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1. General qubit state (spinor form)

|ψ⟩ = α|0⟩+ β|1⟩, |α|2 + |β|2 = 1.

Up to a global phase,

|ψ⟩ = cos
θ

2
|0⟩+ eiϕ sin

θ

2
|1⟩, θ ∈ [0, π], ϕ ∈ [0, 2π)

2. Bloch vector representation

A pure qubit state ←→ unit vector on the Bloch sphere.

σ = (σx, σy, σz), σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
.

Bloch vector: n = (nx, ny, nz) = (sin θ cosϕ, sin θ sinϕ, cos θ),

(n · σ)|ψ⟩ = |ψ⟩, nα = ⟨ψ|σα|ψ⟩, |⟨ψ1|ψ2⟩|2 = 1
2
(1 + n1 · n2).

3. Unitary action

SU(2) unitaries act as SO(3) rotations

|ψ⟩ 7→ U |ψ⟩, n 7→ Rn, U ∈ SU(2), R ∈ SO(3).

R is a rotation on the Bloch sphere with angle θ about axis n

U(n, θ) = exp

(
−iθ

2
n · σ

)
= cos

θ

2
I− i sin θ

2
n · σ.

Double cover: U 7→ −U , ϕ 7→ ϕ+ 2π, give the same rotation.

4. Density matrix

ρ = 1
2

(
I+ a · σ

)
, Tr ρ1ρ2 =

1
2
(1 + a1 · a2)

the vector a has norm ≤ 1; for a pure state a = n has norm 1
pure states lie on the Bloch sphere, mixed states lie inside the sphere


