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1. Introduction

I

In a system below its critical temperature Tc a bulk liquid phase can coexist 
with a bulk vapour phase. The subjects studied in this thesis all concern the inter­
face region, which is the relatively narrow region over which the properties of the 
system change gradually from those characteristic for the bulk liquid to those 
characteristic for the bulk vapour. At the critical point not only the difference 
between the densities of the bulk liquid and the bulk vapour vanishes, but also the 
interface width diverges, which means that the gradient in the density becomes 
very small near criticality1.

A gradient in the density profile can also be induced by an external f ’. 
The most commonly known external field, which is always present unde: .. i- 
tions on earth, is the gravitational field. It couples to the chemical potei, p., 
which is the ordering field of the liquid-vapour phase transition. As a consec . ce, 
in a gravitational field, the density varies in the direction of the gravitation;;■ ce 
at all temperatures, even at and above the critical temperature. The relatively 
sharp transition from a vapour-like phase to a liquid-like phase is a consequence of 
the high compressibility of the near critical state. Although this induced density 
gradient does not form a real interface between two coexisting phases at tempera­
tures above criticality, we will refer to the region of rapidly varying density as an 
"interface". Due to an external field the width of the interfacial region remains fin­
ite at all temperatures, and the density profiles above and below Tc are smoothly 
connected.

The interfacial width can be seen as caused by two types of fluctuations: those 
which are local rearrangements of the particles near the interface and those which 
can be seen as a wave-like excitation of an otherwise sharp interface. The latter, 
called capillary waves, are thermally excited against gravity and surface tension4. 
Their effect on the system strongly depends on the dimensionality d of the system. 
In systems in d>3 the capillary waves are relatively harmless. In lower dimen­
sional systems the capillary waves cause the interface width to diverge in the limit 
of zero gravitational field (in the thermodynamic limit).

Close to the critical point the effect of capillary waves will be dominated by 
the effects of the large compressibility of the phases. It is clear that we can only 
speak of wave-like fluctuations of an interface for lengths larger than the width of 
the interface. This width increases on approach of the critical point and the con­
cept of capillary waves is then restricted to very large wavelengths.

In the next section we shall shortly review the van der Waals theory5 of the 
interface, and mention some more recent theories which we use in this thesis. The 
last section of this chapter gives an outline of the thesis.
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2. Squared gradient theory

2

¥(z) (2.1)

(2.3)A

(2.4)

dp(z)
dz

The first term W(p(z)) is defined as the distance of S'(p) above its double tangent

W(p) = ^(P) + P - tip , (2.2)

where p is the equilibrium pressure of the bulk phases and p. = p.(pv) = p.(p;) is the 
chemical potential of the uniform fluid phases at coexistence. The function W(p) 
has a double-well form with two equal minima at p=pv and p=p;, where W = 0.

The second term in (2.1) is the term which gives this theory its name. The 
squared gradient is an expression for the surface free energy due the inhomo­
geneity of the density profile, which we assume to be flat and dependent on z 
only. It can be considered as the first term of a series expansion in the density gra­
dient. The coefficient A in the squared-gradient theory can be identified, as we 
will see below, with

= g(p(r))2
x(p(2))

where J is the correlation length and x~(dp/SpOj- is the (symmetrized) compressi­
bility of a uniform system with density p.

The surface tension associated with a profile p(z) is found by integrating (2.1) 
over z

•x.

or = f 'Jr(z) dz .

A classical theory from which the density profile of the interface connecting 
liquid and vapour bulk phases is calculated originates from van der Waals5. This 
theory has been reformulated and extended by Cahn and Hilliard6. The theory has 
a mean-field character, and makes use of the van der Waals equation of state and 
therefore of the classical critical exponents. We will refer to this theory as the 
squared-gradient theory, because of the occurrence of a squared density-gradient 
term in the free energy functional, as we will see below. A fundamental postulate 
of the van der Waals theory is the existence of a free-energy density functional 
3-(p) at a fined temperature T. S'(p) is the free-energy density of a uniform system 
with density p, which below the critical temperature, admits a double-tangent con- 

The existence of S'(p) is thus assumed even for densities in the coex- 
isteace r.tioft (pv<p<p;) where no uniform phase can exist1.

•,Ve r now define an excess free-energy density 'P(z) as a sum of two terms, 
namely

a
W'(p(z)) + y
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2

(2.6)

P-(p(z))- P- . (2.7)

(2.8)

(2.9)

P(z) (P/ + Pv) - (2.10)

i

2

-^(p;) dz ,

calculated from (2.4) with the excess Helmholtz free energy
X 

-^(pv) dz + J ^(p) + 
o .

2

= W(P) •

We can identify cr
o

<T = J s;(p) +

X

CT = J" A

- y(P/ + Pv) _ y(p/~Pv) tanh(z/25cxc) , 

where is the correlation length in the homogeneous bulk phases, which 
diverges near criticality as |TC— T |-v (v=l/2). Apart from a non-universal 
amplitude and scale the classical van der Waals profile has a universal, system 
independent, form. The width of the profile diverges near criticality as

(2.5) 

provided we take the dividing surface (z = 0) as the location of the Gibbs dividing 
surface, given through

0 ®

J [p(z)-pv] dz + J[p(z)-p/] dz = 0 .
-x o

Considering ct as a functional of p(z) we get an equation for the profile p(z) icii 
minimizes <r under the constraint (2.6):

d*  dW(p)  
dz2”" dp "

with the thermodynamic potential p.(p) = di?/dp
Eq. (2.7) has a first integral (since p(z) = p; or pv at z = ±»)

f (£]
With (2.8) we get that the surface tension of the equilibrium profile is

dz = f 2 W(p) dz = J dp (14 W(p)]I/2 . 
p.

We note that in this theory the surface tension a is the result of two equal contri­
butions: the direct free energy associated with the gradient and the free energy 
which is a consequence of the fact that in the interface region W(p) is not at its 
minimum as it is in the bulk phases. The last expression on the right-hand side of 
(2.11) is especially useful because it does not require the knowledge of p(z) expli­
citly. When we use the van der Waals equation of state for the chemical potential 
close to the critical point (2.7) can be solved, yielding the classical van der Waals 
profile1
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AVG(r, R) G(r, R) = G(r, R) . (2.14)

(2.15)

(2.16)6*oz(r ^)a

diverges, and the surface tension calculated from (2.8) vanishes as o”~|Tc — Tl*, 
where p. = 3/2.

The van der Waals theory is closely related to the Ornstein-Zernike theory for 
the correlation functions7. Let p(r, R) be the density of pairs of molecules at 
r=(x, y, z) and R = (X, Y, Z). We define a pair-correlation function G(r, R) as8

G(r,R) = [p(r, R)-p(z)p(Z)]/m2 (2.11)

For distances |r—R| large compared to the intermolecular distance, p(r, R) will 
vary only slowly with r. Considering G(r, R) as the local density at r which is 
perturbed by the existence of a particle at R, one obtains in analogy with (2.7)

AV2p(r, /?) = p.(p(r, f?))-|x . (2.12)

Subtraction of (2.12) and (2.7) yields an equation for the pair-correlation function 
G(r, R)

m~AN-G(r, R) = |x(p(r, R))-p.(p(z)) . (2.13)

Since G(r, 7?) is small in the region where (2.12) holds we expand the right-hand 
side of (2.13) in a Taylor series around p(z) and linearize, so as to obtain

= MP(Z» G(r, R) = ---- 1----
dp(z) X(p(z))

Substituting (2.3) into (2.13) we get for the correlation function in an interface 

[v2-r2(p(z))] G(r, 7?) = 0 .
In a uniform system of density p, ( is a constant and (2.15) reduces to the 
Ornstein-Zernike equation. The resulting correlation function

e-k-m
|r-R|

has the well-known Ornstein-Zernike form. This justifies the identification (2.3).
The van der Waals theory of interfacial phenomena has a number of 

shortcomings. In the first place the van der Waals theory is a mean-field theory 
(showing itself by the classical critical exponents), and as such it is not able to take 
into account correctly the role of the fluctuations in the neighbourhood of the criti­
cal point. In relation to this we stress the fact that the van der Waals theory is 
independent of the dimensionality of the system. In the second place the van der 
Waals theory completely neglects the capillary fluctuations of the interface and as 
a consequence it will never show a diverging interface width in zero external field.

A recent development in the van der Waals theories tries to remedy the 
strictly classical behaviour. Fisk and Widom7 incorporated the correct scaling 
forms for the chemical potential p.(p), the compressibility x(p). a°6 correlation
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(2.17)= P-(P(z))-R- + gz •

In the equation (2.15) for the correlation function G(r, R) the gravity is present 
only implicitly through the dependence of p(z) on the gravitational field. The grav­
ity not only affects the interface, but also the bulk phases itself, because of the fact 
that the compressibility is large in the neighbourhood of the critical point. For den­
sities outside the coexistence region van Leeuwen and Sengers use an explicit 
phenomenological scaling form of the equation of state, whereas inside this region 
the Fisk-Widom theory is used to construct the function W(p). As a result of grav­
ity even at and above the critical point the interface width stays finite. Although 
this theory also lacks the possibility to include capillary wave effects adequately, 
the idea to consider an interface in an external field is attractive, because the capil­
lary wave divergence can be controlled by means of an external field.

A theory which treats the influence of fluctuations around a mean-field theory 
in a systematic and consistent way is the renormalization-group approach11. This 
theory starts from the Landau-Ginzburg-Wilson Hamiltonian density and calculates 
the effect of the fluctuations on the partition function and correlation functions. In 
the Hamiltonian density a function W(p) occurs which is equivalent to the function 
W(p) in eq. (2.2). As we are interested in (or confined to) the critical region the

length £(p), into the theory, and allow for the use of the correct non-classical criti­
cal exponents. Furthermore, they provide a method to construct an analytical 
expression for W(p) for densities inside the coexistence region. Their approach, 
however, is only a phenomenological improvement over the classical theory, and it 
does not provide a systematic way to deal with the critical phenomena. In the van 
der Waals theory A is strictly independent of p (and derivatives of p). In reality 
this certainly is not true, as we see from the behaviour of (2.3) near the critical 
point9. There A diverges as [(Tc —7')/7'c]_''T’ as function of temperature, and it will 
be a non-analytic function of the density as well. The exponent iq measures the 
deviation of the correlation function from Ornstein-Zernike behaviour. It has in 
reality a value very close to zero, so digressions from the Ornstein-Zernike. ih-ory 
are small and the errors made by taking A constant are thought to be small. the 
Fisk-Widom form of the van der Waals theory the coefficient A is still take, as 
constant. The Fisk-Widom theory also leads to universal density profiles, but it 
does not include the effects of capillary waves either.

Van Leeuwen and Sengers2-3’8'10 have calculated the effects of an external 
field on the interfacial profile, in the spirit of the theory of Fisk and Widom. They 
consider gravitational potentials of the form gz. This gravity field turns up in the 
equation for the density profile as a simple shift of the chemical potential p. which 
is the ordering field of the liquid-vapour phase transition, thus giving instead of 
(2.7)
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(2.19)

3. Outline

choice for W(p) is very simple, namely

W(p) = ap2 + bp4 + • • ■ , (2.18)

which is equivalent to the so called <f>4-theory. The mean-field approximation can 
be found in this theory by approximating the integrations in the partition function 
by the term which maximizes the integrand.

Ohta and Kawasaki12 have carried out a renormalization calculation for the 
interface near four dimensions in the form of a systematic series expansion, known 
as the e-expansion, where e=4—d. Although the convergence of the expansion is 
problematic one obtains results for d = 3 by taking e=l. The calculation of Ohta 
and Kawasaki gives the influence of fluctuations around the optimal profile in the 
zero field case, as it is determined by an equation of the type (2.7), and they also 
:-btzin results for the surface tension12’13, via a formula like (2.5). The first-order 
. opt oximation for the critical exponent p. is 

3 1
2 4C

which is surprisingly good in all dimensions (exact in d = 2 and d=4, nearly exact 
in d = 3, where p.= 1.26). The divergences due to the capillary waves are in princi­
ple present in the renormalization theory. When considering a theory in the e- 
expansion the effect of capillary waves is not important because of the expansion 
near d=4. When putting e=l the capillary-wave divergences are not recovered in 
any order in e. Jasnow and Rudnick14 have tried to connect the renormalization 
theory of the interface and the capillary wave theory. They however did not 
include compressibility effects and as a result they find a non-universal density 
profile which diverges at the critical point.

The subjects treated in this thesis belong to various aspects of interfacial 
phenomena. They all have one feature in common: The liquid-vapour interface in 
the problem is influenced by an external field. In our case this external field is 
either the gravitational field or a field caused by the presence of a substrate. The 
thesis can be roughly divided into two parts. In the first part (chapter II-IV) a 
theoretical analysis is given of the interface near criticality. In the second part we 
study the interface by means of molecular-dynamics simulation far from the criti­
cal point, to avoid distortion effects, due to the large compressibility, and to see 
most purely the effect of capillary fluctuations.

In chapter II we study the interface in the presence of an external gravity-like 
potential in an e-expansion, which is based on the theory of Ohta and Kawasaki12. 
This theory gives the smooth cross-over from the density profiles below the critical
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i

temperature to the density profiles above Tc. The profiles are universal in the 
sense that microscopic details of the interaction do not matter, but they have in 
comparison with the zero field case one additional parameter, which describes the 
cross-over. In the zero-gravity limit the results of Ohta and Kawasaki are 
recovered.

In chapter III we use the e-expansion to calculate to first order in e the sur­
face tension associated with the density profiles calculated in chapter II. When cal­
culating the surface in an external field we do not want to attribute the effects of 
the distortion of the bulk phases to the surface tension. Moreover, the integrals in 
(2.5) do not even converge when a gravitational potential is present. The idea 
however to evaluate a as the integral over the difference of the actual free energy 
of the interface and the free energy of a hypothetical system, which is formed by 
to bulk phases divided by a sharp surface like in (2.5), remains possible, . hat 
reference profile we should take to get a consistent definition of the surface r.rision 
is not directly clear. The e-expansion is able to discriminate between possible can­
didates for the reference profile, because some choices give non-convergent 
theories. A good reference profile leads to a e-expansion which in principle can be 
extended to arbitrary order in e. In chapter III we define a reference profile as the 
profile formed by the densities we get when we consider for a certain z-position a 
uniform system in a constant external field of strength gz. Below Tc the reference 
profile has a jump in z=0. This jump decreases on approach of criticality and is 
zero at and above the critical point. The reference profile approaches the real pro­
file only sufficiently far above Tc. Asa result of this definition the surface tension 
does not vanish at the critical temperature but at a temperature slightly above Tc 
when its gradients in the density profile are negligible.

In chapter IV we calculate in a Fisk-Widom like approach the correlations 
along and perpendicular to the interface in the presence of an external field. These 
calculations form an extension of the theory of van Leeuwen and Sengers8 who 
have calculated the density profiles in a scaled squared-gradient theory above as 
well as below Tc. The theory is restricted to a region very close to the critical 
point. This region is so small that experiments are on the edge of feasibility. 
Nevertheless the distortion effect due to the large compressibility of the nearly crit­
ical phases is a real effect, which in practice prevents that the interface diverges at 
criticality. Below the critical temperature the transverse correlations are found to 
approach the capillary length for temperatures relatively far from criticality (but 
still in the critical region). This capillary length diverges in the limit of zero grav­
ity, denoting the development of long-ranged correlations in absence of a gravita­
tional field. The correlation length perpendicular to the interface has two maxima 
in the wings of the density profile and a local minimum in the center. The calcula­
tions are complemented with approximate expressions for the limiting behaviour of 
the correlation profiles.
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CHAPTER II

ABSTRACT

AN e- EXPANSION FOR THE INTERFACIAL PROFILE 
IN AN EXTERNAL FIELD

The interfacial profile for the order parameter is calculated for a sys­
tem with a LGW-Hamiltonian extended with an external field cou­
pling to the order parameter. The calculation is restricted to the vi­
cinity of the critical point and is carried out to first order in the e- 
expansion. The profile is found to be a universal function of the 
scaled distance and temperature, such that the potential parameter is 
absorbed in the scaling. The field localizes and distorts the profile 
and both effects are incorporated correctly to order e.
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1. Introduction

The formation of an interface between two coexisting phases is an outstanding 
problem of statistical physics. In particular the onset of the interface near criticality 
has been subject of many theoretical investigations1. Some time ago Ohta and 
Kawasaki2 constructed a theory for the interface on the basis of an e-expansion for 
critical phenomena. Although such a theory does not lead to realistic interfacial 
profiles it is the first case, where a discussion could be based on a theory which 
acknowledges all the subtleties of the critical phenomena. In the same spirit they 
calculated the surface tension associated with the profile up to first order in 
e=4—d. This calculation has later been simplified by Brezin and Feng3.

A fundamental shortcoming of the e-expansion for an interface is th./ can­
not be applied to three-dimensional systems (e=l). For d^3 a new div. ncy 
occurs due to the capillary waves, which cause the interfacial width t< : crge 
(although very weakly) in an infinite system4. This divergency is not a typical criti­
cal phenomenon, but appears all along the coexistence line between the two 
phases. In practice either finite size or an external field cuts off the capillary waves 
and keeps the interfacial width finite. Jasnow and Rudnick5 have discussed the 
role of a stabilizing field in the context of the renormalization theory for a d = 3 
system. They find that the interfacial profile is the result of a convolution of an 
intrinsic profile (as exists for d>3) and a Gaussian broadening, of which the width 
is controlled by the strength of the stabilizing field. The explicit dependence of the 
interface on the external field is seen by these authors as a lack of universality.

The external field, however not only localizes the interface, but also distorts 
it. Such effects are left out of the calculation of Jasnow and Rudnick. The distor­
tion will become increasingly important when one approaches criticality (from 
below Tc) as the phases become more and more susceptible to a field. In fact even 
above Tc an "interface" will survive, which is completely induced by the field and 
is not a result of spontaneous symmetry breaking any more.

In this chapter we direct our attention to these distortion effects, by studying 
the e-expansion of the profile in a weak external field. Van Leeuwen and 
Sengers6,7 have shown that these distortion effects are to be expected in a very 
narrow regime around criticality. In this regime the interface is already so broad 
that capillary waves have a minor influence. Further below Tc the bounding of the 
capillary waves amplitudes by the field becomes more important and in this sense 
our work is complementary to that of Jasnow and Rudnick.

In the theory no sharp distinction between distortion and localizing effects can 
be made. Approaching the problem from a higher dimension (d=4) all excitations 
with respect to the mean field profile are treated systematically including those, 
which are blamed for the divergence of the interfacial width in absence of the
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2. The equation for the order-parameter profile

(2.1)

3f(S) = f d'r Uz(u)(VS(r))2 + |(rZ2(u) + 8z)5(r)2

+ ^-Z4(u)S(r)4-A/(r)S(r)j,

The calculation of the equation for the magnetization density profile of an 
interface in an external filed H(r) is a problem similar to the calculation of the 
equation of state in a homogeneous system. Following Ohta and Kawasaki2 we 
derive this equation in the two-phase region from the Landau-Ginzburg-Wilson 
(LGW) Hamiltonian for the renormalized local order parameter S(r),

field. In the strict e-expansion the problem with localization of the interface as it 
exists for ds3 does not appear. It is only visible when one would consider ds3 in 
intermediate stages of the calculation.

We construct the e-expansion of the interface in a field following closely the 
method outlined by Ohta and Kawasaki2. The main difference is that integrals 
which can be done analytically in the field free case, now have to be done numeri­
cally. This requires also that we have to reformulate the subtraction techniques 
needed in the renormalization process.

Although our purpose is to study the interface in a fluid we will use in this 
chapter the language for magnetic systems. The advantage is the explicit up-down 
symmetry and the closer connection with the usual renormalization theories8,9,10.

The organization of the remainder of the chapter is as follows. In section 2 we 
derive differential equation for the order-parameter profile, and discuss the 
divergences occurring in the theory. These divergences are removed by a proper 
choice of the renormalization constants of the homogeneous theory. Then the 
theory is free of divergences for d<4. When e=4-rf approaches zero relatively 
harmless divergences in e appear which can be shown to cancel on the basis of the 
large transverse momentum behaviour of the Green’s function.

In order to facilitate the numerical integration of the Green’s functions we 
develop in section 4 a perturbation expansion valid for small gradients, through 
which we can evaluate the asymptotic contributions to the integrals analytically. In 
section 4 we introduce scaled parameters such that the equation for the order­
parameter profile is brought into its universal form. In section 5 we calculate the 
mean field profile in a gravitational field. In section 6 we outline the method for 
solving the Green’s function and present the results of the calculations. The results 
for the renormalized order-parameter profile are given in section 7 and the paper 
closes with a discussion of the results.
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(2.2)

(2.4)

(2.5)

where

*(n)(n........ rn) = !{$}-{«} • (2.6)

(2.7)

(2.8)

83f(5)
8S(r1)...8S(r„)

where the renormalization constants Z(u), Z2(u), Z4(u) and St can be calculated 
by renormalizing the theory at zero momentum, r is a measure of the reduced tem­
perature difference (T—Te)/Tc and u is the dimensionless renormalized coupling 
constant (the subscript c denotes the value at criticality).

In the field free system (Af(r) = 0) the expectation value of the local order 
parameter S(r) vanishes at the critical temperature (t = 0). When an external field 
is included, however, this field will induce a non-zero magnetization even above 
Te. In this chapter we will take the external field H(f) to be similar to the gravita­
tional potential for fluids

H(z) - gz , 

where the field is directed along the z-axis of the system. The mean magr ration 
density Af(z),

M(z) = <S(z)> , (2.3)

will be a function of z, corresponding to a magnetization along the dir ; a ion in 
which the magnetic field H(z) varies. For T<TC the profile M(z) surv- even 
when g-0 and we will then speak about Af(z) as an interface.

In principle we can evaluate the right-hand side of (2.3) by a Feynman graph 
expansion. It is however much more convenient to introduce first a field i|i(r) 
which has zero expectation value by construction10-12,

>l»(r) = S(r)-M(r) .

Expanding the Hamiltonian (2.1) in the new variables Qi(r) we get

*«>) = S J dr, ■ • • dr„ r„)>|<(r1)..4(r„) ,
n=0

+ y-AKr)4 - gzAf(r) , 
4! I

^'’’(r,) = -Z(.u')V2M{r1') + (tZ2(.u') + bt')M(rl-) + ^Z4(U')M(r1)3-gz , 
o

Explicitly we have

3e<°> = J dr^Z(u)(VM(r))2+y(rZ2(U) + 8r)M(r)2
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(2.9)

(2.11)

(2.12a)

(2.12b)

(2.12c)

8t = — (2.12d)

Fig. 1. The one-loop contribution.

etc.
By expanding the left-hand side of

<tp(r)> = 0 (2.10)

in Feynman graphs, we obtain an expansion of the equation of state, which is 
equivalent to ihc equation from which one calculates Af(z).

Tc first order in the loop-expansion only the graph in fig. 1 contributes, there­
fore

3e(2>(r„r2) = -ZMVf+rZ/ul + Sr+^-Z^ulA/f/-!)2 8^-^,

-•(M)--Af(z) + (/Z2(u) + 8z)M(z)-gz + -^Z4(u)M(z)3 
dzz o

+ |^-Tr{[3e<2>]-‘ 8(z-z')}r_I> , 

where Vd-i — Jd^-'r, and r, are the directions perpendicular to the external 
field.

The renormalization constants are identical to those in the zero field case, 
which have been evaluated up to the one loop order as9’13

Z(u) = l + 0(u2) ,

Zz(“) = l + |uJ + 0(«2) ,

Z4(u) = l + yiz7 + O(u2) ,
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where

(2.13)J = 2

with

(2.14)Sa =

*10is chosen to be the fixed point value ;;

uS, (2.15)

22

(2.16)AG(?„z) M(z) .

(2.17)

(2.18)z') = 8(z—z')
2

(2.19)

1
2tr

1 
(?2+l)2

= t-e + 0(e2) .

= ^-[1-| + C(e2)j ,

f Sa-if^.^-2
L 0

d

f d?

d2
I dz2

and M0(z) is the lowest order solution of (2.16), i.e. the solution of the classical 
Van der Waals equation in the presence of an external field, 

r+|M0(z)2jw0(z)-gz .

r + '+-7A/0(z)2+?,2 G(q,, z,

r+^M(z)2 M(z)-gz + ^J r + -^-M(z)2 M(z)
6 I 2 12 I

dz

The subtraction in (2.17) coming from 8r is sufficient to remove in four 
dimensions the quadratic divergence of the wavevector integration in (2.16). The 
expression involving AG(q,, z) in (2.16) is now a convergent integral for all d<4. 
For e=4—d-0 it starts to diverge logarithmically, leading to a 1/e contribution, 
which is compensated by another 1/e term in (2.16).

The function AG(q,, z) is a combination of the Green’s function G(q,, z, z') in 
z=z' and the subtraction term (2.12d):

AG(q„z) - G(9„z,z')|z=z, ,

where the Green’s function G(q,,z,z') is the solution of the Schrodinger-like 
equation

u
6

2irda 1
T(d/2) (2-it)‘'

The value of the coupling constant u
2
3

Substitution of eqs. (2.12) into (2.11) gives as result the following ;ion, 
correct up to order u2, from which the profile Af(z) can be calculated,

d2Af(z) =
dz2
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+ C(?,-5) , (2.20)AG(«„ z) = -

with v(z) given by

(2.21)

(2.22)dq, +AG(<?,, z) +

v(z)M(z)

(2.23)x

where we have used for d near 4

(2.24)
2

+ C(e2) , (2.25)

in which (2(z) is defined as

v(z) 
4(d-4)

v(z) 
4?,3

v(z) 
4?,3

= 4 [1 + f(1-2 ln 2)j + 0<e2) •
One now sees that the 1/e exactly compensates the 1/e contribution of the term 
containing J in (2.16) when the expression (2.13) for J is inserted.

Combining expressions (2.22), (2.23) and (2.13) and using the special value 
u" for u we obtain for (2.16)

yy = ^ + -^M(z)2jw(z)-gz + -|-e(2(z)-v(z) + 2v(z) \nq^M(z)

4o d

v(z) = r + -jAf0(z)2.

Thus we write the qt integral in (2.16) as
x q0

I qJ-'a.G(q„ z)dq, = f qf~2AG(q,, z)dq, 
0

M(z)=-^S4I5-
7 + y(l-2 In 2)-v(z) In 9o ,

To see the cancellation of the 1/e contribution we use the asymptotic 
behaviour of AG(<?,, z) for large q,, which is derived in the next section (sec 
(3.13)),

f 2
10

where q0 can be chosen later. Both integrals are now convergent for e~0. Together 
with the volume factor Sj-i the last term of (2.22) contributes to the last term in 
(2.16) for small e,

v(z)
‘4(-e)9o-‘
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So X

(2.26)-(1-2 In 2)v(z) .

combinationtheHowever,

3. Perturbation expansion for G(q,, z, z") for small gradients

(3.1)

(3.2)

(3.3)

and

(3.4)*„(*') =

‘fO x , .

2(z) = 8 Jq,2 AG(q,,z)d9, + 8 f ,2 AG(9„z) + -^4 d9, 
o ?0 I 4<?> )

z = (v(z') + q,2)1/2(z-z')

tfr>(z')
(v(z') + q,2)("+2>'2’

v<"’(z') denotes the n-th derivative of v(z) with respect to z, taken in z = z'.

Obviously 2(z) is not independent of q0.
Q(z~) + 2v(z) in q0 does not depend on q0.

The two expressions (2.25) and (2.26), together with (2.17)-(2.19), ne the 
problem in a form free of divergences.

So far the case with an external field (g^O) runs parallel to the field e case 
(g = 0)2. For g=0 eq. (2.19) can be solved exactly as well as the assoc equa­
tion (2.18). For g^O we must rely on numerical methods together witb .symp- 
totic analysis.

We want to solve (2.18) with the boundary condition

lim G(q,, z, z') = 0

as a function of the wavevector q, for all z and z' and for many values of the tem­
perature parameter t. For small q, and z, respectively z', this can be done most 
easily by solving (2.18) numerically. For large q, and z values, it is advantageous 
to solve (2.18) analytically, so that we can carry out the q, integration analytically 
in a large domain. Therefore we consider the case that v(z), defined in (2.21), is 
a slowly varying function of z. This happens for large z, where M0(z) varies 
slowly and for large q, where M0(z) is immaterial. In these regions we make, at a 
fixed temperature t, an expansion of v(z) + q,2 around z',14

v(z) + q,2 = (v(z') + q,2){l+X1(z')s+X2(z')s2+ ■ ■ ■ } ,

where
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(3.5)

(3.6)

(3.7)

(s) = g<0)(s) ,

~~.;g(1'iXs)=g(1’1\s')+sgm(s') , (3.8)

G(r) = K(qt, z')e

(J>O) , (3.9a)--j^-X2(3s + 3$2+2s3) + • • •

l-^X^s+j2)

+ ^■X12(15s + 15s2+ 10j3+3s4)

+ -^-X12(-15j + 15j2-10j3+3s4)

G(s) = X(q,, z')e+^l + -|-X1(-i + i2)

Substitution of (3.2) into (2.18) yields

-■^■ + (1 + Xjs + X2s2 + X3j3+ • • • ) G(s) = 8(j) ,
I ds )

where G(j) has been defined as

G(s) = (v(j) + 9,2)1/2G(?,, z, z') .

An expansion for G(r) can easily be obtained by substituting the series 

G(s) = g<0>(s)+X1g<1'1>(r)+X12g'1.2>(j)+X2g<2’1>(j)+ • • • 

into eq. (3.5)
W. now the following set of equations for g(n,/w)(s):

-.;g;1'n(j) = g(1'J,(i) + i5(0>(i) . 
ds-

■^-7g(1,2)(j)=g(1.2)(i)+jg(1,1>(j) , 

ds£

-^g(2,1)(s) = g(2-1)(s) + j2g(0>(j) • 
ds

These equations can be solved subject to the boundary conditions following from 
G(0) = X(?,, z’) and g(±«>) = 0. The multiplicative factor \(q,, z') will be chosen 
later to meet the requirement that the derivative of G(s) with respect to r has a 
jump 1 in r = 0. The result is
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(3.9b)U <0) ,

(3.10)

(3.11)

AG(?,, z) =

(3.12)

(3.13)(q, large)

4. Scaling of the equation for M(z)

(4.1)

where the 
be found by

-~X2(-3s + 3s2-2s3') + • • ■

—-Y,8 6

29,

Before we enter into the numerical_calculation of Af0(z) and AG(?,, z) it is 
convenient to introduce scaled variables Af(z), z and F, such that

M = \x.,M , z = J,z , t = 0,F,

2_lv + ZL 2_45
1 4V 32 X1

We will use the result (3.12) in the regions of large q,, and of large . 
small gradient expansion is valid, to supplement the values, which can 
direct numerical integration of (2.18). The integration over q, occurring in (2.26) 
can be carried out analytically from ?y(z) to infinity. fy(z) is the value above 
which the small gradient expansion is valid. The results of the integrations are 
given in Appendix A.

Note that from (3.12) we have

AG(9r,z) = -^4 + C(«,-5)
49,

as we have used in the previous section (see (2.20)). The result (3.12) is generally 
applicable e.g. in higher order calculations, since the dependence of AG(?,, z) on 
v(z) occurs only through the X„(z').

X(?,, z') follows from the condition that

G(0-) —G(0+) = 1 

and can therefore be evaluated to be

X(9,. *') = t<1-7x2+ 1̂2->4+^-x22-^-x6+ • • • } . 
Z. *T JL JL O

The value of interest for us is G(0), because we need G(q,, z, z') in z--:' as one 
sees from (2.17). This value is equal to K(q,, z'), given in (3.11). It ca calcu­
lated once the zeroth order profile A/0(z) has been determined (numer ) from 
(2.19) and the values of X„(z') have been found according to (3.4). ibining 
(3.6), (3.11) and (2.17) we find 

1 
2(9,2+v(z))1Q

21
32
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with

(4.2a)M-r

(4.2b)

e. (4.2c)

(4.3)

(4.4)

4?,

-(1-2 In 2)v(z) , (4.5)

(4.6)

(4.7)

(4.8)AG(?,, z) = G(q,, z, z’)|~, - --L .
2?,

Note that we have chosen for q0 which appears in (2.23), the value

<?o = iS • (4-9)
The whole problem of finding A/(z) is now completely defined by (4.3)-(4.8).

where the scaled functions v(z) and C(z) are defined by

7(F) = F+3A/0(F)2 , 
1 X z   x

2(F) = 8 J q2 bG(q,, F) dq, + 8 f q,2 AG(q„ F)+-^|dq, 
0 >1 4q, I

where M0(z), t^G(q,, z) and G(q,, z, z') are given by the scaled equivalences of 
(2.19), (2.17) and (2.18), respectively,

4tMo(F) = (F+Af0(F)2)M0(F)-F ,
dz

I-Ar+7(F)+q,2 |g(?,, F, F') = b(F-F') ,
I dz )

( 3/8—3c/64
= l—l  1/4—3e/321<U S

r \-l/8-€/64
= „ —1/4—e/32N g

( \ 1/4—1/96

= If] s1'2-748 •
This choice of the scaled variables scales out all u dependence of (2.25) up to 
order ; :.: /lakes it possible to study the behaviour of the profile Af(F) as a func- 
ti< . ii ■’no.perature-like parameter F. In terms of the variables defined by (4.1) 
eq. (2.25) reads

■ ) = (F+Af(F)2)A/(F)—F+-i-e(Q(F)-v(z))M(F) + O(e2) ,
d. • 6
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(4.10)

with

(4.11a)

(4.11b)

(4.11c)

+ O(e2) (4.12)(r<0),

(4.13)

d?,

(4.14)-(1-2 In 2)v(z)

(4.15)

(4.16)

(4.17)1
2?,

|2+e/48

V(z') 

4?,3

AG(?„z) = G(9„z,z')|.,=f

These equations do not depend on u and g, and give rise to universal magnetiza­
tion profiles M(z) only depending on z and F.

We can also reduce the number of parameters in eq. (2.29) by scaling out the 
temperature-like variable I. This scaling is especially suited to study the behaviour 
of the order-parameter profile in the regime of very small fields.
For this purpose we introduce the scaled variables M, z and g such that

Af = \LgM , z = £gz- , g = ygg

and A?0(z), AG(q,, z) and G(qlt z, z') follow from 

^M0(z-) = (-l+M0(z)2)M0(z)-gz , 

--^ + v(z') + q,2 G(q„ z, i") = 8(z'-z") , 
dz )

--w
Substitution of (4.10) into (2.25) yields the scaled equation for the profile M(z) 
which is independent of t and u,

■^yM(z-) = (—l + M(z)2)A/(z)—gz +-^-e(Q(z) —v(z))M(z) 
dz o

where

v(z-) = -l + 3M0(z-)2 , 
1 +* z

2(z) = 8 f q,2 AG(q,, z-) dq-, + 8 f q,2 AG(q„ z') +
o 1 I

— 1/2
|; 11/2—c/6
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(4.19a)

(4.19b)

(4.19c)

compare our results to the analytical results of Ohta andcan

5 The classical order-parameter profile

4

9

3

, (z large) .+ 0(z (5.1)

(5.2)

For g=0 we 
Kawasaki2.

Using the scaled variables defined in (4.1) the mean field magnetization pro­
file is given as a solution of differential equation (4.6). For large F this solution 
behaves as

F| _Z
3

+1
3

2
+1

9

Here we have taken for q0 the value

<7o = <7* (4.18)

The results of the scaling using F can easily be converted into the results for the 
scaling with g as parameter by the formulae

— 13/3)

M = t ~'I2M 1+7- InF + 0(e2) , 
16 1

Mo(F) = F1/3

1+^ ln' + °(e2) ’

z--ll/3

Inr + 0(e2) .

--’/3

g = 7~2

For large T however the series (5.1) is slowly converging and we can use this 
asymptotic formula only for very large F. For smaller F the magnetization profile 
A70(F) can best be calculated numerically from (4.6) for a fixed temperature t. The 
solution is found by a trial and error method. For a guessed initial slope (4.6) is 
integrated forward, and the guess is adjusted, until the profile and its first deriva­
tive are well behaved for all F values that we can reach (limited by numerical pre­
cision). When the proper limiting profile (5.1) was not reached, we have extended 
the solution by calculating Af0(F) as a small distortion of the locally homogeneous 
profile M0°(F), which is a solution of

0 = (F+A/q (F)2)Af°(F) —F .

L I7 ~9/3_ £
9

z = Tv2z‘
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t=.2

t=0

t=-2

M0(z) = Mg(z) 1- (5.3)

(5.4)

0
2

0 
2

2
Mo(2) 

0

Fig. 2. The classical order-parameter profiles Mq(z) for temperatures above 
(f = +5, +2) and below (r= —1, —2, —5) the critical temperature (r = 0)

2 
Mo(z) 

0

2
Mo(z)

0

We then find Af0(z) as

—4—+-.
(r+3M0°(D2)4

As one sees from (4.4), the profiles are antisymmetric around z=0, so we only 
have to determine them for positive z values.

In fig. 2 we have plotted the zeroth order density profiles for a few selected F 
values, both below and above the critical temperature. When the temperature is 
lowered, the interface width decreases as could be expected. At F=0 the zeroth 
order profile does not vanish, as is the case without an external field present, but 
this profile is completely induced by the field. For the same reason a profile per­
sists above Tc.

Using the scaling defined by (4.10) we have also calculated the zeroth order 
profiles for a few values of g below the critical temperature (fig. 3). For g = 0 the 
differential equation (4.15) can be solved analytically yielding the classical van der 
Waals hyperbolic tangent profile

W0(z) = tanh(z/V2) , g=0 .
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g=o g=0.3

g=!.Og=0.7

4 4

6. Numerical solution for the Green’s function

(6.1)

(6.2)

with boundary conditions

lim g (q,, z) = 0 ,

o 0

2
Mo(z) 

0

2
Mo(7) 

0

g(q,, 0) = 1 . (6.3)

The boundary conditions and the absence of a jump in the derivative are the only 
differences from g(qt, z) with respect to G(q,, z, z"). The solution of (6.1) will 
diverge exponentially for The procedure to find g(qn z) numerically is as
follows. First guess a trial slope g(.qt, 0) and integrate (6.1) numerically from z = 0 
towards both smaller and larger z. In general the solution will not satisfy the con­
dition (6.2), but diverges exponentially. When g^q,, z) however is a solution of 
(6.1) then gi(q,,~z) satisfies (6.1) also. We obtain a solution satisfying the boun­
dary condition (6.2) as the linear combination of g/?,, z) and gi(q,,~z) which 
cancels out the exponential divergences for F-“. Once we have determined

Fg. 3. The classical order-parameter profiles Mq(z) for some values of g 
(g=0, 0.3, 0.7 and 1).

Now that the_zeroth order profile Af0(z) has been calculated we can solve the 
Green’s function G(<?,, z, z') and AG(q,, z) from eqs. (4.7)-(4.8), with the aid of 
an auxiliary function g(q,, z). Following Van Leeuwen and Sengers14 we consider

^-■^• + v(z)+?,2jg(?,, z) = 0 ,
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(6.4a)z

zSz' , (6.4b)

-1

(6.5)X(9,, z') = -

From (4.8) one sees that

AG(9pz) (6.6)

t=*5

0

t=O

0

t=-5t=-2

0
4

Fig. 4. The function Q(z) for the temperatures r = + 5, +2, 0, —1, —2 and —5.

o

40 
Q(z)

20

40 
O(z) 

20

0 
1

40 
0(z)

20

g(<?,»z') 

g(?r. z')
! £(<?,.~z') 

f(?,. -z')

X(?,, Z)--TT
2?,

For large z, or large the calculation of X(qr, z") becomes numerically inaccu­
rate. Fortunately in these regions the small gradient expansion developed in section 
3 is valid. To be specific we calculate AG(q,, z) for a selected temperature and z

g(q,, z) we construct G(?,, z, z') as

G(?,, z, z ) = X(<?,, z ,
g(9,. z')

G(?,, z, z') = X(?,, z')-f-f': -j) ,
«(<?,. -z )

where K(qt, z') has to be chosen such that the jump in the derivative of 
G(?,, z, z") in z=z' is equal to one, i.e.



27

o

0

Fig. 5. The function Q(i) for g=0, 0.3, 0.7 and 1.

(7-D

20 
O(z)

10

20 
6d)

10

7. The order-parameter profile to first order in e

up to the wavenumber qf(z) numerically, whereas for larger z, qy(z) is smaller, 
until at a certain value of z, AG(qr,z) can be calculated using the asymptotic 
expansion only. Next we do the integrations over q, occurring in (4.5). For any z 
the integration has to be carried out numerically for q, smaller than qy(z) and 
analytically for larger values of q,. The resulting functions 2(z) are shown in fig. 
4 for the same selected temperatures as for which the zeroth order profiles A/0(z) 
are shown in fig. 2.

The functions 2(f) in the scaling with parameter g can be calculated similar 
to the calculation of Qtz). The results for various g are shown in fig. 5. In the 
limit of no external field we reproduce the result of Ohta and Kawasaki.

We can find the_magnetization profile up to order e from (4.3), using the 
zeroth order profile M0(z) and the function Q(z), calculated in the previous sec­
tion. Because eq. (4.3) is only correct up to first order in e, it is consistent to 
present the magnetization profile M(z) as a series in e.

M(F) = Mo(z)-^M^ + O(e2) .
o

By substitution of (7.1) in (4.3) we obtain the equation for the first order profile 
Mjd),
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t=>2

M,(z)

0

Fig. 6. The first-order profiles for t = + 5, 4-2, 0, — 2 and —5.

(7.2)

2(z) = v(z) In v(z) (z large) . (7.3)

As d2M1/dz2-0 for large z, Af(z) will behave as

M,(z) = M0(z)(ln v(z)-l) (z large) . (7.4)

I

4
M,(z)

0

Mj(z) 

0

= v(z)(Af1(z)+M0(z))-e(z)Af0(z) .

Eq. (7.2) is solved in the same way as we have determined M0(z). In fig. 6 the 
resulting first-order profiles M j(z) are shown for the same F values used previ­
ously.

The asymptotic behaviour of Mx(z) can be found easily from the asymptotic 
behaviour of Q(z). For large z the value ty(z) = 0 (for g,><?y(z) the small gra­
dient expansion is valid). Thus we can do the integration over q, analytically yield­
ing

o 4 
I
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(z large) , (7.5)z

where 8 is the critical exponent relating field and magnetization,

8 = 3+e + C(e2) . (7.6)

Using the scaling defined by (4.1) with parameter g we define

(7.7)

f ' v ) is now a solution of

(7.8)

9=0.35=0

M,(z)

zz

Fig. 7. The first-order profiles .W,(z) for g=0, 0.3, 0.7 and 1.

In fig. 7 the profiles Af(z) are shown, calculated from (7.8). For g=0 we get 
a result that is equivalent up to order e to the result of Ohta and Kawasaki.

4
M,d) 

0

The logarithm in (7.4) is a reflection of the fact that M(z) does not follow the 
behaviour (5.1) but rather

M(z) - 71/8

= v(z-)(M1(z') + M0(z)) - Q^M0{z) . 
dz

M(z) = M0(z-)-j-Mt(z-) . □
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8. Discussion

Appendix A

In this appendix we give the results of the analytical integration over q, of the

In this chapter we have given a calculation of the order-parameter profile in 
an external field, following the calculation of Ohta and Kawasaki in the field free 
system. For d<4 the theory is finite as a result of the same subtractions we need 
in the homogeneous renormalized system. The divergences arising when we let 
e=4—d-0 are canceled exactly by a subtraction term with the same divergences.

When we formally set e=l to get the three dimensional case, everything stays 
finite even in the zero field case. The divergence of the interfacial width due to the 
capillary waves is lost in an intermediate stage of the calculation, namely when 
integrating over q, in 4—e dimensions we suppress the capillary waves. Clearly the 
integration over q, in three dimensions would lead to a In g capillary divergence of 
the profile width below the critical temperature.

For any finite value of g the capillary waves are suppressed by the Celd, and 
no divergence of the interface width occurs7 in any dimension.

The transition from the interface below Tc to the field induced magnetization 
profile above Tc is smooth. The smoothness results from the high susceptibility of 
the systems with respect to the field, which distorts the interface and keeps it finite 
even at criticality.

The region where these distortion effects occur is a rather narrow temperature 
regime around Tc and a rather narrow band around the critical layer z = 0 (where 
M(0) = 0). Outside this regime one can use the local theory (without the squared- 
gradient term) above Tc and the approach of Rudnick and Jasnow below Tc, where 
distortion effects are omitted. There is a relatively large domain below Tc where 
distortion effects are negligible and the system still behaves as a critical system.

The description of an interface in a field requires an additional parameter, 
namely the field strength g (or equivalent a scaled temperature F) but is otherwise 
a universal function in the sense that details of the microscopic interaction do not 
matter. The scaled profile we have calculated is in fact a cross-over function 
involving an additional scaling field describing the external field influence.

In the next chapter an e-expansion is constructed for the surface tension of an 
order-parameter profile in an external field.
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= yv(l-2 In 2)+vIn(l+A)+(l-A)?/. (A.l)

(A.2)

(A.3)

(A.4)

= (l + v(z)/9/(z))1/2 , (A.5)

and

vM = (l/n!)d',v(z)/dz'' . (A.6)

1
'' [(<?r2 + v)1/2

terms appearing in the small gradient expansion of section 3:
X

2 J ?,2 dq,
1/

(?,2+v)1/2

(?,2+v)1/2

X

2 f Qt2 d<?r

X

2 f Qt2 d9r

x 

~2 f Q2

where

A

(?,2+v)1/2

2(||v(2>2-^-v(<i))(j(l-A

?r 2<?,3

4-v(2)(1-A~3) 
o______________

V

2(^-v(I)2- |v<4>)( |( 1 —A "3) -1(1 -A -5)) 

V2

'3)-f(l-A-5) + |(l-A-7)) 

7
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CHAPTER III

ABSTRACT

AN e-EXPANSION OF THE SURFACE TENSION 
IN AN EXTERNAL FIELD

A system near criticality is considered in a linearly varying potential. 
With the order-parameter profile, whether induced by the field 
(T>TC) or spontaneously formed (7’<TC), a surface tension can be 
associated as the difference of the actual free energy and a reference 
free energy. The reference free energy is taken as that of a locally 
homogeneous system with varying field strength, which leads to a 
convergent e-expansion for the surface tension. This surface tension 
is a universal function of temperature and field strength and is 
evaluated to first order in e.
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1. Introduction

(1.1)

The calculation of the surface tension ct is a problem closely related to the cal­
culation of the interfacial profile between two coexisting phases. Whereas the 
actual profile only can be measured indirectly, the surface tension cr of an interface 
is a quantity directly accessible for experiments. Therefore much effort, both 
experimentally and theoretically, has been given to obtain <r. From experiments it 
is known that the surface tension in the vicinity of the critical point decreases as a 
function of temperature, with a universal exponent defined as

<r(t) = Jol'l11 (r = (T-Tc)/Tc) (r<0),

where p.~1.26.
A calculation of cr(r) in the e-expansion has been given by Ohta and 

Kawasaki1, and also by Brezin and Feng2. In the spirit of their evaluation, we dis­
cuss the effects of an external field on the surface tension of interfaces in that 
field. In our calculation we use the results of the preceding chapter3 on the effects 
of an external field with respect to the interfacial profile.

The notion of the surface tension on an interface is not unique when an exter­
nal field is present. In the field-free case the surface tension is defined in terms of 
the difference in free energy between the actual system and two bulk phases 
separated by the Gibbs dividing surface4. An external field deforms the interfacial 
profile, but also influences the bulk phases far away from the interface5. What one 
would attribute to the surface tension is to a certain extent a matter of taste and 
effectiveness in describing the experiments. The issue comes up clearly when one 
considers an interface in an external field and increases the temperature T, 
through the critical point Tc to a T > Tc. Then the distinction between the coexist­
ing phases forming the interface has disappeared, but a profile induced by the field 
remains. Should one speak about the surface tension of such an induced "interface" 
or opt for a definition of surface tension which disappears when the distinction 
between the interfaces disappears.

Van Leeuwen and Sengers6 have proposed a definition on the basis of the 
squared-gradient theory for the interface. They defined the surface tension as the 
free-energy difference between the actual system and a hypothetical system in 
which two bulk phases are joined by a dividing surface with a jump in the order­
parameter. This jump is twice the spontaneous order-parameter in a field-free sys­
tem. Such a definition has the advantage that the actual system may be replaced 
by the hypothetical system augmented by the surface tension. The effect of the 
field on the interface is then thought of as a surface tension associated with a 
sharp dividing surface. The distortion of the bulk phases, being also present in the 
hypothetical system, is not included in the surface tension and above Tc this



35

In a fluid the gravitational field only changes the chemical potential p. into an 
effective potential ptyy(r).

A result of the e-expansion is the possibility to evaluate the free-energy den­
sity of a bulk system in a homogeneous external field. Also the equation of state 
can be evaluated easily in a systematic way and thereby the bulk magnetization of 
a system in a homogeneous field9,10. We use these known facts to construct a 
reference system for the actual magnetization profile. For each z, which is the 
direction along which the external field varies, we compare the free-energy density 
of the actual system, to that of a bulk system in a homogeneous external field. The 
value of this homogeneous external field at z is taken to be equal to the value the 
real external field has locally at z. The magnetization densities associated with this 
homogeneous field can then be obtained for each z from the equation of state. The 
reference profile thus formed is called the locally homogeneous profile. For large z 
or for temperatures above the critical point the gradients in the actual profile are 
very small, and the locally homogeneous profile is a good approximation for the 
real profile. Consequently in these regions the free-energy densities do not differ 
very much, and deviations are restricted to the interfacial region. We define the

surface tension vanishes, because of the spontaneous jump in the order-parameter 
vanishes above Tc. This proposal may have advantages in discussing experiments, 
such as capillary rise, but the main drawback is that the definition is restricted to 
an approximate theory. In the squared-gradient theory the condition of a jump can 
easily be implemented as a boundary condition in the differential equation from 
which the profile is calculated.

In general, there is no local equation of state from which the interface can be 
calculated as in the squared-gradient theory. We have attempted to follow the 
definition of the surface tension, sketched above, in the context of the e-expansion, 
but were led to divergent expressions not compensated by subtractions, due to the 
non-locality of the equation of state.

Therefore we adopt in this chapter a different reference system for the surface 
tens' ?n which is discussed below.

In this chapter, as in chapter II, we adopt the magnetic language, which is 
mc.s: commonly used in the renormalization theory7,8 of critical phenomena, 
although our main interest is to study the interfacial properties of a liquid-vapour 
coexisting system in a gravitation field. The connection of the magnetic system (via 
the lattice gas) with a fluid system is simple:

local magnetization density Af(r) - local number density p(r); 
local free-energy density 9"(r) - local pressurep(r);
external field H(r~) - chemical potential jx(r).
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(1.2)

2. The surface tension

3= (z) =

[3e<2>] (2.1)

and

&B(z)

surface tension as the integral over 
actual and the reference system:

= Jdz[^(z)-^«(z)] ,

•^-Z4Mfl(z)4-gzWfl(z)

z of the free-energy density difference of the

CT

kBT

where S'(z) is the free-energy density of the actual profile at z, and 9;S(z) is the 
free-energy density of the reference system at z (the superscript B denotes that 3s 
is the free energy of a bulk system). With this definition of the surface tension, we 
easily see that for zero external field it reduces to the usual definition4. One also 
sees that the surface tension does not vanish above the critical point, but remains 
finite, but very small, at any temperature, because of the existence of small gra­
dients in the actual interface.

The e-expansion provides a way to calculate both S'(z) and .:) systemati­
cally, leading to a systematic and universal expansion of the surface : on.

The remainder of this chapter is organized as follows: In sec. 2 we give 
explicit formulae from which we can calculate ct up to first order in ■ : section 3
we scale all non-essential quantities out of these formulae and show that there 
remains a universal o-(r). In section 4 the results of the numerical calculation of ct 
are presented. The chapter closes with a discussion of the results.

In this section we show that the choice of the locally homogeneous profile as a 
reference profile leads to a consistent definition of the surface tension ct. We will 
demonstrate that all divergences occurring in the e-expansion of ct can be compen­
sated and that the resulting ct is finite. The surface tension has been defined in 
(1.1) as the integral over z of the difference of the actual free-energy density and 
the free energy of the reference profile. The free-energy densities associated with 
the profiles are calculated from the Ginzburg-Landau-Wilson Hamiltonian defined 
in chapter n. In the one-loop approximation (which gives results correct up to first 
order in e=4-d in the e-expansion) we get

(f [^d^] + 2(,Z2+ 8,)M<z)2+ ^-Z4«(z)4-«zM(z)j

|Tr
+^rrln
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(2.2)

(2.3)

and

^B(2)(r,r') = (2.4)

(2.5)

(2.6)

Z4 (2.7)

2 g <? 2
8r (2.8)

with

J = (2.9)

and

(2.10)Sd =

(2.11)

(2.12)

Sa-
€

+ -2— In , 
yd-l L J

where M(z) is the actual magnetization profile and A/a(z) is the magnetization 
which (as a function of z) forms the reference profile. V‘,_1 is the area of the 
plane transverse to the field direction. 3€^2)(r,r') and 'XB<-2\r,r") are given by

(2)(r,r') = |-ZV2+8r + zZ2+yZ4Af(z)2|s(r-r’)

-ZV2+8z + rZ2+yZ4Affl(z')2|8(r-r') .

• s. •: chapter II the parameters Z, Z2, Z4 and 8r are renormalization constants 
whici. .-.ave been evaluated as11

Z = 1 + 0(h2) ,

Z2 = l + yJ + 0(u2) ,

1 + -|mJ' + 0(u2) ,

l-| + 0(e2)

r A q' ! d’' +17 ■

2irrf/2 1 
r(d/2) (2qr)d '

For the coupling constant u we take the fixed point value u*8, 

«*S4-. = |e + 0(e2) .

In I we have calculated the profiles M(z~) in an e-expansion as 

W(z) = M0(z)+^M1(.z) + C(e2') .
o

M0(z) fulfills the mean-field equation in a field gz.
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(2.13)

(2.14)

(2.17)

and a] is obtained as

In [X(2)]-ln

(2.18)

(2.19)

(2.20)

(ct0/*bT) = J dz
— 30

X 

[7-7] f dz(v(z)2-vfl(z)2) ••

+ ^-(M0(z)4-M§(z)4)-gz(M0(z)-Afg(z))

I + y»(M0(z)2-Mg(z)2)

(a1! lkBT) = lim 
«->0 €

The functions v(z) and vB(z) are defined as 

v(z) = t + yAf0(z)2

A) = » + yWg(z)2 .

4S4

X +x

J dz J Aq, q‘
-X 0

(v(z)-vJ(z)) ] 1
2?,

■~rM0(z) = (t+ Mo(z))Mo(z)—gz .
dz*

Similarly the reference profile can be expanded in e,

Mb(z) = Wg(z)+^Mf(z) + 0(e2) ,
o

where MB(z) obeys the locally homogeneous mean-field equation of state,

0 = (r+Mg(z)2)Mg(z)-gz , (2.15)

i.e. Afg(z) is calculated as if the field gz is not dependent on z and thus the second 
derivative on the left-hand side in (2.13) is set equal to zero. The profile­
corrections M](z) and MB(z) are not necessary for the computation 0 or to first 
order in e due to the stationarity of the free energy functionals.

The e-expansion for ct,

alkBT = <r0/AjT + eo-] lkBT + • • • , (2.16)

is then obtained by substituting the renormalization constants (2.5)-(2.9) into (2.1) 
and (2.2) together with the lowest order profiles M0(z) and M®(z). Then o-0 
becomes

1
2
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(2.21)

AG'(9„ z)

(2.22)

AG'(?„ z) . (2.23)

G(?,, z,

(2.24)

z') = S(z-z') . (2.25)

Ga(<7,,z,z') = (2.26)

To see the cancellation of the 1/e-term in (2.22) we use the large q, expansion of 
G(q,, z, z') developed in chapter n, together with the large q, expansion of (2.26) 
for z = z'. Then AG'(?,, z) becomes

y] f (v(z)2-vfl(z)2)dz .

(o-j lkBT) = —lim — 253_t J" dz 
c-0 € 0

J d?r 
0

1
(3-e)

The integration over qt in (2.18) also converges for any e>0. For e-0 how­
ever the integral starts to diverge, leading to an 1/e-contribution. This 1/e- 
contribution is compensated exactly by the other 1/e-term in (2.18). Before show­
ing this, we first integrate (2.18) by parts, what results into

2 €

v(z)-va(z)

4?,3

z') and Ga(q,, z, z') are the Green’s functions given implicitly as solu­
tions of the equations

f h2 1
-------- + <?,2+v(z) G(?,, z, z') = S(z-z')

I dz )
(--^~r + ?,2+va(z') Ig^?,, z, 

I dz )
Eq. (2.25) for the locally homogeneous Green’s function Ga(?(, z, z') can be 
solved analytically giving

e-V9,2+Az')|z-z'| 

2(«2+va(z'))1/2

The integration over z in (2.17) is convergent although not very rapidly, due 
to the behaviour of M0(z) for large z

Af0(z) - z1'3 (z large).

• (2.22) we have used the antisymmetry of Af0(z) and Afa(z) which is 
ar-:■.•tent from (2.13) and (2.15). AG'(<?,, z) is defined as

= [g(9„ z, z')-Ga(9„ z, z')]z = z,+

1
f-0 €
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AG'(9r, z) = + ©(?, 7) (?, large).16

-25 AG'(<?,. z)

— 25 AG'(9„ z) .

(2.28)

(2.29)S3 = 45.

S3-

is

1 v(2)(z) 
9r5

3 [ v(z)2—va(z)2 1
9,5

3
16

SC 

f d<?, ?/ 
«0

(2.27)

where v^n\z) denotes the n-th derivative of v(z) with respect to z. We now rewrite
(2.22) as

f dz 
0

f dz 
0

f dz (v(z)2-vfl(z)2) 
0

9o‘ 
e(3-e)

1 
(3-e)

1 
(3-e)

v(z)2-vB(z)2
9,5

-|s4.

and the expansion

3 9o*
8 e(3-e)

+ |s4

16 +X ” 16 +”
(“CT1 lkBT) = f dz f dq, q* b.G\q,, z)- — f dz f dq, q*

*00 0 90

(Oj lkBT) = lira — 
«-0 e

Y + y + (y-ln2)-ln?°+0(e) ,

[— -y] f dz (v(z)2-vfl(z)2) .
(£ 2 ) 0

(2.30) 

we see the 1/e-part of the last term on the right hand side of (2.28) exactly cancels 
the 1/e-term of (2.30). The remaining integrals over q, are finite as well as the 
integration over z.

With the fixed point value of u given in (2.11) the resulting expression for crj

The cutoff parameter q0 will be chosen later. Using that 

(l + e(y-ln 2) + 0(e2))

v(2)(z)
16 9.5

«o
J d9, 9,‘ 
0
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AG’(q,, z) +x

3. Sealing of the surface tension

M — , z = [,z , t = 6,t , (3-D

with

(3.2)

(3.3)

(3.4)

= (r+A/0(z)2)M0(z)-z (3.5)

and

(3.6)

(3.7)

where

1
16

(2.31)

The integrations in (2.31) can be carried out numerically using the same tech­
niques as have been used in chapter II.

ln?o f dz(v(z)2-vs(z)2) .
) o

v(2)(z) 3 fv(z)2—vfl(z)2
?,5 16

In eqs. (2.13) and (2.15) for the actual, respectively the reference profile all u 
dependence scales out up to order e, yielding

d2A?0(z~)

dz2

we first introduce scaled variables A/(z), z,

(v^) =

0 = (r + Afo(z)2)Mo(z)-z .

The scaled expression for a is easily found to be 
( \—5/8—(5/64) c

g3/4-(5/32)« J ,

* - w 
/ \-l/8-(l/64)€

= 1—1 £-l/4-(l/32)<

’■ - w
1/4-(l/96)«

gl/2—(l/48)e

- 3/8-(3/64)1
1/4—(3/32)«

Before we calculate <r0 and Ct]
. ' ., by which all parameters, which are not essential to the problem, are scaled
Out.

—(—
3 2

-ln2)-|
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(3.8)a = cr0 + ecrj

and

CTo 2

(3.9)

and

(3.10)

(3.14)

and

(3.15)

Gs(«„ z, F') = (3.16)

together with

1
54

(3.12)

(3.13)

f dz&z)2-fB(z)2) . 
0

+x

= 2 J dz 
0

+ |(A/0(z)4-wg(F)4)-F(A70(z)-wg(F))

(3.11)

'(z), AG'(9r, z), G(q,, z, z') and GB(q,, z, z') are given respec-

(f +y(w0(z)2-w?(z)2)
k2 k dz ) 2

e-V?/+v»(r)ir-FI

2(q,2+F8(7'))1'2

d2 1_
-----Z^ + «,2+v(z) G(g,, z, z') = 8(z —z') ,

. dz )

<1,S

We have chosen q0 in (2.31) equal to 

«o = C1 ■ 

7(F), 78(F), V(n)i 
tively by

7(F) = F+3M0(F)2 ,

vB{z) =F+3Mg(F)2,

v(B)(F) =
dz

R +x 1
<*1 = “T7 f dz f dqt q* ^G\qtt z) 

0 0
+ X X /

-•A- J dz f dq, q* AG'(q,, z)
0 1 I

1 vt2)(z) _ 3 (F(F)2-Ffl(F)2
16 qi 16 [

— + 3 — — In 2 
2

1
2
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(3.17)+

CT < Tc) . (3.18)<x =

(T > Tc) . (3.19)a =

4. Numerical evaluation of a

(q, large or z large), (4.1)

in appendix B we have made a similar asymptotic analysis for large t and T>TC 
which leads to the expression (see (B.4) and (B. 10))

AG’(9,,z-) = |[(?,2+?(F))-1/2-

^G\q,,z)= [c(qt, z, z')-GB(q,

(v(F)-vfl(F)) 
4?,3

Eqs. (3.5)-(3.16) define the problem of calculating the scaled surface tension as a 
function of the temperature-like parameter F. Similar to the order-parameter pro­
file M(z~), the surface tension <j in an external field is a universal quantity.

From (3.4) we see that the limit of a small external field (g-0) is equivalent 
to the region of very large T. For T large the surface tension that we have calcu­
lated using (3.9) and (3.10), approaches asymptotically to the result evaluated by 
Ohta and Kawasaki1 (and also by Brezin and Feng2), which is in our scaled units

+ ^X
32

■4-

(V(z~)-?fl(z-)) 
4?,3

Once the profiles Af0(z) and MB(z~) are known, we can compute cr using 
(3.8)-(3.16). In chapter II we have given the results for M0(z) for several selected 
temperatures F, so now we confine ourselves showing the profiles in fig. 1. The 
locally homogeneous or reference profile A/a(z) is solved easily from (3.6) and is 
shown also in fig. 1. For F < 0 the reference profile has a jump in z = 0 equal to 
twice the spontaneous magnetization. For t a 0 MB(z) is continuous everywhere.

The Green’s function G(q,, z, z') has also been calculated in chapter II. The 
computation of this function for small values of q, and z' has been supplemented 
by an analytical expansion valid for small gradients, which is correct for large q, 
and also for large z'. In this region we have (see chapter II)

(?,2+7B(F))-1,2) +

V5 ln(2|r |)-24- -— it

—In 2 
3

_TLV3F-1/2
6

|V2|F|3/2
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t = *2

4

xn = (4.2)

o o

2 
Mjz).M^(z) 

0

2
M„(z).vC<z) 

0

2
mjz).m;(z) 

0

Fig. 1. The actual magnetization profile Af0(z) and 'he reference profile AfJ(z) for 
a few selected temperatures around Tc. (F= + 5, +2, 0, - 1, — 2, -5).

where the X„ are defined as

1 v(n)(7)
"! (?,2+F(F))(n+2>/2 '

As in chapter II, for each z, we carry out the integration over in (3.10) 
numerically up to the value <?y(z), above which the small gradient expansion of 
(4.1) is valid. For larger q, we perform the integration over q, by integrating 
analytically over the terms of the expansion (4.1) (see appendix A). Finally we 
have to do the integration over z in (3.9) and (3.10). For all (small) values of z 
for which we know Af0(z) with sufficient accuracy we carry out this integration 
numerically. For large z the first term on the right-hand side of (3.9) still gives a 
significant contribution to cr0. Also some terms of (4.1) give a large z contribution 
to o-]. We can do an exact calculation of these contribution, by considering M0(z) 
as a small deviation of Mg(z). For details see appendix B, where also the asymp­
totic behaviour of a above Tc is calculated.

The resulting functions cr0(F) and CTj(F), together with their asymptotic 
behaviour, are shown in figs. 2 and 3 respectively.
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Fig. 3. The first-order contribution to the surface tension as a function of tempera­
ture. The dashed lines indicate the asymptotic behaviour of 04.

Fig. 2. The zeroth-order contribution to the surface tension as a function of tempera­
ture, together with the asymptotic behaviour both above and below Tc.
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5. Discussion

Appendix A

3
16

v2-vB2v-vB 
4?,3

------------------------- I-
2(9,2+va)1/2

We have calculated the free energy of a system near criticality which is influ­
enced by a linearly varying potential gz coupling to the order-parameter. The 
order-parameter has a profile in the field, which smoothly develops into an inter­
face when the temperature is lowered to values well below the critical temperature. 
The free energy is split into a reference free energy and a surface tension. The 
reference free energy is taken as the z-integral over the local free-energy density of 
a homogeneous system in the field gz. The remainder is called the surface tension.

The so defined surface tension cr is a universal function of the temperature 
and the field parameter g (gravity constant for the fluid), cr is calculated to first 
order in e. The advantage of this definition lies in the fact that it requires to solve 
two well-defined problems. The reference free energy is found from ■. bulk free 
energy in a homogeneous system in a homogeneous field. The tr-. ee energy 
must be calculated from the full Hamiltonian. Although both free <;> • are pro­
portional to the volume of the system the difference is proportional . e area in 
the transverse plane.

The consequence of this definition is that we have a non-vanishing surface 
tension below and above the critical point Tc. Well below Tc the usual surface ten­
sion is recovered varying as |7’|(X (see 3.18)) where F measures the temperature 
difference. Above Tc the surface tension decays as |F|^_2u (see (3.19))12.

One may ask whether this definition of cr leads to a useful quantity in 
explaining experiments. This problem has to do with such questions as the 
existence of capillary waves in the density profile which is induced by the field just 
above Tc. In any case the answer will be contained in the full free energy of the 
system in a field, which we have split in a relatively easy volume-dependent part 
and a remaining area-dependent part cr.

Our ct draws its contributions from a rather thick layer around the central 
plane of the interface. This is already clear in the mean-field picture where the 
main contribution to the integrand of (1.1) decays as z-5/3. In general this power 
will be 2-2+1/6 which is only marginally faster in dimensions lower than d = 4.

R +*

9/

1 
2(?,2+v)1/2

In this appendix we calculate the q,-integral of the terms of (4.1) in the 
regions where we can use the small gradient expansion. We only give the integrals 
for <?/>!. The extension to <?y<l is obvious. The integral over the first term of 
(4.1) gives
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(A.l)2

1 + 4 - In 2 - A-1 -

(A.2)

(1 - A

(A.3)

and

x

(A.4)

A = 1 + v(z) 
?/2

1
27

4
27

_1_
3

2(?,2+v)>'2

+ Tor (v2- vB 2)" T»(v2“ vB 2) T "ln 2 
1UO lo I Z

etc.
In (A.1)-(A.4) we have used the abbreviations

1/2

= -^-(v2 ln(l + A) - Vs2 ln(l + AB)) 
1 o

|(1 - A”5) - |(1 — A-7) I ,

- f d?r «>'

1 vm
+ ^7

2(9,2+v)1'2

(^v(2)2 - f v<«) 
7

~ 27 J" d<?' 9,4
If

8 r j 4 
f d?r ■?<
1!

The !ast term in (A.l) is compensated exactly by the same term in (3.10). The 
rem- ning terms in (4.1) only involve derivatives of Af0(z):

-7*2
2(?,2+v)1/2

v<2>A-3+ ln(l + A)

4 (^<‘)2-|VW)

135 v

1
3
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1/2
ab = 1 +

Appendix B

W0(z) = M?(z) 1 - (B.l)(for z > zy(r))..

(B.2)

dz

(B.3)

(B.4)

I ~ In t + ~ “ In 
[3 3 3

4

1 | dAf0(z )
2

2/ 
'/

xf 
d+272)

2------- In t arctan xf —

VB(z) 

V2 

and v<"> = (1/n !)d"v(z) / dz" .

■nF"1/2 

2V3

1__
dz vB(F)

etc. We continue with the formulae for F>0. In the case of F<0 everything is 
similar.

For z >z^(F) the only term contributing to (3.9) is
2  7-1/2+x , 7-1/2
dz = —-f=- f —---- dx = —y=-

V3 x2+l V3

where xf = V3F“1/2M(F) .
For F above Tc the profiles M0(z ) and MB(z) differ very little (see fig. 1) for 

all z , so we may put zy=O and obtain asymptotically

= ^V3F-1/2 (F large, F>0) .
o

The Oj -contributions of the large z region come from the terms calculated in 
appendix A where we may set fy = 0. From (A.l) for ty = 0 we get

J (v(z )2 In v(z )-vfl(z )2 In vfl(z ))

— — arctan xf , 
2 J I

In this appendix we perform the large z -part of the z integration in (3.9) 
and (3.10). For large z the difference between the actual and the reference profile 
is very small and we can find Af0(z ) as a small deviation of M®(F).

_6_+..
FS(D4

when z^(F) is sufficiently large._The derivatives of Af0(z ) in this region are very 
well given by the derivatives of MB(z ),

dM0(F)

2
3tt
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Infl+x^J+ZCxy) (B.5)

and (combined with the (v2—vB(z )2) term in (3.10))

(B.6)

dx . (B.7)

From (A.2) and (A.3) we obtain respectively the contributions

(B.8)

and

— arctan Xj

(t large, t >0). (B.10)

2
3tr

xf xf
(1+x/) (1+x/)

xf 
U+x/)

xf 
(1+x/)

xf 
d + Xf1)

1
18

(B.9)

The contributions for large z of (A.4) and further terms in the expansion of Oj 
are negligible.

For T>0 we find asymptotically from (B.5)-(B.9)

*/
Z(x?) = J’

o
In (1+x2)
(1+x2)

xf 
(1+x/)

7<»(z-)2 = nF'172
v(F) 2V3

+ — 
9tr

arctan Xf—

In (l+x/) + arctan xf —

arctan Xj —

The function I(Xf) in (B.5) is defined as

nF ~172 
2V3

nF'172 
2V3

-ik fdF

~ / dz v<2)(z ) ln v(z ) = “

1 Uo — 2/

f dz- (F(F)2-Ffl(F)2)
2/

- 9> I'I

Tln 5 JO
-In 2 
3

xf 
l+xz2

51 = r->«

_1+J_
9 9tr

-L+_L_
36 18-it

6



50

References

8)

9)

1)

2)

3)
4)

5)

6)
7)

T. Ohta and K. Kawasaki, Progress of Theor. Phys. 58 (1977) 467.

E. Brezin and S. Feng, Phys. Rev. B 29 (1984) 472.

J.H. Sikkenk and J.MJ. van Leeuwen, Physica 137 A (1986) 156.
J.S. Rowlinson and B. Widom, Molecular Theory of Capillarity (Clarendon, 
Oxford. 1982).

J.V. Sengers and J.MJ. van Leeuwen, Physica 116A (1982) 345.

J.MJ. van Leeuwen and J.V. Sengers, Physica 132A (1985) 207.

DJ. Amit, Field Theory, The Renormalization Group and Critical Phenomena 
(McGraw-Hill, New York, 1978).

D J. Wallace, in Phase Transitions and Critical Phenomena, vol. 6. ' i'omb and 
M.S. Green, eds (Academic Press, New York, 1976), p. 293.

E. Brdzin, DJ. Wallace and K. Wilson. Phys. Rev. B 7 (1972) 232.

10) J. Rudnick and D R. Nelson, Phys. Rev B 13 (1976) 2208.

11) E. Brdzin, J.C. LeGuillou and J. Zinn-Justin, Phys. Rev. D 8 (1973) 434.

12) J.MJ. van Leeuwen and J.V. Sengers, Physica 138 A (1986) 1.



51

CHAPTER IV

ABSTRACT

GRAVITY EFFECTS ON THE FLUCTUATIONS OF 
A LIQUID-VAPOUR INTERFACE CLOSE TO 

THE CRITICAL TEMPERATURE

In this chapter we consider the effects of gravity on the density fluc­
tuations in and near the liquid-vapour interface of a fluid very close 
to the critical temperature. The results complement those of a previ­
ous analysis of the gravity effects on the fluctuations in the one- 
phase region above the critical temperature. The correlation function 
is anisotropic and we distinguish between a longitudinal and a 
transverse correlation length which are height dependent. The longi­
tudinal correlation length profiles exhibit maxima above and below 
the critical temperature. The transverse correlation length increases 
with decreasing temperature and its value at the dividing surface ap­
proaches the capillary length at temperatures well below the critical 
temperature.
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1. Introduction

The state of a system near a critical point is very sensitive to small changes in 
the ordering field. As a consequence, fluids near the liquid-vapour critical point 
are strongly affected by the presence of a gravitational field. In the one-phase 
region gravity induces an inhomogeneous density distribution and all thermophysi­
cal properties become functions of height. In evaluating the effects of gravity one 
usually assumes that the local properties of the fluid at a given level can still be 
identified with those of a locally homogeneous fluid1'3. However, very close to the 
critical point the gravitationally induced density gradients become so large that the 
assumption of local homogeneity ceases to be valid. Then the presence of gravity 
leads also to intrinsic effects which modify the local fluid properties themselves 
and change the nature of the critical point phase transition. In the two-phase 
region below the critical temperature the (inhomogeneous) liquid and vapour 
phases are separated by an interface. While the gravitational field act . a pinning 
potential for the location of the dividing surface, it is normally considered to have 
in practice only a minor influence on the interfacial density profile". Again the 
situation changes very close to the critical temperature, where gravity will affect 
the structure of the interface because of the large compressibility of the two coex­
isting phases.

In a series of recent publications5'7 Van Leeuwen and Sengers have presented 
an analysis of some of these intrinsic gravity effects that occur very close to the 
critical point. In the first paper of this series5, to be referred to as I, they deter­
mined the density profiles induced by the gravity in the one-phase region at tem­
peratures above and equal to the critical temperature Tc and demonstrated that the 
density gradient remains finite at the critical temperature even at the level where 
the density equals the critical density pc. In the second paper6, to be referred to as 
II, the effects of gravity on the critical fluctuations were investigated. In the pres­
ence of a gravitational field the order-parameter correlation function becomes 
anisotropic, but it was found that the correlation length remains finite in all direc­
tions. In the third paper7, to be referred to as III, they determined the interfacial 
density profiles below Tc in the presence of gravity. The gravitational force 
prevents the interface thickness from growing indefinitely when the critical tem­
perature is approached from below and the interfacial density profiles below Tc are 
smoothly connected with the density profiles induced by gravity in the one-phase 
region.

It is the purpose of this chapter to discuss the effects of gravity on the order­
parameter correlation function in and near the interface. Specifically, we have 
determined the transverse and longitudinal correlation lengths as a function of 
height. These correlation length profiles are smoothly connected with the profiles
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rential equation for the correlation function

= p.(p(z)) - p.(pc) + gz , (2.1)

with

(2.3)

(2.4)
where the potential V(z) is given by

V(z) = C2(p(z)) ■

found in II for the correlation length perpendicular and parallel to the gravitational 
field in the one-phase region above Tc.

Our evaluation of the intrinsic gravity effects is based on the squared-gradient 
theory of van der Waals4. As discussed in I-in the squared-gradient theory has a 
number of shortcomings. First, the squared-gradient theory cannot deal con­
sistently with the small deviations of the correlation function of the homogeneous 
system from the Ornstein-Zernike form5'8. Secondly, it requires the use of a 
phenomenological interpolation function for the equation of state at the densities 
between those of the bulk iiquid and vapour phases4,7. The effects of these approx­
imations are expected to be small. In addition, however, the squared-gradient 
theory does no account appropriately for the presence of capillary waves in the 
liquid-vapour interface9"12. Nevertheless, by restricting ourselves to temperatures 
sufficiently close to Tc where compressibility effects become dominant, we expect 
to obtain an essentially correct picture of the nature of the intrinsic gravity effects 
on t'." critical phenomena in fluids7'13.

A = ?2(p(z)) / X(p(z)) • (2.2)

The quantities p.(p(z)), x(p(z)) and f;(p(z)) are the chemical potential p., the sym­
metrized compressibility xs(5p/dp-)7- and the correlation length £j, respectively, of 
a spatially homogeneous system with uniform density p = p(z) at the given tem­
perature T. The height z is taken to increase in the direction opposite to the gravi­
tational field and the level z = 0 is chosen as the level where p(O) = pc. Differentiat­
ing (2.1) with respect to z and neglecting the weak dependence of A on z trough 
p(z) as discussed in I, we also note that the density gradient <I>(z) = dp/dz satisfies 
the equation

-^--V(z) ®(z) = M’1 , 
dz

According to the squared-gradient theory, the density p(z) as a function of 
the height z in the presence of a gravitational potential gz satisfies a differential 
equation of the form4,5 (see chapter I)

A
dz2
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(2.5)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

Let n(r) be the number density of molecules at position r = (x,y,z) and 
n(r, R) the density of pairs of molecules at r=(z,y,z) and R = (X, Y, Z). We 
define a pair correlation function G(r, R) as

G(r, R) = n(r, R) — n(r)n(R) .

G(kx, k?; z, Z) = f dx J dy e1

which satisfies the equation

£7-{k2+ky2+V(z)} G(kx, z, Z) = 8(z-Z) ,

Goz(r R) a

,i[Mx-X)+*,(y-r)]G(r> >

Rather than the correlation function itself, we consider its Fourier transform, 
the structure factor. Because of the special role of the Z-direction along the gravi­
tational field, it is convenient to first define the partial Fourier transform

In a spatially homogeneous system the correlation function G(r. R) depends 
only on the distance |r—R|. In an inhomogeneous system, however, G(r,R) 
depends on r and R separately. Here we consider G(r, R) as a function of r or 
r—R for given R and thus for a given level Z. As shown in chapter I, for given R, 
the function G(r, R) satisfies the differential equation6

[V2—V(z)]G(r, R) = 0 . (2.6)

We note that this differential equation does not depend on the ■ national 
acceleration constant g explicitly, but only implicitly through the < . profile 
p(z) determined from (2.1).

The differential equation (2.6) is valid for positions r such t distance 
|r—R | is large compared to the intermolecular distances. In the sc..y homo­
geneous case the correlation length is independent of z and the co; ton func­
tion G(r, R) should reduce to the Ornstein-Zernike form15

|r-R|
which satisfies the differential equation

(y2-r2>)Goz(r-R) = C^r-R) ,

where C is a for our purposes arbitrary constant which we take to be unity. Near 
the critical point the correlation length £ is very large and we do not need to con­
sider deviations from the Ornstein-Zernike behaviour at molecular distances. 
Hence, to obtain a nontrivial solution from (2.6) we can formally extend it to all 
distances |r—R | as

[V2—V(z)]G(r, R) = 8(r—R) .
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and the the full Fourier transform

(2.13)

and

f(A;Z) = G(0;Z)[l + ia*2 + (itJt2+Ay2)52+^2€/2] + ■ ■ • , (2.14)

with

(2.15)

a(Z) = f dz (z-Z)g(z, Z) / G(0; Z) , (2.16)

(2.17)

g2(Z) = J dz h(z, Z) / G(O;Z) . (2.18)

(2.19)g(z,Z) = 8(z—Z) ,

(2.20)h(z,Z) = —g(z,Z) .

I

G(0;Z) = J dz g(z;Z) ,

tf(Z) = | f dz (z-Z)2g(z, Z) I G(0; Z) . 
— 30

:i* (r-X)G(r, R) = J dz eU'(l Z)G(tx, fc/, z, Z) .

(2.12)

Because of the translational symmetry perpendicular to the gravitational field, the 
structure factor G(t; Z) only depends on the reference position R through the 
height Z. We are interested in the behaviour of the correlation function for large 
distances |r — R | and hence in the behaviour of the structure factor for small wave 
numbers k. We expand G(Jt; Z) for small k, retain the terms up to those quadratic 
in kx, and k2 and obtain®

G(kx, z, Z) = g(z, Z)-(k2+ky2)h(z, Z)+ • • •

G(t; Z) = f dr e'

Here g, represents the longitudinal correlation length, i.e. the range of the correla­
tion function in the direction parallel to the gravitational field and J, represents the 
transverse correlation length, i.e. the range of the correlation function perpendicu­
lar to the gravitational field. As discussed in II, the coefficient a is a length which 
measures the asymmetry of the correlation function in the +z and — z directions. 
From (2.11) and (2.13) it follows that the functions g(z, Z) and h(z,Z) satisfy 
the differential equations

-^-V(z) 
dzz
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3. Scaling laws and universality

A* = (3.6)y(u).

(2.21)

(2.22)

(3.4)

(3.5)

We note in passing that the functions g(z, Z) and h(z, Z) 
tions/0(z—Z; Z) and/^z—Z; Z) evaluated in II by

/o(z-Z;Z) = g(z, Z) / g(Z, Z) ,

/!(z-Z;Z) = h(z, Z) / g(Z, Z) ,

are related to the func-

As shown in I-III the differential equation (2.1) for the density profile and the 
differential equation (2.9) for the correlation function can be brought into a 
universal form. As a first step the thermodynamic functions are made dimension­
less with the aid of the critical density pc, the critical temperature 7’ and the criti­
cal pressure pc. Specifically we define

AT* = (T-Tc)/Tc, Ap* = (p-pc)/pc , (3.1)

Ap* = [p(p. T)-p(pc, T')]pc/pc , (3.2)

X* = XPc'Pc, = Ap^ / pc = i2 / x' ■ (3-3)

The quantities Ap.’, x*. C and, hence, A" are those of a homogeneous system with 
density p and temperature T. Near the critical point these quantities can be 
represented in terms of scaling laws with universal exponents and universal scaling 
functions in terms of a scaling variable u = AT*/x0|Ap* I1'!3, where x0=B~l® is 
related to the amplitude of the power law Ap^tc=±B |AT* |p for the density along 
the coexistence curve. The scaling laws have the form16

Ap* = ±D |Ap* |8/i(u) ,

X*"1 = D|Ap*|*PX(«) ,

gp|Ap*

The scaling function X(u) for x*1 is related to the scaling function h(u) for Ap 
by X(u) = 8h(u) —P-1u dh(u)/du. The exponents 3, y, 8 = (P + y)/p. 
v = (2p + -y)/3 and tj = (2v—y)/v are the usual critical exponents, while x0< D, V 
and |0 are system-dependent amplitudes. We use the universal critical exponent 
values p = 0.325 and 7 = 1.240, from which the other exponents follow. The 
corresponding values of the system-dependent amplitudes x0, D, F and tj0 ^ave 
been presented in I and II for a number of fluids6’7.

To specify the universal scaling functions h(u) and T(u) we need to make a 
distinction between the one-phase region where u > — 1 and the two-phase region 
where u<— 1. In the one-phase region we use the closed-form approximants5"7
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(-y-l)Z2p
h(u) = (1 + h) (» > -1) , (3.7)

with

b (3.11)

« = CC • (3.13)

(3.14)

(3.15)

with

(3.16)

= *(~» 
8-1

(« < -1) ,

(H < -1) ,

(3.9)

(3.10)

(3.17)

(3.18)

l+Ed + u)^
1+E

Eo2r(Q) 
D2H%(J)V)2vl'<

z = &, Z = IZ,

T0 = +0*o'2. Co = DHoA^12

= — —— = 0.735 .7 (1 + EJ

Asa next step we define

g~ = g/go- Ho = Pc'Pcgo • (3-12)

where g0 = 9.81 m/s2 is the gravitational acceleration constant at the surface of 
the earth and rescale density, temperature and lengths as5"7

Cq2E2(0)

Values of the system-dependent scale factors Xo, To and £0 have been presented in 
previous publications for a number of fluids6,17. In addition we find it convenient 
to define

Ap. = ± |Ap|8/i(h) ,

X-1 = |A^X(u) ,

with E = 0.287 and

Y(u) = R2(u)X-’’',/7(u) (u > — 1) , (3.8)

with E(h) = (8 + u)/(7 + h). In the two-phase region we adopt the procedure of the 
Fisk-Widom theory for interpolating at densities between those of the liquid and 
vapour at coexistence4,18 as discussed in in. In our terminology this procedure 
yields

ft(H) = b[l-|h p]

f(h) = y(-i)|ur”''

Ap’ = XAp, AT* = tAT, 

such that

X = Xog’P*, t = Tog’*, J = CoS*-*'* 

with <}> = 1/(08 +v). The scale factors are

X0 = AoP*'2. t- = •
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(3.19)

(3.20)

and

(3.21)g(z,Z) = 8(z—Z) ,

h(z, Z) = -g(z, Z) , (3.22)

with

(3.25)

(3.26)

(3.27)

with

(3.28)

X

a(Z) = J df (F-Z)f(F, Z)/2(Z) ,

X

2(Z) = f dz g(F, Z) .

X

l2(Z) = ± f dF (F-Z)2g(F, Z)/Q(Z) ,
— X

X

V(Z) = f dF h(F, Z)/Q(Z) ,

(3.23) 

related to the functions g(z, Z) and h(z, Z)

V(z) = A ‘x 1 = |Ap|2v/PX(U)G(«) .

The functions g(F, Z) and h(z, Z) are 
in (2.13) by

g(z,Z) = Cg(F,Z), h(z,Z) = C3h(F,Z) . (3.24)

We note that the functions Ap., A and V depend on z through the density Ap(z).
In conclusion, we first determine the function Ap(z) from (3.20) as described 

in I and IH. We then solve the differential equations (3.21) and (3.22)_for g(z, Z) 
and h(F, Z) and finally calculate the scaled correlation lengths a = a/£, £/ = £//£ ancl 
6r=5»/C from

S'*'’

A-1 = |Ap|’>’,'lJG(n) ,

with G(u) = f(0)/y(u).
The gravitationally induced inhomogeneities are symmetric with respect to the 

central level where p=pc. Hence, it is sufficient to solve the differential equations 
(2.1) for z>0 and the differential equations (2.19) and (2.20) for Z>0. In terms 
of the rescaled quantities the differential equations become5’7

-^•|Ap| = (Ap.—z) A-1 
dz
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4. Method of solution

/o(z) = 0 , (4.1)

/l(z) = -/o<z) • (4.2)

(4.5a)

(4.5b)

(4.6)- liralim

which yields

(4.7)

for z>Z ,

for z<Z .

(4.3)

(4.4)

/i(0) = 0 , 

lim/^z) = 0 .

(4.8a)

(4.8b)

These scaled correlation lengths are universal functions of the scaled height Z and 
the scaled temperature AT.

In this chapter we focus our attention on the correlation lengths a, J, and g, 
in and near the liquid-vapour interface. The density profiles Ap(z) through the 
interface are calculated from (3.20) as a function of AT as described in III. The 
differential equations (3.21) and (3.22) are then solved numerically for a given Z. 
The procedure is similar to the procedure adopted in II for the determination of 
the correlation function in the one-phase region above Tc except the boundary con­
ditions are now treated by the presence of the 8-function in (3.21). We first solve 
numerically the auxiliary problem6

[ -

L &

subject to the boundary conditions

/o(O) = 1.

lim /o(z ) = °.

ib(Z) = —=------ =----- i-----=---------=“ •
/o(Z)//o(Z)+/o(-Z)//o(-Z)

The solution of (3.22) is subsequently constructed as 

h(F, Z) = ^(.Z')[fl(.z')+p(Z)f0(z')]/f0(.Z') , 

h(z, Z) = ip(Z)[/1(-r) + ?(Z)/0(-F)]//0(-Z) •

Here we adopt the notation/(z)=d//dz. The solution of (3.21) is constructed as 

Z) = iV(Z)/0(F)//0(Z) , for z>Z ,

g(z, Z) = 4/(Z)/o(-^W"Z) » for z<Z , 

where the parameter ip(Z) is determined by the condition 

dg(z, Z) lim dg(z, Z)  _j
dz z-z- dz
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where

(4.11)

(4.12)/o(*) = 0 ,

(4.13)hits) = -fats) .

5. Asymptotic analysis for large values of |AT|

1

(4.14)

(4.15)

(4.9a)

(4.9b) 

numerical

The small-gradient expansion mentioned in the preceding section is not suit­
able to determine the asymptotic behaviour of the solution of the differential equa­
tion for large |AT | in and near the interface. The reason is that the potential V(z) 
below Tc has an eigenvalue zero. In this respect the situation differs fundamentally 
from the situation in the one-phase region above Tc considered previously6.

Large values of |AT | correspond to small g' and we determine the asymptotic 
behaviour of the solution of the differential equations for large |AT| by developing

J = (z-Z)/?(Z) .

We then solve in successive approximation the differential equations

-^?-(l+X1s+X2s2+ ■ • • )

-^7-(l+X1r+X2r2+ • • • ) 
dr2

Explicit expressions for the expansions of /0(r) and h/r) have been presented in 
n. The functions g(z, Z) and h(z, Z) are then obtained as

g(F, Z) = ^(Z)tKZ)/0(r) ,

htz, Z) = ?(Z)<l>(Z)*iGr) ,

with tp(Z) again determined by the condition (4.6).

The parameters g(Z) and <?(Z) are chosen such that /i(z, Z) is continuous in value 
and slope at z=Z. Hence, they are calculated from

p(.Z)+f^Z)lf0(Z) = q(Z)+/i(-Z)//o(-Z) •

[p(Z)/0(Z)+/1(Z)]//0(Z) = -[q(Z)/0(-Z)+/1(-Z)]//0(-Z) .

Finally, we obtain the correlation lengths a(Z), i((Z) and ^,(Z) from a 
evaluation of (3.25)-(3.28).

At any given temperature AT the numerical procedure for solving the dif­
ferential equations becomes inaccurate for large values of |z~| and |Z|. However, 
then we can determine the solution explicitly from a small-gradient expansion like 
described in chapter H and in. For this purpose we expand the potential V(z) as

V(O = V(Z)SX,(Z)J', (4.10)
n =0
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Ap = (5.1)

z (5.2)

(5.4)

(5.6)

(5.7)

with

(5.8)-1) •

(5.9)

are now related 
to be determined

a perturbation expansion for small g'. The procedure is similar to the procedure 
adopted for the asymptotic analysis of the interface thickness in III. For this pur­
pose it is convenient to use the revised variables7

Ap*  Ap
|AT|P

So’lArr2'', (5.3)

-1/2=0.613. The differential equation (3.20) for the den-

lt=tll£ac and i = cxc 
and 6(z', Z) = /i(z,Z)/g2tc

V(z') = —[8|A’Pr 
0—1

The scaled correlation lengths d = 
to the functions g(z, Z) = g(z, Z)/^ac 
from

-^r-V(z') g(z.Z) = 8(z--Z) , 
dz’2

= A(-l)x(-l) 
with i0=[X(-l)G(-l)] 
sily profile becomes

5|apI = |A~p|*A(«) 
6(8—1)

where b is defined by (3.11) and where
g = ^(-DlArr1'* . (5.5)

The variables Ap, z and g are chosen such that in the two-phase region, i.e. for 
|A’p|sl, the differential equations for the density Ap(z) and the density gradient 

<J>(z)sdAp/dz become

4rlApl = TZT[|Ap|8-|Ap|)-gz , 
dz 01

d2 - --^--V(z-) 0(z') = g , 
dz'2

B |AT* |P 
z  z = Z  Z

^cxc ^CXC Ccxc

where = is the bulk correlation length of the homogeneous liquid and 
vapour phases at coexistence. This bulk correlation length ^„c = ^(Apctc) is given 
by
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(5.10)

(5.14)

A'po(f)

(5.15)

(5.16)

g-l(z,Z) = 0 , (5.17)

g0(z,Z) = V^g.^z, Z) + 8(z—Z) . (5.18)

(5.20)

For the equation-of-state parameters adopted by us 
For the second moment of <I>0(z) we find

was determined in III.

(5.19)

with the coefficient c_[ arbitrary. As the differential operator on the left-hand side 
of (5.18) has an eigenvalue zero with the eigenfunction <t>0(z), the right-hand side 
of (5.18) must be orthogonal to <f>0(z). The same holds for the gradient 
<I>1(z)=dA'p1/dz which satisfies the equation

-^-VoCz-) <f>!(z-) = V^Oofz-J + g .

-^r-V(z-) h(z, Z) = -g(z, Z) . 
dz

m(2) . ]• dz' z'2<f>0(z') = -2.053 .
— X

We first consider the expansion for the function g(z, Z) 

g(.z, Z) = g-ifz, Z)+g0(z, Z)+ • • • , 

where and g0 satisfy the differential equations

The solution of (5.17) is of the form 

g-Kz.z) = c_1<i>o(z')<i>o(Z) .

From (3.13), (3.14) and (5.5) we note that g is proportional to g'. If we take 
g=0, we obtain from (5.6) the intrinsic density profile Ap0(z) of the Fisk-Widom 
theory. We now develop a perturbation expansion for small g and write

A'p(z') = Ap0(z-) + AP1(z) + • • • , (5.U)

<I>(z') = <t>0(z') + (^(z') + ■ ■ ■ , (5.12)

V(z-) = V0(z') + Vi(f) + • • • , (5.13)

where <f>0(z)=dAp0/dz and where V0(z) is obtained from (5.8) b;. : .titution of 
Apo(z). Our notation is such that Ap,(z), <X>,(z) and V^z) are ..'.er g‘■ We
note that Ap0(±“>) = q:i> so that V0(±oo) = l and

m<°) = J dz' <t0(z') = -2 .
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if we multiply (5.18) and (5.20) with <f>0(z) and integrate over all z, we obtain

(5.21)

f dz- O0(z)V1(z)<i>0(z) + zn^(®g = 0 ■ (5.22)

(5.23)C-1 =

W f dz'zng,(f,Z) , (5.24)

(5.25)

(5.26)

with

(5.29)

C-1 f dz' 00(z')V1(z-)<i>o(z)+l = 0 .

so that (cf. (3.25), (3.26), (3.28))

d(?) = f [M,(1)(Z)-ZM,(0)(Z)]/Q(Z) ,

and we conclude

1 = __1_ 
m(0)g 2g

To evaluate the correlation lengths d(Z) and £;(Z) we consider the moments

S;2(Z) = | S (Af/2'(Z) —2ZM,(1)(Z)+Z2Af/0)(z)]/2(Z) , 
i = -1

M^0)(z) “ -1, - -Z, M$\z) = —(z2+2) . (5.30)

The moments AfL°J(Z) and mL2{(Z) in (5.25) and (5.26) dominate for small Z

<2(Z) = M^(Z)+M(o°\Z) , (5.27)

if we terminate the expansion (5.16) at i = 0. From (5.19) and (5.23) we obtain

M(2{(Z) = 0,

mL2{(Z) = g~\m(2>/m«»)<i>0(Z) . (5.28)

Because of the symmetry of gg(,z, Z) the moments Mg"\z') satisfy the differential 
equation

V0(f) = V1(z-)c_1m<'*)<i>o(z-)+z-" .
dz

For large values of z the gradient 4>0(z) decays exponentially7, while V0(z) 
approaches unity. Hence, for large values of z the moments Mq'\z') approach the 
values
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d(Z) = - (5.31)

e?(Z) (5.32)

(5.33)

(5.34)0 ,

*-l(z, Z) = V^h.^z, Z')-g^i(z, Z) , (5.35)

h0(z, Z) = Z) + V2(z)h_2(z, Z) —g0(z, Z) .

(5.36)

(5.38)c

where7

(5.39)K = y

need the zeroth

(5.40)N,(Z) = J dz-hi(z-.Z) .

1/2
= 0.144 .

Again we need the freedom in the solution of (5.34),

h_2(z', Z) = c_2«f>0(z-)<i>0(Z) , (5.37)

to make (5.35) soluble. If we multiply (5.35) with <i>0(z) and integrate over all z, 
we obtain with (5.19) and (5.21)

= -clj f dz' <f>0(z)2 = -4cltK ,
— X

—/ 1 ■ - ■ J dy
V2(82-1) o

To evaluate the transverse correlation length £((Z) we 
moments

,S+1_8±±/+.LlL

where <t>0(Z) is very large, while the moments Mgn\z') take over for large Z 
where <i>0(Z) vanishes. Then, however, the asymptotic forms (5.30) apply and we 
obtain for all practical purposes

Z<f>0(Z)
<i>o(Z)-«

1 (Z2+m(2>/m<0))<t0(Z)-2g

~ 2 <t>o(^)-«
We next consider the expansion for the function h(z, Z),

h(z, Z) = h_2(z, Z) + h_l(z~, Z) + ft0(z, Z) + • • • ,

where h_2, h_] and h0 satisfy the differential equations

d2 --^--Vo(^) h^(z,Z)

-^i-Vo(^) 
dz2

-^2~Vo(^)
dz2
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(5.41)

(5.43)

(5.44)

?,2(Z) = (5.45)

(5.46)

(5.48)

so that (cf. (3.27))
- , - o ...

(Z) = 2 N,(Z)/2(Z) ■

For the moment N _2(Z) we obtain

*-2(Z) = c_2m«”<i>0(Z) = 2Kg-2<f>0(Z) .

The moment N_{(Z) is not i 
from (5.35); there, however, N_2(Z) dominates. Because of the symmetry of

(5.42) 

interesting, since it is restricted to small Z as one finds

h0(z, Z), the moment N0(z) satisfies the differential equation

-V0(z) N0(z) = + ,

from • ■■■:•..ch we conclude that asymptotically for large z

^o(z) =■ A^°’(z) = -1 .

We thus obtain from (5.41)

— 2A?4>0(Z) + g2

-gi0(Z) + g2

The asymptotic expressions (5.31), (5.32) and (5.45) for the correlation lengths 
supplement the numerical data in the regime of small g and, hence, large |4T[, 
where the numerical procedure is in practice restricted to very small values of Z 
only.

It is of interest to consider the value of the transverse correlation length at the 
central layer Z = 0. For small values of g we obtain from (5.45)

t2(0) = 2K/g ,
or, using (5.2) and (5.5),

j,2(0) = |a0|Af|2’’-P , (5.47)

with o0 =4A'[A'(—1)/G( —1))1/2=0.99. As discussed in III, ct = ct0|AT|2'' is the 
scaled surface tension in the Fisk-Widom limit g-0. The capillary length La=t,La 
is defined by L2=o72g |Apcrc | so that

- JL - = J-Fo |AT|2v-p . 
2|AT|P 2

On comparing (5.47) with (5.48) we conclude that the transverse correlation length 
?,(0) approaches the capillary length La at temperatures well below the critical 
temperature19,20.
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6. Results

0 +2 *4

we have determined the correlation 
large number of temperatures. In figs.

a number of selected tem- 
some characteristic quantities 

: given in table I. Of special

ae
Q4

<o 0
-0.4

-0.8
0.8
0.4

•o o
-0.4

-0.8
0.8

0.4
to 0

-0.4

-0.8

Using the method described^ in_section 4, 
length profiles a(Z), £,(Z) and ^(Z) for a 
1-3 we show the correlation length profiles obtained at 
peratures below the critical temperature. Values of • 
associated with these correlation length profiles are 
interest are the levels Z = ±ZaK., where the local density Ap equals the density 
Apcc(. = ± |AT|^ of the homogeneous liquid and vapour phases at coexistence. 
These heights are also indicated in figs. 1-3. At temperatures above the critical 
temperature we recover the results reported in II. For comparison we show in figs. 
4-6 the same correlation length profiles at a few temperatures above and below the 
critical temperature.

We first consider the profiles a(Z) shown in figs. 1 and 4. As discussed in II 
a is the difference between the two unidirectional correlation lengths the posi­
tive and the negative z directions and is, therefore, a measure of the lack of sym­
metry of the correlation function in the directions parallel and opposite to the grav­
itational field. The structure of the profiles a(Z) as a function of height below the 
critical temperature is similar to the structure found in II for a(Z) in the one-phase

Fig. 1. Scaled asymmetry correlation length a as a function of Z for various values 
of AT^0. The dashed marks on the Z-axis indicate the positions Z = ±Zctc, where 
Ap= ± |APcX(_ |.

-2 0 *2 + 4
Z
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ST = -0.3ST=0

0.1

ST.-5-0AT=-I.O

0.1

ST.-I0.0,

0.1

AT=-0.3AT=0

0.1 .! . !■

AT = -5.0at=-i.o

01

AT=-20AT = -IO

0.1

where

1.0
^0.7

'"0.3

Fig. 3. Scaled longitudinal correlation length as a function of Z for variouj values of 
AT<0. _The dashed marks on the Z-axis indicate the positions Z = ±Zctc 
Ap=±|Ap„c|.
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Fig Jed transverse correlation length as a function of Z for variou^ values of 
ATsO. '. it; dashed marks on the Z-axis indicate the positions Z = ±ZCXC where 
Ap=±|Ar;„c|,
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AT €/(0) «,(zOT)5|(Z„C) £/(Zmax) g,(0)

AT=+5

IO

IO

-0.4

■o

Fig. 4. Scaled asymmetry correlation length a as a function of Z for selected values 
of AT.
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1.52 
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0.95 
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0
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0.298 
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0.563
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0.731
0.738
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0.720
0.600
0.473
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0.888 
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Table I
Values of some characteristic quantities for the correlation length profiles.
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i

(6.1)

with

So (6.2)= 1.174 .

region above but close to the critical temperature. In fig. 7 we have plotted the 
maximum value amax as a function of Ar. At temperatures sufficiently well above 
Tc the correlation function equals that of a locally homogeneous system without 
any asymmetry, then the asymmetry increases with decreasing temperatures reach­
ing a maximum at AT = —3.9 and finally the asymmetry decreases upon further 
decrease of AT in accordance with the limiting behaviour given by (5.31).

Next we consider the transverse correlation length 5 shown in figs. 2 and 5. 
The correlation length profile £,(Z) reaches a maximum^ in the central layer Z=0 
at all temperatures. In fig. 8 we have plotted the value 5,(0) as a function of tem­
perature. At temperatures well above the critical temperature 5(0) becomes equal 
to the bulk correlation length £; at the critical density

e(0) = ioiAT rv,

uvI; m —, =
<•» Vx(u)G(u)

The transverse correlation length 5,(0) increases monotonically with decreasing 
temperatures crossing over smoothly from the bulk correlation length (6.1) well 
above the critical temperature to the capillary length (5.48) well below the critical 
temperature.

Finally, we consider the longitudinal correlation length 5 shown in figs. 3 
and 6. _The correlation length profiles 5(Z) exhibit a structure with two peaks at 
levels Z = ±Zmax away from the central layer and a local minimum at the central 
level Z = 0. The appearance of local maxima in the second-moment correlation 
length was also noticed earlier at temperatures slightly above the critical tempera­
ture and its physical origin was discussed in n. The two-peak structure in the 
correlation length profiles 5(Z) remains present at all temperatures below Tc and 
hence appears to be an intrinsic property of the correlations injhe interface. In fig. 
9 we have plotted the distance 2Zmax between the maxima in 5(z) as a function of 
AT. At temperatures well below the critical temperature this distance approaches 
the behaviour implied by (5.32). This distance increases when the critical tempera- 
ture is approached from below, reaches a plateau of about 3.14 near AT=0 and 
vanishes at a temperature AT = 3.8 above the critical temperature, where the two 
peaks merge into a single maximum at Z = 0. In fig. 10 we have plotted the values 
5(Zmax) and 5(0) as a function of AT. At temperatures well above the critical 
temperature, the correlation length 5(0)_ approaches the bulk correlation length 
(6.1). When the temperature decreases 5(0) approaches passes through a max­
imum value 5(0) = 0.52 at a temperature_ slightly above the critical temperature 
and 5(Zm„) through a maximum value 5(Zmax) = 0.79 at a temperature slightly
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Fig. 5. Scaled transverse correlation length
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Fig. 6. Scaled longitudinal correlation length 5/ as a function of Z for selected values of 
AT.
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1.0

0.8

0.2 -

0+5 -10 -15 -20

(6.3)

-5
ST

0.6 

i
IO

0.4

°+0

Fig. 7. Maximum value amlx of the asymmetry correlation length as a function of 
AT. The hashed curve represents the asymptotic behaviour implied by (5.31).

below the critical temperature (jz(0) and 6/(Zmxx) decrease with decreasing tem­
peratures in accordance with the asymptotic behaviour implied by (5.32)

The interface thickness L = t,L was defined in III as the distance over which 
the density varies from that of the bulk liquid and vapour at coexistence

i = 2Z„c .

Some values of the height Zac are given in table I. The positions Z = ±ZCXC where 
the density becomes equal to that of the homogeneous liquid and vapour at the 
phase boundary are also jndicated _in figs. 1-3. In table I we have also included the 
corresponding values C/(Zcxc) and ^,(.Zm') of the correlation se levels and g, still 
differ significantly from the bulk correlation length 5cXc = S(^Pcxc)-

The definition (6.3) of the interface thickness based on the density profiles 
implies that L goes to zero at the critical temperature. From the informauon pro­
vided in figs. 1-3 and in table I, we see that the actual correlation lengths g, and g, 
differ from the bulk correlation length of_the coexisting liquid and vapour phases 
over a distance appreciably larger than L. In fact we note from_table I that the 
peaks in g,(Z) are located at a distance Zmax which is larger than Zac. Let Z = ±Z' 
be the levels where the actual correlation lengths reach values close to the correla­
tion length g(Ap) of the locally homogeneous liquid and vapour phases. From figs. 
2 and 3 we note that the levels Z=±Z' can be identified reasonably well at lower
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7. Discussion
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temperatures. Hence, we can consider an alternate interface thickness L based on 
the density profiles. Closer to the critical temperature the interface thickness L' 
based on the correlations can be defined less precisely, but it is certainly larger 
than the distance 2Zm„ between the two peaks in the profiles of the longitudinal 
correlation length. Thus an interface thickness based on measurements of the 
structure factor of the interface does not vanish at the critical temperature, but at a 
temperature somewhat above Tc.

The range of the correlation function of a fluid close to the critical point in 
the presence of a gravitational field can be characterized by three correlation 
length a, and £;. The quantity a is a measure of the asymmetry of the correla­
tions in the directions parallel and opposite to the gravitational field, the 
transverse correlation length, i.e. the correlation length in the direction perpendic­
ular to the gravitational field, and Sj( the longitudinal correlation length, i.e. the 
correlation length in the direction along the gravitational field. These correlation 
lengths depend on the height Z, the temperature AT* and the strength of the

Fig. 8. The transverse correlation length £,(0) at Z=0 as a function of AT. The 
dashed_curve for AT>0 indicates the power law (6.1) for the bulk correlation 
length 5(0). The dashed curve for AT<0 indicates the power law (5.48) for the 
capillary length La.

0.2L-
•10
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a(Z,\T',g') = ^g' (7.1)— v<J> ’

€,(Z, AT*,g*) = log' (7.2)

«/(Z. AT’.g*) = ^g' (7.3)

between the location of the maxima in £z(Z) as a func- 
indicates the asymptotic behaviour implied by (5.32).

i

-5
AT

?IO

where n(Z, AT), £,(Z, AT) and £z(Z, AT) are universal scaling functions. In this 
chapter we have determined these scaling functions for the correlation lengths as a 
function of Z and AT. The correlation length profiles in the two-phase region 
below Tc are smoothly connected with the correlation length profiles in the one- 
phase region above Tc. When the temperature is decreased the transverse correla­
tion length ij, increases monotonically from the bulk correlation length £ at tem­
peratures well above Tc to the capillary length La at temperatures well below Tc 
with a finite value at the critical temperature itself. The longitudinal correlation 
length exhibits a two-peak structure at all temperatures below Tc. This two-peak

gravitational field g'. They satisfy scaling laws of the form

Z AT* 1

AT* 1 
| ' 

T0« J
AT* ) 

1 
■W J

Z~v*l

-v4, _

z

Fig. 9. The distance 2Zmax 
tion of AT. The dashed curve

3

2
o

in
C\J
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(7.6)
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__ I
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_ I
-15
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Fig. 10. The values g;(Zm„) and £;(0) of the longitudinal correlation length The 
dashed curve for A7'>0 indicates the power law (6.1) for the bulk correlation 
length. The dashed curves for 4T<0 indicate the asymptotic behaviour for £/(Zmax) 
and £,(0) implied by (5.32).

0.3 y

can be written in

where La=Lo/|t;xl. is inversely proportional to Vg in accordance with (5.46). This 
alternate form shows explicitly that gravity enters via the capillary length La.

O(Z, AT\/) = I ,
\ Scxc Saxe )

[-Z-, ^2-1
\ Scxc Scxc )

W.LT'.g') = ^-1
\ Scxc ^cxc )

structure persists at the critical temperature and disappears at a 
Tc-

Below the critical temperature the scaling laws (7.1)-(7.3) 
the alternate form

O.7PI74|AT17'
11 

/r
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Referent.

3)

4)

5)

6)

7) as

8)
9)
10)
11)
12)

1)
2)

Our analysis of the gravity effects on the correlations applies to temperatures 
very close to the critical temperature, where the effects due to the large compressi­
bility of the liquid and vapour phases will be dominant. However, the asymptotic 
behaviour for large negative values of AT will be affected by effects due to the 
presence of capillary waves11 which have not been incorporated here. The effects 
of capillary waves can be assessed in the first approximation by adopting the full 
density profile Ap(z) codetermined by the capillary waves and then solving with 
this density profile the differential equation (2.9) for the correlation function. 
This procedure may modify the values for the various correlation lengths at large 
negative AT. but will preserve the general structure of the correlation lengths pro­
files including the appearance of two peaks in the height dependence of the longi­
tudinal correlation length.
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