
Dear Pawel Sigismundovich

I have thought about your question regarding
the commutation relations

and I have proven the following:

I. From (1) follows: the distinct eigenvalues of N=b†b are integers 0,1,2,... (without additive constant).

These eigenvalues are either all simple or they have the same multiplicity.

A solution of (1) is for example (for double eigenvalues):

where b (at fifixed N) is determined up to a unitary transformation

(T_1,T_2 ... = 2x2 unitary matrices)



II. The following is given (U=e^iθ)

3) There exists a smallest eigenvalue N_1

Then it follows that:

The distinct eigenvalues of N are

The matrix is U (for simple eigenvalues of N) is
given up toa  phase factor by

III. The following is given

It then follows only that, if N' is an eigenvalue,
then also

are eigenvalues (so there is no smallest eigenvalue)

More can not be concluded, see for example this solution: 



IV. Relationshipt to a linear oscillator. Set

Then q\†=q, p†=p and because bb†-b†b=1

where E can be interpreted as the energy operator of the linear oscillator. The eigenvalues of E are

and consequently those of N:

Proof of I.
From N=b†b it follows that the eigenvalues of N cannot
be negative. Assume that N is a diagonal matrix, and that the
eigenvalues are distinct and ordered in increasing series

[The assumption that the eigenvalues are distinct
is not essential and can be relaxed.]

We multiply bb†h-b†b+1=0 from the right with b

It then follows because N_1<N_2<...
fifirstly that b_ij=0 if i≥j



secondly: if i<j at most 1 element from b_ij differs from zero.

From the defifinition N=b†b it also follows that

hence because N_2≠N_1
because only one b_ij≠0

From follows

and because

Thus all is proven

the distinct eigenvalues and for b_ij matrices.

If you allow for degenerate eigenvalues, all considerations remain valid, if you take for N_1, N_2,... 

follows

hence the matrix

unitary



hence u_2 and b_2,2+2 are quadratic, and thus N_2 and N_2+1 have the same multiplicity
Proof of II.
Let N_1 be the smallest eigevalue of N. Order the other in increasing series

From

follows

hence fifirstly

and secondly for U_ij with i<j only a single element is ≠0.

Then we have

moreover

From follows

and hence

With respect to multiplicity the same remark as in I applies.



Proof of III

From
with U unitary follows

hence also

have the same eigenvalues as N_1.

I think everything is now proven what needed to be proven.

An additional remark on II.

The operator U with the matrix

means that applied to a function of N' it replaces N' by N'+1. 

The operator U with the matrix

means: replace N' by N'-1 provided that N' is not equal to N_1.

Because f(N') is only defifined for N'≥N_1.



It thus follows directly

This makes requirement 4)
understandable. Symbolically
you can write

Hence the relationship with U=e^iθ U†=e^-iθ

.The list of your other question I have not yet received from your assistants

When I receive it I will think about it.

Sincerely your,




