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The subject of this chapter 1s quasi-one-dimensional quantum transport
Only a few years ago, a prevalent feehng was that there s a “hmited purpose m
elaborating on playful one-dimensional models” for quantum transport ' This
situation has changed drastically since the realization of the quantum point
contact, which now offers ample opportunity to study transport problems of
textbook simplicity mn the solid state Interestingly, many of the phenomena
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treated in this chapter were not anticipated theoretically, even though the
were understood rapidly after their experimental discovery.

In this chapter, we review the experimental and theoretical work by tt
Philips—Delft collaboration on electrical transport through quantum poit
contacts. These are short and narrow constrictions in a two-dimension:
electron gas (2DEG), with a width of the order of the Fermi wave length 4,
Throughout our presentation, we distinguish between ballistic and adiabat
transport. Ballistic quantum transport takes place in low magnetic fields, fc
which Landau level quantization is unimportant and the Fermi wavelengt
(Ar ~ 40 nm) governs the quantization. In stronger fields in the quantu
Hall effect regime, the Landau-level quantization dominates, characterize
by the magnetic length (I, = (h/eB)* ~ 10 nm at B = 5 T). In the latter rc
gime, inter-Landau-level scattering can be suppressed and adiabatic quantui
transport may be realized. Because of the high mobility, elastic impurit
scattering and inelastic scattering are of secondary importance in the ballisti
and adiabatic transport regimes. Scattering is determined instead by th
geometry of the sample boundary. The concept of a mean free path thus lose
much of its meaning, and serves only as an indication of the length scale o
which ballistic transport can be realized. (The transport mean free path i
weak magnetic fields is about 10 um in wide 2DEG regions.) Fully adiabati
transport in strong magnetic fields has been demonstrated over a shor
distance of the order of a um, but may be possible on longer length scales
Separate and more detailed introductions to these two transport regimes ar
given in Part IIT (which is concerned with ballistic quantum transport) anc
Part IV (where adiabatic quantum transport is discussed). The following i
intended only to convey the flavor of the subject, and to give an elementar?
introduction to some of the essential characteristics.

The common starting point for the structures investigated is the degeneratc
two-dimensional electron gas (2DEG), present at the interface between GaA:
and Al,Ga, _ Aslayersin a heterostructure. (Experimental details are given ir
Part IT; for general reviews of the 2DEG, see Refs. 2 and 3.) The electrons ar
confined in the GaAs by a potential well at the interface with the AlGaAs
which results from the repulsive barrier due to the conduction band offsei
between the two semiconductors (about 0.3 eV), and from the attractive
electrostatic potential due to the positively charged ionized donors in the
AlGaAs layer. The electrons thus are confined in a direction normal to the
interface, but free to move along the interface. This implies that a two-
dimensional subband is associated with each discrete confinement level in the
well. Usually, the potential well is sufficiently narrow (about 10 nm) that only a
single two-dimensional subband is occupied, and the density of states is
strictly two-dimensional. At low temperatures, these states are occupied up to
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the Fermi energy, Er ~ 10 meV. Additional confinement occurs in a lateral
direction if a narrow channel is defined electrostatically in the 2DEG. This
leads to the formation of one-dimensional subbands, characterized by free
motion in a single direction.

Throughout this chapter we will use a magnetic field perpendicular to the
2DEG as a tool to modify the nature of the quantum states. In a wide 2DEG, a
perpendicular magnetic field eliminates the two degrees of freedom, and forms
dispersionless Landau levels (which correspond classically to the motion of
electrons in cyclotron orbits). One thus has a purely discrete density of states.
Near the boundary of the 2DEG, the Landau levels transform into magnetic
edge channels, which are free to move along the boundary, and correspond
classically to skipping orbits. These edge channels have a one-dimensional
dispersion (i.e., the energy depends on the momentum along the boundary). In
this respect, they are similar to the one-dimensional subbands resulting from
a purely electrostatic lateral confinement in a channel. Because of the one-
dimensional dispersion law, both edge channels and one-dimensional sub-
bands can be viewed as propagating modes in an electron waveguide. This
similarity allows a unified description of the quantum Hall effect and of
quantum-size effects in narrow conductors in the ballistic transport regime.

A really unequivocal and striking manifestation of a quantum-size effect
on the conductance of a single narrow conductor came, paradoxically, with
the experimental realization by the Delft—Philips collaboration* and by the
Cambridge group® of the quantum point contact—a constriction that one
would have expected to be too short for one-dimensional subbands to be well-
developed. A major surprise was the nature of the quantum-size effect: The
conductance of quantum point contacts is quantized in units of 2e?/h. This is
reminiscent of the quantum Hall effect, but measured in the absence of a
magnetic field. The basic reason for the conductance quantization (a funda-
mental cancellation of group velocity and density of states for quantum states
with a one-dimensional dispersion law) already was appreciated in the original
publications. More complete explanations came quickly thereafter, in which
the mode-coupling with the wide 2DEG at the entrance and exit of the narrow
constriction was treated explicitly. Rapid progress in the theoretical under-
standing of the conductance quantization, and of its subsequent ramifica-
tions, was facilitated by the availability of a formalism,%” which turned out
to be ideally suited for quasi-one-dimensional transport problems in the bal-
listic and adiabatic transport regimes. The Landauer—Biittiker formalism
treats transport as a transmission problem for electrons at the Fermi level. The
ohmic contacts are modeled as current injecting and collecting reservoirs, in
which all inelastic scattering is thought to take place exclusively. As described
by Biittiker in Chapter 4, the measured conductances then can be expressed as
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rational functions of the transmission probabilities at the Fermi level between
the reservoirs. The zero-field conductance quantization of an ideal one-
dimensional conductor, and the smooth transition to the quantum Hall effect
on applying a magnetic field, are seen to follow directly from the fact that
a reservoir in equilibrium injects a current that is shared equally by all
propagating modes (which can be one-dimensional subbands or magnetic
edge channels).

Novel phenomena arise if a selective, non-equal distribution of current
among the modes is realized instead. In the ballistic transport regime, direc-
tional selectivity can be effected by a quantum point contact, as a result of
its horn-like shape and of the potential barrier present in the constriction.®
The collimation of the electron beam injected by the point contact ex-
plains the strong non-additivity of the series resistance of two opposite
point contacts observed in Ref. 9. A most striking manifestation of a non-equal
distribution of current among the modes is realized in the adiabatic transport
regime, where the selective population and detection of magnetic edge
channels is the mechanism for the anomalous quantum Hall and Shubnikov—
de Haas effects, 1012

Mode interference is another basic phenomenon. Its first unequivocal man-
ifestation in quantum transport is formed by the large (nearly 1009;) conduc-
tance oscillations found in the coherent electron focusing experiment.3—15
They may be considered as the ballistic counterpart of the conductance
fluctuations characteristic of the diffusive transport regime. In the adiabatic
transport regime, mode interference is less important, because of the weak-
ness in general of inter-edge channel coupling. Quantum interference phe-
nomena still can be observed if a weak coupling exists between the edge
channels at opposite edges of the conductor. Such a coupling can result
naturally from the presence of an impurity in a narrow channel, or artificially
at quantum point contacts. In this way, Aharonov—Bohm magnetoresistance
oscillations can occur even in a singly connected geometry. %17

In summary, transport phenomena in the ballistic and adiabatic regimes
can be viewed as scattering or transmission experiments with modes in an
electron waveguide. Quantization—i.e., the discreteness of the mode index—
is essential for some phenomena (which necessarily require a description in
terms of modes), but not for others (which could have been described semi-
classically equally well in terms of the trajectories of electrons at the Fermi
level). In this chapter, we consider the semiclassical limit along with a quan-
tum mechanical formulation wherever this is appropriate. This serves to dis-
tinguish those aspects of the new phenomena that are intrinsically quantum
mechanical from those that are not.

Most of the work described in the following has been published previously.
The present chapter is the first comprehensive review. Many new details are
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added, and a critical overview of experimental as well as theoretical aspects is
provided. This is not intended to be a comprehensive review of the whole field
of quasi-one-dimensional quantum transport. Because of the limited amount
of space and time available, we have not included a detailed discussion of
related work by other groups (some of which is described extensively in other
chapters in this volume). For the same reason, we have excluded work by
ourselves and others on the quasi-ballistic transport regime, and on ballistic
transport in narrow-channel geometries. For a broader perspective, we refer
readers to a review'® and to recent conference proceedings.!®22

II. Split-Gate Quantum Point Contacts

The study of ballistic transport through point contacts in metals has a long
history. Point contacts in metals act like small conducting orifices in a thin
insulating layer, separating bulk metallic conductors (with a mean free path [
much larger than the size of the orifice). Actual point contacts usually are
fabricated by pressing a metal needle on a metallic single crystal, followed by
spot-welding. Ballistic transport has been studied successfully in this way in a
variety of metals.?*~2¢ Point contacts in bulk doped semiconductors have
been fabricated by pressing two wedge-shaped specimens close together.?’
One limitation of these techniques is that the size of a point contact is not
continuously variable.

Point contacts in a 2DEG cannot be fabricated by the same method, since
the electron gas is confined at the GaAs-Al,Ga, _,As interface in the sam-
ple interior. The point contacts used in our studies are defined electrosta-
tically?®?° by means of a split gate on top of the heterostructure. (See
Fig. 1a.) In this way, one can define short and narrow constrictions in the
2DEG, of variable width comparable to the Fermi wavelength (a quantum
point contact). Other techniques can be used to define constrictions of fixed
width, such as a deep®® or shallow® mesa etch, or ion implantation using
focused ion beams,*? but a variable constriction width is crucial for our pur-
pose. (An alternative technique for the fabrication of variable width constric-
tions employing a gate in the plane—rather than on top—of the 2DEG
recently has been demonstrated.)®® Starting point for the fabrication of our
quantum point contact structures is a GaAs-Al,Ga, _,As heterostructure
(x = 0.3) grown by molecular beam epitaxy. The layer structure is drawn
schematically in Fig. 1b. The width of the opening in the gate is approxi-
mately 250 nm, its length being much shorter (50 nm). The 2DEG sheet car-
rier density n,, obtained from the periodicity of the Shubnikov—de Haas
oscillations in the magnetoresistance,? has a typical value of 3.5 x 10 m~2.
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Fic 1 (a) Top view of a quantum point contact, defined using a split gate (shaded) on top
of a GaAs-Al,Ga,_,As heterostructure The depletion boundary is indicated by the dashed
curve The width W of the constriction can be reduced by increasing the negative voltage on
the gate (b) Cross section of the quantum point contact The narrow quasi-one-dimensional
electron gas channel 1n the constriction 1s indicated i black The posttive 1omzed donors (+)
mn the AlGaAs layer are indicated, as well as the negative charge (~) on the gate

The electrons at the Fermi level then have a wave vector kg = (2nn,)'/? ~
0.15 x 10° m™!, a wavelength Ap = 2n/ke ~ 40 nm, and a velocity vy =
hkg/m ~ 2.7 x 10° m/s. The transport mean free path [~ 10 um follows
from the zero-field resistivity p = h/e?kel ~ 16 Q. Note that m = 0.067m, is
the effective mass in GaAs. Most of the experimental work presented in this
chapter has been done on samples made by the Philips—Delft collaboration.
An exception is formed by the experiments described in Sections 4 and 9.a.n,
which were done on a sample fabricated in a collaboration between Philips
and the Cavendish group.®*

The fabrication procedure essentially is the same for all the samples. A
standard mesa-etched Hall bar geometry is defined by wet etching. The
split gate is fabricated using a combination of electron beam and optical
lithography. The gate pattern of many of our samples has been designed spe-
cifically for the electron focusing experiments, which require two point con-
tacts positioned next to each other on the 2DEG boundary. (See Fig. 2a.)
Note that the actual 2DEG boundary between the two pont contacts is a
depletion potential wall below the gate (which extends laterally beyond the
gate pattern, up to about 150 nm for large negative gate voltages). The effect
of a negative gate voltage is to deplete gradually the electron gas under the
gate structure. Beyond the depletion threshold (typically —0.6 V), no mobile
carriers are present under the gate, and two conducting constrictions are
formed with a width of about 250 nm. Two high-mobility 2DEG regions thus
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Fic 2 Schematic layout (a) of a double pomnt contact device, 1n a three-terminal measure-
ment configuration used i some of the electron focusing experiments The crossed squares are
ohmic contacts to the 2DEG The splht gate (shaded) separates injector (1) and collector (c) areas
from the bulk 2DEG The fine details of the gate structure mside the dashed circle are shown 1n
a scanning electron micrograph (b) The bar denotes a length of 1 ym (From Ref 15)

are isolated electrically from the rest of the 2DEG in the Hall bar, apart from
the narrow constrictions, or point contacts, under the openings of the gate. A
further increase of the negative gate voltage forces the constrictions to become
progressively narrower, until they are fully pinched off. By this technique, 1t is
possible to define point contacts of variable width W. To create constrictions
with mmimal length, the gates are tapered into a wedge. (See the scanning
electron micrograph n Fig. 2b.) The precise functional dependence of width
and carrier concentration on the gate voltage is dependent on the previous
history of the sample. Thermal cycling and large positive gate voltages lead to
a shift in the depletion threshold, although all transport measurements are
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quite reproducible if the sample is kept cold and the gate voltage is not varied
strongly.

A low-frequency ac lock-in technique is used to measure the resistances.
Several ohmic contacts (alloyed Au-Ge-Ni) are positioned at the sides of the
Hall bar (Fig. 2a), to serve as current and voltage terminals. The resistance
R;; = (W, — V))/1 is defined as the voltage difference between terminal k and
I divided by the current I, which flows from terminal i to j. One distinguishes
between two- and four-terminal resistance measurements, depending on
whether or not the voltage difference is measured between the current source
and drain (i, j = k, 1), or between two separate ohmic contacts. Section 2 deals
with two-terminal measurements of the point contact resistance in zero
magnetic field. This resistance contains a spurious contribution of several kQ
from the rather large contact resistance of the current-carrying ohmic
contacts. This correction can be estimated from a measurement of the two-
terminal resistance at zero gate voltage, or can be eliminated entirely by
performing a four-terminal measurement. Apart from the presence of this
contact resistance, there is no significant difference between two- and four-
terminal measurements in the absence of a magnetic field, provided the
voltage probes do not introduce additional scattering in the vicinity of the
point contact. In an external magnetic field, the behavior of two- and four-
terminal resistances is quite different, however, as we will discuss in Sections 3
and 4.

In addition to the series resistance of the ohmic contacts, there are two
additional small corrections to the quantized point contact resistance that are
gate voltage-independent beyond the depletion threshold of the gate (—0.6 V),
as we now discuss briefly. At the depletion threshold, the two-terminal resis-
tance increases abruptly for three reasons:

1. The formation of the ballistic point contact, which is the quantity of
interest.

2. Theincrease of the diffusive resistance of the wide 2DEG lead on one side
of the constriction, because of a change in the lead geometry. (See the
gate layout in Fig. 2a.) This term is p =~ 16 Q multiplied by the extra
number of squares in the lead.

3. The appearance of the two-dimensional Maxwell spreading resistance,>®
associated with the spreading from a region of radius I (the mean free
path) surrounding the point contact to one of radius W, (the width of
the wide 2DEG leads). This term is approximately! =~ p In(W,y;4./1).

The contributions 2 and 3 are independent of gate voltage beyond the
depletion threshold to a very good approximation, but they are difficult to
determine very accurately from the device geometry. For this reason, we
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have opted to treat the total background resistance R, in the two-terminal
resistance R,, of the point contact as a single adjustable parameter, chosen
such that for one constant value of R,,, a uniform step height (between quan-
tized plateaus) is obtained in the conductance G = [R,(V,) — R asa
function of gate voltage V,. This procedure always has yielded a uniform
step height in G over the whole gate voltage range for a single value of R,,.
Moreover, the resulting value of R, is close to the value that one would have
estimated from the preceding considerations.

ITI. Ballistic Quantum Transport

1. INTRODUCTION

In this section, we present a comprehensive review of the results of the
study by the Philips—Delft collaboration of ballistic transport in geometries
involving quantum point contacts in weak magnetic fields. To put this work in
proper perspective, we first briefly discuss the two fields of research from
which it has grown.

The first is that of point contacts in metals. Maxwell, in his Treatise on
Electricity and Magnetism, investigated the spreading resistance of a small
contact in the diffusive transport regime.3® His results have been applied ex-
tensively in the technology of dirty metallic contacts.>® The interest in point
contacts gained new impetus with the pioneering work of Sharvin,?* who
proposed and subsequently realized®” the injection and detection of a beam
of electrons in a metal by means of point contacts much smaller than the
mean free path. Sharvin’s longitudinal electron focusing experiment was the
analogue in the solid state of an experiment performed earlier in vacuum by
Tricker®® at the suggestion of Kapitza.?® This technique since has been re-
fined, especially with the introduction of the transverse electron focusing
geometry by Tsoi.?* (See Section 6.) Point contacts also can be used to inject
electrons in a metal with an energy above the Fermi energy. This idea has
been exploited in the field of point contact spectroscopy, and it has yielded
a wealth of information on inelastic electron—phonon scattering.?>254° Mag-
netotransport through ballistic point contacts and micro-bridges has been
studied recently.***? With the possible exception of the scanning tunneling
microscope, which can be seen as a point contact on an atomic scale,**~*®
these studies in metals essentially are restricted to the classical ballistic trans-
port regime, because of the extremely small Fermi wavelength (Ap =~ 0.5 nm,
of the same magnitude as the lattice spacing).

The second field is that of quasi-one-dimensional quantum transport
in semiconductor microstructures, which started in the diffusive transport
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regime in narrow silicon MOSFETs. That work has focused on the study of
reproducible (universal) conductance fluctuations, as discussed in this vol-
ume. Clear manifestations of the quasi-one-dimensional density of states of
a single narrow wire proved to be elusive, mainly because the irregular con-
ductance fluctuations mask the structure due to the one-dimensional sub-
bands in the wire. Devices containing many wires in parallel were required
to average out these fluctuations and resolve the subband structure in a trans-
port experiment.*® This situation changed with the realization by various
techniques of narrow channels in the two-dimensional electron gas 2DEG)
of a GaAs-Al,Ga, _,As heterostructure.?2%31:3% This is an ideal model sys-
tem because of the simple Fermi surface (a circle), the relatively long mean
free path (I = 10 um at low temperatures for material grown by molecular
beam epitaxy), and the large Fermi wavelength (A &~ 40 nm) resulting from
the low electron density. Another essential advantage of this system is that
its two-dimensionality allows the use of planar semiconductor technology
to fabricate a rich variety of device structures. Finally, in contrast to metals,
the low electron density in these semiconductor structures can be varied by
means of a gate voltage. Thornton et al.?® and Zheng et al.*® have demon-
strated that it is possible to realize structures of variable width and density
by employing a split-gate lateral depletion technique. Other groups® ~>4 have
used the shallow mesa etch technique,® or other etch techniques,® to fab-
ricate narrow channels of fixed width with many side probes for the study
of quantum ballistic transport, as discussed by Timp in Chapter 3. An impor-
tant result of these studies was the demonstration that in the ballistic trans-
port regime, side probes are the dominant source of scattering.>®

Our work on quantum ballistic transport builds on both fields summa-
rized in the preceding. As discussed in Part I, the central vehicle for this in-
vestigation is the quantum point contact, a short and narrow constriction of
variable width in the 2DEG, of dimensions comparable to Ar and much
smaller than [. This device yielded the first unequivocal demonstration of a
quantum-size effect in a single narrow conductor,** in the form of the zero-
field conductance quantization. We discuss the experiment and its theoretical
explanation in Section 2. The quantization of the conductance provides us
with an extremely straightforward way to determine the number of occu-
pied subbands in the point contact. It is shown in Section 3 that a study of
the magnetic depopulation of subbands directly yields the width and carrier
density in the point contact.?’

Two- and four-terminal resistance measurements are qualitatively different
in the presence of an external magnetic field. The negative four-terminal
magnetoresistance* arising from the suppression of backscattering at the
point contact is the subject of Section 4. We then proceed to discuss in Sec-
tion 5 the collimation of the beam injected by a point contact,® and its effect
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on transport measurements in geometries involving two opposite point con-
tacts.”3® The variety of magnetoresistance effects®® in such geometries is
even richer than for single-point contacts, as we will discuss. An important
application of point contacts is as point-like electron sources and detectors
with a large degree of spatial coherence. The first such application was the
coherent electron focusing experiment'® described in Section 6. This experi-
ment exhibits the characteristic features of the quantum ballistic transport
regime in a most extreme way. The results are interpreted in terms of mode
interference of magnetic edge channels.'* Ballistic transport far from equilib-
rium is the subject of Section 7, where we discuss the breakdown of the
conductance quantization in the nonlinear transport regime,®® and hot elec-
tron focusing.%! In the latter experiment, the kinetic energy of the injected
electrons in the 2DEG is measured in a similar way as in a f-spectrometer
in vacuum.

2. CONDUCTANCE QUANTIZATION OF A QUANTUM POINT CONTACT

a. Experimental Observation of the Conductance Quantization

The first results on the resistance of a quantum point contact obtained by
the Delft—Philips collaboration* are reproduced in Fig. 3. Equivalent results
were obtained independently by the Cavendish group.® The resistance of the
point contact is measured as a function of the voltage ¥V, on the split gate,
at a temperature T = 0.6 K. The resistance measured at ¥, = 0 V has been
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Fig. 3  Two-termmal point contact resistance measured as a function of gate voltage at 0.6 K.

The resistance measured at zero gate voltage has been subtracted. (From Ref. 4.)
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subtracted in Fig. 3, to climinate the large ohmic contact resistance of about
4 kQ in series with the point contact. At V, =~ —0.6 V, the electron gas di-
rectly below the gate is depleted, and the constriction is formed. At this gate
voltage, the constriction has its maximum width, roughly equal to the width
of the opening in the gate (250 nm). On increasing the negative gate voltage,
the width W gradually is reduced, and simultaneously the bottom of the
conduction band is raised in the point contact region. The resulting bottle-
neck in real and energy space causes the point contact to have a nonzero re-
sistance. This resistance increases without bound as the pinch-off voltage
(V; = —2.2V) is approached. Classically, one expects this increase to be
monotonic.

The unexpected characteristic of Fig. 3 is the sequence of plateaus and
steps seen in the resistance versus gate voltage curve. The plateaus represent
the conductance quantization of a quantum point contact in units of 2e?/h.
This is seen most easily in Fig. 4, where the conductance is plotted (obtained
by inverting the resistance of Fig. 3 after subtraction of an additional back-
ground resistance of 400 Q, which accounts for the increase in lead resistance
at the depletion threshold discussed in Part I1). The conductance quantiza-
tion is reminiscent of the quantum Hall effect,®? but is observed in the absence
of a magnetic field and thus can not have the same origin. The zero-field
quantization is not as accurate as the quantum Hall effect. The deviations
from exact quantization in the present experiments are estimated at 19,
while in the quantum Hall effect, an accuracy of one part in 107 is obtained
routinely.®* It is very unlikely that in the case of the zero-field quantization,
a similar accuracy can be achieved—if only because of the presence in series
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Fi16. 4. Point contact conductance, obtained from the resistance in Fig. 3 after subtraction of
an additional background resistance of 400 Q. (From Ref. 4.)



2. QuaNTUM POINT CONTACTS 21

with the point contact resistance of a background resistance whose magni-
tude can not be determined precisely. Both the degree of flatness of the pla-
teaus and the sharpness of the transition between the plateaus vary among
devices of identical design, indicating that the detailed shape of the elec-
trostatic potential defining the constriction is important. There are many
uncontrolled factors affecting this shape, such as small changes in the gate
geometry, variations in the pinning of the Fermi level at the free GaAs sur-
faceor at the interface with the gate metal, not fully homogeneous doping of
the heterostructure, and trapping of charges in the AlGaAs.

As will be discussed in Section 2.b, the sequence of plateaus is caused by
the stepwise decrease of the number N of occupied one-dimensional sub-
bands as the point contact gradually is pinched off, each subband contribu-
ting 2e%/h to the conductance. In a simple approximation, the constriction
is modeled as a straight channel of length L and width W, with a square-well
lateral confining potential. The bottom of the well is at a height E, above
the conduction band bottom in the wide 2DEG. The density n, in the con-
striction thus is reduced from the bulk density n, by approximately a factor
(Eg — E,)/Eg. (This factor assumes a constant two-dimensional density of
states in the constriction.) The stepwise reduction of N is due both to the
decrease in W and the increase in E, (or, equivalently, the reduction of n,).
If the latter effect is ignored, then the number of occupied subbands in the
square well is 2W/ ., with Ap = 40 nm the Fermi wavelength in the wide
2DEG. The sequence of steps in Fig. 4 then would correspond to a gradual
decrease in width from 320 nm (at V, ~ —1.0 V) to 20 nm (at ¥V, & —2.0 V).
This simple argument certainly overestimates the reduction in width, how-
ever, because of the unjustified neglect of the reduction in carrier density.
By applying a perpendicular magnetic field, W and n, can be determined
independently, as discussed in Section 3.b. The length of the constriction is
harder to assess, but the electrostatic depletion technique used is expected
to create a constriction of length L, which increases with increasing negative
gate voltage. Typically, L = W. The actual two-dimensional shape of the
confining potential certainly is smoother than a straight channel with hard
walls. Nonetheless, for many applications, this simple model is adequate,
and we will make use of it unless a more realistic potential is essential.

b.  Theory of the Conductance Quantization

i. Classical point contact. 1Tt is instructive first to consider classical bal-
listic transport in a degenerate electron gas in some detail. The ballistic
electron flow through a point contact is illustrated in Fig. 5a in real space,
and in Fig. 5b in k-space, for a small excess electron density Jn at one side of
the point contact.®>%¢ At low temperatures, this excess charge moves with
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Fi1G. 5. (a) Classical ballistic transport through a point contact. The net concentration
difference dn corresponds to a chemical potential difference eV between source (s) and drain (d). In
reality, this concentration difference is eliminated by screening charges, but without changing the
chemical potential difference or the current. (b) The net current through a quantum point contact
is carried by the shaded region in k-space. In an ideal quasi-one-dimensional channel, the allowed
states lie on the horizontal lines, which correspond to quantized values for k, = +nn/W, and
continuous values for k,. The formation of these one-dimensional subbands gives rise to a
quantized conductance. (From Refs. 65 and 66.)

the Fermi velocity ve. The flux normally incident on the point contact is
dnvedcos ¢ B(cos ¢)>, where 0(x) is the unit step function and the brackets
denote an isotropic angular average. (The angle ¢ is defined in Fig, 5a.) In the
ballistic limit ! > W, the incident flux is fully transmitted, so that the total
current I through the point contact is given by

w2 d
I =eW5nva cos ¢2—¢=—2WVF5n. 1)

—nj2 T

The transport problem in this formulation resembles the problem of Knudsen
effusion in a non-degenerate gas. A fundamental difference is that in the
former problem, I is linear in én only for small dn « n,, whereas this restric-
tion is not necessary in the Knudsen problem. This distinction is a conse-
quence of the interdependence of the velocity and the density in a degenerate
gas described by Fermi-Dirac statistics.®> We will return to this point in
Section 7, when we discuss the nonlinear transport regime. To determine the
conductance, we note that an electron density difference can not be main-
tained, because of the cost in electrostatic energy. Screening charges reduce
dn without changing the chemical potential difference Su = eV, which is as-
sumed to be fixed by an external electron reservoir. The ratio dn/du is just
the density of states at the Fermi level, 6n/6u = m/nh? for a two-dimensional
electron gas with spin degeneracy. One thus finds from Eq. (1) for the con-
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ductance G = I/V, the result,*

_ 2¢? kFWi
T h o’

G n 2D. 2)

Equation (2) is the two-dimensional analogue of Sharvin’s well-known ex-
pression®? for the point contact conductance in three dimensions,

2e? kZS .
G= T —4?, m 3D, (3)
where S now is the area of the point contact.

The experimental constriction geometry differs from the hole in a screen of
Fig. 5a, in having a finite length with a smoothly varying width W, and an
electron gas density that decreases on entering the constriction. The reduced
density leads to a smaller value for kg in the constriction than in the wide
2DEG. Equation (2) still can be applied to this situation, if the product kW is
evaluated at the bottleneck (such that all electrons that reach the bottleneck are
transmitted through the constriction). This typically is halfway into the
constriction, where kp and W take on their minimal values.

ii. Conductance quantization of an ideal quasi-one-dimensional conductor.
The basic mechanism for the quantization of the conductance given
classically by Eq. (2) can be understood in quite simple terms.* The argu-
ment, which we present here in a somewhat modified form, refers to an ideal
quasi-one-dimensional conductor that behaves as an electron waveguide
Connecting two reservoirs in thermal equilibrium at chemical potentials Eg
and E; + Ju. All inelastic scattering is thought to take place in the reservoirs,
not in the conductor itself. This is the viewpoint introduced by Landauer.® The
Landauer formula relates the conductance to the transmission probability
through the conductor from one reservoir to the other. The net current is
Injected into the conductor within a narrow range du above Ey into the N one-
dimensional subbands or waveguide modes that can propagate at these
energies. The dispersion relation E,(k) of the subbands is

h2k2
2m’

E, (k) = E, + )

Where k is the wave number for propagation along the conductor and E,
Is the energy associated with the lateral confinement of the nth subband.
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(Equivalently, E,/h is the cutoff frequency of the nth mode.) The number N
of occupied subbands {(or propagating modes) at the Fermi energy is the
largest integer such that Ey < Er. The current per unit energy interval in-
jected into a subband is the product of the group velocity and the one-
dimensional density of states. The group velocity is v, = dE,(k)/% dk, and the
density of states for one velocity direction and including spin degeneracy is
p, = (ndE,(k)/dk) . The product of v, and p, is seen to be independent of
both energy and subband index n. The injected current thus is equiparti-
tioned among the subbands, each subband carrying the same amount of cur-
rent ev,p, ou = (2e/h) du. The equipartitioning of current, which is the basic
mechanism for the conductance quantization, is illustrated in Fig. 5b for a
square-well lateral confining potential of width W. The one-dimensional
subbands then correspond to the pairs of horizontal lines at k, = +nn/W,
with n = 1,2,... N and N = Int[kzW/n]. The group velocity v, = hk,/m is
proportional to cos ¢, and thus decreases with increasing n. However, the
decrease in v, is compensated by an increase in the one-dimensional density
of states. Since p, is proportional to the length of the horizontal lines within
the dashed area in Fig. 5b, p, is proportional to 1/cos ¢ so that the product
v,.p0, does not depend on the subband index.

The total current I = (2¢/h)N du yields a conductance G = el/du given by

2e?
G::—ﬁ_ . (ﬁ

This equation can be seen as a special limit of the Landauer formula for two-
terminal conductances,”¢’~¢°

2
G=2iTrttTE

2e?
h h

N
Y ltwml?, (6)

nm=1

where t is the matrix (with elements ¢,,) of transmission probability am-
plitudes at the Fermi energy (from subband m at one reservoir to subband n
at the other). The result, Eq. (5), follows from Eq. (6) if Trtt' = N. A suffi-
cient condition for this is the absence of intersubband scattering, |t,,|%> = Spm»
a property that may be taken to define the ideal conductor. More generally,
scattering among the subbands is allowed as long as it does not lead to back-
scattering (i.e., for zero reflection coefficients r,,, = O for all n,m = 1,2,... N).
Equation (5) describes a stepwise increase in the conductance of an ideal
quasi-one-dimensional conductor as the number of occupied subbands is
increased. The conductance increases by 2e?/h each time N increases by 1.
For a square-well lateral confining potential, N = Int[kzW/x], so that in the
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classical limit, the result (2) for a two-dimensional point contact is recovered.
Note that Eq. (5) also holds for three-dimensional point contacts, although
in that case, no experimental system showing the conductance quantization
as yet has been realized.

We emphasize that, although the classical formula, Eq. (2), holds only for
a square-well lateral confining potential, the quantization, Eq. (5), is a general
result for any shape of the confining potential. The reason simply is that the
fundamental cancellation of the group velocity, v, = dE,(k)/Adk, and the
one-dimensional density of states, p, = (rdE,(k)/dk)™!, holds regardless of
the form of the dispersion relation E,(k). For the same reason, Eq. (5) is ap-
plicable equally in the presence of a magnetic field, when magnetic edge
channels at the Fermi level take over the role of one-dimensional subbands.
Equation (5) thus implies a continuous transition from the zero-field quan-
tization to the quantum Hall effect, as we will discuss in Section 3.

The fact that the Landauer formula, Eq. (6), yields a finite conductance
for a perfect (ballistic) conductor was a source of confusion in the early
literature,’®~72 but now is understood as a consequence of the unavoidable
Contact resistances at the connection of the conductor to the reservoirs. The
relation between ballistic point contacts and contact resistances of order
h/e? for a one-dimensional subband first was pointed out by Imry.®® This
was believed to be only an order of magnitude estimate of the point contact
resistance. One reason for this was that the Landauer formula follows from
an idealized model of a resistance measurement; another one was that sev-
eral multi-subband generalizations of the original Landauer formula® had
been proposed,®”7>~7¢ which led to conflicting results. We refer to a paper
by Stone and Szafer®® for a discussion of this controversy, which now has
been settled” 77 in a way supported by the present experiments. This brief
excursion into history may serve as a partial explanation of the fact that no
prediction of the conductance quantization of a point contact was made,
and why its experimental discovery came as a surprise.

iii. Conductance quantization of a quantum point contact. There are sev-
eral reasons why the ideal quasi-one-dimensional conductor model given
earlier, and related models,®°~8* are not fully satisfactory as an explanation
of the experimentally observed conductance quantization. Firstly, to treat a
point contact as a waveguide would seem to require a constriction much
longer than wide, which is not the case in the experiments,** where W ~ L.
(See Section 2.d. for a discussion of experiments in longer constrictions.) In a
Vvery short constriction, transmission through evanescent modes (with cutoff
frequency above Egr/#) becomes important. Secondly, the coupling of the
modes in the wide 2DEG regions to those in the constriction has not been
Considered explicitly. In particular, diffraction and quantum mechanical
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reflection at the entrance and exit of the constriction have been ignored.
Finally, alloyed ohmic contacts, in combination with those parts of the
wide 2DEG leads that are more than an inelastic scattering length away
from the constriction, only are approximate realizations of the reservoirs in
thermal equilibrium of the idealized problem.®* As an example, electrons
may be scattered back into the constriction by an impurity without inter-
vening equilibration. This modifies the point contact conductance, as has
been studied extensively in the classical case.?®

To resolve these issues, it is necessary to solve the Schrodinger equation for
the wave functions in the narrow point contact and the adjacent wide regions,
and match the wave functions at the entrance and exit of the constriction.
Following the experimental discovery of the quantized conductance, this
mode coupling problem has been solved numerically for point contacts of a
variety of shapes,®*~°! and analytically in special geometries.”>=%% As de-
scribed in detail in Ref. 96, the problem has a direct and obvious analogue in
the field of classical electromagnetism. Although it can be solved by standard
methods (which we will not discuss here), the resulting transmission steps ap-
pear not to have been noted before in the optical or microwave literature.
When considering the mode coupling at the entrance and exit of the constric-
tion, it is important to distinguish between the cases of a gradual (adiabatic)
and an abrupt transition from wide to narrow regions.

The case of an adiabatic constriction has been studied by Glazman et al.®”
and is the easiest case to solve analytically (cf. also a paper by Imry in Ref. 20).
If the constriction width W changes gradually on the scale of a wavelength,
the transport within the constriction is adiabatic; i.e., there is no intersub-
band scattering from entrance to exit. At the exit, where connection is made
to the wide 2DEG regions, intersubband scattering becomes unavoidable
and the adiabaticity breaks down. However, if the constriction width at the
exit W,,,, is much larger than its minimal width W, , the probability for re-
flection back through the constriction becomes small. In the language of
waveguide transmission, one has impedance-matched the constriction to the
wide 2DEG regions.’® Since each of the N propagating modes in the nar-
rowest section of the constriction is transmitted without reflection, one has
Trtt! = N, provided evanescent modes can be neglected. The conductance
quantization, Eq. (5), then follows immediately from the Landauer formula,
Eq. (6). Glazman et al.®” have calculated that the contributions from evanes-
cent modes through an adiabatic constriction are small even for rather short
constriction length L (comparable to W_;,). The accuracy of the conductance
quantization for an adiabatic constriction in principle can be made arbi-
trarily high, by widening the constriction more and more slowly, such that
(Wopax — Wain)/L < 1. In practice, of course, the finite mean free path still
poses a limitation. We note in this connection that the gradual widening of
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the constriction has an interesting effect on the angular distribution of the
electrons injected into the wide 2DEF.8 This horn collimation effect is discussed
in detail in Section 5.

An adiabatic constriction is not necessary to observe the quantization of
the conductance. The calculations® %% show that well-defined conductance
plateaus persist for abrupt constrictions—even if they are rather short com-
Pared to the width. In fact an optimum length for the observation of the
plateaus is found to exist, given by® L., ~ 0.4 (Wig)'2 In shorter con-
Strictions, the plateaus acquire a finite slope, although they do not disappear
completely even at zero length. For L > L, the calculations exhibit regular
oscillations that depress the conductance periodically below its quantized
value. The oscillations are damped and usually have vanished before the
next plateau is reached. A thermal average rapidly smears the oscillations
and leads to smooth but non-flat plateaus. The plateaus disappear completely
at elevated temperatures, when the thermal energy becomes comparable to
the subband splitting. (See Section 2.c.) The plateaus also do not survive
Impurity scattering, either inside or near the constriction. 359100

Physical insight in these results can be obtained by treating the conduc-
tion through the constriction as a transmission problem, on the basis of the
Landauer formula, Eq. (6). In the case of adiabatic transport discussed before,
We had the simple situation that |t,,.|*> = §, . for n,n’ < N, and zero other-
Wise. For an abrupt constriction, this is no longer true, and we have to con-
sider the partial transmission of all the modes occupied in the wide regions.
Semiclassically, the transverse momentum #nn/W of mode n is conserved at
the abrupt transition from wide to narrow region. We thus can expect the
coupling between modes n and n’ in the narrow and wide regions (of width
W,... and W,iae)> Tespectively, to be strongest if n/n’ ~ W /Wiqo. This leads
to a large increase in mode index at the exit of an abrupt constriction. Szafer
and Stone®” have formulated a mean-field approximation that exploits such
ldeas by assuming that a particular propagating or evanescent mode # in the
Constriction couples exclusively and uniformly to all modes »n’ in the wide
region for which the energy E,. = (hk,.)?/2m of transverse motion is within a
level splitting of E,. Figure 6 contrasts the mode coupling for the abrupt
Constriction with the case of fully adiabatic transport from W, to W, ..
Whereas in the adiabatic case, there is a one-to-one correspondence between
the modes in the narrow and in the wide regions, in the abrupt case a mode in
Fhe constriction couples to a larger number (of order W,y /W) of modes
In the wide region.

Because of the abrupt widening of the constriction, there is a significant
Probability for backscattering at the exit of the constriction, in contrast to
the adiabatic case considered previously. The conductance as a function of
Wwidth, or Fermi energy, therefore is not a simple step function. On the nth
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FiG 6 Mode coupling between a constriction and a wide 2DEG region The subband
energies E, are spaced closely i the wide region at the left For an abrupt constriction, off-
diagonal mode coupling 1s important (indicated by the shaded areas in the mean-field
approximation of Ref 87 The coupling 1s restricted between modes of the same parity.), while
for an adiabatic constriction, this does not occur {dotted lines)

conductance plateau, backscattering occurs predominantly for the nth mode,
since it has the largest longitudinal wavelength, A, = h[2m (Ep — E,)]" "2
Resonant transmission of this mode occurs if the constriction length L is
approximately an integer multiple of 1,/2, and leads to the oscillations
on the conductance plateaus found in the calculations referred to earlier.
These transmission resonances are damped, because the probability for
backscattering decreases with decreasing 4,. The shortest value of A, on
the nth conductance plateau is h[2m (E,,; — E,)]~"* ~ (Wix)'? (for a
square-well lateral confining potential). The transmission resonances thus
are suppressed if L < (Wip)'/? (disregarding numerical coefficients of order
unity). Transmission through evanescent modes, on the other hand, is
predominant for the (n + 1)th mode, since it has the largest decay length
A,+1 =h[2m (E,., — Ep)]~ "> The observation of a clear plateau requires
that the constriction length exceed this decay length at the population thresh-
old of the nth mode, or L 2 h[2m(E,, , — E,)]™'/* ~ (WAg)!/2. The optimum
length,® L., ~ 0.4 (WAg)*?, thus separates a short constriction regime, in
which transmission via evanescent modes cannot be ignored, from a long
constriction regime, in which transmission resonances obscure the plateaus.

c.  Temperature Dependence of the Conductance

i. Thermal averaging of the point contact conductance. In Fig. 7, we
show?? the conductance of a quantum point contact in zero magnetic field as
a function of gate voltage, for various temperatures between 0.3 K and 4.2 K.
On increasing the temperature, the plateaus acquire a finite slope until they no
longer are resolved. This is a consequence of the thermal smearing of the
Fermi—Dirac distribution,

E— E\!
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Fig. 7. Experimental temperature dependence of the conductance quantization in zero
magnetic field. (From Ref. 12.)

Ifat T = 0 the conductance G(Ey, T) has a step function dependence on the
Fermi energy Er, at finite temperatures it has the form,3%10t

df

2e?
d—EdE = Zl Sf(E, — Eg). 7

G(E:, T) = —fG(E, 0)
Here, as before, E, denotes the energy of the bottom of the nth subband (cf,
Eq. (4)). The width of the thermal smearing function df/dE is about 4k;T,
so that the conductance steps should disappear above a characteristic tem-
perature T, = AE/4kg, with AE the subband splitting at the Fermi level.
For the square-well confining potential, AE ~ 2(Ez — E,)/N. In Section 3.b,
we estimate that AE increases from about 2 meV at V, = —1.0 V (where
N =11) to 4 meV at ¥, = — 1.8 V (where N = 3). The increase in subband
splitting thus qualitatively explains the experimental observation in Fig. 7
that the smearing of the plateaus is less pronounced for larger negative gate
voltages. The temperature at which smearing becomes appreciable (x4 K)
implies AE ~ 2 meV, which is of the correct order of magnitude.

It has been noted that a small but finite voltage drop across the constriction
should have an effect that is qualitatively similar to that of a finite temper-
ature.!®! This indeed is borne out by experiments.’> Conduction at larger
applied voltages in the nonlinear transport regime is discussed extensively
in Section 7.
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ii. Quantum interference effects at low temperatures. Interestingly, it
was found experimentally®® that, in general, a finite temperature yielded
the best well-defined and flat plateaus as a function of gate voltage in the
zero-field conductance. If the temperature is increased beyond this opti-
mum (which is about 0.5 K), the plateaus disappear because of the thermal
averaging discussed earlier. Below this temperature, oscillatory structure may
be superimposed on the conductance plateaus, as demonstrated in Fig. 8,
which shows!? conductance traces at 40 mK (both in the absence and presence
of a weak magnetic field). The strength and shape of the oscillations varies
from device to device, probably due to the uncontrolled variations in the
confining potential discussed in Part II. However, the data is quite repro-
ducible if the sample is kept below 10 K. We believe that these oscillations are
due at least in part to resonances in the transmission probability associated
with reflections at the entrance and exit of the constriction. Indeed, similar
oscillations were found in the numerical studies referred to earlier of the
conductance of an abrupt constriction with L ~ W. Other groups'0%103
have measured comparable fine structure in the quantum point contact
conductance.

In addition to these resonances, some of the structure may be a quantum
interference effect associated with backscattering of electrons by impurities

CONDUCTANCE (2e2/h)

O i L a1 |
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FiG. 8. Oscillatory structure observed in the zero-field conductance of a point contact at

40 mK (top curve). Some of the oscillatory structure 1s suppressed by a weak magnetic field
(lower three curves). (From Ref. 12.)
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near the opening of the constriction. The possibility that impurity scattering
plays a role is supported by the fact that a very weak perpendicular magnetic
field of 0.05 T leads to a suppression of some of the finest structure, leaving the
more regular oscillations unchanged (Fig. 8). Increasing the magnetic field
further has little effect on the flatness of the plateaus. The cyclotron radius for
these fields is as long as 2 um, so that the magnetic field hardly has any effect on
the electron states inside the constriction. Such a field would be strong enough,
however, to suppress the backscattering caused by one or a few impurities
located within a few ym of the constriction. In contrast to the case of the
conductance fluctuations in the diffusive transport regime,**1°° the specific
impurity configuration would be very important.

We thus believe that this data shows evidence of both impurity-related
quantum interference oscillations and transmission resonances determined by
the geometry. Only the latter survive in a weak perpendicular magnetic field.
Provided this interpretation is correct, one in principle can estimate the length
of the coustriction from the periodicity of the relevant oscillations as a
function of gate voltage. For a realistic modeling, one has to account for the
Complication that the gate voltage simultaneously affects the carrier density in
the constriction, its width, and its length. Such calculations are not available,
unfortunately. The effect of an increase in temperature on these quantum
interference effects can be two-fold. Firstly, it leads to a suppression of the
oscillations because of thermal averaging. Secondly, it reduces the phase
Coherence length as a result of inelastic scattering. The coherent electron
focusing experiment discussed in Section 6 indicates that the latter effect is
relatively unimportant for quantum ballistic transport at temperatures up to
about 10 K. At higher temperatures, inelastic scattering induces a gradual
transition to incoherent diffusive transport.

d.  Length Dependence of the Conductance

_ Theoretically, one expects that the conductance quantization is preserved
In longer channels than those used in the original publications*> (in which,
typically, L ~ W ~ 100 nm). Experiments on longer channels, however, did
not show the quantization.3*5%1%6 This is demonstrated in Fig. 9, where the
resistance versus gate voltage is plotted®* for a constriction with L = 3.4 um.
This is well below the transport mean free path in the bulk, which is about
10 um in this material. The curve in Fig. 9 was taken at 50 mK, but the
resistance is temperature-independent below 4 K. The sudden increase in the
resistance at ¥, = —0.5 V indicates the formation of the constriction. The lack
of clear plateaus in Fig. 9 (compared with Fig. 3 for a short constriction) most
likely is due to enhanced backscattering inside the constriction. Impurity
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F1G. 9. Resistance of a long constriction (L = 3.4 um) as a function of gate voltage, at T =
50 mK, showing the near absence of quantized plateaus. The shoulder at V,~ —0.5 V is a
consequence of the formation of the constriction at the depletion threshold. (From Ref. 34.)

scattering may be one source of backscattering,®*'°¢ which is expected to be

more severe in narrow channels due to the reduced screening in a quasi-one-
dimensional electron gas.’°” Perhaps more importantly, backscattering can
occur at channel wall irregularities. Thornton et al.1%® have found evidence of
a small (5%) fraction of diffuse, rather than specular, reflections at boundaries
defined electrostatically by a gate. In a 200 nm-wide constriction, this leads
to an effective mean free path of about 200 nm/0.05 ~ 4 um, comparable to
the constriction length in this device.

Long constrictions have been studied more extensively in the quasi-ballistic
transport regime, where the mean free path is much larger than the channel
width, but shorter than its length (¢f. Refs. 50 and 109). Low-temperature
transport in this regime is characterized by weak localization and electron—
electron interaction effects, and by universal conductance fluctuations. It
would be of interest to study the transition from the ballistic to the quasi-
ballistic transport regime, by performing systematic studies on the length and
width dependence of the quantum transport through smooth constrictions
fabricated on material with different values for the mobility. Some recent work
by Timp et al.%*°¢ and Brown et al.'°? is in this direction.



2. QUANTUM POINT CONTACTS 33

3. MAGNETIC DEPOPULATION OF SUBBANDS

a. Magneto-Electric Subbands

If a magnetic field B is applied perpendicular to a wide 2DEG, the kinetic
energy of the electrons is quantized''® at energies E, = (n — 3)hw,, with
. = eB/m the cyclotron frequency. The quantum number n = 1,2,... labels
the Landau levels. The number of Landau levels below the Fermi energy
N ~ Ep/hw, decreases as the magnetic field is increased. This magnetic
depopulation of Landau levels is observed in the quantum Hall effect, where
each occupied Landau level contributes e?/h (per spin direction) to the Hall
conductance. The Landau level quantization is the result of the periodicity of
the circular motion in a magnetic field. In a narrow channel or constriction, the
Cyclotron orbit is perturbed by the electrostatic lateral confinement, and this
modifies the energy spectrum. Instead of Landau levels, one now speaks of
magneto-electric subbands. The effect of the lateral confinement on the number
N of occupied subbands becomes important when the cyclotron orbit at the
Fermi energy (of radius L, = fikp/eB) no longer fits fully into the channel.
If I, > W, the effect of the magnetic field on the trajectories (and thus on
the energy spectrum) can be neglected, and N becomes approximately B-
independent. Simple analytic expressions for the B-dependence of N can be
obtained for a parabolic confining potential,'"! or for a square-well poten-
tial.!> For the square well, one finds in a semiclassical approximation (with
an accuracy of 1), and neglecting the spin-splitting of the energy levels,

2 Eg W w W \2|v2
N = Int| — 1—
" I:n hwc (arcsnl 2lcycl - 2lcycl[ <2lcycl> ] ’

w
2 H
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if Loy >

1 Eg . w
N~ Int,:'i + h—Q)C‘J’ lf lcycl < 7. (8b)

One easily verifies that for zero magnetic field, Eq. (8) yields N = Int[kW/n],
as it should. If Eq. (8) is applied to a constriction containing a potential barrier
of height E,, then one should replace Ep— Ep — E, and, consequently,
Loyt = loyea(1 — E./Eg)Y2. In Fig. 10, we show the depopulation of Landau
levels with its characteristic 1/B dependence of N (dashed curve), and the
uch slower depopulation of magneto-electric subbands for W/2i, ., < 1
(solid curve). These results are calculated from Eq. (8) for a square-well
Potential with kpW/n = 10. Smoother confining potentials (e.g., parabolic)
8ive similar results. !
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Fi6. 10. Magnetic field dependence of the number of occupied subbands in a narrow
channel, according to Eq. (8) (solid curve). The dashed curve gives the magnetic depopulation of
Landau levels in a wide 2DEG, which has a 1/B dependence.

We note that in Fig. 10, a possible oscillatory B-dependence of Eg has been
ignored, which would result from pinning of the Fermi level to the Landau
levels—either in the narrow channel itself or in the adjacent wide 2DEG
regions. To determine this B-dependence for a short constriction (where both
pinning mechanisms compete) would require a self-consistent solution of the
Schrodinger and Poisson equation, which has not been done yet in a quan-
tizing magnetic field for such a geometry. In the application of Eq. (8) to the
experiments in Section 3.b on a constriction containing a barrier, we similarly
will neglect a possible oscillatory B-dependence of Ep — E,.

In the Landau gauge for the vector potential A = (0, Bx, 0} (for a channel
along the y-axis), the translational invariance along the channel is not broken
by the magnetic field, so that the propagating modes can still be described by
a wave number k for propagation along the channel—just as in zero magnetic
field (cf. Section 2.b). However, the dispersion relation E, (k) does not have the
form of Eq. (4), and consequently, the group velocity v, = dE,/Adk no longer
is given by #ik/m (as it is for B = 0). In a strong magnetic field (I, < W/2),
the propagating modes are extended along a boundary of the sample, and are
referred to as magnetic edge channels. Classically, these states correspond to
skipping orbits along a channel boundary (¢f. Fig. 11a). In weaker fields
(lyer = W/2), the propagating modes extend throughout the bulk, and cor-
respond to traversing trajectories that interact with both opposite channel
boundaries (Fig. 11b). The wave functions and energy spectra for these various
quantum states are very different, yet experimentally a gradual transition is
observed from the zero-field conductance quantization of a quantum point
contact to the strong-field quantum Hall effect. (See next section). The
fundamental cancellation between group velocity and density of states for
one-dimensional waveguide modes, which does not depend explicitly on the
nature of the dispersion law E,(k), provides the theoretical explanation of the
remarkable connection between these two quantum phenomena, which at
first sight seem unrelated.
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FI1G. 11. Trajectories 1n a narrow channel in a perpendicular magnetic field (right) and the
Corresponding transverse profile of the wave function ¥ (left). Skipping orbits on both opposite
edges and the corresponding edge states are shown m g, a traversing trajectory and the
Corresponding bulk state in b. Note that the wave functions shown correspond to the nodeless
7= 1 mode.

b.  Conductance Quantization in an External Magnetic Field

In Fig. 12, measurements®” are shown of the conductance versus gate volt-
age for various values of the magnetic field (at T = 0.6 K). The point contact
conductance has been obtained from the measured resistance after subtrac-
tion of a gate voltage-independent background resistance (cf. Part 1I). The
Mmeasurements have been performed for values of the magnetic field where
the 2DEG resistivity has a Shubnikov—de Haas minimum. The background
Iesistance then is due mainly to the non-ideal ohmic contacts, and increases
from about 4 kQ to 8 kQ between zero and 2.5 T.5” Fig. 12 demonstrates
that the conductance quantization is conserved in the presence of a magnetic
field, and shows a smooth transition from zero-field quantization to quan-
tum Hall effect. The main effect of the magnetic field is to reduce the number
of plateaus in a given gate voltage interval. This provides a direct demon-
Stration of depopulation of 1D subbands, as analyzed later. In addition, one
Observes that the flatness of the plateaus improves in the presence of the
field. This is due to the spatial separation at opposite edges of the constric-
tion of the left- and right-moving electrons (illustrated in Fig. 11a), which
Teduces the probability for backscattering in a magnetic field.**”” We return
to the magnetic suppression of backscattering in Section 4. Finally, in strong
Magnetic fields, the spin degeneracy of the energy levels is removed, and ad-
ditional plateaus appear at odd multiples of e?/h. They are much less well-
Tesolved than the even-numbered plateaus, presumably because the Zeeman
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FiG. 12. Point contact conductance (corrected for a series lead resistance) as a function of
gate voltage for several magnetic field values, tlustrating the transition from zero-field quantiza-
tion to quantum Hall effect. The curves have been offset for clarity. The inset shows the device
geometry. (From Ref. 57))

spin-splitting energy |gugB| is considerably smaller than the subband split-
ting AE. (If one uses the low-field value g = —0.44 for the Landé g-factor
in GaAs, and the definition py = eh/2m, for the Bohr magneton, one finds
a splitting as small as 0.025 meV per T, while AE in general is more than
1 meV, as discussed later.) We note that the spin degeneracy of the quantized
plateaus also can be removed by a strong parallel (rather than perpendicular)
magnetic field, as shown by Wharam et al.®

Because the arguments leading to Eq. (5) are valid regardless of the nature
of the subbands involved, we can conclude that in the presence of a mag-
netic field, the conductance remains quantized according to G = (2¢2/h)N
(ignoring spin-splitting, for simplicity). Calculations®>12-1# done for specific
point contact geometries confirm this general conclusion. The number of oc-
cupied (spin degenerate) subbands N is given approximately by Eq. (8), for a
square-well confining potential. In the high-magnetic field regime W 2 21,
the quantization of G with N given by Eq. (8b) is just the quantum Hall
effect in a two-terminal configuration (which has been shown!>~''7 to be
equivalent to the quantization of the Hall resistance in the more usual four-
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terminal configuration, ¢f. Section 9.a; the ohmic contact resistance is excep-
tionally large in our sample, but usually is much smaller so that accurate
Quantization becomes possible in a two-terminal measurement in high mag-
netic fields). At lower magnetic fields, the quantization of the point contact
conductance provides a direct and extremely straightforward method to
measure, via N = G(2¢%/h)~!, the depopulation of magneto-electric sub-
bands in the constriction. Previously, this effect in a narrow channel had
been studied indirectly by measuring the deviations from the 1/B periodicity
of the Shubnikov—de Haas oscillations'®®~'2° (the observation of which is
made difficult by the irregular conductance fluctuations that result from
quantum interference in a disordered system).

Figure 13 shows the number N of occupied subbands obtained from the
measured G (Fig. 12), as a function of reciprocal magnetic field for various
gate voltages.>” Also shown are the theoretical curves according to Eq. (8),
with the potential barrier in the constriction taken into account. The barrier
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Fig. 13, Number of occupied subbands as a function of reciprocal magnetic field for several
values of the gate voltage. Data points have been obtained directly from the quantized conduc-
tance (Fig, 12); solid curves are calculated from Eq. (8), with the parameters tabulated in the inset.
(From Ref, 57.)
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height E_ 1s obtamed from the high-field conductance plateaus (where N ~
(Ef — E.)/hw,), and the constriction width W then follows from the zero-
field conductance (where N ~ [2m(Er — E.)/h*]*?*W/n) The good agreement
found over the entire field range confirms our expectation that the quan-
tized conductance 1s determuned exclusively by the number of occupied sub-
bands—irrespective of their electric or magnetic origin The present analysis
1s for a square-well confining potential For the narrowest constrictions, a
parabolic potential should be more appropriate, 1t has been used to analyze
the data of Fig 12 1 Refs 12 and 121 The most realistic potential shape 1s
a parabola with a flat section nserted i the middle,*?? 122 but this potential
contains an additional undetermined parameter (the width of the flat section)
Wharam et al *** have analyzed their depopulation data using such a model
(¢f also Ref 121) Because of the uncertainties in the actual shape of the
potential, the parameter values tabulated 1n Fig 13 only are rough estimates,
but we believe that the observed trends 1n the dependence of W and E, on ¥,
are significant

In Fig 14, we have plotted this trend (assuming a square-well confining
potential) for the poimnt contact discussed before (curves labeled 2) and for
another (nominally 1dentical) point contact (curves 3) For comparison, we
also show the results obtamned in Section 4 for a longer and wider constric-
tion 34 (curves 1) The electron density n, 1n the constriction has been calcu-
lated approximately by n, ~ (Ex — E,)m/nh?* (1e, using the two-dimensional
density of states, with neglect of the subband quantization) The dependence
of the width and electron density on the gate voltage 1s qualitatively stmilar
for the three devices The quantitative differences between the two nominally
identical quantum pomt contacts (curves 2 and 3) serve to emphasize the
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FiG 14 Electron gas density (solid curves) and width (dashed curves) of the constrictions
defined by three different sphit gate devices The curves labeled 1 are for the wide split gate of
Ref 34 (discussed 1n Section 4) Curves 2 are for the point contact of Ref 57 (¢f Fig 13), and
curves 3 for another point contact of 1dentical design
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importance of the uncontrolled variations in the device electrostatics dis-
cussed in Part II. (It should be noted, though, that curve 2 is representative
for several other samples studied.) The larger constriction (curve 1) needs a
much higher gate voltage for pinch-off simply because of its different dimen-
sions. It would be of interest to compare these results with a self-consistent
solution of the three-dimensional Poisson and Schrédinger equation, which
now are starting to become available.'?%123

A significant reduction of the electron density n, in the constriction with
increasing negative gate voltage occurs in all the samples (cf. Fig. 14). The
potential barrier in the constriction thus cannot be neglected (except at low
gate voltages). As an example, one finds for a typical quantum point contact
(Fig. 13 or curve 2 in Fig. 14) that E,/Ey varies from 0 to 0.7 (with Ep =
127 meV) as the gate voltage is varied from 0 to —2.0 V. This corresponds
to a reduction of n, by a factor of 3.5. Because of the relatively large poten-
tial barrier, the N-dependence of the zero-ficld subband splitting at the Fermi
energy AE ~ 2(Eg — E.)/N for a small number of occupied subbands in the
Square well is found to be substantially reduced from the 1/N dependence
that would follow on ignoring the barrier. For the typical sample mentioned
breviously, one finds at ¥, = —1.8 V, where N = 3, a subband splitting AE ~
3.5 meV. This is only a factor of 2 larger than the splitting AE ~ 1.8 meV
that one finds at ¥, = —1.0 V, although N = 11 has increased by almost a
factor of 4.

4. MAGNETIC SUPPRESSION OF BACKSCATTERING AT A
PoinT CoNTACT

Only a small fraction of the electrons injected by the current source into
the 2DEG is transmitted through the point contact. The remaining electrons
are scattered back into the source contact. This is the origin of the nonzero
Iesistance of a ballistic point contact. In this section, we shall discuss how a
relatively weak magnetic field leads to a suppression of the geometrical back-
Scattering caused by the finite width of the point contact, while the amount
of backscattering caused by the potential barrier in the point contact re-
Mains essentially unaffected.

The reduction of backscattering by a magnetic field is observed as a nega-
tive magnetoresistance (i.c., R(B) — R(0) < 0) in a four-terminal measurement
of the point contact resistance.>* The distinction between two- and four-
terminal resistance measurements already has been mentioned in Part IL
In Sections 2 and 3, we considered the two-terminal resistance R,, of a point
Contact. This resistance is the total voltage drop between source and drain
divided by the current, and has a particular significance as the quantity that
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determines the dissipated power I°R,,. Two-terminal resistance measure-
ments, however, do not address the issue of the distribution of the voltage
drop along the sample. In the ballistic (or adiabatic) transport regime, the
measurement and analysis of the voltage distribution are non-trivial, because
the concept of a local resistivity tensor (associated with that of local equilib-
rium) breaks down. (We will discuss non-local transport measurements in
ballistic and adiabatic transport in Section 6 and Part IV, respectively.) In
this section, we are concerned with the four-terminal longitudinal resistance
R, , measured with two adjacent (not opposite) voltage probes, one at each
side of the constriction (¢f. the inset in Fig. 15). We speak of a (generalized)
longitudinal resistance, by analogy with the longitudinal resistance mea-
sured in a Hall bar, because the line connecting the two voltage probes does
not intersect the line connecting the current source and drain (located at
the far left and right of the conductor shown in Fig. 15). The voltage probes
are positioned on wide 2DEG regions, well away from the constriction. This
allows the establishment of local equilibrium near the voltage probes, at
least in weak magnetic fields (¢f. Part IV), so that the measured four-terminal
resistance does not depend on the properties of the probes.

The experimental results®** for R; in this geometry are plotted in Fig. 15.
This quantity shows a negative magnetoresistance, which is temperature-
independent (between 50 mK and 4 K), and is observed in weak magnetic
fields once the narrow constriction is defined (for ¥, 5 0.3 V). (The very small
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Fig. 15. Four-terminal longitudinal magnetoresistance R;, of a constriction for a series of
gate voltages from 0 V (Iowest curve) to —3 V. Solid lines are according to Egs. (8) and (10), with
the constriction width as adjustable parameter. The inset shows schematically the device
geometry, with the two voltage proves used to measure R, . (From Ref. 34.)
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effect seen in the trace for V, = 0 V probably is due to a density reduction by
the Schottky barrier under the gate.) At stronger magnetic fields (B > 0.4 T),
a crossover is observed to a positive magnetoresistance. The zero-field re-
sistance, the magnitude of the negative magnetoresistance, the slope of the
positive magnetoresistance, as well as the crossover field, all increase with
increasing negative gate voltage.

The magnetic field dependence of the four-terminal resistance shown in
Fig. 15 is qualitatively different from that of the two-terminal resistance R,,
considered in Section 3. In fact, R,, is approximately B-independent in
weak magnetic fields (below the crossover fields of Fig. 15). We recall that
Ry, is given by (¢f. Eq. (5))

h 1

= ——7 -,
2e Nmin

Rz ©

with N_.. the number of occupied subbands at the bottleneck of the
Constriction (where it has its minimum width and electron gas density). In
weak magnetic fields such that 2/,,., > W, the number of occupied subbands
Temains approximately constant (¢f. Fig. 10 or Eq. (8)), which is the reason
for the weak dependence on B of the two-terminal resistance in this field
regime. For stronger fields, Eq. (9) describes a positive magnetoresistance,
because N, decreases due to the magnetic depopulation of subbands
fﬁscussed in Section 3. Why then do we find a negative magnetoresistance
In the four-terminal measurements of Fig. 157 Qualitatively, the answer is
shown in Fig, 16 for a constriction without a potential barrier. In a mag-

Detic field the left- and right-moving electrons are separated spatially by the

a) b)

Fig. 16. Illustration of the reduction of backscattering by a magnetic field, which is
Tesponsible for the negative magnetoresistance of Fig. 15. Shown are trajectories approaching a
Constriction without a potential barrier, in a weak (a) and strong (b) magnetic field.
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Lorentz force at opposite sides of the constriction. Quantum mechanically,
the skipping orbits in Fig. 16 correspond to magnetic edge states (¢f. Fig. 11).
Backscattering thus requires scattering across the width of the constriction,
which becomes increasingly improbable as I, ., becomes smaller and smaller
compared to the width. (Compare Figs. 16a,b.) For this reason, in a magnetic
field the role of the constriction as the dominant bottleneck limiting the
current is taken over increasingly by the contact resistance at the connection
of the current contacts with the 2DEG. Quantitatively, this can be treated as
follows.3*

Consider the four-terminal geometry of Fig. 17. A current I flows through
a constriction due to a chemical potential difference between the source
(at chemical potential u, = Ey + du) and the drain (at chemical potential
uq = Eg). Unless the magnetic field is very weak, we can assume that the left-
and right-moving electrons are separated spatially at the lower and upper
boundary of the wide 2DEG, and that backscattering can occur only at the
constriction. The four-terminal longitudinal resistance is defined as R, =
(t; — p.)/el, where y, and y, are the chemical potentials measured by the two
voltage probes shown in Fig. 17, at the upper boundary to the left and right
of the constriction. The left voltage probe, which 1s in equilibrium with the
electrons coming from the source, has y; = Ex + du. A fraction Np,./Ny.ae
of these electrons is transmitted through the constriction, the remainder
returning to the source contact via the opposite edge. Here, N, and N4,
are the number of propagating modes in the narrow and wide regions,
respectively. If we assume a local equilibrium near the voltage probes, the
excess chemical potential, u, — Eg, is reduced by the same factor, u, — Ep =
(Npun/Nywe)(th — Eg). (In the absence of local equilibrium, the measured
chemical potential depends on how the voltage probe couples to the 2DEG.)
The transmitted current itself is determined by the two-terminal resistance,
from Eq. (9), which gives I = (2¢/h)N,,,, op. Collecting results, we find the
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Fic 17 Schematic arrangement of a four-termal conductor containing a constriction,
used 1n the text to derive Eq (10) The spatial separation of the left- and right-moving electrons in
the wide regions 1s indicated (¢f Fig 11a)
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simple formula,3*

h 1 1
_h L L) 1
RL 262 <Nmin Nwide) ( 0)

obtained independently by Biittiker.”” For a more formal derivation of this
result using the Landauer—Biittiker formalism, see Section 9.

At small magnetic fields, N, is approximately constant, while N,y de-
Creases linearly with B (c¢f. Eq. (8)). Equation (10) thus predicts a negative
magnetoresistance. Physically, the resistance reduction is due to the fact that,
as B is increased, a larger and larger fraction of the edge states is transmitted
through the constriction (as is illustrated in Fig. 16). If the electron density
in the wide and narrow regions is equal (i.e., the barrier height E, = 0), then
the resistance R, vanishes for fields B > B,,;, = 2hkg/eW. This follows from
Eq. (10), because in this case, N,;, and N,,,. are identical. If, on the other
hand, the electron density in the constriction is less than its value in the wide
region, then Eq. (10) predicts a crossover at B, to a strong-field regime of
Positive magnetoresistance described by

h[ ho.  ho
R, ~ e ) iB>B.,. 11
L 2eZ<EF~Ec EF)1 ‘ ay

The solid curves in Fig. 15 have been obtained from Egs. (8) and (10) (after
addition of the background resistance found at gate voltage zero), with the
constriction width W, as the single freeparameter. The barrier height E,
has been determined independently from the two-terminal resistance in high
Magnetic fields (¢f. Section 3). The agreement found is quite good, confirming
the validity of Eq. (10) in the weak-field regime, and providing a means to
determine the constriction width (which is found to vary from 0.8 to 0.3 ym
as V, varies from —0.3 to —3.0 V; see the curves labeled 1 in Fig. 14). The
Constriction in the present experiment is relatively long (L ~ 3.4 ym), so that
1t does not exhibit clear quantized plateaus in the zero-field two-terminal
conductance (cf. Section 2.d and Fig. 9, measured on this same sample). For
this reason, the discreteness of N was ignored in the theoretical curves in
Fig. 15. we emphasize, however, that the preceding analysis is equally appli-
cable to the quantum case (as will be discussed in Section 9). For example,
Eq. (10) describes the quantization in fractions of 2e2/h of the longitudinal
conductance R;' of a point contact observed experimentally.’?>!2¢ (See
Section 9.a).

In high magnetic fields in the quantum Hall effect regime, the validity of
the result, Eq. (10), is not restricted to point contacts, but holds also for a
Wide Hall bar (having N, occupied Landau levels), of which a segment has
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a reduced electron density (so that only N,;, Landau levels are occupied in
that region). Many such experiments have been performed.’?’~*32 In these
papers, the simplicity of an analysis in terms of transmitted and reflected
edge states had not been appreciated yet, in contrast to more recent experi-
mental work'**~13% in which a narrow gate across the Hall bar induces a
potential barrier in the 2DEG. Deviations from Eq. (10) can result from inter-
edge channel scattering; ¢f. Refs. 136, 137, and 138.

The preceding argument predicts a Hall resistance, Ry = R,, — Ry, in the
wide regions given by

h 1 (12)

H= 2 >
2e wide

unaffected by the presence of the constriction. This is a direct consequence of
our assumption of local equilibrium near the voltage probes. In the weak-
field regime of Fig. 15, this result, Eq. (12), has been confirmed experimen-
tally, but deviations were found for higher magnetic fields.3* These are dis-
cussed further in Section 9. Anticipating that discussion, we note that in a
strong magnetic field, the assumption of local equilibrium near the voltage
probes is a sufficient but not necessary condition for Egs. (10) and (12) to
hold. Even in the absence of local equilibrium, these equations remain valid
if the voltage probes are much wider than [, so that all edge states on one
edge of the wide 2DEG region are fully absorbed by the voltage contact.
Such an ideal contact induces itself a local equilibrium among the edge
states” (cf. Section 9.a).

For completeness, we mention that one also can measure the two four-
terminal diagonal resistances R+ and Rp- across the constriction, in such a
way that the two voltage probes are on opposite (not adjacent) edges of the
2DEG, on either side of the constriction. (See Fig. 18). Additivity of voltages
on contacts tells us that Rp. = R; + Ry (for the magnetic field direction of
Fig. 18), so that

B 1 h 2 1
+ = —= ——; R - — . 13
RD 2@2 Nmin P 262 <Nw1de Nmin> ( )

On field reversal, Ry« and Ry,- are interchanged. Thus, a four-terminal resis-
tance (Rp+ in Eq. (13)) can be equal in principle to the two-terminal resistance
(R,, in Eq. (9)). The main difference between these two quantities is that the
additive contribution of the ohmic contact resistance, and of a part of the
diffusive background resistance, is eliminated in the four-terminal resistance
measurement (¢f. Part I1).
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FiG 18 Perspective view of a six-termunal Hall bar containing a point contact, showing the
various two- and four-termunal resistances mentioned 1n the text.

In conclusion, we have demonstrated that a magnetic field suppresses the
backscattering at the point contact that results from its finite width. In
Ref. 34, it was suggested that a magnetic field also may suppress the back-
Scattering caused by impurities in a narrow channel, thereby explaining a
negative magnetoresistance effect in the quasi-ballistic transport regime first
observed by Choi et al.>° (See also Ref. 109.) A theory of the quantum Hall
effect based on the suppression of backscattering by a magnetic field has
been developed by Biittiker;”” see Part IV.

5. ELECTRON BEAM COLLIMATION AND POINT
CONTACTS IN SERIES

a.  Introduction

The first experimental study of ballistic transport through two opposite
point contacts was carried out by Wharam et al.,° who discovered that the
series resistance is considerably less than the sum of the two individual resis-
tances. Subsequent experiments confirmed this result.’*!>! To explain this
observation theoretically, two of us proposed® that collimation of the elec-
tron beam injected by a point contact enhances the direct transmission pro-
bability from one point contact to the other, thereby significantly reducing
the series resistance below its ohmic value. An alternative measurement con-
figuration was suggested, in which the deflection of the beam by a magnetic
field can be sensitively detected, to provide direct experimental proof of
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a reduced electron density (so that only N,,;, Landau levels are occupied in
that region). Many such experiments have been performed.'?’=132 In these
papers, the simplicity of an analysis in terms of transmitted and reflected
edge states had not been appreciated yet, in contrast to more recent experi-
mental work**~135 in which a narrow gate across the Hall bar induces a
potential barrier in the 2DEG. Deviations from Eq. (10) can result from inter-
edge channel scattering; ¢f. Refs. 136, 137, and 138.

The preceding argument predicts a Hall resistance, Ry = R,, — Ry, in the
wide regions given by

|
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unaffected by the presence of the constriction. This is a direct consequence of
our assumption of local equilibrium near the voltage probes. In the weak-
field regime of Fig. 15, this result, Eq. (12), has been confirmed experimen-
tally, but deviations were found for higher magnetic fields.>* These are dis-
cussed further in Section 9. Anticipating that discussion, we note that in a
strong magnetic field, the assumption of local equilibrium near the voltage
probes is a sufficient but not necessary condition for Egs. (10) and (12) to
hold. Even in the absence of local equilibrium, these equations remain valid
if the voltage probes are much wider than [, so that all edge states on one
edge of the wide 2DEG region are fully absorbed by the voltage contact.
Such an ideal contact induces itself a local equilibrium among the edge
states”” (¢f. Section 9.a).

For completeness, we mention that one also can measure the two four-
terminal diagonal resistances R+ and Rp,- across the constriction, in such a
way that the two voltage probes are on opposite (not adjacent) edges of the
2DEG, on either side of the constriction. (See Fig, 18). Additivity of voltages
on contacts tells us that Rp. = R, + Ry (for the magnetic field direction of
Fig. 18), so that

Bl W2 1
Ryv=—5——; Rp-=—|—— . 13
b 262 Nm ’ P 232 <Nwidc Nmin) ( )
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On field reversal, R+ and Ry are interchanged. Thus, a four-terminal resis-
tance (Rp+ in Eq. (13)) can be equal in principle to the two-terminal resistance
(R, in Eq. (9)). The main difference between these two quantities is that the
additive contribution of the ohmic contact resistance, and of a part of the
diffusive background resistance, is eliminated in the four-terminal resistance
measurement {¢f. Part II).
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Fic. 18. Perspective view of a six-terminal Hall bar containing a point contact, showing the
various two- and four-terminal resistances mentioned in the text.

In conclusion, we have demonstrated that a magnetic field suppresses the
backscattering at the point contact that results from its finite width. In
Ref. 34, it was suggested that a magnetic field also may suppress the back-
scattering caused by impurities in a narrow channel, thereby explaining a
negative magnetoresistance effect in the quasi-ballistic transport regime first
observed by Choi et al.>® (See also Ref. 109.) A theory of the quantum Hall
effect based on the suppression of backscattering by a magnetic field has
been developed by Biittiker;”” see Part IV.

5. BLECTRON BEAM COLLIMATION AND POINT
CONTACTS IN SERIES

a.  Introduction

The first experimental study of ballistic transport through two opposite
Point contacts was carried out by Wharam et al.,’ who discovered that the
Series resistance is considerably less than the sum of the two individual resis-
tances. Subsequent experiments confirmed this result.’*'*! To explain this
observation theoretically, two of us proposed®°® that collimation of the elec-
tron beam injected by a point contact enhances the direct transmission pro-
bability from one point contact to the other, thereby significantly reducing
the series resistance below its ohmic value. An alternative measurement con-
figuration was suggested, in which the deflection of the beam by a magnetic
field can be sensitively detected, to provide direct experimental proof of
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collimation. Such an experiment now has been performed,®® and will be
discussed shortly in some detail. We will not consider here the obvious
alternative geometry of two adjacent point contacts in parallel (studied in
Refs. 140, 141, and 142). In that geometry, the collimation effect can not en-
hance the coupling of the two point contacts, so only small deviations from
Ohm’s law are to be expected.

The collimation effect has an importance in ballistic transport that goes
beyond the point contact geometry for which it originally was proposed.
Recent theoretical'#®144 and experimental**>4¢ work has shown that col-
limation is at the origin of the phenomenon of the quenching of the Hall
effect (a suppression of the Hall resistance at low magnetic fields).>* In fact,
collimation is one of a set of semiclassical mechanisms!** that together can
explain a whole variety of magnetoresistance anomalies found experimen-
tally in ballistic narrow-channel geometries, including quenched and negative
Hall resistances, the last Hall plateau, bend resistances, and geometrical re-
sonances. These recent developments emphasize the general importance of
the collimation effect, but will not be discussed here any further. In this chap-
ter, we restrict ourselves to point contact geometry, which happens to be an
ideal geometry for the study of collimated electron beams.

b. Collimation

Collimation follows from the constraints on the electron momentum im-
posed by the potential energy barrier in the point contact (barrier collima-
tion), and by the gradual flaring of the confining potential at the entrance
and exit of the point contact (horn collimation).®%¢ Semiclassically, collima-
tion results from the adiabatic invariance of the product of channel width
W and absolute value of the transverse momentum #k,. (This product is
proportional to the action for motion transverse to the channel.)'*’ There-
fore, if the electrostatic potential in the point contact region is sufficiently
smooth, the quantity S = |k,|W is approximately constant from point con-
tact entrance to exit. Note that S/n corresponds to the quantum mechanical
one-dimensional subband index »n. The quantum mechanical criterion for
adiabatic transport thus is that the potential in the point contact region does
not cause intersubband transitions. To this end, it should be smooth on
the scale of a wavelength, and the width should change gradually on the
same length scale. As we discussed in Section 2.b.iii, adiabatic transport
breaks down at the exit of the point contact, where it widens abruptly into a
2DEG of essentially infinite width. Barrier- and horn-collimation reduce the
injection/acceptance cone of the point contact from its original value of n
to a value of 2a,,,. This effect is illustrated in Fig. 19. Electrons incident
at an angle |o| > a,,,, from normal incidence are reflected. (The geometry
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leax

F1G. 19. Illustration of the collimation effect for an abrupt constriction (a) containing
& potential barrier of height E,, and for a horn-shaped constriction (b) that is flared from a
width W, = to W,... The dash-dotted trajectories approaching at an angle o outside the

. . min
mjection/acceptance cone are reflected. (From Ref. 66.)

of Fig. 19b is known in optics as a conical reflector.)'*® On the other hand,
all electrons leave the constriction at an angle || < 0, i€., the injected
electrons form a collimated beam of angular opening 20.,y.

To obtain an analytic expression for the collimation effect, we describe the
shape of the potential in the point contact region by three parameters: W,,;,,
.Wmax’ and E,. (See Fig. 19.) We consider the case that the point contact has
1ts minimal width W, at the point where the barrier has its maximal height
E; above the bottom of the conduction band in the broad regions. At that
point, the largest possible value of S is

Sl = (zm/hZ)l/Z(EF - Ec)l/szin'

We assume that adiabatic transport (i.e., S = constant) holds up to a point of
2ero barrier height and maximal width W,,,. The abrupt separation of adia-
batic and non-adiabatic regions is a simplification that can be—and has
been — tested by numerical calculations. (See the following.) At the point con-
tact exit, the largest possible value of § is

SZ = (2m/h 2) 1/Z(EF)I/2 Sin Omax Wmax .

The invariance of S implies that S, = S,, so that

. 1 . _ EF 12 Wmax
Omax = ATCSIN <?>, f= ( B Ec> W {14)

The collimation factor f > 1 is the product of a term describing the colli-
Mating effect of a barrier of height E,, and a term describing collimation
due to a gradual widening of the point contact width from W, to W,,,. In
the adiabatic approximation, the angular injection distribution P(a) is pro-
Portional to cos o with an abrupt truncation at +a,,,. The cosine angular

Wrin
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dependence follows from the cosine distribution of the incident flux in com
bination with time reversal symmetry, and thus is not affected by the re
duction of the injection/acceptance cone. (This also can be seen from thi
quantum mechanical correspondence, by noting that in the absence of inter
subband transitions, the relative magnitude of the contributions of the trans
mitted one-dimensional subbands to the injected current cannot change.) We
conclude, therefore, that in the adiabatic approximation, P(x) (normalized tc
unity) is given by

P(a) = —;—fcos a, if o] < e, = arcsin(1/f),
(15)

P(x) = 0, otherwise.

We defer to Section 5.d a comparison of the analytical result, Eq. (15), with
a numerical calculation.

The injection distribution, Eq. (15), can be used to obtain (in the semiclassi-
cal limit) the direct transmission probability T; through two identical oppo-
site point contacts separated by a large distance L. To this end, first note that
Ty/N is the fraction of the current injected through the first point contact,
which is transmitted through the second point contact (since the transmission
probability through the first point contact is N, for N occupied subbands in
the point contact). Electrons injected within a cone of opening angle W, /L
centered at o = 0 reach the opposite point contact, and are transmitted. If
this opening angle is much smaller than the total opening angle 2x,,,, of the
beam, then the distribution function P(x) can be approximated by P(0) within
this cone. This approximation requires W,,,,/L « 1/f, which is satisfied ex-
perimentally in devices with a sufficiently large point contact separation. We
thus obtain Ty/N = P(0)W,,../L, which, using Eq. (15), can be written as®

Wmax
2L
This simple analytical formula can be used to describe the experiments on

transport through identical opposite point contacts in terms of one empirical
parameter f, as discussed in the following two subsections.

L=/

N. (16)

¢. Series Resistance

The expression for the series resistance of two identical opposite point
contacts in terms of the preceding transmission probability can be obtained
directly from the Landauer-Biittiker formalism,” as was done in Ref. 8.
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We give here an equivalent, somewhat more intuitive derivation. Consider
the geometry shown in Fig. 20a. A fraction Ty/N of the current GV in-
Jected through the first point contact by the current source is transmitted
directly through the second point contact (and then drained to ground). Here,
G = (2e%/m)N is the conductance of the individual point contacts, and V is
the source-drain voltage. The remaining fraction, 1 — T;/N, equilibrates in
the region between the point contacts, as a result of inelastic scattering.
(Elastic scattering is sufficient if phase coherence does not play a role.) Since
that region cannot drain charge (as contacts 2 and 4 are not connected to
ground in Fig. 20a), these electrons eventually will leave via one of the two
point contacts. For a symmetric structure, we may assume that the fraction
7(1 - Ty/N) of the injected current GV is transmitted through the second
point contact after equilibration. The total source-drain current [ is the sum
of the direct and indirect contributions,

1 Ty
I=_(1+-2)6V.

The series conductance G..,,. = I/V becomes

1 T,
==Gl1+22). 1
GSCI’ICS 2G< + N> ( 7)

I_n the absence of direct transmission (T; = 0), one recovers the ohmic addi-
tion law for the resistance, as expected for the case of complete intervening

T 1

FiG. 20. Configuration for a series resistance measurement () and for a measurement of the
collimation peak (b). The gates defining the two opposite point contacts are shaded; the squares
ndicate ohmic contacts to the 2DEG. (From Ref. 66.)
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equilibration (cf. the related analysis by Biittiker of tunneling in series bar-
riers).’#>15% At the opposite extreme, if all transmission is direct (T = N),
the series conductance is identical to that of the single-point contact. Substi-
tuting the expression, Eq. (16), into Eq. (17), we obtain the result® for small
but nonzero direct transmission,

1 W,
Gseries :EG(I +f 2'217() (18)

The plateaus in the series resistance as a function of gate voltage, observed
experimentally,® of course are not obtained in the semiclassical calculation
leading to Eq. (18). However, since the non-additivity essentially is a semi-
classical collimation effect, the present analysis should give a reasonably
reliable estimate of deviations from additivity for not too narrow point con-
tacts. Once the point contact width becomes less than a wavelength, diffrac-
tion inhibits collimation of the electron beam. In the limit kW « 1, the
injection distribution becomes proportional to cos? « for all «, independent
of the shape of the potential in the point cortact region.'> Here, we will
compare Eq. (18) only with experiments on rather wide point contacts. A fully
quantum mechanical calculation of the series conductance, with which the
experiments and the semiclassical result could be compared, unfortunately
is not available. (The calculation of Ref. 89 can not be used for this purpose
because equilibration in the region between the point contacts due to inelas-
tic scattering is ignored.)

Wharam et al.® find for relatively large point contact widths (G = 5 x
(2e?/h) for both point contacts) a ratio G/G,e,es = 1.4, considerably less than
the ratio of 2 expected from ohmic addition. From Eq. (17), we infer that a
fraction T;/N =~ 0.4 of the injected current is transmitted directly. As dis-
cussed in Ref. 8, this number is consistent with Eq. (16) using an estimate of
f =~ 2.4 and W,,,,/L ~ 0.4 in their geometry.

In a recent study, Beton et al.**! have applied the preceding results to
their experiment on transport through point contacts in series. For the two
widest identical point contacts considered (G = 4 x (2e?/h)), they infer a frac-
tion Ty/N = 0.6 of directly transmitted current. From their scale diagram,
we estimate L ~ 440 nm; From the relation,

2¢2\ [ 2m\'/? 12 Wi
= =" _ {2 _min

(with E, ~ 0 and the experimentally given value of Eg), we estimate W, =&
90 nm. The maximal width for adiabatic transport W,,, is difficult to esti-
mate reliably, and the lithographic opening of 240 nm in the gates defining
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the point contact presumably is an overestimate. Using E, = 0 and W, <
240 nm, we find from Eq. (14) a collimation factor, f < 2.7, which from
Eq. (16) gives the theoretical value, T;/N < 0.7—consistent with the experi-
menta] value's of 0.6. (In Ref. 151, a much larger theoretical value is stated
without derivation.) At smaller point contact widths, the agreement between
SXperiment and theory becomes worse, possibly as a result of the diffraction
eflects mentioned earlier.

In both these experiments (as well as in a similar experiment of Hirayama
and Saku)'*® L is not much larger than W, so that the requirement for the
validity of Egs. (16) and (18) of small fW,,,/L (or, equivalently, small T;/N)
1 not well satisfied. A more significant comparison between the present ana-
lytical theory and experiment would require a larger point contact separa-
tion. Unfortunately, the non-additivity of the resistance then is only a small
Correction to the series resistance (since Ty « N). For a more sensitive study
of the collimated electron beam, one needs to eliminate the background sig-
Nal from electrons transmitted after equilibration, which obscures the direct
transmission in a series resistance measurement at large point contact sep-
aration. As proposed in Refs. 8 and 66 and discussed in Sec. 5.d, this un-
Interesting background can be largely eliminated by maintaining the region
between the point contacts at ground potential and operating one of the
boint contacts as a voltage probe drawing no net current. (See Fig. 20b.)

So far, we have considered only the case of zero magnetic field. In a weak
Magnetic field (21, > L), the situation is rather complicated. As discussed
In detail in Ref. 8, there are two competing effects in weak fields: On the one
h?nd, the deflection of the electron beam by the Lorentz force reduces the
direct transmission probability, with the effect of decreasing the series con-
dUCtance; on the other hand, the magnetic field enhances the indirect trans-
Mission, with the opposite effect. The result is an initial decrease in the series
Conductance for small magnetic fields in the case of strong collimation, and
an increase in the case of weak collimation. This is expected to be a rela-
tively small effect compared to the effects at stronger fields discussed next
(¢f. Ref. 8).

In stronger fields (2., < L), the direct transmission probability vanishes,
Which greatly simplifies the situation. If we assume that all transmission

Ctween the opposite point contacts is with intervening equilibration, then

the result is®
2e2 (2 1 -2
== = - . 19
Gserles h <N NWide> ( )

Here, N is the (B-independent) number of occupied subbands in the point
Contacts, and N,,,,, is the number of occupied Landau levels in the 2DEG




50 H. van HOUTEN et al.

equilibration (cf. the related analysis by Biittiker of tunneling in series bar-
riers). 14150 At the opposite extreme, if all transmission is direct (Ty = N),
the series conductance is identical to that of the single-point contact. Substi-
tuting the expression, Eq. (16), into Eq. (17), we obtain the result® for small
but nonzero direct transmission,

1 W,
Gseries = §G<1 + f 2ﬂllilx>. (18)

The plateaus in the series resistance as a function of gate voltage, observed
experimentally,® of course are not obtained in the semiclassical calculation
leading to Eq. (18). However, since the non-additivity essentially is a semi-
classical collimation effect, the present analysis should give a reasonably
reliable estimate of deviations from additivity for not too narrow point con-
tacts. Once the point contact width becomes less than a wavelength, diffrac-
tion inhibits collimation of the electron beam. In the limit kW « 1, the
injection distribution becomes proportional to cos®a for all ¢, independent
of the shape of the potential in the point contact region.'® Here, we will
compare Eq. (18) only with experiments on rather wide point contacts. A fully
quantum mechanical calculation of the series conductance, with which the
experiments and the semiclassical result could be compared, unfortunately
is not available. (The calculation of Ref. 89 can not be used for this purpose
because equilibration in the region between the point contacts due to inelas-
tic scattering is ignored.)

Wharam et al.® find for relatively large point contact widths (G = 5 x
(2e2/h) for both point contacts) a ratio G/G,e,es = 1.4, considerably less than
the ratio of 2 expected from ohmic addition. From Eq. (17), we infer that a
fraction Ty/N =~ 0.4 of the injected current is transmitted directly. As dis-
cussed in Ref. &, this number is consistent with Eq. (16) using an estimate of
f ~24and W,,,/L ~ 0.4 in their geometry.

In a recent study, Beton et al.'> have applied the preceding results to
their experiment on transport through point contacts in series. For the two
widest identical point contacts considered (G = 4 x (2e?/h)), they infer a frac-
tion Ty/N = 0.6 of directly transmitted current. From their scale diagram,
we estimate L ~ 440 nm; From the relation,

2e2\ /2m\ 12 Woin
6= (5 )G e me e

(with E, ~ 0 and the experimentally given value of Ep), we estimate W;, =
90 nm. The maximal width for adiabatic transport W,,,, is difficult to esti-
mate reliably, and the lithographic opening of 240 nm in the gates defining
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the point contact presumably is an overestimate. Using E, ~ 0 and W, ,, <
240 nm, we find from Eq. (14) a collimation factor, f < 2.7, which from
Eq. (16) gives the theoretical value, Ty/N < 0.7—consistent with the experi-
mental value!s! of 0.6. (In Ref. 151, a much larger theoretical value is stated
Without derivation.) At smaller point contact widths, the agreement between
€Xperiment and theory becomes worse, possibly as a result of the diffraction
effects mentioned earlier.

In both these experiments (as well as in a similar experiment of Hirayama
and Saku)'*° L is not much larger than W,,,,, so that the requirement for the
validity of Egs. (16) and (18) of small fW,,,/L (or, equivalently, small Ty/N)
IS not well satisfied. A more significant comparison between the present ana-
Iytical theory and experiment would require a larger point contact separa-
tion. Unfortunately, the non-additivity of the resistance then is only a small
Correction to the series resistance (since Ty « N). For a more sensitive study
of the collimated electron beam, one needs to eliminate the background sig-
nal from electrons transmitted after equilibration, which obscures the direct
transmission in a series resistance measurement at large point contact sep-
aration. As proposed in Refs. 8 and 66 and discussed in Sec. 5.d, this un-
Interesting background can be largely eliminated by maintaining the region
between the point contacts at ground potential and operating one of the
Point contacts as a voltage probe drawing no net current. (See Fig. 20b.)

So far, we have considered only the case of zero magnetic field. In a weak
Magnetic field (21.,., > L), the situation is rather complicated. As discussed
In detail in Ref. 8, there are two competing effects in weak fields: On the one
hand, the deflection of the electron beam by the Lorentz force reduces the
direct transmission probability, with the effect of decreasing the series con-
ductance; on the other hand, the magnetic field enhances the indirect trans-
Mission, with the opposite effect. The result is an initial decrease in the series
Conductance for small magnetic fields in the case of strong collimation, and
an incregse in the case of weak collimation. This is expected to be a rela-
tively small effect compared to the effects at stronger fields discussed next
(¢f. Ref. 8).

In stronger fields (2I,, < L), the direct transmission probability vanishes,
Which greatly simplifies the situation. If we assume that all transmission
between the opposite point contacts is with intervening equilibration, then
the result is®

222 1\
Gseries = %(ﬁ - N > . (19)
wide

Here, N is the (B-independent) number of occupied subbands in the point
Contacts, and N, is the number of occupied Landau levels in the 2DEG
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between the point contacts. The physical origin of the simple addition rule,
Eq.(19), is additivity of the four-terminal longitudinal resistance as in Eq. (10).
From this additivity, it follows that for » different point contacts in series,
Eq. (19) generalizes to

T S S
G 27 N = L R, (20)

Series

h 1 1
Rul) = (-27) <N B Nwmc)

is the four-terminal longitudinal resistance of point contact i. Equation (19)
predicts a non-monotonic B-dependence for G, ,.,- This can be seen most easily
by disregarding the discreteness of N and N, 4.. We then have N; = Ep/hw,,
while the magnetic field dependence of N (for a square-well confining poten-
tial in the point contacts) is given by Eq. (8). The resulting B-dependence of
G,erres 18 shown in Fig. 21 (dotted curves). The non-monotonic behavior is
due to the delayed depopulation of subbands in the point contacts, compared
to the broad 2DEG. While the number of occupied Landau levels N, 4, in
the region between the point contacts decreases steadily with B for 2/, < L,
the number N of occupied subbands in the point contacts remains approxi-
mately constant until 21, 0 & W, With I, 1 = Iy (1 — E./Ep)'? denot-

where

04

& o3l

P

Q

E o2l v,

oy

s

S 08V

2
01}

S 05V

10V

00 1 | 1 1 H I |
06 0 05 1 15 2 25 3 35

Magnetic field (T)

Fic 21 Magnetic field dependence of the series conductance of two opposite point contacts
(L = 1.0 pm) for three different values of the gate voltage (solid curves) at T = 100 mK. For
clanty, subsequent curves from bottom to top are offset by 0.5 x 107* Q~*, with the lowest curve
shown at 1ts actual value The dotted curves are calculated from Eqgs (8) and (19), with the point
contact width as adjustable parameter (From Ref. 59)
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ing the cyclotron radius in the point contact region). In this field interval,
Gyeres increases with B, according to Eq. (19). For stronger fields, depopula-
tion in the point contacts begins to dominate G, leading finally to a de-
Creasing conductance (as is the rule for single point contacts; see Section 3).
The peak in Gy, thus occurs at 21, . & Wi

The remarkable camelback shape of G, versus B predicted by Eq. (19)
now has been observed experimentally.®® The data is shown in Fig. 21 (solid
Curves) for three values of the gate voltage V;, at T = 100 mK. The measure-
ment configuration is as shown in Fig. 20a, with a point contact separation
L = 1.0 um. The voltage is the same on all the gates defining the point con-
tacts, so that we expect the two opposite point contacts to be similar. More-
over, since | V| is rather small, we can neglect the barrier in the point contact
and assume that the electron density in the point contacts is the same as in
the 2DEG channel that separates the point contacts. (The latter density can
be obtained independently from the Hall resistance of the channel, and is
found to decrease from 1.1 to 0.8 x 10** m~2 as V, varies from —0.8 to
~ 1.0 V)) The point contact width W,,,, then remains the only free parameter,
which is determined by a fit using Egs. (8) and (19). (A square-well confining
Potential is assumed in the point contacts; Wy, is found to decrease from 320
t0 200 nm over the gate voltage range of Fig. 21). The dotted curves in Fig. 21
show the result of such a fit*® (after correction for a constant background
resistance of 2.0 kQ, estimated from the two-terminal measurement of the
Quantized resistance of the individual point contacts). It is seen that Eq. (19)
Provides a good description of the overall magnetoresistance behavior from
low magnetic fields up to the quantum Hall effect regime. The additional
Structure in the experimental curves has several different origins, for which we
tefer to Ref. 59. Similar structure in the two-terminal resistance of a single
Point contact will be discussed in detail in Section 11.
_ We emphasize that Eq. (19) is based on the assumption of complete equil-
ibration of the current-carrying edge states in the region between the point
Contacts. In a quantizing magnetic field, local equilibrium is reached by inter-
Landau-level scattering, If the potential landscape (both in the point contacts
themselves and in the 2DEG region in between) varies by less than the
Landau-level separation hw, on the length scale of the magnetic length
(R/eB)Y/2, then inter-Landau-level scattering is suppressed in the absence of
Other scattering mechanisms. (See Part IV.) This means that the transport
from one point contact to the other is adiabatic. The series conductance then
SIMply is G,qpies = (2¢2/R)N for two identical point contacts, where N = min
(N, N,) for two different point contacts in series. This expression differs from
Eq. (19)if a barrier is present in the point contacts, since that causes the num-
ber N of occupied Landau levels in the point contact to be less than the
Number N4, of occupied levels in the wide 2DEG. (In a strong magnetic
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field, N = (Ey — E.)/hw,, while Ny & Ep/hw,.) Adiabatic transport in a
magnetic field through two point contacts in series has been studied experi-
mentally in Ref. 152.

d. Magnetic Deflection of a Collimated Electron Beam

Consider the geometry of Fig. 20b. The current I; through the injecting
point contact is drained to ground at the two ends of the 2DEG channel
separating the point contacts. The opposite point contact, the collector, serves
as a voltage probe (with the voltage V, being measured relative to ground).
Since the terminals 2 and 4 are grounded, the indirect transmission proba-
bility from injector to collector is suppressed.®¢® The collector voltage di-
vided by the injected current is given by

V., 1T,
I_i G]\? T; < N, 21

with G = (2¢2/h)N the two-terminal conductance of the individual point
contacts (which are assumed to be identical), and T the direct transmis-
sion probability through the two point contacts, as calculated in Section 5b.
Equation (21) can be obtained either from the Landauer~Biittiker formalism
(as done in Ref. 66), or simply by noting that the incoming current I,7;/N
through the collector has to be counterbalanced by an equal outgoing current
GV, (since the collector draws no net current). Using Eq. (16), we find

V,

_c 2
I, 2e2f 2k L’ 22)

where we have used the relation

-

(kr = (2mEg/h*)'? being the Fermi wave vector in the region between the
point contacts). In an experimental situation, L and kg are known, so that the
collimation factor f can be determined directly from the collector voltage by
means of Eq. (22).

The result Eq. (22) holds in the absence of a magnetic field. A small
magnetic field B will deflect the collimated electron beam past the collector.
Simple geometry leads to the criterion, L/2l ., = o,,, for the cyclotron
radius at which 7; is reduced to zero by the Lorentz force. One thus would
expect to see in V,/I; a peak around zero field, of height given by Eq. (22)
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and of width,

4hkg .1
AB = L arcsin 7 (23)
according to Eq. (14).

In Fig, 22, this collimation peak is shown>® (solid curve),at T = 1.8 K in a
device with an L = 4.0 yum separation between injector and collector. The
actual measurement configuration differed from Fig. 20b in an inessential
Way, in that only one end of the region between the point contacts was
grounded. The current I; thus flows from contact 1 to 2, and the voltage ¥/, is
measured between contacts 3 and 4. In the notation of PartIT, V,/I; = Ry, 4.
This four-terminal resistance is referred to in narrow Hall bar geometries as
a bend resistance measurement.>*3% One can show,*® using the Landauer—
Biittiker formalism,’ that the height of the collimation peak still is given by
Eq. (22) if one replaces f2 by f2 — 1/2. The expression (23) for the width is
not modified. The experimental result in Fig. 22 shows a peak height of 150
(measured relative to the background resistance at large magnetic fields).
Using L = 4.0 um and the value kp = 1.1 x 108 m™! obtained from Hall
Tesistance measurements in the channel between the point contacts, one de-
fiuces a collimation factor, f &~ 1.85. The corresponding opening angle of the
Injection/acceptance cone is 20, ~ 65°. The calculated value of f would
Imply a width, AB =~ 0.04 T, which is not far from the measured full width at
half maximum of 0.03 T.

v, /1, (@)

-20 T T T
-010 -005 000 0056 010

Magnetic Field (T)

Fig. 22, Detection of a collimated electron beam over a distance of 4 pm. In this four-
terminal measurement, two ohmic contacts to the 2DEG region between the point contacts are
used: One of these acts as a drain for the current I, through the injector, and the other is used as a
Zero-reference for the voltage ¥, on the collector. The drawn curve is the experimental data, at

+ = 1.8 K. The black dots are the result of a semiclassical simulation, using a hard-wall poten-
Ual with contours as shown in the inset. The dashed curve results from a simulation without
collimation (corresponding to rectangular corners in the potential contour). (From Ref. 58.)
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Fi1G. 23. Calculated angular injection distributions in zero magnetic field. The solid
histogram is the result of a simulation of the classical trajectories at the Fermi energy in the
geometry shown in the inset of Fig. 22; The dotted curve follows from the adiabatic
approximation, Eq. (15), with the experimental collimation factor /' = 1.85. The dashed curve is
the cosine distribution in the absence of any collimation. (From Ref. 58.)

The experimental data in Fig. 22 are compared with the result®® from a
numerical simulation of classical trajectories of the electrons at the Fermi
level (following the method of Ref. 144). This semiclassical calculation was
performed to relax the assumption of adiabatic transport in the point contact
region, and of small T;/N, on which Egs. (16) and (21) are based. The dashed
curve is for point contacts defined by hard-wall contours with straight cor-
ners (no collimation); the dots are for the smooth hard-wall contours shown
in the inset, which lead to collimation via the horn effect (¢f. Fig. 19b; the
barrier collimation of Fig. 19a presumably is unimportant at the small gate
voltage used in the experiment, and is not taken into account in the numerical
simulation). The angular injection distributions P(c) that follow from these
numerical simulations are compared in Fig. 23 (solid histogram) with the
result, Eq. (15), from the adiabatic approximation for f = 1.85 (dotted curve).
The uncollimated distribution P(x) = (cos «)/2 also is shown for comparison
(dashed curve). Taken together, Figs. 22 and 23 unequivocally demonstrate
the importance of collimation for the transport properties, as well as the
adequateness of the adiabatic approximation as an estimator of the colli-
mation cone.

6. COHERENT ELECTRON FOCUSING
a. Introduction
Electron focusing in metals was pioneered by Sharvin?® and Tsoi** as a

powerful tool to investigate the shape of the Fermi surface, surface scattering,
and the electron—phonon interaction.*® The experiment is the analogue in
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the solid state of magnetic focusing in vacuum. Required is a large mean free
path for the carriers at the Fermi surface, to ensure ballistic motion as in
vacuum. The mean free path (which can be as large as 1 cm in pure metallic
single crystals) should be much larger than the length L on which the focusing
takes place. Experimentally, L = 1072 — 10" c¢m is the separation of two
metallic needles or point contacts (of typical width W ~ 1 um) pressed on the
crystal surface, which serve to inject a divergent electron beam and detect its
focusing by the magnetic field. In metals, electron focusing essentially is a
classical phenomenon because of the small Fermi wavelength Ar (typically
0.5 nm, on the order of the inter-atomic separation). Both the ratios Ag/L
and Ap/W are much larger in a 2DEG than in a metal, typically by factors
of 10* and 102, respectively. Coherent electron focusing®>~*° is possible in a
2DEG because of this relatively large value of the Fermi wavelength, and
turns out to be strikingly different from classical electron focusing in metals.

The geometry of the experiment®® in a 2DEG is the transverse focusing
geometry of Tsoi,?* and consists of two point contacts on the same boundary
In a perpendicular magnetic field. (In metals, one also can use the geometry
of Sharvin?® with opposite point contacts in a longitudinal field. This is not
Possible in two dimensions.) Two split-gate quantum point contacts and the
intermediate 2DEG boundary are created electrostatically by means of split
8ates, as described in Part II. On applying a negative voltage to the split-
gate electrode shown in Fig. 2a, the electron gas underneath the gate struc-
ture is depleted, creating two 2DEG regions (i and c) electrically isolated from
the rest of the 2DEG—apart from the two quantum point contacts under
the 250 nm wide openings in the split gate. The devices studied had point
Contact separations L of 1.5 and 3.0 um, both values being below the mean
free path of 9 ym estimated from the mobility.

Electron focusing can be seen as a transmission experiment in electron
Optics; cf. Ref. 96 for a discussion from this point of view. An alternative
point of view (emphasized in Ref. 15) is that coherent electron focusing is a
Prototype of a non-local resistance>* measurement in the quantum ballistic
transport regime, such as that studied extensively in narrow-channel geome-
tries (cf. Chapter 3 by Timp). Longitudinal resistances that are negative, not
* B symmetric, and dependent on the properties of the current and voltage
Contacts as well as on their separation; periodic and aperiodic magneto-
Tesistance oscillations; absence of local equilibrium—these all are character-
Istic features of this transport regime that appear in a most extreme and bare
form in the electron focusing geometry. One reason for the simplification
offered by this geometry is that the current and voltage contacts, being point
Contacts, are not nearly as invasive as the wide leads in a Hall bar geometry.
Another reason is that the electrons interact with only one boundary (instead
of two in a narrow channel). Apart from the intrinsic interest of electron
lOOCusing in a 2DEG, the experiment also can be seen as a method to study
electron scattering—as in metals. For two such applications, see Refs. 154
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and 155 A search for inelastic scattering far from equilibrium by means of
hot electron focusing® 1s the subject of Section 7¢

The outhine of this section 1s as follows In Section 6 b, the experimental
results on electron focusing!® !° are presented A theoretical description'# 3
1s given 1 Section 6 ¢, 1n terms of mode interference 1n the waveguide formed
by the magnetic field at the 2DEG boundary A discussion of the anomalous
quantum Hall effect 1n the electron focusing geometry!® 1215 15 deferred to
Section 9, where we consider adiabatic quantum transport The present sec-
tron 1s based on our earlier review!>¢ of this subject

b Experiment

Figure 24 illustrates electron focusing in two dimensions as 1t follows from
the classical mechanics of electrons at the Fermi level The injector (1) injects
electrons ballistically into the 2DEG The mjected electrons all have the same
Fermu velocity, but in different directions Electrons are detected if they reach
the adjacent collector (c), after one or more specular reflections at the bound-
ary connecting 1 and ¢ These skipping orbits are composed of translated
arcular arcs of cylotron radius, ., = fikgr/eB The focusing action of the
magnetic field 1s evident in Fig 24 (top) from the black lines of high density
of trajectories These lines are known 1n optics as caustics, and are plotted
separately 1n Fig 24 (bottom) The caustics intersect the 2DEG boundary at
multiples of the cyclotron diameter from the injector As the magnetic field 1s

\L OB
X

Fic 24 (Top) Skipping orbits along the 2DEG boundary The trajectories are drawn up
to the third specular reflection (Bottom) Plot of the caustics, which are the collection of focal
points of the trajectortes (From Ref 15)
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increased, a series of these focal points shifts past the collector. The electron
flux incident on the collector thus reaches a maximum whenever its separa-
tion L from the injector is an integer multiple of 21, ;. This occurs when

B = pBeoeus, P = 1,2,..., with
kg (24)
focus — el .

For a given injected current I;, the voltage ¥, on the collector is proportional
to the incident flux. The classical picture thus predicts a series of equidistant
peaks in the collector voltage as a function of magnetic field.

In Fig. 25 (top), we show such a classical focusing spectrum, calculated
for parameters corresponding to the experiment discussed in this section
(L = 3.0 ym, kp = 1.5 x 108 m™"). The spectrum consists of equidistant fo-
Cusing peaks of approximately equal magnitude superimposed on the Hall
resistance (dashed line). The pth peak is due to electrons injected perpen-
fiicularly to the boundary that have made p — 1 specular reflections between
Injector and collector. Such a classical focusing spectrum commonly is ob-
served in metals,’>” albeit with a decreasing height of subsequent peaks
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FiG. 2s. (Bottom) Experimental electron focusing spectrum (7' = S0 mK, L = 3.0 pm) in the
8eneralized Hall resistance configuration depicted in the inset. The two traces a and b are
Measured with interchanged current and voltage leads, and demonstrate the injector —collector
Teciprocity as well as the reproducibility of the fine structure. (Top) Calculated classical focusing
SPectrum corresponding to the experimental trace a. (50 nm-wide point contacts were assumed.)
ih? dashed line is the extrapolation of the classical Hall resistance seen in reverse fields. (From

ef 15)
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because of partially diffuse scattering at the metal surface Note that the peaks
occur i one field direction only, 1n reverse fields, the focal points are at the
wrong side of the injector for detection, and the normal Hall resistance 1s
obtamed The experimental result for a 2DEG 1s shown 1n the bottom half
of Fig 25 (trace a, trace b 1s discussed later ) A sertes of five focusing peaks
1s evident at the expected positions Note that the observation of multiple
focusing peaks immediately implies that the electrostatically defined 2DEG
boundary scatters predominantly specularly This conclusion 1s supported by
magnetotransport experiments in a narrow channel defined by a spht gate °°
In contrast, 1t has been found that a 2DEG boundary defined by 10n beam
exposure induces a large amount of diffuse scattering 1°° 13

Fig 25 1s obtained 1n a measuring configuration (inset) in which an imagi-
nary lie connecting the voltage probes crosses that between the current
source and drain This 1s the configuration for a generalized Hall resistance
measurement Alternatively, one can measure a generalized longitudinal re-
sistance (¢f Section 4) in the configuration shown i the mnset of Fig 26
One then measures the focusing peaks without a superimposed Hall slope
Note that the experimental longitudinal resistance (Fig 26, bottom) becomes
negative This 15 a classical result of magnetic focusing, as demonstrated by
the calculation shown 1n the top half of Fig 26 Buttiker!*® 1*® has studied
negative longitudinal resistances 1n a different (Hall bar) geometry

On the experimental focusing peaks, a fine structure 1s evident The fine
structure 1s quite reproducible (as 1s evident when comparing Figs 25 and
26), but sample-dependent It 1s resolved only at low temperatures (below
1 K) and small injection voltages (The measurements shown are taken at
50 mK and a few uV ac voltage over the injector ) A nice demonstration of
the reproducibility of the fine structure 1s obtained upon nterchanging cur-
rent and voltage leads, so that the injector becomes the collector and vice
versa The resulting focusing spectrum shown m Fig 25 (trace b) 1s almost
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Fic 26 Same as Fig 25, but 1n the longitudinal resistance configuration (From Ref 15)
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the precise mirror image of the original one (trace a)—although this partic-
ular device had a strong asymmetry in the widths of injector and collector.
The symmetry in the focusing spectra is a consequence of the fundamental
reciprocity relation derived by Biittiker,”'>® which generalizes the familiar
Onsager—Casimir symmetry relation for the resistivity tensor to resistances.

The fine structure on the focusing peaks in Figs. 25 and 26 is the first
indication that electron focusing in a 2DEG is qualitatively different from
the corresponding experiment in metals. At higher magnetic fields, the resem-
blance to the classical focusing spectrum is lost. (See Fig. 27.) A Fourier
transform of the spectrum for B > 0.8 T (inset in Fig. 27) shows that the
large-amplitude high-field oscillations have a dominant periodicity of 0.1 T,
Wwhich is approximately the same as the periodicity By, of the much smaller
focusing peaks at low magnetic fields. (Brocus in Fig. 27 differs from Fig. 25
because of a smaller L = 1.5 um.) This dominant periodicity is the result of
Quantum interference between the different trajectories in Fig. 24 that take
an electron from injector to collector. In Section 6.c, we demonstrate this in
4 mode picture, which in the WKB approximation is equivalent to calcula-
ting the interferences of the (complex) probability amplitude along classical
trajectories. The latter ray picture is treated extensively in Ref. 15. The theo-
Ietical analysis implies for the experiment that the injector acts as a coherent
Point source with the coherence maintained over a distance of several mi-
Crons to the collector.

¢ Edge Channels and Mode Interference

~ To explain the characteristics features of coherent electron focusing men-
tioned previously, it is necessary to go beyond the classical description.!*15
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V./1 (kQ)

0 04 0B 12 16 2 24
B (Tesla)

Fie. 27. Experimental electron focusing spectrum over a larger field range and for very
Narrow point contacts (estimated width 20-40 nm; T = 50 mK, L = 1.5 um). The inset gives the
Fourier transform for B > 0.8 T. The high-field oscillations have the same dominant periodicity as
low-field focusing peaks—but with a much larger amplitude. (From Ref. 15.)
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As discussed briefly in Section 3 (¢f Fig 1la), quantum ballistic transport
along the 2DEG boundary 1n a magnetic field takes place via magnetic edge
states, which are the propagating modes of this problem ' The modes
at the Fermu level are labeled by a quantum number n = 1,2, N Since the
mnjector has a width below A, it excites these modes coherently For kgL > 1,
the interference of modes at the collector 1s dominated by their rapidly vary-
g phase factors exp(ik,L) The wave number k, in the y direction (along
the 2DEG boundary, see Fig 24 for the choice of axes) corresponds classi-
cally to the x coordinate of the center of the cyclotron orbit, which 1s a con-
served quantity upon specular reflection at the boundary %! In the Landau
gauge A = (0, Bx,0), this correspondence may be written as k, = kpsing,,
where o 15 the angle with the x axis under which the cyclotron orbit is re-
flected from the boundary («| < n/2) The quantized values o, follow 1n this
semiclassical description from the Bohr—Sommerfeld quantization rule®? 16!
that the flux enclosed by the cyclotron orbit and the boundary equals (n — %)
h/e (for an infinite barrier potential) Simple geometry shows that this re-
quires that

n 1 2n 1
- — = e — - = 1, 2, 2 25
5 7 O — 7SN 2a, kel (n 4>, n=1 N (25)

with N the largest integer smaller than Jkgl.,. + % As plotted n Fig 28,
the dependence on n of the phase k,L 1s close to linear 1n a broad nterval
This also follows from expansion of Eq (25) around «, = 0, which gives

N —2n\?
k,L = constant — 2zn + kgL % order< N n) (26)

focus

If B/B;,..s 15 an integer, a fraction of order (1/kzL)!/? of the N edge states
interferes constructively at the collector (The edge states outside the domain
of linear n-dependence of the phase give rise to additional interference struc-

+
~

=
=}

slope 2mB/B

«

focus

phase k_ L

|
=

=
T

1
2 kF‘lcycl

<

1

n—,
FiG 28 Phase k,L of the edge channels at the collector, calculated from Eq (25) Note the
domain of approximately linear n-dependence of the phase, responsible for the oscillations with

Bioeus-periodicity (From Ref 15)
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ture which, however, does not have a simple periodicity.) Because of the 1/3
Power, this is a substantial fraction even for the large kgL ~ 10? of the ex-
Periment. The resulting mode interference oscillations with B, -periodicity
can become much larger than the classical focusing peaks. This has been
demonstrated in Refs. 14 and 15, where the collector voltage has been deter-
mined in WKB approximation with neglect of the finite width of the injector
and detector. The result obtained there can be written in the form,

2

V. h

I, 2

l i piknL
N

n=1

@7

Note that this equation implies that in the absence of interference among the
Mmodes, the normal quantum Hall resistance #/2Ne? is obtained. This is not
4 general result, but depends specifically on the properties of the injector
and collector point contacts—as we will discuss in Section 9.

Figure 29 gives the focusing spectrum from Eq. (27), with parameter values
Corresponding to the experimental Fig. 27. The inset shows the Fourier trans-
form for B > 0.8 T. There is no detailed one-to-one correspondence between
the experimental and theoretical spectra. No such correspondence was to be
CXpected in view of the sensitivity of the experimental spectrum to small var-
lations in the voltage on the gate defining the point contacts and the 2DEG
boundary.'>!5 Those features of the experimental spectrum that are insensi-
tive to the precise measurement conditions are well-produced however, by
the calculation: We recognize in Fig. 29 the low-field focusing peaks and the
lfﬂll’ge-amplitude high-field oscillations with the same periodicity. (The reason
t_hat the periodicity By, in Fig. 29 is somewhat larger than in Fig. 27 most
likely is the experimental uncertainty in the effective point contact separation
of the order of the split-gate opening of 250 nm.) The high-field oscillations
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Fig. 29. Focusing spectrum calculated from Eq. (27) for parameters corresponding to the
exl}erimental Fig. 27. The inset shows the Fourier transform for B > 0.8 T. Infinitesimally small
Point contact widths are assumed in the calculation. (From Ref. 156.)
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range from about 0 to 10 kQ in both theory and experiment. This maximum
amplitude is not far below the theoretical upper bound of h/2e? ~ 13 kQ,
which follows from Eq. (27) if we assume that all the modes interfere con-
structively. This indicates that a maximal phase coherence is realized in the
experiment, and implies that:

1. The experimental injector and collector point contacts resemble the
idealized point source/detector in the calculation.

2. Scattering events other than specular scattering on the boundary can
be largely ignored (since any other inelastic as well as elastic scattering
events would scramble the phases and reduce the oscillations with By,
periodicity).

The theory can be improved in several ways. This will affect the detailed
form of the spectra, but probably not the fundamental periodicity. Since the
exact wave functions of the edge states are known (Weber functions), one
could go beyond the WKB approximation. This will become important at
large magnetic fields, when the relevant edge states have small quantum
numbers. In this regime, one also would have to take into account a possible
B-dependence of Ey relative to the conduction band bottom (due to pinning
of the Fermi energy at the Landau levels; cf. the related discussion in Sec-
tion 3.a). It would be interesting to find out to what extent this bulk effect is
reduced at the 2DEG boundary by the presence of edge states to fill the gap
between the Landau levels. Another direction of improvement is towards a
more realistic modeling of the injector and collector point contacts. Since the
maximum amplitude of the theoretical and experimental oscillations is about
the same (as is evident when comparing Figs. 27 and 29), the loss of spatial
coherence due to the finite point contact size does not seem to be particularly
important in this experiment. (Infinitesimal point contact width was assumed
in the calculation.) On the other hand, the experimental focusing spectrum
does not contain as many rapid oscillations as the calculation would pre-
dict. This may be due to the collimating properties of the point contacts.
(See Ref. 156).

7. BREAKDOWN OF THE CONDUCTANCE QUANTIZATION AND
Hot ELECTRON FOCUSING

a. Mechanisms for Nonlinear Ballistic Transport
Nonlinear transport in semiconductor devices is the rule, rather than an

exception, but its analysis can be quite complicated.'®?1%* In this section,
we are concerned with several experiments that extend the study of ballistic
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transport to the regime of a nonlinear dependence of current on voltage.
Although our theoretical understanding is far from being complete, we shall
demonstrate that the overall behavior is readily understood on the basis of
simple considerations. This simplicity is due to the ballistic nature of the
transport on the length scales probed by the experiments. This allows us to
Ignore the energy dependence of the transport mean free path, which under-
lies much of the complexity of nonlinear transport in the diffusive trans-
port regime.

Nonlinear transport through metallic point contacts has been investigated
widely because of the possibility to observe phonon-related structure in the
second derivative of the current-voltage characteristics. This is known as
point contact spectroscopy.?>*® Since typical optical phonon energies are of
the order of 30 meV, while the Fermi energy in a metal is several eV, classi-
cal nonlinearities governed by the parameter eV/Eg do not play a significant
role in metals. In a 2DEG, where Er typically is only 10 meV, the situation
IS reversed, and the latter effects so far have obscured possible structure due
to inelastic scattering processes in single quantum point contacts. The typical
energy scale for nonlinearities in the quantum ballistic transport regime is
tven smaller than Eg. In experiments on the conductance quantization of
4 quantum point contact, the maximum breakdown voltage is found to be
the energy separation between consecutive subbands.5° This is discussed in
Section 7.b. A complication is formed by the presence of a potential barrier in
the point contact. The barrier height E, depends on the applied bias voltage,
thereby forming an additional mechanism for nonlinear transport. This com-
Plication may be turned into an advantage because it allows the injection of
hot electrons over the barrier for sufficiently large bias voltage. Hot electron
transport has been studied widely in devices inspired by the hot electron
transistors pioneered by Shannon,'3 and this field of research has matured
Since the advent of vertically layered structures. A high sensitivity to inelastic
SCattering processes may be achieved in geometries involving two barriers, if
One is used as a hot electron injector and the other as an energy-selective
Collector. This technique, known as hot-electron spectroscopy,'®°=16® was
adapted recently to transport in the plane of a 2DEG.'°~"! Among the
Tesults, we quote the demonstration by Palevski et al.’®® of emission of single
longitudinal optical phonons (which in GaAs have an energy of 36 meV) and
the discovery by Sivan er al.'™ of a long inelastic mean free path (exceeding
2 um) for hot electrons with an excess energy up to the phonon energy. This
ﬁnding contradicts theoretical predictions that the inelastic mean free path
for electron—electron interactions should be one or two orders of magnitude
Smaller.'”#17* An entirely new way of detecting ballistic hot electrons is the
electron Sfocusing technique, which is the solid state analog of a -spectrometer.
As discussed in Section 7.c, the experimental results®® corroborate the find-
Ing of Sivan et al. of ballistic hot-electron transport on long-length scales.
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The hot-electron focusing technique is special for another reason: It can be
used to determine the magnitude of the voltage drop in the immediate vicinity
of a quantum point contact.%! This may be the first realization of a really
non-invasive voltage probe.

Two additional sources of nonlinearity are characteristic for quantum
transport, but are not discussed beyond this introduction. The first is (reso-
nant) tunneling through potential barriers, which has been investigated
widely in vertical layered semiconductor structures following original work
by Chang, Esaki, and Tsu.!”#~'7¢ Only recently has tunneling been studied
in double-barrier structures defined in a 2DEG.***77 Clear signatures of
tunneling currents have not been found yet in the current-voltage character-
istics of single quantum point contacts, but the physics should be very similar
to that of Ref. 169. An interesting difference between point contacts and
wide tunnel barriers is the spatial resolution, which in a geometry with two
opposite point contacts may be exploited to impose constraints on the lateral
momentum of the tunneling electrons.'™

A second source of quantum mechanical nonlinearity'’® arises in experi-
ments that, like coherent electron focusing, probe the coherence of the in-
jected electrons. Energy averaging due to a small nonzero bias voltage V is
very similar to that due to a finite temperature T = eV/kg, as discussed in
Section 2.c (Ref. 101). This similarity is supported by experimental observa-
tions. (For the coherent electron focusing experiment, one finds, '’ for example,
that energy averaging becomes important if the temperature is raised above
1 K, or for injection voltages beyond 100 uV.)

178

b. Breakdown of the Conductance Quantization

i. Experiments. The breakdown of the conductance quantization has
been studied®® by measuring the dc current-voltage (I-V) characteristics of
a quantum point contact device at a temperature of 0.6 K. The I-V traces
were obtained for a set of gate voltages V, in an interval from —2.0 to
—2.1 V, corresponding to the N = 1 conductance plateau at small bias volt-
ages. (See inset of Fig. 30a.) These measurements are representative for the
case that the point contact at zero bias is not yet pinched off, which implies
that in equilibrium the Fermi energy Ey exceeds the energy E; of the bottom
of the lowest subband in the constriction. We will refer to E; as the height
of the effective barrier in the constriction. The case Ep < E; of a pinched-off
point contact is discussed in the next paragraph. The experimental -V
traces reproduced in Figs. 30a,b have been obtained from a two-terminal re-
sistance measurement, after a correction for the background resistance ori-
ginating in the ohmic contacts and the wide 2DEG regions. (See Part IT and
Ref. 60.) The dotted lines in Figs. 30a,b represent the quantized conduc-
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FiG. 30. Current-voltage characteristics of a quantum point contact at 0.6 K for different
Values of the gate voltage V, at which the conductance G for small bias voltages is quantized at
2e/h. The insets show the gate voltage dependence of the small-bias conductance G, and of the
voltage V. beyond which the quantization I = (2¢%/h)V (indicated by the dotted line) breaks
S{OWH. The I-V characteristics shown have been corrected for a background resistance. (From

ef. 60.,)

tance I/V = 2e?/h. The conductance quantization breaks down beyond a
Critical voltage Vg, which depends sensitively on the gate voltage (inset of
Fig, 30b). The dependence of Vg on V; has a characteristic triangular shape,
With a maximum of about 3 mV. Note that the maximum of Vg is compar-
f'ible to the subband separation at the Fermi level (calculated in Sec. 3b). On
Increasing the bias voltage V beyond Vg, the differential conductance 61/3V
18 seen initially to be either smaller (Fig. 30a) or larger (Fig. 30b) than the
Quantized value. As discussed shortly, this can be understood qualitatively as
4 consequence of the unequal number of populated subbands for the two
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opposite velocity directions 1 the constriction (whereby the bias voltage-
induced lowering of the effective barrier height E, in the constriction plays
a central role) Eventually, dI/0V 1s found to drop below 2e?/h, regardless
of the value of the gate voltage (1n the interval considered in Fig 30) We
note that no evidence for a saturation of the current has been found for volt-
ages up to 200 mV

On increasing the negative gate voltage beyond —2 1V, the point contact
18 pinched off, and hardly any current flows for small voltages The residual
current 1n the regime 1 which the point contact 1s just pinched off may be
caused by a combination of tunneling!’® and thermionic emission over the
barrier'®® (depending on the temperature and the value of the gate voltage)
Measurements 1n this regime will be meaningful only 1f the leakage current
through the gate 1s much less than this current We have not investigated this
regime systematically yet (See m this connection Ref 169 ) When the pomt
contact 1s pinched off, the effective barrier height 1n the constriction exceeds
the Fermu level in equilibrium (Er < E;) An appreciable current starts to
flow only if the bias voltage 1s sufficiently large to tilt the barrier such that
electrons 1njected by one reservoir can pass over it freely The experimental
results are shown 1n Fig 31 It 1s seen that a clear conduction threshold
exists, which depends sensitively on the gate voltage Beyond this threshold,
the differential conductance 01/0V following from these -V curves 1s roughly
mdependent of the gate voltage (with a value of (80 kQ)™1), while 1t also 15 seen
to be of comparable magnitude as the trans-conductance 01/0V, The latter
result 1s significant 1n view of the symmetry relation discussed next
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Fic 31 I V characterstics at different gate voltages V, for which the constriction 1s pinched
off at small bias voltage The inset shows the sample layout (From Ref 60)
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il. Symmetry of the current-voltage characteristics. Before we turn to an
account of some models that explain the basic features of the experimental
results, it is of interest to examine the symmetry of the I-V curves under
a polarity change of the voltage V between source and drain. None of the
€xperimental -V curves shown in Figs. 30 and 31 is anti-symmetric in V.
This does not necessarily imply an intrinsic asymmetry in the device geometry.
The reason is that point contacts are three- rather than two-terminal devices,
and one of the current-carrying contacts also serves as the zero-reference of
the gate voltage V,, for either polarity of V. The presented current-voltage
characteristics have been obtained without changing the choice of zero refer-
ence or the value of the gate voltage. The proper symmetry relation for a
three-terminal device with mirror symmetry between source and drain is

1V, V) = —1(=V,V; = V), (28)

Tather than simply I(V) = —I(— V). Here, we have assumed that V as well
as V, are defined relative to the same current contact, as is the case in
Figs. 30 and 31. The difference between the two relations is significant, even
though ¥ is smaller than ¥, by up to two orders of magnitude, because of
the comparable magnitude of the differential conductance and the differen-
tial trans-conductance noted earlier. Equation (28) can be applied to Figs. 30
and 31 by comparing selected data points on curves measured for different
gate voltages. It becomes readily apparent from such a procedure that gross
fleviations from Eg. (28) are found for the point contact under investigation,
Indicating that it did not have the mirror symmetry between source and drain.
Deviations from Eq. (28) in other devices were found to be much smaller,
however.

It will be clear from the preceding considerations that a precise modeling
of the observed results would require a knowledge of the complex inter-
dependence of the shape and height of the effective barrier in the constriction
On the bias voltage and the gate voltage. In the following, we employ a highly
simplified model, which suffices nevertheless for a qualitative description of
the experiments.

i, I~V characteristic of a semiclassical point contact. Consider semiclas-
Sical transport at large voltages through a point contact in a 2DEG defined
by a hard-wall confining potential of width W. In contrast to our earlier
treatment in the linear transport regime (Section 2.b.i), the net current now
Can be considered no longer to be carried exclusively by electrons at the Fermi
Cnergy. Instead, electrons in a finite energy interval contribute to the current.
The fundamental origin of the resulting nonlinear I~V characteristic is the
Interdependence of the Fermi velocity vp and the electron gas density »n, in a
degenerate electron gas, given by vy = (2nn,)"/2h/m in two dimensions. We
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illustrate this by a simple model,*® related to those commonly used in the
literature on vertical transport in hot-electron spectroscopy devices,¢6—168
and also to models for tunneling through a potential barrier under finite
biaS.179'181'182

The reservoirs on either side of the constriction are assumed to maintain
a Fermi—Dirac distribution in the 2DEG for the electrons that move towards
the constriction, with a Fermi energy difference eV . The electric field thus
is assumed to be nonzero only in the constriction itself. The distribution of
electrons moving away from the constriction can be far from equilibrium,
however. According to these assumptions, the current is carried by conduction
electrons in an energy interval from max (Er — e|V],0) to Ey, and can be
written in the form (compared with Section 2.b.i),

I =ceW i p(E)(z—E>1/2 dEf"/2 cos¢d¢ (29)

A
max(Ex —e|V|,0) m —-n/2 2n

with p(E) = m/nh? the density of states, which is energy-independent in two
dimensions. The resulting current no longer is linear in the applied voltage,

V32
1=1max[1 —<1 _ ') ],forelVl < Ey, (30a)
Ey
I=1,,,forelV|> Eg, (30b)
with
m 2W [2\*? 2w
e 2) ER= .
Imax eﬂ?hz 37C <m> F ensUF 37Z (31)

For e|V| « Eg, one recovers Egs. (1) and (2). For e|V| > Eg, we find that the
current is limited by a saturation value I,,,,. This saturation primarily is a
consequence of our assumption that the entire voltage drop is localized at
the point contact, with neglect of any accelerating fields outside the point
contact region. We return to this point shortly.

The effect of a potential barrier of height E_ in the constriction can be
taken into account by replacing Ep with E; — E_ in Egs. (30) and (31). A com-
plete description also has to determine the dependence of the barrier height
on the applied bias voltage. (See next section).

. Breakdown of the conductance quantization. A model for the nonlinear
I-V characteristics in the quantum ballistic case has been given in Ref. 60,
on which our present discussion is based. This problem also has been con-
sidered in Refs. 183 and 101. To be specific, we consider an idealized model of
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a trapezoidal effective potential barrier in the constriction,'?® as illustrated
in Fig. 32. The applied source-drain voltage V is assumed to result in a con-
stant electric field between entrance and exit of the point contact. Due to this
electric field, the potential barrier in the point contact is tilted, and thereby
lowered, as illustrated in Figs. 32b,c. Due to the lateral confinement, one-
dimensional subbands are formed in the constriction. On entering the con-
Striction, the bottom of the nth subband rises relative to the bulk 2DEG, as
a combined result of the increased lateral confinement and the electrostatic
barrier (responsible for the reduced density in the constriction). The nth sub-
band bottom has a maximal energy E,, constituting a bottleneck for the
Current. We calculate the net current I, through the constriction carried by
the nth subband by considering the occupation of the right- and left-moving
States at the bottleneck. The right-moving states are filled from E, up to pu,,
the electrochemical potential of the source at the left of the constriction (pro-
vided p, > E,). Analogously, provided that uy > E,, the left-moving states

] i ]
DR L
—————— -~

Ap <0

Fi6. 32, Illustration of the voltage-induced tilting of the barrier in the constriction, for the
¢ase of an asymmetric trapezoidal shape of the barrier, with aspect ratios m and m’. The lowest
One-dimensional subband is indicated. The energy E¢ of the subband bottom at the maximum of
the trapezium is the effective barrier height at zero bias. (From Ref. 125.)
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are filled from E, up to uq4, the electrochemical potential of the drain to the
right of the constriction. We assume that the electrons in the nth subband
with energy u > E, are transmitted fully through the constriction, and neg-
lect intersubband scattering. In the following, we take u, > u, (as in Fig. 32b),
and define Ay = p, — pq = eV. The difference in occupation of right- and left-
moving states for nonzero Au gives rise to a net current in the nth subband,
which, according to the cancellation of group velocity and one-dimensional
density of states (discussed in Section 2.b.ii), is given by

2e

In = 7[:“5 - max(/“ldaEn)]g(.us - En)> (32)

with 6(x) the unit step function. The bottom of the subband E, at the bottle-
neck differs from its equilibrium position (which we denote by E? in this
section) because of the tilting of the potential barrier, and is given by
E, = E5 + (1 — m) Ap. (See Fig. 32b.) Here, m is a phenomenological param-
eter between 0 and 1, which gives the fraction of Au that drops to the left
of the bottleneck. (The value of m is determined by the shape of the effective
potential barrier, as shown in Fig. 32a.) At a characteristic voltage V, or V7,
either p or py crosses the subband bottom E,, thereby changing the contribu-
tion 8I,/0V from the nth subband to the differential conductance, g = oI/aV.
From Eq. (32), one finds®® for an initially unpopulated subband,

I, 2e?
= %m@(V—— V.),if Ep < E°, (33)

while for an initially populated subband, one has

2
g{/ = 2%[1 — (1 — m)B(V — V)i Ep > E°. (34)
The breakdown voltages are given by
Vc :(Enn:eEF)’ (35)
Ep — E°
Vo= (35b)

and they depend on the subband index n. (Note that m itself depends on
n as well, since the effective potential barrier is due in part to the lateral
confinement.)
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Eq. (35b) applies to a subband that is occupied in equilibrium (Ep > E?).

eyond a critical voltage V7, the differential conductance due to this sub-
band decreases from its normal quantized value of 2e?/h. Equation (35a)
applies to a subband that in equilibrium is not occupied at the bottleneck of
the constriction (Ep < E?). The differential conductance of this suband in-
Creases beyond a critical voltage V, to a value that is smaller than the quan-
tized value. Although the expressions for the critical voltage depend on the
Parameter m, these general conclusions presumably are model-independent.
The smallest breakdown voltage (which corresponds either to the highest
Occupied subband or the lowest unoccupied one) determines the breakdown
Voltage observed experimentally. If V is smaller than the breakdown voltages
Ve, V', for all n, then we recover the conductance quantization G = I/V =
(2¢*/h)N (with N the number of subbands occupied in equilibrium). This
Tesult exemplifies an interesting difference between quantum ballistic and
Semiclassical ballistic transport, in that it predicts linear transport exactly in
a finite voltage interval, in contrast to Eq. (30).

v. Discussion. To illustrate the consequences® of Egs. (33) and (34) for
the differential conductance g=01/0V, we have shown schematically in Fig. 33

o
=

2 22
(c) e=m3  (g) =¥

.FIG. 33. Occupation of two one-dimensional subbands (represented by the parabolic
dfspersion curves E, (k) at the bottleneck in the constriction. Four situations are illustrated for

ifferent voltages V = (u, — uq)/e across the point contact, and for different values of E (relative
o the potential barrier height). (From Ref. 60.)
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the energy of the two lowest one-dimensional subbands at the bottleneck as
a function of longitudinal wave vector k. In equilibrium (V = 0), the subbands
are occupied up to the Fermi energy Eg. A voltage V across the constriction
gives a difference u, — uq = eV in occupation between the two velocity
directions (Fig. 33a), resulting in a net current. As long as the number of
occupied subbands is the same for the two velocity directions, the conduc-
tance is quantized. However, at larger applied voltages, uy can fall below the
bottom of a subband. Then g is reduced to a fraction m of 2e2/h as shown
in Fig. 33b, where Ey is near the bottom of the lowest subband. This is
observed experimentally in Fig. 30a. The subband occupation of Fig. 33b also
can be reached from the situation E. < E,, where there are no occupied
states in equilibrium. For low voltages g = 0, but at a voltage V,, the chemical
potential u crosses E;, so that g increases to m(2¢2/h) (cf. Eq. (33)). This is
the case studied experimentally in Fig. 31.

Figures 33c,d correspond to the situation where Ey. is close to the bottom
of the second subband, as in the experimental Fig. 30b. On increasing V, first
the second subband starts to be populated (Fig. 30c), leading to an increase
in g to (1 + m)2e?/h. A further increase of V causes u, to fall below the
bottom of the first subband (Fig. 30d), which then reduces g to 2m(2e?/h). This
explains qualitatively the increasing and then decreasing slope in Fig. 30b.
We note that the situation of Fig. 33d also can be reached directly from that
in Fig. 33a, which actually is happening at ¥, = —2.06 V in Fig. 30b.

So far, we have considered the case Ay > 0. If Ay < 0, then the parameter
m is replaced by m’, which will be different from m in the case of an assym-
metric barrier in the constriction. (See Fig. 32¢.) This may explain part of the
asymmetry in the I-V characteristics of Figs. 30 and 31, discussed earlier.

Both the quantum mechanical result, Eqs. (33)-(34), and its semiclas-
sical counterpart Eq. (30), predict a saturation current of order I,,,, given by
Eq. (31). The magnitude of the expected saturation current for Ep = 10 meV
is I . ~ 1 pA for a constriction with a few occupied one-dimensional sub-
bands. Such a saturation has not been observed experimentally. The likely
reason is that for large applied voltages, the electric field no longer is localized
at the point contact. The electric field outside the point contact region will
give rise to an acceleration of the electrons before they enter the point contact
(i.e., in a wider region), thereby enhancing I _,,. This point is discussed further
in Section 7.c.

More recently, Brown et al.’0%84185 have studied the differential resis-
tance of a quantum point contact. In particular, they predict that the current
saturation of Eq. (31) should cross over to a negative differential resistance
regime at sufficiently large bias voltages as a consequence of quantum me-
chanical reflection. Further experiments will be required to test this prediction.

Here, we have considered only I-V characteristics at fixed V,. Glazman
and Khaetskii'®® have predicted that the differential conductance as a func-
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tion of gate voltage at finite V' should exhibit additional plateaus between
those at multiples of 2¢2/h. Some evidence has been found for such plateaus
(Which also follow from Eqs. (33) and (34)), but these were not well resolved.®°

The results Eqs. (33) and (34) predict a maximum breakdown volt-
4ge given by the one-dimensional subband separation at the Fermi level
This criterium is equivalent to that obtained by Jain and Kivelson'®® for the
breakdown of the quantum Hall effect, where the Landau levels take over
the role of the one-dimensional subbands. The triangular dependence of
the breakdown voltage on the gate voltage shown in Fig. 30b also is reminis-
Cent of experiments on the breakdown of the quantum Hall effect, where
the breakdown voltage has a triangular dependence on the magnetic field.
(Recent discussions of this topic are Refs. 30, 136, 187-191.) These similarities
fmphasize the correspondence between the zero-field quantization and the
Quantum Hall effect, discussed in Section 3.

¢ Hot Electron Focusing

) The voltage drop in a current-carrying sample containing a point contact
0 general is highly localized at or near the constriction. As mentioned in
Section 4, two-terminal resistance measurements do not yield information on
the voltage distribution. Four-terminal measurements could do so in princi-
ple, but such measurements in practice are hampered by the fact that conven-
tional voltage probes located within a mean free path of the point contact
are invasive. Indeed, in narrow multi-probe conductors, the voltage probes
are the dominant source of scattering, as discussed by Timp in Chapter 3.
In addition, conventional probes measure an electrochemical potential rather
than an electrostatic voltage. In the linear response regime, a knowledge of
the actual electric field distribution is not required to know the dissipation in
the system (¢f. Section 4). For many applications beyond linear transport,
Owever, the electric field distribution does matter, as emphasized repeatedly
by Landauer.583178.192-194 We thys are faced with a challenge to overcome
t}}e limitations of conventional resistance measurements in the ballistic re-
8lme. In this section, we discuss how an extension of the electron focusing
technique of Section 6 to finite applied voltages meets this challenge at least
N part.%! (A promising alternative technique is to use a scanning tunneling
mlCrOSCOpe.)194’195
In Section 6, we emphasized the great difference in length scales between
tlectron focusing in metals and in a 2DEG. The experiments discussed next
demonstrate another qualitative difference, that of energy scales. In metals,'*°
tlectrons are injected at energies above Ep, which generally are much less
than Er =~ 5¢V. In contrast, the Fermi energy in a 2DEG is only about
10 meV, so that de-biasing the small ac injection voltage used in the electron
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the energy of the two lowest one-dimensional subbands at the bottleneck as
a function of longitudinal wave vector k. In equilibrium (V = 0), the subbands
are occupied up to the Fermi energy Er. A voltage V across the constriction
gives a difference u, — py = eV in occupation between the two velocity
directions (Fig. 33a), resulting in a net current. As long as the number of
occupied subbands is the same for the two velocity directions, the conduc-
tance is quantized. However, at larger applied voltages, u4 can fall below the
bottom of a subband. Then g is reduced to a fraction m of 2e2/h as shown
in Fig. 33b, where Ey is near the bottom of the lowest subband. This is
observed experimentally in Fig. 30a. The subband occupation of Fig. 33b also
can be reached from the situation Ep < E;, where there are no occupied
states in equilibrium. For low voltages g = 0, but at a voltage V,, the chemical
potential ug crosses E;, so that g increases to m(2e%/h) (cf. Eq. (33)). This is
the case studied experimentally in Fig. 31.

Figures 33c,d correspond to the situation where Ey is close to the bottom
of the second subband, as in the experimental Fig. 30b. On increasing ¥, first
the second subband starts to be populated (Fig. 30c), leading to an increase
in g to (1 + m)2e?/h. A further increase of V causes y, to fall below the
bottom of the first subband (Fig. 30d), which then reduces g to 2m(2e?/h). This
explains qualitatively the increasing and then decreasing slope in Fig. 30b.
We note that the situation of Fig. 33d also can be reached directly from that
in Fig. 33a, which actually is happening at ¥, = —2.06 V in Fig. 30b.

So far, we have considered the case Ay > 0. If Au < 0, then the parameter
m is replaced by m’, which will be different from m in the case of an assym-
metric barrier in the constriction. (See Fig. 32c.) This may explain part of the
asymmetry in the I-V characteristics of Figs. 30 and 31, discussed earlier.

Both the quantum mechanical result, Eqs. (33)-(34), and its semiclas-
sical counterpart Eq. (30), predict a saturation current of order I, given by
Eq. (31). The magnitude of the expected saturation current for Ex = 10 meV
is I, ~ 1 pA for a constriction with a few occupied one-dimensional sub-
bands. Such a saturation has not been observed experimentally. The likely
reason is that for large applied voltages, the electric field no longer is localized
at the point contact. The electric field outside the point contact region will
give rise to an acceleration of the electrons before they enter the point contact
(ie., in a wider region), thereby enhancing I, . This point is discussed further
in Section 7.c.

More recently, Brown et al.!9%18+185 have studied the differential resis-
tance of a quantum point contact. In particular, they predict that the current
saturation of Eq. (31) should cross over to a negative differential resistance
regime at sufficiently large bias voltages as a consequence of quantum me-
chanical reflection. Further experiments will be required to test this prediction.

Here, we have considered only I—V characteristics at fixed V,. Glazman
and Khaetskii'®® have predicted that the differential conductance as a func-
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tion of gate voltage at finite ¥ should exhibit additional plateaus between
those at multiples of 2e?/h. Some evidence has been found for such plateaus
(Which also follow from Eqs. (33) and (34)), but these were not well resolved.*

The results Eqs. (33) and (34) predict a maximum breakdown volt-
age given by the one-dimensional subband separation at the Fermi level.
This criterium is equivalent to that obtained by Jain and Kivelson'®® for the
breakdown of the quantum Hall effect, where the Landau levels take over
the role of the one-dimensional subbands. The triangular dependence of
the breakdown voltage on the gate voltage shown in Fig. 30b also is reminis-
cent of experiments on the breakdown of the quantum Hall effect, where
the breakdown voltage has a triangular dependence on the magnetic field.
(Recent discussions of this topic are Refs. 30, 136, 187—-191.) These similarities
®mphasize the correspondence between the zero-field quantization and the
Quantum Hall effect, discussed in Section 3.

C. Hot Electron Focusing

_ The voltage drop in a current-carrying sample containing a point contact
I general is highly localized at or near the constriction. As mentioned in
Section 4, two-terminal resistance measurements do not yield information on
the voltage distribution. Four-terminal measurements could do so in princi-
p_le, but such measurements in practice are hampered by the fact that conven-
tional voltage probes located within a mean free path of the point contact
are inpasive. Indeed, in narrow multi-probe conductors, the voltage probes
are the dominant source of scattering, as discussed by Timp in Chapter 3.
In addition, conventional probes measure an electrochemical potential rather
than an electrostatic voltage. In the linear response regime, a knowledge of
the actual electric field distribution is not required to know the dissipation in
the system (cf. Section 4). For many applications beyond linear transport,
Owever, the electric field distribution does matter, as emphasized repeatedly
by Landauer.583178:192-19¢ We thys are faced with a challenge to overcome
tl}e limitations of conventional resistance measurements in the ballistic re-
8ime. In this section, we discuss how an extension of the electron focusing
technique of Section 6 to finite applied voltages meets this challenge at least
' part.®* (A promising alternative technique is to use a scanning tunneling
mlCrOscope.)’94'195
In Section 6, we emphasized the great difference in length scales between
tlectron focusing in metals and in a 2DEG. The experiments discussed next
demonstrate another qualitative difference, that of energy scales. In metals,'*¢
electrons are injected at energies above Eg, which generally are much less
han Ep ~ 5¢V. In contrast, the Fermi energy in a 2DEG is only about
10 meV, so that dc-biasing the small ac injection voltage used in the electron
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focusing experiment leads to a noticeable shift 1n the focusing peaks The
magnitude of the shift allows a direct determiation of the kinetic energy of
the mjected electrons, 1n direct analogy with a f-spectrometer In metals,
shifts 1n the peak position 1n electron focusing experiments also have been
observed,>” but are attributed to the magnetic field induced by the current
at large dc bias voltages '*¢ Thus field 1s totally negligible at the current levels
used mm a 2DEG

1 Experiment Hot electron focusing® spectra have been measured 1n a
geometry identical to that used for the coherent electron focusing experiments
of Section 6 (See inset of Fig 36) The electrons are mjected from a 2DEG
region 1 through the injector point contact, and are collected by a second
point contact in region ¢ The 2DEG region where the focusing takes place 1s
denoted by s The point contact spacing was approximately 15 um A four-
terminal generalized longitudinal resistance configuration was employed,
with a small ac modulation voltage of 100 uV superimposed on a dc bias
voltage Vpc on the order of a few mV between terminals 1 and 2 The differ-
ential focusing signal 8V, /91, 1s obtained by measuring the ac collector volt-
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Fic 34 Differential electron focusing spectra for various applied dc bias voltages, demon-
strating the effects of electron acceleration and deceleration over the point contact region The
dashed hnes connect peaks of the same index (From Ref 61)
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age between terminals 3 and 4, and dividing by the ac current from terminal
1 to 2. In Fig. 34, the evolution of the focusing spectra with bias voltage Vpe
is shown in the range + 15 to — 15 meV. Because of the rather large ac volt-
age, the fine structure due to quantum interference (studied in detail in Sec-
tion 6) is smeared out, and only the classical focusing peaks remain—which
are of primary interest in this experiment. A clear shift of these peaks is
observed as the dc bias is increased, in particular for negative bias voltages.
The peak positions are directly related to the energy of the injected electrons,
as we now will demonstrate with a simple model,* which is based on the
one used to explain the nonlinear conductance of a single-point contact,®®
discussed in Section 7.b.

i. Model. Figure 35 illustrates the injection process at large bias voltages
fOr four different positions of the chemical potentials y; and y; in regions
land s, relative to the subband bottom E, at the bottleneck of the injector

. FiG. 35, Schematic representation of the injection of hot electrons (in an energy range
Indicated 1n black) or cold holes (indicated in white) from the injector at the left to the wide 2DEG
Tegion at the right. The lowest one-dimensional subband is indicated by the column. De-
pending on the positions of the Fermi levels y, and pg, the subband bottom E; can act as a low-
Cnergy cutoff for the injected carriers. The arrows denote the extremal energy of carriers detected
M a differential focusing experiment. (From Ref. 61.)
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point contact. The electric field caused by the applied voltage is assumed to
be small outside the immediate vicinity of the point contact. In the point
contact, adiabatic transport is assumed, and for simplicity only the lowest
subband in the point contact is considered. (In fact, in the experiment of
Fig. 34, only a single subband is occupied.) A negative voltage (—eV > 0)
implies injection from i to s of electrons with energy in excess of Er, as shown
in panels a and b of Fig. 35. The electron flow at positive voltages is from
region s into the injector, or equivalently, unoccupied electron states in region
s move away from the injector (panels ¢ and d). These states will be referred
to as holes in the conduction band, below the local Fermi level y,. Peaks in
the focusing spectrum also are observed for positive bias voltages (Fig. 34)
resulting from focusing of ballistic holes rather than electrons.

The distribution of injected electrons or holes extends over a wide
range of energies, corresponding to the height of the black and white boxes
in Fig. 35. The differential measurement technique selects primarily only
those electrons with maximal or minimal injection energy, as indicated by
arrows in Fig. 35. One thus can study the transport of the injected hot electrons
for V < 0 and of cool holes for V > 0, with an energy resolution determined
by the magnitude of the ac voltage. The kinetic energy Eg.,, Of the injected
carriers is directly related to the position B;,,s of the nth focusing peak if
E, is below both g; and g, (the cases shown in Figs. 35a,c). By requiring that
the point contact separation L is a multiple n of the cyclotron diameter at
energy E;,... and magnetic field By, One obtains the relation,

_ (eLBfocus)2
Efocus - 8mn2 . (36)

The two cases shown in Figs. 35c,d (where E; is below either u; or u) are
somewhat more complicated, because one has to take into account that the
effective barrier height E, depends on the bias voltage. (See Sec. 7.b.) As
analyzed in Ref. 61, for V < 0, Eq. (36) remains valid also when E; < p;, but
in that case, an additional small dip in the focusing spectrum is expected due
to the appearance of a second extremal energy. (Note the two arrows in
Fig. 35b.) This feature is not resolved clearly in Fig. 34. For V > 0, Eq. (36)
no longer holds when E, < p; (the case of Fig. 35d). In addition, one expects
a suppression of the focusing peaks for large positive bias voltages due to the
cutoff imposed by the barrier in the collector. This does not play a role for
negative bias voltages.

Figure 36 shows a plot of E;,,, obtained via Eq. (36) from the position of
the n = 3 focusing peak, as a function of the dc bias voltage.®* For V¢
between — 8 and + 3 mV, E.,, varies linearly with V. A linear least-squares
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Bate used to define the point contacts and the 2DEG boundary, and the squares denote the ohmic
fontacts. (From Ref. 61.)

fit in this region yields
Efocus = _0-68€VDC + 14.4 meV. (37)

For Voc =0, the electron kinetic energy Eg,.,, agrees very well with Ep =
142 meV obtained from the Shubnikov—de Haas oscillations, as it should.
The deviations from linearity below —8 mV and above + 3 mV are the sub-
Je?t of Section 7.c.iv. We first discuss the implication of Eq. (37) for the elec-
tric field at the injector point contact.

_ Ui The dipole field at the injector point contact. The slope of the straight

'n¢ in Fig. 36 tells us what fraction of the total dc voltage drop V. across

the sample is localized in the immediate vicinity of the injector point contact.

islz)e cxperimental results represented by Eq. (37) indicate that this fraction
.68.

We now will argue that the part of the voltage drop across the sample
48sociated with the (quantized) contact resistance nearly is completely local-
2¢d at the injector point contact. (In this subsection, the term voltage drop
re.fers to that part of the electrochemical potential difference that is associated
With the electric field.) The total sample resistance in the experiment® was

94 + 03 k0. Applying the voltage division rule for series resistors, one
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finds that the voltage drop localized at the point contact corresponds to a
fraction 0.68 of this resistance, i.e., to 13.2 4 0.3 kQ. This value agrees within
the experimental uncertainty with the quantized resistance h/2e? = 12.9 kQ
of a quantum point contact with a single occupied one-dimensional sub-
band. The remainder of the total sample resistance corresponds to the back-
ground discussed in Part II, which is due primarily to the ohmic contacts.
It is important to realize that the observation of focusing peaks requires
that the acceleration through the injector is completed on a length scale
that is short compared to the cyclotron radius, which in this experiment is
about 0.25 um (for a point contact separation of 1.5 um and a peak index
n = 3). The fact that a correct value for the quantized point contact resistance
is found using no information but the focusing peak spacing and the total
sample resistance thus implies that the point contact resistance is associated
with an electric field localized within this length scale. The significance of
such dipole fields for transport measurements was first stressed by Landauer
in the context of the residual resistivity of metals.® For a more recent dis-
cussion of the same topic, see Ref. 194. We stress that the spatial scale (of
0.25 um or less) determined here for the dipole field at the point contact is
about two orders of magnitude below the elastic or inelastic mean free path.

iv. Further observations. For hot electron injection at large negative bias
voltages Vo < —8 mV, the kinetic energy Eq., inferred from the focusing
peaks (via Eq. (36)) increases more weakly with 7}, than at smaller biases. In
addition, there is some evidence of new peaks in the focusing spectra, with
positions corresponding roughly to injection of electrons with the Fermi
energy. (See Fig. 34.) These two features may be indicative of a rapid energy
relaxation process close to the injector point contact. Another possibility is
that in this large bias regime, the voltage drop no longer is well localized at
the point contact, in contrast to the case for smaller biases. We recall in this
connection the absence of saturation in the experimental I—V characteristics
discussed in Section 7.b. It would seem that the observation of well-defined
peaks in a focusing experiment precludes energy relaxation on length scales
longer than the cyclotron radius as a possible explanation.

The deviation from linearity in Fig. 36 for positive injection voltages sets
in for relatively small biases, Vpc > +3 mV. According to the model of
Ref. 61, this deviation may arise when the subband bottom E, in the injector
exceeds the Fermi energy y; in region i. In addition, the barrier in the collector
point contact may impose an additional energy selection on the electron
focusing signal. This will be important especially at high positive Vp (but
not for negative biases). Further experiments done in the regime where the
injector point contact is close to pinch-off are discussed in Ref. 61.

In this device, hot electrons travel nL/2 = 2.3 um between injector and
collector. From theoretical work,!”>7* we estimate that the mean free path
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for electrons with an excess energy 50% of the Fermi energy of 14 meV (which
still is considerably smaller than the optical phonon energy of 36 meV) should
be limited to about 400 nm as a result of electron—electron interaction effects.
Such a short mean free path seems irreconcilable with the present data,®
since it would imply a two order of magnitude reduction of the focusing
peak height. An even larger discrepancy was found by Sivan ef al.'™ in a
different experiment involving two opposite point contacts. It remains a
theoretical challenge to explain these unanticipated long scattering lengths
observed by two independent experiments.

IV. Adiabatic Transport in the Quantum Hall Effect Regime

8.  INTRODUCTION

Both the quantum Hall effect (QHE) and the quantized conductance of a
ballistic point contact are described by one and the same relation, G =
(2e%/n)N, between the conductance G and the number N of propagating
modes at the Fermi level. The smooth transition from zero-field quantiza-
tion to QHE that follows from this relation was the subject of Section 3. The
fesemblance between ballistic quantum transport and transport in the QHE
Tegime becomes superficial, however, if one considers the entirely different
role of scattering processes in weak and strong magnetic fields. First of all,
the zero-field conductance quantization is destroyed by a small amount of
elastic scattering (due to impurities or roughness of the channel boundaries;
¢f. Section 2.d), while the QHE is not. This difference is a manifestation of
the suppression of backscattering by a magnetic field, discussed in Section 4.
Absence of backscattering by itself does not imply adiabatic transport, which
Tequires a total suppression of scattering among the modes. In weak magnetic
fields, adiabaticity is of importance within a point contact, but not on longer
length scales (cf- Sections 2.b.iii and 5). In the wide 2DEG region, scattering
among the modes in weak fields establishes local equilibrium on a length
Scale given by the inelastic scattering length (which, in a high-mobility
Materijal, presumably is not much longer than the elastic scattering length
I~10 um). The situation is strikingly different in a strong magnetic field,
Where the selective population and detection of the modes at the Fermi level
demonstrated in Ref, 10 (to be discussed in Section 9.b) is made possible
by the persistence of adiabaticity outside the point contact. In the words of

ef. 197, application of a magnetic field induces a transition from a local
t0 a global adiabatic regime. Over some longer distance (which is not yet

nown precisely), adiabaticity breaks down, but surprisingly enough, local
€quilibrium remains absent even on macroscopic length scales (exceeding

25 mm),1412:34,198-200 Gince Jocal equilibrium is a prerequisite for the use
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of a local resistivity tensor, these findings imply a non-locality of the trans-
port that had not been anticipated in theories of the QHE (which commonly
are expressed in terms of a local resistivity; ¢f. Ref. 64 for a review). An
important exception, to which we will return, is Biittiker’s theory”’ on the
role of contacts in the establishment of the quantized Hall resistance.

In the QHE regime, the propagating modes at the Fermi level are located
at the edges of the sample,?°2°2 under circumstances such that in the bulk,
the Fermi level lies in a band of localized states.®>2%® These edge states ori-
ginate from Landau levels that in the bulk lie below the Fermi level, but rise
in energy on approaching the sample boundary. The point of intersection of
the nth Landau level (n = 1, 2,...) with the Fermi level forms the site of edge
states belonging to the nth edge channel. The energy of each state can be
separated into a part (n — 3)hw, due to the quantized cyclotron motion, a
part Eg due to the potential energy in an electrostatic potential ¥ (x, y), and
the Zeeman energy +%guzB depending on the spin direction. For a given
total Fermi energy E, one has

Eg = Ex — (n — Do, £ $gusB. (38)

Adiabatic transport is motion with constant n, implying that the cyclotron
orbit center is guided along contours of constant V(x, y) = Es. The energy Eg
of this equipotential is referred to as the guiding center energy.

The simplicity of this guiding center drift along equipotentials has been
exploited in the percolation theory?°*2%% of the QHE, soon after its ex-
perimental discovery.®* The physical requirements for the absence of inter-
Landau-level scattering have received considerable attention2°%2°7 in that
context, and more recently'*”2°%2% in the context of adiabatic transport
in edge channels. One requirement is that strong potential variations occur
on a spatial scale that is large compared to the magnetic length [, =
(h/eB)'/2,which corresponds to the cyclotron radius in the QHE (I, =
I.(2n — DY? =~ 1, if the Landau level index n ~ 1). More rapid potential
fluctuations may be present provided their amplitude is much less than Ao,
(the energy separation of Landau levels).

Because edge channels at opposite edges of the sample move in opposite
directions (as the drift velocity along an equipotential is given by E x B/B?,
with E the electric field), backscattering requires scattering from one edge
to the other. Selective backscattering for all edge channels with n > n, is im-
posed by a potential barrier!3>=13 across the sample if its height is between
the guiding center energies of edge channel n, and n, — 1. (Note that the
edge channel with a larger index »n has a smaller value of Eg5.) The anoma-
lous Shubnikov—de Haas effect,!! which we will discuss in Section 10.a, has
demonstrated that selective backscattering also can occur naturally in the
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?bsence of an imposed potential barrier. The edge channel with the highest
Index n = N is selectively backscattered when the Fermi level approaches the
energy (N — $)hw, of the Nth bulk Landau level (disregarding the Zeeman
Cnergy for simplicity of notation). The guiding center energy of the Nth edge
channel then approaches zero, and backscattering either by tunneling or by
thermally activated proccesses becomes effective—but only for that edge
channel, which remains almost completely decoupled from the other N — 1
edge channels over distances as large as 250 um. It was believed initially*
that the transport might be fully adiabatic over this macroscopic length
Scale. However, Alphenaar et al.2®® now have demonstrated experimentally
that on this length scale, the edge channels wth n < N — 1 have equilibrated
to a large extent. The absence of scattering was found to persist only be-
tween this group of edge channels and the Nth edge channel, and then only
lf the Fermi level lies in (or near) the Nth bulk Landau level. As a qualita-
ive explanation of these observations, it was proposed?°®2!° that states
from the highest-index edge channel hybridize with the localized states from
the bulk Landau level of the same index when both types of states coexist
at the Fermi level. Such a coexistence does not occur for the lower-index
edge channels. A complete theoretical description is not available, and our
Present understanding of how fully adiabatic transport breaks down (as well
a3 of the length scale on which this occurs) remains incomplete.

To avoid misunderstanding, it should be emphasized that the fact that the
Measured resistance can be expressed in terms of the transmission proba-
bilities of edge states at the Fermi level does not imply that these few states
Carry a macroscopic current, nor does it imply that the current flows at the
®dges. A determination of the spatial current distribution, rather than just the
total current, requires consideration of all the states below the Fermi level,
Which acquire a net drift velocity because of the Hall field. Within the range
Of validity of a linear response theory,” however, knowledge of the current
distribution is not necessary to know the resistances. (See Ref. 18 for a more
®Xtensive discussion of this issue, which has caused some confusion in the
htGrature.)

The outline of Part IV is as follows. Section 9 deals with anomalies in the
Quantum Hall effect due to the absence of local equilibrium at the current
and voltage contacts.'%3+198-200 The jdeality of the contacts then affects the
QHE in a fundamental way, 2! in contrast to the weak-field case where
Non-ideal contacts lead only to an uninteresting additive contact resistance
(?f- Part IT). An ideal contact in the QHE is one that establishes an equilib-
lum population among the outgoing edge channels by distributing the in-
Jected current equally among these propagating modes (¢f. Section 2.b.ii).

he selective population of edge channels by quantum point contacts'® is
discussed as an extreme example of a non-equilibrium population. Selective
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backscattering within a single edge channel, and the resulting anomalies in
the Shubnikov—de Haas effect,'!? are the subjects of Section 10. In Sec-
tion 11, inter-edge channel tunneling in a quantum point contact is discussed,
which can explain the unusual observation of Aharonov-Bohm magneto-
resistance oscillations in a singly connected geometry.’® By combining two
such point contacts to form a disc-shaped cavity, it has been possible to study
this effect in a highly controlled way.’

In this chapter, we restrict ourselves to the integer QHE, where the edge
channels can be described by single-clectron states. Recent theoretical®”
and experimental*3~2!¢ work on adiabatic transport in the fractional QHE
(which fundamentally is a many-body effect)5*2!"-2!8 indicates that many
of the phenomena discussed here have analogues in that context as well.

9. AnNomarLous Quantum HALL EFFECT

a. Ideal versus Disordered Contacts

The quantization of the Hall resistance was discovered in a four-terminal
measurement.®? Under conditions in which the Hall resistance is quantized,
the longitudinal resistance vanishes. Since the two-terminal resistance is the
sum of the Hall and longitudinal resistances, a two-terminal measurement
also shows a quantized resistance in a strong magnetic field!*>~117 (to within
an experimental uncertainty on the order of one part in 10°). Nevertheless,
investigators interested in high-precision determinations of the quantized
Hall resistance generally have preferred a four-terminal measurement,?’
under the assumption that one thereby eliminates the contact resistances (¢f-
Part II). That is correct if local equilibrium is established 1~ar the contacts. A
surprising conclusion of the work described in this sectinr and the next is that
local equilibrium is not the rule in the QHE regimr,, and that the effects of
contacts can persist on macroscopic-length scaies. Four-t¢*minal measure-
ments then in general will not yield a more accurate determination of the
quantized Hall resistance than a two-terminal measurement does.

A necessary condition for the accurate quantization of the two-terminal
Hall resistance is that the source and drain contacts are ideal,””?'! in the
sense that the edge states at the Fermi level have unit transmission proba-
bility through the contacts. This condition also plays a central role in four-
terminal geometries. However, in the latter case, the requirement of ideal
contacts is not necessary if the edge channels close to the contacts are equili-
brated (as a result of inelastic scattering).

i. Ideal contacts. We return to the four-terminal measurements on 2
quantum point contact considered in Section 4, but now in the QHE regime;
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Where the earlier assumption of local equilibrium near the contacts no longer
18 applicable in general. We assume strong magnetic fields, so that the four-
terminal longitudinal resistance R, of the quantum point contact is deter-
mined by the potential barrier in the constriction. Before we present the
CXperimental results, we first describe briefly how the Landauer—Bittiker
formalism” can be applied to multi-probe measurements in the QHE regime.”
For a more detailed discussion of this formalism, we refer to Chapter 4 by
Biittiker.

Consider the geometry of Fig. 37. Reservoirs at chemical potential y, are
Connected by leads to the conductor. The current £, in the lead to reservoir
% is related to these chemical potentials via the transmission probabilities
T..4 (from reservoir « to B), and reflection probabilities R, (from reservoir «
back to the same reservoir). These equations have the form,’

h
> Iaz = (Na - Raz)luaz - Z T}’—*ul”'ﬁ’ (39)
4 e

with N, the number of propagating modes (or quantum channels)in lead o. In a
Strong magnetic field, N, equals the number of edge channels at the Fermi
®nergy E. in lead o (which is the same as the number of bulk Landau levels
below Er in view of the one-to-one correspondence between edge channels
and bulk Landau levels discussed in Section 8). As before, we denote the
Mumber of edge channels in the wide 2DEG and in the constriction by N4,
and N, . . respectively.
An ideal contact to the wide 2DEG has the property that all N,,,. edge
channels are fully transmitted into the contact, where they equilibrate.” !
Uch a contact thus has N, — R, = Ny4.. The constriction transmits only
min Channels, and the remaining N,y. — Nmie Channels are reflected back

® B

Hy Hr

Hs Ha

Fig, 37, Guiding center motion along equipotentials in the QHE regime, in a four-terminal
$cometry with a saddle-shaped potential formed by a split gate. Ideal contacts are assumed.
¢ thin lines indicate the location of the edge channels at the Fermi level, with the arrows
S;’lming in the direction of motion of edge channels that are populated by the contacts (crossed
Uares)
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along the opposite 2DEG boundary (¢f Fig 37) We denote by y, and y, the
chemical potentials of adjacent voltage probes to the left and to the right of
the constriction The current source 1s at y,, and the drain at gy Applying
Eq (39) to this case, using I, = — I, = I, I, = I, = 0, one finds for the mag-
netic field direction mdicated 1n Fig 37,

h

%I = andeius - (Nw1de - Nmm)p'l’ (403)
0= ande.ul - ande'usa (40b)
0= ande:ur - Nmm/Jl (4OC)

We have used the freedom to choose the zero level of chemical potential by
fixing 4 = 0, so that we have three independent (rather than four dependent)
equations The four-terminal longitudinal resistance Ry = (p; — p,)/el that
follows from Eq (40) 1s

h 1 1
== 41
RL 262 <Nmm ande) ( )

In reversed-field direction, the same result 1s obtamned Equation (41), derived
for 1deal contacts without assuming local equilibrium near the contacts, 1s
identical to Eq (10) Similarly, applying Eq (39) to a six-terminal geometry,
one recovers the results from Eqgs (12) and (13) for the four-terminal Hall
and diagonal resistances

The fundamental reason that the local equilibrium approach of Section 4
(appropnate for weak magnetic fields) and the 1deal contact approach of this
section (for strong fields) yield 1dentical answers is that an 1deal contact
attached to the wide 2DEG regions mnduces a local equilibrium by equiparti-
tioning the outgoing current among the edge channels 77 (This 1s illustrated
m Fig 37, where the current entering the voltage probe to the right of the
constriction 1s carried by a single edge channel, while the equally large cur-
rent flowing out of that probe 1s distributed equally over the two edge chan-
nels available for transport in the wide region ) In weaker magnetic fields,
when the cyclotron radius exceeds the width of the narrow 2DEG region
connecting the voltage probe to the Hall bar, not all edge channels in the
wide 2DEG region are transmitted into the voltage probe, which therefore
1s not effective 1n redistributing the current This 1s the reason that the weak-
field analysis in Section 4 required the assumption of a local equilibrium 11
the wide 2DEG near the contacts

We now discuss some experimental results, which confirm the behavior
predicted by Eq (41) 1n the QHE regime, to complement the weak-field ex-



2. QUANTUM POINT CONTACTS 87

Periments discussed in Section 4. In this field regime, the split-gate point
Contact geometry of Fig. 37 essentially is equivalent to a geometry studied
Tecently by several authors,!3313%198.199 i which a potential barrier across
the Hall bar is created by means of a narrow continuous gate. The quantiza-
tion of the longitudinal conductance Ry ! in fractions of 2e?/h (for unresolved
Spin degeneracy), predicted by Eq. (41), is shown in Fig. 38 for a quantum
Point contact sample!?’ at T = 0.6 K. (Similar point contact data is reported
In Ref. 126.) The magnetic field is kept fixed at 1.4 T (such that N4, = 5)
and the gate voltage is varied (such that N, ranges from 1 to 4). Conduc-
t‘ance: plateaus close to 5/4, 10/3, 15/2, and 20 x (2e?/h) (solid horizontal
llnes) are observed, in accord with Eq. (41). Spin-split plateaus (dashed lines)
are barely resolved at this rather low magnetic field. Observations of such
A fractional quantization due to the integer QHE were made before on wide
Hall bars with regions of different electron density in series,”2° but the
tEheoretical explanation®® given at that time was less straightforward than
q. (41).

ii. Disordered contacts. The validity of Eq. (41) in the QHE regime breaks
down for non-ideal contacts, if local equilibrium near the contacts is not
Cstablished. As discussed in Section 4, Eq. (41) implies that the Hall voltage
Over the wide 2DEG regions adjacent to the constriction (¢f. Fig. 18) is
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FKG. 38.  Fractional quantization of the four-terminal longitudinal conductance Ri' of a
Point contact in a magnetic field of 1.4 T at T = 0.6 K. The sold horizontal lines indicate the
Quantizeq plateaus predicted by Eq. (41), with N4 = 5and N,,,,, = 1,2, 3,4. The dashed lines give

¢ location of the spin-split plateaus, which are not well-resolved at this magnetic field value.

From Ref, 125))
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unaffected by the presence of the constriction. In Fig. 39, we show the four-
terminal longitudinal resistance R; and Hall resistance R,; obtained on the
sample considered in Section 4, but now over a wider field range, for both a
small gate voltage (—0.3 V) and a large gate voltage (—2.5 V). In addition to
the weak-field negative magnetoresistance discussed before in Section 4, a
crossover to a positive magnetoresistance with superimposed Shubnikov—de
Haas oscillations is seen.

The data for V, = —0.3 V exhibits Shubnikov—de Haas oscillations with
zero minima in the longitudinal resistance R; , and the normal quantum Hall
resistance Ry = (h/2e?)N L, is determined by the number of Landau levels
occupied in the wide regions. (N,,4. can be obtained from the quantum Hall
effect measured in the absence of the constriction, or from the periodicity of
the Shubnikov—de Haas oscillations.)

At the higher gate voltage V, = —2.5 V, non-vanishing minima in R, are
seen in Fig. 39, as a result of the formation of a potential barrier in the
constriction. At the minima, R, has the fractional quantization predicted
by Eq. (41) (See earlier.) For example, the plateau in R, around 2.2 T for
V, = —2.5V is observed to be at R, = 2.1 kQ ~ (h/2e?) x (5 — }), in agree-
ment with the fact that the two-terminal resistance yields N,,,, = 2, and the
number of Landau levels in the wide regions N, = 3. In spite of this
agreement, and in apparent conflict with the analysis leading to Eq. (41), it is
seen in Fig. 39 that the Hall resistance Ry measured across a wide region for

V, = —2.5V has increased over its value for small gate voltages. Indeed,
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Fi 39 Non-vanshing Shubnikov—de Haas mimima 1n the longitudinal resistance R, and
anomalous quantum Hall resistance Ry, measured 1n the pomnt contact geometry of Fig. 18 at
50 mK. These experimental results are extensions to higher fields of the weak-field traces shown
m Fig 15 The Hall resistance has been measured across the wide region, more than 100 pm
away from the constriction, yet Ry; 1s seen to increase if the gate voltage 1s raised from —03 V
to —2 5V The magnitude at B = 2 2 T of the deviation in Ry; and the Shubnikov-de Haas mini-
mum 1 R, are indicated by arrows, which for both R;; and R, have a length of (h/2e2)(% — %),
m agreement with the analysis given 1n the text (From Ref 34)
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around 2.2 T, a Hall plateau at Ry = 6.3 kQ =~ (h/2¢?) x  is found, as if
the number of occupied Landau levels was given by N, = 2 rather than
by N,... = 3. This unexpected deviation was noted in Ref. 34, but was not
understood at the time. The temperature dependence of this effect has not
been studied systematically, but it was found that the deviations in the Hall
resistance persist at least up to 1.6 K. At higher magnetic fields (not shown
in Fig 39), the N = 1 plateau is reached, and the deviation in the Hall resis-
tance vanishes. Following the similar experiment by Komiyama et al.,'%81%°
and the demonstration of the anomalous QHE measured with quantum
point contacts by the Delft—Philips collaboration,’® the likely explanation
of the data of Fig 39 is that one or more of the ohmic contacts used as
voltage probes are disordered, in the sense of Biittiker’” that not all edge
channels have unit transmission probability into the voltage probe. (Note
that a point contact containing a potential barrier also is disordered in
this sense.)

_ We now will demonstrate, following Refs. 77 and 211, how the anomalies
In Fig. 39 can be accounted for nicely if one assumes that one of the probes
used to measure the Hall voltage is disordered, because of a potential barrier
In the probe with a height not below that of the barrier in the constriction.
This is illustrated schematically in Fig. 40. A net current I flows through
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FiG. 40. Tliustration of the flow of edge channels along equipotentials in a sample with a
Constriction (defined by the split gates) and a disordered voltage probe. (A potential barrier in
the lower probe is indicated by the double bar.)
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the constriction, determined by 1ts two-terminal resistance according to
I = (2e/h) N, 1ts, With g, the chemical potential of the source reservoir (The
chemical potential of the drain reservoir p, 1s taken as a zero reference)
Equation (39), applied to the two opposite Hall probes [, and I, in Fig 40,
takes the form (using I, = I, = 0, u; = (h/2e)I/N,,,, and py = 0),

h I
0= Nw1del“tll - Eﬁl‘% r - Tl'z—>lll’tlzy (423)

min

h 1
—vt:% ]”V— - 7;1—42#1,’

min

O = ]Vlznulz - 7; (42b)

where we have assumed that the disordered Hall probe I, transmits only
N, < N4, edge channels because of some barrier 1n the probe For the
field direction shown m Fig 40, one has, under the assumption of no inter-
edge channel scattering from constriction to probe I,, T.; = Ny 4e» Tint, =
T,-, =0, and T, = max(0, N, — N,,,) Equation (42) then leads to a
Hall resistance Ry = (i;, — ,)/el given by

h 1

Ry=—bo —
"7 2¢2 max(N,,, Npy)

(43)

In the opposite field direction, the normal Hall resistance Ry =(h/2e?)N k.
18 recovered

The assumption of a single disordered probe, plus absence of inter-edge
channel scattering from constriction to probe, thus explains the observa-
tion m Fig 39 of an anomalously high quantum Hall resistance for large
gate voltages, such that N,,, < N, Indeed, the experimental Hall resis-
tance for ¥, = —2 5V has a plateau around 22 T, close to the value Ry =
(h/2e*)N ok, (with N, = 2), in agreement with Eq (43) if N, < N,,, at this
gate voltage This observation demonstrates the absence of inter-edge chan-
nel scattering over 100 um (the separation of constriction and probe)—but
only between the highest-index edge channel (with index n = N4, = 3) and
the two lower-index channels Since the n = 1 and n = 2 edge channels erther
are both empty or both filled (¢f Fig 40, where these two-edge channels lie
closest to the sample boundary), any scattering between n = 1 and 2 would
have no measurable effect on the resistances As discussed 1in Section 8, we
now know from the work of Alphenaar et al 2°° that (at least in the present
samples) the edge channels with n < N, 4. — 1, 1n fact, do equilibrate to a
large extent on a length scale of 100 um

In the absence of a constriction, or at small gate voltages (where the con-
striction 1s Just defined), one has N, = N4, SO that the normal Hall effect
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is observed in both field directions. This is the situation realized in the exper-
mental trace for ¥, = —0.3 V in Fig. 39. In very strong fields such that
Nonin = N, = Nyiqe = 1 (still assuming non-resolved spin-splitting), the nor-
mal result Ry = h/2e? would follow even if the contacts contain a potential
barrier, in agreement with the experiment {not shown in Fig. 39). This is a
more general result, which also holds for a barrier that only partially trans-
mits the n = 1 edge channel.}>77220-222

A similar analysis as the preceding predicts that the longitudinal resistance
Measured on the edge of the sample that contains ideal contacts retains its
Tegular value, as in Eq. (41). The observation in the experiment of Fig. 39 for
Vi=—25Vofa regular longitudinal resistance (in agreement with Eq. (41)),
along with an anomalous quantum Hall resistance, thus is consistent with
this analysis. On the opposite sample edge, the measurement would involve
the disordered contact, and one finds instead

h (1 1
=—— 44
RL 2e? <Nmin maX(leaNmin)) ( )

The experiment'® discussed in the following subsection is topologically
®quivalent to the geometry of Fig. 40, but involves quantum point contacts
Tather than ohmic contacts. This gives the possibility to populate and detect
®dge channels selectively, thereby enabling a study of the effects of a non-
®quilibrium population of edge channels in a controlled manner.

b Selective Population and Detection of Edge Channels

In Section 6, we have seen in the coherent electron focusing experiment
OW a quantum point contact can inject a coherent superposition of edge
Channels at the 2DEG boundary. In that section, we restricted ourselves
o weak magnetic fields. Here, we will show how in the QHE regime, the
Point contacts can be operated in a different way as selective injectors (and
detectors) of edge channels.!® We recall that electron focusing can be mea-
Sured as a generalized Hall resistance, in which case the pronounced peaked
Structure due to mode interference is superimposed on the weak-field Hall
Tesistance (cf. Fig. 25). If the weak-field electron focusing experiments are
Stended to stronger magnetic fields, a transition to the quantum Hall effect
'S observed, provided the injecting and detecting point contacts are not
Dinched off too strongly.’® The oscillations characteristic of mode inter-
®rence disappear in this field regime, suggesting that the coupling of the edge
Chanpels (which form the propagating modes from injector to collector) is
SUppressed and adiabatic transport is realized. It now is sufficient no longer
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to model the point contacts by a point source/detector of infinitesimal width
(as was done 1 Section 6), but a somewhat more detailed description of the
electrostatic potential V(x,y) defining the point contacts and the 2DEG
boundary between them 1s required Schematically, V(x,y) 1s represented
mm Fig 41 Fringing fields from the sphit gate create a potential barrier 1n
the point contacts, so that V has a saddle form as shown The heights of
the barriers E,, E_ 1n the injector and collector are adjustable separately by
means of the voltages on the sphit gates, and can be determined from the
two-terminal conductances of the individual point contacts The point con-
tact separation 1n the experiment of Ref 10 1s small (1 5 um), so that we can
assume fully adiabatic transport from mjector to collector mn strong magnetic
fields (The expermment has been repeated for much larger point contact
separations (60 and 130 um) by Alphenaar et al ,>**® who find only partial
absence of inter-edge channel scattering over these distances, See Section 8)
As discussed 1n Section 8, the adiabatic transport 1s along equipotentials at
the guiding center energy E; Note that the edge channel with the smallest
mdex n has the largest guiding center energy (according to Eq (38)) In the
absence of inter-edge channel scattering, edge channels only can be trans-
mitted through a pomt contact if Eg exceeds the potential barrier height
(disregarding tunneling through the barrier) The injector thus injects
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FiG 41 Schematic potentiallandscape showingthe 2DEG boundary and the saddle-shaped
njector and collector point contacts In a strong magnetic field, the edge channels are extended
along equipotentials at the guiding center energy, as indicated here for edge channels with inde*
n=1,2 (The arrows pomt m the direction of moton) In this case, a Hall conductance of
(2¢*/h)N with N = 1 would be measured by the point contacts—1n spite of the presence of two0
occupied spin-degenerate Landau levels in the bulk 2DEG (From Ref 156)
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N — R, ~ (Ep — E,)/hw, edge channels into the 2DEG, while the collector is
Capable of detecting N, — R, ~ (Ex — E./hw, channels. Along the boundary
of the 2DEG, however, a larger number of N4 = Er/hw, edge channels,
€qual to the number of occupied bulk Landau levels in the 2DEG, are avail-
able for transport at the Fermi level. The selective population and detection
of Landau levels leads to deviations from the normal Hall resistance.

These considerations can be put on a theoretical basis by applying the
_Landauer—Biittiker formalism discussed in Section 9.a to the electron focus-
Ing geometry.”> We consider a three-terminal conductor as shown in Fig. 2a,
W}th point contacts in two of the probes (injector i and collector c), and a
Wide ideal drain contact d. The collector acts as a voltage probe, drawing no
et current, so that I, = 0 and Iy = —I;. The zero of energy is chosen such
that 41y = 0. One then finds from Eq. (39) the two equations,

0= (Nc - Rc).uc - Ti‘*c:uia (453.)
h
Zli = (N, — Ry — Too e (45b)

and obtains for the ratio of collector voltage V, = u /e (measured relative to
the voltage of the current drain) to injected current I; the result,

V. 2e* T,
R . 4
I h GG, — 96 (46)

Here, §= (2e%/1)°T;_.. T,..;, and G;=(2e*/W)(N,—R)), G,=(2e*/h) (N, —R,)

note the conductances of injector and collector point contact. The injector—
Collector reciprocity demonstrated in Fig. 25 is present manifestly in Eq. (46),
SInce G, and G, are even functions of B while” T,_,(B) = T,.;(— B).

For the magnetic field direction indicated in Fig. 2a, the term ¢ in Eq. (46)
‘an be neglected, since T.., ~ 0. An additional simplification is possible in
the adiabatic transport regime. We consider the case that the barrier in
One of the two point contacts is sufficiently higher than in the other, to en-
S.ur.e that electrons are transmitted over the highest barrier will have a neg-
ligible probability of being reflected at the lowest barrier. Then T, is
dQminated by the transmission probability over the highest barrier, T, ~
Mn(N, — R;, N, — R,). Substitution in Eq. (46) gives the remarkable result®
that the Hall conductance Gy = I,/V, measured in the electron focusing

8ometry can be expressed entirely in terms of the contact conductances G,
and G
<

Gy ~ max(G;, G,). 47)
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Equation (47) tells us that quantized values of Gy occur not at (2e2/h) Ny, g
as one would expect from the N4, populated Landau levels in the 2DEG—
but at the smaller value of (2e?/A)max(Nyin > Nmum,c)- As shown in Fig. 42,
this indeed is observed experimentally.’® Notice in particular how any de-
viation from quantization in max(G;, G,) is reproduced faithfully in Gy, in
complete agreement with Eq. (47).

10. ANOMALOUS SHUBNIKOV—-DE HAAS EFFECT

Shubnikov—de Haas oscillations periodic in 1/B occur in the longitudinal
resistance of a 2DEG at low temperatures (kg T < hw,), provided the mobility
u (or scattering time 7) is large enough to allow the formation of Landau
levels (4B = w,t > 1, so that many cyclotron orbits occur on average between
scattering events). In weak magnetic fields, where a theoretical description in

2
GH
G _=4e2h
o= de
= 1 e
3 i
o
S 0 ! . 1 , i
=z 26 22 -18
<
O
S
D /
=z
O 1
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G _=2e2h
=28
0 i . j) L o N 1
-2.6 22 -1.8 -1.4

GATE VOLTAGE V)

FiG. 42. Experimental correlation between the conductances G,, G, of injector and collector,
and the Hall conductance Gy = I,/V,, shown to demonstrate the validity of Eq. (47) (T = 1.3 K;
point contact separation is 1.5 um). The magnetic field was kept fixed (top: B = 2.5 T, bottom:
B = 38T, corresponding to a number of occupied bulk Landau levels N = 3 and 2, respectively)
By increasing the gate voltage on one half of the split gate defining the injector, G, was varied
at constant G,. (From Ref. 10.)
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terms of a local resistivity tensor is meaningful, a satisfactory agreement
between theory and experiment is obtained.? In the strong magnetic field
Tegime of interest here, one has the complication that the concept of a local
Tesistivity tensor may break down entirely because of the absence of local
€quilibrium. A theory of the Shubnikov—de Haas effect then has to take into
account explicitly the properties of the contacts used for the measurement.
The resulting anomalies seem not to have been anticipated in the theoretical
literature. In Section 10.a, we discuss the anomalous Shubnikov—de Haas
Oscillations'*2 in a geometry with a quantum point contact as a selective
¢dge channel detector, which demonstrates the selective backscattering within
a single Landau level and the absence of local equilibrium on a length scale
of 250 um. More general consequences of the absence of local equilibrium
for the Shubnikov-—de Haas effect are the subject of Section 10.b.

a.  Selective Backscattering

To discuss the anomalous Shubnikov—de Haas effect, we consider the three-
terminal geometry of Fig. 43, where a single voltage contact is present on the

Oundary between source and drain contacts. (An alternative two-terminal
Measurement configuration also is possible; see Ref. 11.) The voltage probe p
s formed by a quantum point contact, while source s and drain d are normal
Ohmic contacts. (Note that two special contacts were required for the anoma-
lous quantum Hall effect of Section 9.b.) One finds directly from Eq. (39) that
the three-terminal resistance R, = (1, — pq)/el measured between point

250 pum
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Fig, 43. Tllustration of the mechanism for the suppression of Shubnikov—de Haas oscilla-
cloons dl{e to selective detection of edge channels. The black area denotes the split gate point
arrntaCt in t.he voltage probe, which is at a distance of 250 yum from the qrain reservoir. Dashed
SlatOW§ Indicate symbolically the selective backscattering in the highest-index edge channel, via
©s 1n the highest-bulk Landau level that coexist at the Fermi level.
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contact probe and drain 1s given by

Ry =~ Lo
T 2e? (Ns - Rs)(Np - Rp) - TI')—vsTs—'p

(48)

This three-terminal resistance corresponds to a generalized longitudinal resis-
tance if the magnetic field has the direction of Fig 43 In the absence of
backscattering 1n the 2DEG, one has 7, , = 0, so that R;, vamshes, as 1t
should for a longitudinal resistance in a strong magnetic field

Shubnikov-de Haas oscillations 1n the longitudinal resistance arise when
backscattering leads to T,,, # 0 The resistance reaches a maximum when
the Fermu level lies mn a bulk Landau level, corresponding to a maximum
probability for backscattering (which requires scattering from one edge to
the other across the bulk of the sample, as indicated by the dashed hnes 10
Fig 43) From the preceding discussion of the anomalous quantum Hall effect,
we know that the point contact voltage probe mn a high magnetic field
functions as a selective detector of edge channels with mdex n less than some
value determined by the barrier height 1n the point contact If, as discussed 1
Section 8, backscattering itself occurs selectively for the channel with the
highest mdex n = N,,4., and 1if the edge channels with n < N4, — 1 do not
scatter to that edge channel, then a suppression of the Shubmkov—de Haas
oscillations 1s to be expected when Ry, 1s measured with a pomnt contact
containmng a sufficiently high potential barrier This indeed was observed
experimentally,'* as 1s shown in Fig 44 The Shubmkov—~de Haas maximum
at 52 T, for example, 1s found to disappear at gate voltages such that the point
contact conductance 1s equal to or smaller than 2e?/h, which means that the
pomnt contact only transmits two spin-split edge channels The number of
occupied spin-split Landau levels in the bulk at this magnetic field value 18
three This experiment thus demonstrates that the Shubnikov—de Haas oscil
lations result from the highest-index edge channel only, and that this edge
channel does not scatter to the lower-index edge channels over the distancé
of 250 um from point contact probe to drain

In Section 9 a, we discussed how an ideal contact at the 2DEG boundary
nduces a local equilibrium by equipartitioning the outgoing current equally
among the edge channels The anomalous Shubnikov~de Haas effect pro-
vides a direct way to study this contact-induced equilibration by means of 2
second point contact between the point contact voltage probe p and the
current dram d 1n Fig 43 This experiment 1s described in Ref 12 Once
again, use was made of the double-split-gate point contact device (Fig 2)
in this case with a 15 um separation between point contact p and the se¢
ond point contact It 1s found that the Shubnikov—de Haas oscillations 1
R, are suppressed only if the second point contact has a conductance ¢
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_F IG. 44. Measurement of the anomalous Shubnikov—de Haas oscillations in the geometry of
Fig. 43 The plotted longitudinal resistance is the voltage drop between contacts p and d divided

Y the current from s to d. At high magnetic fields, the oscillations increasingly are suppressed as
the point contact in the voltage probe is pinched off by increasing the negative gate voltage. The
Nmber of occupied spin-split Landau levels in the bulk is indicated at several of the Shubnikov—
d¢ Haas maxima. (From Ref. 11.)

(Re?/ h)(Nyiqe — 1) or smaller. At larger conductances, the oscillations in Rj,
Teturn, because this point contact now can couple to the highest-index edge
channe] and distribute the backscattered electrons over the lower-index edge
C_hannels. The point contact positioned between contacts p and d thus func-
tions as a controllable edge channel mixer.

b Anomalous Scaling of the Shubnikov—de Haas Effect

The conclusions of the previous subsection have interesting implications for
the Shubnikov—de Haas oscillations in the strong-field regime even if mea-
Sured with contacts that do not detect selectively certain edge channels only.
Consider again the geometry of Fig. 43, in the low-gate voltage limit where

€ point contact voltage probe transmits all edge channels with unit pro-

ability. (This is the case of an ideal contact; ¢f. Section 9.a.) To simplify the
®Xpression, Eq. (48), for the three-terminal longitudinal resistance Rs,, we
U0te that the transmission and reflection probabilities 7;,,, R,, and R,
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contact probe and drain is given by

i T,
B 282 (Ns - Rs)(Np - Rp) - ’I;J‘—'S’];—'p'

R, (48)

This three-terminal resistance corresponds to a generalized longitudinal resis-
tance if the magnetic field has the direction of Fig. 43. In the absence of
backscattering in the 2DEG, one has T, = 0, so that R, vanishes, as it
should for a longitudinal resistance in a strong magnetic field.

Shubnikov—de Haas oscillations in the longitudinal resistance arise when
backscattering leads to T,_,, # 0. The resistance reaches a maximum when
the Fermi level lies in a bulk Landau level, corresponding to a maximum
probability for backscattering (which requires scattering from one edge to
the other across the bulk of the sample, as indicated by the dashed lines in
Fig. 43). From the preceding discussion of the anomalous quantum Hall effect,
we know that the point contact voltage probe in a high magnetic field
functions as a selective detector of edge channels with index n less than someé
value determined by the barrier height in the point contact. If, as discussed in
Section 8, backscattering itself occurs selectively for the channel with the
highest index n = N,;q., and if the edge channels with n < N,;4. — 1 do not
scatter to that edge channel, then a suppression of the Shubnikov—de Haas
oscillations is to be expected when R;, is measured with a point contact
containing a sufficiently high potential barrier. This indeed was observed
experimentally,!! as is shown in Fig. 44, The Shubnikov—de Haas maximum
at 5.2 T, for example, is found to disappear at gate voltages such that the point
contact conductance is equal to or smaller than 2e2/h, which means that the
point contact only transmits two spin-split edge channels. The number of
occupied spin-split Landau levels in the bulk at this magnetic field value i
three. This experiment thus demonstrates that the Shubnikov—de Haas oscil*
lations result from the highest-index edge channel only, and that this edge
channel does not scatter to the lower-index edge channels over the distance
of 250 um from point contact probe to drain.

In Section 9.a, we discussed how an ideal contact at the 2DEG boundary
induces a local equilibrium by equipartitioning the outgoing current equally
among the edge channels. The anomalous Shubnikov—de Haas effect pro-
vides a direct way to study this contact-induced equilibration by means of 4
second point contact between the point contact voltage probe p and the
current drain d in Fig. 43. This experiment is described in Ref. 12. Onc¢
again, use was made of the double-split-gate point contact device (Fig, 2)
in this case with a 1.5 um separation between point contact p and the se¢
ond point contact. It is found that the Shubnikov—de Haas oscillations i
R;, are suppressed only if the second point contact has a conductance of
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.F IG. 44, Measurement of the anomalous Shubnikov—de Haas oscillations in the geometry of
Fig 43 The plotted longitudinal resistance is the voltage drop between contacts p and d divided

¥ the current from s to d. At high magnetic fields, the oscillations incteasingly are suppressed as

¢ point contact in the voltage probe is pinched off’ by increasing the negative gate voltage. The
Mumber of occupied spin-split Landau levels in the bulk is indicated at several of the Shubnikov—
de Haas maxima. (From Ref. 11.)

(292/ h)(Nyiqe — 1) or smaller. At larger conductances, the oscillations in Ry,
Teturn, because this point contact now can couple to the highest-index edge
Channe] and distribute the backscattered electrons over the lower-index edge
C‘hanneIS. The point contact positioned between contacts p and d thus func-
tions as a controllable edge channel mixer.

b. Anomalous Scaling of the Shubnikov—-de Haas Effect

The conclusions of the previous subsection have interesting implications for
the Shubnikov~de Haas oscillations in the strong-field regime even if mea-
Sured with contacts that do not detect selectively certain edge channels only.
Consider again the geometry of Fig. 43, in the low-gate voltage limit where
the point contact voltage probe transmits all edge channels with unit pro-

ability. (This is the case of an ideal contact; ¢f. Section 9.a.) To simplify the
Xpression, Eq. (48), for the three-terminal longitudinal resistance R,,, we
U0te that the transmission and reflection probabilities T;-p> R, and R,
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refer to the highest-index edge channel only (with index n = N,,,4.), under the
assumptions of selective backscattering and absence of scattering to lower-
index edge channels discussed before As a consequence, T,.,,, R,, and R,
each are at most equal to 1, so that up to corrections smaller by a factor
N, L., we may put these terms equal to zero in the denominator on the
right-hand side of Eq (48) In the numerator, the transmission probabality
1;., may be replaced by the backscattering probability ¢,, < 1, which 1s the
probability that the highest-index edge channel injected by the source contact
reaches the point contact probe following scattering across the wide 2DEG
(dashed lines 1n Fig 43) With these simplifications, Eq (48) takes the form
(assuming spin degeneracy),

ho ot _
3507 N?tlde x (1 + order N3 4.) (49)

Only if t,, « 1 may the backscattering probability be expected to scale
linearly with the separation of the two contacts p and d (between which the
voltage drop 1s measured) If £, 1s not small, then the upper himit t,, < 1 leads
to the novel prediction of a maxmmum possible amplitude,

h 1
max — 267 F“ X (1 + order N\:nlde)a (50)
wide

of the Shubnikov—de Haas resistance oscillations in a given large magnetic
field, independently of the length of the segment over which the voltage drop
1s measured— provided equilibration does not occur on this segment Equil-
ibration might result, for example, from the presence of additional contacts
between the voltage probes, as discussed 1n Sections 9 a and 10 a One easily
verifies that the high-field Shubmikov—de Haas oscillations i Fig 44 at
V,=—06 V (when the pomnt contact 1s just defined, so that the potential
barrier 1s small) ie well below the upper hmut, from Eq (50) For example, the
peak around 2 T corresponds to the case of four occupied spin-degenerate
Landau levels, so that the theoretical upper limit 1s (h/2e?) x £ ~ 800
well above the observed peak value of about 350 Q The prediction of a maxt-
mum longitudinal resistance implies that the linear scaling of the amplitude
of the Shubnikov—de Haas oscillations with the distance between voltage
probes found in the weak-field regime, and expected on the basis of a de-
scription in terms of a local resistivity tensor,? breaks down 1n strong magnetiC
fields Anomalous scaling of the Shubmkov—de Haas effect has been ob-
served experimentally,'® 223 224 and also has been interpreted®?® recently 10
terms of a non-equilibrium between the edge channels

Selective backscattering and the absence of local equilibrium have con-
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sequences as well for the two-terminal resistance in strong magnetic fields. In
weak fields, one usually observes in two-terminal measurements a super-
position of the Shubnikov—de Haas longitudinal resistance oscillations and
the quantized Hall resistance (cf. Section 9.a). This superposition shows up
as a characteristic overshoot of the two-terminal resistance as a function of
magnetic field, as it increases from one quantized Hall plateau to the next.
(The plateaus coincide with minima of the Shubnikov-de Haas oscillations.)
In the strong-field regime (in the absence of equilibration between source
and drain contacts), no such superposition is to be expected. Instead, the
two-terminal resistance would increase monotonically from (h/2¢?)N 3. to
(h/2e?)(N,i4e — 1)™! as the transmission probability from source to drain
decreases from N4, to Nyiqe — 1. We are not aware of an experimental test
of this prediction. In Chapter 4, Biittiker discusses an experiment by Fang
et al. on the Shubnikov—de Haas oscillations in the short-channel regime, to
which our analysis does not apply.

11. AHARONOV—BOHM OSCILLATIONS AND INTER-EDGE
CHANNEL TUNNELING

a. Aharonov—Bohm Effect in a Singly Connected Geometry

The Aharonov—Bohm effect is a fundamental manifestation of the influ-
ence of a magnetic field on the phase of the electron wave function.??®#?” In
the solid state, Aharonov—Bohm magnetoresistance oscillations have been
studied extensively in metal rings and cylinders,?*®?*° and more recently
with a much larger amplitude in 2DEG rings.>*%?*! (See Chapter 3 by Timp.)
In such experiments, oscillations in the resistance of the ring are observed as
a function of the applied perpendicular magnetic field B. The oscillations are
Periodic in B, with a fundamental period AB = h/eA determined by the area
4 of the ring. Their origin is the field-induced phase difference between the
two paths (one clockwise, one counterclockwise), which take an electron from
dne side of the ring to the other. Normally, a multiply-connected geometry
aring) is required to see the effect. It thus came as a surprise when a magneto-
‘esistance oscillation periodic in B was discovered in a quantum point
*ontact,’® which constitutes a singly connected geometry. A similar effect
Nore recently has been reported by Wharam et al.?*?

The magnetic field dependence of the two-terminal resistance in the
Xperiment of Ref. 16 is shown in Fig. 45. The periodic oscillations occur
Jredominantly between quantum Hall plateaus, in a range of gate voltages
nly, and only at low temperatures. (In Fig. 45, T = 50 mK; the effect has
1isappeared at 1 K.) The fine structure is very reproducible if the sample is
ptin the cold, but changes after cycling to room temperature. As one can see
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Fic 45 Two-termimal magnetoresistance of a point contact for a series of gate voltages at
T = 50 mK, showing oscillations that are periodic in B between the quantum Hall plateaus
The second, third and fourth curves from the bottom have offsets, respectively, of 5, 10, and 15 kQ
The rapid oscillations below 1 T are Shubnikov-de Haas oscillations periodic in 1/B, originating
from the wide 2DEG regions The sharp peak around B = 0 T onginates from the ohmic con-
tacts (From Ref 16)

from the enlargements 1n Fig 46, a sphitting of the peaks occurs 1n a range of
magnetic fields, presumably as spin-splitting becomes resolved A curtous
aspect of the effect (which has remained unexplained) 1s that the oscillations
have a much larger amplitude 1n one ficld direction than in the other (Fig 45),
in apparent conflict with the -+ B symmetry of the two-terminal resistance
required by the reciprocity relation” 138 1n the absence of magnetic impurities
Other devices of the same design did not show oscillations of well-defined
periodicity, and had a two-terminal resistance that was approximately 4- B
symmetric

Figure 47 1llustrates the tunneling mechanism for the periodic mag-
netoresistance oscillations as 1t was originally proposed!® to explain the
observations Because of the presence of a barrier in the point contact, the
electrostatic potential has a saddle form Equipotentials at the guiding center
energy (¢f Section 8) are drawn schematically in Fig 47 (Arrows indicate
the direction of motion along the equipotential ) An electron that enters the
constriction at a can be reflected back into the broad region by tunneling to the
oppostte edge, either at the potential step at the entrance of the constriction
{(from a to b) or at 1ts exit (from d to ¢) These two tunneling paths acquure an
Aharonov—Bohm phase difference!®® 22* of eBA/h (where A 1s the enclosed
area abcd), leading to periodic magnetoresistance oscillations (Note that the
periodicity AB may differ!” 28 somewhat from the usual expression AB =
h/eA, if A 1itself 1s B-dependent due to the B-dependence of the guiding



2. QuanNTUM POINT CONTACTS 101

5 525456586 626466687 7274
T T T T T T T M4

h& + 12

= 13k
<
™

uhk

@) 55 6 65
g L— 1 L 1 I !
16 18 2 22 24 26 28 3 32
B (Tesla)
FiG. 46. Curves q and b are close-ups of the curve for ¥, = — 1.7 V n Fig, 45. Curve ¢ was

Measured three months earlier on the same device. (Note the different field scale due to a change in
electron density in the constriction.) (From Ref. 16.)

Fic. 47. Equipotentials at the guiding center energy in the saddle-shaped potential created by
asplit gate (shaded). Aharonov—Bohm oscillations in the point contact magnetoresistance result
from the interference of tunneling paths ab and adch. Tunneling from a to b may be assisted by an
"Mpurity at the entrance of the constriction. (From Ref. 16.)

Center energy from Eq. (38).) This mechanism shows how an Aharonov—Bohm
effect is possible in principle in a singly connected geometry: The point contact
behaves as if it were multiply connected, by virtue of the spatial separation of
efbge channels moving in opposite directions. (Related mechanisms, based on
Urculating edge currents, have been considered for Aharonov—Bohm effects
n small conductors.)??-22%234-236 {Jplike in the original Aharonov—Bohm
effect226.227:237 i yacuum, where only the effect of the magnetic field on the
Phase of the wave function matters, the Lorentz force plays an essential role
here, This explains why the oscillations periodic in B are observed only at
large magnetic fields in Fig. 45 (above about 1 T; the oscillations at lower
fields are Shubnikov—de Haas oscillations periodic in 1/B, due to the series
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resistance of the wide 2DEG regions). At low magnetic fields, the spatial
separation of edge channels responsible for the Aharonov—Bohm effect is
not effective yet. The spatial separation also can be destroyed by a large
negative gate voltage (top curve in Fig. 45) when the width of the point con-
tact becomes so small that the wave functions of edge states at opposite
edges overlap.

Although the mechanism illustrated in Fig. 47 is attractive because it is an
intrinsic consequence of the point contact geometry, the observed well-defined
periodicity of the magnetoresistance oscillations requires that the potential
induced by the split gate varies rapidly over a short distance (to have a well-
defined area A). A smooth saddle potential seems more realistic. Moreover,
one would expect the periodicity to vary more strongly with gate voltage than
the small 109 variation observed experimentally as V, is changed from —1.4
to —1.7 V. Glazman and Jonson?°® have proposed an alternative impurity-
assisted tunneling mechanism as a more likely (but essentially equivalent)
explanation of the experiment.'® In their picture, one of the two tunneling
processes {(from a to b in Fig. 47) is mediated by an impurity outside but close
to the constriction. The combination of impurity and point contact introduces
a well-defined area even for a smooth saddle potential, which moreover will
not be strongly gate voltage-dependent. We note that the single sample in
which the effect was observed was special in having an anomalously small
pinch-off voltage. (See the curves labeled 3 in Fig. 14.) This well may be due
to the accidental presence of an impurity in the immediate vicinity of the
constriction. To study the Aharonov—Bohm effect due to inter-edge channel
tunneling under more controlled conditions, a different device geometry is
necessary,'” as discussed in the following subsection.

b. Tunneling through an Edge State Bound in a Cavity

i. Experiment. The geometry of Ref. 17 is shown schematically in Fig. 48.
A cavity with two opposite point contact openings is defined in the 2DEG
by split gates A and B. The diameter of the cavity is approximately 1.5 pm.
The conductances G, and Gy of the two point contacts can be measured
independently (by grounding one set of gates), with the results plotted in
Figs. 49a,b (for ¥, = —0.35V on cither gate A or B). The conductance Gc
of the cavity (for V = —0.35 V on both the split gates) is plotted in Fig. 49¢.
A long series of perlodlc oscillations is observed between two quantum Hall
plateaus. Similar series of oscillations (but with a different periodicity) have
been observed between other quantum Hall plateaus. The oscillations ar¢
suppressed on the plateaus themselves. The amplitude of the oscillations i
comparable to that observed in the experiment on a single point contact’
(discussed in Section 11.a), but the period is much smaller (consistent with 2
larger effective arca in the double point contact device), and also no splitting of
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FiG. 48. Tunneling through an edge state bound in a cavity. The cavity (of 1.5 ym diameter) 1s
defined by a double set of split gates A and B. For large negative gate voltages, the 2DEG region
under the narrow gap between gates A and B is fully depleted, while transmission remains possible
Over the potential barrier in the wider openings at the left and right of the cavity. Tunneling
through the left and right barrier (as indicated by dashed lines) occurs with transmission
Probabilities T, and Ty, which are adjustable separately by means of the voltages on gates A and
B. On increasing the magnetic field, resonant tunneling through the cavity occurs periodically
€ach time the flux @ enclosed by the circulating edge state increases by one flux quantum h/e.
(From Ref, 17.)
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Fic. 49. Magnetoconductance experiments on the device of Fig. 48 at 6 mK, for a fixed gate
Voltage of —0.35 V. (a) Conductance of point contact A, measured with gate B grounded.
(b) Conductance of point contact B (gate A grounded). (¢) Measured conductance of the entire
Cavity. (d) Calculated conductance of the cavity, obtained from Eqgs. (51) and (52) with the mea-
Sured G, and Gy as input. (From Ref. 17.)
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the peaks is observed (presumably due to a fully resolved spin degeneracy). No
gross + B asymmetries were found in the present experiment, although an
accurate test of the symmetry on field reversal was not possible because of
difficulties with the reproducibility. The oscillations are quite fragile, disap-
pearing when the temperature is raised above 200 mK or when the voltage
across the device exceeds 40 uV. (The data in Fig. 49 was taken at 6 mK and
6 uV) The experimental data is well described by resonant transmission
through a circulating edge state in the cavity,'” as illustrated in Fig. 48 and
described in detail shortly. Aharanov—Bohm oscillations due to resonant
transmission through a similar structure have been reported more recently by
Brown et al.?%®

ii. Model. Asdiscussed in Sections 9.b and 11.a, the electrostatic potential
defining each point contact has a saddle shape, due to the combination of the
lateral confinement and the potential barrier. The height of the barrier can be
adjusted by means of the gate voltage. An edge state with a guiding center
energy below the barrier height forms a bound state in the cavity formed by
two opposite point contacts, as is illustrated in Fig, 48. Tunneling of edge
channels through the cavity via this bound state occurs with transmission
probability T, which for a single edge channel is given by22-%3°
talp z
1 — rorg exp(i®e/h)|

TAB =
(51)
_ T\ Ty
"1+ R, Ry — 2(RyRy)'? cos(p + De/h)’

Here, t, and r, are the transmission and reflection probability amplitudes
through point contact A, T, = |t4|? and R, = |r4|*> = 1 — T, are the trans-
mission and reflection probabilities, and i3, ¥y, Ty, Ry denote the correspond-
ing quantities for point contact B. In Eq. (51), the phase acquired by the
electron on one revolution around the cavity is the sum of the phase ¢, from
the reflection probability amplitudes {(which can be assumed to be only weakly
B-dependent) and the Aharanov—~Bohm phase ® = BA, which varies rapidly
with B. (@ is the flux through the area A enclosed by the equipotential along
which the circulating edge state is extended.) Resonant tunneling occurs
periodically with B, whenever ¢, + ®e/h is a multiple of 27.

In the case that only a single (spin-split) edge channel is occupied in the
2DEG, the conductance G. = (e?/h) T,y of the cavity follows directly from
Eq. (51). The transmission and reflection probabilities can be determined in-
dependently from the individual point contact conductances, G, = (e?/h)Ta
(and similarly for Gg)—at least if one may assume that the presence of the
cavity has no effect itself on T, and Ty (but only on the total transmission
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Probability T,z). If N > 1 spin-split edge channels are occupied, we assume
that the N — 1 lowest-index edge channels are fully transmitted and do not
Modify the transmission probability of the Nth edge channel, so that we
can write!”

2 2

2
Ge = %(N — 1+ Ty), G, = %(N —1+T,),Gs= fh—(N 14+ T) (52

This simple model is compared with the experiment in Fig. 49. The trace in
Fig. 49d has been calculated from Egs. (51) and (52) using the individual point
Contact conductances in Figs. 49a,b as input for T, and Tg. The flux @ has been
adjusted to the experimental periodicity of 3 mT, and the phase ¢, in Eq. (51)
has been ignored (since that only would amount to a phase shift of the
Oscillations). Energy averaging due to the finite temperature and voltage has
been taken into account in the calculation.'” The agreement with the ex-
Perimental trace (Fig. 49c) is quite satisfactory.

The results shown in Fig. 49 demonstrate once again how some textbook
Quantum mechanics becomes reality when one studies transport through
Quantum point contacts. This seems an appropriate place to conclude our
Teview of the subject. From initial work on the properties of single quantum
Point contacts, we have moved on to structures involving two adjacent point
Contacts (as in the electron focusing geometry), or two opposite point contacts
(as in the cavity geometry considered before). The basic principles of the
ballistic and adiabatic transport regime are now well-understood, and have
been demonstrated experimentally. Future work in other transport regimes
and in more complicated structures undoubtedly will reveal more interesting
and potentially useful phenomena. It is our belief that the quantum point
Contact, because of its simplicity and fundamental nature, will continue to be
Used as a versatile tool and building block in such investigations.
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I. Introduction

The low-temperature electrical resistance of a high-mobility, semiconduct-
ng wire 100 nm wide, 10 nm thick, and 200 nm long 1s nonlinear, 1t does not
Scale with length, 1t can be quantized as a function of the width, 1t depends
Upon the leads used to measure 1t, and 1t 18 nonlocal, 1¢, the current at one
Point in the wire depends not only on the electric field at that point, but on
tlectric fields micrometers away Classical models for the resistance cannot
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