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Quantum Theory
lecture 1: Fundamental concepts

from wave mechanics to matrix mechanics

e position and momentum representation 5-1.6,1.7
e states and operators (bra-ket notation) 5-1.2,1.3
e unitary transformations S-1.5, 2.1
e Heisenberg equations of motion, Ehrenfest theorem S-2.2

¢ Hellmann-Feynman theorem

e uncertainty relation S-14

S = Sakurai, 2nd edition



position & momentum representation

position operator: g (q) = qi(q)
eigenstate (q — o) at eigenvalue q

q8(q — do) = q8(q — qo) = 90d(q — qo)
momentum operator: P (q) = —ih%tl)(q)

eigenstate \Pp(q) = \/JFL elP9/M pecause PUp(q) = pUplq)

normalization: | dq LI);‘;,(q)xI)p(q) = 5(p—7p’)

recall: [*_ dx e™™ = 275 (k)

momentum representation:
|

b(p) = qu bylanb(a) = —= | dae P Mp(q

Po(p) = L= [dqe PV " pup(q) = —L [ dge "™ (—ihd/dq)(q) = po(p),

49(p) = A= [dqe P9 qu(q) = 1= [ dqe P9 qi(q) = ihZ d(p)




states & operators (bra-ket notation)

state: ) (ket = column vector) and (1| (bra = row vector)

scalar product: (x|p) = (dlx)*
orthonormal set: (bn|dm) = dnm

completeness: fp) = Y [pn)(Pnlb) = Y [dn)(dnl =1

“resolution of the identity”

operator: (x|Ad) = (xIAld), (AxId) = (xIAT|d)
Hermitian conjugate or adjoint operator: (A1) nm = Aln
self-adjoint (Hermitian): AT = A (real eigenvalues, observable)

from  to p representation: b(q) = (qhb), b(p) = (phb)

() = | da (pla) (ah) = (pla) = P9/




unitary transformations
(Ugp[Ux) = (Pplx) = UUT =TT =T
orU~! =U' unitary operator

example: U = elA with A Hermitian
eigenvalues on the unit circle in the complex plane

&’ = Ud, x’ = Uy is a change of basis for the states, what is the
corresponding basis change for the operators?

(@0x) = (¢'T00UT) = O = WOUT
5]

check that commutator [G,p] = ih is unchanged upon unitary

transformation



Heisenberg equation

solution of Schrédinger equation is a unitary transformation
0

o b(t) = Fb(t) = () = e/ (0

Schrodinger picture: time dependence in states
Heisenberg picture: time dependence in operators

(d(1)OI(t)) = (dIO(t)x)

with (p) = [P (0)) and O( ) = 1Ht/h66—1Ht/h
d A

th 0= OH—HO = [0, Al
Heisenberg equation of motion
Ehrenfest theorem (1927): x, F(p)] = ihF’, [p, G(x)] = —ihG’

m&(x) = (p), L(p) = —(V/(x)), for H = p?/2m + V(x).



Hellmann-Feynman theorem
d dH(A)
FEW = (60 [T v ).

for H(A)$(A) = E(M)(A)

the derivative di»/dA does not contribute because of normalization,

(W'HRY) + (WIHRD') = E&(Whp) = 0.

uncertainty relation

see exercise 1.4
AA=A—(A), AB=B—(B): ((AA))((AB)?) >
proof from Cauchy-Schwarz inequality:

[{edog| 1(BIB)I = [(xIB)I* = ((AA)*)((AB)?) > [(AAAB).
AAAB = [AA AB] + {AA AB} = real 4+ imaginary

(A, Bl

= [(AAAB)I* = I|([AA, ABD)* + ZI{AA, ABY* > 1[([AA, AB])%.



