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Within the context of hydrodynamic fluctuation theory, the density auto-
correlation function can be computed from a linear analysis on the basis of
Onsager's regression hypothesis: it is assumed that the average relaxation of
a spontaneous fluctuation is governed by the same linearised hydrodynamical
equations as is a "macroscopically large”™ deviation from equilibrium, e.g.

a sound wave. W.ith this assumption the time-evolution of a fluctuation is com-
pletely determined, and consequently the unequal time auto-correlation func-
tion <Ap(r,t) Ap(' , t)=> can be expressed in terms of the equal time cor-

relation function <Ap(r,t) Ap(r*,t)> . The latter can in turn be obtained
from the thermodynamic equilibrium distribution Peq for fluctuations4*5

AS/k
Peq ~ e . (A)

Here AS is the total change in the entropy of the system associated with a
small deviation of the state parameters from the equilibrium state, and k is
Boltzmann's constant. The equilibrium distribution (A) is sometimes called
the Einstein distribution. In a linear fluctuation analysis, the entropy dif-
ference AS in eq.(A) is expanded up to second order in these deviations. In
that case, P becomes a Gaussian distribution, from which

<Ap(r,t) Ap(r,tH)=> can easily be computed. As discussed above the light
scattering intensity then follows via the analysis of the unequal time correla-
tion function on the basis of Onsager's regression hypothesis.

From a theoretical analysis as described above, one obtains indeed a
spectrum of the form as depicted in fig.2 . 1t turns out that the central
peak, the so-called Rayleigh line, represents the scattering of light on entro-
py fluctuations, whereas the two lines at aQ +ck are due to scattering on
sound waves. Moreover, the width of the peaks (full width at half maximum
height) is related to the transport coefficients: the width of the central peak
is equal to XkVpc® , where X is the thermal conductivity of the fluid, and
where p and c are the equilibrium density and specific heat at constant
pressure of the fluid, respectively. Analogously, the width of the sound peaks
is equal to Tk2 , where T is the sound attenuation coefficient, which de-

pends among other things on X and the shear and bulk viscosities and n
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CHAPTER 11

HYDRODYNAMICS FOR AN IDEAL FLUID:
HAMILTONIAN FORMALISM AND LIOUVILLE-EQUATION

1. Introduction

Clebschl?2) was the first to derive, in 1859, the hydrodynamic equations for
an ideal fluid from a variational principle for Euler coordinates. His derivation
was, however, restricted to the case of an incompressible fluid. Later Bate-
man3) showed that the analysis of Clebsch also applies to compressible fluids
if the pressure is a function of density alone. Finally, in 1968, Seliger and
Whitham4) formulated a Lagrangian density for the most general case, i.e.
taking also into account the dependence on entropy. From a Lagrangian
formalism it is of course in general possible to go over to a Hamiltonian
description. For hydrodynamics, this was done by Kronig and Thellung56) in
order to quantize the fluid equations. As they based their work on Bateman’s
analysis, their results only apply to the case of isentropic (or, alternatively,
isothermal) flow.

Recently, there has been renewed interest in a Hamiltonian formulation of
hydrodynamics. In an interesting paper Enz and Turski?) considered hydro-
dynamic fluctuations on the basis, and with the limitations, of the formalism
developed by Thellungb).

In this paper we will develop a Hamiltonian formalism for the general case
of Seliger and Whitham and discuss a number of statistical properties of an
ideal fluid. This discussion will enable us to study in a subsequent paper
nonlinear fluctuations in a real fluid.

In section 2 we discuss the Clebsch representation of the fluid velocity field.
Seliger and Whitham’sd) variational principle, which is based on this
representation, is reviewed in section 3. We then introduce a Hamiltonian
description of hydrodynamics and define Poisson-brackets in terms of the

24
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