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Quantum Information: lecture 1

Preskill 2.1 and 2.2
Preskill 6.2
Preskill 2.3

e quantum bits
e quantum gates
e density matrix

in this lecture, mainly a quantum primer
quantum states, Hilbert space, Hermitian and unitary operators,
Schrédinger and Heisenberg equations, pure and mixed states

for a linear algebra reminder, see separate notes



Quantum primer 1: states & operators

state: complex N-dimensional vector Hilbert space (N =2 qubit)
row vector (1|, column vector |\) bra-ket
scalar product: (x|p) = (d[x)* normalization: (V) =1

only absolute value |(x|¢)| is observable
W) and e**[) describe the same state

operator: complex N x N matrix

b) = Ald), (xld) — (xIAID) = (DIATX)*

Hermitian conjugate or adjoint operator: (A1) nm = Aln
self-adjoint (Hermitian): AT = A (real eigenvalues, observable)

change of basis: ) — Uld), [x) = Ulx), (xId) — (xIUTUld),
invariantif UTU = Toru—! = U unitary operator

examples: u =7 (1 ] ) Hadamard gate, u = (1 0

L ) _1) Pauli Z-gate



Quantum primer 2: time evolution

states evolve in time according to the Schrédinger equation:

ih (1)) = HIp(t)) = hb(t)) = e MM o))

the time evolution is a unitary transformation

= guantum computations must be reversible — AND, OR operations forbidden, cNOT allowed
Schrodinger picture: time dependence in states

Heisenberg picture: time dependence in operators

($(1)[OIx(t)) = ($lO(t)Ix)
with [) = [P (0)) and O(t) = etHt/nQe—tHt/R
d

ihaO — OH —HO =[O, H] (commutator)

Heisenberg equation of motion



Pure & mixed states, density matrix

state \p) corresponds to operator p = [\p) (1| (density matrix)

p acting on a state produces a new state:
p|d) = constant x [\), where constant = (1\p|¢)

checkthat: Trp=1, p= p]L, p2 =3}
expectation value of operator M in state [\):
(M) = (WIMIp) = Tr M.

why bother? because the density matrix is more general:

P :an|1|)n><1|)n|> O<pn<l, an: 1.
n n

mixed state: mixture of pure states \pn ), appearing with weight pn.

check thatstill: Trp =1, p = pJf, but p2 =+ .



Evolution of the density matrix

Schrédinger equation: i’h%ltl)(t)) = H[b(t))

NN
= iho(t) = —lp(t), HJ.

note minus sign compared to Heisenberg equation.
solution: p(t) = e_th/hp(O)eth/h.
Implication: pure state at t = 0 remains pure for t > 0.

Q: in the laboratory we typically find mixed states, does this imply
that the Universe was not in a pure state at the Big Bang?

A: no, partial observation converts a pure state into a mixed state

W) = 5| TAT8) + 5l dals), entangled pure state

Trglb) (Wl = 31 TA) (TA |+ 31 La)(Ia | partial trace



