qubit <+ Bloch sphere

1. General qubit state (spinor form)
) = al0) + BI1), o +]8]" = 1.

Up to a global phase,

) = cosg|0> —I—eid’sing|1>, 6 €[0,7], ¢ €0,2m)

2. Bloch vector representation

A pure qubit state «— unit vector on the Bloch sphere.

a'—(aaa)a—()la—o_i 0—10
— WV, Vy,Uz), m—loay—iovz—o_l'

Bloch vector: m = (n,,n,,n,) = (sinf cos ¢, sinfsin ¢, cosh),

(n- o)) = [¥), na = (Ploalv), [(Wrla)]* =3(1+m:-mno).

3. Unitary action

SU(2) unitaries act as SO(3) rotations
|Y) = Uly), m— Rn, UeSU(2), ReSO(3).

R is a rotation on the Bloch sphere with angle # about axis n

0 o . .0
U(n,0) = exp (—2571 : 0') = CoS 5]1 —isingm-o.

Double cover: U +— —U, ¢ — ¢ + 27, give the same rotation.

4. Density matrix
p= %(H—i—a-a‘), Tr p1ps = %(1 +a; - ay)

the vector a has norm < 1; for a pure state @ = n has norm 1
pure states lie on the Bloch sphere, mixed states lie inside the sphere




