Exam Quantum Theory, 4 March 2025, 15-18 hours.

1. Consider the Hamiltonian of a harmonic oscillator with a time dependent
frequency ¥ t ,
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a) Is the Hamiltonian still a Hermitian operator? Why or why not?

b) Is the commutator H t; ;H t, of the Hamiltonian at two di Lerknt times
t; and t, equal to zero or not? Explain your answer with a calculation.

c) Astate t evolves in time according to the Schroédinger equation:

d
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Calculate the time derivative dE=dt of the average energy
Et h tjHtj tiandrelateittoh t jx?j ti.

2. Consider the bosonic creation and annihilation operators a;b;aY;bY. All

commutators are zero, except a;aY b; bY 1. The Hamiltonian is
H a’a bbY a’bY ab; (3)
for some real constant . The Boboliubov transformation expresses the

annihilation operators a; b in terms of new operators c; d given by
c acosh bYsinh ; d a’sinh bcosh ; 4)

for some real constant

a) Check that the operators c; d and cY; d¥ still satisfy the bosonic commuta-
tion relations.*

b) Chose such that tanh2 . Show that
_ cYc ddY : (5)
cosh 2

c) Explain why the spectrum of H consists of equidistant levels. What is the
level spacing?

continued on second page

*Recall the properties of the hyperbolic sines and cosines: cosh’x sinh®x 1,
cosh2x cosh®x sinh®x, sinh2x 2 sinhx cosh x.



3. The Hamiltonian H has eigenvalues E,, n  0;1;2;:::, with corresponding
eigenfunctions . The ground state ( has the lowest eigenvalue Ey;. An
arbitpary wave function  can be expanded in the basis of eigenfunctions,

n n n, With complex coe [Cciehts .
a) Express the inner product h j 1 in terms of these expansion coe [ciehts.
The variational theorem says that
h jHj i
A =
h j i

b) Prove this theorem. The one-dimensional harmonic oscillator has Hamil-
tonian
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For a given parameter a > 0 we approximate the ground state wave function
by

X
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with normalization constant C 2 a 72

c) Explain how you would use the variational theorem to approximate the
ground state energy Ep. (You don’t have to actually carry out the calculation,
just explain which steps you would take.)

4. A particle (charge g, mass m) in a magnetic field B r AFr has
Hamiltonian
H A ?; with i r
>m P agA 5 o4 :

a) Derive the Heisenberg equation of motion for the position operator r, to
obtain an expression for the velocity operator v.

We now investigate the e [eck of a gauge transformation of the vector poten-
tial, A’ ¢ AF r r , for some arbitrary function r . The Hamilto-
nian with A replaced by A’ is denoted by H°.

b) Verify that H and H° are related by
H° expig = Hexp iq =

c) Explain why this relation between H and H? expresses the fact that the
vector potentials A and A® describe the same physical system.



