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the drag contained an approximate numerical coefficient. In 1952 Stewartson 
calculated the exact value of this coefficient. He also

The aim of the research presented in this thesis is the evaluation of the 
drag on a sphere moving slowly along the axis of a rotating fluid. This drag 
has up to now only been calculated for very small and very large values of the 
Taylor number, the dimensionless measure for the rotational velocity of the 
fluid.

They showed that the drag on the sphere 
asymptotically equal to Stewartson’s value.

In 1970 Maxworthy 5) has measured the drag for large Taylor numbers and 
Reynolds numbers above 1. Extrapolation of his measurements to zero Reynolds 
number yielded an asymptotic value for the drag which exceeds Stewartson’s 
value by approximately 50Z. Up to the present day no satisfying explanation 
has been given for this rather large difference between theory and experiment.

In 1964 Childress 6) has studied the drag in the regime in which both the 
Taylor number and the Reynolds number are very small, viz. T « 1 and R « 1. 
He was able to determine a first correction to the drag at T = 0 and R = 0, 
proportional to T^. For very small values of T and R Childress’ result for the 
drag is in good agreement with Maxworthy’s 1965 measurements 7) of 
quantity.

All results

The first calculation of the drag on a sphere moving in a rotating fluid 
was performed by Grace in 1926. He evaluated the ultimate drag on a sphere, 
impulsively set in motion in a rotating ideal fluid. Grace’s expression for 

2) 
gave an analytic 

expression for the velocity field in the fluid and in particular for the 
"Taylor column" produced by the motion of the sphere. This phenomenon had been 
observed experimentally many years earlier, in 1922, by Taylor 3).

In 1969 Moore and Saffman *♦) have analysed the structure of the velocity 
field caused by the motion of a sphere along the axis of a rotating viscous 
fluid at large values of the Taylor number. They neglected all momentum 
convection in the rotating frame of reference. This means that they considered 
the fluid motion in the limit of zero Reynolds number (the Reynolds number R 
is the dimensionless measure for the translational velocities in the fluid).

of T

for the drag quoted above were obtained by means of 
method for calculating this quantity. This method

in the fluid and in
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analyse hydrodynamic interactions between an arbitrary number of spheres. The 
method developed in this thesis is based on this extended version and rests on 
the introduction of an induced force density in the equation of motion for the 
fluid. The velocity field may then be solved in terms of this force density. 
Subsequently this force density is expanded in Irreducible force multipoles. 
By appropriate use of the boundary conditions at the surface of the sphere a 
hierarchy of equations may then be derived for these force multipoles. The 
drag force, the first force multipole, may be solved from this hierarchy of 
equations by elimination of all higher multipoles.

To demonstrate the usefulness of the method

now not

the force exerted on a 
case that all momentum

which allows us

first theorem gives the relation between 
the unperturbed velocity field in the 

convection is neglected.

even more

explicit knowledge of the solution of the equation of motion for the fluid. 
The calculations of the velocity field at very small and very large Taylor 

6 and 4, resp.) show that already in these limits the 
the velocity field is very complicated. It seems reasonable to 
this structure will be even more complicated for intermediate 
It is therefore not surprising that the drag has up to 

been computed for these values of T.
In this dissertation we develop an alternative method which will enable 

successive approximations to the drag for all 
the Taylor number. This method, which allows us to evaluate this 

quantity without any explicit knowledge of 
motion, i 
by Oseen 
Mazur and Bedeaux

solution of the equation of 
makes use of the concept of induced forces. This concept was proposed 

) and used extensively by Burgers 9). With the help of this concept 
1°) developed a exact analytic method which enabled them to 

obtain a generalization of Faxen’s first theorem* to finite frequencies. Using 
an extended version of this method Mazur and Van Saarloos were able to

we first apply it to two 
classic hydrodynamic problems. In chapter I we evaluate the drag 
infinitely long circular cylinder, at rest in a perpendicular uniform 
stationary flow; in chapter II we analyse the drag on a sphere, at rest in a 
similar flow. In both cases we describe the motion of the fluid with the Oseen 
equation. This (linear) equation is a good approximation to the full Navier- 
Stokes equation for small values of the Reynolds number, i.e. for very low 
flow velocities. The results of the calculations therefore only have physical
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approximation to the drag, based on the first three force multipoles, becomes 
the Taylor number asymptotically equal to Stewartson’s 

result. Finally we evaluate for all Taylor numbers the approximations to the 
drag, based on the first, first three and first five force multipoles. The 
results show that the difference between the last two approximations is less 

In chapter IV we analyse the influence of 
convection on the drag studied in chapter III. For this purpose we take into 
account momentum convection in Oseen*s approximation.

significance in this regime. On the other hand the results of the present 
analyses may be compared to numerical solutions of the Oseen equation. Such a 
comparison shows that the approximation to the drag based on the first 
multipoles alone yields already very satisfactory values for this quantity for 
Reynolds numbers of order 10 .

In chapter III we then study the drag on a sphere moving slowly along the 
axis of a rotating fluid. We neglect all momentum convection in the rotating 
frame of reference, i.e. we consider the fluid motion in the limit of 
Reynolds number. For small values of the Taylor number we expand the drag in

series in T^ and evaluate explicitly seven terms of this series.
) is recovered as first term. We further show that the



Chapter I

The Oseen drag on a circular cylinder revisited

This chapter has appeared as a paper in Physica 123A (1984) 191-208.
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1. Introduction

i
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THE OSEEN DRAG ON A CIRCULAR 
CYLINDER REVISITED

The motion of an infinitely long circular cylinder through a viscous unbounded 
fluid in a direction perpendicular to its axis is a classic problem, which combines 
the apparent simplicity of two-dimensional hydrodynamics with its underlying 
difficulty.

The first treatment of this problem was given in 1851 by Stokes1), who noticed 
that the fully linearized Navier-Stokes equation-commonly referred to as the 
Stokes equation - does not have a solution for this case (Stokes paradox). In 1911 
Oseen2) introduced an “extended Stokes equation”, now known as the Oseen 
equation, to remedy some of the difficulties and paradoxes inherent in the Stokes 
equation. On the basis of this equation Lamb3) found an approximate solution 
for the drag, or equivalently the mobility of a cylinder at low velocities, or, to be 
more precise, Reynolds numbers. Later on two other solutions for the Oseen drag 
were proposed, by Bairstow et al.4) and by Faxen’). Bairstow’s solution does not 
lead to a substantial improvement of Lamb’s result for very small Reynolds 
numbers. At higher Reynolds numbers this solution leads to more reasonable 
values for the drag than Lamb’s, but does not yield values which are quantitatively 
satisfactory. Faxen’s solution on the other hand is not available in a form which 
enables one to obtain numerical values for the drag. The above treatments have 
as common feature that first explicit solutions for the velocity and pressure fields 
are constructed on the basis of the Oseen equation, and that these are then used 
to calculate the drag by integration of the pressure tensor over the surface of the 
cylinder.

In this paper we propose an alternative approach in which explicit knowledge 
of the velocity and pressure fields is not required. Our approach is based on a



2. Formulation of the problem

(2.1)pU ■ Fv(r) + V • P(r) = 0
forr > a

(2.2)P-t>(r) = 0

(2.3)
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method of induced forces which was previously used to generalize Faxen’s first 
theorem67). Recently the method was also applied by Mazur and Van Saarloos8) 
to the problem of many sphere hydrodynamic interactions in Stokes flow. For this 
problem use was made of an expansion of the induced forces in irreducible force 
multipoles. The advantage of the method of induced forces referred to, is that the 
desired results follow directly from an appropriate use of the boundary conditions 
at the surface of the moving object or objects.

Section 2 will be devoted to the formulation of the problem; we give the formal 
solution for the velocity field in wavevector representation on the basis of the 
Oseen equation. In section 3 we obtain a simple expression for the mobility per 
unit of length by making a simplifying assumption on the nature of the induced 
force density. In section 4 we give the expansion of the induced force density in 
terms of irreducible force multipoles. With the aid of this expansion we derive a 
hierarchy of equations for these multipoles. This hierarchy may then be used to 
obtain an exact expression for the mobility in the form of an infinite sum by 
elimination of all irreducible force multipoles in favour of the force itself. The 
various terms in this sum (or partial sums thereof) correspond to retaining higher 
and higher multipoles in the expansion of the induced force density. The first term 
of the series is identical with the simple expression found in section 3. We also 
give the explicit form of the second term as quotient of integrals over standard 
functions. In section 5 we compare our results in first and second approximation 
(i.e. retaining only the zeroth, respectively, the zeroth and first multipole) to the 
results obtained previously in closed form and also to the results obtained by 
solving the Oseen equation numerically’). From our analysis it follows that taking 
into account the zeroth and first multipoles alone leads already to satisfactory 
results for the drag over a large range of values of the Reynolds number.

We consider an infinitely long circular cylinder with radius a, at rest in a viscous 
incompressible fluid. The fluid velocity at infinity, 47, is taken constant and 
perpendicular to the axis of the cylinder. We choose cylindrical coordinates 
(r, </>, z), with the z-axis along the axis of the cylinder. The motion of the fluid is 
governed by the Oseen equation

with
d _ x , 0I7APaf — x---- 1- X— I.



(2.4)

(2.5)for r = a .

(2.6)pU ■ Vv(r) + V • P(r) = Fmi(r)
for all r

(2.7)

for r < a»(r) = 0

while the condition

(2.9)p(r) = 0

(2.10)

(2.11)K= - dr F •/»(»■)= - drfiod(r),dSP(r)-f = -

14

Here r(r) is the velocity field, P(r) the pressure tensor, p(r) the hydrostatic 
pressure, and and p the viscosity and density of the fluid, respectively.

In the above equations r denotes the two-dimensional vector

r(r) = 0

Within the context of the method of induced forces, the above set of equations 
may be replaced by an equivalent one in which the fluid equations are extended 
within the cylinder and written in the form

is imposed on the hydrostatic pressure.
The above formulation of the problem by means of an induced force density 

is obviously equivalent with the original boundary value problem. From substi­
tution of eqs. (2.8) and (2.9) into eq. (2.6) it follows that the induced force density 
must be of the form

P-®(r) = 0

with Find(r) = 0 for r > a. The extension of the fluid velocity field is chosen as

(2.8)

where use was also made of Gauss’ theorem and of eq. (2.8).
In order to solve formally the equations of motion for the fluid we introduce

for r < a

FM(r) = a~'f(r)d(r-a).

The factor a~' is introduced here for convenience. If we use eq. (2.6) we can 
express the force K, exerted by the fluid on the cylinder per unit of length, in terms 
of the induced force density One has

r = (r cos </>, r sin </>).

We also introduce r, the unit vector normal to the surface and pointing in the 
outward direction; r is defined as r=r/r. Due to translational invariance in the 
z-direction, field quantities as e.g. v are functions only of the vector r (cf. eqs. 
(2.1 >-(2.3)). We supplement these equations with stick boundary conditions at the 
surface of the cylinder:



two-dimensional Fourier transforms of e.g. the velocity field

»(*) = (2.12)dr e '»(r).

(2.15)

(2.16)

3. Derivation of a simple expression for the mobility
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The equations of motion (2.6) and (2.7), combined with eq. (2.3) become in 
wavevector representation

ipu ■ kv(k) + \kp(k) + >ik2v(k) = FM(k) , (2.13)

*-»(A) = 0. (2.14)

Applying the operator I — where 1 is the two-dimensional unit tensor and 
k = k/k, to both sides of eq. (2.13), and using the definitions

a = pU/rp U = U/U,

we get the algebraic equation

l(k2 + iaO -k)v(k) = (1 -££) • Find(A) .

The formal solution of this equation is given by

v (*) = (2n)2 Ud (k) + fa (k2 + iaU ■ k)] " '(1 - ££) ■ Flnd(*) ■ (217)
This solution already contains the information that the unperturbed fluid, i.e. the 
fluid in absence of the cylinder, moves with velocity U.

In view of the symmetry of the present problem we can express the relation 
between the velocity U of the fluid at infinity and the force K exerted on the 
cylinder per unit of length as

U = pK. (3.1)

In our subsequent analysis we shall derive an explicit expression for the (trans­
lational) mobility p, which is a function of the Reynolds number R, defined as

R=pUa/ti=aa. (3.2)

To achieve this we expand in section 4 the induced force density in irreducible 
force multipoles. From the definition of these multipoles (cf. eqs. (4.5) and (4.6)) 
it follows that if one wants to retain only the zeroth force multipole, one may 
equivalently considerf(f) in eq. (2.10) to be independent of r. We shall first make 
this simplifying assumption and derive on this basis a simple expression for p. 
Since there are only two relevant unit vectors in this problem, viz. r and U, the



(3.4)

(3.5)

dr t>(r)3(r — a)

d/t J0(ka)r(A). (3.7)

(3.8)

(3.9)

16

gW 
2n

FmI*) = -2nrjg(R )J0(ka) U, 

where

(36)

We shall now make use of the following identity for the “surface” average of 
the velocity field:

1
4rt2

1 
4tr

fd£(1 -££)■</ fd(Aa)Aa[J0(Aa)]2[(Aa)2 + «2(C7-£)2]-1 
2n J J

o

The integration over ka may be performed (e.g. ref. 10). One then finds from eq.

Jd£(1 — J0f) • 1/ | dA [Z>(Aa)p(A +\ttO .

Since the imaginary part of the integrand vanishes upon integration over £, this 
equation becomes

dk ea 'St>(k)

induced force may in that case be written as

^(r) = -tia-'g(R)U6(r - a) (3.3)

with g(R) a dimensionless function of R. In wavevector representation this 
relation becomes

dtp e±,,cos«

------s 1
»(»■) =^—

2na

2k

0

is the Bessel function of the first kind of order zero with argument ,v. It follows 
from eqs. (2.11) and (3.3) that

K = 2nt/g(/?)t7 = .

If we insert eq. (3.4) in eq. (2.17), and the resulting equation in the last member 
of eq. (3.7), while we also use eq. (2.5), we obtain:

U fd*(J0(*:a)F(fc2 + iztf •*)-'(! -kk)-U
2n J

gW
2n



-eWKWURi).feW)’1 (3.10)

M = n 2>1 (3.11)

1, we may expand I0(Ri) and K^fRi)

(3.12)4(^)= 1.

(3.13)

4. Systematic evaluation of the mobility

(4.1)— a), p 6 M .
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Here we have introduced the variable f = U ■ £; /0(x) and Zlo(x) are the modified 
Bessel functions of the first and second kind, respectively, of order zero with 
argument x.

For the mobility we thus find

(3.9) by taking on both sides the scalar product with 0, for the function g(R) the 
result

In this section we shall derive a hierarchy of equations from which p can in 
principle be calculated to any desired accuracy. To this end we evaluate the 
so-called velocity “surface” moments, defined as

Here, T' is the irreducible tensor of rank p, i.e. the tensor which is traceless and 
symmetric in all pairs of its indices, constructed with the vector r. Such tensors

1 jd£ V! -£2Z0(/?OAo(rtO. 
o

For low values of R, in particular for R 
and retain only the lowest order terms

*o(K{) = — y—In|/Jf, y =0.577...,

y is Euler’s constant. Using these approximations one finds for the mobility

P = (4nt7)-'(i-y-lnl/?)

which is the solution found by Lamb in 1911 3).
In the next section we shall extend the somewhat intuitive method we have used 

in this section, and develop a formal scheme for the calculation of p. This scheme 
will enable one to calculate corrections to eq. (3.11), and will yield the complete 
solution as an infinite sum over products of integrals of the type (3.11). The 
comparison of the result (3.11) with results found by others can be found in section 
5. It then turns out that eq. (3.11) already provides a fairly good description for 
the mobility over an extensive range of values of R.



(4.2)

(4.3)

(4.5)

/r('+i)

(4.6)
j*-o

We note that this implies for the force:

jf= -F">.

(4.8)
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(4.7)

In eq. (4.5), the symbol O denotes the full /-fold contraction of the tensors P and 
F('+,), with the convention that the last index of Tc' is contracted with the first index 
of Fv+'\ etc.

Upon substitution of eq. (4.5) in the right-hand side of eq. (4.4) we obtain

^ = (4^)-’ f(2^- l)B<'+‘-'+,>QF«+'>, 
1-0

where the connector flO,+ |.'+» is given by

r 3/
= i'a-'(/!)-1 kp^(*)

- l/^ = (2p)!!i'’(4K2n)-J d* (k1 + \a0 ■ k)-'J„{ka)TT'^- ££) ■ F^k) .

(4.4)

are normalized by choosing the coefficient of b,xb,2.. .b,r in the expression for 
6a|6«, ■ ■ - b.f equal to 1. For p = 0, 1, 2, 3 one has explicitly (note that the trace 
of 1 equals 2)

^=1, £=/>., =
VA = b-bA - «*2AA + bvbn + bhb^ ■

We show in appendix A that the following identity holds

^’(r)S = Jd* T'J,(ka)v(k),

where Jf(x) is the Bessel function of the first kind of order p with argument x. 
We now apply the boundary condition (2.5) to the left-hand side of eq. (4.3)

and substitute eq. (2.17) in its right-hand side. We then obtain

The factor (2p)l! = 2,p! has been introduced here for convenience.
It can be shown (see appendix A) that the induced force density F^fk) may be 

expanded as follows

FM(k) = f (2/)!!( - i^ka^QF^", 
/-0

where F('+1) is the /th irreducible force multipole, defined as (cf. also eq. (2.10))

“/!



(4.9)X

(4.10)

(4.11)

=(- ly'-'-w-^^^)^,„(/{<). (4.12)

0 if I ^p,
9(1 -p) = (4.13)

1 if I > p .

The connectors have the following symmetry property:

(4.14)

+ n, defined

(4.15)
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For symmetry reasons the fluid cannot exert a torque, T, on the cylinder. The 
torque can be expressed in terms of the induced force density as follows

over k, and therefore

where 6 is the generalized transposed of the tensor B of rank q = m 
by

In eq. (4.12) 7„(x) and K„(x) are the modified Bessel functions of the first and 
second kind, respectively, of order n with argument x; max(p, I) and min(p,/) 
denote the larger and smaller integer, respectively, of p and /; 9(1 — p) is the 
Heaviside function, defined as

= (2p)!!(2/)!!( 1 - 25,,)?-'- 
71

oo

Jdk Jp(ka)JKka)(k + iaU • k)~' .
o

The factor (1 — 25,,) has been introduced for convenience.
The imaginary part of vanishes upon integration

g(/>+i.'+D may be wrjtten as

2 
B<',+,'+l) = (2p)!!(2/)!!(I - 25,,)- J d££,(1 

oo
with t, = 0 -H (cf. eq. (3.10)). The (real) scalar function is given by

00

sv./> = Re jp-/1dk jp(ka)J,(ka)(k + iaU ■ £)-' ,

o
where Re denotes the real part. The integration over k may be carried out (cf.
Gradshteyn and Ryzhik10)) and yields



drr A (F,nd(r) + pU • Pi>(r)) = « : F<2>,dSr A P(r)-r = -r= -
(4.16)

(4.17)

fi") = © (4.18)

gH*i>Qg<«i.”i'rlQ fl<"i^":>0 .QBim"'“ ■U. (4.19)

©(In R) for m = n = 1 ,
(4.20)

form / 1 and/orn 1 .

(4.21)
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where i is the Levi-Civita tensor, and where eqs. (2.6), (2.8), (2.10) and (4.6) have 
been used. It follows, since 7 = 0, that the multipole F<2) is symmetric. Con­
sequently all connectors B{m3} in eq. (4.8) may be symmetrized with respect to their 
last two indices. From now on B1'”-2’ will therefore denote its symmetric part.

With the help of eq. (4.7) we rewrite eq. (4.8) in the desired form of a hierarchy 
for the force multipoles:

We shall now discuss the contribution of each term in eq. (4.19) to the mobility 
for small values of the Reynolds number. From the standard developments of the 
Bessel functions (see appendix C) for small arguments it follows that the 
connectors behave as

Hence each term in eq. (4.19), which is a product of j + 1 connectors, s > 1, gives 
a contribution to p of order RM, where M is an even power given by

4nt;U= f FM,

00 \

— B(nl1- K + £ b^^OF1"' ), 
m —2 /

CO / co oo

>-i

where B1”-"1"1 is the generalized inverse of B<"-"), only defined if acting on tensors 
of rank n which are irreducible in their first n — 1 indices.

By iteration we can eliminate the higher force multipoles from the right-hand 
side of eq. (4.18) in favour of K. When the resulting equations are substituted in 
eq. (4.17), we get an equation of the form (3.1), yielding for p the expression

M=m, +m, — 2+£ \mj~ > 2,1 = 1,..., j

n > 2,

m = (4m)-'(7-



-«2/0(/?0/Co(^) +

(4.23)

5. Discussion

(5.1)
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It is customary, when discussing hydrodynamic forces exerted on an immersed 
cylinder (or spheroid) to introduce the drag coefficient CD which is defined, in 
terms of the mobility, as

CD = (papU)~' = (r]Rp)~' .

Let us now compare our results, eqs. (3.11) and (4.23)-which correspond to 
two successive orders of approximation - to results in closed form obtained 
previously by various authors. We shall also compare all these results to values 
for CD obtained from numerical solution of the Oseen equation on the one hand, 
and to experimental values from measurements by Tritton") on the other.

while the first term (5 = 0) is logarithmic in R. This term is dominant for very low 
values of R. For slightly higher values of R the term {7S(l-2,:B<2-2)-1 :B<2JI(7 
represents the most important correction to the first term. It is easily seen that

p = (4nri)-'U ■ ( - S" '1 + fi<'.2>:fi<2-2>-,;B(2 l)) • U (4.22)

is the expression for the mobility which is correct up to order R1 and /?’ln/?.
This expression takes into account the influence of the zeroth and first force 

multipoles and neglects all higher multipoles. We shall now assume that these 
higher multipoles may be neglected even for large values of R, and that eq. (4.22) 
remains a good approximation for p.

We show in appendix B that the right-hand side of eq. (4.22) can be expressed 
in terms of three integrals:

I,W )K,(/?«)] i

I

J d^7i 
0

p = * 2n '[Jdf
0

1

x^d^2yr 
0

Numerical values for the so-called drag coefficient, calculated from this expres­
sion, can be found in table I in section 5.

We finally remark that if one wishes to include in the expression for p the entire 
influence of e.g. the quadrupole moment, one should resum in the infinite series 
in eq. (4.19) all terms with < 3(z = 1,2,..., 5). Alternatively one might truncate 
the hierarchy (4.17) and (4.18) at m = n = 3 and solve p from the remaining set 
of equations.



The following solutions for CD in closed form have been found earlier:

H. Lamb (1911)

(5.2)

L. Bairstow et al. (1923)

(5.3)

(5.4)

— i
(5.5)

(5.6)x

22

[Jd« «yi - 
0

• Faxen5) has given an exact solution for CD in the form of the quotient of two infinite determinants. 
This form is not convenient for a practical evaluation of the drag coefficient. R. Berker has given a 
first approximation of Faxen’s solution, which turns out to correspond also to an approximation of 
Bairstow’s result. The Faxen-Berker expression diverges for R « 7 and improves Lamb’s result only 
marginally. For this reason we have omitted the values obtained from this expression in table I.

S. Kaplun (1957)12)

4jt
CD = — [(J - 7 - In J/?)-1 - 0.87(1 _ y _ !n i/?)-’]->. 

z\

4tt
CD=—(l-y-lnl/?)-', 

x\

To these results the following comments may be added. As is well known, 
Lamb’s classic solution diverges for R x 4, and may only be expected to yield 
reasonable values for R < 1. Bairstow, in his derivation, has made use of a rather 
doubtful expansion for the velocity field and an equally doubtful way for solving 
for the coefficients in this expansion13). He obtains for R-><x> the limiting value 
CD = 2tt. Whereas Lamb’s and Bairstow’s solutions are based on the Oseen 
equation*, the expression of Kaplun was found by matching in an appropriate 
way the velocity field solution of the Stokes equation close to the cylinder to the 
solution of the Oseen equation. This procedure leads again to a divergence for CD 
at R x 4, and yields for R > 1.5 physically irrelevant values for CD.

From our equations (3.11) and (4.23) one finds for CD
i

cD=^rfd«yr
z\ I J 

0

I

c°=^ [ Jd^ 71 /0(/?e )kj.rh ) +
0

I

0

4jt
CD = - (/oG«)Xo(^) + l^R)K,(.\R))-',

I\



(5.5) (5.6) (5.7)(5.3) (5.4)(5.2)R

13.56

8.08

5.84

4.48
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21.53
14.12
11.51
10.25
9.60
9.27

10.20
19.90

- 40.68

21.25
13.56
10.66
9.09
8.29
6.63
5.84
4.96
4.47
4.15
3.42
2.51
2.28

In table I we have listed for values of R in the range R = 0.2 to R = 100.0 the 
corresponding values of CD for the five expressions (5.2) to (5.6). Also listed in 
this table (in column (5.7)) are the four values for CD obtained by Tomotika and 
Aoi9) from a “full numerical solution of the linearized Oseen equation’’14)*.

It is seen that Bairstow’s result deviates substantially from Tomotika and Aoi’s 
numerical values for R 2. On the other hand, while our first approximation (5.5) 
gives already much better values than Bairstow’s formula, our improved approx­
imation, taking into account both the zeroth and first induced force multipole 
moments, fits the numerical results (5.7) remarkably well. This is also clear from 
fig. 1, in which CD is plotted versus R for the various sets of values contained in 
table 1. We have included for reference in this figure the curve which has been 
fitted to the measurements by Tritton11)0.

A few remarks are in order. We have seen in section 4 that the expression for 
the mobility, calculated on the basis of the zeroth and first multipoles alone in the 
expansion in irreducible multipoles of the induced force density is correct up to 
and including order R3 and 7?3 In R and will therefore certainly yield good values 
for CD at low Reynolds numbers. One might wonder why the values for CD remain

0.2
0.4
0.6
0.8
1.0
1.5
2.0
3.0
4.0
5.0

10.0
50.0

100.0

21.47
13.96
11.22
9.79
8.91
7.75
7.20
6.71
6.52
6.43
6.31
6.30
6.29

19.33
11.64
8.49
6.45
4.73

-0.61

21.43
13.87
11.06
9.56
8.62
7.28
6.55
5.75
5.30
5.00
4.24
3.15
2.84

Table I
This table lists values of CD for Lamb’s (5.2), Bairstow’s (5.3), Kaplun’s (5.4), 
our first (5.5) and our second result (5.6), and from Tomotika and Aoi’s solution

(5.7)

* In the last three decades numerous computer calculations on the basis of the full Navier-Stokes 
equation (and hence not directly relevant to our problem) have been published. For a survey of these 
articles we refer to the recent paper by Fomberg15).

□ Note that in the interval 0 < R < 0.4 Kaplun’s solution fits the experimental data much better than 
any solution of the Oseen equation.
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Appendix A. Irreducible multipole expansion and velocity surface moments

24

20

15

5

satisfactory for Reynolds numbers of order 10 and probably much higher. For this 
fact, which implies that higher multipoles do not contribute appreciably to the 
mobility even at rather high R, we have not succeeded to find a convincing 
explanation.

We note furthermore (see appendix C) that expressions (5.5) and (5.6) both tend 
to zero as (In R)-1 for R tending to infinity. Whether this is the correct asymptotic 
behaviour of the Oseen drag on a cylinder is to some extent an open question1.

In a subsequent paper we shall apply the same methods to the analysis of the 
Oseen drag exerted on a sphere.

In this appendix we shall derive for the induced force density Find(Ac) the 
expansion (4.5) and for the velocity surface moments the expression (4.3). We first

* Zeilon’6) has solved the Oseen equation for the limit tj 10(R -*oo), by assuming potential flow and 
by imposing different boundary conditions at the anterior and posterior side of the cylinder. He found 
CD= 1.314.

R

Fig. 1. CD as function of R from experiment (----- ), for Lamb’s (4------ 1---- ), Bairstow’s (...............),
Kaplun’s (------ ), our first (---------) and our second (——) approximate solution. The results of
Tomotika and Aoi are located in the centers of the small squares.
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/(*), ZeN, (A.l)

(A.2)k

(A.3)

for 7 = 0 ,1
?Qp = (A.4)

2' 'cos(7 arccos f • r') for I > 1 .

Furthermore

(A.5)

(cf. Jackson18)). Combination of (A.4) and (A.5) yields the relation

(A.6)

(A.7)

one obtains

^d(*) = dr e

= dr e'“ 7(f)
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7(x) = (-x/-^Y/0(x),

(A.l) follows for all 7 by virtue of complete induction.
One easily verifies (cf. Erdelyi et al.”)) that the following relation holds

= Jdf J dr" <5(f - r") e-“'/(f)

Upon appropriate use of eqs. (2.10), (3.5), (4.6), (A.l) and (A.6), and the 
recursion relation

<5(r-r') = J-V 2^0 rz/.
2*/-o

gim arccos r- r

prove the following identity

Ok \k ok )

where f (k) is an arbitrary function of k, the scalar part of k. The identity

3 ,10 I - 0
0A k dk k dk

proves (A.l) for the case 7=1. Since by definition 

0Z+’r . ' 0 'F'

d
xdx



J0(ka)£‘QF"'"

(A.8)

dk etrv(k)4n2

(A.9)

Appendix B. Proof of eq. (4.23)

-O-B^»-O = ~b, -eio(Ri)Ko(Ri). (B.2)

(B.3)
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Since B*1-21 is traceless and, according to our convention in section 4, symmetric 
in its last two indices, this connector must be of the form

S(U) = bjj'tjf} + 0 + .0^. - (7l)

w>th and

We show in this appendix that the evaluation of eq. (4.22) in terms of integrals 
leads to the expression for /i given in eq. (4.23). We can write B<IJ) in the form

B"" = bJ)U + b2(\ - 00). (B.l)

Combined with eqs. (4.10) and (4.12) this yields for the first term at the right-hand 
side of eq. (4.22) (cf. also section 3)

I

= ^-E2' fdr'e--''
Z-0 J

= f 2'/!MTXt- [df'e-^ doF1'*’’
z=o \a/|_oAr2nJ |

® /1 a v —= £ (2/)!!i'(*a)'\j0(ka)t'QF^"
/=o \ka oka J

= f (2/)!!( - i)7,(jta)J?OAr,'+1>.
1 = 0

Along similar lines one obtains upon combination of eqs. (3.5), (4.1), (A.l) and 
(A.7) for the velocity surface moments the expression

jdrf'dfr-a)^

f -------S

F© jdr?/(r)

^»(r)S = ^- 
2na

I c _____ s
= dkT"^'' t>(k)

4n J

If ( i\' <?

= ^2 jd* Jp(ka)TT'v(k).



b, + b, = 2U ■ B"-2>:ljU = - (B.4)

(B.6)

(B.7)

(B.10)

(B.H)

l-l

(B.12)

which, together with eq. (B.2), proves the validity of eq. (4.23).
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(B.8)

(B.9)

4 
n

L6 
n

0

In eq. (B.6) 4 and D(0) denote the standard tensors of rank four:

A = -1)•

D(U) = 20000 - %01(7 + 0^. o + 0.Ch + .0(h).
From the identity

TjU = B'-'-2''l''B'2'-2"-’OO

One verifies immediately that 0 = 0, where 2a denotes the part of S(2J) 
which is antisymmetric in its first two indices (S(!,J> must be of the form 
(7l — ^(A). For SI2,J), the symmetric part of B121’ with respect to the first two 
indices, one finds from the symmetry property (4.14) and eq. (B.3)

B(U,) = -b^TjuO - bt^Ol + . 0 . - 1 0). (B.5)

Next we consider Ba'-2‘\ which must be of the form (cf. Mazur and Van 
Saarloos8), appendix E)

B<2s-2s> = 2M + 466 IjO'uU + b-,D (0)
with

Z>5 + Z>6= rUU-.Bf2^-.'OO'

combined with the fact that

B^-2s':rUU = 2(b5 + bJOu

it follows in a straightforward way that

0 ■ B&?>:B<2'2>'':B<2I)- 0 = 0- B"M\Bl2'-ls,'':B'2'-'>- 0

= ~(b, + bi)2'OO:Bl2'-2s>-''^’

= -i(*i + b^b. + b,)-'
I I

fd£(yi -{2A(/?4)KO(^)Jyd£ 4V1-52Z,(/?4)X,(J?O 
0 0



Appendix C. Asymptotic behaviour of the connectors

(C.l)

(C.2)

(C.3)

(C.4)

(C.5)

Z0(x)Zq>(x)
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dx

N In R + M(R)

(C.7)

For the modified Bessel functions of the first and second kind, Z„(x) and K„(x), 
one has the developments

R

= ( j + J) <u [jYzo(x)^,(x) . (C.6) 
b o Jk

The first integral at the right-hand side of eq. (C.6) is positive for all R. Since the 
integrand is sufficiently well-behaved at zero, this integral diverges at most as In R, 
due to the upper boundary. The second integral may be evaluated with eq. (C.3) 
and yields

K

2”-" + f C^*+"(^ + lnx),
m —0

where = 0. With eqs. (4.10) and (4.12) one immediately shows that the
behaviour for R < 1 of the connectors B’"-"’ is the one given in eq. (4.20).

We shall now discuss the asymptotic behaviour for large values of R of the 
integrals appearing in eq. (5.6) (which are related to the connectors S0-1’, 
and 8<2J)). For large values of x one has for all m, n > 0:

Z„(x)K.(x) = ^ + ffi(x-’).

Z.(x) = f 
m —0

It follows that for R > 1 
i

jd« ^l-^Z1(^)K0(/?O = + ®(*-3) ,
0

1

jd£ ■
o

For the third integral in eq. (5.6) one has 
i

r [d« yi-<2z0(z?ox()(/?4)



with

N = 0(1), (C.8)
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The statement at the end of section 5 that CD as given by eqs. (5.5) and (5.6) tends 
to zero as (In R)~' for /?-»oo then follows.

lim M(R) < oo .
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Chapter II

The Oseen drag on a sphere and the method of induced forces

This chapter has appeared as a paper in Physica 123A (1984) 209-226.
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1. Introduction

(1.1)

32

The best known expression for the relation between the drag force K, exerted 
by a viscous fluid on a sphere with radius a and velocity U is Stokes’ celebrated 
formula1)

THE OSEEN DRAG ON A SPHERE AND THE 
METHOD OF INDUCED FORCES

K = —6Ttt]aU.

This formula was derived on the basis of the Stokes equation. In this equation 
all momentum convection has been neglected. In 1911 Oseen2) pointed out that 
this neglect could not be justified. To remove the objection he proposed a different 
linear equation. This substituting equation, today known as the Oseen equation, 
will be discussed in section 2.

The first approximate solution for the drag force, based on the Oseen equation, 
was found by Oseen3) himself in 1913; the construction of the exact solution is 
due to Goldstein4). Goldstein’s solution may be cast in the form of a power series 
in the Reynolds number R. The convergence of this series is rather slow for R > 1. 
In 1970 Van Dyke5) has analysed the behaviour of the series after calculating 
numerically the coefficients of the first 24 terms.

In this paper we shall evaluate the Oseen drag exerted on a sphere by an 
alternative method. Our analysis of this problem is different from those mentioned 
above in sofar that it does not require explicit knowledge of the velocity and 

” pressure field. The method we apply to this end is the same as the one we have
■ used previously to analyse the Oseen drag on a circular cylinder6). This method
■ is based on the introduction of an induced force density and its expansion in



2. The Oseen equation

(2.1)
for r a

(2.2)V -v(r) = 0

with

(2-3)P.f = P^D ~ 1 dr.
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To describe incompressible stationary flow past e.g. a sphere we may use the 
Oseen equation

pl/-F»(r)+F-P(r) = 0

dr J '
Here »(r) is the velocity field, P(r) the pressure tensor, p(r) the hydrostatic 
pressure, U the fluid velocity at infinity and p and rj the density and viscosity of 
the fluid, respectively.

The use of the Oseen equation rather than the Stokes equation may be 
understood by observing that at certain, for low Reynolds numbers large, 
distances from the sphere there are areas where |pl/-F»(r)| (which is essentially 
the convection term of the Navier-Stokes equation at large distance) is not smaller 
than |>/A»(r)|. This remark is due to Oseen himself; he used for t>(r) the solution 
of the Stokes equation. In 1957 Proudman and Pearson8) pointed out that the 
requirement of momentum conservation leads to the same conclusion. They noted 
that the perturbation of the incoming velocity field cannot in all directions 
diminish more rapidly than r-2 but that P»(r)| remains smaller than |qAr(r)|

irreducible force multipoles, and is in fact an adapted form of the method used 
by Mazur and Van Saarloos’) to analyse many-sphere hydrodynamic interactions 
in Stokes flow. In section 3 we summarize the equations describing incompressible 
fluid flow past a sphere and we give the formal solution for the velocity field in 
wavevector representation. In section 4 we derive a hierarchy of equations for the 
irreducible force multipoles. By appropriate use of the boundary conditions and 
elimination of all higher force multipoles in favour of the force (the zeroth 
multipole), an exact expression is obtained for the drag force as function of the 
Reynolds number. In section 5 we compare the approximation to this exact 
expression which is obtained if only the zeroth and first force multipole are taken 
into account, to results proposed previously by various authors, as well as to Van 
Dyke’s numerical results. The comparison indicates that this approximation yields 
values for the drag coefficient which, up to Reynolds numbers of order 102, differ 
by at most 10% from those obtained by numerical evaluation of Goldstein’s 
solution (and by no more than 1% up to R a: 10).



(2.4)

(2.5)= -Fp(r, Z) + >;A»(r, t)|
for |, _ /?(z)| a,

F-r(r, Z) = 0 (2.6)

(2.7)

The coordinate transformation

(2.8)

(2.9)V = V.

(2.10)

•A proof of this statement was later given by Chester").
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where /?(r) denotes the position of the center of the sphere 

R(j) = 7?(0) - Ut.

Upon application of this transformation to eqs. (2.5) and (2.6), and trans­
formation of the velocity and pressure field according to

v'(r', f) = »(r', f') + U, p\r\ f) = p(r\ t'),

only if the decay is at least exponential. The distance at which pU • Pt>(r) may no 
longer be neglected tends to infinity in the limit of zero Reynolds number 
R = pllafa. In this limit the drag force calculated with the Stokes equation is 
equal to the drag force which would follow from the full Navier-Stokes equation. 
But since zero Reynolds number corresponds to zero velocity, an expansion of 
the drag force in powers of R is necessary. According to Proudman and Pearson 
logarithms may also appear in this expansion. In 1938 Goldstein9) stated that the 
drag force calculated on the basis of the Oseen equation is up to first order in R 
identical with the solution based on the Navier-Stokes equation*. For fluids 
obeying this last equation the drag force should therefore for R < 1 be described 
by Oseen’s solution

*■= -6nriaU(J+1,R').

The experiments of Maxworthy10) seem to confirm this fact.
One may arrive at the Oseen equation via a quite different line of thought. This 

way to derive the Oseen equation was perhaps hinted at by Oseen himself. If we 
consider a sphere moving with constant velocity — U through a fluid at rest at 
infinity, in a reference frame which is also at rest, the governing linearized equation 
is

implies that

di dt

Se(r, t)
P St

t' = t, r' = r + Ut



3. Formulation of the problem

»(r) = 0 for r = a .

(3.2)pU-Vv(r)+V-P(r) = F^(r)
for all r

V -v(r) = Q (3.3)

(3.4)»(r) = 0 for r a .

On the hydrostatic pressure we impose the condition

(3.5)for r < a .

(3.6)

(3.7)dr P • P(r) = - I dr Find(r) .K = - dSf-P(r)= -
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with Find(r) = 0 for r 
chosen as

The method of induced forces enables one to replace the set of equations 
(2.1 )-(2.3) and (3.1) by an equivalent one in which the fluid equations are extended 
within the sphere and written in the form

we obtain the equation which describes the fluid motion past a sphere at rest. This 
situation is time independent, and the resulting equation is the Oseen equation, 
eq. (2.1). From the above considerations it will be clear that solving the linearized 
equation for a moving sphere, without neglecting the time dependence of the 
boundary condition, is equivalent to solving the Oseen equation for a sphere at 
rest.

We consider a sphere with radius a, at rest in a viscous, incompressible, 
unbounded fluid. The fluid motion is assumed to obey the Oseen equation, eqs. 
(2.1)—(2.3). We apply stick boundary conditions at the surface of the sphere:

(3.1)

a. The extension of the velocity field inside the sphere is

p(r) = 0

It follows from substitution of eqs. (3.4) and (3.5) in eq. (3.2) that the induced 
force density must be of the form:

^(r) = a-7(f)5(r-a).

Here r = r/r denotes the unit vector normal to the surface and pointing in the 
outward direction. The factor a~2 has been introduced for convenience. With the 
aid of eqs. (3.2) and (3.4) we can express the force K, exerted by the fluid on the 
sphere, in terms of the induced force density as follows



We now define the Fourier transform of e.g. the velocity field by

b(*)= dr e 'e(r). (3.8)

(3.9)

(3.11)

(3.12)

4. Systematic evaluation of the mobility

rpv(r) = (4.2)
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The equations of motion, eqs. (3.2) and (3.3), combined with eq. (2.3), then 
become in wavevector representation

ipU ■ kv(k) + ikp(k) + ^2t>(*) = Find(*) ,

*•»(*) = 0. (3.10)

If one applies the operator I — ££ to both sides of eq. (3.9) one obtains with eq. 
(3.10)

W2 + ipU ■ *>(*) = (1 - ££) ■ riod(*), 

where 1 is the unit tensor and £ = k/k. If we use the definitions

a = pU /rj, U=U/U,

the formal solution of eq. (3.11) can be written as

v(k) = (2n)3l7<5(*) + [ri(k2 + ial7 • *)]-'(1 - ■ Fmi(k). (3.13)

The term (2rr)3t/<5(/r) is the solution for the velocity field of the unperturbed fluid 
(i.e. the fluid in absence of the sphere, Find(Ar) = 0).

The symmetry of the present problem allows us to express the relation between 
the velocity U of the fluid at infinity and the force K exerted on the sphere as

U = pK. (4.1)

In this section a scheme will be developed for the systematic evaluation of the 
(translational) mobility p as function of the Reynolds number. This scheme runs 
parallel to the scheme presented in our previous paper, on the Oseen friction of 
a circular cylinder.

As first step we introduce the so-called velocity surface moments, defined as 

Jdr f'v(r)6(r — a), peN.

Here r' is the irreducible tensor of rank p, i.e. the tensor traceless and symmetric 
in any pair of its indices, constructed with the vector r. For normalisation the 
coefficient of the term b,, in the expression for bai . . . b,f has been chosen



(4.3)

(4.4)

(4.5)
I* -o

K = -F". (4.6)

(4.7)

with

(4.8)

(4.9)
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We now evaluate the left-hand side of eq. (4.3), using eq. (3.1); in its right-hand 
side we substitute eqs. (3.13) and (4.4). We then obtain the set of equations

- U6pQ = (^aY' f (1 -25„)S<'+,-'+,)OF"+l> 
/ = 0

1 (see e.g. ref. 12). In appendix A
—----- s
f^(r) =

F'+l> = (/!)-'Jdff7(r) =

S(p+i.'+i> = (2p + 1)11(2/+ 1)!!(1 -25,,) i'-'^jd££'(1 -££)F

oo .

x ^dkJ„+l/2(ka)Jl+U2(ka)(k + iaO 

o
The factors (Ip + 1)1! and (1 — 25,,) have been introduced for convenience.

The imaginary part of the connectors vanishes upon integration over
£, and therefore may be written as

f.„d(*)= f (2/ + !)!!(- i)'(=£- 
,“0 \2ka

F11'" is the /th irreducible force multipole, defined as

r 31 /'«-'(/!)-'

The symbol Q denotes the full contraction of the tensors k‘ and with the 
convention that the last index of is contracted with the first index of F'+1), etc; 
(2/ -+!)!! = (21 + 1 )(2Z — 1)... 3 x 1. We note that for the case of the circular 
cylinder, i.e. in two dimensions, one has, instead of eqs. (4.3) and (4.4), analogous 
expressions containing, however, at their right-hand side Bessel functions of 
integer order instead of spherical ones. In view of eqs. (3.6), (3.7) and (4.5) we 
have

B("+,J+" = (2p + 1)11(2/+ 1)11(1 -25,,)-!- | d££'(1l
471 J

1/2 —
J,+w(ka)£‘QF"*"

we show that the following identity holds

i/> f / TT \,/2 ~(2^Jd*\jka) J^(^v(k),

where J„(x) is the Bessel function of the first kind of order n with argument x.
In appendix A we also show that the induced force density Flnd(At) has the 

following expansion



t(ka)(k + ia0 ■ £)“'

0 if/^p.
0(/-p) = (4.11)

(4.13)

dSr N P(r)-fT= -

(4.14)

(4.15)
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(4.12)

4- n, defined

4vjaU = -B(,"-K - £ B"'’>QF‘1"1,

The torque T, exerted by the fluid on the sphere, can with the aid of eqs. (3.2) 
and (3.4) be expressed in terms of the induced force density as

1 if I > p .

It is clear from eqs. (4.9) and (4.10) that the connectors satisfy the symmetry 
relation

= - Jdrr A (F^(r) + pU • Pe(r)) = a> F

where t is the Levi-Civita tensor. Since the torque zw? iW xiew of the symmetry 
of the problem, Fm is a symmetric tensor, We therefore consider all 
connectors in eq. (4.7) to have been tyrrtwrzrzxxj W flheif last two indices.

We now rewrite eq. (4.7) in the desired t'/ftf, f# a Jwafchy of equations for 
the force multipoles with the help of eq I4X>f

with tP1' the real scalar function given by (see e.g. ref. 13, 6.577)
00

B^=Re?-' [dArJ,+ 1/2(^)J,+ l/2(
*0

= ( - > ♦ .«>(*£ )K(mi^ ♦ 1/2)(««). (4.10)

Re denotes the real part; R = aa = pUafq is the Reynolds number and £ = U • £. 
l.(x) and K„(x) are the modified Bessel functions of the first and second kind, 
respectively of order n with argument x; max(p, I) and min(p, /) denote the larger 
and smaller integer, respectively, of p and /. 6(1 — p) is the Heaviside function, 
defined by

__ (__ ]yn + n£j(n.m)

Here 6 is the generalized transposed of the tensor B of rank q = m 
by

(^)«„



Fm = n > 2, (4.16)

■0. (4.17)

4+l/j(x) (4.18)

e
(4.19)

(4.20)

M = m, + m, - 2 + £ |m, — rn/_l|, m, # m^h mp mj_t > 2 . (4.21)

(4.22)
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= (4nzZ«)-1i7 - F4- f ( f • f
I J= 1 \m| «=2 2

mi — i

We shall now discuss the contribution of each term in eq. (4.17) to the mobility 
for small values of the Reynolds number. The modified Bessel functions, Z„+in(x) 
and K„+i/2(x), have the following representations

/2x\l/2 /I dVsinhx
\n J \x dx J x

{rtx\l/2 /I d

With these equations one finds for the behaviour of the connectors at small R

Hence each term in eq. (4.17) containing s + 1 connectors gives a contribution to 
H of order RM, with M an even power given by

From eq. (4.20) it follows that the expression

H = • ( - S<u) + • 0,
which contains the first two terms of the series at the right-hand side of eq. (4.17), 
is correct up to and including order R3. This expression corresponds to taking into 
account only the zeroth and first force multipole, and neglecting all higher 
multipoles. We shall assume that this neglect remains justified also for large values 
of R.

In appendix B we show that the right-hand side of eq. (4.22) can be expressed 
in terms of three integrals:

oo

— B'"'>-K + £

where is the generalized inverse of which is only defined if acting on 
tensors of rank n which are irreducible in their first n — I indices.

By iteration we can eliminate the higher force multipoles from the right-hand 
side of eq. (4.16) in favour of K. When the resulting equations are substituted in 
eq. (4.15), we get an equation of the form (4.1), which determines p:



p = (47tz/a) 'I

+

(4.23)X

(4.24)

(4.25)

(4.26)

(4.27)x > 0 .
y

12

(4.28)X

(4.29)li = (6nz/a)

or equivalently

(4.30)
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H = {27010) £
t" — 0

1

jdf (l-<2)Z^(R<)K1/2(Ri) 

0
I

jd« (l-i2)«Z3/2(R«)K1/2(Z?i)J
0

di (l-«2)42Zw(R«)ZC3/2(Ri)J'j 
o

These integrals may in turn be evaluated in a straightforward way (see appendix 
C) so that one has to this order in the multipole expansion:

H = (8nt;aZ?)_|{Z(R) + ,/,(/?)-!- [z(R) + 2^(R) - 1 - jR]2

x [xW + ty{R) - J - JZ?2 - le-2«]-'}

with Z(Z?) and </»(Z?) given by:

Z(R) = y + In 2R - Ei( - 2Z?),

= 7^3(1-(1+2^) e-2*)-

In eq. (4.25), y is Euler’s constant, 0.5772 ..., and Ei(x) the exponential integral

Ei( — x) = y + In x — J dy 
0

Alternatively, one may express eq. (4.23) or eq. (4.24) in terms of power series 
in R according to (see also appendix C) 

n +2 
(n + i)(n + 3)1'

' » (n — l)(n + 2)(n + 4) (  2Ryi 
n — 0

T 3 19 71
= 6m?a 1 + - R — —— R2 + —— R3 — O(R*) .

' 8 320 2560 v ’

, 7 RY T y (” + 1)(" + 4) , ,„+1(“2jR) “L?o(« + 3X« + 5)!(-2jR)

(n + 3)(n + 5)1 ( J'

With eq. (4.28) one easily shows that up to order R3 one has for fi:

1-5Z?+1r2-1z?2 + (9(Z?4)1
o D o



n = (n2rfr'\
00

(4.31)x

5. Discussion

(5.2)

C.W. Oseen (1913)

(5.3)

Rs , (5.4)*4 +

• Corrected according to Shanks14).
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d<J(l-^)^7,(«5)K,(^)]

30179 
2150400

122519 
17203200

o
In the next section we shall discuss the range of applicability of our result, eq. 
(4.24).

This expression is identical with Goldstein’s result up to order R3 (see eq. (5.4)). 
It may be remarked that the coefficients in the series expansion of the mobility 
are much simpler than those occurring in the expansion for the friction coefficient.

Finally, to stress the similarity of the methods used in this paper for the sphere 
and in the previous one for the circular cylinder, we give below the expression 
found for the mobility of the cylinder, which is the analogue of eq. (4.23):

i

d£(l-£2),/2Z0(AOKo(*£) +

S. Goldstein (1929)*

c --C°- R'

Cd~ R ■44

In this section we shall compare for a range of Reynolds numbers the values 
for the drag coefficient, CD, which follow from the results proposed by various 
authors. CD is defined in terms of the mobility as

CD = (r)aRp)-'. (5.1)

The following expressions for this quantity are available in the literature

G.G. Stokes (1851)

C _6nft , 3 P 19 , 71 n3 
Cd R ( + 8 R 320 R + 2560 R



I. Proudman et al. (1957)

(5.5)

(5.6)

(5.2)R (53) (5.4) (5.5) (5.6) (5.7)

15.30
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Table I
This table lists values of CD for Stokes’ (5.2), Oseen’s (5.3), Goldstein’s (5.4), 
Proudman and Pearson’s (5.5) and our (5.6) result and from Van Dyke’s 

numerical evaluation (5.7)

101.07
53.82
37.95
29.97
25.13
18.63
15.30
11.88
10.08
8.95
6.53

99.95
52.64
37.18
29.87
25.92
22.21
22.37
27.33
35.30
44.97

106.61

101.11
53.81
37.96
29.97
25.15
18.63
15.30
11.87
10.10
8.99
6.62
5.72
5.23
4.91
4.15
3.64
2.89
2.67

9.01
6.67
5.80
5.33
5.04
4.37

0.2 
0.4 
0.6 
0.8 
1.0 
1.5 
2.0 
3.0 
4.0 
5.0 

10.0 
15.0 
20.0 
25.0 
50.0 

100.0 
500.0 

1000.0

94.25 
47.12 
31.42 
23.56 
18.85 
12.57 
9.42
6.28 
4.71 
3.77 
1.88 
1.26 
0.94 
0.75
0.38 
0.19 
0.04 
0.02

101.32
54.19
38.48
30.63
25.92
19.63
16.49
13.35
11.78
10.84
8.95
8.33
8.01
7.82
7.45
7.26
7.11
7.09

These should be compared to the expression for CD which follows from eq. (4.23):

CD = 8n[ZW + -1 - [/(/?) + - 1 - 2/?]2

x [zW + si/'W-l-P^-h*2*]-1]"1 ■
In table I we have listed for values of R in the range R = 0.2 to 1000 the values 
for CD calculated for the five expressions given above. These results should be 
accompanied by a few remarks.

The values for CD in column (5.4) of the table do not all follow from the given 
formula: for R > 1 Goldstein himself has obtained these values by numerical 
evaluation at an earlier stage of his solution procedure. It is seen that up to 
R — 10, values obtained from our result (listed in column (5.6)) coincide within 
2% with Goldstein’s. For this reason Goldstein’s values have not been indicated 
in fig. 1. The result of Proudman and Pearson is not based solely on the Oseen 
equation, like all the other results, but has been obtained by matching the solution

C = —D R
3 9 \
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I 5

10

5

1 At very low Reynolds numbers, R < 0.5, however, Proudman and Pearson’s result is in better 
agreement with the experiment than any result obtained from the Oseen equation beyond first order 
in R.

a
O

for the velocity field of the Stokes equation close to the sphere to the solution of 
the Oseen equation at large distances*.

The values for CD, calculated from our result, turn out to agree remarkably well 
with Van Dyke’s numerical data5)** (column (5.7)), whereas those calculated 
according to expressions (5.3) and (5.5) differ increasingly for R > 1. This is also 
clear from fig. 1, in which CD is plotted for all sets of values contained in table 
I, except those in column (5.5) which could not be plotted on the scale of the 
figure5. In fig. 1 we have also drawn for reference the curve corresponding to the 
experimental data points of Liebster and Schiller16) and Maxworthy10).

R

Fig. 1. CD as function of R from experiment (----- ), for Stokes’ (-----), Oseen’s (-+- + +) and our
(-------) result. The results of Van Dyke are located in the centers of the small squares.

• This procedure has been carried through one further cycle by Chester and Breach in 196915). Their 
expression is equally successful as Proudman and Pearson’s in the range 0 < R < 0.5, but yields even 
more unsatisfactory values for CD for larger values of R. For this reason we have omitted this result 
in table I.

** For completeness’ sake we mention the even more extensive numerical calculations by Payard 
and Bourot17). These yield values for CD which are for all practical purposes equal to those obtained 
by Van Dyke.

IK
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Appendix A. Velocity surface moments and irreducible multipole expansion

(A.l)

(A.2)•A+mC*)

«>(*)

(A.3)

(A.4)

44

The asymptotic behaviour of the drag coefficient for large values of R is 
presumably not described correctly by eq. (5.6). One easily verifies that according 
to our result CD tends to zero as (In 7?)"' for R tending to infinity. Van Dyke 
predicts CD = 3.33 for 7?-»oo.

To conclude we state once more that in our result, eq. (5.6), only the influence 
of the zeroth and first force multipole is accounted for, and remark, as in our 
previous paper, that it still remains to be understood why this approximation is 
satisfactory for such an extensive range of values of R.

By using in an appropriate way the above two equations and the definition of 
the velocity surface moments, eq. (4.2), one may derive eq. (4.3) in the following 
way

(2/V)i!7or?

f / i V & sin ka
J \ aj 'Qk'~kT

JdA^J\+1/2(fci)£'i>(*).

In this appendix we shall derive for the velocity surface moments the expression 
(4.3) and for the induced force density Flai(k) the expansion (4.4). We shall make 
use of the identity

1 d V 
kTk)f^' ,eN

with f(k) an arbitrary function of k = |Xt |. The identity may be proven by complete 
induction (see ref. 6). We shall also use the relation

1/2 ,/1 d V sin x
(-*) ------\xax ) x

1

1

V
"(2*)’

The identity

1-0

~a)(2^)5 jdAt ,r(*) 
—s

dkr'e*-' v(k)



P,(r ■ r') (A.5)

P,(r-r') = (A.6)

*■„«(*) = dr e

dr' e

-io*-/' OFM

(A.7)

Appendix B. Derivation of eq. (4.23)

(B.l)

(B.2)
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— b,00 + *2(1 - 00).
With eqs. (4.9) and (4.10) we find 

i

_ 0. flo.n • (7 = _/,, = jd« (i - £2)z1/2(/?C)xl/2(^) 
0

which is the first term in eq. (4.22).

(see ref. 12, eq. (4.21)).
One obtains from eqs. (3.6), (4.5), (A.l), (A.2) and (A.4)

-“*7(0

'r"©jdrr'/(O

In this appendix we shall prove that eq. (4.22) may be expressed in terms of 
integrals according to eq. (4.23).

The connector must be of the form

— '/(r)

' ka

may be derived from a combination of the expansion

00 2/ 4- 1
/-o 4n

with P,(x) the Legendre polynomial of degree / (see e.g. ref. 18, eqs. (3.62) and 
(3.117)) and the relation

= jdf jdr' <5(f - f') e

 » (2/4- 1)1! 1
“ /.#

= f (2/4-1 )!!|
/ = 0

= f (2/ 4- l)!!i'(W
\ ka oka

co / jr \ 1/2 -
= £ (2/ + !)!!( - i)'(^J Jl+i^ka) £• Q 

which is the desired expansion.

4n

) |_SA 4/r J
./I 0

ka Ska



(B.3)

(B.4)

(B.5)

(B.6)

6s + 66 = H7f7:fl(X2,): 00 = (B.7)

(B.10)
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(B.8)

(B.9)

i
_27 (

Consider now the connector S11-2’. According to our convention in section 4, 
this tensor must be symmetric in its last two indices; in view of eq. (4.9) it is also 
traceless in these indices. Hence B"-2) must be of the form

S'1-2’ = byO 00 + *b4(1 0 + ,(L- jtfl)
with (. O.).h = 0^6^ and with

d^2(l-42)/w(^)/C3/2(^).
0

In eq. (B.6) 4 and D(0) denote the standard tensors

a = K^ +
D(0) = 20000 - |(ci(7 + 0^.0 + 0.^0. +. 00.).

Since by definition

00 = B<2*4”"I:B<2U,): 00 ,

1
i Q f

63 + 64 = |(7-B"-2):f7(7 = --
0

Since B(2nl), the part of B(2I) which is antisymmetric in its first two indices, must 
be proportional to 171 — we see that B12*-1’- 0=0. For Sl2*-n, the symmetric 
(and also traceless, see eq. (4.9)) part of B,2J) with respect to its first two indices, 
the symmetry property (4.12) yields

B<2«-1>= -b} 00 0 -|b4(I71 + .0_. -|W).

Finally, we consider B'21-2”, which must be of the form67):

B'2*-211 = bsd +jbtOOOU + biD(O)

with

we obtain with eq. (B.6)

B^-'-.OO =(bi + bb)-'00 . (B.ll)

With this last equation and eqs. (B.4) and (B.7) one easily verifies that 

(7-B(1-2):B(2-2)'l:fi<2 l)- 0

= 0 ■ b<,-2*>:B<2U,)’,:B<2‘J)- 0

= -(by + b^OO 00

= -(b3 + b^bi + bty'



(B.12)

which together with eq. (B.2) leads to eq. (4.23).

Appendix C. Derivation of eqs. (4.24) and (4.25)

Consider first the integral (of. eqs. (4.18) and (4.19))

(C.l)

dyy(l -e ’)

(C.2)

(-2RY. (C.3)

(C.4)
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/, = J di (1 - i2)Z1/2(Z?i)7^1/2(7?i) = J di (1 - £2)e-« 

0 0

Defining 2Z?i = y, /, takes the form (cf. ref. 13, eq. (8.212.1))

1 — 27?2 — (1 4-27?) f
n = 0

oo

= 2£
4=0

(4+2)
(« + l)(/t + 3)!

sinh R£ 
~rT~

<i 2)Z,/2(7?i )ASl/2(7?i) J Udi i2(l - i2)Zw(Z?i)K3/2(Z?i) 
0

(.-2RY' 
nl

(.-2RY 
n • n!

dii(l -
0

1
+ W

1 “ 
Z. = - — V 

22?“,

d sinh R£ 
d^i 2?i

2K

’ f~(WJ
0

Consider now the integral 
i

4 = (1 - ^2XZ3/2(7?<)/Ci/2(7?<r)
o 
i

= jd«(l-42)«e-^ 
0

After partial integration and the substitution = y, I2 becomes

z.=±
1 2R

o

= (y + In 2R - Ei( - 27?)) + ^p(I - 2R2 - (1 + 2R)e~2K).

2K

f . 1 -e dj’ —
J y

i
(2R )’

Using the standard series representation of the function y + In x — Ei( — x)(cf. ref.
13, eq. (8.214.1)) the integral Z, may also be written as



(C.6)

Finally, we turn to the integral

(C.7)

o

After partial integration becomes

(C.8)

It then follows that 23 has the series representation

(-22?)". (C.9)
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1
W

1

1 
(22?)’

1 -- 
y

00

A=-2E 
n = 0

1 

ly = jd« (i -
0

I

= -|d<(l-«2KT/?<

(n — l)(n + 2)(n + 4) 
(n + 3)(n + 5)1

d e-KC
dRl~R^

Collecting the results (C.2), (C.5) and (C.8) we obtain eq. (4.24); with eqs. (C.3), 
(C.6) and (C.9) one obtains eq. (4.25).

2R

Jdy (y2 - 6y)(l - e~>') 
0

1w 
0

-(j + ln 22? - 1 - 5 R - Ei( - 22?)j - (1 - (1 + 2R) e"2*).

(C.5)

In a similar way as was done above for we find for /2 the series representation

d sinh 2?£ 
JRC Rq

-T^(9-(42?2+182? + 9)e-«).

2R

Jdy - 2- j)(l -e"0 
0

2R

Jdy O’-6y2- 12y)(l — e*') 
0

-TUfy + 1"2«-s-^2-Ei(-2«)
Z/v \ *4 4

y.(n + l)(n+4)
2 A(n + 3)(n + 5)!( } ■

1
42?“

7
4

2
3

1
4



Note added in proof
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for the drag equivalent, in the case of the cylinder, to our lowest order result. This 
illustrates the close relationship between hydrodynamics and kinetic theory, and 
between the Oseen equation and the linearized Boltzmann equation in particular.
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Drag on a sphere moving slowly in a 
rotating viscous fluid

1. Introduction
The drag force experienced by a sphere that moves along the axis of a rotating 

incompressible viscous fluid depends in a quite complicated way on the velocity U 
of the sphere and the angular velocity Q of the fluid far away from the sphere. This 
conclusion may be drawn from experiments carried out by Maxworthy (1965, 1970). 
The present-day theoretical insight in this phenomenon is rather limited, since the 
fluid equations are solvable only after drastic simplification.

Among the first to consider motion in a rotating fluid were Proudman (1916), Taylor 
(1922) and Grace (1926). The latter obtained a formula for the ultimate drag on a 
sphere, started impulsively in an inviscid incompressible fluid, albeit with an 
estimated numerical coefficient. Many years later, Stewartson (1952) derived the 
exact expression.

Morrison & Morgan (1956) and Moore & Saffman (1969), among others, included 
viscosity, but considered steady motion in a rapidly rotating fluid. Their result for 
the drag on a sphere is identical with Stewartson’s. Childress (1964) studied the 
motion of a sphere in a viscous fluid in a different regime, in which both the Taylor 
number T = pQa2/17 and the Reynolds number R = pUa/q are small (a is the radius 
of the sphere; p and i] are the density and viscosity of the fluid). He was able to 
determine a first correction to the Stokes drag, proportional to TV Recently Dennis, 
Ingham & Singh (1982) solved the fluid equations of motion numerically, and 
calculated the drag for T 0.5 and R 0.5. In all treatments mentioned above 
explicit solutions were constructed for the velocity field and pressure field in the entire 
fluid. Subsequently the drag was calculated by integration of the normal component 
of the pressure tensor over the surface of the sphere.

In this paper we shall evaluate the friction assuming that all momentum convection 
in the fluid may be neglected, i.e. for zero Reynolds number. We do not impose any 
restriction on the value of the Taylor number, so that the results also cover a range 
not considered before. Our analysis makes use of a method of induced forces, which 
was developed by Mazur & van Saarloos (1982) to analyse many-sphere hydrodynamic 
interactions in Stokes flow, and was applied by Mazur and the present author (Mazur



(2.1)
for | r— R(t) | > a,

(2.2)

with (2.3)

(2.4)
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2. The equations of motion and continuity
We consider a sphere of radius a that moves with constant velocity U along the 

axis of a rotating fluid. If unperturbed by the presence of the sphere, this viscous, 
imcompressible and unbounded fluid rotates uniformly with constant angular 
velocity fi. In a non-rotating frame of reference the equation of motion (the 
Navier-Stokes equation) and the equation of continuity read

p^v(r,t) =~V'P(r’1)’

V*r(r,0 = O,

Here d/d/ is the substantial time derivative, v the velocity field, P the pressure tensor, 
p the hydrostatic pressure, and and p the viscosity and density of the fluid. R(t) 
denotes the position of the centre of the sphere.

Upon transformation to a frame of reference that corotates with the unperturbed 
fluid, (2.1), combined with (2.3), becomes

p v(r, I) 4- 2p(i v(r, t) = — + Av(r,t) for |r —/?(/)! > a.

& Wcisenborn 1984; Weisertborn & Mazur 1984) to evaluate the Oseen drag on a 
circular cylinder and a sphere. This method evades the need of constructing explicit 
solutions for the fluid fields.

In §2 we briefly discuss the equations of motion and continuity for the fluid.
In §3 we introduce an induced force density on the sphere in the equation of motion 

and give the formal solution for the velocity field in wavevector representation, in 
terms of this induced force density.

In §4 we expand the induced force density in irreducible force multipoles. Applying 
the boundary condition to the so-called velocity surface moments, we derive a set 
of coupled linear equations for the force multipoles. We then use this set to obtain 
a formal expression for the translational mobility, the inverse of the friction. With 
this expression we may evaluate the transitional mobility on the basis of all 
multipoles up to an arbitrary order, while neglecting the contributions of all 
multipoles of higher order. The actual evaluation, performed on the basis of the first 
five multipoles, shows that the multipole expansion converges rapidly: values for the 
mobility, based on the first three force-multipoles, are for all Taylor numbers altered 
by less than 1 % if the influence of the fifth force-multipole is also accounted for. We 
further derive an alternative expression which enables us to calculate the first seven 
terms in the expansion of the translational mobility in powers of T*. Finally we give 
the corresponding expression for the rotational mobility for the case where the 
applied torque is parallel to the rotation axis of the fluid, and we calculate with this 
expression the first three terms of the expansion of the rotational mobility in powers 
of 71

A discussion of the results is given in §5. This discussion includes a comparison 
with theoretical results obtained previously as well as to experimental data where 
available.



for all r,

(3.4)

(3.6)
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The reduced hydrostatic pressure p*(r, t) is defined as

p*(r,0 = p(r,t) — ^p(Q2r2 — (Q’r)2). (2.5)

In (2.4) and (2.5), d/d/, v and r denote the substantial time derivative, the velocity 
field and the position vector with respect to the rotating frame; Q = | Q |.

We now choose the origin of the rotating coordinate frame at the centre of the 
moving sphere. The fluid motion then becomes time-independent and obeys the 
equation

p(r(r) — U) ’Vc(r) + 2pQ A v(r) = — Vp*(r) 4- rjAv(r) for r > a.

Full linearization of this equation with respect to the velocities of both the fluid and 
the sphere amounts to neglecting the first term on its left-hand side. We shall assume 
that both velocities are small enough to justify this linearization. The equation of 
motion now becomes

2pfl A r(r) = — Vp*(r) + 7? Ar(r) for r > a. (2-6)

This equation must be supplemented by appropriate boundary conditions at the 
surface of the sphere. We choose stick boundary conditions :

v(r)=U+(ohr for r = a, (2.7)

with co the angular velocity of the sphere in the rotating coordinate frame. We 
consider only the case where the sphere experiences a torque in the direction of the 
angular velocity Q. For symmetry reasons the vector co must then be parallel to Q. 
i.e. co = (co’(i)ii with 12 = Q/Q.

3. Formulation of the problem using induced forces
The concept of induced forces enables us to formulate the problem, posed by (2.2), 

(2.6) and (2.7), in an alternative way, as follows: we extend the fluid equations within 
the sphere and write them in the form

2pf2 A o(r) = — Vp*(r) + !/A»(r) + 7^n<1(r),l for all r <31)
V-»(r) = O -I (3.2)

with j^nd(r) = 0 for r > a. As extension of the velocity field within the sphere, we 
choose

(3.3)v(r) = U+a> f\r for r a.

On the reduced hydrostatic pressure we impose the condition

p*(r) = p(ii'co)r'(l— for r < a.

This implies, in view of (2.5), for the extension of the hydrostatic pressure

p(r) = pQ*(a) + \Q)r*(l— for r < a. (3.5)

The extensions in (3.4) and (3.5) do not include r = a, since the stick boundary 
condition (2.7) uniquely determines the pressure on the surface of the sphere. In (3.4) 
and (3.5) / denotes the unit tensor. From substitution of (3.3) and (3.4) in (3.1) it 
follows that the induced force density Fln(i(r) is of the form

FinA(r) = a-2AP)^r-a).

The factor a~2 has been introduced here for convenience, r = t/t.



I

(3.7)dSf-P(r)

T (3.8)

(3.11)

pQa1

(3.13)»(*) =
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'r<a J

In order to solve formally the equation of motion for the fluid we introduce Fourier 
transforms; for example, the velocity field:

v(k) = Jdr e~Ur v(r).

Equation (3.1) and (3.2) become in wavevector representation

(17F + 2pfl A ) t>(Ar) = - ikp*(k) + ^nd(k), (3.9)

k'v(k) = O. (3.10)

apply the operator I—fete, where fc = k/k, to both sides of (3.9) and make

4. Evaluation of the mobility
The aim of our analysis is the evaluation of the translational mobility of the sphere 

for arbitrary values of the Taylor number. We show in §4.1 that for the problem under 
consideration translation and rotation of the sphere do not couple. Since the tensors

This solution implies that the unperturbed fluid is at rest in the rotating frame of 
reference.

= - f drV-P(r) = - fdr^n( 
Jr^a J

In a similar way we may also relate the torque T that the fluid exerts on the sphere 
to the induced force density. We have

= -J dSrA(r’-P(r)) = -J< drr * (VP(r)) = - Jdr r A Flnd(r)

If we make use of (2.3), (2.5), (3.1) and (3.3), as well as of Gauss’ theorem, we can 
express the force K exerted by the fluid on the sphere in terms of the induced force 
density according to

similar way

We now
use of (3.10). We then obtain the equation

7)(k2 + 2Ta-2(l-lili)-[ti A (/-«)]• )«>(*) = (/-X«)-2?nd(*).

Here T is the Taylor number defined as

V
The tensor (I— ££)•[() A (/—££)] acts on an arbitrary vector s in the following way: 

(l-kky[(i a (/-££)]• s = -(/-££)•[/! a (£ a(£ aj))]
= (/—XJE)-[(fJ-Jt)4 a j—a j))X)
= (IJ-JEjjEaj = -&£•<•.». (3.12)

Here e is the Levi-Civita tensor and £ = With (3.12) the equation of motion 
(3.11) can be written as

= (!-££)■ Flna(k).
\ lc*ar J

One easily verifies, using (3.10), that the formal solution of this equation is given by
Fa*



(4.3)

with (4.4)

(4.6)

=—s
(4.7)0,1,2

(4.8)
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i? 
(2k)3

A„a(*) = E (2(4-1)!! © F‘«>

relating U to ATand co to Thave a trivial form, owing to the symmetry of the problem, 
both the translational mobility /zT and the rotational mobility /*R may be defined as 
scalar quantities:

F'+» = ((!)-’Jdrr<y(r).

is the (7 +1 )th irreducible force multipole moment;

(2Z+1)!! = (2Z+1) (27—1)... x 5 x 3;

ji(ka) is the spherical Bessel function of order I with argument ka. denotes the 
irreducible, i.e. symmetric and traceless, tensor of rank I constructed with the vector 
k (see, for example, Hess & Koehler 1980, §1.1). The symbol ® denotes the full, in 
this case Z-fold, contraction of the tensors kl and F(l+l\ with the convention that the 
last index of kl is contracted with the first index of F(Z+1), etc.

According to (3.6), (3.7) and (4.4), the force Kis related to the first force multipole:

A' = -F1>. (4.5)

Similarly it follows from (3.6), (3.8) and (4.4) that
T=ac:F2>.

We now substitute (4.3) into (3.13), and the resulting equation into the right-hand 
side of (4.8). We evaluate the left-hand side of (4.8) with the boundary condition (2.7).

It may be shown that the following identity holds (see Appendix A): 

?■(’)

4.1. A hierarchy of equations for the force multipoles
As first step in the evaluation of /4T we expand the induced force in irreducible force 
multipoles and derive for these multipoles a hierarchy of equations.

For the induced force density ^nd(fc) we may use the following expansion (sec 
Appendix A)

U = -pTK, (4.1)

co = -/zR T (4.2)

For the translational mobility we derive in §§4.2 and 4.3 two different formal 
expressions. One of these is suitable for numerical evaluation of ; the other 
expression enables us to obtain by an in principle simple calculation the first seven 
terms in the expansion of /iT in powers of T». For the rotational mobility we derive 
a formal expression in section 4.3 and give the first three terms of its expansion in 
powers of T*.

j d* jp(lca) H” v(k), p = 0,1,2......

In order to derive a hierarchy of equations for the force multipoles, we shall 
determine the so-called velocity surface moments, defined as

Ppv(r) = (4na2)-1 |drPp v(r)£(r —a), p



® F‘+1>, 0,1,2  (4-9)P

is introduced for convenience. The tensors of rank

(4.10)
with

g<p+i.i+i) (4.11)

(4.12)

and with (4.13)

(4.14)

and (4.15)

(4.16a)
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The result of this procedure is the desired hierarchy of equations: 

(4tt^r‘ £ (1 -2«pi)S8<P+,.'+I>

00 

dr

2Z + 1) @ F(2/ + i)t p = 0,1,2,....

2 C'2?(p+M+D _ jp-i_
* Jo

The factor 1 — 28 pl
p + Z+2, which will be called connectors, are given by

B'p+’.'+O = (2p+1)1! (21+1)11-5- 
4tc

(2p+1)1! (21+1)11-5- 
4n

I

IJdk k” (!-kk) k' Re 1+1>,

The above decomposition ensures that translation and rotation do not couple, as is 
required by symmetry for zero Reynolds number.

From (4.11) and (4.12) it follows that the two connector parts £<p+i-z+1> and 
^(p+i.z+o sa^jsfy the symmetry relations

^(p+u+i) _ ( _ ijp+z ^J+iTp+n,

S(p+i.z+D = (__ijp+/+is^P+>>. (4.166)

Here C denotes the generalized transposed of an arbitrary tensor C of rank q, defined 
as

........s (^)aQ..................

We now evaluate the scalar quantity Considering only the case where
p + l is even, the integration over k in (4.11) and (4.12) may be replaced by twice the 
integration over those k for which £ = > 0. In Appendix B it is shown how
one can obtain by means of complex integration for /?<»»+*• <+1> the expression

B(p+1./+1) = ip^-'zjm^  ̂ (4Ala)

with z= (l+i)(T£)l. (4.176)

In (4.17) max (p,l) and min (p, I) denote respectively the larger and smaller integer 
of the pair p and I. h^(z) is the first spherical Bessel function of the third kind of 
order n with argument z (see, for example, Abramowitz & Stegun 1968). For small

Jd££* (£•<)£' ImB(p+1,I+l), 

o x ~r ‘t J

In (4.11) and (4.12) Re and Im denote the real and imaginary part; in (4.13) x = ka.
It is easily checked that vanishes if p + l is odd, owing to the integration

over k in (4.11) and (4.12). This allows the separation of hierarchy (4.9) into two sets 
of equations, namely

U8p0 + at’co8pl

U8p0=(4nVa)~' £ (1 - 28pl) 
i-o

afioSp,= (4nr/a)-1 £ (1 -2tpl)0tlt”-a> ® F2,). p= 1,2,3.......



Jn(z) = + 0(z"+t),

T^lp-iI 4- 0(7^dP-il + 1)y (4.18)

F'XF) = A(,+1> ©/(?)?'-

(4.20)

aw+vwith

{l> 1), (4.21a)

and for I = 0 (4.216)
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3
= £ /P|2J + 1) aj2Z + l),

values of their arguments, jn(z) and h„\z) may be expanded in ascending power series 
in z:

One may check by substituting these formulae in (4.17) and the resulting expressions 
for 2?<p+M+i) in (4.11) and (4.12) that the connectors behave for small values of T 
as

zn 
(2n+l)!!

A<n)W=-i^^+0(Z-").

^(p+l.z+l) = z

4.2. Systematic evaluation of the translational mobility
We shall now derive from the set of equations (4.14) an expression for the 
translational mobility. This expression will enable us to evaluate /4T on the basis of 
all multipoles up to a certain order, while neglecting the contributions from higher 
multipoles.

First we shall construct the explicit tensorial form of the irreducible force 
multipolesand velocity surface moments. By definition the irreducible force multipoles 
are integrals of the tensor Pfl?) over the unit sphere (cf. (4.4)). According to Hess 
& Koehler (1980, equation (2.50)), this tensor can for I 1 be split up into three parts 
as follows:

□ "’© (y^)A^) + |^-A<,> ® (Zl?)-?1). (4.19)

***l*l> ((2Z—1)/^(ll> ®

»<» = 0, «<■’ = o, «<■’ = o-

Z(2Z- 1)
l(2t+l)-l

Here A'11 is a tensor of rank 21 that projects out the irreducible part of a tensor of 
rank I, while □<l> is defined as

— ........ ......................Pz (€)pr A.pj )**/> •’i...................... ’’j-i.M..........■

The decomposition (4.19) represents a generalization of the standard decomposition 
of a tensor of rank two into its traceless symmetric and antisymmetric parts and its 
trace.

Since the connectors are tensors constructed solely with the unit vector (cf. 
(4.10)-(4.12)), it follows from (4.14) that all force multipoles F<2I+1> are linear in O. 
Upon integration over P, the tensors on the right-hand side of (4.19) therefore each 
contain one unit vector O and the appropriate number of unit vectors (2. Hence we 
may write



(4.25)

HT(M) = (4717/0) 1 (4.26)

(4.27)

'o
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In Appendix C we

cos 274).
(4.28)

CoTnbining (4.27) and (4.28), we obtain an expression for fi1 that contains the 
contribution of the first force multipole alone. Its behaviour for large values of T is 
easily seen to be

/zT(0) = (IOtit/oJ-'T-I.

In Appendix E it is shown that/zT(l) behaves asymptotically as

/^(l) = (4.29)

In the limit -> 0 the above expression for /4T( 1) is equivalent to Stewartson’s formula 
for the ultimate drag experienced by an impulsively started sphere moving in a 
rotating inviscid fluid (see (5.2)). We have not been able to prove that the same result

^aU8p0

show that for all I 1 the tensors a}2/+1) satisfy the relation

= (-i)<+i£<p 1,2,3. (4.22)

In view of the identical structure of (4.4) and (4.7), the velocity surface moments can 
be split up in an analogous way.

We now introduce the scalar quantities 2Z+1), defined as
5}2pi.2/+i) = (l-2<5pJaj2P^®^<2P+1-2Z+1>@s}2Z+1>, i,j = 1,2,3. (4.23)

These quantities satisfy the symmetry relation (cf. (4.10), (4.16a, b) and (4.21))

6}2f+1- 2/+1) = fej2|+l. tp+i) (4.24)

write (4.14) in the formUsing (4.20) and (4.23), we can

= X £ 6}2J’+1-2Z+1)J}2<+i)> i= 1,2,3; p = 0,1,2,....

If we truncate this set of equations at p = I — M, we can solve K = F1’ = — OF[X> 
from the remaining finite set of equations by application of Cramer’s rule. This yields 
an expression for the translational mobility which takes into account the influence 
of the first 3/4-1 multipoles with odd superscripts:

(3f = 0),

where | b(M) | is the determinant of the matrix b(M) with elements d}^ + 1*2^+1>, 
= 0, 1,2,..., M; i,j = 1,2, 3, and |/>'(3f) | the determinant of the matrix b'(M) 

with elements 5j«y+i.2<*+D, y, 3 = 1,2,..., M; i,j = 1,2,3. The true mobility is 
obtained in the limit

For M = 0 the expression for the translational mobility reads explicitly

/4t(0) = —(4m;a)-1 O.

Using (4.10), (4.11) and (4.17), as well as the relations

Jo(z) = ^, A<'>(z)=-je“,

we may evaluate O as follows:

O-S»^-»-O = - f d£(1 -g2) ReB<l-‘> 
Jo

= - JTH - ^T’"3 e-2T'((874 - 6Ti - 3) sin 274 + (874 +127’+ 674)



(4.30)

<£(2t+l,2m+l) f(2m + i)j

(4.34)
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the corresponding expression for /zR.
Using (4.5), we rewrite the set of equations (4.14) as follows:

^nyaU = 2Z+1> © F2Z+1>,

/ co
^(21 + 1) _ ^(2Z + 1,2Z+1)“> Q [ _^J(2Z+1. 1). Jf_|_ £ 

X m—1
m + Z

for the mobility is obtained in the limit Jf->oo, i.e. for the true mobility. We note, 
however, that Stewartson’s result has also been derived for the drag on a sphere 
moving steadily in a rapidly rotating viscous fluid (see, for example, Moore & Saffman 
1969), and therefore we feel justified to presume that for T tending to infinity we would 
indeed find

4.3. Power-series expansion for the translational mobility
In this subsection we shall derive for an alternative expression that is in particular 
convenient for analysing the behaviour of /zT for small values of T. We shall also give

(/> 1).

(4.31)

Here denotes the inverse of n), defined only if &in' n) acts on a tensor
of rank n that is irreducible in its first n— 1 indices. By iteration we can eliminate all 
higher multipoles from the right-hand side of (4.31) in favour of K. When the resulting 
equations are substituted in (4.30) we get an equation of the form (4.1), yielding for 

the expression

fiT = (471170)-* + E

= /tT(co) =

Equation (4.29) then implies that the first and third force-multipole moments 
together determine the asymptotic behaviour of the translational mobility.

In order to estimate the influence of the inclusion of higher multipoles on /zT for 
arbitrary values of the Taylor number, we have evaluated pT(M) numerically for 
M = 0,1 and 2. The results of the calculations can be found in §5 ; they show that 
the first and third force-multipoles have a dominating influence on the mobility for 
all values of the Taylor number.

From comparison of (4.26) and (4.32), it follows that for M 2 the expression for 
given in (4.26) corresponds to a partial resummation of (4.32), involving an 

infinite number of terms, each of which is a part of the direct contribution of the first 
M +1 force multipoles with odd superscripts to /zT. The expression corresponding to 
/zT(l) is given by

p* = (4Ki?a)-1 O' + © ^(3.1)). (4.33)

With the help of (4.18), we can easily check that the expansion of this expression 
in powers of Ti will be correct up to T«, since contributions from higher multipoles 
than the quadrupole are at least of order T4. In Appendix F it is shown that this 
expansion is given by

/4T=(6K7a)-1(l-‘^+AT«-AT’-55«^T’ + IJ*iTi)+O(T*).

r oo oo “I
E ... E ?

Lmj—1 mt—l J 
m, + m,_t

x ^J(1. 2m,+l) 0 2mI+l)“1 © ... © ^(2m,+i. 2m,+l)-1 © ^|(2m,+l, 1)). (f

(4-32)
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