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INTRODUCTION

Recently de Groot and Suttorp1) have derived the macroscopic energy-
momentum tensor in polarized media. The derivation proceeds in two steps.
First the energy-momentum laws on the atomic level are derived from the
microscopic force law for charged particles (electrons and nuclei). Then by
covariant statistical averaging they obtain the macroscopic energy-momen
tum conservation laws which contain the material and field parts of the
macroscopic energy-momentum tensor. Explicit expressions are given for
both parts in terms of statistical averages of atomic quantities.

The advantage of their approach is that the electromagnetic energy-
momentum tensor is obtained in an unambiguous way. The correct form
of this tensor has been a controversial issue in the past. In connection
herewith they give an extensive account of the historical developments on
this subject, in particular in their last paper. The treatment of de Groot
and Suttorp may also be considered as the relativistic generalization of
Mazur and de Groot’s 2) non-relativistic derivation of the ponderomotive
force and pressure in a dielectric.

As a model for atoms and molecules de Groot and Suttorp1) consider
stable groups of point particles, which are described classically. In this model
the atoms and molecules are supposed to carry electric and magnetic dipole
moments. The atomic electric quadrupole moment is not considered in their
treatment and radiative effects are also neglected.

In order to describe the motion of the atom (molecule) as a whole de
Groot and Suttorp define an approximate centre of gravity, which is in
certain respects a generalization of the notion of the centre of gravity in
classical non-relativistic mechanics. Since only the rest masses of the con
stituent particles of the atom are used in the definition of this reference
point, the contributions of the kinetic energies and intra-atomic fields to
the atomic mass have to be taken into account afterwards. Moreover, the
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intra-atomic electromagnetic fields are supposed to be of non-relativistic
nature in the rest frame of the atom, so that the Darwin approximation
can be used. Explicit expressions for the contributions of these fields to
the energy-momentum and angular momentum laws are given in this
approximation.

A complication of the centre of gravity definition of de Groot and
Suttorp is the fact that the total atomic energy-momentum tensor is sym
metric only if certain terms of intra-atomic origin are neglected. They
demonstrate that a symmetric tensor can be obtained if the atomic energy
is properly localized. This is realized by a change in the definition of the
reference point.

From a formal point of view a definition of the centre of gravity in which
only the rest masses are used is rather inconvenient in a relativistic theory
of interacting particles, as is already clear from Einstein’s fundamental
energy-mass relation. An appropriate definition of the centre of gravity
for a classical relativistic system having an internal angular momentum is
not readily formulated. One can try to generalize the classical non-relativistic
notion of the centre of gravity. A careful analysis by Mpller3) indicates
that for these systems it is not possible to define a unique centre of gravity
(in the sense that it is the centre of energy in the Lorentz frame in which
the system is momentarily at rest). Equations of motion are, however,
given for so-called pseudo-centres of gravity. A different definition of the
centre of gravity is used by e.g. Dixon4) and more recently also by Suttorp
and de Groot5). Although from the point of view of uniqueness the latter
definition is perhaps to be preferred, it also leads in the general case to
a complicated type of equations of motion. However, for systems of the
dimension of atoms and molecules it can be shown that both definitions
lead to the same equations of motion.

Closely connected to the problem of defining an appropriate (pseudo)
centre of gravity of a composite system, interacting through the electro
magnetic fields of its constituents, is the question whether the renormali
zation effects of these fields can be taken into account in a general way
without resorting to approximations or. making assumptions of a non-
relativistic nature. In the first chapters of this thesis this is realized in a
formal way, whereas in the last chapter we give a general derivation of
this possibility.

The atomic energy-momentum tensor, derived by de Groot and Suttorp,
was also obtained by Vlieger6) in the first of a series of papers on the
relativistic dynamics of polarized systems using the theory of Mqller3)
mentioned above. This tensor is found by first deriving the relativistic
atomic equations of motion with the help of Mpller’s equations for the
pseudo-centres of gravity. Vlieger also uses a classical model of atoms and
molecules and supposes that these particles carry only electric and magnetic
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dipole moments. Radiative effects are neglected. In Vlieger’s paper this is
a consequence of the fact that Holler's theory is only valid for finite systems,
i.e. systems with an energy-momentum tensor which vanishes outside a
finite region is space at any time. Within this limitation the intra-atomic
fields are taken into account covariantly, but explicit expressions are not
given. In contrast to the results of de Groot and Suttorp the total atomic
energy-momentum tensor obtained by Vlieger is directly symmetric as a
result of a more adequate definition of the reference point of the atoms.

The atomic equations of motion obtained by Vlieger, however, still
contain a kind of “Zitterbewegung” (trembling motion), since he uses
Holler’s equations of motion for the pseudo-centres of gravity, which contain
this rather unphysical effect. In fact, such a motion is also present in the
results of de Groot and Suttorp. The elimination of the trembling motion
from the equations of motion will be the first subject of this thesis.

A second point will be the extension of the equations to the case where
the atoms (or molecules) also possess, in addition to their dipole moments,
an electric quadrupole moment which is of the same order of magnitude as
the magnetic dipole moment. Finally, we treat the theory for radiating
atoms and molecules.

We take the same classical model for atoms and molecules as in Vlieger’s
work6). For the cases mentioned above we derive relativistic atomic equa
tions of motion from the sub-atomic energy-momentum and angular
momentum laws. The equations are then used to derive the atomic energy-
momentum tensor for a system consisting of a large number of dipole and
quadrupole atoms (or molecules). Statistical averaging will not be treated
in this thesis.

After summarizing in chapter I the results obtained by Vlieger6) we
show in chapter II, by means of an iteration procedure, that in the case
of atoms and molecules the terms which describe the trembling motion in
the equations of motion are negligibly small. This enables us to write down
equations of motion of the usual second order type and an internal angular
momentum balance equation of the first order.

In chapter III we apply the theory to the case where the atoms and
molecules also possess, in addition to their electric and magnetic dipole
moments, electric quadrupole moments. It is found that the field part of
the atomic energy-momentum tensor is not of the same form as in the case
of pure dipoles, and is also no longer expressible only in terms of quantities
appearing in the atomic field equations.

Radiative effects are neglected in chapters I-III, and therefore the atomic
energy-momentum tensors found in these chapters are always symmetric.

In chapter IV we extend the theory, developed in chapters I and II, to
the case of radiating dipole atoms and molecules. We use Dirac’s7) co
variant decomposition of retarded electromagnetic fields into a plus (or
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“self”) part (half the sum of retarded and advanced fields) and a minus
(or “radiative”) part (half the difference of retarded and advanced fields).
It then appears to be possible to define a sub-atomic energy-momentum
tensor of the radiating atom (or molecule) in which the intra-atomic field
contribution is derived explicitly with the help of the plus parts of the
fields. This tensor has the important property of being finite, as required
in the theory of Mqller3). Furthermore it appears that the minus field may
be treated as an external field in the derivation of the equations of motion
and the internal angular momentum balance equation.

The atomic mass and internal angular momentum defined with the above
sub-atomic energy-momentum tensor are found to be renormalized with
respect to the effects of the intra-atomic field in a manifestly covariant way.
From the general expressions of these quantities we calculate explicitly,
in appendix II of chapter IV, the contributions of the intra-atomic fields
to the order c~2 and find agreement with e.g. reference 1.

Next, the equations of motion and the internal angular momentum
balance equation are derived by the method of the foregoing chapters. In
appendix III a procedure is given for the calculation of the minus fields
occurring in these equations. In order to simplify the rather complicated
equations we assume that all terms originating from these fields which
contain time derivatives of the four-velocity can be neglected. (Physically
this means that we neglect radiative effects on the equations of motion due
to the barycentric accelerations of the atoms (“Brejlmsstrahlung”), and
consider only the damping due to the vibrations of their dipole moments.)
It is found that the minus field contribution to the equations of motion
can be devided into a part which may be interpreted as the radiation
reaction force and another part which is a total time derivative. An analo
gous division into a radiation reaction torque and a total time derivative
is performed in the internal angular momentum balance equation. In appen
dix IV a justification for the interpretation of the reaction force and reaction
torque is given by relating these quantities to the radiation of energy-
momentum and angular momentum respectively.

In the presence of radiation the atomic energy-momentum tensor is no
longer symmetric, as need not be the case for non-closed systems. The
treatment of radiating atoms which also have electric quadrupole moments
is indicated at the end of chapter IV.

Parts of the contents of this thesis have been published in Physica
(Physica 41 (1969) 368, 42 (1969) 12). The remainder will appear shortly.
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Chapter  I

M0LLER’S EQUATIONS OF MOTION FOR
ELECTRIC AND MAGNETIC DIPOLE ATOMS AND THE

ENERGY-MOMENTUM TENSOR

Synopsis
In this chapter we briefly summarize the results obtained by Vlieger in the first of a

series of papers on the relativistic dynamics of polarized systems. Moller’s relativistic
equations of motion for finite systems with an internal angular momentum in an
arbitrary external (non-gravitational) field of force are applied to the special model of
(non-radiating) electric and magnetic dipole atoms (or molecules) in an electromagnetic
field. The resulting equations of motion are used in order to derive the relativistic
atomic energy-momentum tensor for a system consisting of these dipoles. This tensor
has the same form as the atomic energy-momentum tensor obtained earlier by de
Groot and Suttorp. But, since these authors use a definition for the reference point
within the atoms which is an approximation of the one used by Vlieger, several quanti
ties appearing in their final expression for the atomic energy-momentum tensor are
approximations of the corresponding quantities in Vlieger’s tensor.

§ 1. Introduction. In a paper on the relativistic dynamics of systems
with an internal angular momentum Mpller1) has derived the equations of
motion for such systems in an arbitrary (non-gravitational) field of force.
The systems are assumed to be finite, i.e. their energy-momentum tensors
are zero outside a finite sphere at any time. For the description of the
motion of these systems it was necessary to give a proper definition of
the centre of gravity in the theory of special relativity. In the careful
analysis of Mpller’s paper1) it appeared not possible to define a unique centre
of gravity for such systems (in the sense that it is the centre of energy in the
Lorentz frame in which the system is momentarily at rest). Equations of
motion are, however, written down for so-called pseudo-centres of gravity and
will be called Mpller’s equations of motion in this thesis. (For a brief
survey, see § 2 of this chapter.)
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Vlieger2) * has applied Mpller’s theory to the special model of electric
and magnetic dipole point atoms (or molecules) in an external electro
magnetic field and so derived the relativistic equations of motion for these
dipoles (§ 3).

From these equations he derived the energy-momentum tensor for a
system consisting of N  interacting dipoles (§ 4). This tensor appears to be
of exactly the same form as the atomic energy-momentum tensor which
has been derived earlier by de Groot and Suttorp3). This is not self-evident,
since these authors have not used pseudo-centres of gravity as reference
points within the atoms, but some approximation, and have also made
certain approximations in their calculations (e.g. of the intra-atomic fields).
Yet the only difference between the tensor of de Groot and Suttorp and
that of Vlieger appears to be that certain quantities in the expression of
de Groot and Suttorp are approximations of the corresponding quantities
in Vlieger’s tensor.

§ 2. Moller’s equations of motion. Consider, in the special theory of rela
tivity, an arbitrary system subjected to a given external (non-gravitational)
field of force, with a density described by the four-vector fa(x), with
a =  0, 1, 2, 3 and x =  (ct, *) the time-space coordinates. The energy-
momentum law of this system is in covariant form:

d p T a P —  ƒ*, 0)
where Ta&(x) is the energy-momentum tensor of the system which is supposed
symmetric and 8a = (8/Set, 8/dx). Furthermore this tensor is assumed to be
zero at any time outside a finite region in ordinary space, which is M0ller s
definition of a finite system. Taking into account the symmetry of Ta& we
obtain from (1) the angular momentum balance:

8y{x*T»v —  x*T**) =  xafP — xf>fa. (2)

Let Q be a four-dimensional cylindrical region, in which Taf> #  0, around
the world-line I  of a representative point x^{t) of the system, where r  is
the corresponding eigentime, and bounded by two three-dimensional hyper
planes F(t) and V(t + dr), perpendicular to L, in x(r)(r) and xm [t + dr).
If one now integrates (1) and (2) over Q, one obtains the following equa
tions x) :

d P«
—  T i ( X

d r
(3A)

dM aP „
— DaP, (3B)

d r

* Since in the next chapters we frequently refer to Vlieger's work we have summa
rized, for the benefit of the reader, his results in this chapter.
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where the four-vectors defined by the surface integrals:

P«(t) c2
Ta&(x) up(r) dV (4)

F(t)

and

Fa{r) fa(x)
F(r)

1 +  {xV — *(r)(T)} 1*v(T) dV

are respectively the energy-momentum of the system (as a whole) and the
external force, acting upon it, whereas the tensors defined by the relations:

{xaT̂ v(x) —  x&Tav(x)} uv(t ) dV
F(t)

and

{xafP(x) — X0fa(x)} 1 -(- —£■ {xv — *(r)(T)} %(t) dV (7)

F ( t)

represent respectively its angular momentum and the moment of the ex
ternal force, both with respect to the origin of the Lorentz frame. In the
above expressions dF is the magnitude of a surface element of V(r). Further
more u(t) =  dx(r)(r)/dT is the four-velocity of the representative point,
whereas m(t) =  dw(r)/dr is its acceleration. Introducing the internal angular
momentum:

[{*« -  *&j(t)}T»(x)
F (t)

-  {XP -  < )(t)} T«y{x)] Uy(r) dV (8)

of the system with respect to xm {t), one may alternatively write equation
(3B), with the help of (3A), as

d
dr

=  daP — (uaPP — uPP«),

where

[{*“ -  *fr)(T)}/*(*) -  {*“ -  *?r)(T)} /*(*)]
F(t)

1 d----;r {xV — *(r)(T)}*MT)c£
dV ( 10)

is the moment of the external force with respect to %(r)(r).
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As reference point Mqller1) takes a so-called pseudo-centre of gravity
X a(r), defined by the condition:

£i<*PUp =  0 , ( 11)

which means that X*(t) is the centre of mass (or energy) in the momentary
rest frame of inertia of the system, i.e. in the Lorentz frame, for which
Ua(r) =  dAa(r)/dT =  (c, 0, 0, 0). Introducing the rest mass M*[t) of the
system by means of:

P*Ua =  — M*c2, (12)
Moller1) obtains with (3A), (9) and (11) the following equations of motion
for the system as a whole:

4 -  {M*U«) +  —  4 ~  (QapUf>) =  F* -  ~ r  4 ~  idal3Ut>)’ ( 1 3 A )dr c2 dT c2 dT

fa»  +  J _  UaQt>vÜv -  —  UPQwÜy =  Aa eA^d*. (13B)
c2 c2

where we have introduced the tensor:

A«fi = dap +  —  UaU0, (14)
c2

with dap the elements of the unit four-tensor.
In § 3 and § 4 we shall give the results obtained by Vlieger2) for the

equations of motion (13A) and (13B) in the case that the system is a (non
radiating) charged point atom, with electric and magnetic dipole moments
fi and v, negligible higher order atomic moments, moving in an external
electromagnetic field of force.

§ 3. Equations of motion for electric and magnetic dipole atoms. In the
classical model of atoms we can characterize the electromagnetic properties
of the atom by a charge-current density four-vector ja(x) and a polarization
tensor »»C(r). The density of the external electromagnetic force, acting
upon this atom can then be written as:

/«(*) =  fa0(x){jp(x)lc +  dvmpv(x)}, (15)

with faP(x) the tensor of the external electromagnetic field and c the velocity
of light. For a point atom with charge e, electric and magnetic dipole mo
ments fi and v, one has, if one neglects all higher order moments (cf. refe
rence 4)):

+  oo

j«(x)lc = e ƒ J7a(r) — x} dr, (16)
— oo
+oo

mofi(x) =  |  /aae{r) <5<4>{AT(t) — xj dr, (17)



where //a0(r) is a tensor, depending on ft, v and Ua. The explicit form of
this tensor can be calculated with the help of the equations (83) and (84)
of reference 4, but it is of no importance for the time being. As remarked
by Vlieger2), the essential point of the expression (17) for the approximate
polarization tensor is the fact that it does not contain any derivatives of
the ó-function, in contrast with the general expression for this tensor, as
given in reference 4.

Substituting (15), with (16) and (17), into the right-hand sides of (5)
and (10) one obtains:

+ 00

F«(t) =  e fa&(x)
y ( r )  — oo

-L {X * -X * (T )}Ü e(T)

• U p (t ' )  < 5<4>{X (t ' )

-foo

f<*C(x) 1

-  x} dV dr' +

+  —  {%* — -^ (t)} Ua{r)
V ( r )  —oo

■H„y{r’) dydW{X(r') -  x} dV  dr', (18)

daP(r) — e [{*« -  X«(r)} t»v(x) -  {*<* -  X»{T)}f»y{x)]
F ( r )  - o o

1 -I------ { x 6 — x°(r)} Üö{r)
m

Uy[r')  «W{X(t') -  x} dV dr' +

[{x« -  A«(t)} ffiV(x) -  {xf> -  X0(r)}f«y(x)]
J

V ( t ) — oo

1 +  —T {x* — x ó{r)} üt{r)
ei

ftvHr') Ö£ó<4){Z(t') -  x]dVdr'.  (19)

Since the hyperplane V(t) is characterized by the orthogonality condition:

{*» -  X «(t)} Ua(r) =  0 ,  ( 2 0 )

(18) and (19) can be rewritten as volume integrals over the total time-space,
by introducing the function d[—(\lc){xa — V a(r)} Ua(r)]. We then have:

oo 4-oo

Fa(r) =  e
.

/*0(x ) 1
V I—

—oo

— -X’I’(T)} Ü ö { t )c1
Up{t') d W {X (r ') -x }

— {xe — A £(t)} Ue(r)
c

d(4)^dr' +
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oo + o °

+ f«P(x) 1 +  —r  {x* — X ó(t)} Üt{r)
c*

----{xe — X c(r)} Uc(r)
C

oo -f-oo

d<4> x  dr',

^y(r')[8vd^{X(r ')  — x}]

(21)

daP{r) =  e [{*« -  A>(r)} ffv(x) -  {xt> -  XP{t)} f«v(x)]

1 +  —  {xa — A*(r)} ^ o(t) Uv[r') <5(4){X(r') -  *}■

oo +oo

- {xe — X £(r)} U j (t )

-  {x* -  XH r)}Mx)]

d<4> X  dr' +

1

[{x»-XHr)}Mx)

1 +  —-  {x6 — X*(t)} Üö(t)
c*

------{*. _  X £(r)} Ue(r) d<4>*dr'. (22)

The right-hand sides of (21) and (22) can be integrated subsequently
over xK and t'. (For details of these calculations see reference 2.) The
results are:

F«(r) =  — M X ( t)} U„(t) ------[Byf*t{X{r)}] fipy(r)
C C

c3 dr
\f«l>{X(r)}fi0y(r) Uv(r)], (23)

and:

d«a(r) =  —  [f«v{X(r)}H v 6 {t )  Aóa(r) — fto{X(r)} pya(r) Ag«(r)],  (24)

which are respectively the external electromagnetic force and its moment
acting on the dipole. With (23) and (24) the equations of motion (13A) and
(13B) become for electric and magnetic dipoles in an external electromagnetic
field:

c —  (M*U*) +  — —  (Q«0Üfi) =  — (dvM  Hfiv
dr c dr

_ 1 A  {(/*y^> -  ftr/iy*) Up} +  ~  (UtUpfPYfiyOUö), (25A)

c A*d*c&* =  A«tA<‘t(j'Ypvt  -  ft*?/)- (25B)
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From these equations Vlieger 2) derived the energy-momentum tensor for
a system consisting of these dipoles. The main steps in this derivation are
given in the next section. A comparison is made with the expression for the
atomic energy-momentum tensor of de Groot and Suttorp3).

In the above treatment it is tacitly assumed that a tensor Ta0 exists in
the case of atoms and molecules, which satisfies the requirements in § 2.
This means that radiative effects are neglected, but renormalization effects
are taken into account.

§ 4. The energy-momentum tensor for a system of dipoles. We consider a
system, consisting of N  point atoms, numbered by the index k. The rest
mass of the kth atom will be denoted by m\k) (instead of M*), its charge
by e(k) (instead of e), whereas the tensor pofi becomes mV*, and Qfky
For the centre of gravity of the kth atom we write Rfc  (instead of X a),
for its velocity Ufa, for the tensor Mp\ Afm , and the eigentime of atom k
becomes r (fc). Supposing that there are no external fields acting from
outside the system, the (external) field acting on atom k is the sum of the
partial electromagnetic fields f « f 0 due to the other atoms I (* k ) :

f«0(R(ic)) =  £  hi)*0(R w)- (26)

With these new notations, the equations of motion (41) become:

c — - +  -  —  {o&Ow'} =  U(W ~

—  £  {dmv fa){Rw)} pwp* —

K#fc)

_  —  ——  [ £  {/$(£<*>) m /  -  fm(R w) mk)va} u oc)f>] +
c2 dr(fc) l&k)

+  — £  U?k)U(k)f>f§(Rw )mk)V0U(k)g}, (27A)
C4 d r ; * )  i ( # * )

=  Afk)eA0m [ £  {fli)(R(k))m r c -  f(i)iR m ) /*<*>/}]• (27B)

Multiplying both members of these equations by the four-dimensional
ó-function dW{Rw (rw ) -  R}, integrating partially over t(«, and summing
the result over k, one obtains the following result (for detailed calculations
see reference 2):

dp £
k

T  lc m*k)dW(R(k) — R) dr(fc) > ufk) u{k) +

13



+ ^ r? < ‘
4-00

(* Q f k)è ( i ) (R(k)  — R )  dT(fc) i { D( k)  U(k)y}  « < * )

i  S i%(R) iwp(R) -  S { ö v f t m ™ < w v(R)
C k . l A k ï l )  k ,l, (k¥=l)

1
S {ftl)(R)m Wy6(R) -  fti)(R)^Wya(R)}uW6 < )  -

C2 k . l A k ï l )

—  S  { U ( k ) y  f(l){R)m (k)«e{R) u ( k ) e } u ?k) U (k)
C4  k,lAk¥=l)

(28)

where w“fc> =  {7“4.){t(j:)(<)}, and the operator D(k) =  whereas j(k)a{R)
is the charge-current density vector of the Ath atom (as a whole):

4 - 0 0

j(k)<*{R)lc =  e(fc) j t/(fc)«(T(*)) ^(4>{^(*)(t <*)) i?}d.T(fc),
—oo

(c/. eq. (16)), and the polarization of this atom:
+ oo

m(k)<xP{ R )  =  1 l^(k)ofi{‘T(k)) &( i ) {R (k){T (k ))  —  R } d r ( k ) ,
—  OO

(c/. eq. (17)).
In equation (28):

+  oo

C I m (k){T (k)) d (4){R (k ) iT(k)) —  R )  d-T(t) =
—  OO

=  tn*{k)( t ) y / \  -  < )(t)/c2 3<»{H(«(<) -  *} =  />*«(«)

(29)

(30)

(31)

is the rest mass density of atom k ,  i .e . the mass density in the momentary
rest frame of inertia of this atom, V(k)(t) is the velocity of the atom, whereas.

+ o°
c |  i?(*)(T(jfc)) dW{R(k){r(k)) — R} dr(*) =

—  OO

=  flg&wVl -  tf<fc)« /‘2 W { R w (t) — R} =  o $ ( R )  (32)

is a tensor, which in the atomic rest frame, represents the angular momen
tum  density, (the “atomic angular momentum density tensor”). Intro
ducing (31) and (32) in (28), and also using the Maxwell equations:

dpf{k)ae —  Hk)txlc 4  d$m (k)cfi, (33A)

8af(k)0y +  8pf(k)yoc +  8yf(k)ixi3 —  O» (33B)

we can derive the following result:

14



dP S *>&><) + J  "W » * » » }

S /SV&>y-i S /(»W & ^ +
fc,I,(fc#l) fc, !,(*#«)

—— £  { f1 l)m (k )y d  — ™(k)f(l)v«} u \k ) u {k)
C2 k , l , ( k * U

— S  {«(fc)/(«)y<>w(fc)eM(*;)}M“*;)M(fc)
C4 k , l , ( k * l )  .

(34)

where

< ) - / ( & - < > •  (35)
and where g**0 has the elements g°° =  — 1, gM =  1 (for i  =  1, 2, 3) and
g«0 =  0 (for a ft).

The atomic energy-momentum tensor of the field is defined by:

f%K)r — W»)v«f&)}SaP +

+  —  { f a ) m (k )V i  —  W “k>/<«v4M(fc>M(*) —m

-------- 4  { u \ k ) f  m vO m \k V u \k \S  u ?k)u (k )  >

/a/3
Ht) k ,l ,  (fc#Z)

(36)

This tensor is exactly the same as the one calculated by de Groot and
Suttorp for these atoms. The atomic material energy-momentum tensor
is defined by:

=  S  p*k)u t k A k )  +  - p -  a ^ { D {k )U {lc)v} u f k )

Equation (34) can then be interpreted as the conservation law for energy-
momentum at the atomic level for a system consisting of dipole atoms:

+  $ }  =  °- (38)
The tensor t is not symmetric, which has the disadvantage that
the conservation law (38) does not imply the conservation of total angular
momentum of the system (ef. reference 5). One can, however, add a diver
gence-free tensor to #gg_, and so obtain a new material energy-momentum
tensor f ^ )t such that the total energy-momentum tensor +  *“f) is
symmetric. Vlieger has used the same method as de Groot and Suttorp,
but without making any approximations.

15



First one derives from (27B) the atomic angular momentum balance:

2  ^ ( k ) e ^ k ) ^ v { U (k)a (k )}  =  2 ^ ( k ) e ^ ( k ) c { m lk )f ( l )y  f Z ) m \ k ) y } ‘ (39)k k,lt(k l̂)

using (30) and (32). Now the right-hand side of this equation is equal to
twice the antisymmetric part of the tensor tff)t eq. (36). For the left-hand
side of (39) one finds:

2  =  ~  *(m)} +  2  dv{u llc)a (k)}> (40)
k k

using (37), the antisymmetry of <y*k), and the property

a *k)u (k)0 =  0, (41)

which follows from (32), together with (11). The left-hand side of (39) is
therefore equal to minus twice the antisymmetric part of the tensor
t*(m) — i  Sfc dy{u\k)a*kf}- We still have the liberty of adding an arbitrary
symmetric tensor to this, for which we take: \  2* ^v{utk)a*k) +  u{k)atk)}-
We then define:

C  -  C )  +  i  s  Mufaofö +  -  ufooli*}, (42)
k

as the new atomic material energy-momentum tensor of the system, and
this is allowed, since the tensor added to t*^  in (42) is divergence-free, so
that both t and lead to the same physical results. The left-hand side
of (39) is then equal to minus twice the antisymmetric part of the tensor
£“£), and the atomic angular momentum balance therefore expresses the
fact that the total atomic energy-momentum tensor -(- /$> is symmetric.
The conservation law (38) for energy-momentum can then be written as:

=  0. (43)

If we now substitute (37) into (42), we get:

40tP _ Vf(m) — 
k̂

P*k)U (k )U (k) —  \ ^ t k ) ^ { k ) ^ v { u \k ) a *W)i +  \ ^ v { u (k )a *k) +  U (k)a l k ) }  +

+ 2^2 i U tk )a (k ) +  M(fc)CT*fc)V}{-D(fc)M W v }J  * (44)

and this has exactly the same form as the final atomic material energy-
momentum tensor derived by de Groot and Suttorp3). However, as a
consequence of the different definition of the centre of gravity of the atoms
and the various approximations made by these authors, they obtain ex
pressions for the rest mass-density (denoted by p\'k)) and the atomic angular
momentum density (c f^ )  which are approximations of the expressions
p*k) and o*k) used in this chapter. (E.g. they obtain the contribution of the
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intra-atomic field to p*^ only within the Coulomb-approximation.) But
taking into account the limits of the approximations made by de Groot
and Suttorp, there appears to be a complete agreement between their
results and those given in the present chapter, and this is, of course, very
satisfactory.
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Chapter  II

SIMPLIFICATION OF MOLLER’S EQUATIONS OF MOTION

AND THE ENERGY-MOMENTUM TENSOR

Synopsis
The classical equations of motion for electric and magnetic dipole atoms (or mole

cules) in an external electromagnetic field of force, treated in the previous chapter, are
simplified by showing that certain terms, which contain an unphysical trembling mo
tion (“Zitterbewegung”), are completely negligible with respect to the other terms in
these equations. The resulting equations are used in order to derive the relativistic
atomic energy-momentum tensor for a system, consisting of these dipole atoms. The
field part of this tensor has exactly the same form as obtained before, but the material
part is slightly different as a consequence of the simplification in the equations of
motion. The same symmetrization procedure, as used in the preceding chapter, can be
applied to the total energy-momentum tensor. Radiative effects are neglected through
out the theory.

§ 1. Introduction. In the preceding chapter, in the following denoted by I, we
have treated the equations of motion of electric and magnetic dipole atoms
in an external electromagnetic field of force1). The treatment was based on
Mqller’s theory2) of the dynamics of relativistic systems with an internal
angular momentum in an arbitrary (non-gravitational) field of force. In this
theory the equations of motion and of the change of the intrinsic angular
momentum are found, using the definition * (1.11) for the centre of gravity
or rather, using Mqller’s words, the pseudo-centres of gravity of the system.
These equations were then applied to the special model of electric and mag
netic dipole atoms (or molecules) and used in order to obtain the relativistic
energy-momentum tensor for a system, consisting of N  of these atoms. It
was found that this four-tensor is exactly of the same form as the one derived
by de Groot and Suttorp3»4), although these authors have used a slightly

* Formulae of chapter I will be denoted here by (1.1), (1.2), etc.
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different definition for the reference point within the atom from the one used
here.

The motion of the pseudo-centres of gravity, following from Mpller’s
equations2), is still rather unphysical as it contains, superposed on what
may be interpreted as the real translational motion of the system, a very small
(order of the Compton-wavelength) trembling motion (frequency higher than
1021), the so-called “Zitterbewegung”, which has no physical interpretation
and is purely a consequence of the definition (I. 11) of these reference points.
It will be shown in § 2 that from the above equations of motion, which are
third order differential equations, one can derive, by using an iterative
procedure proposed by Plahte5), equations of the usual second order type,
which possess solutions which also satisfy the original equations, but which
do not give rise to a trembling motion and can therefore be considered as
the correct equations, describing the motion of the system as a whole in an
external field of force. It appears that for atoms or molecules this iteration
method is rapidly convergent, and gives already in lowest order negligible
results. The equations of motion (and of course also the angular momentum
equation) are therefore simplified, and this is also the case with the atomic
energy-momentum tensor derived with the help of these equations. In §3
we find that the field part of this tensor is exactly the same as obtained in I,
but that its material part is slightly different. It is shown that the total
energy-momentum tensor can be obtained in a symmetrical form, using the
same procedure as in I, § 4.

The theory developed in the present chapter is based on a classical model
of the atoms or molecules. Radiative effects are neglected, as this has also
been done in I. We shall treat this latter point in chapter IV.

§ 2. Simplification of Mailer’s equations of motion in the case of electric and
magnetic dipole atoms. In I we have summarize the derivation1) of the equations
of motion (1.25) of electric and magnetic dipole atoms in a given external
electromagnetic field of force, starting from Mpller’s equations (1.13) for the
motion of arbitrary relativistic systems with an internal angular momentum.
The latter equations were derived by Mpller2), using the condition (cf. (1.11))

Q*PUp =  0  ( 1)

for the reference point within the system. It follows from the definition
(1.8) of QaP (internal angular momentum four-tensor with respect to the
reference point) and the fact that Up is the derivative of the time-space
coordinate four-vector Xp of this point with respect to the eigentime r,
that this condition has the form of a first-order differential equation in X,
and does therefore not define one single reference point, but an infinity of
these points, which are called pseudo-centres of gravity by Mpller. This is
the reason, that the differential equations (1.13) for the motion of these
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pseudo-centres of gravity are not of the second order in X, as usual, but of
the third order. Consequently the energy-momentum four-tensor derived
in I with the help of these equations, contains a material part, which does
possess not only velocity-dependent terms, but also terms depending on the
accelerations of the atoms (cf. (1.44)). This result has also been obtained by
de Groot and Suttorp3' 4), using, however, a definition for the reference
points within the atoms (molecules) different from ours.

The problem of solving the equations (1.13) and in particular the physical
significance of the solutions obtained, have been a matter of long discussions
in the past, (see refs. 6 and 7). One obtains a trembling motion of a very high
frequency (>  1021), the so-called “Zitterbewegung”, superposed on a motion
of a much smoother character, (in the free case a straight line). From
Mpller’s point of view2), however, this trembling motion is only a con
sequence of the definition (1) of the reference points, and has therefore no
physical meaning*. Moreover he finds a very small amplitude of the trem
bling motion, namely of the order of the Compton wave length, which is for
an atom about 10~13 cm, much smaller than its dimensions. It is therefore
evident, that one must try to find new differential equations, which describe
the above mentioned smooth motion, but not the unphysical trembling
motion.

A straightforward way to achieve this is the following iteration procedure,
which is formally analogous to the method of Plahte5) for the elimination
of the “Zitterbewegung” of the classical spinning electron. Consider the
equation of motion (I. 13A) and the internal angular momentum equation
(I.13B):

—  (M*U«) + A r 4 ~  (Qaf>Üt>) = pa ~  -V  ~T~ (daPUP)’ (2A)dr C2 dr C2 dr

fan  _|_ _L U«Qi>YÜy-- -  UPQavÜy =  AaeA0(dcï, (2B)
c2 c2

where M* is the rest mass of the system, defined by (1.12), Fa the four-vector
of the external force acting upon it (eq. (1.5)), da& the four-tensor of the
moment of this force with respect to the reference point (eq. 1.10)), and

Aa0 = d*fi +  —  U«Uff, (3)
c2

with dap the elements of the unit four-tensor. (The dots mean differentiation
with respect to the eigentime r.) Since it is the second term at the left-hand

* One should also note that a motion of the extreme high frequency of the trembling
motion, has never been observed in physics.
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side of eq. (2A), which causes the microscopically small trembling motion, one
can obviously write eq. (2A) in lowest order by neglecting this term, and
then solve tJa as a function of X a and U«. from the approximate second order
differential equation, which is left. If this result is now substituted for Üp
and Üy into eqs. (2A) and (2B), one obtains in first approximation the in
fluence of the external field on the motion through the “Zitter-term”
c~2(d/dr) (.0*0Dp), and the terms c~2UaQ^Üy and c~2U^DavÜv, causing the
so-called Thomas-precession of the internal angular momentum of the system.
In this way one obtains for (2A) a second- and for (2B) a first-order differential
equation, and one can easily see that this set of equations describes, within
the approximation of their derivation, the motion of the system (with
intrinsic angular momentum) in the external field of force without, however,
the unphysical trembling motion. With the above mentioned iteration
method of Plahte5), one could also obtain higher approximations of this
set of differential equations, but we shall show below that for atoms or
molecules in an electromagnetic field the first approximation is already
negligibly small. The equations of Mqller for the motion of electric and
magnetic dipole atoms, treated in I, can therefore be simplified.

In order to prove the above statements, we recall that for these dipole
atoms (cf. eqs. (1.23) and (1.24)):

F* =  -  -1  (dvf«P) —  (4)

and:

d«P =  — [j*vuy*A<fi — ftVfiyOAe*), (5)
c

where e is the total charge of the atom (or molecule), /“0 the tensor of the
external electromagnetic field ((/01, /02, /03) =  e and (/23, /31, /12) =  b, with
e the electric and b the magnetic field strength) and fiâ  a tensor given by *:

fl*P =  0«)(*“i) ^ 0  — %fi)Ua) +  \  S i  ~~ *«)*(<))> (6)

where are the charges of the constituent particles (electrons and nuclei)
of the atom (or molecule), x^  the relative time-space coordinates of these
particles with respect to the centre of gravity of the atom and xfa the
derivatives of these quantities with respect to the eigentime t of this
reference point. Substituting eqs. (4) and (5) into (2), we obtain, after

* This form ula is directly found by  com paring eq. (17) of ref. 8 w ith eq. (17) of
chap ter I. W e have only changed the notations in  (6).
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multiplying by c:

c —  (M*U«) +  — —  ip * Ü t) =  ef«f>Uff -  {dypfi) w? -dr c dr

-  {(/“W  -  f0vf*ya) U0}+ -L - (U«U0fevFv«Ua), (7A)

cÖae +  — U«Q0vÜv — — UPQ*vÜy =  d“»d'}{(/*W  -  /^/iy*), (7B)c c

(c/. (1.25)). Omitting the second term on the left-hand side of eq. (7A), we
find in lowest order approximation:

d
c —— (M*Ua) ~  ef«f>U,3 — (idyf*0) u0v —dr

-dr {(/“W  -  f^v*) U0} +  —  —  (U'UjpyrfV,). (8)

Let us now first disregard the terms with ^  at the right-hand side of this
equation. (We shall see below that they give rise in the iterated equations
to terms of third and fourth order in the internal variables x^  and x?t), which
are neglected in the present theory.) One can then easily solve 17a from the
remaining equation, obtaining:

Jja e
M*c f*tU0 (9)

Substituting this result into (7A) and (7B), we get

c A  {M*U*) + - ^ ( -  sJ ^ U y ^  cx e/«0U0 -

-  (ayf*fi) f i 0y - - L —  {(/«^/ -  ferpy«) Uff} +

+  —  —  (U«Upf^y»U0), (10A)

+  ~W& UaQPvfyiUo ~  ut>Q«vfy*us ~

ca A aeA S j(/«V  — p fiy*), (1 OB)

where we have used the relation (1). If we introduce the tensor:

jlM ( 11)
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eqs. (10A) and (10B) can be written as

c J L  (M*U«) ca ef^Up -  (drf«0) —  (favf*yeUp) +
dT cz d r

+ — — y w m  (i2A)

CÖ«P ~  {faV/XyP —  fPV/Jly*) +  —  (f«VU0 — f0YUa) flyOJJo +
c2

+  - 5-  UifovfayPU* —  iLy*U»), ■ (12B)
c4

using also the relation (1).
Now the tour-tensor Qa& is given by (1.8), and taking for the energy-

momentum tensor T*0(x), appearing in this formula, in first approximation
only its m aterial p a r t :

+  oo

r&M. = c s* ma)
dr<{)

dAfi)
dT«)

<5(4){A«)(t(o) — x} dr«), (13)

where w«) are the rest masses of the constituent particles of the atom
(molecule), X their time-space coordinates and r«) their eigentimes, one
derives in a straightforward way, making also use of eq. (1) and the relation
X(i)Ua =  0 (c/. (1.20)), the expression

Qap ~  m , ( i ) x ^ iyXfi-)Aay], (14A)

or

Qap  ~  *(»)*(<)) A aeA0y, ( 14®)

(cf. also the results obtained by de Groot and S u tto rp3-4)).
One easily verifies, with the help of the antisym m etry of the field tensor

and the property AjfAyP =  A aP, th a t the last terms at the right-hand
sides of eqs. (12A) and (12B) respectively can be rewritten in the following
form s:

d- — u r m t  -  — A  | t -  —  a*}.
(ISA)

and:

— Uaf^(jlyffU« -  pLy«U0) = JL Ua/*'ffpeCA'yJ0: -

-  U* ~  (t* 'U ‘yA*c ~  —  ̂  u A .  (15B)
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Futhermore it can be shown (see appendix) that, for atoms and molecules,
the following inequality holds for each a and :

(16)

We may therefore neglect the terms containing Qa& at the right-hand sides
of eqs. (13A) and (13B) with respect to the terms with which means that
we may replace the tensor jiaP to the expressions at the left-hand sides of
these equations in very good approximation by fia0. Eqs. (12A) and(12B)
then finally become:

c ---- (M*Ua) — ef^U g  — (3y/“0) fipy -
dr

- -̂- ~ {(/V -  fPv/*va)u e} +  —  {U^Upfev^Ut), (17A)

~  AVtAW vpyi — f ivnve). (17B)

These are the simplified Mpller-equations in the case of dipole atoms (or
molecules), describing their relativistic motion with a very high degree of
accuracy, however, without the physically irrelevant trembling motion.

We have two remarks to make about the above derivation. First of all
we note that the contribution of the intra-atomic field to the tensor Q01?
has been neglected in our calculations. De Groot and Suttorp4) have
discussed this contribution in the so-called “Darwin-approximation” , but
it appears to be much smaller than that of TJ*j, calculated above. The
(strong) inequality (16) will therefore certainly also hold for the exact
angular momentum tensor Qa&.

As a second point there is the fact that we have taken into account only
the effect of the Lorentz-force term of eq. (8) in the iteration procedure and
neglected the effect of the terms containing / . In particular when the total
atomic charge e =  0, these are the only terms left at the right-hand side
of (8). If we now consider e.g. the term — (dvfa0) fipy in (8), this will give rise
to:

<18A)

in the iterated equation of motion (c/. (10A)), and to:

- u*Q0y{dtfy°) tu* +  U0Q«y(defv*) ^  (is b )

in the angular momentum equation (cf. (10B)). The characteristic quantity
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( 19)

appearing in (18) is

—L - Q*f>uvt
M p

a third and fourth order quantity in the internal atomic variables (just as a
magnetic quadrupole or an electric octupole). For consistency with the dipole
approximation, made in the present chapter, the terms (18) have therefore to
be neglected in the iterated equations of motion. Along the same lines one
proves that also, the other /^-term s in (8) give rise to negligible effects in
these equations.

Since the left-hand side of eq. (17A) does not contain the intrinsic angular
momentum tensor QaP, as was the case in the original Mpller-equations (2A)
and (7A), or the iterated equation (10A), the equations (17A) and (17B)
appear at first sight to be uncoupled. However, as is related to (c/. (14)):

2) — $ eU)(x*i)*fi) *fi)*(i))> (20)

which is a part of the tensor /.i<*0, see eq. (6), appearing at the right-hand side
of the equation of motion (17A), we come to the conclusion that, in reality,
there is no question of uncoupling eqs. (17A) and (17B). On the contrary,
one should also write down a differential equation for the first term at the
right-hand side of eq. (6), i.e. for:

P oo =  £< e(t)ix (i)Ue *00*7“)» (21)
in order to solve (17A). The reason that we do not derive such equation
here is that we shall always consider the right-hand side of (17A) (and (17B))
as given, as was also the case in the original Mpller-equations (2A) and
(2B).

Since the trembling motion originated from the special choice (1) of the
reference points, and had to be eliminated afterwards as an unphysical
motion, the question arises whether other conditions than (1) could be used,
which lead directly to “physical” second order equations of motion without
“Zitter-terms” ? This has been investigated by e.g. Dixon9) using the
following condition for the reference point:

Q«l>Pp =  0, (22)

where Pp is the energy-momentum four-vector of the system. In contrast
with (1), eq. (22) defines one single reference point: the centre of energy
of the system in the Lorentz frame, for which the space-part of Pp (i.e. the
momentum) is zero. In the special case of a (charged) system with only a
magnetic dipole moment proportional to the internal angular momentum
the condition (22) leads immediately to second order equations of motion.
In the more general case, however, (22) leads to a complicated set of equa
tions of motion, as follows from the results obtained recently by Suttorp
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and de Groot10) (cf. eqs. (46)-(48) of that reference). It can be shown that
within the approximations made in the present chapter their equations
reduce to our equations (17). Although in some cases eq. (22) would have
been a slightly better starting point for the derivation of the equations of
motion than (1), we have taken the latter condition, since we could then
prove in chapter I, that one obtains formally the same results as de Groot and
Su ttorp 3>4) for the atomic energy-momentum tensor of a system of dipoles.

§ 3. The atomic energy-momentum tensor. In a completely analogous way
as in I, § 4, one can derive the energy-momentum four-tensor for a system
of N  dipole atoms or molecules, starting now from the equations (17). It is
evident, that the field part tffi, of this tensor will be the same as in
I, since the Mpller-equations (7) and the simplified type (17) do not differ
in their field parts. We therefore obtain again the expression (1.36) for
tffy However, since the “material parts” of eqs. (7A) and (17A) (i.e. the
left-hand sides) are different, this will also be the case with the material
parts of the energy-momentum tensors, derived with the help of these
equations. It is easily seen that, in the material part, found with the simpli
fied Mpller-equations (17A), the “acceleration term” will be lacking, so that
instead of (1.37), we simply have:

<58 =  s *  *»*?»<>. t23)
where p*k) is the rest mass density of atom k (k =  1, 2, ..., N), defined by
(1.31), and ufk) the four-velocity of this atom.

In a completely similar way as in chapter I, one can again symmetrize
the total energy-momentum tensor, by adding the divergence-free tensor:

i  Sfc 9yK)<)y + -  <*)<*?} (24)
to its material part (see (1.42)), so that this now becomes

t(m) =  Sfc \p*k)u(k)u(k) +  $v{u?k)a(k) +  u(k)a{k) ~  fö )
with o*gf the atomic angular momentum density tensor, defined by (1.32).
This symmetry can be proved again by applying the atomic intrinsic
angular momentum balance, which follows from eq. (17B). (Note that this
balance equation will have a different form from (1.39)). We know that the
symmetric total energy-momentum tensor ta0 =  t ^  +  tffi has the ad
vantage of implying both the conservation law of total energy-momentum
{cf. (1.43)) and of total angular momentum of the system of dipole atoms
{cf. refs. 3 and 4). The material energy-momentum tensor (25) is slightly
different from the expression in chapter I (eq. (1.44)), which had been
derived earlier by de Groot and Suttorp3»4). As we have seen, this is due
to the elimination of the unphysical trembling motion of the (pseudo)-
centres of gravity of the atoms.
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§ 4. Concluding remark. The theory has been developed in the previous
and present chapters only for the case of electric and magnetic dipole atoms
or molecules. The electric quadrupole moments of the atoms, which are
of the same (second) order in the internal atomic variables as the magnetic
dipole moments, have always been neglected. As Rosenfeld11) has pointed
out, this is in general certainly not allowed. We shall therefore investigate
in the next chapter (III), what are the changes in the theory, if atomic or
molecular electric quadrupole moments are also taken into account.

APPENDIX

Proof of the inequality (16). We first write formula (14B) in the following
form:

~ s; «ei(4)4« - 44>) +
+  S i A ^(© (44 i) 4 ) 4 ) )  (A-l)

where me\ and My) are the rest masses of an electron and the ith nucleus
respectively, whereas the symbol denotes summation over the electrons
and S '  over the nuclei. Multiplying this expression with ejM* and using the
fact that* |(efM*) mei| <  (wei/mpr) M  and |eM(i)/M*| < e(i), with eeï the
(negative) elementary charge, mpr the rest mass of the proton and the
(positive) charge of the nucleus, we obtain the following inequality for
each a and fl:

M* Ss -------  \eel S i  ( 4 4 )^pr
4 )4 )) AasA0t\ 4 -

+  s i  k (i) (4 4 ) — 4 4 ) )  4ia£4i0f|. (A--2)
We now compare the right-hand side of this inequality with the absolute

value of the corresponding element of the tensor /j,eSAaeA0s, which can be
written as

— \ee\ S i (4 )4 ) 4 )4 ))
+  i  s "  «<«(44 — 4 4 >) (a s )

where we have used the fact that j, =  0, which follows from eqs.
(21) and A*pU0 =  0. In the momentary atomic rest frame the tensor
possesses only nonzero space-space components (just as the tensor Qa0),
and one can prove, using formula (56) of ref. 8, that these are the components
of the magnetic dipole moment of the atom, as long as one neglects moments
of higher than the second order in the internal variables. Since this atomic

* The validity of these inequalities is easily checked by mean0 of elementary calcu
lations.
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(molecular) magnetic dipole moment is the sum of an electronic and a
nuclear moment, and since the nuclear contribution is according to Van
Vleck12) completely negligible with respect to the electronic contribution,
we can neglect the second sum of (A.3) against the first, so that we get:

I Cel S i (*(i)*(i) *(i)*(t)) (^-4)

We then see, that the first sum at the right-hand side of (A.2) is much smaller
than the second member of (A.4), because the factor (wei/wPr) is of the order
10-3. But the second sum of (A.2), which is again a nuclear contribution, is
also negligibly small, so that we may finally conclude, that :

e
-----Q af>
M*

(A.5)

This proves the validity of the inequality (16).
Remark. The reason, that we have rewritten the last terms of eqs. (12A)

and (12B) in the forms as given by the right-hand sides of eqs. (15A) and
(15B) is, that we cannot apply the above arguments of Van Vleck to the
tensor Though gives no contribution to those terms, the remaining
part has nonzero space-time components in the momentary atomic
rest-frame which depends on the atomic (molecular) electric quadrupole
moment. For this moment, however, it is generally no longer true that the
nuclear contributions are negligible with respect to the electronic contri
butions. This is of course irrelevant in the present chapter, where we have
always neglected electric quadrupole moments in the dipole approximation
but the proof given above of the possibility of replacing fLae by ^  in the
iterated Mpller-equations is also valid if these moments are no longer
neglected, as will be done chapter III.
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Cha pter  III

THE CASE OF ATOMS AND MOLECULES WITH ELECTRIC AND

MAGNETIC DIPOLE MOMENTS AND ELECTRIC

QUADRUPOLE MOMENTS

Synopsis
The rlawiral relativistic equations of motion for electric and magnetic dipole

atoms or molecules in an external electromagnetic field of force, given in two previous
chapters (I and II), are extended in the present chapter to the case that these atoms
possess also electric quadrupole moments. Again Moller’s equations of motion for
relativistic systems with an internal angular momentum are taken as the starting
point. We only consider the form of these equations in which the term describing the
unphysical trembling motion of the atoms is eliminated (see chapter II). The resulting
equations of motion are used in order to derive the relativistic atomic energy-momentum
tensor for a system, consisting of a (large) number of these atoms. I t  is found that the
field part of this tensor is not of the same form as in the pure dipole case and also no
longer expressible only in terms of quantities appearing in the atomic field equations.

§ 1. Introduction. In the two previous chapters (denoted hereafter by I and
II), we have treated the classical relativistic equations of motion for electric
and magnetic dipole atoms (or molecules) in an external electromagnetic field
of force1-2). As a basis we have chosen Mpller’s theory3) on the relativistic
dynamics of systems with an internal angular momentum. Since the
equations of motion, obtained in I, contained an unphysical trembling
motion, this had to be eliminated. This was done in chapter II, where we have
derived simplified Mpller-equations, describing the ‘ real motion of the
dipole atoms (molecules).

In the present chapter we shall generalize the latter equations to the case
that the atoms (molecules) possess, in addition to their electric (magnetic)
dipole moments, also an electric quadrupole moment. According to Rosen-
feld4) it is necessary to take into account the electric quadrupole moments
of the atoms, as soon as one considers their magnetic dipole moments,
since both kinds of moments are of the same (second) order in the internal
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atomic variables (relative coordinates and velocities of the constituent
particles of the atoms) and may give rise to effects, which are of the same
order of magnitude. The model of dipole atoms, considered in I and II, was
therefore somewhat artificial.

In § 2 we shall calculate, using the same technique as in reference 1, the
additional terms in the equation of motion (and the internal angular
momentum equation) due to the atomic (molecular) electric quadrupole
moment.

In § 3 we then obtain again the relativistic energy-momentum tensor for
a system, consisting of N  atoms (molecules) of the kind considered in the
present chapter. In an analogous way to that followed in I (and II) this four-
tensor can be symmetrized, with the difference that we have to add a di
vergence-free tensor not only to the material part of the energy-momentum
tensor, but also to its field part. In contrast with what has been found in the
pure dipole case, this field part is no longer expressible only in terms of quanti
ties appearing in the atomic field equations (i.e. the atomic field and polari
zation tensors), but also contains terms depending on the electric quadrupole
moment density of the atoms or molecules.

Just as in the two preceding chapters, the present theory is one in which
radiative effects are neglected throughout. We treat these effects in chapter
IV.

§ 2. Equations of motion. From I, § 3 we know that for the calculations of
the external electromagnetic force F a and its moment daP, acting upon the
atom (or molecule), it is necessary to use the expressions (1.16) and (1.17)*
for the charge-current density vector ja(x) and polarization tensor mâ (x)
of this atom (molecule). As we have stressed in I, it is essential in these
calculations that this polarization tensor is of the form (1.17) in the dipole
case, and does not contain any derivatives of the (5-function, appearing in
this formula. As soon as we also take into account the atomic (molecular)
electric quadrupole moment, however, (1.17) is no longer the correct ex
pression for the polarization tensor, but this must be replaced by:

+oo +oo
ma&(x) =  |  fiap(j) <5(4){A(t) — x] dr -)- j Xâ v(T) <5<4l{A(r) — xj dr, (1)

— oo — oo

where fiae(r) is a four-tensor, depending on the atomic (molecular) electric
and magnetic dipole moments fi and v, electric quadrupole moment q, and
furthermore on the atomic four-velocity 17*(r) =  dXa(r)/dr and acceleration
dUa(r)ldT, whereas the third order tensor xaffv(T) depends only on q and Ua.
The symbol X(r) is an abbreviation for the time-space coordinates X a(r)
(a =  0, 1,2, 3) of the reference point, describing the position of the atom

* Form ulae and equations of chapters I  and I I  will be denoted in the  following by
(L I), ( I I .1), etc.
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as a function of its eigentime r  (see I and II), x stands for the time-space
coordinates xa =  (ct x) of an arbitrary point and 3« for differentiation with
respect to these coordinates: 3<* =  (3/3ct, 3/3#); (c is velocity of light).

Formula (1) is immediately obtained from the general expression for the
atomic polarization tensor, derived by de Groot and Suttorp5) (see formula
(17) of that reference). If one considers only terms up to the second order in
internal atomic parameters and expresses these quantities by means of a
Lorentz-transformation in the corresponding quantities in the atomic frame
(see ref. 5) one easily proves the validity of eq. (1) and all statements made
about it. It is of no use to take into account terms of higher than the second
order in the general expression (17) of de Groot and Suttorp5), since they
give rise only to terms depending on higher order atomic moments than fi,
v and <j, which will not be considered in the present chapter. From eqs. (17)
and (27) of ref. 5 one still obtains the following relation:

X*fir(r) Uv(r) =  0, (2)

which will be important to simplify the results below.
Let:

+  ° °

ja(x) =  ce J Ua(r) 3<4>{X(t) — x} dr (3)
— oo

(c/. (1.16)) be the charge-current density vector of the atom (molecule) as a
whole (e is total atomic (molecular) charge), then the density of the external
electromagnetic force acting upon it can be written as (cf. (1-15)):

fa{x) =  f«0{x){jf,(x)lc +  3 ytn0v(x)}, (4)

with fa&(x) the tensor of the external electromagnetic field:

(/or, /02; /03) =  e and (/23, /» , /12) =  b,

with e the electric and b the magnetic field strength. If we now substitute
eqs. (1) and (3) into the right-hand side of (4), and calculate the external
force F*(r), (1.5), and its moment d^ir), (1.10), with respect to the centre
of gravity of the atom (molecule), we obtain for the terms, depending on e
and n *0(t), of course, the same results as in chapter I, i.e. (1.23) and (1.24) :

F«(t) = - / ^ { X ( t)} Ue(r) -  — [dvf«0{X{r)}] ^ { r )  -

c c

---- — -y - [/“^ ( t)} Wy(T) U y t f ]  +  .... (5)c3 dr
and:

d«P(T) =  — U«v{X{t)} fiv«(r) A6&(t) -  py{X(r)} ^/(r) J a“(r)] +  .... (6)
c
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where:

AaP(r) = d a» +  —  Ua{t) U&(t).
c* (7)

We are therefore only left with the evaluation of terms in F a(r) and ^*0(r),
containing xaPv(T)> *-e- with the calculation of the integrals:

+oo

h 1 +  — {*‘ - Z « ( t)}C7,(t)
V  (r) —oo

■X0vd(r') dyddöW{X(T') -  a;} dV  dr'
oo -foo

faP(x) l + ~ - { * « - Z ‘(r)} Üe(r)

X f W  I W W - * } ! '
- - I * ’ -  ^ ( T)} ^ ( T) d<«* dr',

and:

I
+ OO

[{*« -  X«(t)} ffir(x) -  -  JK»(t )} f«v(x)] ■
V(t) —00

1 +  — {xV - X » ( t) }Ü v(t) Xyóe(r') döded^iXir’) — x} dV dr

00 +00

[{x« — X*{r)} pv(x) — {xp -  X0(t)} f«v{x)] •

1 + - ^ - { ^ - ^ ( r ) } t 7 , ( r )

■PaWM>{X’(T') - * } ] «

XvóeiT') ■

{xC -  ZC(r)} Ue(r) dW ^dr', (9)

where we have used the same notation as in chapter I (cf. eqs. (1.18), (1.19),
(1.20) and (1.21)).

Integrating the right-hand sides of eqs. (8) and (9) twice partially with
respect to x01, then integrating over these variables, and finally applying the
formulae:

+ OO

g(r')S ------ {Xa(r') — X<*(t)} Ua(r)
C

dr' =  -  [g(r')]T
c

( 10)
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+ o o

g(r’) »'

C2

-{X»(r’) - X « ( r ) } U a{r)

dg(r')

dr'

d r' ( 11)

where d'(y) =  dó(y)/dy, (for derivation see reference 1), and:
+oo

g(r')S" ._ {X * (r ') - X « ( t)} U„(t) dr'

1 d2g(r')
- - g ( r ' )  Ü*(t) Üa(r)

C3 d r ' 2 c5

with d"(y) =  d2d(y)/dy2, (see appendix), we obtain the following results

1 1  =  —  [ 3 y 3 d /* ^ ( - r )} ]  ^ ( r )  +c

+  [[Uö(t) dyf«0{X(T)} +  Uv(r) 3 d /« ^ (r )} ]^ (r )]  +

( 12)

and:

c5 dr dr
Ua0{X(r)}X0vd(r)] Uy(r) Ua{r) (13)

- — [[3<j/ay{-^{r)}]{Xvae{r) +  Xve6(T)}d/(T)  — [ddfPv{X(T)}] •
c

■ {xvde(j) +  Xv£6[t )} ^ea(T)] —

- —  —  +  * /*(t)} -

- +  * /■ « ) ]  c/„(r)] -

C5 d r

d
c®

d

[[/«y{Z(r)} U@(t) -  fev{X(r)} Ua(r)] */«(r) C7d(r) C7.(t)] -

U0(t) Ue(r). (14)
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The rather lengthy, but straightforward calculations have been omitted here.
The expressions (13) and (14) can now be simplified by using the relation

(2). We then find:

h  =  - -  [dvd6f^{X{r)W Xf}y\T) +  —  A  [ [a(J/^{X(T)}] X0ve(r) Uy] +

+  T  Uae{x (T)) tova(T) Uviri u <>(T) l  (15)c5 dT

and:

12 =  -  — [[döf^{X(T)}]Xy^(r) A / ( t) -  [döf^{X(r)}] Xyei(r) As«(r)] -
c

-  —  itf«fav{X(r)}] Xyó0(r) ~  \ ? ö f ^ { x m  Xy'*(r)] -c

---- V  —  [[/“’'{.X'(t)} Xvd0(T) — fPv{X(r)} Xvia(r)] tZ«(r)] —c3 dr

-  -L  [/«r{X(r)} C/^t) -  /»{X(r)} u«(r)} Xyie(j) U»(r) Ue(r), (16)
ca

where the dots denote differentiation with respect to r.
From eqs. (5), (6), (l 5) and (l 6) we obtain, in the approximation, that we

have an atom (or molecule) with only electric and magnetic dipole moments
and electric quadrupole moment, the following results :

F«(r) =  -f«t>{X(t)} Uff(r) -  — [dvf^{X{r)]\ fx^r) +
c c

+  - \ d y d tf^{X{r)}-\xevd(r)---- -- ^ U a0{X(r)}fiffKr) Uv(r)] +
c C° QT

+  —-  [[S«/*^('r)}] XPva(T) u v(T)] +cA cLt

+  —  y -  U^iXir)} Xevt(T) Uv(t) Ua(r)], (17)
c5 dr

and:

= ~\j«v{X(T)}jM/(r) A<P(t) — fffv{X(r)}/xvs(t) Ada(r)] —

c

-  — \[dófav{X{r)}] Xye6{r) A f( r) -  [0„/^(X(t)}] *„*(t) d««(r)] -
0
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- — [[0a/»v{A-(r)}] zS*(r) ~  P 4 »{X(t)}\ -c

- A r  —  Z / ' t o  -  W W )  Xv*«(t )] U ö[t)] -ar

—  [ W W )  m r) -  W W }  tf*W} */*(»■) t7tf(r) Ue(r), (18)c5
for the external electromagnetic force and its moment, acting upon this
atom (molecule).

Substituting the last two formulae into the right-hand sides of the
Mqller-equations (I.13A) and (I.13B) (or (II.2A) and (II.2B)), and taking
into account that we may neglect the second term at the left-hand side of
(I.13A) (or (II.2A)) and the second and third at the same side of (I.13B)
(or (II.2B)) for an atom (molecule) which, in addition to its charge and
electric (magnetic) dipole moment, may also possess an electric quadrupole
moment (see chapter II for the proof and in particular the remark at the end
of the appendix in that chapter), we obtain the following (simplified) forms
for the equation of motion and the internal angular momentum equation for
the atom (molecule) in an external electromagnetic field:

(M*U«) =  ef*0Up — (dvfafi) (ipv 4 .

+  (W 'W  Xfiv t---- y  ~r~ {(/“W  -  fflvt*va) Up} +C* dr

+  -V  —  [{(9<JM  Xv  ̂ -  {^fPv){Xvaa +  Xvta)} Up] +C* dr

1 d
e4 dr

(U ^Upf^U p) —  {U«Up(dpfer) Xv*Ut} +
C4  dr

+  —  ^ 7  Up —  {(/“̂ //»  -  ffivXv«a) U»} -

- ~ 4 ~  (U*Upftvxv6tUpUe),c6 dT
(19A)

C — f ( y JUVv ) —

-  A \ A \  { ( d p f n v )  X v s «  -  (0,/ty) X v * * }  -

-  { A « n ( d p f v r ) X y M  -  A ^  ( d p f t v )  x / « }  —

-  —  y -  { ( f n v X v 6 i  ~  f CvX v 6 n )  Up},
C2 dr

(19B)
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using the properties:

A«plIP =  0, A“vAVp =  A*t, (20)

and eq. (2).
In the next section we shall derive, from eqs. (19A) and (19B), the atomic

(molecular) energy-momentum four-tensor for a system of atoms (or mole
cules), taking into account the atomic (molecular) electric and magnetic
dipole moments, as well as the electric quadrupole moments.

§ 3. The atomic energy-momentum tensor. We now consider a system,
consisting of N  atoms (molecules), numbered by the index k with
electric dipole moments fi^), magnetic dipole moments *>(*>, electric
quadrupole moments «/<*> and negligible higher order moments. Just
as in chapter I, § 4, we change the notation, denoting the rest mass of the
ktb atom (molecule) by m*w  and its charge by e®, while the tensors p**, xaffv,
etc. become etc. For the time-space coordinates of the reference
point describing the position of the kib atom (molecule) we write Rfk)
(instead of X a), for its four-velocity U“k), etc., while the eigentime of atom
k becomes tw . Supposing that there are no external fields acting from
outside on the system, the (external) field acting upon atom k is the sum of the
partial fields ƒ$>, due to the other atoms I ( ^  k) :

/*(*<*>) =  S /$(*<«)• (21)
«5*fc)

With these new notations, the equation of motion (19A) becomes:

c - z ----= e w  S f m { R w )  U ( W  —
QT(J;)

— £ { d ( k ) y  f ( i ) ( R ( k ) ) }  t l ( k )0 v + £ ^ ( k ) v ^ ( k ) t f a ) { R ( k ) ) } X ( k ) 0 ve  —
I (* k )  !(# * )

---V S - 7 ^  [{/(i){R (k)) ^ v 0 — fa)(R (k)) m ) v a} U(k)p] +
I f r k )  dT(fc)

+  ~  £  , d— [[{ (̂WwCffw)} X(k)vpö —  {^(k)sf(l){R (.k))} ■
C* l ( * k )  dT(fc)

' {X(k)yaa +  %(*)/*}] U (k)e] +

+ —■ £ ,-----{ U f k ) U  (k)0 f( i){R (k))tJ-(k)yó U ( k ) d }  —
C4 l&k) dr(fc)

----V S -J-----[ U * k ) U w e i d w a f f y i R m ) } X ( k ) v e0U ( k )e ] +
c l&k) &T(k)
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1 d
c4 l&k) dT(fc)

U w e  —----- [ { f ( i ) { R( k ) )  %(k)va0 —  f(l) {R (k)) %(*)/*} U (*)<>]dr(fc)

-----7 - E ~ ~  {U(k)U(k)efm(R w )  Xik)vicU w t U <*)•}, (22A)
Cö ClT(fc)

and the internal angular momentum balance equation (19B):

C Ü f k) =  E {/$(*<*>) m v { -  /&(*<*>) /W }  -i (**)
-  E [{3w«/w(-R(«)} Z(*)yw — id(k)df(i){R (k))} X(k)vv6] —

— d “fc),  S {3(fc)<5/(Ow (^(fc))}zwv^ +
«**)

+ d^j E {3(fc)a/(Ĉ(i?(J:))} X(k)via E j
Z(#fc) c i(#W dT(fc)

• [{/(«(R(«) %<*)/; — f%(R m) X(k)var>} U<*)*]. (22B)
We shall now follow the same procedure as indicated in § 4 of chapter I

[cf. ref. 1): we multiply both members of eq. (22A) and of eq. (22B) by
the four-dimensional (5-function d^{R{k)(r(k)) — R}, integrate over rye), and
sum the result over k. We then obtain, after partial integration with
respect to r<*>, and with:

T —  ö(V{Rw(T(k)) - R } = - U U T(*>) ^ ) { R (k)(rw) -  R}, (23)
dT<*)

the following results:
+ o o

d0 C S
k

K ^ U ^ i R w - R )  drW \ =

+ o o

E  e(k)
k,l , (k¥=l)

f a ) ( R ( k ) )  U( m ^ ( R m ~ R ) d r (lc)
—oo

4-00

-  E
k . U k * l )

+ E
k ,l , (fcv̂Z)

ƒ { d ( k ) v f? l ) [ R ( k ) ) }  m k ) 0 v 0 (4)(.R W  — R ) dT(fc) +

>

{ d w v d m i f “f , ( R ( k ) ) } x ( k ) t> v08 (/l){ R ( k )  — R ) dT(fc)

—oo

4-00
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+ o o

-4 -  2  f  {f?i){R m) noov6 — fti)(R oc)) m w * } u \t)«u0(k) •
c  k , l , ( k * l )  J

4-oo

•ó(4)(i?(fc)- i ? ) d r (fc) - —  £
C k , l ,  (k¥=l)

[{3(fc)c/(j)(-K(fc))} X(k)yie

— {3(fc)e/(1)(-R (fc))KZ(*)ra£ +  *<*)/“}] U < )c) tU fk)d W ( R ( i c )  —  R )  d r w  —

—f  S
c  k , l , ( k * l )  J

U *k ) U  (k )d f ( i ) { R (k ) )  f H k ) v e ^  W e U ^ k)d ^ ( R ( k )  i?)dr(fc) +

4-oo

+ ̂ r SC k,  l, (k=£D
U^k)U(k)ó{ (̂k)Eflï)(R(k))}x(m'ncU mnU (k)0 -

•(5(4> ( R ( k )  —  R )  dr(fc)------— £
C k , l , ( k * l ) dr(t) [ { / » * > )  Ï W r -  -

— f a ) ( R (k))  X ( k ) v ea}  U (fc)e] ^ ( k ) ö U f k)d ^ { R ( k )  —  R )  d r (fc) +
+ oo

+ '-r Sc6 k . l . l k ï l )
U ? k ) U ( k ) « f t ï ) { R ( k ) )  X ( k ) v el>U ( k ) e U ( k ) n U (k )0 -

•<5(4) ( R ( k )  — R )  dr(fc) (24A)

4-00

3 y \  C £ ^ U ^ m R w  -  R )  d r (t ) l

+oo

s
k ,l ,  (k& l)

A ? k ) A k M R m )  A*<*)rc ~  /$(*<*>) /*<*>*"} ■

4*oo

■ d W ( R ( k )  — i?) dr(fc) — £
k , l , ( k ± l )

^ t k ) r i ^ k ) A SW df l l ) (R (k) )}  X(k)Vió ~

M & ( R ( k ) ) }  X(k)v«ó] ö^(R(k) -  R) d r («  -
4-oor

s
k , l , ( k * l )
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+ o °

+  2  I ^(k)c{^(k)4m(R (k))}xWyóol̂ ( R w  — R) d r(fc) —
k, I, (&#!) J

- r  2c fc,!,(fc#i)

— f<ï)(Rm) XWvór>} U(k)ó] dW(R(ic) — i?) dT(fc). (24B)

The left-hand side of eq. (24A) can now be written (see chapter I, § 4) as
the divergence d p of the tensor:

t*m) =  2  P(k)U(k)U(k)>k
where

+ o o

P*k){R) =  c 1 m(k)(T(H)) 0(4){R(*)(r(t)) — R) dT(*)

(25)

(26)

(cf. (1.31)) is the rest mass density of atom k (i.e. the mass density in the mo
mentary rest frame of inertia of this atom), and ufk)(t) is equal to U*k)(r(k))
considered as a function of the time t, instead of the eigentime t(*), (cf. (1.28)).
Similarly we obtain for the left-hand side of eq. (24B) the expression:

2k
(27)

where:

a*kf(R) =  c S ®?k)(Tm) 0(4){R(k){i-(k)) — R} dr(fc) (28)

(cf. (1.32)) is the tensor which in the atomic rest frame represents the angular
momentum density (the “atomic angular momentum density tensor”).
With these results, and using the same method by which we have derived
(1.28) from (1.27A), eqs. (24A) and (24B) become:

dtf$(R) =  -  S /$ (*) j lk)0(R) -  S [ d y f t m  M {k)AR)  +
c k,l, (fĉZ) k,l, (k̂ l)

+  2 {dvd6i%(R)}x{m yi (R )-dp
k, I, ( f c # Z )

l

— 2  {/%(*) M(k)v6(R) -
c k.lAk̂ D

f t l ) iR ) M ( k ) v a ( R ) }  U (k )6  U ( k ) P --------— S  fö e f( i ) {R ) X  (k)VÓe(R )
c  k,l,(,kitl)

— {^4m(R )}{x W vas(R ) +  X ( k)Vea(R ) } u W dU(k)0 —

39



----— 2 «“*>u(k)eftï){R) M (ic)Ve[R) u w cU(k)i} +
c  k . l A k ï l )

c *,{,(*#»

2 9nK/(ï)(̂ ) *<*>/*(*) ~ /<W
C k A A k r t l )

■U(lc)ö U(k) ~\---— 2 utk)UWdf(i){R) •
CD k , l A k * l )

• d{{XWi>etl(R) ̂ (fc)} ̂(k)e W(k)n U(ic)P ,

2  «(«”} =
k

=  2  ^ ) X ) :  {/«>(*) ^<*>vf(*) -  /&(*) * W ( * ) }  -
k,lAk*l)

-  2 4&),^)c[{3^)}^Wrw(«)-{0»/(W}-
kAAk+l)

■XWy*(R) ]-  2 4̂),{0̂ (̂ )}̂ (t)vw(«) +
k,lAk+l)

+ 2 (̂McÓWfoĈ)) X(k)yóa{R)
f c ,  Z ,

C* k . l A k ï l )

— f(l){R) X(lc)yav{R)} U(k)6

where /?fc)(i?) is the charge-current density tour-vector of the &th
(molecule) as a whole:

j*k){R) =  ceilc) J  t / “fc)(T(*)) <5(4){ £ (* )(t (*)) — R} dT (t) ,
— oo

and where we have introduced, in addition, the tensors:
+oo

M%(S) m ! ^ k > M  w > {R (k )M  -  R) dTW,
— oo

and:
+oo

X $ (R )  =  ƒ Z?#(tW) <3(4){i?w (r(t)) -  A} dr(fc).

(29A)

(29B)

atom

(30)

(31)

(32)
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For the polarization tensor (cf. eq. (1)) of the Ath atom (molecule) we have,
with eqs. (31) and (32):

mfk){R) =  Mfk){R) +  dvX ${R ). (33)

Differentiating the third, fifth and seventh term at the right-hand side of
eq. (29A) partially with respect to Ra, using eq. (33) and finally applying the
Maxwell-equations (cf. (I.33A) and (I.33B)):

d p f ( k )a p  =  ?(*)a/c +  3/jW(*)a0, (34A)

3a/(k)ffy  3/3f ( k ) y a  - |-  d y f ( k ) a 0  — 0, (34B)

we can derive the following result:

2  i  S
_k, l , (k^ l)  k , l , ( k ^ l )

l
2  {9*/$} *<*>/' +  -=- 2

k . l A k ï l )  c  k . l A k ^ l )

1
la—  f ( l)m (k )ya}  U(k)dU Oc)0

—  f( i)X (k )v ae}  —  { 3 « /(n } ^ (* )v e“] u ( k )d U p(k) —

2k.lAk̂ l)

{fZm<m6 -

~T 2 M(fc )M  W ̂/(nw( k ) y £U (k )  e u f k> -f-c k . l A k ^ l )

+  —J- 2  u tk)u (k)öde{jli)Xtf)yne}U(ic)nu lk) —c k , l A k ± l )

—  2  3„[{/ftX(*)v«
c k . l A k ^ l )

1
+  — 7 -  2 u (k)u w 4 ( i ) ^ d X ( k ) y eT>u \ k)} U (k)e U (k )r,U(ic)^

c  k . I A k ï l )

t ( l ' ) X ( k ) y t01}  U (k)e U (k)v ] U ( k )o u fk)  +

, (35)

where:

Ĉfc) =  /(fc) ~  w(fc) (36)

(c/. (1.35)) and where is an abbreviation for the expression between
square brackets in the second member of (35); (the metric tensor ga& has the
elements g00 =  —1, gi{ =  1 (i — 1, 2, 3) and gaP =  0 (a ^  /?)). The tensor
t*£f) may now be interpreted as the material part of the atomic (molecular)
energy-momentum tensor of the system, and as its field part. Eq. (35)
then represents the conservation law of energy-momentum of the system
at the atomic (molecular) level.
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Eq. (29B) can be transformed, with the help of eq. (33), into:

2  ^ v { a * k f u ( k ) v }  =  2  f { i )m ( k ) v n }
k  k f l y ik ^ T )

-  2  ^ k)A m W Z x ^ a ~  f ë F w r t  ~
k , l , ( k * l )

-  2  ' A f c $ * m X w J * +  S 4*><(94 > ) * w /a-
k , l , ( k * l ) fc ,I,(k#l)

-----2  ffc )t)̂  ffc )C 9 e{(f(l)X W /<  f[l)X  (k)yir>) u (k)6u (k)}- (37)
c

Now the left-hand side of this equation is equal to minus twice the anti
symmetric part of the tensor (c/. (11.25)):

c  - <gg +  * 2  0y{«?w^  +  < )< * y  -  <><#?}. (38)
k

which may again be interpreted as the atomic (molecular) energy-momentum
tensor of the system, since its difference with the tensor tf£fj is divergence-
free, so that both t*$ and /g5n lead to the same physical results (e.g. the
difference between the two tensors is irrelevant in the conservation law (35)).

The right-hand side of eq. (37) turns out to be equal to :

{t«f -  $5“} -  s  -  /&*<*>/“’} -
k , l , ( k * l )

--------—  2  9 « { ( / w ^ ( * ) V W  —  f m X ( k ) y da ) U ( k ) d U ( k ) E} ,
c  k , l , ( k ¥ ‘l)

or, in other words, equal to twice the antisymmetric part of the tensor:

2  Mf%x vc)vei -  f<ï)X mvaó} -
k , l A k * l )

2  U i J V t i m 9* -  /& *<» /*) «<*><> «<*)*}• (39)
* £  K , l , ( k * l )

Further, a procedure analogous to that of chapter I, § 4, can be applied in or
der to symmetrize the total energy-momentum tensor. We add the symmetric
tensor:

-  i 2 9WW* -  f&Xwy*1* + /$W  -  /<?)*<*>/*} +
k . l A k ^ l )

T" _ „ 2  de{{ f{ i)X{k)y6e — f l i ) X ( k ) v óa) u (k)du fk -) +

~\~{f(ï)X W y óe —  f(X)X (k)vó^) u (k)öU*k)} (40)
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to eq. (39), and define the new tensor:

= r j f+ =  C  -  \ s  -  *<*>/*) -
k,l,(k¥= l)

— t&(X(t)y«* +  +  ftttXny*»  +  X (fc)/«)} -

2 ca lc.lAkïl)

— f ( l ) { X ( k ) y 6a,u\k ) +  X(*)/*«“*>) U ( k ) t  +

+  f ( l ) ( X ( k ) v daU(k ) +  X ( k ) y i p u f k)) U (k )« \ .  (41)

Since the difference between the tensors and is divergence-free, we
may also interpret $> as the atomic energy-momentum tensor of the field.
Furthermore, it follows from the symmetry of s^, that the antisymmetric
parts of and t*tf  are equal. The right-hand side of eq. (37) is, therefore,
also equal to twice the antisymmetric part of the tensor tff)t and since the
left-hand side of this equation is minus twice the antisymmetric part
°f we conclude, that it follows from the balance equation (37)
for the intrinsic angular momentum of the atoms (molecules), that the
total energy-momentum tensor tfm) *T (̂f) symmctvic. This symmetric
tensor has the advantage that the conservation law of total energy-mo
mentum :

M C )  +  O  =  0 {42)

now implies also the conservation law of total angular momentum of the
system plus the field (see e.g. ref. 6).

The explicit expression for the atomic field tensor is rather compli
cated. It follows from eqs. (41) and (35), that this tensor is the sum of two
tensors:

fo fi   ta fi i (43)ht) — r(t)i t- *(«ii> ' '
where:

* $ 1  s s  2  [ftvKkyy —  W d)v tf(k )}  Safi +  - 5 - { fm m (k)v6 —
k,  I, (fc# I) C

— w“̂ )/(i)ya} «(*)«(*> — {u \ k ) f ( i ) v « m \k)BU \ k ) i  u tk )u (k)] (44A)

is of the same form as the field tensor in chapter I for pure dipole atoms
(molecules) and depends only on quantities appearing in the atomic field
equations, whereas the tensor:
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t$ n  -  2  [-{3o/®  -  m fïï) (x (>c)y00 ~  x Wv60) ~
k ,l ,( k * D

—  f( l){X (k )va i  + X (k)vaa) + f t l ) (X W v aP + ̂ (fc)/*)} +

+  —jT {9*/«)} X (k)veau(k)dUPw  —

-----------^ 2~  ^ ‘{ f w X W vÓe f(l)X  (k)vaS}u (k) öu (k)

-----------^ 2  d e { f( ï ) [X (k )v6^u lk)  —  X (k)Vi *1i{k)) 1*(k)t

— 1(ï){X (k)Vt a u \k ) +  X (k)Yö‘u (k)) “<*)« +  m X (k)y iĈ { k )  +

+ X (k )ve^ u (k))u (k)ö} 4~ {^z(f(X)X (k)yne) '^ (k )S ‘l* ( k )v } u (k)u (k)

- — ̂ v { { f ( ï y X  ( k ) y Ei — f f y X ( k ) y t a ) U (k)e U (k) ‘n} U ( k )ö U Pw  +

+  {u (k)öf(i)dc{X(k)yer,U(k)) U(ic)eU(ic)n} «(*)«(*)] (44B)

is not expressible in those quantities. In contrast with the tensor t̂ f)n
contains only derivatives of field quantities, etc., with respect to time and
space coordinates.

If we had considered higher order electric and magnetic moments of
the atoms (molecules) than electric (magnetic) dipole moments and
electric quadrupole moments, we should have obtained further contri
butions to the field tensor tf$y The explicit evaluation of these rather
complicated contributions will not be given here, since we will not need
them for future purposes.

A PPENDIX

Proof of formula (12). We shall first calculate the integral:

+oo
ƒ g ( T 'M '{ A ( T '> } d r ' .  with d"(y) =  d2<3(y)/dy2, (Al)

— o o

where A(t') is monotonically increasing. Introducing:

y =  h(r'), t =  r'(y), (A2)
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we get:
+oo M + o o )

g(r')«'{A(T')}dr' ^ r dy
A(— oo)

H + o o )

+  g{r'{y)}

d2g{r'(y)} dr'(y) ^  dg{r'(y)} dV(y) |
dy2

dV(y)
dy3

d2g{r'(y)} dr'(y)

dy

d(y) dy

dy dy2

dy2 dy

dV(y)

+ 2 dg{r'(y)} d2r'(y)
dy dy2 +

l/= 0

We now have:

dg{r'(y)}

dy3 I

dr'(y)
dy

and:

dag{T'(y)}
dy2

YK(y)}

gV (y )}

dy

| dr'(y) j 2
+  gV(y)}

d2r'(y)
dy2

so that eq. (A3) becomes:
+oo

g(r') <5'{A(r')} dr' =

dr'(y) l 3
g"{r'{y)}

dr'(y)

dy J
+  3g'{^(y)}

d2r'(y)
dy2

+ gWiy))
d3r'(y)

dy 01 v "  dy3

If we now differentiate the identity:

%'(y)} =  y

\u- 0

(A3)

(A4)

(A5)

(A6)

(A7)

(which follows from eq. (A2)) three times with with respect to y, we obtain

45



the following relations:

*'<T'(y))— j ~  =  i. (a s)

+ »V M ) —  + » V ( y ) } ^ -  -  o, (A io)

from which it follows th a t:

dr'(y) _____1_
dy h'{r\y)} ’

d2r'(y) _  h"{r'(y)}
dy2 [A'{T'(y)}]® ’

dV (y) =  A"{r'(y)}A'{T'(y)}-3[A'{r'(y)}]2
dy3 [*V (y )}]5

(All)

(A12)

(A13)

Substituting eqs. (A11)-(A13) into the right-hand side of eq. (A6), we get:
+  oo

g(r')ó*{;»(T')}dr' r g>'(y)} 3  g'{r'(y)}^"{r'(y)}
.  [A'{r'(y)}]3 [AV(y)}]4

g{r'{y)}h'"{r'{y)}
[A'{r'(y)}]4

+  3-g{T'(y)}[A"{T'(y)}]2 ~
[A'{r'(y)}]5 _i/= o

(AM)

If we now suppose that r  is the (only) value of r ' for which h(r') =  0,
it follows from eq. (A2) that r'(0) =  r, so that eq. (A 14) becomes:

+  oo

f  g V ) * ' W ) W
-  g V )  g'(r') h'{t')
_{A'(t ')}3 {h\r')Y

g(r') h'"{r')
{h'{r')Y

+  3
{h'(r')Y . T ,  =  T

(A15)

Taking the special case that:

h(r') =  -  —  {A«(t') -  X*{t)} U«(t),
c

(A16'
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we have:

h'(r) =  -  y  U«(t’) Ua(r), (A17)

h"(r') =  -  -  Ü«(t') Ua(r), (A18)
c

h"\r') =  -  — Ü«(t)  U»(t). (A19)
c

The function h(r'), (Al6), has indeed its (only) zero just for the value r  of the
variable t , and since furthermore:

U«{t) Ua{r) =  -  C\ (A2°)

and consequently:

f>(r) C7«(t) =  0, (A21)
Ü*(t) U„(t) =  — C/a(r) tfa(r), (A22)

we find for the function (A 16) the following properties:

[A'( t')]t<=t =  c, {A23)
[A"(r')]T-=T =  0, (A24)

[Am(r')]T'=T =  y  Üa{r) Üa(r). (A25)

Substituting eqs. (A23)-(A25), together with (A16), into (A15), we obtain:
+  oo

g(r') d" (A«(t') -  A«(t)} U J t ) dr'

—gV) #«(T)
yhich is just formula (12) of the present chapter.

(A26)
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Chapter  IV

THE CLASSICAL EQUATIONS OF MOTION WITH RADIATION
REACTION AND THE ENERGY-MOMENTUM TENSOR FOR

ELECTRIC AND MAGNETIC DIPOLE ATOMS AND MOLECULES

Synopsis
The classical equations of motion for electric and magnetic dipole atoms (or molecules)

in an external electromagnetic field of force, treated in chapters I and II on the basis
of Moller’s theory of the relativistic dynamics of systems with an internal angular
momentum, are extended to the case that the reaction of radiation on the atoms is
taken into account. To this end Moller’s theory, which is valid only for finite systems
(total energy-momentum tensor zero outside a finite region in space for arbitrary
fixed time), is modified in order to be applicable to the case of radiating atoms (or
molecules). Dirac’s method of splitting retarded fields covariantly into self-parts (half
sum of retarded and advanced fields) and "radiative” parts (half difference of retarded
and advanced fields) is applied to the sub-atomic fields. I t is proved that the sub
atomic self-force density can be written as minus the divergence of a symmetrical
four-tensor, which is zero outside the atomic system and which, added to the sub-atomic
material energy-momentum tensor, may be interpreted as the total energy-momentum
tensor of the finite atomic system. With the help of the latter tensor the atomic mass,
intrinsic angular momentum and centre of gravity are defined, using Moller’s theory.
The influence of the "radiative” part of the field on the centre of gravity motion of the
atoms and the change of their intrinsic angular momentum is then analysed. The
equation of motion and the intrinsic angular momentum balance equation, obtained
for radiating charged dipole atoms are used in order to derive the relativistic atomic
energy-momentum tensor for a system consisting of a large number of these atoms.
In contrast with the tensors in the previous chapters, this tensor is no longer sym
metrical.

The treatment of the present chapter could be extended to include the case in
which the atoms also possess electric quadrupole moments.
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§ 1. Introduction. In the first chapter, denoted hereafter by I, we have
treated the classical equations of motion for electric and magnetic dipole
atoms (or molecules) t in an external electromagnetic field of forcex). The
treatment was based on Mpller’s theory2) of the relativistic dynamics of
finite systems tt with an internal angular momentum in an arbitrary (non-
gravitational) field of force. In chapter I I 3) we have simplified Mpller’s
equations of motion in the case of electric and magnetic dipole atoms, by
showing that certain terms, which contain an unphysical trembling motion
can be eliminated. In this way differential equations of the usual second
order type were obtained for the description of the motion of the atom as a
whole in a given external electromagnetic field of force. In chapter I I I4) we
have extended the theory developed in I and II to the case, that the atoms
carry, in addition to their electric and magnetic dipole moments, also
electric quadrupole moments. In all previous chapters (I-HI) radiative
effects were neglected throughout, as was also the case in the work of de
Groot and Suttorp5). In our treatment this was a consequence of the fact
that Moller’s theory 2) is only valid for finite systems, i.e. for systems whose
energy-momentum tensor is zero outside a finite region in space for arbitrary
fixed times. It is well known that the energy-momentum tensor of the
electromagnetic field of a (classically) radiating atom does not possess the
latter property.

In the present chapter we shall take into account radiative effects in the
theory. To this end we shall have to modify Mqller’s theory2). We shall
apply Dirac’s method6) of splitting covariantly (retarded) fields into self
parts (half sum of retarded and advanced fields) and so-called “radiative”
parts1 (half difference of retarded and advanced fields) to the sub-atomic
fields. This leads to a corresponding splitting of the electromagnetic force
density, acting upon the atom, into two parts. In section 2 we shall prove
that the sub-atomic self-force density can be written as minus the di
vergence of a symmetric four-tensor, which is zero outside the atomic
system. This tensor may be added to the sub-atomic material energy-
momentum tensor, and the sum may be interpreted as the total energy-
momentum tensor of the finite atomic system. With the help of the latter
tensor, we shall define in section 3 the atomic mass, intrinsic angular
momentum and centre of gravity, using Moller’s theory2). Next, the in
fluence of the remaining (“radiative”) part of the field on the motion of this
centre of gravity and on the change of this intrinsic angular momentum is

t In the present chapter we shall always write shortly atoms instead of atoms (or
molecules), if this does not lead to ambiguity.

tt Systems with an energy-momentum tensor, which is zero outside a finite region
in space for arbitrary fixed times.

* For reasons, which will become clear below, the word “radiative” is not properly
chosen here, and we shall therefore avoid it as much as possible.
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analysed. In this way the equation of motion and the intrinsic angular
momentum balance equation for classical radiating charged dipole atoms
are derived (in simplified form; see chapter II). These equations are an ex
tension of the equations of motion, derived by Dirac6) for classical spinless
point electrons, and analogous to those obtained by Bhabha and Harish-
Chandra7) for point particles, possessing higher electric and magnetic
multipole moments. In contrast with the results obtained by those authors,
our results are, however, free from (self-energy) divergencies, since we have
used Mqller’s theory2) as the starting point, which is a theory for extended
particles. Furthermore we neglect radiative effects due to the accelerations
of the centres of gravity of the atoms (“Bremsstrahlung”).

The equations of motion and the intrinsic angular momentum balance
equation, derived in section 3 are used in section 4 in order to derive the
relativistic energy-momentum tensor for a system, consisting of a large
number of radiating dipole atoms. In contrast with the atomic energy-
momentum tensors in the previous chapters (I-III), the one obtained
here is no longer symmetrical, as this need not be the case for non-closed
systems8).

For simplicity’s sake we have treated only the case for electric and magnetic
dipole atoms, neglecting electric quadrupole moments. Using the results
obtained in chapter III, we could, however, generalize the theory of
the present chapter to include also atomic electric quadrupole moments.
This will be indicated at the end of this chapter (section 5).

§ 2. Modified theory of Moller. We consider a classical radiating atomic
system, moving in an external electromagnetic field. Since this system may
not be considered as finite in the sense that its total (sub-atomic) energy-
momentum tensor vanishes sufficiently rapidly t outside the system for
arbitrary times, we cannot apply Mpller’s theory in the form as presented
in ref. 2. We shall therefore have to modify that theory, in order to apply it
to the case of radiating atoms.

We shall use Dirac’s covariant definition6) of the self part and the
“radiation” part of a retarded field. The self part is defined as half the sum
of the retarded and the advanced electromagnetic field, produced by the
(atomic) system t t ;

/&(*) =  H/&>(*) +  /& T>(*)}. 0)
t The field part of this tensor is proportional to R~2 (i? is distance from the centre

of the atom) at large distances for the radiating atom, since it is a quadratic function
of the electric and magnetic fields [see e.g. formula (27) of ref. 9], which are themselves
proportional to R~l at large distances. The surface integral over a large sphere in space
is therefore non-vanishing in this case, which makes impossible the application of
Moller’s theory2).

tt where not explained, we use the same notation and symbols as in I—III.
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whereas the “radiation” part is taken as half the difference of these two
fields t :

/?-)M — M/(ret)M /(adr/*)}' (2)
These fields may be written in terms of the four-potentials A*+){x) and
A-)W:

/&>(*} =  d«A{±){x) -  d ^ ±){x), (3)

with
oo

A t+)(x)
1

4nc
ia(x') <5{(it x')2} d<4>*', (4)

and

A(-){x) =  —— J A(x — x') d<4>x', (5)

where

A ( x -  x') m d{(x -  x ' n  *0 _ * 0| (6)

and where ia(x) is the (sub-atomic) charge-current density four-vector, (for
derivation, see e.g. ref. 10). We shall, for the time being, make no assumptions
about the form of ia(x) tt, other than that it is zero outside a thin tube in
space-time (of the order of the atomic dimensions for arbitrary fixed time).

The force density of the electromagnetic field produced by the atom may
also be split into a “plus” part

/ “+ ){x) = - - / ( + )(x) *>(*) =  ”  {daA(+)M -  &A f+ ,(*)} ip(x), (7)

and a “minus” part

/“->(*) =  -* /?->(*) H{x) =  y  {3Mf_)(x) — 3Mf_)(x)} ip{x). (8)

We first consider the expression (7). It follows from the law of conser
vation of charge:

3 *».(*) =  0, (9)

t  D irac’s definition of the “ rad ia tion” p a r t is in fact two tim es the  right-hand side
of eq. (2). As it will appear below, however, bo th  definitions do not lead in the  equations
of m otion merely to  term s, describing the dam ping by  radiation, i.e. tran sp o rt of
electrom agnetic m om entum  and energy a t very  large distances from the  atoms. We
shall therefore avoid the  use of th e  word "rad ia tion” in  connection w ith the fields
/??)(*) or

t t  We m ay have a discrete as well as a continuous charge-current distribution  in space.
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that:

/ “+)(*) = ------M A?+ix) iP(x)} +  V  {daA(+)(x)) **(*)•c c
( 10)

The first term at the right-hand side of this equation has the form of the
divergence of a tensor, which vanishes outside the tube in space-time
within which ia{x) ^  0, and we shall now prove, using the fact that the
ó-function in eq. (4) is invariant for the interchange of the variables x and x',
that also the last term of eq. (10) can be written in that form. Substituting
eq. (4) into the last term of eq. (10), we get:

with: d'(y) =  dó(y)/dy. Interchanging the variables x' and x" in the last
member of (11), we find:

where we have used the above-mentioned property of the ^-function ap
pearing in (4). If we now take half the sum of the expressions (11) and (12),
we obtain:

and it is easily seen that the right-hand side of this equation is the divergence
of a tensor, if we develop the function <5<4>(x' — x) into a Taylor series around
the point x”:

- {daA{+)(x)} i0(x) =  *>(*) **(*') (*“ -  x'«) 6'{{x -  *')2} d<4>*'

2 ttc2
ip{x”) H>{x'){x"«-x'«) d'{{x'-x')*}d<*){x’ - x )  d<4>*' d<4>*":

— {0Mf+)(%)} ip(x) =  — ip(x’) iP(x') [x”« — x'a)

X d'{{x" -  %')2} <5(4)(*' -  *) d<4>*' d W x\ ( 12)

OO  OO

i{ 0 M ? +)(*)}i,(%) =  —J L(*') *(*')(*'« -  x'«)

X -  x')2}{dA) (x“ -  x) -  0<4>(7 -  x)} d<4>*' d<4>*", (13)

OO OO

~ { d aA[+){x]}ip{x) =  - ^ ^ - f  */»(*') iP[x')(x"a — x'a)

“  1X ö' Ux" -  x')*\ 0<4>(*" -  x) -  S  —  [x"K -  *'■*.)
n — 0 f l !

X ... {x"K -  x'K) 0Al... 0a„<5<4>(x " -  x) d<4>*' d<4>*"

52



X \h -  *'*.) ... \x’K -  x'K) ip(x") it(x')

X (*'« _  *'«) 8'{{x" -  x’)2} ó<4>(*' -  x) m x '  d<4>**

4nc2
1

n = 0  (w -)- 1)! du — 0 A -+1
(xa — x'a)

x  (**, — x'K) ... (**.41 -  *'*.4i) ip{x) i»(x') d'{{x — *')2} d<4>*' (14)

where we have finally integrated over x". Making the substitutions:
Ax p, fa -► fa, ■ ■ ■, A»+i A» and fi y  in the last member of (14), we get:

—  {da A fi(+)(x)}ip{x) =  -
1

4nc2
de r g  1 ■

_n=0 (W +  1) !
... a

X (**i -  *'*.) ... (**. -  *'*.) iy{x) *’’(*')

x  (*« _  #'«)(** _  x '0) 6'{(x -  x')2} d<4>*' , (15)

which is indeed the divergence of a four-tensor, vanishing outside the above-
mentioned tube in space-time.

Substituting this result into the right-hand side of eq. (10) and using eq.
(4), we find that the sub-atomic self-force density /“+>(*) can be written as
minus the diverence of a tensor T(+){x) :

/?+,(*)='im i iÈ i  (16)
with

47tC2
»«(*') ifi(x) d{(x -  x')2} d<4>*'

1
dX i-‘ dx. j V - *'*l) ... (**. — *'*»)

47tC2 n = 0  ( »  +  1)!

Xiy{x) iv(x’)(xa — x'a)(xP — x'0) <5'{(* — x')2} d<4>*'. (17)

Using this result, one could now write the sub-atomic energy-momentum
law:

a*r& (*) =  f?+)(x) +  /?_>(*) +  m  (is)

where T ^ ( x )  is the sub-atomic material energy-momentum tensor and fa{x)
is the force density of the external electromagnetic field, in the following
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form:

W & (* ) +  T t f f r ) }  =  /£_,(*) +  ƒ«(*), (19)
and define

T'«0(x) -m T ^ (x )  +  T ftix )  (20)

as the total sub-atomic energy-momentum tensor. This tensor would,
however, not be symmetric, which is rather inconvenient, since then the
energy-momentum law does not directly imply the angular momentum
balance in the form of eq. (2) of chapter I. We therefore try to add a diver
gence-free tensor BaP(x) to T,/X&(x), such that

T«0{x) =  T'«P{x) +  B«l>(x) (21)

is symmetric. This tensor Ta&(x) can then be interpreted as the sub-atomic
energy-momentum tensor, and used for the derivation of the equations of
motion of the atoms.

Since the tensor Tf^{x) will be supposed symmetric, we have in fact to
symmetrize only the tensor Tffi(x). We shall use a method analogous to
that of chapters I and III for the symmetrization of the atomic energy-
momentum tensors. As:

Tf+){x) «  T{${x) +  B « W  =  Tfó(x) +  Bf>«(x), (22)

we find for the antisymmetric part of BaP(x), using (17):

B$(x)  -  \ {B*{x)  -  B^(x)}

87rc2
{*«(*') iP(x) — i0(x') i«{x)} 0{{x -  x')2} d<4>*'. (23)

The tensor BaP(x) is therefore of the form:

B *0(x )= B $(x ) -

OO

1 c
8ttc2 i

{ia[x') i&(x)

X <5{(* -  x')*} dWx',

iP(x') ia(x)}

where B?R(x) is the symmetric part of the tensor Ba0(x). Since:

dpBaP(x) =  0 ,

(24)

(25)

our problem is to find a symmetric tensor B^{x), of which the divergence
is given by:

deB$(x) =  Sp ƒ{**(*') -  **(*') **(*)}

X d{{x -  x')2} d<4>*'. (26)
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Introducing again the function d^(x"  — x) in the right-hand side of (26),
we get:

(■)(*) tip {*«(*') if>(x”) -  if>{x) »“(**)}
w K " ‘ Q-k c 2

X «{(*' -  *')2} <J<4>(*' -  x) d<4> x' d<4> * '
01

{*«(*') »/»(#') d{(x" -  x')2}

X {«5<4) (*" _  *) _ i(4 ) (*' _  *)} d<4) a;' d(4) *•

8 ttc2
d p d y

n =  0  { f l  1 ) !
K  ■■■ d K

x (*'*. -  * 'Ai) ... {x"K -  a;'-».) * « (* ')  * * (* ')

X (x'v -  x'y) 0{{x” -  x')2} 0(4) (*' -  x) d<4) a:' d<4) x '

87TC2
d p d y K —  SA„

=0 (w +  1)!
o

(a:ai — a ' ai ) ... (xK — x'K) ia(x') i&(x)

X (%v — x'v) ó{(a: — x')2} d<4) x'

X

(27)

where we have used a procedure analogous to that in eqs. (11)-(15). If we
now interchange the indices /? and y in the last member of (27), we find th a t :

« ( * )
8 to2

d p d y dh ••• 9A„n=0 (w -j- 1)!
o

(a:ai — x 'xi) ... (xK — x'K) ia(x')(xP — x'P) iv(x)

X d{{x -  x')2} d(4)*'

X

8uc2 9a ,  • • •  9a„[»-o (« +  1)!

X {»*(«')(# - ^ )  +  *»(*')(*•—*'•)}*»(*) % - a:')2} d<4)*'

where in the last member we have added the integral:

(* Ai -  x'K )... (a a„ -  a; 'a»)

(28)
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8tzc2
dfidy

n=o (n +  1)! 8 a,  ■■■  8 a„ (xK — x'K)

... (xxn — x’K)(xa — x’a) iP(x') iv(x) d{(x — x')2} d<*%' (29)

which is proved to be zero in appendix I.
Since the right-hand side of (28) is the divergence of a symmetric tensor,

we may p u t:

B%(x)
8 ttc2 K — 8a„

= 0  (n +  1)!

X {ia(x')(xP — x’P) -f- iP(x')(xa — x'*)} iv(x) d{[x—x')2} d<4>%'

We then find with (24) for B*P(x):

(xxi — x’xi) ... (xK — x'K)

(30)

oo

BaP(x) = ------!— f  Ha{x') ip(x) — i&(x') ia(x)} d{(x — x')2} d<4>x'
8w 2 J

8 tcc2 =o (« +  1)! 0 A ,  • • •  8 A „ (XX 1 — x'K) ... (xK — x'K)

X {ia(x')(xP — x'0) +  iP(x')(xa—x'a)}iv(x) 6{(x—x')2} d^x' (31)

If this divergence-free tensor is added to the tensor Tffi(x), eq. (17), we
finally obtain the tensor Tft^x), as follows from eq. (22):

T?+)(x)

+

871c2
{i<*(x') iP(x) +  tf(x') ia(x)} d{(x — x')2} d<4> x'

OO

1
d, ... 0. (xxi —  x'xi) ... (xkn —  x'K)

4ttc2 n-o (n +  1)! T'* l\

X iy(x) iv(x')(xa — x'a)(xt> — x't>) 6'{(x — x')2} d<4>*'
OO

1
8irc2

3 * .  -  8 a,  I (xK -  x'K) ... (xK -  x'K)

. (32)

m=0 (w -(- 1) !

X {ia(x')(xl> — x'») +  if>(x')(x<* — x’“)}iY{x) 6{{x -  x')2} d<4>*'

The symmetric tensor:

T«'(x) =  T&(*) +  T^(x)  (33)

[cf. eqs. (29), (21) and (22)] will now be interpreted as the total sub-atomic
energy-momentum tensor, and the energy-momentum law (19) takes the
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form:

d0T*fi(x) =  /?_,(*) +  p(x).  (34)

This equation can then be used as the starting point for the derivation of the
equation of motion and the intrinsic angular momentum balance equation
of a radiating atom (cf. refs. 1 and 2). I t  should be stressed once more, tha t
the results obtained in this section are independent of the special form of the
sub-atomic charge-current density.

§3. Equations of motion. The atomic mass is defined b y :

oo

1
M * ( t )

1
c4

T**(x) Ufi(r) Ua(r) » ■{*y-Xr(T)}Uy(T) d ^ x .  (35)

We use the same definition and notation here as in chapter I. The in
trinsic angular momentum tensor is given by [cf. (1.8)]:

^ {T) .  _  _

X U y(r) ó

o

ƒ [{x« -  X«(r)} TPy{x) ~  {x0 — X/»(r)} T«Y(x)]

—  {X° - X * ( t)}U s(t) d<4>* (36)

and the (pseudo) centre of gravity J* (r)  of the atom is defined by the
relation [cf. (1.11)]:

QaPUp =  0 . (37)

In  appendix II  we shall prove th a t the mass, the intrinsic angular mo
mentum and the centre of gravity of the atom, found with the tensor (33),
if we retain only terms up to  order r 2 (c — velocity of light), are of the
usual forms obtained in this approximation [see also the results of de Groot
and S u tto rp5)]. Furthermore it appears tha t higher order corrections (due
to the retardation of the self-force) are in general very small, so th a t the
tensor (33) m ay indeed be considered as a correct expression for the energy-
momentum tensor on the sub-atomic level.

We now turn  to the first term  of the right-hand side of eq. (34), i.e. to  the
expression for the force density of the minus part of the field produced by the
atom. This term is given by eq. (8), together with eqs. (5) and (6):

/ “_>(*) =  — {d“4£_)(*) — SM “_)(#)} ifi(x). (38)

From now on we shall only consider the case of charged electric and
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magnetic dipole point atoms. We then have for ia(x) [see (1.16) and (1.171]:
+  oo

**(*) =  ce J U«(t) (Z(r)
— oo

xj dr

+  oo
C |  fJLa^(r) dp d(4) | ( T) — XJ (\T
—  OO

(39)

If we substitute eq. (39) with x' instead of x into eq. (5) and perform (partial)
integrations with respect to x ', we get the following expression for the
potential d “_;(%) of a charged dipole point atom:

+  oo

.4 ?_)(*) =  —  |  d[{x -  Z (t)}2] s{*<> -  X»(t)} U*(t) dr
— OO

+oo

+  —  [  s{*° -  X0(r)} ^ ( t) {xp -  Xp(r)} dr, (40)

where s{x° — X°(r)} =  (x° — X°(t))I\x° — W°(r)|. Terms with derivatives
of the sign-function s are zero. This is best proved by calculating the potential
A >(x) first for an extended dipole atom, (instead of the second integral
of (39) one then has cdpmaP(x), where ma0 is non-singular). In this way one
easily finds, that the term with the derivative of the function s is equal to
zero. One can then finally consider the limiting case of point dipole atoms.
By differentiation of (40) we get for the minus field tensor:

+  oo

/£>(*) =  T - -  * W } 2] s{*° -  X°(r)}

X [_{xa — X «(t)} U0(t) — {x@ — XC(t)} U«(t)] d7
+ oo

d'[{x -  ^ ( t)}2] s{%° -  X°(t)} dr

+  oo

-|-----d"[{x -  9sT(t)}2] s{x<> -  X°{t)}[{x« -  W«(t)}

{x0 — Xe(r)} nav(r)] {xv — X v(t)} dr (41)

With eq. (41) for the field tensor f .̂)(x) and eq. (39) for the sub-atomic
charge-current density ia(x) substituted into eq. (38), we obtain the force
density ƒ“_>(#) of the minus part of the field, produced by the atom.

t Formulae of chapters I, II and III will be denoted by (1.1), (II. 1), (III. 1), etc.
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We can now derive the equation of motion and the intrinsic angular
momentum balance equation for radiating charged dipole atoms by the same
m ethod as in I, sections 2 and 3, starting with eq. (34). Since later on the minus
part of the electromagnetic field, produced by an atom, will appear to be
non-singular at the position of this atom (cf. also ref. 7), it may be treated
in the same way as the external part of the electromagnetic field. We there
fore obtain the following result for the equation of motion [cf. (I.25A)]:

d d
c —  (M*Ua) -|-------(Q^tJp)

dr dr
cff-)Uff — (dyff-)) /apv

d
—  -d7 { ( / f .W  -  ffL & r) +  (U-Uef ^ u e)

ef«f>Up -  (dyf*i>) fipv -  —  —  { ( /* > /  -  Up}
c* dr

+  —  —  (U*Upfe*ny*Ua) , (42A)

where fft) =  fft){X(r)} and ƒ“£ =  fa^{X(r)}, and for the intrinsic angular
momentum balance equation we get [cf. (I.25B)]:

c A ^ :^ i  =  A«eAec(f‘y _ ^ /  -  f\y_)txy‘)

+  A**A*.t  { f* t/ iy t  — fivtUy*), (42B)

where:

Aap — dap -|— — UaUp. (43)
c2

Except for the terms, containing the tensor / ^ )( the eqs. (42) are of exactly
the same form as the eqs. (1.25). The terms containing f[fi) describe the
“radiative” effects.

Let us first investigate, whether the eqs. (42) can be simplified in an
analogous way as was done in chapter II  with the eqs. (II.7). We note th a t
the field fft)  and its derivatives have finite values on the world line of the
representative point of the atom, i.e. its centre of gravity (cf. also ref. 7).
The main point in the simplification of the equations of motion in chapter II
was the validity of the strong inequality [cf. (11.16)]:

e
M *

(44)

and one easily finds, going through the details of the derivation, th a t also
in the present case this inequality simplifies the eqs. (42). But there was a
second point in the iteration procedure of II, namely th a t we neglected
terms of th ird  and higher order in the internal variables. E.g. we neglected
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term s of the  ty p e  (11.18). In  the  present case these term s become:

-  —  —  W  +  W )  Aty',| , (45A)

and :

' mW { U * n e v  ~  +  W) f* ‘ e- (45B)

As th e  derivatives of th e  field tensor rem ain finite on the  world line of
th e  atom , producing th is field, term s of the forms (45A) and  (45B) are again
of the  th ird  and  fourth  order and  can therefore also be dropped from the
equations of m otion and  th e  angular m om entum  equation. W e m ay,
therefore, conclude th a t eqs. (42) can be w ritten  in the following simplified
form s [cf. (11.17)]:

c —  (M*Ua)
dr

eff-)Uff — (0y/“f )) fipy

+  ^ — {UaU^ y ‘ U ») efaPUp — (0y/<*0) /xpv

A —{(fayUy

and :

cfr*  =  A M 4t( /£ > yt -  $ > / )  +  A \ A ^ { p y ^  -  fiy/iy1). (46B)
F or fu rther evaluation of the  “ rad ia tive” contributions to  the equations

of m otion we have to  calculate form ula (41) for the field tensor f f i ) a t
* =  X(r):

+  oo

ff-){X(r)} =  —  f -  X(r')}«] s{XO(r) -  X«(r')}

X [{X«(r) -  X«(r')} U&(t') -  {X*(r) -  XP (t')} U* (t')] dr'
+ o o

—oo

+ o o

+

<5'[{X(r) -  X(r')}2] s{X°(t) -  XO(r')}^ (t') dr'

9

*'[{*W  -  X (r')}2] s{X0 (r) -  XO (r')}

X [{X*(r) -  X« (t')}^ v (t ') _  {XP (r) -  Xf>(r')}ii«y{T')-\
X {Xy(r)— Xy(r')} dr', (47 A)
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and also its derivative at that point:
+ oo

3r/& {*(r)} =  —  f  -  *(r')}2] s{X<>(t) -  X»(r')}
—oo

X [dy»UI>(t') -  0/{7«(r')] d r '
+oo

+ -  jV[{X(r) -  X(r')}2]s{X0(r) -  X °(t')}
—  OO

X[{X«(T)-X«(TO}^(rO-{Xi»(T)-X/»(TO}C7-(TO]{Xy(r)-X y(,')}dr'
+ oo

<5'[{X(r) -X(r')}2] s{X°(r) - A ° ( t')} ̂ ( t'){Xv(t) - X v(r')}dr'
J

—  OO

- f  oo

+  —  j  -3"[{^(t) -  Z(r')}2] s{ZO(t) -  ATO(r')}
— OO

X [{A«(r) -  X«(r ' ) }^v(r ' )- {XP(r)-XP(r ' )}^y(r ' )]  d r '
+ oo

+  - i f  n {X {r )  -  Z(r')}2] s{X0(t) -  XO(r')}
—  OO

X [ Ö y ^(r ' )  -  dyt>^(T')]{Xg{r) -  X 0(t')} d r '
- f  OO

<5'"[{Z(t) -  X{t')}2] s{A<> (r) -  ZO(r')}[{X«(r) -  A«(t') W )

-  {XP{r) -  XO(r'))^{r')-\  {X„(r) -  X e(r')}{Xy(r) -  X v(r')}dr',
(47B)

where öva is the four-dimensional Kronecker symbol. (Note that terms with
derivatives of s always disappear.)

A method for the rather lengthy and tedious calculations! of the ex
pressions (47A) and (47B) is given in appendix III. We shall note here only
some general features of the calculations. We have to evaluate terms [call
them G<n>(r)] of the form:

4*00
C(*>(r) =  ƒ g(t', t) <5<»>[{X(t) -  A(r')}2] s{A °(t) -  X°(r')} dr', (48)

t The calculations of (47B) are shortened by the fact that ëyffO_ j only appears con
tracted twice with the antisymmetric tensor /igv in the equation of motion, so that we
do not have to calculate symmetric terms in /? and y  in the expressions (47B).
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where ó<ra>(y) =  dnd(y)ldyn (n =  1,2,...) and g(r', r) may be a function of
Ua(r'), ^ ( t ) and {Z*(t) — Z*(r')}. First we calculate the expression:

+ ° °

G{x) =  ƒ g(r', *) 0[{x -  X(r')}2] s{*° -  XO(r')} dr' (49)
—oo

for a nearby point x  [of V(r)], which may conveniently be chosen such th a t:

{x« -  Z«(r)} Ua(r) =  0. (50)

Denoting the small separation between x  and X(t) in the momentary rest
frame of the atom by e (>  0), formula (49) can be written as:

4-oo

G(t ; e) =  |  g(r', r) <3[{V(r) -  X(r')}2 +  «2] s{X<>(t) -  X°(r')}dr', (51)
—  OO

where we have neglected terms of higher order in e, which is immaterial,
since we shall finally take the limit as e tends to zero.

We now expand eq. (51) as a Taylor series with respect to the retardation
and advancement times a, obtained as the solutions of:

[{X(t) -  X(t')}2 +  £2]t,=iT<j == 0 (a >  0), (52)

where the minus and plus signs refer to the retarded and advanced solutions
respectively t. If we now invert a as a function of e from eq. (52), and
substitute the result into the above-mentioned expansion of (51), we obtain
a power series in e. To find the required functions (48) we only have to
differentiate the latter power series with respect to e a number of times, e.g.:

+  oo

|  g{r', t) a < » >  [{X(t) -  X{t')Y +  fi2] s{X°(t) -  X°(t’)} dr'
—  OO

+ o o

= ( ~ — ) ” [g(r',r) ó[{Z(r)-X(T')}2+ e2]s{Z0(r)-X0(r')}dr', (53)
—  OO

and let e tend to zero at the end of the calculations, so that all terms of order
b and higher vanish and only those independent of e remain in the final
results*. Various calculations are simplified by the special forms to be used
for the functions g(r', r). For details we refer to appendix III.

t Note that a may be different in value for both solutions.
* Note that the method of calculating the field quantities (47A) and (47B) by means

of the limiting process, described above, is only justified, since the fields /“£j(^) and
8y appear to be continuous functions of x not only outside, but also inside the
atoms, if they are considered as very small extended systems. We shall not prove these
properties here.
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Now if we make the assumption (cf. appendix III), that all terms containing
derivatives of the atomic four-velocity with respect to r, are negligibly small
compared to the other terms in the equations, we get for the minus part of
the field tensor [cf. (A.53)]:

1 f 9 (3) 4 <3> <3> 1
t t m y = ^  -  u ^ av) Uv\> (5 4 )

(n)
where the argument of the atomic variables is r and — d ^ ^ ^ /d r ”.
We therefore have, using the antisymmetry of ^ :

eff-V e
2e <3>

■ w  “
(55)

In the same approximation we obtain [cf. (A.54)]:

— (3r/(̂ >) &gj =  -T
(4)

+ 3c«
(4)

fl̂ PflpyUV

1 (4) 2  (4)
+  —  U*/*i>Vfiye - |— -  U a U p fipv/ i y i U °

3c6 c8
(56)

With the last two formulae, we can write, again in the above approxi
mation, the first two terms on the right-hand side of eq. (46A) in the
following form:

e f f ^ U p - i d y f f f } ^
1 d

4tt dT 3c4
f i aVUy

(3) 1 (3)
- p p f iy f i y l j y  +  H *» ftfiy  Uv +ocu 3c6

(3)
Ua/J.0v Hyft

2 <3> 1
H ---------- —  U aU H^flydU6 --------------— —  ji^PflffyUV

c8 oc°

1 1 2 '
-------------------fi«t>jifiyUV -  ~  U«p0Vjiy0 -  —  UaUffp^fiyöU6

3 c 3c« c8

+ - - ^ j i ^ y U y  +  —  u ^ y f i y p  +  —  U x U ^ y jiy ö U * .(57)

For the other terms at the right-hand side of (46A), containing the field
tensor / “f )( we obtain with eq. (54):

-  -  —  [ ( / ? V /  -  + lUaUef(-^y°Ui]
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21 d
4tc dr

2 (3)
~ V avf*vl>Uf>

3 c<*
(3)

/Aav/AypUP

2  <3)
----- —UaUpiu.^fiVdUó ,

c° (58)

where we have used the antisym m etry of
Adding eqs. (57) and (58) we obtain the sum of all term s depending on

/(^) a t the right-hand side of eq. (46A), and denoting this sum by cF“_ ) we
get after partial differentiations of some terms the following resu lt:

cF(-) =  cFtd) +  c —  Gf_), (59)

where we have introduced F “d) and

2
Fa
"  ( d ) +  —  U ^Y jiyff +  —  U'U'ji'YiiyoU*

3 c7 3c7 c9

and
(60A)

r a 1 d
4k dr 3c7

H^iipyUY

' 1 (3) 1 2  "I
—  U*n»Yny0 -  —  U ^Y jiyf  _  _  U«Ueilt>Yiiy<,U° .

(60B)
We shall interpret F “d) as the radiation reaction four-force. As is shown in
appendix IV, this force can be related to the energy-momentum radiation
rate.

We finally tu rn  to eq. (46B). The sum of the terms at the right-hand side
of this equation, containing the field tensor /?£ > will be denoted here by the
symbol and becomes with eq. (54):

<*>£) = (/?W  -  /? ^ V “) + U a U e i f j L ^ y #  -  /?!>/)

+  “ T U0Udf tv- ) ^  -  /(v- ^ )  =  c < )  +  c —  A»*, (61)

where we have introduced ) and A*0:

—  £ a y  -  —  ( G V ' *  -  UYji«3)

2 4
------------------ ----- (UPjiv i  —  UYfi^) U o \ f i y a

3 c5 3c7
(62A)
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and

{U*jivo _  Uvjia i) UA fiy0A a* = ----  { ---- ü*v_
3c5 p 3c>

3 -  —  ( UOfiy• -  UVfii>6) Uo\ fMV*

2 2
+  - ^ r  (Wp** — U*r&) fivaUd +  —  (U0pL«Y — Uafî v) pyaU63 c?

2
3c?

3c?

(U*p*v — Uajito) flyöU6 (62B)

In appendix IV we have proved that the radiation rate of angular mo
mentum is given by:

Totfl _ _ JotP IJ (rad) — a(-) T p.*e>, (63)dr3 ( 4n 3c3

where the tensor fiaP is defined by eqs. (A.77)-(A.79). If we now define the

(64A)

tensors:

®(d) — d f11 -
d3 I 2e
dr3 |[ 4 tc 3c3

and

Af_ ) =  Aa0 -)-
d

r 1
2e

dr |l  4 tc 3c3rfiapb (64B)

we can rewrite eq. (61) as

*»<*> =  cdfa +  C —  A (65)

We then see that we may interpret the tensor as the radiation reaction
torque acting on the atom.

From the eqs. (46A) and (46B), together with the results eqs. (59)-(65),
we shall derive in the next section the form of the atomic energy-momentum
tensor for a system of dipole atoms, which may radiate, in an analogous
way as this has been done in chapter I, section 4 for a non-radiating system.

§4. The atomic energy-momentum tensor. Analogously as in chapter I,
section 4 we now consider a system consisting of N  point atoms, numbered
by the index k. All atomic quantities and variables belonging to the &th atom
will be labeled again by the index k. The rest mass of the &th atom will be
denoted by m*k) (instead of M*) and its centre of gravity by R*k) (instead of
X a). If there are external fields acting from outside the system, the (external)
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field /*0 acting upon atom  k consists of the  following p a r ts :

W (* > )  =  S  f t ( R w )  +  ƒ#(*<JO). (66)
!(#*)

The first term  on the  righ t-hand  side of (66) is the  sum  of the p artia l (re
tarded) electrom agnetic fields ƒ$> due to  th e  o ther atom s I ( ^ k )  and  the
last term  is the  ex ternal field from  outside th e  system . W ith  these notations
and  th e  abbreviations (60), (62) and  (64), the  equations of m otion (46A)
becom es:

c
d

d T (fc)

+

4

4

4

• K W  =  c {F?d)}w  +

C(ic) S f(i)(R(.k))U(ic)0 — 2 m k )p v

-— — 2 ftt){R(k)) jM(fc)/ — fw(R(k)) mk)va} U( m ]
Ci dr(fc) l(^k)

—  - 7 — — {  2  U ^ k ) U ( k ) f f f ^ { R ( k ) )  ! * ( k ) v ° U ( k ) i )
c4 dT(*) ï( f̂c)

e ( k ) i ^ ) { R ( k ) )  U ( k ) 0  —  { d ( k )v f ( e ) ( R (k)}  lHk)Pv

~  , d l{f(*e){R <.k)) t*(k)v8 — f(Z)(R (k)) fHk)va} U(k)p]C2 dr (k)

c4 dr(fc) J
(67 A)

and  the  in trinsic angular m om entum  balance equation  (46B) becomes:

c —  Qfk) =  c { 0 * >  +  c "T~ {^(-)}<«dT(fc) dT(fc)

4* A?k)t/ (̂k)C [ 2  {ftl){R (,k)) mk)v^ f(l){R (k)) f tWy1}
l(*k)

4  {/&(£<*>) -  t U R (k)) H (k )v %  (67B)

Using the  sam e m ethod and  definitions as in chap ter I, section 4 (cf. ref. 1)
we obtain , afte r m ultip lication of eqs. (67A) and  (67B) by the  four-di
m ensional ö-function (5<4){i?(*)(r*) — R},  in tegration  over r(*) and  sum m ation
over k, the  following re su lts :

4-00
a*{<£8 +  4  t \ - ) }  =  C S  ƒ {F^(k) f>(i){R(k){T(k)) -  R]  dT(k), (68A)

A: —oo
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and:

9y S  Ï  { « - )< * )}Ac '&
+ oo

+  C S  [ƒ K & w * 4» ^ « (tw) -  A) dT(«] +  K  -  O -  (68B)
Ac — c o

where by definition (see I and also II):

t * m ) == £  P*k)U ?k)U (k)’ (69A)
k

S  W ?*» -  W m *KW *
k , l ( k é l )

+  { f t l ) m {k )v 6  —  m (k)f(l)V<>} M (* )Mffc)

- - - {u \ k ) f  ( l)Vöm \k )U (k)£S u (k)u w ' \

+  £  [/cfc)/fe)y +  f (e )h(k)Y  ~~ l / ( e )  W (fc)}
k

H- - - { f t e ) m WY<> m (k ) f ( e ) Y « ]  u \ k )u \k )

------- J - {M(fr)/(e)y<5w (*)M(fc)e}

+  /$/?.» ~  i(/(e)r<)} g*'. (69B)
+ o o

-  - c  £  ƒ G?_)(W(t(*)) C/fw(r(W) 3W{/ï(«(t(„) -  R }  drm , (69C)
A : — o o

4-00

#X*) -  6 ƒ w (tW) -  dTW, (69D)
—oo

with F ?d)(k)’ d td ) (k ) ’ G ? - ) ( k )  and A f i m  given by eqs. (60), (62) and (64).
Eqs. (68) together with the definitions (69) are already the atomic energy-

momentum law and the atomic angular momentum balance of the system,
but we shall still transform these equations, in order to make them more
transparent. First we notice that, since according to (60B), can be
written as:

G i - ) ( k )  =  " 5 ^ "  ^ < - X W  4 -  ( ^ ® )

we can write eq. (69C), in the approximation Ü *  ~  0, as:
4-00

=  - C 0 V £  J R t - X k M  Ulk)(T(W) U}k)(rW) W {R w ( T(«) -  R} d r (fc)
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—  C 2  j  ■&“_ ) (* ) (T(ifc)) t / f fc)(T(fc)) Ó<4){jR (* )(t (*)) —  i? }  d.T(*)
k  — oo

=  — 3r s  {M(*)s“-)(*)} +  7-)2 — l*-n +  *<%• (71)
k

I t  follows from (60B) and (70), that the tensor is symmetric. For the
tensor t * ^  we write:

=  -  Sr S  K Ws f ii)}  ~  3v S  (72)
fc k

where =  Hs“-)(*) +  s(-)(*)} is the symmetric part of sf_)(k) and
sWffv =  è{s“f)(fc) -  S(-Hk)} its antisymmetric part. We now add a divergence-
free tensor to t*% such that the sum is a symmetric tensor *<%:

t^n =  lt-)i +  S +  »ïkA'-%>} =  *?-)!• (73)
k

We shall also add the divergence-free tensor:

R  S  { - « a ^ X k )  -  < ^ )(W +  u\k)kf_m }, (74)
k

to (73), and define the final “minus” tensor t f i y
+otp __ fotfi 1 f*ocPh-)  =  *<-» r  f(-)2

+  S  { — K k ^ - m  u ( k ) ^ t - ) ( k )  M ( k A - )(*:)}• ( 7 8 )
k

The explicit form of this tensor can be obtained from the expressions
given above. From (71), (73) and (75) we have:

0 ^ = 0 ^ ,  and t * } -  <?“ ) =  Sy £  K ^ )(fc)}- (76)
k

Just as in chapters I and II, we also define a new material tensor t ^ y

7 m )  —  7 m )  X  { u (k)a *k) +  u lk )a (k) u \ k )a (k)}>  ( 7 7 )
k

for which it follows th a t:

and (78)
k

If we now define the total atomic energy-momentum tensor as

f f  *  +  *3> +  g f ï  (79)
we get with (76), instead of eqs. (68A) and (68B):

+  oo

3 ^  =  c X J {*7d)}<*) ö W { R ( k ) ( r ( k ) )  -  R }  dT(W (80A)
k  — oo

and
+  oo

{m  -  w )  =  c x  ƒ {̂ (d)}<*)«5<4){̂ <jfc)(t <*)) -  R} dT<*>- (80B)
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Eq. (80A) is the energy-momentum law for a system consisting of N  radiating
atoms. The right-hand side of this equation describes the radiation reaction
on this system. The atomic energy-momentum tensor t<*0 for such a system
is no longer symmetric as this was the case for non-radiating atoms (see I,
II and III). This asymmetry follows immediately from eq. (80B), which
is equivalent with the intrinsic atomic angular momentum balance in the
case one does not neglect the reaction of the radiation. Equations (80A) and
(80B) may be considered as the direct generalizations of equation (1.43)
for the symmetric tensor t*0 =  +  tfö, eqs. (1.36) and (11.25).

§ 5. Concluding remark. The present treatment could be extended to the
case that the atoms possess, in addition to their electric and magnetic dipole
moments, also an electric quadrupole moment. The starting point would
then be the equations of motion as derived in chapter III, eqs. (19A) and
(19B), supplemented with analogous terms in fj*_y Then the same procedure
as in appendix III could be applied. One would now have to calculate not
only the tensor ffiy and its first derivative, but also the second, and one
should also take into account the influence of the tensor xa0v (see chapter III)
on the results. We do not want to go into the details of these very compli
cated calculations here.

A PPEN DIX  I

Proof that expression (29) is zero. We write for the expression (29):

1
8 t c c2

dpdy
=0 (n +  1)! K - - - SXn {x"K -  x'xi) ... (*'*. — *'*.)

X (*»«_*'«) ie(x>) iv(x") <5{(*"-*')2}<3(4)(* '-* ) d<4> x' d<4>*" (A.1)

and make a Taylor series expansion of the four-dimensional delta function
<5(4>(*" — x) around the point (x' +  x’)j2. This gives for (A. 1):

8tt:c2
dpdy

OO CO

s s ( - 1 )*
_n = 0 m=o ( « + ! ) !  2 m r n l

V —

(x’*i — X’*i) ... {x"K — x 'x.)(x”i*i — *'*•.) ... (x’fm — *X)

X (x'«-x'«) i»(x') iv(x”) 0{{x"-x')2}<5<4> d(4) *' d<4> xT

8 tcc2
d p d y

I_p=o (m=o (p +  1 — m)\ 2m m\
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oo oo

X \(x"*i -  x 'h ) ... (x"K -  x'K){x"“ -  *'«) **(*') **(*')

# ] d<4) x' d<4) x‘X <5{(*"-*')2}<5(4) (A.2)

Now we know that

0 ( ^ , _ | _ l _ w)! 2m m\ m=o (p +  l — m)\ 2m m\ 0  +  1)!2»+1
V (_!)»» v+i 1 (— \)m (—1)P+1

0 + 1)!
(1 -  è)P+1 ~ (*+!)!

{(i)p+1 ~  ( - D P+1i (A.3)
0 + 1)!

and this is zero for odd p. In  the series in the last member of eq. (A.2) we
are therefore only left with terms with even powers in p, which contain an
odd number of factors (x"*< — x'K). If we now interchange the integration
variables x' and x" in the last member of (A.2), and also the dummy indices
/S and y, the only effect will be a change of sign (because of the odd number
of above mentioned factors) and this proves th a t (A.2), and therefore the
expression (29) is zero.

The mass, centre of gravity and intrinsic angular momentum. We shall
show th a t the mass, centre of gravity and intrinsic angular momentum of
an atom, found with the sub-atomic energy-momentum tensor

eq. (33), and calculated in the approximation c~2 (c =  velocity of light),
are of the usual forms obtained in the literature in this approximation. We
shall be concerned here only with the contributions of to these quanti
ties, since those of the m aterial tensor are well known and need no
further discussion.

The mass-contribution, due to this tensor eq. (32), is given by

A PPENDIX II

T*e =  T &  +  Tf+),

X v{t)}Uv{t) d<4> *,){x) Up(r) U *(t ) 6M(+)(t)
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as follows from  eq. (35). S u b s titu tin g  (32) in to  (A.4), we g e t:

M(+) (r)
8nc6

X <5{(* -  x')2} d

{*»(*') Ü>(x) +  ifi(x') t«(x)} Up{r) Ua(r)

- - { x y - X y ( r ) } U v{r) d<4>x d<4> a:'

+ K  [(*A‘ -  * 'Ai) ••• (*A»4nc6 n=o (n 1)!

X iv(x) iv(x')(xa — x'a)(xP — x'P) Up(r) Ua(r)

X «5'{(x -  x ')2}] d - — {x* - X ° { t)}U6{t) d<4>x d<4>x'

dvK  3aI ( ^ Ai — x'xi) ... (x*. — x'K)
8tcc6 9i=o (« +  1)!

X {*“( ^ j ( ^ — W) +  if>(x')(x« -  x'«)} Up(r) U„(t) iv(x) <5{(x -  x')2}}

X ó ---- {xa — X a(r)} U{(t) d<4>x d<4> a:'. (A.5)

In  an  analogous w ay  as we h av e  p ro v ed  in  ap p en d ix  I , th a t  th e  expression
(29) w as zero, one can  now  p ro v e  th a t  th e  la s t sum  of (A.5) is zero. (This
proof w ill be o m itte d  here.)

T he o th e r  in teg ra ls  in  (A.5) w ill be ca lcu la ted  in  th e  m o m e n ta ry  re s t
sy s tem  (m .r.s.) of th e  reference p o in t. F irs t  we rew rite  th e  firs t sum  a t  th e
r ig h t-h a n d  side of (A.5) in  th e  follow ing fo rm :

K  5 J (* A‘ -  * 'A>) -  (**- -  x'K)8to6 »=o (n +  1)!

X iy(x) ir(x')(x« -  *'«) Ua(r) Up(r)[d^ d{{x -  x ')2}]]

X d {x* -  X » ( t ) }  U ö{t ) d<4> x  d<4> x ', (A.6)

u s in g :

(x<> -  x'P) <5'{(x -  x ')2} =  6{(x -  x ')2}. (A.7)

F ro m  (A.5) a n d  (A.6) we o b ta in  in  th e  m .r.s . (U° =  c; U1 =  U2 =  U3 — 0):
oo + o o  oo

—  f  f  [ p < °> (M /><»>(*', 0
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<5{— (ct — ct') 2 +  (* — * ')2} d<3)*' Act' d<3>*
oo +oo oo

1 "  1 ( d \ n  r  r

8Itc4 n = 0 (» +  1)! \  3f /  . J ,
— oo

0
X (ct — d ')  —— ó{—(ct — ct')2 +  (*

act

(t -  t')* *<,0) (x, t) i>(0) (*', r )

-  * ')2} d<3> * ' Act' d<3>*, (A.8)

w here p(°) is th e  su b -a to m ic  charge d e n s ity  in  th e  m .r.s . Q u an titie s  in  th e
m .r.s . a re  in d ic a te d  b y  th e  sy m bo l (0). I t  is easily  seen th a t  th e  te rm s w ith
Aj =  1, 2, 3 in  (A.6) d isap p ea r in  th e  m .r.s ., so th a t  one is le ft on ly  w ith  tim e
d e riv a tiv e s  in  th e  second  in te g ra l of (A.8).

I f  th e  f irs t tr ip le  in te g ra l of (A.8) is in te g ra te d  over ct', we g e t :
OO oo

i f r f p«»(*, t) ,>«»(*', t -  i* -  x'\/c)47*2 J J I  2 I* -  * '|
+  A W  d<3>*, (A.9)

2 lx x | J

w hich  can  be w ritte n  as a  pow er series in  |xc — # '| b y  ex p ansion  of

pW(x', ( T | x - x'\lc)

a ro u n d  t. To o rd e r r 2 we g e t from  (A .9 ):

1 f P(«»(*, t) pW(x’, t)
d<3>*' d<3>*.

4txc2 J I* — *'|

F o r th e  second  in te g ra l of (A.8) we can  w r i te :

OO +  oo oo

(A. 10)

1 ~  1 ( _ S \ n
8to4 n=o (n +  1)! \  dt)

(t -  f ')»+ i t<0)(*, t)

iv(0) (*', *') —  <5{— (d  — d ') 2 +  (# — * ')2} d<3> * ' d d ' d<3>*
dt

oo -f-oo oo

8 w 4 n=o (n +  1)! \  dt J
0 \ » +1

(< -  0 ” +1 V  (*• 0

iv(o) (x', t') d{—(ct — d ') 2 | ( x  -  * ')2} d<3>*' d d ' d<3>*
oo -}- oo oo

1
8 tTC4 n = 0  n\ \d t  J

0 y
(< -  0 *  * r  (*. 0

72



iv(0) (#', t') d{—{ct — ct')2 +  (* -  #')2} d®*' der d<3>*
OO +  OO oo

1 °° 1 /  3 \»
87ïc4 o—n (n 1)! \  dt Ui (*. t)

iv(0) (*', t') d{—{ct — et')2 +  (* -  *')2} d<3)*' dct' d<3)#- (A. 11)
The first two sums on the right-hand side of this equation give together:

87TC4

oo -{-oo oo

,■(0 )i w  (*, t) *r(0) (*', f )

x d { - ( c t  -  ct')2 +  (X -  *')2} d®*' dcr d®*,
which is equal to :

(A. 12)

8tre2

OO oc

I I
[ P(0)(*. t) P®(*', t - \ x -  x'l/c)
j  2\x  — *'|

p(0)(x,t)p( 0 ) ( x ' , t + \ x - x ' \ ! c ) \
2 \x  — x'\ j

oo oo

1 1 !* ~ * ' l / c )
8  i t c 4 V 2 I* — #'|
i®  (*, *).f® (*', t +  I# -  x'l/c) )

2\x -  x’\ '
d®#' d®*, (A. 13)

where i®  is the sub-atomic current density in the m.r.s. Up to order c 2
we have from (A. 13):

87CC2
P<°)(x,t)pW(x',t)

d®*' d®*.
* — *

(A. 14)

The last sum at the right hand side of eq. (A. 11) can be integrated for V and
gives:

1 d \ n
1Ó7TC3 »=o (n 1)! \ d t

I* -  *'|

■P®(*. t)

X jp®  ( *', t -

X d® *'d® *+

II1* - 4’' 1

J + ( - l ) “+1 p W \x ' , t  +
I* -  *'|

167tc5 »=o (n -T 1)! \dt

. j l®  (V , t -  j  +  ( -  l)n+1i®  t +  — —

)•(] 1* — x'\n

1* — tf'l
x' , t  +  ---------

—  #<0)(* ',«)

d®#' d®*,

(A. 15)



which is negligible, if we consider only contributions to the mass of order
c~2. From (A.8), (A. 10), (A. 14) and (A. 15) we get to order c~2:

This is the well known result for the mass-correction, due to the electro
magnetic self-forces on extended charges, calculated to order c~2 (see e.g.
refs. 5 and 11). We could, of course, also calculate higher corrections to  M(+)
than  of order c~2. However, since for atoms the electromagnetic mass-
correction (A. 16) is already very small, compared to the mechanical mass,
it is of not much use to evaluate such higher order contributions.

The pseudo centres of gravity of the atom are defined by the relation:

Q«f>Up =  0, (A. 17)

where QaP is given by eq. (36), (see chapters I and II). In the m.r.s. we get
from (A. 17):

fl*ow)(f) =  n w ° \ t )  +  =  0; ( * =  1 ,2 ,3 ), (A. 18)

with
oo

and:

[.xk X*«»(i!)] T ° ^ \ x ,  t) d<3>*, (A. 19)

= [** -  X*<»»(<)] 7'(+()0>(*, t) d<3>*. (A. 20)

From (A. 18)-(A.20) we get for the equation of the (pseudo) centres of
gravity in the m.r.s.

OO

* (0)W d<3>* (A21)

f r a o)(*,o +  *)}d<3)*
The contribution of in the denominator is of order c~2 compared
to th a t of T ^ 1()0) (which is of order c2) and is given by c2 times the right-
hand side of eq. (A. 16). We cannot, however, apply the result for M(+>
directly to  in the numerator, since we have integrated over x in the
calculations for the mass. But we can calculate T ^ ()®) directly from eq. (32)
We have done this. To the required order the result is:

OO

If we compare this result with the formula for the centre of gravity given
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e.g. in ref. 11 in  the  same approxim ation w ith  the help of the  D arw in
Lagrangian, we find agreem ent, except for the  fact th a t  all quan tities in our
form ulae have to  be considered in the  m .r.s., whereas the  form ulae given in
ref. 11 are supposed to  be valid  in  an  a rb itra ry  fram e, which is, however, only
allowed w ithin the  approxim ations m ade above.

We shall now calculate the  contribution of T “+) to  the  space-space p art
of £2*0, eq. (36). In  the  m .r.s. th is  contribution is given b y :

O ffW ) =  — ƒ{[** -  X*«»W] t)

—\%i -  T ^ \ x ,  t)} d»>*. (A.23)

Because Tfm) is of order c, as can easily be seen from  eq. (11.13), we need
T\°m) only to  order r 1. S ta rting  from eq. (32), we get, after a ra th e r lengthy
calculation, the  following results in  the  m .r .s .:

p(0)(x, t) im ( x ' ,  t)
d<®>*'

Size

8 tzc J I* — * '|
oo

p(°)(x', t)(x* -  x'l) i<°>{x',t)-(x
I* — # 'l3

i a r P«»(x,t)p(°)(x',t) (x i-x '1)
16n dt J I* —

— d<3>*'

d<3)*' +  .... (A. 24)

where the points indicate term s of the  form
oo

-L  —  f  (**' -  x,r)(x* -  x ’i){........} d<3>*', (A.25)
c dxy J

which do no t con tribu te  to  eq. (A.23). S ubstitu ting  (A.24) in to  (A.23) we g e t :

flfiT W  = 8 to2

P ^ jx ,  t)

I* -  * 'l

x  {o*  -  a *«»(*)] m ( x ’, t) {Ik)} d<3>*' d<3>*

1
+  8uc2

X {[xfc

1 f  p<°)(*',f) i(°){x,t)-{x -  x')
I* — tf'l3

X*<°> (<)](** — x '1) — {Ik)} d<3>*' d<3>*
OO oo

i  _ a r  r P « » ( * , t ) P « » ( * ' , t )

16irc2 dt J J I* —  tf'|
X {[x* — Z fc(°){t)]{xl -  x '1) -  {Ik)} d<3> * ' d<3> x. (A. 26)
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By interchanging the variables x  and x' and using the p roperty :

[*'* -  XW)(t)](xl -  x '1) -  {Ik)

=  [** +  (*'* -  **) -  >(«)](** -  x'*) -  {Ik)

=  [** -  Xk(°){t)){xl -  *'*) -  (flfe), (A.27)

we can rewrite the second double integral a t the rigth-hand side of eq. (A.26)
as:

oo oo

8 7 C C 2  J  I *  —  * ' | 3

X {[** -  A*® (<)](** -  x’1) -  {Ik)} d® * ' d® #. (A.28)

The last term  at the right-hand side of eq. (A.26) is zero, because the ex
pression changes sign if we interchange x  and *' and use also (A.27).

If we introduce the tensor:

T{x -  *') U +
{x — #')(# — *')

I*  -  * ' |2
(A. 29)

where U is the 3-dimensional unit tensor, then eq. (A.26) can be written in
the form:

OO oo

G® ’«) =  8^5-J J  y r v i  <[** -

X [<<°>(*', t) • T(x -  *')]* -  (Ik)} d®*' d<3)*, (A.30)

which is equivalent to the result obtained by de Groot and Suttorp [see
ref. 5, eq. (II. 13)], the only difference being th a t we have arbitrary charge and
current distributions, which m ay be continuous or m ay consist of points
particles, subject only to the requirement th a t the distribution has a finite
extension in space for arbitrary fixed time.

APPENDIX III

A method for calculating the "m inus” field terms (47A) and (47B). In  general
we have to calculate functions of the form (c/. pgs. 61-62) t;

+oo
G<»>(r; e )  =  j g(r') <5<»> {A(t')} s{A °(t) -  X °(r')} dr',

—  OO

(n =  0, 1 ,2 ,.. .) ,  (A.31)

t We shall write shortly g(r') instead of g(r’, r), [see eq. (48)]. We shall also omit the
index (n) for n — 0 in order to avoid confusion with the symbol (0) for quantities
in the m.r.s. (c/. apps. II and IV). As in the main text we also use here w-dashes instead
of the number n in the expression <5<b>{A(t ')}, e.g. <5(1> =  <5', etc.
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where we define:

h(r') m  [X(t) -  X(t')]2 +  e2, (e >  0), (A.32)

and the sign-function s =  + 1  when the argument is positive and s =  — 1
when the argument is negative. We can expand the retarded or advanced
solution of eq. (A.32) in powers of the retardation and advancement time
a respectively; a is taken positive, but may have different values for the
retarded and advanced solutions. We get

Eq. (A.33) constitutes, together with (A.32), a relation between a and e. The
upper sign indicates the retarded solution and the lower sign the advanced.

We shall use the following notations for the scalar product of two four-
vectors Ua and Va:

By differentiating relation (A.35) a number of times we can obtain other
relations between the derivatives of the four-velocity. From (A.32) and
(A.35) we get for h ^ ( r ' ) :

(where instead of «-dots we put the number (n) above U for « >  3).
From (A.33) and (A.36) it follows th a t:

I t turns out that in all cases to be considered here, a will be required to
order e5, so that eq. (A.37) is sufficient. But the procedure can be applied
to any order. Eq. (37) can now be solved for «rasa function of e by successive

CT»[A(»)(r')]0 =  S

(A.33)

Ua(r) Va(r) =  (UV) and U*{t) Ua(r) =  (I/)2. (A.34)

For the four-velocity we have the relations

([7)2 _ C2; (utJ) =  o; (ÜÜ) +  (Ü)» =  0, etc. (A.35)

[A(t ') ] t' - t =  e2 ; [AU>(t ') ] t' - t =  0 ;

=  - 2 c 2, [A<3>(t'))V=t =  0,

[A<4>(t')]t'- t =  - 2(tf)2, [A<«(T')]r--T =  — 10(C7£7),
(3 )

[A(«)(r')]T̂ r =  — 16(t/)2 -  18(CT U), (A36)

(A.37)
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iterations, yielding the following result:

e
c

+

( Ü ) 2

24 c2
e\*  (ÜÜ)
c ) +  24c2

1 r / ( ^ ) 2Y ( i / )2
2 \  24c2 ) 45c2 40c2 J \

We take w =  0 in (A.31) and integrate the expression:
4-oo

G(r; s) *  g(r') d{h(r')} s{A«(t) -  Z«(r')} dr'

(A.38)

f  g(r) 1 g(T')
_ |Aa>(T')|J t ' = t — a L i * ® ( o r  j T '= T + ( J

(A.39)

Each member of the right-hand side of this equation can now be expanded
in a power series of a. In the numerator we shall do this to order a? and in
the denominator to order a* (p and q are to be determined below):

'  g(r) ’
_ |A(D(r')| V -0

-1
X

T* — T̂ O

9 (=F1)J
S  a W l+1){T')I» '-

p (ipi)fc
S  ° k [g(W(r')]«!

1=0 l\
(A.40)

with g(W(r) =  dfcg(r')/dr'fc and for A =  0 we omit the index (£).
Since a is a power series of e, the right-hand side of eq. (A.40) can also be

considered as a function of e. Let m be the highest power of this function,
then it follows from (A.40), together with (A.36), that in general we must
take p =  m +  1 and q = m +  2, while a must be calculated to order m -f- 2
in e. Now the highest value of n in the function G ^ ( t) to be calculated is
n =  3. From the relation:

/ I  d \ n
C<»W = H m ( . - A  G(r;«), (A.41)

where the limit must be taken after the differentiation, it follows that
G(t ; e), eq. (A.39), as a series in powers of e must be calculated to order
tn =  6 (in general m =  2n). So we must take p =  7 and q =  8.

If eq. (A.40) is calculated for these values of p and q, the result is

_ g  _ -  ga)
Jt'= tT<x 2c2(7 +

1

g(r)
L l*(1)(r')l 2c2

( Ü ) \  +  g < 2 >

+
(Ü)2

x  —:— g<3> +  - — g<X) ±
+  12c2 5 12c4 6 7r, 48 c4

12c4 4c2

O’2
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+

+

+

48c2

U -

- ^ V - ~24c4 5 48c4
(ÜÜ)  gO>

h( 6)
2c2 [2 ^ 5 !

g<5)

+ ( t / ) 2 y r
6c2 )  j.

O’3

± (# )2
2c25! 72c4 g<3> ±

5(f7t7)
96c4

+

2c2

g

+ ( 0 )
2 \ 2

2c2

' g<6>

A < « >

2c25!
A<7)

2c26! ~l 72c4 |
(t7)2 g (4) 5(t7£7)

6c2
5(t7)2 (t7f7) r

2c26!

+

+

+

4c2

g
2c2

+  ■

A < « )

2c25 !
A(8)

2c27!
g(7)

12c44 !

(f7)2 \ 2
12c24!

2c27! ±

6c2
(t7)2 A<6)

c46!
(t7)2g(5)

g'

g(3) f  A(6)
+

+

±

2c46!
(f7)2

±

2c2

( fr) 2

6c2

5{ÜÜ)
48c44 !

2c26!

+

5(f7)2 (f7f7) 7
72c4 J

24c2
(C7f/)2} er5

g(4)

2c23! [ 2c25 !
gd) f *(8)

2c2

2c2

2c27!
h (»)

~ 2c28!

6c2

(C7)2 AW
c46!

(C7)2 A<’>
6c46 !

_  g<2> f *<?>
+  1 c 2") 2c26! + 5(f7)2 (f7£7) j

3c44! J

( Ü )
2 \3

6c2 +
\ 2

24c2 J
(C7t7)‘

+ 5(t7t7) A<6> 5(f7f7) /
4c46! 8c2 IV 6c2

ff6 ,

(A.42)

with g<m> =  [g<n> (t')]t'=t and =  [/j<n>(r')]r'=T; we omit the index for
n =  0.

For the function G(n)(r) we need only the following cases t;
+oo

G(t) =  lim J g(r') d{h(r')} s{A»(t) -  A°(r')} dr', (A.43)
6 —>0 —  OO

+  oo

GW (t) =  lim I g(r') 6'{h{r')} s{A<>(r) -  A°(r')} dr', (A.44)
8 —> 0  — OO

- f  OO

GW(t) =  lim ƒ g(r') <T{A(r')} s{Z0(r) -  A«(r')} dr', ([g(r')V=r =  0)
'-*0 -°° (A.45)

t  See footnote on pg. 76.
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+ o o

G<3)(r) =  lim |  g(r') {h(t')} s{X»(t) -  X°(t')} dr',
«—►O — oo

([g(r')]T'=r *  [gf<»(T0V-r =  [g(2)(r')]r'=T =  0). (A.46)

To obtain G(r) we need m =  0, so that a is required to second order in e.
From (A.38), (A.39) and (A.42) we then get

G(t) = ----—  [g(1)(r')]T'=r- (A.47)

For G(1) (t) we have m =  2, so that we need eq. (A.42) to order a2 and eq.
(A.38) to order e4. The result is

GW(t) =  [g (t' ) W

+  ^  ^ (1)(t')]t'=t -  —  [g<3>(r')]r'= (A.48)

In order to calculate G ^ ( t), subject to [§(t )]t'=t — 0» we need eq. (A.42)
to order <r4 and eq. (A.38) to order s4, as can easily be seen.
The result is :

G(2>(r)

(3)
(C7)4 2(t7)2 +  3 ( Ü U )

12c10 15c® 15c8
[g(1)( t')]t'=

<TO>4C8 "  12c8

-J -T  [g<5)(T')]r'=r. ([g(T )]»'-
60c8

0 ) . (A.49)

From eq. (A.42) and the conditions for g(r') in (A.46), it follows that a
must be given to the fifth order in e and eq. (A.42) to the sixth order in a.
The result for G<3)(t) is:

(3)
5(fr)4 4(t/)2 +  (Ü U)_

G< 3>(t)
72c12 45c10 10c10

[g(3)(r')]r'=

+ [E™ M V- + 1ST W I V -

f f s M l r '-r [gd)(T')]T'-T =  [g(2)(^')]r'=r =  0). (A.50)

With the help of eqs. (A.47)—(A.50) we can calculate the expressions
(47A) and (47B). The result for / “̂ { ^ (t)} is*:

* Instead  of n  dots we p u t the  num ber (n) above for n >  3.
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3c4
( _ ü « u 0 +  Uaüe)

2 / 1  1 1 ( 3 ) \

y(^r (üüï ̂  -  -y

—  (Ü Ü ) U«U0VUy +  —  (fr)2 Ü«U,PVUy +  - -  ( tf )2 UH/xPvÜy
C8 C 8 C 8

(3)
Uy -

(3 )
■ Ua[l^Uy

--------- t)«utrÜy
3 c6

Ü*n»rÜy -  —  ÜyevUy
3 c6

4 JV 4 (3)
------  U aflPVÜy---------- [7* U^C7y
3c6 3c6

3c«

2
Ü^PrÜy

2 2
----------Ü«ix^Uy----------- U«ii0YÜy

c6 c6 -(£<*)
(A.51)

where the subscripts — (/Sa) indicate th a t we subtract the expression between
square brackets with a and /S interchanged. This is the same result as ob
tained by Harish-Chandra7) in a somewhat different way. If ^yf^t){X(r)},
eq. (47B), is calculated, or rather [3y/(^){A(r)}] hpv(t), which is a slightly
simpler expression, because of the antisym m etry of fipv(r), we obtain:

-  [dyf£JX{r ) } ] ^ ( T)

47tc4 1 3c2

+  U«

(Ü Ü ) H ^ U y  ------ -- {Ü)Z(*«VÜy -  \n « y  Uy
3 c2

—  (# ) 2 t V ^ y  -  —  W ” Uy -  —

+

3c2

1
4tcc6

Ü«U„IU0VÜy -

2
( Ü ) 4

3c2
ÜaUp/X^Üy

3 c4 15c2

2

(t / ) 2
6 . <*)'

(tf 17)
5c2

— y  ( # # )  ^/J.ffyüv  — —  (ÜÜ) (i^fipy Uv — |(I7 )2n^npyUy

- - ^ ( ü )2^ m ü v
(17)2 (4)

' - i i ^ P y U V  +  ^ t y p y U V
C2

(3 ) (3) (4 )
Uv +  l^ fxpyÜ v  +  |  [i^npyUv +  $ p«fypvUv
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-2-(üü)p*i> /ifivu v  — L {ü )* r* fip ,Q * ' - — (ü)2^ i i f f Vuvc* c* c*
(3) (3) (4)

+  ip « ‘lP0V UV +  y ^ jif iy Ü V  +  §p°* HffytJV +  è/i*0 fiffvÜV

+ 15c2
(ü y Uap^pyp

2 1 <4>
- —  {ÜÜ) U yev /iye — -  ( Ü f  Uyfyj iyp  +  W ap“v pyt>Cl C*

1 1 (3)
—  (ÜÜ) Ü *pt> Y piy(, -  —  (Ü)2 Ü ^ y ( l y p  +  \ Ü « p * y  fly ft
c* c*
1 (3) (4)

(C/)2 Ü ^py/iyp  +  $ü yi> yjiyfi +  i  U«pOypvP +  ^  U ^ y p yP
3 c2

+
in 64 24 <3>‘
10 {ÜU)
3 c4 15c2

u«UyU 6pyw &6

—  (ÜÜ) liyp\%(Ü«Uyüt +  U « ü y ü i
c4

+ UaUyÜo) pW + \6U«UyUópt>0]

-  ~ t  (Cr)2 W ^ ^ ü y ü o  + U«Ü yüS + U«UyÜt) pf">

+ 4 (Ü*ÜyUt + Ü«UyÜ0 + U«üyüfi) pflv

+  8 (Ü « U y U i  +  U aÜ y ü i  +  U*UVÜ,,) p»* +  ÖUoüyüipPO]
I (4) (4) (4)

+ --PVJL\ (U«UyUt + Ua UyUs + U«Uy Ut) p*6
c2

(3) (3) (3) (3)+ ( U « ü y ü t  +  U«UyÜ0 + Ü« U y ü t + U«Uy Uö
(3) (3)+ [/« UyÜt + U«Üy Ut) pO*

+ ±(Ü«Üyüt + ÜaUyÜt +  U «üyü t)  p»« + 2 (Ü«ÜyÜ°

+ Ü«ÜyÜ6 +  Ü«ÜyÜt) p»6
(3) (3) (3) (4)+ 2(Ua U y ü t + U«Uy Ui +  U«UyUt) p»* + 2U«UvU t pPO

+ 4(Ü«ÜyUt + Ü«UyÜt + Ü«ÜyUt + Ü«UyÜt

+ U«ÜyÜt + U*UyÜt) PPt
+ 4(Ü«UyU0 + U«ÜyUt +  U«UyÜt) jiW + 4(ÜaUyUt

(3)
+ U«ÜyUt +  UaUyÜt) pt*

+  6ÜaÜyÜtpt><> + 6(Ü«ÜyUt + Ü « U y Ü t+ U aÜ yÜ t)p ^] \ .
J (A.52)
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So far we have carried out all calculations quite generally. Now we shall
make, however, the assumption that we may neglect all terms in the above
formulae, containing any derivative of the four-velocity Ua with respect to
the eigentime r. It can be shown, that in the case of atoms or molecules,
with which we deal, this assumption is certainly justified. Physically it
means that one neglects all radiative effects on the motion of the atoms
(molecules) due to their barycentric accelerations, and only considers the
damping due to the vibrations of their dipole moments.

Instead of (A.51) and (A.52), we then obtain the much simpler expressions:
1 f  (3) 4  (3) (3) ■)

tU X (r ) }  =  —  | t  (1*0 -  —  (Ua ti^Uy -  UP fi^Uy) ƒ, (A.53)

and
1 f  (4) (4)

-  [^ff~){X(r)}] ptP(T) =  (l«OflfiyUV +  /xpyUr

(4) 2 <4) )
+  Hyp +  —  UaUp/i0v Hv6Ud\, . (A.54)

results, which we could also have obtained, of course, by assuming from the
(n)

beginning, that Ua =  0 (n =  1,2,...). We have preferred, however, the more
elaborate way of calculation, made above, since we then also obtained
formulae, which were valid in cases, where radiation damping effects, due
to the barycentric accelerations of particles are of importance. In connection
herewith we may remark that the calculations of Harish-Chandra7) were
not sufficient to give the explicit expression for the derivative of the minus
field tensor dyftty Therefore we have done the calculations once more,
giving first a series expansion to an order that is in general sufficient, and
then specializing in each case to the necessary order, so that all contributions
of the same order are taken into account.

A PPE N D IX  IV

Radiated energy-momentum and angular momentum. We shall follow an
analogous procedure as Rohrlich12) and Cohn13) have applied calculating
the radiation rate of classical point charges (see also ref. 14 for the extension
to dipoles). We shall still have to carry these calculations a little further,
since we also want to calculate the “radiation” of angular momentum.

For the charged dipole point atom the retarded four-potential at a point
x is:

+ o o

A?nt)(x) =  —  Ul{x -  A(r)}2] 0{X0  -  X°(t)} U*{t) dr
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+
+  oo

—  f  d'[{x -  X(r)}2] 6{x° Z °(t)} fl«V{T)(Xy -  Xy(r))  dr,  (A.55)

where 0 = 1 ,  when the argument is positive, and 0 =  0, when the argument
is negative. Introducing the following notations and definitions12):

U<x =  (r(ret)); »*: nxna =  1, naUa =  0 ;i? a = t *  -  ^*(r(ret))

R«Ra = 0 ;R a =  na +  —  UaJ;r  =  naRa =  — —

1 <») <»> /  \
=  na +  — Ua ] /ia0 =  ret)) =  (   )

■R*U* >  0;

(A.56)

where r(ret) is the retarded eigentime, we get, in the approximation tha t
(»)

we m ay neglect all Ua {n =  1 ,2 , . . . ) ,  from (A.55) for the field tensor a t x\

/ ( r e t ) M  — 47t = •  V " ’  +

+  A -  R'v  * , +  - -  fi-yft,»’ +
c 2 y 2  c 2 / 2  c°y -(Pa)

(A.57)

where the subscripts —(/3a) indicate th a t we subtract the expression between
square brackets with a and /5 interchanged, and only terms of order r~x and
r-2 have been written down. (We shall not need terms of order r -3 and
higher negative powers of r in the calculations below.)

The energy-momentum tensor of the electromagnetic field generated by
the atom, a t x is defined by *:

T?L)(x) -  -ƒ& >(*) /(re t) /M  -  «(*) f(ret)yö(x). (A.58)

T ^ m) consists of terms proportional to r~2, denoted by T ^m){r~2), and terms
proportional to r“3, denoted by T ^m){r~3), bu t also terms proportional to
higher negative powers of r than the third, wich will not be written ex
plicitly, since they will appear to be of no importance in the calculations
below. We find from (A.57) and (A.58), using also the relations (A.56) and
the antisym m etry of fi*0, th a t :

T?L)(r2) (4tt c3r)i
(A.59)

* This definition is in accordance with our previous definition of the energy-mo
mentum tensor of the electromagnetic field, but differs by a minus sign from definition
(4.114) of ret. 12.
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(jRtjiPv +  RPji*v) RT?Ur~3) (4tt)2 r3

[R a^v  +  RPfi«Y) iiy6R° +  - i -  (R«fi»v +  Rf>fi«v) RyUoiiósn e

(Rajiffv - f  Rf>ji*v) RvnS/iicUs +  -Z- (UaRP +  U^Ra)RyflviiiöeRe

Uyiivötlö +  —— Ry/j,vójiöeRe  ---- r  ny/j,vijiieRe )>• (A.60)RaR P

One can verify from (A.59) and (A.60), by putting a =  /J, th a t the g^-term s

We shall now give the expressions for the energy-momentum and angular
momentum radiated in a proper time d r by an arbitrary moving charged
particle possessing electric and magnetic dipole moments [in the approxi-

(ft)
mation th a t U* are very small (n =  1,2, ...)]. The basic result for the
radiation of energy-momentum has already been described by Rohrlich12)
for a charged point particle (see also refs. 15 and 16). Cohn13) extends the
m ethod to the radiation of angular momentum for a charged spinning
particle.

The energy-momentum ra d ia te d  in a proper time d r by an arbitrary
moving particle is defined by t :

where d W is the intersection of a 3-dimensional timelike surface with two
light cones from A(r(ret)) =  X  and X(r(ret) +  dr) = X '(see  fig. 1); d W
depends on d r and is very far away from the world line of the particle

Fig. 1. Intersections of two light cones from X  and X '  with a timelike surface d W
(cylindrical surface); the surface element of dW is given by the vector dWp.

t The definition (A.61) differs from Rohrlich’s definition by a minus sign (see eq.
(5.10) of ref. 12;, as a consequence of the difference in sign between his definition of
T (em) and ours [eT  (A.58)].

are zero.

T(fm) dWp, (A.61)

d W  (timelike)
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between X  and X ' ; the surface element of d W, with spacelike unit normal
pointing outward (i.e. increasing distance in space) is given by the vector
d Wff. One can prove th a t expression (A.61) is a four-vector.

To calculate the energy-momentum radiation rate (with respect to the
eigentime at retarded value) we m ay appropriately choose for d W  the tim e
like surface, which is a straight circular cylinder in the m.r.s. of the particle:

d Wft — npr2 dco cdr, (A.62)

where dco is the element of solid angle in ordinary space and np is the space
like normal given in (A.56). From (A.59), (A.60) and (A.61) we get with
(A.62) for the energy-momentum radiation rate:

r  (rad)
dr

lim ï 'n iV 2 d« = ƒ T?L){r~2) npr2 =

=  ~  \  ■> I R ^ & ^ i iy ö R 6 dco, (A.63)(4izc3)2

where the integration is over the solid angle, and use is made of (A.56).
Eq. (A.63) can now be calculated in the frame where the reference point

is m omentarily at rest at time T(ret). For a =  0 we get:

d P °  \ (0 )(rad) '
d r J 4n c6

For a =  k (=  1, 2, 3) we get:

{ -

A p k  \ ( 0)
^ ^ ( r a d )  '

dr 47rc6

(A. 64)

(A.65)

Let us now compare the above components with those of the four-vector
F “d), eq. (60A). In  the m.r.s. we get for a. =  0:

FS>)0(T) =  4^ 6- ^ <0)“ (T) +  W 0)kl<?) AS’H ).• (A.66)

and for a. =  k (— 1, 2, 3):

F ^ ( r )  =  —  {»A(0)WW  tio0)(T)}. (A.67)

If this result is taken for r  =  T(ret), it is exactly equal to the negative
of (A.64) and (A.65). Physically this means tha t we may interpret F “d) as the
radiation reaction four-force on the atom, since it is equal to the negative
of the rate a t which electromagnetic radiation energy-momentum is emited
by this atom (cf. ref. 12 pg. 149).
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The angular momentum radiated in a time d r is* :

d/(fad) =  lim { x a T %m)W — x P T tem )ix )} n vr2  d r d<0, (A. 68)

where the integration is over the solid angle. Choosing the reference frame
in such a way tha t its origin coincides with X a(r(ret)). we get from (A.68)
and (A.56) for the angular momentum radiated by the atomic system :

=  dm f {R«T%m)(x) -  R*T%mJx)} nvr3 dm. (A.69)
(At r~ >oo J

I t is easily seen from this equation, th a t only the terms Tjgm)(r~3), eq.
(A.59), and T ^ m)(r~3), eq. (A.60), of the energy-momentum tensor of the
electromagnetic field will contribute to d / ^ d)/dr, and not terms of higher
negative order in r. I t  is also directly seen th a t T ^m)[r~3) and the terms in
r “ m )(r3) proportional to R aRP vanish in eq. (A.69). Substituting (A.60)
into (A.69) and making use of (A.56) we ob ta in :

d̂ “rad) = —L_ i ï _ A  &«ii0yRv + —  Ra/iPvji 6R<>
dr (4tt)2 J |_ c3 p  r  c5

2 2
-(--------- R«ü0YÊvU6iiiens +  —  R aii^ R vna/j,öeU e

c6 c6

c«
naU^Rv/j,YiiióeRe da).

-03»)
(A.70)

In  the frame where the particle is momentarily a t rest a t time r ret we g e t:

( d J Ï U \ 0) = ___ 1
dr 4

2e ^<0)0* +
3c3

3c5
^0)01^0* (k

3 c5

1,2, 3), (A.71)

(  d./(rad) V 0)_  1 f  2 e  n (0 )k l 2  ^ m k O j i m O  —  ^«WO^OJfcO)
\  d r  /  4ir { 3c3 3c5

+  —  (£«»*><«» _  A<0)im̂ <o>*l (k ,l — 1,2,  3). (A.72)
3c5 j

Now consider the four-tensor <i^j, eq. (62.A). In  the m.r.s. we get:

< - T (t)  ^ (0)0 i(T) +  _ J _  A (0)01(t) ^ { « « ( t ) J ,

(A = 1 , 2 ,  3), (A.73)

t  This formula can be derived in a com pletely analogous way as we have obtained
(A.63) above. One can prove th a t expression (A.68) is a four-tensor.
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i 2
d P J P lr )  = ------------<j-------- [><0)*0(r) ^<0»lO(T) -  ^ (0 )l0 (T) f i Wk O{ j ) ]

4it ( 3c5

+ —  ü*»**(t) f i&fr)  -  A(0)teW /£*(r)}j. ( k , i =  i , 2 , 3).

(A.74)
When comparing the right-hand sides of (A.71) and (A.72) with those of
(A.73) and (A.74), taken at T(ret), we find, in contrast with what has been
found above (eqs. (A.64)-(A.67)), that they are not equal and opposite of
sign, but we have from (A.71) and (A.73) for r =  T(ret):

/  AJ<jU) \ m  =  _  (̂0)0fc _  (̂0)0k k( — 1, 2, 3), (A.75)

and from eqs. (A.72) and (A.74):

( ^ ^ ■ ) <0> =  “  ^ )m) ’ =  \, 2, Z). (A.76)

The last terms of (A.75) and (A.76) are the components of an antisymme
tric tensor written in the m.r.s. If we introduce the notations:

£<0)0fc =  _  <̂0)0*; £(0>w == j im i,  (A.77)

we can write (A.75) and (A.76) in an arbitrary reference frame as:

= +  [ - * ? « « ) .  (A.78)

where is given by eq. (62.A) and the tensor jgfjsW** is obtained from (A.77)
by a Lorentz-transformation of an antisymmetric tensor from the m.r.s. to
an arbitrary frame, which transformation depends on the velocity of the
particle. In the approximation that we neglect all time derivatives of this
velocity we obtain:

,A79)
wheie fI01? =  JS?/Z<O)<*0.
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SA M EN V A TTIN G

In dit proefschrift worden de klassieke relativistische bewegingsvergelij
kingen van atomen en moleculen in een electromagnetisch veld behandeld.
Als uitgangspunt is de theorie van Mpller genomen voor de relativistische
dynamica van systemen met een inwendig impulsmoment in een uitwendig
veld. De bewegingsvergelijkingen van Mpller zijn eerder door Vlieger toe
gepast op een klassiek model van geladen atomen en moleculen met een
electrisch en een magnetisch dipoolmoment. De aldus verkregen atomaire
vergelijkingen werden door hem gebruikt voor de afleiding van de energie-
impulstensor van een systeem bestaande uit N  van zulke atomen of
moleculen.

De bewegingsvergelijkingen van Mbller bevatten echter een soort Zitter-
bewegung” (een trillende of beter nog snel roterende beweging met een
kleine amplitude en een zeer hoge frequentie), gesuperponeerd op de gewone
beweging. Het elimineren van de onphysische beweging is het eerste onder
werp van dit proefschrift.

Vervolgens worden de vergelijkingen uitgebreid voor het geval, waarbij
de atomen (of moleculen) behalve dipoolmomenten ook een electrisch
quadrupoolmoment hebben. Dit is van dezelfde orde van grootte als het
magnetisch dipoolmoment.

In het laatste hoofdstuk hebben we de klassieke theorie voor stralende
atomen en moleculen behandeld.

We hebben hetzelfde klassieke model van atomen en moleculen genomen
als in het werk van Vlieger. Voor alle bovengenoemde gevallen zijn atomaire
bewegingsvergelijkingen afgeleid uit de sub-atomaire wetten voor energie
impuls en impulsmoment. De vergelijkingen worden vervolgens gebruikt
om de atomaire energie-impulstensor voor een systeem bestaande uit een
groot aantal dipool- en quadrupool-atomen (of moleculen) af te leiden.

Na een samenvatting van de door Vlieger verkregen resultaten in hoofd-
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stuk I hebben we in hoofdstuk II met behulp van een iteratie-procedure
laten zien, dat in het geval van atomen en moleculen de termen die de
trillende beweging in de bewegingsvergelijkingen beschrijven, verwaarloos
baar klein zijn. Dit maakt het mogelijk om bewegingsvergelijkingen op te
schrijven van het gebruikelijke tweede orde type en een balansvergelijking
voor het inwendige impulsmoment van de eerste orde.

In hoofdstuk III is de theorie toegepast op atomen en moleculen die naast
een electrisch en een magnetisch dipoolmoment ook een electrisch quadru-
poolmoment hebben. Het blijkt, dat het veld-gedeelte van de atomaire
energie-impulstensor niet van dezelfde vorm is als in het geval van alleen
dipolen en het is ook niet meer uit te drukken alleen in termen van groot
heden die in de atomaire veldvergelijkingen voorkomen.

Stralingseffecten zijn verwaarloosd in de hoofdstukken I—III, maar re-
normalisatie-effecten zijn co variant in beschouwing genomen zonder ex
pliciete uitdrukkingen ervoor te geven. Als gevolg van de verwaarlozing
van de stralingseffecten zijn de atomaire energie-impulstensoren die in deze
hoofdstukken gevonden zijn, symmetrisch.

In hoofdstuk IV is de theorie die in de hoofdstukken I en II is behandeld,
uitgebreid tot het geval van stralende dipool-atomen en -moleculen. We
hebben gebruik gemaakt van Dirac’s covariante splitsing van geretardeerde
electromagnetische velden in een plus- (of “zelf”) gedeelte (de halve som
van geretardeerde en geavanceerde velden) en een min- (of “straling”) ge
deelte (het halve verschil van geretardeerde en geavanceerde velden). Het
blijkt dan voor een willekeurige (eindige) lading-stroomverdeling mogelijk
te zijn om een sub-atomaire energie-impulstensor van het stralende atoom
(of molecule) te definiëren. Hierin is de bijdrage van de intra-atomaire
velden expliciet afgeleid met behulp van het plus-gedeelte van deze velden.
De gevonden tensor heeft de belangrijke eigenschap, dat hij eindig is, zoals
vereist is in de theorie van Mqller. Het blijkt bovendien, dat het min-veld
behandeld kan worden als een uitwendig veld bij de afleiding van de be
wegingsvergelijkingen en van de balansvergelijking voor het inwendige
impulsmoment.

De atomaire massa en het atomaire impulsmoment die met de boven
genoemde sub-atomaire energie-impulstensor zijn gedefinieerd, zijn op een
manifest covariante wijze gerenormaliseerd voor de effecten van de intra-
atomaire velden. Uit de algemene uitdrukkingen voor deze grootheden
hebben we in appendix II van hoofdstuk IV de bijdragen van de intra-
atomaire velden expliciet uitgerekend tot de orde c~ 2 en we vinden
overeenstemming met de literatuur.

Vervolgens zijn de bewegingsvergelijkingen en de balansvergelijking voor
het inwendige impulsmoment afgeleid met de methode van de voorgaande
hoofdstukken. In appendix III van hoofdstuk IV is een procedure gegeven
voor de berekening van de min-velden die in deze vergelijkingen voorkomen.
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Om de nogal gecompliceerde vergelijkingen te vereenvoudigen, hebben we
aangenomen, dat alle termen afkomstig van deze min-velden die tijds-
afgeleiden van de vier-snelheid bevatten, verwaarloosd kunnen worden.
(Physisch betekent dit, dat we in de bewegingsvergelijkingen de stralings-
effecten tengevolge van de barycentrische versnellingen van de atomen
(“BreJ^msstrahlung”) verwaarlozen en alleen de demping tengevolge van
de vibraties van hun dipoolmomenten in beschouwing nemen.) Het blijkt,
dat de bijdrage van de min-velden tot de bewegingsvergelijkingen gesplitst
kan worden in een gedeelte, dat geïnterpreteerd kan worden als de stralings-
dempingskracht en een gedeelte, dat een totale tijdsafgeleide is. Een analoge
splitsing in een stralingsdempingskoppel en een totale tij dsaf geleide is uit
gevoerd in de balansvergelijking voor het inwendige impulsmoment. In
appendix IV is tenslotte een rechtvaardiging gegeven voor de interpretatie
van deze dempingskracht en het dempingskoppel, door deze grootheden in
verband te brengen met respectievelijk de straling van energie-impuls en
van impulsmoment.

In aanwezigheid van straling is de atomaire energie-impulstensor niet
langer symmetrisch, wat ook niet het geval behoeft te zijn voor niet-gesloten
systemen. De behandeling van stralende atomen die ook een electrisch
quadrupoolmoment hebben, is aangegeven aan het eind van hoofdstuk IV.
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vanaf januari 1969 als wetenschappelijk medewerker. In deze periode ver
richtte ik onderzoek op het gebied van de relativistische dynamica van
gepolariseerde systemen, in het bijzonder over de relativistische beweging
van atomaire systemen in een electromagnetisch veld. Dit onderzoek, waar
van de resultaten de inhoud van dit proefschrift vormen, vond plaats onder
leiding van Dr. J. Vlieger.
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