (from the 
deviations near the edges) and 8 integrals involving fcphhh (from the deviations near the 
comers). The 6 integrals involving Ap* give the same contribution to dQ by symmetry. We 
take the deviations near the wall z=0 as exemplary. Similarly, we take the deviations near 
the edge formed by the wall at z=0 and y=0 as exemplary for the 12 edges. The comer 
formed by these two walls and the wall at x = 0 is taken as exemplary for the 8 comers. The 
decomposition of (5.1) reads

p(f) = Pb + Ap*(x) + Ap*(y) + Ap*(z)

+ Ap**(x,y) + Ap**(x,z) + Ap**(y,z) + Ap***(x,y,z)

The . . tion terms Ap vanish if one of their arguments is taken far away from the walls.
We ... such positions, £« x,y,z< L/2, as x,y,z approaching infinity. With x, y and z 

■it, (5.4) becomes the definition of p8

=» , .
= P (“,»,“)

and y to infinity, one obtains the definition of Ap*

= P(“, y, z) - 1>B - Ap*( y) - Ap*( z)

Ap*(z) = p(~,oo, z) - Pb

Taking only x to infinity, one obtains the definition of

(5.9) is the expansion of dfl in orders of L. With the definition of p8, (5.3), the first term

L L L L L
-X { J dx J dy J dz pfl: / + 6 J dx j dy f dz Ap*(z): I

ooo ooo

+ 12 J dx J dy J dz Ap**(y,z): I + 8 J dx / dy J dz Ap***(x,y,z): I } 
ooo ooo

= dQfl + + dQ/ji + dQ^



- 22 -

is easily calculated

(5.11)

} (5.12)

(5.13)

(5.14)

Ap“(z) = Apf’(z) s ApJ(z) (5.15)

and (5.14) simplifies to

(5.16)

In terms of pT and p it reads

(5.17)

dQ/, = -61 L2 J dz { Ap^(z) + Ap)?(z) + Ap”(z) } 
o

which is of the order L2. The third term, dila,, reads

Y* = - J dz ( pr(~,~,z) - p) 
o

This form is the usual expression4) for Ya- It was already mentioned, in a slightly different

Y* = 4- J dz { ApJ’(z) + Ap)?(z) + Ap”(z) } 
z 0

This expression can be simplified. It can be shown that the term Ap” vanishes (see (A.l) in 
appendix A) while ApJx(z) = Ap^(z) by symmetry. We define

y* = -f dz ApJ(z) 
0

= -8X J dx j dy J dz { ApS>.(x,y,z) + Apfti(x,y,z) 
ooo

+ ApJ^Cr.y.z) }
which is of the order L°. First, we will discuss the term d£2* to extract the definition of y*.

Comparison of dQ* with the term of order L2 in the thermodynamic expression for 
dQ, (4.3), gives for the microscopic definition of Ya

dQfl = -X p L3 (5.10)

Compared with the term of order L3 in (4.3), (5.10) shows that the constant p which defines 
Pb is indeed equal to the pressure of the fluid. The second term, dfl/,, reads

= -121 L J dy J dz { ApS(y.z) + Ap)&(y,z) + Ap> . 
0 o

which is of order L. The last term, dfl^. reads
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Y^(j) = (5.18)

The integrand of (5.18) reads

Apr(z) (5.19)

(5.20)

(5.21)

(5.22)

(5.23)

- J dz { Apffz) + ApS(y.z) } 
0

+ Ap$(y,z) = p»(oo,y,z) - p

-.2) of appendix A shows that

= - J dy J dz { ApS(y,z) + Ap&,(x,y,z) } 
o o

<(y) = Ya

for all distances y. At y large, the term Ap$ vanishes and (5.18) reduces to (5.16). At the 
hard wall y=0, pyy is equal to kBT times the density at the wall, c.f. (2.11), and (5.18) 
becomes the density expression (4.13). Expression (5.18) is a generalisation which contains 
both the pressure expression (5.17), at y =oo, and the density expression (4.13), aty = 0.

We proceed with the term of order L in (5.9), d<2^ given by (5.12). Comparison with 
the term of order L in the thermodynamic expression for the change in grand potential, (4.3), 
gives the microscopic definition of xBh

notation, in (1.4). Before we proceed to the term of order L in dQ, we will derive an exten­
sion of (5.16) or (5.17).

The path of integration in (5.16) and (5.17) must be taken far away from the edges of 
the system. The deviation of pT from its bulk value p results from the presence of the wall 
at z = 0 only. We ask the question what happens if the path of integration is chosen close to 
an edge and the influence of the edge on p is taken into account. Consider as example the 
edge formed by the walls at y = 0 and z=0. Define

^hh = - J dy J dz { Ap&(y,z) + + ApJ&Cy.z) }
o o

The second and third term in the integral vanish (see (A.2)) and the definition of Taa simpli­
fies to

*aa = -j dy J dz Ap^(y.z) 
o o

which has precisely the same structure as the definition (5.16) of y*.
The plane of integration in (5.22) is taken far away from a comer: the integrand is 

determined by the presence of the edge alone. Analogous to the case of the surface tension, 
the plane of integration in (5.22) can be taken close to a comer. One can show this by defin­
ing
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6. Pressure expressions for the surface and line tension: soft wall.

(6.1)

(6.2)(z)

p(?) = Pb + Ap*(x) + Ap*(y) + Aps(z)

+ Apw,(x,y) + Aprt(x,z) + A^jh (y,z) + Apshh (x.y.z) (6.3)

The local density must also be decomposed. It turns out to be most convenient to decompose 
it slightly different from (6.3)

and demonstrating (see (A.3)) that tj), (x) is independent of x:

thhW = (5.24)
In the limit that x is large, ApSj, vanishes and (5.23) reduces to (5.22). At the wall x=0, 
pa satisfies (2.11) and (5.23) reduces to density expression (4.14). tj), plays the same role 
for the line tension as played for the surface tension. It can be regarded as an expression 
that interpolates between the density expression (4.14), at x=0, and the pressure expression 
(5.22), at x=<x>.

Finally, we consider the term of order L°, dQ^j,, in (5.9) which is defined in (5.12).
Identity (A.3) tells that the integral over each term in the integrand of (5.12) vanishes

In this section, we replace the hard wall in the plane z=0 by a structureless, soft wall 
and repeat the calculation of the previous section. The microscopic expression (2.10) for the 
change in grand potential contains the extra term n as compared to (5.1). Using
that the soft wall is structureless, i.e.

<t>“(r) = ~ = odx dy
this term reads with displacement field (4.1),

7?(7)V<t>“(7) = X z A <]>“ 
dz

The pressure tensor is decomposed in the same fashion as in (5.4) in the previous section but 
one has to distinguish between distortions of p near the hard walls and distortions near the 
soft wall. The distortions near the soft wall, far away from the comers and edges, are 
denoted tips- The distortions near an edge formed by the soft and a hard wall are denoted 
tip5h- The distortions near a comer formed by two hard walls and the soft wall are denoted 
tip shh- Decomposition (5.4) is replaced by

— 0 (5.25)

in accordance with the fact that no terms of the order L° appears in ti nodynatnic 
expression for the change in grand potential, (4.3). These terms are a' .'ecause the 
comers are not deformed by displacement field (4.1).
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(6.7)

} (6.8)dx

L

(6.9)an* -5

(6.10)dO,* = — 4
0

(6.11)anAA =

,«< } (6.12)d^shh - -4
0

(6.13)diiwiA = -4

We verify that all terms in the decomposition of p and

ns(z) = n(«o,oo, z) (6.5)

An;, is the correction we have to add to ns if the density is evaluated close to a hard wall, 
far away from the edges and comers. Taking y and z to infinity yields

n(x,y,z) = ns(z) + An*(x) + An*(y)

+ AnhA(x,y) + An^(x,z) + Ans*(y,z) + &nM (x.y.z) (6.4)

where ns(z) denotes the density at a distance z from the soft wall, not influenced by the 
hard walls. Taking x and y to infinity, (6.4) gives the definition

J
0

'p —1 n appear in (6.8)-(6.13). The first 
term Pb in the decomposition of p is included in d£2g. There is one correction term Ap,

with dfij

dfi = dnB + dfij + dfi* + dQ,* + dQ^i + dClshh + 

as in (5.8) and

Now that we have decomposed the density and the pressure tensor, we use them to 
decompose the change in the grand potential in orders L".

0
L
j dx f dy j dz { Ap- ( An* + &nsh ) 1Z-V04 
0

-8 J
0

L 

dn, = -j 
0

Anh(x) = ^(x.oo.oo) - nB (6.6)

since ns becomes equal to the bulk fluid density nB far away from the soft wall. The 
remi’.min?, terms in (6.4) are defined similarly. An^ denotes the correction near an edge 
. m .by a hard and a soft wall, AnAA the correction near an edge formed by two hard 
w.:i the correction near a corner formed by two hard walls and the soft wall.

; n 1 . ihere exists the correction An^ in a comer formed by three hard walls. Note that 
in .. ion terms An as defined here should not be confused with the terms An of section 
4.

0

dx J dy J dz ^hhh\Vlt 
o o

o 
L

dx J dy J dz 
o o

J dx J dy J dz { XpshhyH - ( Ahaa + &nshh ) 7?-V0* 
o

}

ns
L oo

J dy J dz { -
o o

J dx J dy J dz 
o o
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=4

which can be integrated and

(6.15)

From (5.14) we find

(6.17)

(6.18)

(6.16)

Therefore, the definition
dQ* = X yh 10L2

which also occurs in the thermodynamic expression (4.15) for dQ.
of ys is indeed included in dQs. (6.8) gives for dQ,

J dz { Apf(z) + Ap”(z) - z ns{z) 
o

Comparison with (4.15) yields the microscopic definition of ys

dQA = -A. 5L2 J dy { ApJ'(y) + Ap^(y) + Ap^(y) } 
o

dQ, = -A L2

wall becomes infinitely repulsive at small values of 
general not integrable over small values of 
integrated. The term An^ is defined as

Y, = - J dz { ApT(z) + Ap?(z) - z n,(z) A <t>“(z) } 
0 dz

>ex: is therefore in
n can be

An,*(y,z) = n(<x>,y,z) - n(oo,oo,z) - An*(y) (6.14)

The products n(°o,y,z) and n(oo,oo,z) will both be integrable over small
distances of z. The combination An*(y) ~u-70“' however, will not be integrable. Therefore, 
the term An,*)7-can in general not be integrated over z whereas the combination 
(An* + An,*) zZ-V<j>“r is integrable.

Similarly, it is the combination (An** + An,**) icV<f>“ 
not the seperate terms.

Decomposition (6.7) is the expansion of dQ in orders of L. The term dflj is of the 
order L3, dQ, and dQ* are of the order L2, dQ,* and dQ** are of the order L and dQ,** 
and dQ*** of the order L°. dQj is the same as in the previous section. First, we analyse 
the terms of order L2 to extract the microscopic definition of y, from them. (6.9) yields

which is combined with ns in dQ,. There are five terms Ap*, from the five hard walls. 
They contribute equally to dQ and we took the plane y=0 as exemple to represent dQ*. 
There are also five terms An*. The product An* vanishes however along the wall
at z=L since vanishes there. The four remaining terms An* are combined with the four 
terms An,* and the four terms Ap,* in dQ,* taking the edge formed by the walls at z=0 
and y=0 as exemplary. There are eight terms Ap** which are included in dQ** with the 
edge formed by the walls at x=0 and y =0 as exemplary. There are also eight terms An** 
but the product An** i7-V0“' vanishes along the four edges formed by the wall at z=L. 
The four remaining terms are combined with the four terms An,** and the four terms Ap,**. 
Together, they form dQ,**. The last terms, the four terms &phhh- form dQ***.

Note that it is necessary to take the combination (An* + An,*) in (6.10). The soft 
The product 17-V0' 

Only the combination

d
dz
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(6.19)

(6.20)Yj

In terms of pT and p, it reads

dz { pr(oo,oo, z) - p } (6.21)

Yj

(6.23)

(6.25)

= - J dz Apl(z) 
o

7ysy(y) = “J dz { Ap*7(z) + }
o

where the integrand is given by (5.19), it follows from (B.3) that

= - J dz ApJ'Cz) - Iv
o

which differs from the microscopic expression (5.16) for y* by an extra integral /]. One can 
however show that this integral vanishes (see (B.l) in appendix B). The microscopic expres­
sion for ys thus becomes

= -X 8L J dy J dz { &p1fi,(z,y') + Ap$(z.>) + Apg,(z,y) } 
0 0

7sy(y) = Yj (6.24)
for all distances y. Expression (6.23) reduces to (6.20) at large y where Ap$ vanishes and 
becomes equal to density expression (4.23) at y = 0 where pyy satisfies (2.11). As yf (y), 
yyy (y) can be regarded as an expression for y, that interpolates between the density expres­
sion and the pressure expression for ys.

We proceed with the terms of order L in decomposition (6.7) of the change in grand 
potential. We start with the term dfl*/,, (6.11).

7 T 5-J dz { p' (00,00, z) - pzz(oo,oo, z) + z n(oo,oo, z) — <()“'(z) } (6.22) 

0 °z
Expressions (6.22) and (6.21) for the surface tension of a soft wall are frequently used6X 
They can be extended in the same way as in the previous section. The path of integration in 
(6.20) is to be taken far away from the edges where the soft wall borders at a hard wall. As 
in the case of y*, one can show that the path of integration can as well be taken close to the 
edge. The distortions of pT due to the neighborhood of the edge have no influence on the 
integral (5.17). If one defines analogous to (5.18)

Yj = -J
o

An alternative form is obtained if —/j in (6.19) is replaced by /j, since /i is zero, and Apf, 
Ap;z and ns are expressed in pT, pzz, p and n
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From (5.21)-(5.22) one has

(6.27)- ( An*(y) + Anjh(y,z) ) z — 0'

=
0

(6.28)z

(6.29)

(6.30)

(6.31)

and one finds from (B.4)

Like

= -X 4L / dy f dz { ApS(y.z) + Ap$(y,z) + Ap^(y.z) 
0 0

_ / Am./ -1- Am / .. — \ \ —
x — ’-n\j/ ■ ‘-‘l,sn

The integral over ApJJJ vanishes, c.f. (B.3). Comparison with (4.15) gives the microscopic 
expression for

= — J dy J dz Ap5(y,z) - I2 
0 0

The structure of (6.29) differs from the definition of t**, (5.22), in 
can show again that 12 is zero 
to

= - J dy J dz { Apg( y, z) + Ap^a( x, y, z) } 
0 0

•“(z) }

an,*

dQ** = X 8L (6.26)
This contribution to dQ occurs also in (4.15). The microscopic expression for t5a is there­
fore contained in dQp, given by (6.10).

xsh = - J dy J dz ApS( z) 
0 0

As in the case of the surface tensions, the expression for turns out to be of the same 
structure as the expression for (5.22). Finally, we ask once more the question what hap­
pens with the integral in (6.30) if the plane of integration is shifted towards a corner formed 
by a third hard wall and the influence of the comer on the tensor is taken into account. 
Define analogous to (5.23)

wall x = 0, p**

the extra term I2. One 
(see (B.2)) and the microscopic expression for ish simplifies

= xsh (6.32)
for all distances x. At large distances x, ApJSa vanishes and (6.31) reduces to (6.30). At the 

" satisfies (2.11) and (6.31) becomes the density expression (4.24).

-J dy J dz Ap5(y,z) 
o

- J dy j dz {ApS(y,z) - ( An*(z) + An5>1(y,z) ) 
o o

<j>“'(z) }a
3z
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(6.33)

(6.34)

(6.36)( x, y,~) - p }

= y^W 8z (6.37)

which equals with the use of (5.20)

(6.38)7h 8zSt,*

This is the result (3.13).

Sy, = -p 8z
which is equal to (3.12). The integrand in (6.31) becomes at z = 0

= X J dx J dy J dz { Ap^(x.y.z) 
ooo

•“'(z) }

= -8z J dy { p 
0

tjjJCt), tJJ(x) includes both the density expression and the pressure expression for t5*.
Finally, we have to evaluate the terms of order L° in (6.7). The term dQ^j vanishes 

according to (A.3). The term dd^j,, (6.12), is more cumbersome. With (B.4), this term 
simplifies to

St,*

- ( AnWl( x, y) + AnjW1(x,y,z) ) z 0"

This integral is the third in a hierachy of which the first and second are the integrals (B.l) 
and (B.2). In the same way as it is shown that these integrals vanish, it can be proven that 
this integral vanishes, i.e. <iClshh vanishes. This means that there is no term of order L° in 
the change of grand potential, in accordance with the fact that this term is also absent in the 
thermodynamic expression (4.15) for dQ.

We conclude this section with a consideration of the dependence of ys and Tj* on the 
lower boundary z=0 assigned to the system. This dependence was discussed in section 3 
where it is made explicit in equations (3.12) and (3.13). The same dependence must be 
appear in the microscopic definitions of ys, (6.23), and (6.31). The integrand that 
appears in (6.23) takes the value -p at z =0, c.f. (5.19). If we shift the lower boundary with 
an amount 8z, the integral changes with an amount

Note that p^lx.y.oo) is the xx component of p in an edge formed by two hard walls. The 
integral is recognized as y^(x), the symmetric equivalent of yR(y) defined in (5.18)-(5.19)

ApSCP.O) + ApS>,(x,y,0) = -{ pXI(x,y,~) - p } (6.35)

If we shift the lower boundary z=0 of integral (6.31) over a distance 8z, the integral 
changes with an amount
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7. Surface tension of a structured wall.

a

O(L°) (7.3)= 2a L +

(7.4)2 
adL'

and the surface tension of the structured wall reads

Up till now, we have restricted ourselves to hard and structureless, soft walls. The case 
of a structured, soft wall will be treated in this section in which we focus on the pressure 
expressions. Density expressions also exist but are far less elegant than in the structureless 
case, as we discuss below. Moreover, the discussion will be restricted to the level of the sur­
face tension alone since already at this level, the calculation is much more complicated than 
for the structureless wall.

The box and displacement field are the same as in the previous sections with the wall 
at z = 0 replaced by a structured, soft wall. Such a wall is periodic and we denote the length 
of the period in the x-direction as ax, the length in the y-direction as ay. The change in 
grand potential upon the deformation equals

Ysr — 'T’7 J dL
l

using that dQjZ = 2A, yJf(L') L'2 
thermodynamic limit.

If we try to obtain a density expression for the surface tension of a structured wall, we 
readily find that the density at the hard walls is related to yJZ(L). Therefore, a density 
expression for ysl also incorporates a shift of the walls over a complete periodic length. In 
other words, the density expression incorporates an average over all possible locations of the 
hard wall within a period a as in (7.4). This average makes the density expression far less 
elegant than the density expressions (4.13) and (4.23) for a structureless wall. This is the

j dL' 7j,(L') + O(A.-‘) 
L

and dL' = X L'. The term of order L-1 vanishes in the

dQ = -p dV + yfl(L) dAa + yK dAh + O(L) (7.1)

= dQB + dQa + dQ* + O(L) (7.2)

Asl denotes the surface of a structured wall, ya its surface tension (the index "st’ stands for 
"structured"). The increase dA „ is the same as the increase dAs in (4.16). Terms of the 
order L are neglected since we restrict the discussion to the level of the surface tension.

Because of the structure of the wall, the change in grand potential under an infini­
tesimal shift of the boundary planes at x,y=0 will depend on the location of these planes. 
The walls at x=L and y =L remain in place under displacement field (4.1). The shift defines 
a "partial surface tension" yst(L). To obtain the "full” surface tension ysl of the structured 
wall, one should consider an increase of Ast with an integer number of units of area axxay. 
This increase is most easily visualised if ax=ay=a in which case one can simply increase L 
with a periodic length a. For simplicity, we consider this case; the case a,*ay presents no 
conceptual difficulties. From time to time, we will again distinguish in the notation between 
ax and ay to show what the result is for the general case.

Considering an increase of L with one period, the increase of Asl equals
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77(7’)-V^ (?)

=4=», =»

(7.6)

(7.7)

(7.8)

(7.9)}dx

reason that we do not consider them further.
In the case of a structured, soft wall -following route (2.10) to the change in grand 

potential- (6.2) is replaced by

L
J dy J dz { tips:Vlt - 
o o

sec-

p(x,y,z) = pB + ApA(x) + Aph(y) + Aps(x,y,z)

= X{ (x-L) ^(T) + (y—L) <t>“'(r) + Z

d£i„

Ap,(x,y,z) = p(x,y,z) - pB

The periodicity of <{>'“' is reflected in Apf: it is a periodic funtion with, in the general case 
ax*ay, a period ax in the x and ay in the y-direction.

Inserting the decomposition of p in (2.10), we obtain decomposition (7.2) of dQ with 
dQfl given by (5.8), dQ* by (6.9) and

L

= -J
0

Note that we did not use the decomposition of the density but included the term n 
completely in d£2B which differs therefore from the term (6.8) for d(l, in the previous 
tion,.

The factor iZ Vtj)"’ in df2jr consists of three terms: besides the term involving z3z, the 
structured character of the wall has introduced a term involving (x-L)3;t and (y-L)3y 
(see (7.5)). The integral over n z is easily evaluated. This integrand is periodic far 
away from the hard walls. Therefore, all units of area far away from the hard walls contri­
bute equally to the integral which is thus of the order L2. Similarly, all units of area far 
away from the hard walls contribute equally to the integral over ^px:^u which is therefore

+ ApAA(x,y) + AplA (x,y,z) + Apjfl (x,y,z) + ApjW1(x,y,z) 

n(x,y,z) = nJ(x,y,z) + An*(x) + Anh(y)
+ AnAA(x,y) + An^i)(x,y,z) + Anjjp (x,y,z) + (x,y,z)

Note th ;he correction terms An and Ap involving the soft wall are a function of all three 
coordinates ^y.z due to the periodicity of the wall. Therefore, we have to di^jnguish 
between txpsh referring to the edge formed by the walls at z=0 and x=0 and Aprt refer­
ring to the edge formed by the walls at z = 0 and y =0. A similar distinction exists for An^) 
and Anjjp. The correction terms vanish far away from the walls, at positions 
£ < x,y,z < Z./2 which we denote as ~r. Taking e.g. x and y far away from the hard walls,
(7.6) gives the definition of Apz

9 -art , > 3v v/lv v v/ ... A <j>“'(r) } (7.5) 
dx dy dz

The pressure tensor and density are decomposed as in the previous section. The decomposi­
tions in the corner x,y,z > 0 read, c.f. (6.3) and (6.4)
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(7.10)

}= -

+ O(L-1) (7.11)

1 } (7.12)

(7.13)Y« = - J dx dy J dz { ApJ*(x,y,z) + ^p^(x,y,z) } 
cell 0

__ 1
2axa
L

dQfl

1
2axay

— j dx dy j dz { Ap7 + Ap>7 + Ap" - z n, 4~Qe3“ 
'■y cell 0 c'z

£ OO

+ yk- J dx J dy J dz n { (x-L) + (y-L) ~ } 0“
2L 0 0 0 °x dy

To obtain ysl, yB(Z/) has to be averaged over all values of L' between L and L+a as indi­
cated in (7.4). The first integral in (7.11) does not depend on the location of the hard walls 
but is entirely given by the properties of the fluid in the middle of the soft wall. The average 
(7.4) of this integral over different locations of the wall is therefore trivial. The second 
integral however, does depend on the location of the hard walls since the density in the 
edges, which contribute to the order L°, depends on it. Some knowledge about the density in 
the edges is necessary to be able to perform the average. In appendix D we show, by using 
an expansion of the density in the activity, that average (7.4) over the second term in (7.11) 
vanishes. Thus we find

also of the order L2.
The integrals over n (x— L) 9x<f>ta and n (y—L) 3y<t>eM are more difficult to evalu­

ate. These integrands are not periodic and moreover, they become of the order L near the 
walls at x=0 and y =0 respectively. Therefore, it seems as if the integrals are of the order 
L3. This is, however, not the case: one can proof that although the integrands are not 
periodic, each unit of area far away from the hard walls still gives the same contribution to 
the integral. This follows immediately from the fact that the integrals of n dxtf1' ant^ 
n dyfy"1 over a unit of area in the middle of the soft wall vanish (see (C.l)). As all units of 
area far away from the hard walls contribute equally to the integrals over n (x-L) 0x0 
and n (y-L) these integrals are of the order L2. The fact that the integrand
becomes of the order L gives these integrals a remarkable feature: the deviations of the den­
sity near the walls at x=0 and y=0 contribute to the order L2. We therefore split dOfl in 
two terms

= -L2 —J dx dy J dz { A^(r):Vi? - Xz n,(r) -^“’(r) } 
axay cell 0

L Z. ~
+ A. f dx J dy J dz n(7) { (x -L) — + (y - A) — }<)>“' (r) + O(L) ( 

ooo °x °y
where a cell stands for an area axxay far away from the hard walls. Dividing (7.10) by
2X L2, we obtain from (7.1)

y„ = - —----- J dx dy J dz { Apf + Ap» + Ap" - z n,
2axay „u 0 oz

As in the previous section, the integral over Ap” cancels against the integral over
z ns 3Z4,C“ (see (C.2)) and the expression for y„ simplifies to
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Y« =

(7.14)

8. Summary and conclusions.

(8.1)

(8.2)

Instead of displacement field (4.1) we could have used a displacement field that shifts the 
wall at x =0 or y =0 only. In that case, we would have obtained

We have derived microscopic expressions for the surface and line tension of solid-fluid 
interfaces. They were obtained from a careful analysis of the change in grand potential 
under a deformation of the fluid’s vessel. These expressions fall into two classes: density 
expressions and pressure expressions. The density expressions relate thermodynamic quanti­
ties to the density at a hard wall, the pressure expressions relate them to the pressure tensor.

Density expression (1.1) for the pressure was already well known3! and it is shown in 
this paper that it is the first in a hierachy of three expressions, the second involving the sur­
face tension, the third the line tension. Density expressions for the surface tension relate the 
density at a hard wall near an edge, to the surface tension of the wall which forms the edge 
with the hard wall. The second wall can be either a hard or a structureless soft wall, the den­
sity expression reads in both cases

T = -kBT j dy j dz An(y,z) 
o o

c.f. (4.14) and (4.24). The validity of (8.2) has been proven in the cases that the edge is 
formed by two hard walls and by a hard and a soft wall. One can demonstrate that it also

Y = -kBT J dz An(z) 
0

c.f. (4.13) and (4.23). The second wall can also be a structured, soft wall in which case 
An(z) depends on the location of the hard wall in the elementary area which is defined by 
the structured wall. If e.g. the hard wall is placed in the y-z plane, the r.h.s. of (8.1) should 
be averaged over all locations of the hard wall within the periodic length in the ^-direction 
to obtain the density expression for the structured, soft wall.

Density expressions for the line tension have precisely the same form as (8.1). They 
relate the density at a hard wall near a comer, to the line tension of the edge which stands 
tangential to the hard wall and terminates in the comer. The expression reads

----- — J dr dy J dz Ap°(x,y,z) 
axay cell 0

=----- -— J dr dy J dz ApJy(.x,y,z)
axay cell 0

which shows that the integrals over a unit of area of ApJ“ and Ap^ are equal. This expres­
sion for ysl is a direct generalisation of (6.20).
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(8.3)

(8.4)

holds in case of an edge between two structureless, soft walls. We did not consider edges 
which involve a structured wall. However, we have no reason to assume that anything else 
but the same averaging as in the case of the surface tension has to be applied to (8.2) in that 
case. In general, density expressions also exist near soft walls as discussed at the end of sec­
tion 4, but we did not pursue them in this paper.

The pressure equation for the surface tension is also well known5). It reads

T = - J dy J dz Ap^Cy.z) 
0 0

which is proven for an edge formed by two hard walls and an edge formed by a hard and a 
soft wall, c.f. (5.22) and (6.30). Again, one easily proves that it holds also for an edge 
formed by two structureless soft walls and we expect its validity, with the usual averaging 
procedure, for an edge which involves a structured soft wall, too. The latter assumption how­
ever, is probably hard to prove rigorously.

TSurprisingly, it turns out to be possible to generalize (8.3). One can evaluate p at an 
arbitrary distance from an edge formed with a hard wall and show that the influence of the 
edge on pT does not alter the integral, c.f. (5.20) and (6.24). This generalized expression 
reduces to the density expression (8.1) if the distance to the wall is taken to vanish since the 
diagonal components of the pressure tensor become equal to k^T times the density at a hard 
wall, c.f. (2.11). The same generalisation is possible for (8.4) where it can be shown that the 
influence of a comer on p11 leaves the integral unaltered. Reducing the distance to the 
comer, formed with a hard wall, transforms the generalized expressions to the density 
expression (8.2).

We have seen various expressions for the surface and line tension, all related to the 
routes (2.10) and (2.12) to the change in grand potential. The expressions are very sym­
metric: they are the same for all the models of a wall we have considered and furthermore, 
each expression for the surface tension has its counterpan at the level of the line tension. 
The density expressions reveal that the density at a hard wall is related to thermodynamic 
quantities, a surprising fact. Probably of more practical use are the pressure equations since 
they are well suited to measure surface and line tensions in a simulation. Especially the pres­
sure equation for the structured soft wall is of immediate interest in view of the many

Y = - J dz Apr(z) 
o

which holds for both a hard and a structureless soft wall, see (5.16) and (6.20). The deriva­
tion of a pressure equation for the structured, soft wall is much more complicated but the 
result is a straightforward extension of (8.3). In the case of a structured v Apr depends 
also on the position along the wall and we have shown that the r.h.s. of (8 .■ h?.s to be aver­
aged over a unit of area to obtain the pressure equation for the structured v

Pressure equations for the line tension have again the same form as : .nation (8.3)
for the surface tension. Whereas (8.3) expresses the surface tension of a w . .the com­
ponent of p along the wall, the pressure equation for the line tension expr his quantity 
in the component of p along the edge, i.e. p“. The expression is given by
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investigations of the solid-fluid surface nowadays. If, however, simulations will ever deal 
with edges or contact lines, the expressions for the line tension will certainly prove to be 
equally useful.
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Appendix A.

the hard wall in the plane

(A.l)ApJ’(z) = 0

(A.2)

(A.3)

(A.4)

P°P(oo,oo,z) (A.5)a * p0

(A.6)

stated by

(A.7)ApftCX.z) = pW'(~,y,z) - p^oo.oo.z)

(2.2) reads in this case

(A.8)

(A.9)

J dz Ap$(y,z) = 0 
o

We proof the following properties of a pressure tensor near 
z =0

near hard

j dy j dz = 0
o o

These properties all follow from the condition that the tensor is divergenceless 
walls, (2.2) with 0°* =0.

First, we proof (A.l). In terms of p” and p, &p™ reads

in which case condition (2.2) on the divergence of p reads

The term p*7(oo,y,<») denotes an off-diagonal component of p near a hard wall, far away

Ap* (z) = p“(oo,oo,z) - p

The off-diagonal components of p vanish near a hard wall, far away from edges and comers

-t" ApJHy-2) = --T- Po(“,y.z) dy dz
There appears no derivative with respect to x since the tensor is translationally invariant in 
the jr-direction in the edge formed by the walls at y = 0 and z = 0, far away from the plane at 
x=0. From (A.8), we find

--V- J dz Apgi(y,z) = pz>(~,y,oo) - pz>(»o,y,0) = 0
o

4“ Ap£(z) = 0 
oz

Since Ap” vanishes in the bulk fluid, at z=°o, it has to vanish at any distance z as 
(A.l).

Secondly, we proof (A.2). In terms of p37, Apgi reads
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(A. 10)

{ p>*(x,y,z) - P>x(x,y,~) } -^- { p“(x,y,z) - p“(x,«,z) } (A.ll)

(A.12)

Appendix B.

(B.l)

J dy J dz { ApJ(y,z) - ( AnA(y) + AnjA(y,z) ) 
o o

r _VXz.. _VX/„ .. \ 1

This yields for the derivative of the integral (A.3)

oo oo OO 00

-3- J dy J dz Ap^,(x,y,z) = J dz p>x(x,oo,z) + J dy p“(x,y,oo) (A.13)
°x 0 0 0 0

The arguments, based on the microscopic definition of p, (2.1), and the symmetry in the pair 
correlation function, that lead to (A.5) also show that these terms vanish. Thus, the deriva­
tive (A.13) vanishes and since the integral vanishes atx=oo, the integral vanishes at any dis­
tance x, yielding (A.3).

We proof the following properties of the tensor near the structureless soft wall in the 
plane z = 0

--- J dy j dz Apg;A(x,y,z) = j dz [ p*x(x,y,z) - pyx(x,y,oo) ]~=0 

dx o o o

+ J dy [ p“(x,y,z) - /^(x.oo.z) ]7=0 
o

The off-diagonal components vanish at and near a hard wall due to (2.11) and (A.5) respec­
tively. The only remaining terms are the terms in the edges

r) r)
3- ApS*(x,y,z) = 3- { p°(x,yz) - px'(x,y,~) - p°(x,o«,z) } 
dx dx

With (2.2), the derivative is rewritten as

ApSw.(x,y,z) = dx

J dz { Ap”(z) - z rij(z) <|>“'(z) } = 0 
0 dz

z ^(z) } = 0 (B.2) 
dz

from the edges and vanishes due to (A.5). The second term denotes an off-diagonal com­
ponent at a hard wall which also vanishes, c.f. (2.11). Therefore, the derivative (A.8) van­
ishes. Since the integral vanishes at y =», where the integrand vanishes, the integral has to 
vanish at any distance y which implies (A.2).

Finally, we proof (A.3). The derivative of Apjw, with respect to x reads
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(B.3)

(B.4)

(B.5)(z)

(B.6)

(B.9)(z) }

(B.10)

<2 = J dy J dz ~ { 
0 0 dz

(B.7)
(B.8)

J dz Apg(y,z) = 0 
0

ApSCx.z) =
{ P!!(“.J.z) - p } - { pzz(~,y,~) - p } - { p22 (oo ,oo ,z) - p } 

Anh(y) + = n(~,y,z) - n(oo,oo,z)

so the integral, called I2, reads in terms of p22, p and n

J dy J dz Ap^Oc.y.z) = 0 
0 0

z Apzz(z) }

z (pzz(~,y,z) - pzz(~,y,oo)) }

-n(~,y,z) 0'
dz

Substitution of these identitities in the first integral of (B.9) gives

V" P>z(~,y.z) + { pzz(~,y,z) - pzz(oo,y,«>) } =
dy dz

Il = j dz { 
0 dz

since Apf (z) vanishes at large distances z, 11 vanishes as stated by (B.l).
Secondly, we proof (B.2). The integrands that appear in the integral read in terms of

, p and nP”

>“'(z) }

'“(z)

V- Ap"(z) = -ns(z) y- 0"“ 
dz dz

Insert this identity in the integral (B.l), called / and one obtains

First, we proof (B.l). The correction term Apzz is defined as in (A.4) with the hard wall 
in the plane z=0 replaced by a soft wall. Identity (A.5) still holds. Condition (2.2) reads 
now

>2 = J dy / dz { pzz(«,y,z) - p21 (~,y,00) - z n(~,y,z) 0'
00 dz

- J dy dz { pzz(=o,~,z) - p - z n(»o,oo,z) 0“ 
0 dz

The last integral vanishes due to (B.l). Condition (2.2) on the divergence of the pressure 
tensor reads in this case
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(B.ll)

(B.12)

Appendix C.

(C.1)

(C.2)

.y* (C.3)

]7=o (C.4)

V/e proof the following properties of the density and pressure tensor near the structured, 
soft wall in the plane z = 0

/2 = J dz Z { pyz (oo ,oo ,z) - pyZ(oo,0,z) } 

0

The first term of the integrand denotes an off-diagonal component of p near a soft wall 
which vanishes. The second term denotes an off-diagonal component at a hard wall which 
also vanishes, c.f. (2.11). Therefore, I2 vanishes.

The 'roofs of (B.3) and (B.4) are the same as the proofs of (A.2) and (A.3). One 
should ir. 'iy keep in mind that the hard wall in the plane z=0 has been replaced by a soft, 
struciu c’. one for which (6.3) holds.

1X”' + J dx J dz [ 
aM 0

J dx dy f dz /!,(?) ~ 0“’(7) = 0 
«« 0 dx

J dx dy J dz { Ap"(r) - 
cell 0

where a cell denotes a unit of area far away from the hard walls. Both identities follow from 
condition (2.2) on the divergence ofp.

First, we proof (C.l). Condition (2.2) reads

-^1 = J dy J 
0

z ns(r) <t>au(rf) } = 0 
dz

dz [ p"

+ J dx dy [
celt

where xo and yo denote the lower boundaries of the cell. The periodicity of the tensor 
makes the first two terms vanish. The fact that the tensor vanishes completely at z=0 and 
that its off-diagonal components vanish in the bulk fluid shows that the third term also

+ f dy J dz z p’"(<»,y,z) 
00 dy

Integration with respect to z shows that the first integral of the r.h.s. vanish. The integration 
with respect to y in the second integral gives

y- k + y- Pyx + y- = ~n, 0“dx dy dz dx
since n equals ns far awy from the hard walls. Substituting the l.h.s. in the integral in (C.l), 
denoted by 11, one obtains

333 P
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(C.5),y*

(C.6)

(C.7)}

Appendix D.

We proof that average (7.4) of the integrals

L L
dQx = X J dx f dy f dz n(r) (x-L) -^-^“(T) 

ooo °x
(D.l)

and
L L

(D.2)

(D.3)

= Z <w(7t) ZN
N = 1

(D.4)

vanishes, which proves (C.l).

The proof of (C.2) goes similarly. Condition (2.2) reads

n<71)

d
+ 5- P dy

L L 00
dQx = J dx’ J dy' j dz' n(7) x' -A-<t>CI'(r*) 

000 °x
To be strict, we should have replaced n by n' with n'(7) = n(P) (and similarly for $“') 
but since the properties of n' and n are essentially the same, we drop the prime. The density 
at a position 7 is evaluated in an expansion in the activity z, defined in (2.6) (the activity z 
should not be confused with the position z).

I2 = J dx dy J dz A { z Apzz 
«u 0 3z

Since Apzz vanishes in the bulk fluid at z=<x>, l2 vanishes.

dQ,,

d gjti

= -n’ d7 <"

A <)>«' 
dz

= k J dx J dy J dz n(r) (y-L) 
000 °y

vanish. It will be proven explicitly for d£2x whereupon it follows for d£2^ by symmetry.
At first, we find it more convenient to shift the origin x,y =0 to x,y =L. Denoting the

new coordinates as 7*, df2x becomes

J dx dy J dz A Apzz = - J dx dy J dz n
cell 0 °2 cell 0

and thus the integral in (C.2), denoted as I2, can be written as

A p“ + A p>z + A Apzz 
dx dy dz

Integrating (C.5) over a unit of area and using the periodicity of p, we obtain
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where the coefficients are of the form10)

Ju) + 1 } Fn(?i (D.5)

with

F-i (7*1 ,7*2,A)

(D.9)

(D.ll)

dA/ FN(y!

(D.14)

(D.7)

(D.8)

Cn(7*i) = J dr*2,...,d7*N { F'N(?X 
v

Fl = 1

7*2 (7*1 .7*2) = A''12)

(D.12)

Due to the short ranged character of FN and the fact that Ffa vanishes if all the z, are large, 
the integration over the z-coordinates can as well be taken from 0 to 00

dQx 
dL’

L
d£lN = X J djc 1 dyi J dzi J d7*2, 

0 0 v

= y { /(ri2) /(ns) /('-23) + /(n2) /(rn) + 

/(rI2) /(r23) + /(rt3> ^23) }
where/(r;;) denotes the Mayer f-function

Ffc(7*i,...,7*N) = e”pl9 - 1 (D.6)

and Fpj(P}, . . . ,7\) a function which depends only on the relative distances r,j and is 
short ranged, i.e. vanishes when one of the r,y becomes large, except for N = 1. Furthermore, 
F/v is symmetric under permutations of its arguments. For N = 1,2,3 we have

dQx = X dQN zN
N=\

with, dropping the prime of the arguments,

FN&\

3
d£2w = X / dxt.....dyN J dz!..... dzN FN(?iXi F^(7*!(D.13)

The average (7.4) reads

I dL'

/(nj) = e P0(r'') - 1 (D.10)

and <(> stands for the interpanicle potential. Inserting expansion (D.5) in d(2x results in the 
expansion
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Expansion (D.l 1) gives

(D.15)

with

(D.16)

(D.19)

+ O(L°) (D.18)

Finally, we use the periodicity of Ffj to remove the presence of L in the integration boun- 
dary of y i

+ O(L°)

One would also like to remove the presence of L from the integration boundaries of /2- 
If it were not for the factor Xi, the integrand of 12 would be periodic in X\ and y 1 and the 
presence of L could be removed by restricting the integral over xt and y] to one unit of area

,dyiW j dzi,...,dzw [ FN F‘N ]X1=l 
0

J dyi f dx12.... dx1N J dy12
00

= /i + I2 (DI?)
The presence of L in the integration boundaries of I \ can be removed. If one changes the 
integration variables x-, to x1; (i =2.... N, Xi, =Xi -X,), the Xj; can be taken to range from 0
to 00 because of the short ranged character of FN. The same substitution can be made for the 
y; with yi, ranging from -«<> to ». This range neglects the presence of the corner: at posi­
tions Xj =L and yi ,zi >0, the y; should be restricted to y; >0. This restriction however, only 
adds a correction of the order L° to the integral which itself is of the order L. We obtain

dnN 
dL

-z!

/1 = -7- J dyj J dx12,...,dxiN J dyj2„..,dy 1N J dzi,...,dzN [ FN FeN ]X,=L 
ay a, 0 -00 0

L+a r
AQN = ^7- f dL'

2aL dL'

We will show that all terms AQW vanish.
To do so, we have to calculate the derivative dilfj/dL and integrate it over the increase 

of L. The derivative is simply calculated by dividing dflN by dL with dL - The integra­
tion is most easily performed if the dependence of the derivative on L can be brought front 
the integration boundary to the integrand. The first step to do this is partial . ition

L L
-- J dyj J dx2,...,dyN J dz1,...,dzN [ FN F‘N 
00 0

dx).....dyN f dzi,...,dzN F‘N { FN + Xi 3^- FN }
0 °xi

AQX = £ AJ2N zn
N = \
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(D.20)

(D.21)

(D.22)

the r.h.s. of (D.20) is equal to

(D.23)

(D.24)

(D.25)

(D.26)

(D.27)

can indeed be made.
Under integral 12, the term X] 8X1 F N can be replaced by

If F is taken to be 
written as

N = z _■ 
i = 2 j = i + l

N 

= S . _+i

, a a , c , a 3 . _
( JC1/ 3xi; + X'J dxu ) N ( Xil dxu Xj' dxjt 5 N

a „ 1 " a 
97? Fn N £ Xi Fn

a function of the relative coordinates 7*,y, the r.h.s. of (D.21) can be

and changing the integration variables x, and y; to Xj; and y^. The restriction on the 
integration over X] and yi would be compensated for by multiplying the integral with a fac­
tor L2/(axay). The integration over the x1( and yu would range from -00 to ■». This range 
neglects the presence of edges but they only give a correction of order L°.

The periodicity of the integrand in Xi is restored if the absolute coordinate X] can be 
replaced by a relative coordinate such as Xj,-. We show that such a substitution, namely

a F 1 £ a PX1 al? Fn n £ Xli al? Fn

N d N
Z xij FN - L

N d
— Z xij FN 

i = l J=i + 1 °xij

N N N 3
? x‘i F" - £ .£ 3^7 F»

v r r 3 + r 3 ' p 
? ( Xli 3777 + 377" } Fn

N 7\ N N 7)

£Xli Fn = £ Xli z- — Fn

N
5 3 E _ LI

i = l j=i+l axij 1=2
N 3 NN
E xij Fn - E E *ti L— fn 

i=2 j=2 dxlj 
i*‘

N 3 N N 3

x‘ al? x‘ Z 3^ F^
d

3X;
N

= E a
axy

a
dxij

d
8xu

a
dxij

a
dxij

a
dxij

a
Sxi,- 

a
8X1,-

a . a
1=2 j=i + i ^X1J 1 dXli

Under the integral, the integration variables Xi and X; in the second term and Xi and xj in 
the third term can be interchanged

a
a*i ,=2 j=2

The difference between the r.h.s. of (D.22) and (D.23) equals
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(D.28)

(D.30)

(D.31)

A/] = -

AQn =

+ o(£-1)
the factor UN compensates for the fact that each particle in the integral (D.33) 
largest x-coordinate whereas this is always particle 1 in (D.32). Adding A/i I 
larly defined A/2, A/2=/2/2, we obtain

f dxi 
cell

J d-ti dyt J dx12.... dy1A/ j dzj.....dzNFNF'N
1 0

dji f dx12.....dy,N J dz!.....dzN F‘N { FN
00 N

1 N
+ T7 E -r~ Fn } + O(L~') (D.34)

zv • _ 2 OX 1

(D.33)

1 can have the 
and the simi-

= Fn

Therefore we find that over S vanishes under the integral.

1

1
2axa,

S = 0 (D.29)

This proves that the r.h.s. of (D.20) and (D.21) are the same under integral 12- Because 
(D.21) is an allowed substitution, (D.20) must be so. With this substitution, the integrand of
12 becomes periodic in X! and I2 can be written as

1 1 -
N 2M, eeU

L + a
A/, = ^7- J dZ/ /,(£')

+ O(£-1) (D-32>

Characteristic of the integral is that all x-positions x,-, i = 2,...,N should be below Xj. This 
restriction is easily removed

L + a,
J dxj J dy! J dx!2,...,dx1N J dy 12,...,dy 1A/ j dzi,...,dzN Fn F‘N
L a, 0 0

I 00 00
12 = —— J d*i j dxi2,...,dyiN f dzlt...,dzN Ffr { FN 

axay cell -- 0
1 N

’ 77 si? 1 * mL >
Note that apart from the prefactor L, 12 is independent of L.

We have now brought the derivative diifj/dL in such a form that we can perform the 
integration (D.16). The derivative is the sum of/] and 12, c.f. (D.17). The integral over/| 
reads
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A£2;v =

AQW =

(D.38)Ally = 0

N-l
N

1
2axay

The term of order L~* vanishes in the thermodynamic limit. All the terms in the sum will 
give the same contribution to the integral. We can take the term with x12 as exemplary and 
write the integral as

(D.35)

One has to apply one more partial integration with respect to X] to see that this contribution 
vanishes

(D.36)

where x0 denotes the lower boundary of the unit cell. The first integral vanishes because of 
the periodicity of F^. Changing the order of integration in the second integral gives

dyi J dx12,...,dy1N J dzi 
0

N—\
N

Mln = -

1

OO OO

J dx12.....dy]N J dzj...... dzNxnFN / dxi dyr 3—F'N
-«o 0 cell

(D.37)

which shows that the periodicity of F% also makes this integral vanish. Therefore, we have 
obtained the desired result

J dxi dyi J dx12,...,dy1N J dzi.....dzN F‘N {x12 FN}
cell 0 <’xl

2axay

---------  N-~~ J dyj J dxi2.....dy1JV J dz!..... dzN x12 FN [ F‘N ]£*£ 
2axay N.................................................. 0

J dxj dyj / dx12,...,dy1NJdz1.....dzN x12 FN F‘N
N cell 0



CHAPTER III

A visual measurement of contact angles

ABSTRACT

We have simulated a liquid-vapor interface which is confined by two parallel walls. Initially, 
a liquid slab is positioned perpendicular to the walls. The liquid-vapor interface deforms to a 
cylindrical surface which makes a definite contact angle with the walls. The angle could be 
varied between 0 and it by changing the solid-fluid interaction strength, showing the pres­
ence of both a wetting and a drying transition. The angle is related to the strengths of the 
wall-liquid, wall-vapor and liquid-vapor surface tensions via Young's law. A previous simu­
lation positioned the liquid parallel to the walls and measured the surface tensions. Com­
pared with the contact angles deduced from those measurements, the visually measured 
angles in this experiment give a different location of the drying transition.
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1. Introduction

Yr/ = Yrv + Y/v (1-3)

The system is called "partially wet" if 9 is between 0 and rr/2 and "partially dry" in the 
complementary case. By varying e.g. the temperature or the solid-fluid interaction, as is pos­
sible in a molecular-dynamics simulation, one can achieve a transition from a partial to a 
complete wet or dry state. These are genuine phase transitions, known as the "wetting" and 
"drying" transition respectively.

Yrv = Yr/ + Yfc (1-2)

Similarly will the vapor phase intrude between the solid and liquid phase if the solid is com­
pletely dry:

A capillary partially filled with liquid, provides a typical example of a system in which 
three phases are in contact. The contact takes place along the line where the meniscus, 
formed by the liquid-vapor interface, ends at the surface of the capillary. The three coexist­
ing phases are the liquid, the vapor above the liquid and the solid of which the capillary 
consists. The meniscus meets the solid surface under a well-defined angle, the contact angle. 
The law of Young holds in this special case of three-phase contact where two of the phases 
are fluid-like and the third is rigid with a plane interface1). It relates the contact angle to the 
relative magnitudes of the three surface tensions involved:

Yrv = Yr/ + Y/v cos 9 (1.1)
with ylv tin. solid-vapor, the solid-liquid and y/„ the liquid-vapor surface tension; 9 
denotes the ntact angle. The angle is measured between the solid-liquid and the liquid­
vapor interface.

Y law is most easily understood as a condition for mechanical equilibrium. Its 
validity -.en checked by Saville in a molecular dynamics simulation2). That simulation 
treated the ■ all as an external potential with a variable solid-fluid interaction strength. 
Saville measured y„ and ysi as a function of the interaction strength. Variation of it does 
not affect which is a property of the free liquid-vapor interface. Young’s law enabled 
Saville to calculate 9 from the surface tensions. He also measured the contact angle directly. 
For this purpose, Saville enclosed the liquid and its coexisting vapor between two parallel 
walls. The meniscus is defined as a surface of constant density which value is between the 
densities of the vapor and liquid phase. Inspection of the meniscus enabled Saville to meas­
ure the contact angle directly. The simulation however, gave no satisfactory agreement 
between the two ways to measure 9.

The contact angle is a well suited parameter to describe the "wetting" behavior of two 
coexisting fluids in contact with a wall3). The wall is said to be "completely wet" if 9 
equals 0 and "completely dry" if 9 equals rt. If the wall is completely wet the solid-vapor 
interface is unstable and a liquid layer will intrude between the solid and the vapor. The sur­
face tension of a solid-vapor interface equals the surface tension of a solid-liquid plus a 
liquid-vapor interface:
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2. Description of the system

Our simulations mimick a system in which three phases are present: a liquid, a vapor 
and a solid phase. Two types of particles are needed to form this system. One type is used to 
build the solid wall, the other forms the fluid. A particle of type A interacts with a particle 
of type B via the Lennard-Jones potential where A and B must be replaced by either s 
for a solid or/for a fluid particle. It reads

Sikkenk et aP> also investigated the wetting of a wall by a fluid at liquid-vapor coex­
istence in a molecular-dynamics simulation. Unlike the previous simulation, the wall consists 
of particles that oscillate around their lattice position. The wall resembles a thermodynamic 
phase instead of an external potential. The authors measured ysi and y^ as a function of the 
strength of the solid-fluid interaction. They calculated cos 0 from the surface tensions for 
different interaction strengths. Cos 6 was found to grow from - 1 to 1 as the attraction 
between wall and fluid particles grew stronger. A wetting and a drying transition have been 
determined rather accurately, both of first order. The position of the drying transition how­
ever, is at variance with the observed behavior of the density profile. One observed that, for 
a range of solid-fluid attractions at which the wall was dry according to the cos 6 data, a 
liquid layer spontaneously intruded at a solid-vapor interface. The reverse process occurred 
at lower attractions: a vapor layer settled itself between the wall and the liquid. The behavior 
of the density profiles suggested a drying transition at a lower value of the so id-fluid attrac­
tion than the contact angle data. The authors remarked that it is difficult asure ysi and 
Yjv reliably if the wall is built from strongly coupled particles. This dif a? might be a 
source of error in their calculation of cos 0.

The purpose of the simulations we present is to check the contact a>\ calculated in 
the latter work against a direct measurement of them. Saville’s method used to perform 
this direct measurement. The conditions, e.g. temperature, interaction potentials and type of 
the wall, under which the angles are measured are the same as in Sikkenk’s experiment to 
make a comparison possible. These conditions are discussed in the next section. Section 3 
contains a calculation of the expected form of the liquid-vapor interface. The same section 
describes how the knowledge of this form is exploited to obtain the contact angles from the 
simulations. The results are discussed and related to those of Saville and Sikkenk et al in 
the last section.

= 4 £ab{(Oab/'')12 - (Oxfi/r)6} (2.1)
where r is the distance between the particles, sets the energy scale and gab the length 
scale of the potential. The potentials are cut off at 2.5oxb- This cut-off is necessary to keep 
the computation time within reasonable limits. The particles are enclosed in a three dimen­
sional, cubic computational box. The box has a linear size L = 29. la^ and periodic boun­
dary conditions in all the three directions.

The solid substrate consists of three layers of a close-packed FCC lattice. The formation 
of the three layers requires 2904 solid panicles. The layers belong to the (100) planes of the 
solid, they are placed in the x— y plane of the computational box. Due to the periodic boun­
dary conditions, the fluid is enclosed in the z -direction between the first and the third layer. 
The solid particles are strongly coupled, £„ = 50 Ejy, and more massive than their fluid 
counterparts, ms = 3 my, which ensures a rigid substrate wall. The lattice spacing,
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3. Calculation of the contact angles

We want to extract a contact angle from the density profiles. Knowledge about the 
shape of the liquid-vapor interface will facilitate the determination of the angle. The shape 
results from a minimization of the free energy of the system. The minimization is performed 
under the assumption that the interface has a negligible width. This implies that its position 
is a measurable physical quantity. It is the position as it would be seen in a macroscopic 
observation. The geometry only allows surfaces that are translationally invariant in the x- 
direction and display an inversion symmetry in the x-axis. We can therefore restrict our 
attention to y-positions larger than zero.

The minimization of the free energy is performed in two steps. The first step deter­
mines the optimal shape of the interface at a fixed height of the contact line. The height is 
varied in the second step. The variation we consider first is therefore a fluctuation of the 
liquid-vapor surface that does not shift the contact line. The change of free energy under 
this variation is equal to

determined by = 0.847Ojy results in a mismatch between solid and fluid. This 
mismatch prevents solidification of the first adsorbed fluid layers.

The interaction between solid and fluid is characterized by <3sf = 0.9210^ which is 
close to the mean of and <5/f. The interaction strength e,/ is varied during the simula­
tions. The contact angle is determined as a function of the ratio er = The tempera­
ture of the system, the size of the box and the number of solid and fluid particles are kept 
fixed. The box is filled with a number of 8064 fluid particles. This amount of particles 
guarantees the presence of both a liquid and a vapor phase. The temperature of the system 
T* = kijTItfl = 0.9 is between the triple point temperature T* - 0.7 and the critical tem­
perature T* - 1.26.

The simulations we performed are of the molecular dynamics type. It was possible to 
follow such a rather large system for long times because of the availability of a special pur­
pose computer: the Delft Molecular Dynamics Processor (DMDP)4\ The system described 
above is apart from a somewhat different amount of fluid particles, the same as in ref. 3. But 
instead of parallel, we place the liquid slab perpendicular to the substrate. The slab is posi­
tioned in the x-z plane. It is bounded in the z-direction by two solid-fluid interfaces where 
it meets the substrate. The layer is translationally invariant in the x -direction due to the 
periodic boundaries. Figures 1 to 5 show this situation. They indicate where the reduced den­
sity n'(r) - averaged over the x-direction is equal to either 0.2 or 0.4. The den­
sities of the bulk vapor phase and the bulk liquid phase at this temperature are n” = 0.046 
and n’i = 0.66 respectively3), if the liquid-vapor interface that separates them is planar. The 
liquid layer resides around the plane y = y/Gff = 0. The upper and lower parts of the fig­
ures contain the vapor phase. The form of the liquid-vapor interface is seen to change with 
varying er. The figures were obtained by averaging over 2000 configurations, each confi­
guration taken 10 timesteps after the previous one. The reduced timestep 
Ai‘ = Ar^/ejy/(ayy-^my) was chosen to be 0.01. To obtain a system with a new value of 
er, we took a previous particle configuration and adjusted e,y in the molecular dynamics 
scheme. We did not measure the density profile of this newly formed system before an 
equilibration period of approximately 20,000 timesteps had passed. No systematic evolution 
of the profile was observed afterwards.
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Fig. 2. As fig. 1 but at er = 0.4.
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8F = -Ap 6V/ + y/v 8A/v (3.1)

where F is the free energy, Ap stands short for p / — p v and p denotes the pressure, Vi is 
the volume occupied by the liquid and A /v is the area of the liquid-vapor surface. All exten­
sive quantities are taken per unit of length in the x-direction. Only the upper half of the

Fig. 1. Interfacial shape for a liquid slab perpendicular to the wall at er = 0.3. The outer curve is the line of 
density n‘ = 0.2. The inner curve is at n = 0.4.
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Fig. 3. As fig. 1 but at er = 0.5.
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Fig. 4. As fig. 1 but at er = 0.6.

8F = 0 (3.2)

o

system, y >0, contributes to them. The first term on the right hand side of (3.1) is typical for 
a curved surface The pressure difference over the interface gives the interface its mechan­
ical stability. The free energy must be stationary in its minimum:
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0

which leads with (3.1) to a relation that gives the form of the interface:

(3.4)= Ap

with

(3.5)

and

(3.6)

(3.4) becomes

(3.7)
'/>

y*

8

0

Fig. 5. As fig. 1 but at e, = 0.7. This profile is unstable: continuing the simulation, the liquid slab will break 
after about 5000 timesteps.

9
9z

=
Y/v

8V, 
8/t(z)

SA iv 
8A(z)

Y/v SA/V = &P 8Vi (3-3)

If the interface is denoted by the function A(z) with z ranging from —LI2 to LI2, (3.3) reads 
under a change in h

LU
= J dz ( 1 + 

-L/2

L/2
V/[h] = f dz h(z)

-L/2

dh
9z
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(3.8)

(3.9)

(3.10)

(3.11)V, = h{-

so that

(3.12)

(3.13)

(3.14)

(3.15)

The solution of (3.7) gives that h is part of a circle. The radius R of the circle is related to 
the pressure difference over the interface and the surface tension by

dA si 
dR

1

4J?3

This derivative must vanish in equilibrium which yields

L
RdR

R =

= 2/?arcsin——-

= 2/1(_|) = |{V,-/?2arcsin^ + f(l-^}

With the derivatives with respect to R

)(Y/v - (isi ~ Yrv) —)

A si

4R . L -------arcsin —— +
L 2R

= 2arcsin —— - 
27?

3F . L■s— = (2 arcsin—— -dR 2R

5F — Y/v 5A iv + (ysi Yjv) dA si
and Asi can be read from fig. 6 which shows the case Ap < 0The dependence of A iv

lb
Ap

This definition gives the radius a sign equal to the sign of Ap. The sign tells whether the 
curvature of the interface is positive or negative.

Secondly, we vary the free energy with respect to this radius. The variation is per­
formed under the constraint that V; is a constant since any equilibrium liquid-vapor interface 
must enclose the amount of liquid in the system. A variation of the radius is therefore 
equivalent to a variation in the height of the contact line The constraint neglects the depen­
dence of the liquid density on the curvature of the surface. It is assumed that this depen­
dence is very weak. The change in free energy upon a variation in R reads

)*
L ____
R (1 -

1

U 4R2 2 

2

U 4J?2 '

Equations (3.10) - (3.14) hold in the case Ap > 0 as well as Ap <0 provided that R has
the sign given by (3.8). The variation (3.9) becomes

LA,* 2R

L + /?2arcsin-^- - -^-(1— 
2 2R 2 4R2



- 54 -

h(z)

L/2z

(3.16)

o 
-L/2

yt

= cos0

Fig. 6. The meniscus of a liquid-vapor interface confined between two walls. The walls are at z = -L/2 and 
z = L/2. The meniscus is denoted by the function h(z) and is a part of a circle with radius R. The liquid re­
sides below the meniscus, the vapor above. The contact angle is 0. The absence of a scale in the y-direction is 
due to the arbitrariness of the amount of liquid in the system.

Yxv “ Isl L_ 
Y/v 2R

in which one recognizes Young’s law. Note that the first factor of the right hand side of 
(3.15) is dAivl<)R which is unequal to zero for all finite radii. We conclude that the calcula­
tion shows that the shape of the liquid-vapor interface is a part of a circle with a radius 
given by (3.8) and that the contact angle satisfies Young’s law.

The shape of the simulated interface is taken to be the shape of the equidensity lines. 
Fortunately, the lines are mostly parallel. The shape of the interface is therefore independent 
of the choice of a specific equidensity line in the majority of the systems. Obviously, the 
density profiles of figs. 1 till 5 do not show the full symmetry implied by the geometry of 
the system. The centre of mass of the liquid slab is not in the middle of the system in most 
cases. It is a result of the finiteness of the time that each system is followed. The number of 
timesteps appears to be too small to average out the fluctuations. But although the asym­
metries prevent the full equidensity lines to be of a circular shape, parts of the lines do 
display this shape.

A fit of an equidensity line with a circle allows one to obtain a contact angle. Its cosine 
is calculated directly from the radius via (3.16). We take the equidensity line n' - 0.4 for 
this purpose. In most cases, the asymmetries did not allow a reasonable fit of the complete 
line with only one segment of a circle. In that case, we assume that a local equilibrium has 
established itself near each wall. The two regions of local equilibrium are fitted with a dif­
ferent segment Both the centre and the radius of the circles are free parameters in the fit. 
The distance L/2 in (3.16) is taken to be the distance between the centre of the circle and
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the position of the solid-fluid interface. There is some ambiguity in this distance since the 
interface’s position is not sharply defined. This introduces an uncertainty of the order SIR in 
cos0, 8 being approximately one in reduced units. The solid-fluid interface is always 
located between the outer layer of solid particles and the first absorbed fluid layer. Remark 
that the disturbances in the density profile caused by the fluid’s layering near the wall, form 
no part of the macroscopic profile of the liquid-vapor interface. This disturbed region plays 
therefore no role in the determination of the best fitting circle.

Saville used a different method to obtain a contact angle. He determined the tangent to 
the equidensity line at a position close to the wall. The angle between the tangent and the 
planar solid-fluid interface gave him the contact angle. The disadvantages of that method are 
twofold. Namely, it is difficult to determine a tangent accurately and, secondly, the tangent 
must be determined asymptotically close to the wall. The disturbance of the equidensity lines 
near the wall make the latter condition a non-trivial one. The method we use is therefore 
more accurate. It allows one to use a much larger part of the equidensity line in the determi­
nation of the best fit. Moreover, the form of a circle excludes the use of the disturbed region 
in this procedure.

Our method yields at most four different values of cos0 per density profile, namely one 
for each cont:; line. We obtained two density profiles for almost all values of er, each pro­
file being an average over 20,000 timesteps. The mean of all cosines we measured at a given 
er determines the equilibrium cosine. The uncertainty in this value is set equal to the stan­
dard deviation obtained from the subresults. Figure 7 shows the results, together with the 
results of Sikkenk et al.

The pressure difference Ap has not been measured. An accurate measurement would 
require the calculation of a local pressure tensor5) which dependence on both y and z- 
direction would have to be known. Such an involved computation is beyond the capacities of 
the available hardware. We did however inspect the bulk densities of the liquid and vapor 
phase. They are shown in fig. 8 for various values of e,.
The figure shows a systematically decreasing vapor density. This decrease implies a sys­
tematic decrease of the vapor pressure. The pressure difference Ap must change its sign from 
positive for small values of e, to negative close to the wetting transition. A systematic 
decrease of the vapor pressure can therefore only be explained by an even faster decrease of 
the pressure in the liquid. In that case, the average pressure in the system would decrease 
with increasing er. The liquid density scatters too much to tell anything specific about the 
liquid’s pressure. Besides, the densities might be affected by the size of the bulk phases. The 
size varies with er. Especially near its extremal values, either the liquid or the vapor phase 
becomes very thin. It seems therefore not possible to draw a conclusion about the pressure 
difference from the measurement of the bulk densities. Like this difference, the liquid-vapor 
surface tension will depend on the curvature of the surface. Although one can take the value 
for a planar surface as a first approximation, a significant correction could occur due to the 
curvature. A direct measurement of the tension however, is hindered by the lack of a well 
established, virial theory of the curved surface7). These difficulties in the determination of 
both Ap and yZv prevented a verification of (3.8).
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4. Conclusion

Fig. 7. The cosine of the contact angle versus er from our measurements (+) and from Sikkenk et al (x). The 
error bars of their data are omitted. They are of the order A cosQ = 0.1.
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We have simulated a curved liquid-vapor interface enclosed between two walls. A 
visual inspection of the obtained density profiles enabled us to measure the contact angle as 
a function of the strength of the solid-fluid attraction. The measurements are not very accu­
rate: the density profiles do not fully satisfy the system’s geometry and the angle is deter­
mined from a fit to the equidensity lines. The fit incorporates three free parameters, the 
optimal choice of which was judged by the eye. Despite this subjective criterium, the global 
dependence of the angle on the interaction strength is clear. Its cosine increases monotoni­
cally from — 1 to 1 as er grows from 0.2 to 0.7. The system proved to be unstable at the 
extremal values 0.2 and 0.7. At er = 0.2, the liquid slab detached from both sides of the 
wall after some 10,000 timesteps. It transformed into a layer in between and parallel to the 
sides of the wall. Both sides were completely covered with vapor in the final state. The 
opposite state appeared at er = 0.7. The liquid slab lasted for about 20,000 timesteps but 
broke in the middle then. All the liquid was sucked against the wall such that both sides 
were covered with a liquid layer in the end.

Our simulations show the presence of a wetting and a drying transition. The wetting 
transition is estimated at ew = 0.68±0.03, the drying transition at = 0.24±0.04. These 
values might be influenced by the curvature dependence of the liquid-vapor surface tension. 
A quantitative estimate of this influence is hard to make8). The wetting transition is first 
order. The drying transition appears to be of the same kind. The angle however, with which 
our data intersects the line cos 6 = -1 in fig. 7, is much smaller than the corresponding 
angle at the wetting transition. The first order character of the drying transition is therefore 
less prominent than that of the wetting transition.
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Fig. 8. The reduced liquid density n] and vapor density n’ in systems with different er. The data are averages 
over 40.000 timesteps. The error bars are the standard deviation of 10 subaverages over 4000 timesteps each.

Sikkenk et al deduced the contact angles from a measurement of the surface tensions. 
Figure 7 shows an appreciable discrepancy between their result and ours. They located the 
wetting transition at e„ = 0.78±0.03 which is not too far from our estimate. But the drying 
transition occurred at £.j = 0.54±0.03, a situation which is still partially wet according to 
our data. A straightforward comparison of the two curves in fig. 7 neglects the fact that 
Sikkenk’s cosines were calculated with the liquid-vapor surface tension of a planar surface. 
Nevertheless, the difference between the curves can not be ascribed completely to a differ­
ence in the liquid-vapor surface tensions. Around er = 0.5 namely, the curvature of the 
liquid-vapor interface is approximately zero while the difference between the two curves is 
at its maximum. A location of the drying transition at ed = 0.20 furthermore agrees with 
the behavior of the density profiles observed in Sikkenk’s simulations.

This agreement combined with the difficulties in the measurement of and 
strongly plead for the correctness of the visual measurements. The drying transition takes 
place around er = 0.24 rather than around er = 0.54. The presence of stress in the wall 
appears to prevent a reliable measurement of a solid-fluid surface tension and hence a reli­
able calculation of the contact angle. The equality of a contact angle calculated from the sur­
face tensions and a directly measured angle remains unestablished.

Saville tried to verify the equality of the two routes but in his simulation too, they led 
to different results. These differences might be ascribed to the system size which was rather



- 58 -

References

1)

4)

8)

5)
6)
7)

2)
3)

J.S. Rowlinson and B. Widom, Molecular Theory of Capillarity (Clarendon, Oxford, 
1982).
G. Saville, J. Chem. Soc. Faraday Trans. 12, 1122 (1977).
J.H. Sikkenk, J.O. Indekeu, J.M.J. van Leeuwen and E.O. Vossnack, J. Stat. Phys. 52, 
23 (1988).
A.F. Bakker, Design and implementation of the Delft Molecular-Dynamics Processor 
thesis, Technische Universiteit Delft, unpublished.
J.R. Henderson and P. Schofield, Proc. R. Soc. Lond. A 397, 231 (1982).
M.J.P. Nijmeijer, A.F. Bakker, C. Bruin and J.H. Sikkenk, chapter VIII of this thesis.
J.R. Henderson, in Fluid interfacial phenomena (ed. C.A. Croxton, John Wiley & Sons, 
1986).
S.M. Thompson, K.E. Gubbins, J.P.R.B. Walton, R.A.R. Chantry and J.S. Rowlinson, 
J. Chem. Phys. 81, 530 (1984).

small. The size of the box was no more than 5 in the x-direction. The surface radii he 
encountered became approximately as small as 10 aff. Curvature effects could play an 
important role in that situation. Note furthermore that the two routes do give the same result 
in Saville s simulation. around 9 — 70°, where the curvature of the surface is small. The 
reduced temperature T = 0.70 is low and implies a "stiff' liquid-vapor interface with a 
large surface tension. These conditions could hamper one to obtain accurate results. Saville 
observed neither a wetting, nor a drying transition. His data however, leaves open the possi­
bility that the transitions occur at vanishingly small c.q. very strong solid-fluid attraction.

At present, we reexamine the calculation of the contact angle via Young’s law. By 
treating the wall as an external potential, the solid-fluid surface tensions can be calculated 
with greater reliability and accuracy than in case of a "living" wall. The results obtained so 
far show a good agreement between the contact angles calculated from the tensions and the 
directly measured angles we presented here. They will be published later.



CHAPTER IV

Wetting and drying of an inert wall by a fluid

ABSTRACT

The contact angle in a wall-fluid system can be obtained directly from a visual inspection of 
the liquid-vapor meniscus or it can be calculated from the solid-liquid, solid-vapor and 
liquid-vapor surface tensions. These routes were exploited in two previous simulations in 
which the wetting of a wall was studied. Both simulations showed the existence of a wetting 
and a drying transition with changing wall-fluid interaction but the location of especially the 
drying transition was not consistent. It was suggested that the discrepancy was due to the use 
of a "live" wall in the measurements of the surface tensions. We have replaced the live wall 
by an inert wall and measured the surface tensions again, treating the wall as an external 
field now. The contact angles that are calculated from these measurements agree with the 
visual observations.
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1. Introduction.

A typical situation in which wetting phenomena are discussed is the situation of a fluid 
at liquid-vapor coexistence in contact with a wall. The extent to which the wall is wetted by 
the liquid is measured by the contact angle 0 which is defined as the angle between the wall 
and the interface between the liquid and vapor phase. The angle can vary between 0 and K. 
A contact angle equal to 0 means that the wall is preferably covered with liquid, the wall is 
called to be "completely wet". A contact angle of n means the opposite case: the wall is

Yjv = ysi + Y/v cos 0
with Yjv, ysi and y/v the surface tensions of the solid-vapor, the solid-liquid and the liquid­
vapor interface respectively. In case of a completely wet wall, ysv = ysi + Y/v 
means that a solid-vapor interface is unstable with respect to a solid-liquid plus a

which 
liquid­

vapor interface: a liquid layer will always intrude between the wall and the vapor. In case of 
a partially wet wall, y^ < ysl + y/v, the wall would still like to be covered with the liquid 
but the cost of the additional liquid-vapor interface prevents a liquid layer from intruding. 
Similarly, a vapor layer will intrude between the wall and the liquid if the wall is completely 
dry whereas the cost of the liquid-vapor interface prevents this intrusion in the partially dry 
state.

Surface tensions change with e.g. temperature or strength of the solid-fluid interaction; 
so a transition from the partially dry to the completely dry or from the partially wet to the 
completely wet state is possible. These transitions are genuine phase transitions, called the 
"drying" and "wetting" transition and their nature and location have attracted much attention 
in recent years.

The contact angle can be measured in a system where the meniscus actually meets the 
wall such as in a capillary, partially filled with liquid. The angle with which the meniscus 
borders at the wall can be obtained from a visual inspection of such a system. Young’s law 
gives a second route to this angle: it can be calculated from a measurement of the surface 
tensions. Both routes were exploited in a molecular dynamics simulation by Saville^) in a 
study of Young’s law. Saville enclosed a liquid and a coexisting vapor phase between two 
parallel walls, represented as external potentials with a variable interaction strength. The 
meniscus was defined as a plane of constant density, in between the liquid and the vapor 
density. By placing the liquid slab perpendicular to the walls, Saville obtained a meniscus 
that meets the wall and thus, he could measure the contact angle visually. With the slab 
parallel to the walls, he obtained a common geometry to measure surface tensions and from 
the latter, Saville calculated the contact angles. Unfortunately, the two routes did not agree 
upon the value of the angle.

The confrontation of a visually measured contact angle with a calculated one also 
appeared in the comparison of two other, closely related simulations3,4), the first one by 
Sikkenk et al, the second by the present authors. The type of wall and fluid, the temperature 
etc., were the same in both simulations. As in Saville’s simulations, the liquid and vapor

preferably covered with vapor and is called "completely dry". The intermediate cases 
O<0<k/2 and n/2<0<n are called "partially wet" and "partially dry" respectively. The 
contact angle is related to the three surface tensions that act on the contact line -where the 
meniscus meets the wall- by Young’s law1)
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2. Description of the simulations.

The system is the same as described before3) apart from the fact that we fix the solid 
particles at the positions of a perfect lattice. The fluid particles move in a three dimensional,

phase were enclosed between two parallel walls but in Sikkenk’s and our simulations, the 
walls were formed by a lattice of solid panicles which were allowed to oscillate around their 
lattice positions. Therefore, the walls represented a thermodynamic phase rather than an 
external potential. The wetting properties of the system were varied by changing the interac­
tion strength between the solid and the fluid. The liquid slab was placed parallel to the walls 
in the first series of simulations3) and the contact angles were calculated from measurements 
of the surface tensions. Starting from the completely dry state and increasing the interaction 
strength, a drying transition and subsequently a wetting transition were encountered, both of 
first order. The location of the drying transition however, was at variance with the 
behaviour of the density profiles. Whereas the contact angles predicted a completely dry wall 
for a certain range of attractive strengths, it was observed in the same range that a liquid 
layer, placed between the walls, was eventualy adsorbed at one of them. This spontaneous 
transition from a completely dry to a partially dry state indicated that the latter state was 
preferred by the system although the contact angles implied the reverse. Van Swol5) 
remarked that the calculation of the solid-fluid surface tensions could be a source of errors. 
The presence of stress in a "live" wall could have influenced the measurement of these sur­
face tensions and in this way have affected the contact angle.

This hypothesis was tested in the second series of simulations4). We placed the liquid 
slab perpendicular to the walls and measured the contact angle visually. Thus circumventing 
the calculation of a solid-fluid surface tension, we obtained once more a series of contact 
angles which showed a drying and a wetting transition under variation of the wall-fluid 
interaction. The location of the wetting transition was not too far from the result of the first 
experiment but the drying transition was strongly shifted. Fortunately, it was now located at 
a position consistent with the behaviour of the density profiles in the previous experiment.

The simulations of Sikkenk et al initiated a density functional calculation6) of the wet­
ting properties of the same wall-fluid system. With a non-local density functional combined 
with an "effective attractive interaction" and including the effects of substrate roughness, 
Velasco and Tarazona obtained a drying transition which was much closer to the result later 
on given by the second experiment. The wetting transition was again found to be in the 
region predicted by both simulations. Moreover, the calculation yielded a stronger first order 
character in case of the wetting, than in case of the drying transition. The same difference in 
character had been observed in the visual measurements of the contact angle.

This paper is addressed to a third measurement of contact angles in a wall-fluid system 
which is the same as before apart from the representation of the wall. By taking an inert 
wall, the difficulties of determining ysi and y„ should be diminished since such a wall is not 
subject to the effects of stress. Thereby, we hope to achieve consistency between surface ten­
sion measurements on the one hand and direct measurements of the contact angle on the 
other hand. For that purpose, the conditions of the simulations were taken exactly the same 
as in the previous study3) except for the treatment of the wall particles. Earlier simulations 
have indicated that the motion of the wall particles is not important for the behaviour of the 
fluid.
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z/Ojjr. This situation is the completely dry case, it has a

Yw< = Yri + Y/» + Y,v (23)

c) Finally, for large er, both sides of the wall prefer to be covered with liquid, see fig- 
3. This is the completely wet case with a total surface tension

Yr« = 2y„ + 2y/v (2-2)

b) Increasing er, the liquid is adsorbed at one side of the wall, see fig. 2. This asym­
metric configuration is the partially dry or partially wet case. The total surface tension equals

Y>« = 2yjZ + 2y/v (2.4)
Comparing the total surface tension of a and b, one recognizes that the transition from a to b 
takes place at the drying point, i.e. 0 = n in (1.1). The transition from b to c takes place at

cubic box with periodic boundary conditions in all directions. The interaction potential 
between a particle of type A and a particle of type B is of the Lennard-Jones 12-6 form:

<t>Aa(r) = 4eAa {(oAS/r)12 - (aAfl/r)6} (21)
where A and B stand for either "solid" or "fluid", r denotes the distance between the pani­
cles, eab sets the energy scale and the length scale of the potential. The interaction 
potentials are cut off at 2.5aAB. The length of the box equals L = 29.1

The solid substrate is built of three layers of a FCC lattice which requires 2904 solid 
panicles. The layers form the (100) planes of the solid and are placed in the x-y plane of the 
computational box. The panicles are fixed at their lattice positions and not allowed to move. 
The lattice spacing is determined by achosen as = 0.847 c, This mismatch 
between aJS and ay prevents a solidification of the first adsorbed fluid layers.

Due to the periodic boundary conditions, the fluid is enclosed in the direction between 
the third and the first layer of the lattice. Therefore, there are two soli;i-i:uid interfaces 
present in the computational box: one at each side of the wall. The sy<.:n contains some 
8500 fluid particles, an amount which ensures the presence of both a liquid and a vapor 
phase. The interaction strength e,y between solid and fluid is varied in the simulations and 
the wetting behaviour is studied as a function of the relative interaction strength 
Er ~ The length scale asf of this interaction is close to the mean of and Off'-

= 0.941 The temperature of the system is kept fixed at T* = kBT!e.ff = 0.9 
which is in between the fluid’s triple point temperature T, =0.7 and the critical tempera­
ture T* = 1.26. The reduced timestep Ar* = ArVe^/(ayV"7) in the simulations was set 
to 0.01 where my denotes the mass of a fluid particle. The simulations were carried out on a 
special purpose computer: the Delft Molecular Dynamics Processor (DMDP).

We place a liquid slab in between and parallel to the two sides of the wall. It has been 
discussed before2^) that the following three cases can occur.

a) For low values of er, the liquid layer resides in the middle of the system and both 
sides of the wall are covered with vapor, see fig. 1 which shows the reduced fluid density 
n = no} as a function of z* = r'~ --- -■•••■ ... ■. >... .
total surface tension of
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n*

0.8

0.4
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Fig. 2. Asymmetric density profile at er = 0.5 as averaged over 2400 particle configurations generated in 
31,200 timesteps. Further as fig. 1.

Fig. 1. Symmetric dry density profile at er - 0.1 obtained from an average over 3200 particle configurations 
generated in a run of 41,600 timesteps. The dotted lines denote the positions of the outer layers of the wall. For 
convenience, the origin z* = 0 has been placed in the middle.
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where the sum is 
location of the origin

o 
-16

I

over all lattice positions <?/. Note that the surface tension depends on the 
z=0. A shift of this integration boundary with 6z changes the surface

Yj/ - — J dx dy J dz { p^f?) - Pt(?) ~ n(r) z

Fig. 3. Symmetric wet density profile at er = 0.8, further as fig. 1.

the wetting point 6 = 0.
The solid-fluid surface tensions are measured differently from the previous procedure^ 

where the wall was treated as a thermodynamic phase and the surface tension was measured 
in a way appropriate for an interface between two thermodynamic phases. In the present 
experiment, where the wall is represented by a rigid lattice of particles, one encounters the 
following difficulty in calculating the wall-fluid surface tensions. The standard way to meas­
ure the surface tensions runs via an integral over components of the pressure tensor which 
can be measured directly in a simulation. This expression is well known for a wall potential 
that has no lateral structure but it has not been extended to the case of a structured wall such 
as we encounter by placing individual wall particles on a lattice. This extension is nontrivial 
and presented in a separate paper9). It turns out that the expression for the wall-fluid surface 
tension of a structured wall is equal to the expression for a structureless wall. With the wall 
located at z = 0 and the fluid at z >0, it is given by:

j j ~ PTW) ~ n\r) * (/) IA A 0 dz

with A the area of the surface, p^ the component of the pressure tensor normal to the sur­
face, pt the component tangential to the surface, n the local density of the fluid and the 
external potential that forms the wall. In our case, the external potential is given by
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