
0/6



1/6

Quantum Theory
lecture 1: Fundamental concepts

from wave mechanics to matrix mechanics

• position and momentum representation S-1.6,1.7

• states and operators (bra-ket notation) S-1.2,1.3

• unitary transformations S-1.5, 2.1

• Heisenberg equations of motion, Ehrenfest theorem S-2.2

• Hellmann-Feynman theorem

• uncertainty relation S-1.4

S = Sakurai, 2nd edition



2/6

position & momentum representation
position operator: q̂ψ(q) = qψ(q)
eigenstate δ(q− q0) at eigenvalue q0
q̂δ(q− q0) = qδ(q− q0) = q0δ(q− q0)

momentum operator: p̂ψ(q) = −i h ∂∂qψ(q)

eigenstateψp(q) =
1√
2π h

eipq/
 h because p̂ψp(q) = pψp(q)

normalization:
∫
dqψ∗

p ′(q)ψp(q) = δ(p− p
′)

recall:
∫∞
−∞ dx eikx = 2πδ(k)

momentum representation:

ϕ(p) =

∫
dqψ∗

p(q)ψ(q) =
1√
2π h

∫
dq e−ipq/

 hψ(q)

p̂ϕ(p) = 1√
2π h

∫
dq e−ipq/

 h p̂ψ(q) = 1√
2π h

∫
dq e−ipq/

 h (−i hd/dq)ψ(q) = pϕ(p),

q̂ϕ(p) = 1√
2π h

∫
dq e−ipq/

 h q̂ψ(q) = 1√
2π h

∫
dq e−ipq/

 h qψ(q) = i h ∂
∂p
ϕ(p)
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states & operators (bra-ket notation)
state: |ψ⟩ (ket = column vector) and ⟨ψ| (bra = row vector)
scalar product: ⟨χ|ϕ⟩ = ⟨ϕ|χ⟩∗
orthonormal set: ⟨ϕn|ϕm⟩ = δnm

completeness: |ψ⟩ =
∑
n

|ϕn⟩⟨ϕn|ψ⟩ ⇒
∑
n

|ϕn⟩⟨ϕn| = 1̂

“resolution of the identity”

operator: ⟨χ|Aϕ⟩ = ⟨χ|A|ϕ⟩, ⟨Aχ|ϕ⟩ = ⟨χ|A†|ϕ⟩
Hermitian conjugate or adjoint operator: (A†)nm = A∗

mn
self-adjoint (Hermitian): A† = A (real eigenvalues, observable)

from q to p representation: ψ(q) = ⟨q|ψ⟩,ϕ(p) = ⟨p|ψ⟩

⟨p|ψ⟩ =
∫
dq ⟨p|q⟩⟨q|ψ⟩ ⇒ ⟨p|q⟩ = 1√

2π h
e−ipq/

 h
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unitary transformations
⟨Ûϕ|Ûχ⟩ = ⟨ϕ|χ⟩ ⇒ ÛÛ† = Û†Û = 1̂

orU−1 = U† unitary operator

example: Û = eiÂ with Â Hermitian
eigenvalues on the unit circle in the complex plane

ϕ ′ = Ûϕ, χ ′ = Ûχ is a change of basis for the states, what is the
corresponding basis change for the operators?

⟨ϕ|Ô|χ⟩ = ⟨ϕ ′|ÛÔÛ†|χ ′⟩ ⇒ Ô ′ = ÛÔÛ†

check that commutator [q̂, p̂] = i h is unchanged upon unitary
transformation



5/6

Heisenberg equation
solution of Schrödinger equation is a unitary transformation

i h
∂

∂t
ψ(t) = Ĥψ(t) ⇒ ψ(t) = e−iĤt/

 hψ(0)

Schrödinger picture: time dependence in states
Heisenberg picture: time dependence in operators

⟨ϕ(t)|Ô|χ(t)⟩ = ⟨ϕ|Ô(t)|χ⟩

with |ψ⟩ ≡ |ψ(0)⟩ and Ô(t) = eiĤt/ hÔe−iĤt/ h

i h
d

dt
Ô = ÔĤ− ĤÔ = [Ô, Ĥ]

Heisenberg equation of motion
Ehrenfest theorem (1927): [x, F(p)] = i hF ′, [p,G(x)] = −i hG ′

m d
dt⟨x⟩ = ⟨p⟩, ddt⟨p⟩ = −⟨V ′(x)⟩, forH = p2/2m+ V(x).
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Hellmann-Feynman theorem
d

dλ
E(λ) =

〈
ψ(λ)

∣∣∣∣dH(λ)dλ

∣∣∣∣ψ(λ)〉 .
forH(λ)ψ(λ) = E(λ)ψ(λ)
the derivative dψ/dλ does not contribute because of normalization,

⟨ψ ′|H|ψ⟩+ ⟨ψ|H|ψ ′⟩ = E d
dλ
⟨ψ|ψ⟩ = 0.

uncertainty relation
see exercise 1.4

∆A = A− ⟨A⟩, ∆B = B− ⟨B⟩ : ⟨(∆A)2⟩⟨(∆B)2⟩ ⩾ 1
4
|⟨[A,B]⟩|2.

proof from Cauchy-Schwarz inequality:

|⟨α|α⟩| |⟨β|β⟩| ⩾ |⟨α|β⟩|2 ⇒ ⟨(∆A)2⟩⟨(∆B)2⟩ ⩾ |⟨∆A∆B⟩|2.

∆A∆B = 1
2
[∆A,∆B] + 1

2
{∆A,∆B} = real + imaginary

⇒ |⟨∆A∆B⟩|2 = 1
4
|⟨[∆A,∆B]⟩|2 + 1

4
|⟨{∆A,∆B}⟩|2 ⩾ 1

4
|⟨[∆A,∆B]⟩|2.


