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Quantum Theory
lecture 3: fermions & bosons

quantum statistics

e creation/annihilation operators S-2.3
e fermionic/bosonic Fock space S-7.2
e field operators S-7.5

e coherent states
e Bogoliubov & Majorana quasiparticles

S = Sakurai (2nd edition)



creation/annihilation operators

the harmonic oscillator revisited

p /m
H = —
2m U me X “=x h + P \/thw

= H = hwaTa+2hw X, p] = ih = |a, all

if Wg is an eigenstate at energy E, then a¥¢ is an eigenst. at E —hw
the ground state has a|0) =0, Ey = }hw

) = —=(a™0), En=(n+1/2)hw

the operator a' creates an excitation (“phonon”)
the operator a destroys (annihilates) it.



Fermions versus bosons

statistics of identical particles

1
|£1>£2>”'£N> — WZ|E’P1>|E’P2>|£PN> X {
" P

sum over all permutations P, with parity op = +1
bosons: symmetric under exchange (permanent)
fermions: antisymmetric under exchange
(determinant — slater determinant)

] bosons
op fermions

cumbersome notation, limited to a fixed number of particles
use creation/annihilation operators for more flexibility



Fock space

specify a many-particle state in terms of occupation numbers
one harmonic oscillator: [n) = C(a’)™0)
several harmonic oscillators:

ng, Ny, n3...) « ((1?)“%(12)“4(%)T13 ... ]Q)

with vacuum state |Q)) defined by a;|QQ) = 0 forall i
number operator: N = ) aiai

(x1, %211 a%10Q) o d1(x7)dba(x2) % b2 (x7) b1 (x2)

bosons: [aj, aj] =0, [GL GJ]L] =0, laj, a)fr] = 0jj

)T} =0, 1aj, a]-T} = 0y

la, b] = ab—ba (commutator);{a, b} = ab+ba (anticommutator)

fermions: {a;, a;} = 0, {a;r, a



field operators

(historically known as “second quantization”)
2\
=Y ¢ia, i)=Y ¢i(xal
1 1

(anti)-commutator preserved: [ (x), dT(x’)] = §(x — x/)

special case: when ¢ (x) oc eP*/ M is a momentum eigenstate
Y ipx/h A
B = | 5 b/ ap)

[@(p), al(p”)] = 2mhd(p —p’) = [ (x), BT (x)] = 5(x —x')
particle density operator fi(x) = wT(x)xT)(x)

— [ B 0xbix) ax = (2an) | alpatp) ap



coherent states

see exercise 3.2

a laser produces radiation in an eigenstate of the annihilation operator,

al) = BIB), IB) = e 1P/2ePaTl0); check: (BIB) = e IPI/2(0jeP e|p) = elf/2(0|B) =1
normal ordering: (Blf(at)g(a)IB) = f(B*)g(B)

a coherent state has a Poisson distribution of the particle number
P(n) = [(nIB)2 with n) = (n1)~"2(a")™|0) = P(n) = LIBPP(0IB)2 = L|p[2re1BF

Majorana fermions

see exercise 3.4

a non-Hermitian fermionic operator a (Dirac fermion) can be decomposed into two Hermitian
operators y1,v2 (Majorana fermion): a = L(y1 +iy2) & v1 = a+ al, vy, = —i(a — af)
{a,a} =0, {a,a"} =14 {yn,Ym} = 28um

fermion parity operator P, = iy 7y, has eigenvalues +1 (Majorana qubit)



