
BARBARA ZIELINSKA

ON SOME HYDRODYNAMIC AND 
OPTICAL PROPERTIES OF 

A FLUCTUATING FLUID SURFACE



1 J^'1983

I

TNSTTTUUT • LOLF. N1L
• ■ ■ ■

-,*■ Lsl.-: .



PROEFSCHRIFT

door

Druk: NKB Offset bv - Leiden

BARBARA j6ZEFA ANNA ZIELINSKA 
geboren te Jarocin (Polen) in 1951

ON SOME HYDRODYNAMIC AND 
OPTICAL PROPERTIES OF 

A FLUCTUATING FLUID SURFACE

TER VERKRIJG1NG VAN DE GRAAD VAN DOCTOR IN DE 
WISKUNDE EN NATUURWETENSCHAPPEN 
AAN DE RIJKSUNIVERSITEIT TE LEIDEN,

OP GEZAG VAN DE RECTOR MAGNIFICUS DR. A.A.H. KASSENAAR, 
HOOGLERAAR IN DE FACULTEIT DER GENEESKUNDE, 

VOLGENS BESLUIT VAN HET
COLLEGE VAN DEKANEN TE VERDEDIGEN OP 
WOENSDAG 1 JUNI 1983 TE KLOKKE 16.15 UUR



Promotor: Prof. Dr. P. Mazur
D. Bedeaux en Dr. J. VliegerCo-Promotoren: Dr.

Leden van de promotiecommissie:

Prof. Dr. H.W. Capel
Prof. Dr. F.A. Berends

J.H. van der WaalsProf. Dr.



Het in dit proefschrift beschreven werk is een onderdeel 
van het onderzoeksprogramma van de 
"Stichting voor Fundamenteel Onderzoek der Materie" (FOM) , 
financieel gesteund door de 
"Nederlandse Organisatie voor Zuiver Wetenschappelijk 
Onderzoek" (ZWO)



-



r

RODZICOMMOIM





CONTENTS

INTRODUCTION 9
1 .

Introduction1 . 1 16
Conservation laws and constitutive relations1.2 18

1.3 24
1.4 33

35

2.

Introduction2. 1 37
2.2 38
2.3

41
2.4

44
2.5

45
492.6
51Appendix

3.

55Introduction3. 1
3.2

60

7

A HYDRODYNAMIC THEORY FOR FLUCTUATIONS AROUND 
EQUILIBRIUM OF A LIQUID-VAPOUR INTERFACE

Equilibrium fluctuations
The Landau-Lifshitz equations
Appendix

ELECTRIC AND MAGNETIC SUSCEPTIBILITIES FOR A FLUID­
FLUID INTERFACE; THE ELLIPSOMETRIC COEFFICIENT

The coefficient of ellipsometry
Maxwell theory in the presence of induced inter­
facial polarisation and magnetisation densities
The fluctuating interfacial polarisation and 
magnetisation densities
The interfacial constitutive coefficients for 
the averaged fields
Discussion

The interfacial constitutive coefficients in the 
case of frequency and spatial dispersion

ELECTRIC AND MAGNETIC SUSCEPTIBILITIES FOR A FLUID­
FLUID INTERFACE II. CRITICAL BEHAVIOUR



3.3
63

663.4

73SAMENVATTING

80STUDIEOVERZICHT

Chapter 1, 2 and 3 appeared before in Physica as:

8

Comparison with expressions obtained from the 
average dielectric constant profile
The cyclohexane-aniline binary mixture

(Physica is published by The North-Holland Publishing Co., 
Ams terdam)

B.J.A. Zielinska, D. Bedeaux, Physica 112A (1982) 265
B.J.A. Zielinska, D. Bedeaux, J. Vlieger,

Physica 107A (1981) 91
B.J.A. Zielinska, D. Bedeaux, J. Vlieger

Physica 117A (1983) 26



INTRODUCTION

In a

a

excess mass
used.

9

a liquid-

the momentum or energy flux) 
As a consequence they have 

In this way one 
develops a model of a liquid-vapour system, which contains 
the usual densities and fluxes in the bulk phases as well as 

it — e) the densities on and the fluxes along the dividing surface.
In recent years the thermodynamics of irreversible pro- 

cesses is applied to such a system. In section 1.2 an
application of thermodynamics of irreversible processes to a 
system with surface densities and fluxes in an external gravi-

In this thesis we study the properties of 
vapour interface. The densities (as e.g. the mass or energy 
density) vary in the interfacial region from their liquid to 
their vapour value. This can happen in various ways. The 
mass density for instance, varies gradually from its liquid 
into its vapour value, while the free energy density exhibits 
a sharp maximum in the interfacial region. In this case such 
a maximum manifests itself as surface tension. Far enough 
from the critical point the interfacial region between liquid 
and vapour is of the order of a moleculair diameter, 
thermo-hydrodynamic description one can in this case replace 
the interfacial region by a sharp dividing surface.1’2’3^ 
On this surface the excess densities can be defined, 
energy, entropy or mass density.
position of the dividing surface in the interfacial region is 
to some extent arbitrary. The choice of Gibbs, in which the 

density is set equal to zero, is most commonly 
Also the fluxes (as e.g. 

vary in the interfacial region.
surface components on the dividing surface.

e.g. the
The precise choice of the



First the conservation laws

The linear laws for the surface

are

12)
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a two fluid system

ding surface.
nents of the bulk fluxes are

tion is derived.
tification of thermodynamic 
tion of the linear laws.
fluxes are of the same form as 
bulk fluid.

tational potential is derived.
for surface densities are formulated and subsequently, using
the Gibbs-Duhem relation for the surface, the entropy produc-

From the entropy production follows the iden-
forces and fluxes and the deriva­

tive corresponding laws in a 
This means that the surface thermodynamic fluxes 

are related through the dissipative coefficients to the ther­
modynamic forces. The other linear laws, however, have the 
form of boundary conditions for the bulk fluxes at the divi- 

This means that the jumps of the normal compo- 
expressed in terms of surface and 

bulk thermodynamic forces. The Onsager relations for the dis­
sipative coefficients, which appear in the linear laws, 
given. Furthermore it is shown in this section that at both 
sides of the interface the normal velocities are equal in good 
approximation. ' This is due to the fact that the latent heat 
of condensation or evaporation in the interfacial region is 
generally very large.

In section 1.3 we describe the equilibrium fluctuations. 
The fluctuations of the total entropy of 
with a dividing surface are on the one hand due to the entropy 
fluctuations in the bulk phases and on the surface, and on the 
other hand due to the fluctuations in the location of the divi­
ding surface around its equilibrium position. Subsequently, 
the entropy is expanded to the second order in the fluctuating 
quantities. As the fluctuating surface is generally curved, 
the description in terms of curvilinear coordinates turned 
out to be useful. The equilibrium correlation functions for
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face fields.
d

d

This termof d

The

one

In section 1.4 the fluctua-
The

the
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The time dependent correlation functions of the fluc­
tuating fluid fields can then be derived from the stochastic 
properties of the random fluxes, 
tion-dissipation theorem for the surface is formulated, 
resulting equations make it in principle possible to study 
properties of the time dependent correlation functions of e.g.

This divergence corresponds to the 
a symmetry breaking

The terms in the entropy expansion which depend 
on the distance d from the interface to its equilibrium posi- 
sition, are more complicated. The first of these terms is pro­
portional to the square of d and is a consequence of gravi­
tation. The second term contains the square of the gradient 

and is proportional to the surface tension.
corresponds to the fact that the curvature of the surface 
brings about an increase of the size of the surface. The total 
surface energy then grows proportionally to this size.
resulting correlation function of d has the usual form, asm )
found in the context of the capillary wave model . The cor­

responding correlation length (the so-called capillary length) 

diverges in the limit of zero gravitation. As a consequence 

the mean square root of d exhibits a logarithmic divergence
• • 1 *. 1 5) in the same limit 

fact that the position of the surface is 
16) collective coordinate

In order to obtain the stochastic equations of motion
17)(the so-called Landau - Lifshitz equations) one should in­

clude random fluxes in the linear laws. The fluctuation-dissi­
pation theorem relates these fluxes to the dissipative coeffi­
cients .

the bulk and surface temperature, mass and velocity fields 
which follow from the entropy expansion are derived. In equi­
librium there are no correlations between the bulk and the sur-



This is on the one hand due

re-
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to the plane of incidence) and the reflectivity 
the absolute value of the amplitude of the re- 
(s) polarized light).

to the fact that the average profile is no longer a step­
function, and on the other hand due to the correlations be­
tween the local field and the fluctuations in the position of

These differences can be measured in an opti-
In chapters 2 and 3 two quantities are 

an experiment: the el-

the position of the interface.
The properties of the interface between two fluids can 

be studied using light18 Z1\ If in such a system the diel­
ectric constant is a step-function on the equilibrium surface, 
the amplitudes of the reflected and transmitted electro-mag­
netic field are the Fresnel amplitudes. Because of the fluc­
tuations in the position of the interface, these amplitudes 
differ from the Fresnel value.

the interface.
18-21) cal experiment

studied, which can be measured in such

lipsometric coefficient (the ratio of the amplitude of the 

fleeted light, polarized parallel (p) to the plane of inci­

dence and the amplitude of the reflected light, polarized per­

pendicular (s) 

(the square of 

fleeted (p) or

In section 2.4 the method of equivalent polarisation 
1 0 2 2 2 3)and magnetization density is discussed. ’ ’ . This method

replaces the boundary conditions for the electro-magnetic field 
on the curved, fluctuating interface by boundary conditions for 
this field on the plane, equilibrium surface. By this proce­
dure some components of this field obtain fluctuating excess 
contributions. These contributions are subsequently expanded 
to the second order in a small parameter (the thickness of the 
average profile divided by the wavelength of the light). The 
averaging of the fluctuating polarization and magnetization is



ion 2.2.

are
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being inversely pro- 
intrinsic thickness of the interface.

relations for these terms are derived and compared with the 
values obtained from the numerical calculations of the exact 
expressions. Like the ellipsometric coefficient, the reflecti­
vity and transmittivity also depend on the intrinsic thickness. 
In this case, however, the dependence is logarithmic, while it 
was linear in the case of the ellipsometric coefficient.

done (section 2.5) using the equilibrium autocorrelation func­
tion for the position of the interface derived in section 1.3. 
From the boundary conditions for the averaged fields the ampli­
tudes of the (p) and (s) polarised light are obtained and sub­
sequently the ellipsometric coefficient is derived, cf. sect- 

The ellipsometric coefficient is linear in the cut­
off wavevector, which is interpreted as 
portional to the intrinsic thickness of the interface. Far 
from the critical point this thickness is of the order of the 

2 0 ) molecular diameter. Comparison with experiment confirms 
this interpretation (section 2.6). It shows that for fluids 
far from the critical point the intrinsic thickness is 50% 
larger than the molecular diameter. Furthermore in this chap­
ter the conclusion is drawn, that the value of the ellipsome­
tric coefficient practically does not depend on whether the 
light is incident from the liquid or from the vapour side.

Using the amplitudes of the reflected and transmitted 
e-m field, calculated in chapter 2, the reflectivity and trans­
mi ttivity are derived in chapter 3. Compared to the older 

, . 18,19 .29) , . , . ,theories , these formulae contain some new terms which
the consequence of the correlations along the interface.

These terms include e.g. the total loss of energy due to scat­
tering. The new terms depend in a complicated way on the fre­
quency and the wavevector. In section 3.2 simple approximate



re-

comes more

point.
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If one calculates the reflectivity on the basis of the 
25) average profile , as is usually done, the result differs 

from the one obtained in section 3.2. In section 3.3 a compa­
rison between the two approaches is made and the conclusion is 
drawn, that the average profile method is less adequate, be­
cause it does not take the correlations along the interface 
into account. Also for the ellipsometric coefficient the 
suits are different. In the average profile method the ellip­
sometric coefficient is proportional to the thickness of the 
average profile. As mentioned earlier, the method used in 
this thesis yields this coefficient proportional to the in­
trinsic thickness. In this method all effects due to correla­
tions are taken into account, so that one may conclude that 
the result of the average profile method is not correct.

When a two fluid system approaches the critical point, 
two important phenomena appear. Firstly, the interface be- 

diffuse and secondly the correlation length in the 
fluid becomes larger. Very close to the critical point the 
thickness of the average profile becomes larger than the wave­
length of light. In this case the method using equivalent sur­
face polarization and magnetization densities is no longer cor- 

In this thesis we study the liquid-vapour system, but 
an interface between two 

In section 3.4 a comparison is made with an experi- 
on a binary fluid mixture close to the critical mixing 
A detailed discussion of the various contributions to 

the ellipsometric coefficient and the (s) and (p) reflectivity 
is given.

rect.

most results can also be applied to 

fluids.
21)

ment
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1. Introduction
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A HYDRODYNAMIC THEORY FOR FLUCTUATIONS AROUND 
EQUILIBRIUM OF A LIQUID-VAPOUR INTERFACE

It has been shown in recent years that irreversible thermodynamics can be 
used to derive boundary conditions at, and expressions for currents along, an 
interface between two coexisting bulk phases'-*). In this analysis one allows 
the densities and currents describing the system to be singular at the dividing 
surface. As such this description is similar to the capillary wave model (see 
refs. 7 and 8 for recent reviews).

In a real system the densities and currents are not singular. Rather they 
vary continuously from one bulk phase to the other through the interfacial 
region. Such a continuous density profile may be studied using a theory due to 
van der Waals9). Far from the critical point the interface is very sharp and a 
description using singular densities and currents at a dividing surface seems to 
be preferable15"1’). For a systematic way to define singular densities and 
currents after the choice of a dividing surface we refer to ref. 14.

In the present paper we shall consider fluctuations of the interfacial 
densities and currents as well as fluctuations in the location of the interface. 
We shall use the capillary-wave model like description with singular densities 
and currents on the dividing surface. The mean square fluctuation in the 
location of the Gibbs dividing surface has been calculated in this way, using 
the free energy associated with a distortion of the interface (e.g. ref. 7). The 
capillary-wave contribution to the surface tension may then be calculated. It 
was first pointed out by Buff et al.16) that the mean square dispacement 
exhibits logarithmic divergencies. We refer to Evans10) for a more extensive



(1.1)

(1.2)— divfpvv + P) - p grad </>,

(1.3)

(1.4)

(1.5)

(1.6)

(1.7)
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f.(r, t) = 0.

Characteristic functions 0 + and 0" for the regions occupied by the liquid and 
the vapour phase respectively are defined by

0±(r,t) = 0(±g,(r,t)),

where 0 is the Heaviside function. The 8 function, which reduces an 
integration over the volume to an integration over the dividing surface, is 
defined by

5’(r,t)=|grad«,(r,t)|8(f,(r,f)).

In our analysis the densities and currents have the following general form 

p(r, t) = p(r, t)0-(r, t) + p\r, t)S\r, 0 + p\r, t)0+(r, t), 

(pv)(r, t) = p-(r, t)o(r, t)0-(r, t) + p‘(r, t)v*(r, t)6’(r, t)
+ p+(r, t)v(r, t)0+(r, t),

P(r, t) = P~(r, t)0-(r, t) + P’(r, t)8’(r, t) + P+(r, t)0+(r, t),

for the momentum and total energy densities, pv and pe respectively. Fur­
thermore P is the pressure tensor and Jq the heat current. For the definition 
of the dividing surface it is convenient to use a set of time-dependent 
orthogonal curvilinear coordinates fi(r, t), i= 1,2,3”). The time-dependent 
dividing surface is given by

a
Ttpv

discussion of this point and further references. Modifications of these divergen­
cies by curvature of the equilibrium dividing surface are discussed in this paper.

It is our aim to extend the capillary-wave model like analysis by considering 
also fluctuations of the velocity, temperature and excess density of the 
interface (for any choice of the dividing surface). Furthermore we shall 
formulate equations and fluctuation-dissipation theorems which can be used 
to calculate time dependent correlation functions for the interface. We restrict 
ourselves to a one component system consisting of a liquid and its vapour. 
The conservation laws describing this system in a gravitational potential <f> 
are: the continuity equation for the density p

a— p = - div pv,

~ pe = - divfpev + P • v + J,),

where v is the velocity field, and



grad 0*(.r, t) = ± n8*[r, t),

(1.9)

n • Ps = 0 (1.10)and

(1.11)-(1 - nn) • VvJ, -^|Vn.

2. Conservation laws and constitutive relations

■ 8

In this section we briefly review the conservation laws, entropy balance and 
the resulting linear constitutive relations for the currents in a one-component 

“two-phase system4,5). This shall be done in particular for the currents into,

where is the normal component of the interfacial velocity field. One may 
show2,14) that the time and spatial derivatives of 8s in eqs. (1.1)—(1.3) do not 
contribute if one uses the fact that the interfacial momentum and heat current 
are parallel to the dividing surface

and similar expressions for (pvv)(r, t), (pe)(r, t), (P • n)(r, t) and Jq(r, t). Upon 
substitution of these expressions in the conservation laws one also needs the 
gradient of the characteristic functions. Using eqs. (1.5) and (1.6) one has214)

(1.8)

d 
at"

In addition to the conservation laws one needs the following equation of 
motion for the normal on the dividing surface15)

Using irreversible thermodynamics1,2) one may now derive an explicit 
expression for the interfacial entropy production and give the resulting linear 
constitutive laws for the currents along, into and through the interfacial region 
for the system under consideration4,5). In section 2 we review this analysis. 
We also give the fully linearized equations of motion for the interfacial 
(excess) density, velocity and temperature.

In section 3 we derive the equilibrium (equal time) correlation functions for 
the interface. In the last section we formulate the Landau-Lifshitz equations, 
which are comparable to the Langevin equation for the velocity of a 
Brownian particle, for the interfacial densities. In these equations one has 
random contributions to the various currents for which fluctuation-dissipation 
theorems are given. We note that the constitutive equations for the currents 
into and through the interface give boundary conditions for the equations of 
motion of the bulk fields. These boundary conditions thus contain random 
contributions.

where n is the normal on the dividing surface (n points into the liquid). The 
time derivative is given by

^0I(r, t) = Tv‘8’(r, t), 
O»

n ■ Jq = 0.



(2.1)

(2.2)

(2.3)

For the interfacial density one finds214) from eq. (2.1)

(2.4)- div(psasv’ + J a) - [pa(«n - »i) + J«.n]-

(2.5)0.

(2.6)— ps = - div(p!os) - [p(vn - i>’)]_,

(2.7)

(2.8)
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through and along the interfacial region. The general form of a conservation 
law for the specific density of a certain quantity a is

The subindex - indicates the jump Q-3 (Q+~ Q”)q-o of Q at the interface. 
The last term in this expression describes the flow of a into the interfacial 
region from the bulk regions. Finally eq. (2.1) also gives a transversality 
condition for the interfacial conductive current214)

where we have also used the fact that the conductive mass current is zero.
Introducing the total time derivative at the dividing surface as

a . s 
a7pa

where p is the mass density, t> the velocity field and Jo the conductive flux of 
a. In this expression pa, pav and have the form given in eq. (1.7), e.g.

4: pa = - div(pav + Jo), 
al

Using a equal to one, one finds the following equation for the conservation 
of mass at the interface

pa = p (r, t)a (r, t)0 (r, t) + ps(r, t)a’(r, t)8’(r, t)
+ p+(r, t)a+(r, t)0+(r, t).

We note that if the Gibb’s dividing surface is used p’ = 0. In the general 
analysis it is somewhat more convenient to take ps # 0 which makes it 
possible to define specific densities on the dividing surface. In the resulting 
equations one is then still free to choose the most convenient definition of the 
dividing surface. In the bulk regions eq. (2.1) gives the usual conservation 
laws

4, P~a‘ = - div(p±u£u± + J;).
al

ds a .
dt^Tt + v grad’

one may then write eq. (2.4), using eq. (2.6) in the form

p’^a' = - div J a — [p(u - a’)(vn- vj)+

d
at



• Pl-+p'g. (2.9a)

• P]- + p'g- (2.9b)

The transversality condition in this case becomes

= 0, (2.10)

where J, is the heat current. This equation may alternatively be written as

The transversality condition gives, using also eq. (2.10),

= 0. (2.12)

(2.13)

■ P •(»-»’)]-. (2.14a)

(2.14b)

20

Conservation of momentum in a gravitational potential <b = — gz leads to 
the following equation on the interface (choose a equal to the three com­
ponents of the velocity field)

where (—gz)’ is the value of the gravitational potential (-gz) on the surface, 
the following balance equation

From the above equations one finds for the internal interfacial energy 

“' = e’ —j|v’|2-(-gz)’.

- [(pu +z|u - o‘|2)(on — oi)+ /,.„ + n

This equation may also be written in the following form:

„ . p>= P‘. n

where P is the pressure tensor and g = (0, 0,g) the gravitational acceleration. 
This equation may alternatively be written as

^■p’u’=-div(p*u’o’ +J’)-P’: V(vt’

p’o’ = - div(p’o*o’ + P’) - [po(o„ - o’) + n

p’j^ o’ = - div P’ - [p(v - o’)(o„ - o’) + n

p’e’ = -div(P’ • o| + J,) - [p(e - e‘)(o„- oj)+ n

~^P'e’ = ~ div(p‘e’v’+ P' ■ oj + J,) —[pe(on — v’)+ n ■ P ■ v +

(2.11a)

Jq.n

p’^u* = -div J’-P’: V|O|’-[p(u - u’ + jIo - o’|2)(o„-oj)

+ J,.n + „ • P • (o - o’)]-

where we used the fact that P’ is a symmetric tensor ') just like P' and P 
Conservation of energy e similarly gives (using a = e)

• P • O + J,.n]-

(2.11b)



The Gibbs relation for the interface is

(2.15)

(2.16)

(2.17)and

(2.18)

(2.19)

(2.20)n'= ns - n\\- nn).

(2.21)

21

The symmetric traceless gradient of v! is defined by 

(7|t’i)<>0 — '(T|<,uj3 + V||Si)!|o) — 2(600 — nanp)V| • v jj.

The subscript + indicated the average Q+= i(Q++ Q )«,-<> of a at the inter­
face. Furthermore

n'=P'-p\\-nn).

The expression for the entropy production is given by

where ss, Ts and p5 are the interfacial entropy density, temperature and 
pressure (minus the surface tension) respectively. Using furthermore the 
following expression for the interfacial chemical potential

p5 = u' - T’s’ + p'lp',

one may derive an explicit expression for the entropy production cr' in the 
interfacial region'). The viscous parts of the pressure tensor in the bulk and 
on the dividing surface are defined by

n-= p±-Pt

1 ds 
T'dt

ns = lir
and the traceless symmetric part of IT*, which itself is already symmetric, is 
defined by

yi [(n • n)| + 2p(vn - vS)(u|| - D|)]+ ■ i>(-

u’ + ^£(l/p‘),

<r‘ = - ys IT':

-ys[(n • II)j+ (p(v„-u'„)(vt-«()]_■ (O|+-t>|)

-~n'v- v‘-Uq „ + Tps(vn-vD)-((^)+-y;)

 1
T*

- y-s [n„„ + 2p(v„- v'„)2 + p(p. - p.’)]+«.„

+ Tps(v„-

[n„„ + 2p(l>„ - Cn)2 + p(p - p’)]_(vn+ - u'J

F,.n + Tps(un-



(2.22)

(2.23)

[J.

“32 — “23,“21 — — “12,

1+51 — L15,L21 — — Ln, L31 — — L13, 1+41

1+52 — — L23,L32 — L23, 1+42 — — 1+24,

(2.25)

(2.26)

22

I+43 — — L„,

1+14,

1+53 — — L35, L54 — I+45.

Consequently there are 22 independent constitutive coefficients.
Substituting the constitutive relations into eqs. (2.9) and (2.14) one obtains 

equations of motion for the interfacial velocity field and the internal energy 
density. Furthermore the constitutive relations provide boundary conditions 
for the equations of motion for the bulk variables.

If one studies fluctuations around equilibrium one usually linearizes the 
equations of motion around equlibrium. In equilibrium one has in the bulk

PS,.«» = Pcq8a9, Jj.eq = O, O* = 0, T=,(r) = Teq, 

grad peq = p±g and Peq(r) = gz + (const)*.

As is clear from eq. (2.18) there are one 2x2 tensorial, three vectorial (with 2 
components) and five scalar force-flux pairs.

One thus finds the following linear constitutive relations: 

ff* = -2nsV^j.
Here r)’ is in the interfacial shear viscosity.

J'q = - X’V|T‘- “12VJ- - “l3(V|t - V|)

[(n • n)|+2p(v„- vJ,)(V|- v|)]+ = ~ “21V|T’-0OI-- “23(vh - V|) 

[(n • I7)j + *p(vn- Un)(vj- v|)J- = -OjiVjT’- “32V||- - “33(t>|+ - vj). 
Here Xs is the interfacial heat conductivity and p the coefficient of sliding 
friction. The coefficient describes the phenomena of thermal slip.

17* = — tj• v| — L|2(T+ — T*) — LisT_ — L|4(un+ - t>i) - L|3V„_, 

rq.„+ Tps(t)„- vi)]_ = - L21V1 • U| - L22(T+- T‘)~ L23T- - L24(v„- Vn)— L25Vn-, 

[Jq.n + Tps(un— vi)]+ = — L31 V| • o}— L32(T+ — T’) — L33T- — L34(v„+ ~ t>’„) — I+35V„- 

[n„„ + Jp(v„ - v'„)2+p(p - p.’)).
= - L«, V • i> J - L42(T+ - T’) - 1+43 T_ - I+44(v„+ - 01) - L45V„-, 

(H„„ + 2P(V„ - »D2 + p(p - p‘)]+
= — Lj| V| • U| — Ls2(T+ — T’) — L53T- — L54(v„+ — Un) — LssUq—

(2.24) 

Here t)5 is an interfacial viscosity analogous to the bulk viscosity. The 
Onsager relations are

“31 = — <213 and



(2.27)

and

(2.28)

(2.29)

(2.30)+ 4psg.

(2.31)

(2.32)
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It should be emphasized that the jumps in eqs. (2.29)—<2.31) are now cal­
culated in z = 0. The linearized version of eq. (2.14a) for the internal energy 
becomes

• When Gibb’s choice of the dividing surface is used p* = 0 and furthermore (po)' = 0. The 
interfacial energy density (pu)s is, however, in general unequal to zero. This is the reason why we 
write dA(pu)lldt rather than p'dAu'Idt on the left hand side of eq. (2.32).

(T'eq^cq, + M,eq)[Pcq(^n t?n)]- Jq,

where we have used eq. (2.16) and the analogous equation in the bulk*. In

a 
.Sz P'“

P-eq(r) = - </>(r) + pio = gz + p-o,

where jx0 is the chemical potential for z = 0. Linearizing eq. (2.6) one obtains 
for the variation of the interfacial density around equilibrium

= - peqdiv vs- [peq(b„- v’)]_.

Here d(x, y) is the position along the z axis of the moving interface. The 
reason that the term proportional to d appears is that the term n • P_ in eq. 
(2.9) is evaluated at the moving interface. The variation of n • P_ around 
equilibrium is due on the one hand to the variation of P around equilibrium 
but on the other hand due to the difference between peq at the moving and peq 
at the equilibrium position of the interface. Using eq. (2.26) one may write eq. 
(2.30) in the form

The equilibrium dividing surface is assumed to be planar and is chosen to 
coincide with the x-y plane. On this surface we then have in equilibrium

A deviation from the equilibrium value will be indicated by a prefactor 4. 
Similarly one finds for the velocity field

Peq ~ v' = - div(AP’) - n -(4P_)-nd( 
dl \

Pcq-^T v' = - div(AP')- n • (4P_)- ndpeq.-g + nAp'g. 
dl

P'q(x, y) = Peq(l - ncqneq), with neq = (0,0,1),

•f q.eq ” 0, 1> =0, Tcq = Tcq = Teq = Teq,

P'q.- = P'qg and M-eq = Peq = pa­

using eq. (2.26) and (2.27) it follows together with eqs. (2.15) and (2.16) that 
grad(p.cq + </>) = 0 and consequently

4(pu)s— [Teq(ps)eq + p.eqpeq]V|| • U| divjq Teqscq-_[peq(i>„ vn)]+ 
dl



write

(2.33)

(2.34)

(2.35)

[Peq(Vn~ Vo)] + - (2-38>

3. Equilibrium fluctuations

(3.1)
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(2.36)

(2.37)

d_
at

The probability of thermal fluctuations around equilibrium of 
system is given in terms of the total entropy S of the system by

W=W„ exp(S/kB),

dAp^ 
'T. at

TeqSeq.-[peq( Vn U n)]+ + Tcq[Seq, + f'

The first equation expresses the normal component of the velocity of the 
interface in vj and t>;. The second is related to the capillarity condition. The 
last equation describes the behaviour of the interfacial temperature. The last 
term on the right hand side of this equation describes the cooling or heating of 
the interface due to condensation or evaporation. Ttqseq. is the latent heat. As 
the latent heat is generally very large, the rate of condensation (or minus the 
evaporation), which is given by [peq(v„- v‘)], = p;q(v; - v’„) = p^vj - v’„), will 
be small. The normal velocities of and near the interface are thus equal in 
good approximation1’).

aAT*t 
p> dt

a closed

d(pu)‘\
8p’ )

\ dp'

where we used eqs. (2.15) and (2.16). Furthermore

x o 1 / p»

is the interfacial specific heat. Substituting eq. (2.33) into eq. (2.32) and using
eq. (2.29) one finds

c‘^T‘= - div J* - J,„_+ Teq[seq.+p)q - (ps)lq]V| • V||
al

dp' Jt'J at '

as the linearized equation for the interfacial temperature.
While it is convenient for the general formulation of the fluctuation­

dissipation theorem for the random currents to take p'# 0, one is free to use 
Gibb’s definition of the dividing surface in which case ps = p)q = 4ps = 0. The 
linearised equations, eqs. (2.29), (2.31) and (2.35), then reduce to

[Peq(Un On)]- 0 V n (peqOn)-/Peq. -»

n ■ AP- = — div(AP’) — ndpCq.-g,

c'£aT‘ = — div Jq — Jqn_ - Teq(ps)’qV( ■ oi- Teqseq.-|

order to obtain an equation of motion for the interfacial temperature we

-'I4’



sv(r, t) = sv(r, t)0 (r, t) + st(r, t)8’(r, t) + Sv(r, t)0’(r, t). (3.2)

S

s, dr. (3.3)

(3.4)

It is convenient to write this equation in the following form

(3.5)AS

AS cq

(3.7)
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where W„ normalizeds the distribution and kB is Boltzmann’s constant. The 
entropy of the two phase systems is the sum of the entropy of the two phases 
and the interfacial entropy. In our description the entropy density is written as

Here s; — p±s± are the entropy densities per unit of volume in the two phases, 
while s’ = (ps)’ is the interfacial entropy density per unit of surface. The total 
entropy of the system may now be written as

As usual we shall now use the conservation of the total energy and mass in 
order to eliminate the linear contributions to this expression. For the energy 
we have

- /
(-) phase

0 = A J dr(uv + ip|v|2 + p<t>)

= X I drUAu^ + ipyv’f+Ap’rblO^+luJ + p^lAe-},

= | drsv = | dr(sv0 + st8’ + s,0+)

AS = j dr[(As;)0e-q + (Ast)8’, + (As:)0:q] 

+ J dr[s„A0' +s’A6’+SvA0+].

Ap-Au: + (^f)(Au:)2]®rq+s:40‘'j.
(3.6)

= 2 |dr[(As;)0;q + s;A0-], 

where 0s = 6’. We shall first expand AsC to second order in the fluctuations of 
the density and the internal energy (uv = pu). This gives

Ap^ + (^)PA«rl0:q 
I \dUy/Cq J

a2sv y 
dpdliy

Sv dr + J
dividing 
surface

The fluctuations AS of the total entropy S in this system are on the one hand 
due to the fluctuations of s‘ and s’ around their equilibrium value and on the 
other hand due to fluctuations in the location of the interface around its 
equilibrium position. We thus have

sJdO + J 
(+) phase



and (3.8)

4S

eq

(3.9)

Using conservation of mass we have

0 (3.10)

4S

(3.11)

(3.12)andu«.

4S

- d>s)40*.
eq

(3.13)
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a2sv y 
dpdUv 

--Te,s:]2i0kj.

P-eqPeq 3" TcqSv>cq

4pk4u: 
eq

4p,'4uC 
eq

? 10e{l[-<p.-./T„>k-F* (^) j*'>’ + 2(

(Au 
eq

-Peq

+ &i)’
\dUvJ'<

As ; = Au * - jr3 Ap “ 
‘eq 'eq

<t>, is the value of <p on the dividing surface. The last term on the right hand 
side of this equation should be taken along because of the fact that 40’ 
contains terms proportional to neq • 785q. One may therefore not replace </> by 
4>> in eq. (3.11) for the v = s contribution.

It is convenient to write AS in terms of fluctuations of the density and the

= 4 Jdrp = S/dr(4p‘'0e’q + p’40’).

= S J dr[-(fxo/Teq)4p'0;q

4[-(peVTEq)|^|2+0);(4pO2 + 2(^-)\p’4:

»)2] ©r, - ^ («:+p^ - rcqS 34©

Substituting this relation in eq. (3.9) one obtains

= ? I dr{l[-(p;q/Teq)|v“|2+0)\4pOJ + 2(-

qq-Y-[«"-(Mo- -
eq J 1 eq

With the help of the following thermodynamic relations

and p.cq = p-o~4>, eq. (2.28), the fluctuations of the entropy becomes 

' a2sv y 
, eq \dpdUy

e’q + y-p^40-|-Jdr(p:q/Teq)(</>

where d>(r) = -gz is the gravitational potential. In the second equality we 
used the fact that t> is zero in equilibrium. As a consequence |o|2 is already 
quadratic in the fluctuations. Furthermore we use the following ther­
modynamic relations

(^y =t-\ dUy/ eq I eq

Using eqs. (3.7), (3.8) and (2.28), the expression for AS becomes

(^y =-f3- \ dp / eq ' eq



temperature. One then obtains

AS = -

(3.14)— 2

where we use the equilibrium values of

(3.15)and

zi0’(r)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)= z, y.
(3.21)

|d(x, y)^)fi(z).
Z oZ /

(3.22)
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eq

d£|.eq

iO'(r) = + d(x, y)(l -

\dT )

0(± £,) - 0(± f,.cq) = ± 4<|(1 + 5 ©(£,.«,)
\ 051.eq/ ^Sl.cq

= ±d£I(i + ^,-/-W,.Cq).
\ ^Sl.cq/

Here is the fluctuation of the first curvilinear coordinate around its 
equilibrium value

27^1 S I dr[(cv7Te<,)(4T-)2 + (p:q)’2(K?-)’,(Ap-)2 + p:<1|vT]6ek, 

j dr[S PC"qA0“ -peq(<(> - <(>s)40’]|,

p p \sp /

which are the specific heat at constant volume (or surface area) per unit of 
volume (or surface area) and the isothermal compressibility respectively.

Finally we need expressions for 40" to second order in the fluctuations of 
the interface. One has

£l.eq Z, (T eq X, 

0f,(r) = 0(± z),

d«2.eq, 6.eq)=-

^,(r)sf,(r)-^.eq(r).

The distance of the fluctuating dividing surface to the equilibrium dividing 
surface along a line of constant g2,eq and fj,Cq is to linear order in AJ, given by

‘UitO.fc.

I ' ‘ ■ 
0 

h|>Cq(0, ^2,eq» ^3.cq)^^l(^’ ^2,eq» ^3,cq)» 

where the scale factor for the ith coordinate is defined by17)

II 
In the special case that the equilibrium dividing surface is the x-y plane, cf. 
previous section, one has


