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Quantum Information: lecture 2

e entanglement Preskill 2.4
e teleportation Preskill 4
e Bell inequality

in this lecture, an overview of

measures of entanglement for pure states (concurrence, entangle-
ment entropy), Bell inequality, no cloning theorem, teleportation



EPR paradox & entangled states

Einstein, Podolsky & Rosen (1935): “spooky action at a distance”
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when B measures | the state of A collapses “instantaneously” to 1

actually, there is no violation of the principle of relativity, as follows
by comparing the reduced density matrix pa = Trg p before and
after the measurement: in both cases the answer is the same,

oA =4 DT+ D

pzA #+ PA, SO A is in a mixed state, while A en B together were in a
pure state: A and B are entangled

product state | T)al )g = pa = | 1) (1 | remains pure.



entanglement measures

must be invariant under local unitary transformations
two-level system in a pure state:

Y=o Pal g + Bl LAl D,y lod® + B2 =1.

the product C = 2|xf3| (the concurrence) measures how far V¥ is
from a product state: C = 0 for a product state and C = 1 for a
maximally entangled state.

more generally, forW = ) _ cnmIn)alm)g one has C = 2|det c| — see exercise 1

2N levels: entanglement entropy

S=—Trpa%logpa = —Trpg?log pg

varies between 0 (p 4 is pure) and N (p4 = 27N x unit matrix)

pa — ccand pg — c'c* have the same eigenvalues p,, and thus the same S = — on log pn
n



Bell inequality

the spins of A and B in the entangled state
Y = \Lﬁ| Pald)p — \iﬁ| LAl T)g are anticorrelated in any basis,

(@b) = (Y|(a- oa)(b-og)[¥)=—a-b=—cosH

John Bell (1964): method to distinguish classical from quantum cor-
relations, by comparing correlations in different basis.

take four coplanar unit vectors @/, b, &, b’ separated by 45°:

(@b) = (a’b) = (ab’) = — cos /4 = —1/v/2, while (@'b") = — cos 3r/4 = 1/v/2, s0

B = (ab) + (a'b) + (ab’) — (@'b") = —2v/2.

But classically, |B| < 2, because if A,B,A’,B’ € {£1}, then AB + A’'B + AB’' — A’'B’ =
A(B + B’) + A/(B — B’) = 42, so the average is between —2 and +2.

this Bell inequality is tested experimentally with photon polariza-
tions, eliminating “hidden variable theories’.



No-cloning theorem

it is not possible to copy an arbitrary unknown quantum state
Dieks, Wootters & Zurek (1982)

there exists no unitary operator U such that for any pure state |¢)

Ud)Al0)g = ™ P)|p)ald) 5

Proof:

(Php) = <Q|B<<1>|A|1|)>A|O>B = (Olg (Pl AUTURD) A|0)5
= el W)I=l @) (] (D AY) A D)
_ ei(“(ll))—“(d)))<d)|1|)>2

= {bI)| = [(PRp)F = (blp)| =0 or T.

This can not be the case for two arbitrary states.



Quantum teleportation

2 classical bits can transmit the unknown state of 1 qubit,
provided sender and receiver share an entangled qubit pair

Bennett, Brassard, Crépeau, Jozsa, Peres & Wootters (1993)

e no-cloning theorem OK
e special relativity OK
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It’s teleportation Jim,
but not as we know it.
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