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S T E L L I N G E N

1. Voor een paramagnetische s to f die aan de wet van Curie voldoet vo lg t u it
de gemeten waarde van Xa(j/Xg rechtstreeks b/C. Om van een s to f welke be
schreven wordt met de wet van Curie-Weiss b/C te bepalen, d ient een
temperatuur a fhanke lijke co rrec tie  te worden aangebracht. Deze kan een
voudig thermodynamisch worden afge le id .

D it p ro e fs c h rift, hoofdstuk 1, §4.

2. Indien voor een paramagnetische s to f bestaande u i t  een spin-systeem, een
systeem van iaagfrequent fononen en een vast aan het bad gekoppeld rooster
systeem de energieu itw isseling tussen de systemen evenredig is met het
temperatuurverschil, treden in een lin e a ire  benadering twee n ie t eenvoudig
te herkennen re la xa tie tijd e n  op.

D it p ro e fs c h rift, hoofdstuk 4.
Herzfeld, K.F. and L ito v itz ,  T .A ., Absorption and Dispersion o f

U ltrasonic Waves.

3. Tussen de theoretische voorspellingen van de spin-spin re la x a t ie t i jd  in
een paramagnetische s to f van Mazur en Terwiel enerzijds en Sauermann
anderzijds bestaat in velden groot ten opzichte van het inwendige veld
een discrepantie van een fak to r die ongeveer g e li jk  is aan (1 -  XÜe t/x  J

D it p ro e fs c h r ift, hoofdstuk 3, §4.

4. B ij de berekening van de spin-spin re la x a t ie t i jd  verwaarloost Caspers ten
onrechte termen welke be lang rijk  kunnen z ijn .

Caspers, W.J., Physica_26 (1966) 798.
Caspers, W.J., Theory o f Spin Relaxation, Interscience Publ.,

New York (1964).

5. In reso lu tie  3 en 4 van de 13de Conférence Générale des Poids e t Mesures
(1967-1968) komt onvoldoende to t u it in g  dat 1 °C = 1 K.

13de Conférence Générale des Poids e t Mesures (1967—1968)
Metrologia 5 (1969) 35-



6. De conclusies welke Emori et a l.  trekken u i t  het f e i t  dat de gemeten en
berekende s u s c e p t ib il ite it  in Diisothiocyanatobis (thiourea) nickel ( I I )
en analoge complexe verbindingen overeenstemmen z ijn  aanvechtbaar.

Emori, S., Inoue, M. and Kubo, M., B u il. Chem. Soc. Japan kjt

0971) 3299.

7. B ij het meten van de verandering van de v is c o s ite it  van gassen onder in 
vloed van een uitwendig magneetveld dienen de zogenaamde Knudsen correcties
in rekening te worden gebracht. Een d u id e lijk  onderscheid moet gemaakt
worden tussen de e f f ic ië n t ie  waarmee moleculen reoriënteren b i j  gas-gas
botsingen en die waarmee z i j  reoriënteren b i j  botsingen met de wand.

8. Om een In ternationale Praktische Temperatuur Schaal tussen k en 14 K vast
te leggen met een nauwkeurigheid van 0.5 mK, z i jn  minstens d rie  vaste
punten nodig. Het verdient aanbeveling te onderzoeken o f magnetische over
gangspunten hiervoor in aanmerking komen.

Temperature, Its  Measurement and Control in Science and Industry,
Instrument Society o f America, P ittsburg (1972) Vol. k, Part 2,
page 815•

9. Het v a lt n ie t te verwachten dat b ij  vergroting van het aantal beschikbare
cardiogrammen,een zuiver s ta tis tis ch e  analyse van deze cardiogrammen
al 1 één een bruikbare methode zal opleveren voor een bevolkingsonderzoek
naar hartafw ijk ingen.

10. Het door Alonso en Finn b i j  de behandeling van een inductieverschijnsel
van de 2de soort ingevoerde begrip equivalente veldsterkte  doet afbreuk
aan de overigens fraa ie  behandeling van de electromagnetische versch ijn 
selen.

Alonso, M. and Finn, E .J ., Fundamental University Physics, Vol. I I ,
Chapter 17.4, Addison-Wesley Comp., Massachusetts, USA.

11. De aanduidingen "voor" en "achter" op perrons van de Nederlandse Spoor
wegen z ijn  ondu ide lijk  als men n ie t weet in welke r ich tin g  de tre in  zal
gaan rijd e n .

S te llingen behorende b i j  hét p ro e fsch rift van J.G.A. H illa e r t .

Leiden, november 1973-
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C H A P T E R  I

SURVEY OF THE THEORY

1.1 Introduction
By paramagnetic relaxation is meant those phenomena which occur when the

magnetization of a paramagnetic substance tends towards equilibrium after a
disturbance in the external magnetic field. The phenomena comprise a number of
different processes, such as parallel field resonance, spin-spin relaxation,
spin-lattice relaxation, and lattice-bath relaxation, from which in the fol
lowing only spin-spin and spin-lattice relaxation will be discussed.

1.2 Static susceptibility
Normal paramagnetics are those substances for which the magnetization M

induced by the magnetic field H varies approximately inversely with the temper
ature T, according to Curie's l.aw

C is called the Curie constant and xQ the static susceptibility. In general,
the vectors M and H are not in the same direction,1 and xQ is thus a second
order tensor. xQ is a diagonal tensor if the principal axes of 7 are chosen as
the reference system, and Xq reduces to a scalar if the magnetic field is ap
plied along one of these principal axes, which will be called z axis. In that
case, M and H have the same direction, and we may write

(1.02)

Normal paramagnetism occurs in salts involving elements of the so-called
transition groups in the periodic system, which possess a not completely
filled inner shel1.

If we consider a large number N of free paramagnetic ions each with a
permanent magnetic moment p, placed in a magnetic field il, in thermal equili
brium at a temperature T, then the magnetization is given by

9



(1.03)M = NgiigJBj (x) ,

where
B (x) = 2J + 1 c t g h ( 2J—+-—x ) ---- — c t g h ( — )

J 2J 2J 2J 2J

and guBJH
kT

In t h i s  ex p r e ss io n  g is  th e  Lande f a c t o r ,  vi„ i s  the  Bohr magneton (yg

0.9271 e rg  0e ' ) ,  and J the  t o t a l  an gu la r  momentum quantum number.

I f  x << 1, we can s i m p l i f y  ex p r e ss io n  (1 .03) and w r i t e

g^PpJ (J + I)
M = N ----- ---------------  H ,

3kT
(1.04)

which we can i d e n t i f y  wi th  C u r i e ' s  law

M = *oH = T H ,
so  t h a t

g2y2J ( J  + 1)
C =  N — i - - - - - - - - - - - - -

3k
(1.05)

Van Vleck ' has g iven a quantum mechanical  d e r i v a t i o n  o f  ( 1 . 0 4 ) ,  assuming

t h a t  the  energy spect rum of  the  ions c o n s i s t s  o f  a group o f  low ly ing  energy

l e v e l s  wi th  spac ings  between co n s ec u t i v e  l e v e l s  small compared to  kT, and a
group o f  high energy l e v e l s  a t  a d i s t a n c e  l a rg e  compared to  kT. Besides  the

tempe ra tu re  dependent  s u s c e p t i b i l i t y ,  he ob ta in ed  an ex p r e ss io n  f o r  the  temper

a t u r e  independent  c o n t r i b u t i o n .
The paramagnet ism o f  the  r a r e  e a r t h  ions i s  caused by the  not  complete ly

f i l l e d  inne r  s h e l l  o f  the  4 f  e l e c t r o n s .  The in f lu e n ce  o f  th e  c r y s t a l  f i e l d  on
the  pa ramagne t i c  ions in the  c r y s t a l  i s  r a t h e r  s m a l l ,  and we deal  wi th  almost

f r e e  ions .
Apar t  from a few e x c e p t i o n s ,  C u r i e ' s  c o n s ta n t  i s  given by (1 .0 5 ) .  In the  ions

o f  the  i ron group ,  the  paramagnet ism o r i g i n a t e s  from th e  3d e l e c t r o n s  which a re

not  s h ie ld e d  by o u t e r  e l e c t r o n s .  The c r y s t a l  f i e l d  has a g r e a t  in f lue nce  on the
4 - Ie l e c t r o n s ,  and causes  s p l i t t i n g s  o f  about  10 cm • The o r b i t a l  an gu la r  momentum

is  quenched,  and on ly  the  sp in  remains f r e e .  This  means t h a t  C u r i e ' s  co ns ta n t

is g iven by

10



C *  N ( 1. 06)
g2UgS(S + 1)

3k

in which S is  the sp in  quantum number, and g has a value o f  about the f re e

sp in  value 2.

Only a few s a l t s  fo l lo w  C u r ie 's  law down to  very low tem peratures. A

b e t te r  d e s c r ip t io n  o f  the s u s c e p t i b i l i t y  is  g iven by the Curie-Weiss law,

in which 0 can c o n ta in ,  besides a c o n t r ib u t io n  due to  the c r y s ta l  f i e l d s ,

terms caused by in te ra c t io n s  between the ions.

1.3 L in e a r response theory

From a paramagnetic system in e q u i l ib r iu m  ( f o r  which the m agnet iza t ion  is

g iven by C u r ie 's  law o r  the Curie-Weiss law) the f i e l d  is  v a r ie d  a l i t t l e

du r ing  a c e r ta in  t im e , which w i l l  r e s u l t  in a v a r ia t i o n  o f  the m agne t iza t ion .

For the magnetic f i e l d  H a long the z a x is ,  we w r i t e

H ( t)  = Hz + AHz ( t )  , (1 .08)

and f o r  the m agnet iza t ion  M along the z -a x is

M(t) = Mz + AMz ( t )  . (1.09)

Hz and Mz are the e q u i l ib r iu m  va lues , AH ( t )  is  the v a r ia t i o n  o f  the  magnetic

f i e l d  and AMz ( t )  the r e s u l t in g  v a r ia t i o n  o f  the m agne t iza t ion .

L in e a r it y

I t  is  assumed th a t  the f i e l d  v a r ia t i o n  AHz ( t )  is small enough to  g ive  a

d e s c r ip t io n  in a l in e a r  approx im ation .

Response fu n c t io n

A 6-peak l i k e  v a r ia t i o n  in the magnetic f i e l d  a t  the time t  = t

AHz ( t )  = 6 ( t  -  x)h , (1.10)

w i l l  cause a v a r ia t i o n  o f  the m agnet iza t ion  a t  the time t  > x which we can w ri  te  as

11



( 1 . 11 )AM ( t )  = Rz z ( t  “  x)h = Rz z ( t  -  t )AHz ( t ) .

R ( t )  w i l l  be c a l le d  the response fu n c t io n .  I t  is  the zz element o f  the
zz

response tensor R ( t ) .

P r in c ip le  o f  c a u s a lity

As a v a r i a t i o n  in  the magnetic f i e l d  a t  the t ime t cannot cause a v a r ia 

t i o n  o f  the m agnet iza t ion  a t  times t  < t , one has

R ( t  -  t ) = 0 f o r  t  < t ( 1 . 12)

This  is  c a l le d  the p r i n c ip l e  o f  c a u s a l i t y .  Furthermpre, we demand th a t  a f i n i t e

d is tu rbance  produces f i n i t e  a f t e r - e f f e c t s  in time as w e ll  as in am p l itude .

Th is  im p lies  th a t  Hm Rz z ( t )  = 0. An a r b i t r a r y  f i e l d  v a r ia t i o n  a t  the time t

may be w r i t t e n  as a sum o f  6 - fu n c t io n s :

AHz ( t )
> +00

6 ( t  -  x)AHz (x)dT
—00

( 1 . 13)

The c o n t r ib u t io n

g i ven by (1 .1 1 ) ,

the v a r ia t i o n  o f

w r i t t e n  as

AM ( t )

to  the v a r ia t i o n  o f  the m agnet iza t ion  o f  one 6 - fu n c t io n  is

and because a l l  c o n t r ib u t io n s  may be added due to  l i n e a r i t y ,

the m agnet iza t ion  as response to  an a r b i t r a r y  f i e l d  may be

•t
= R ( t  -  x)AH (x)dxzz z

= Rz z (x)AHz ( t  -  x )dx . J (1*1*0
'  o

A c o n t r ib u t io n  due to  d iamagnetic  e f f e c ts  has been om it ted .

1.3.1 R e la x a tio n  fu n c t io n
The re la x a t io n  fu n c t io n  ij>z z ( t )  i s ,  except f o r  an a d d i t i v e  cons tan t ,  de fined

‘  I t  * z z ( t )  = Rz z ( t )  •
( 1 . 15)

The a d d i t i v e  constan t is  determined by the value o f  <|>z z ( t )  ' n th e l i m i t  f o r

la rge  t .
I f  we cons ider f o r  ins tance the response o f  the m agnet iza t ion  to  a negative

12



f ie ld  step

H(t) = {
H + h f o r t < 0

f o r  t  > 0 ,

then the v a r ia t i o n  o f  m agne t iza t ion  is  given by

r t
AMz ( t )  -  Mz ( t )  -  M ( t  = 0,H+h) R ( t  -  T,H+h)hdT

In a l i n e a r  app rpx im a t ion , th is ,c a n  be w r i t t e n  as

3M (0,H) /•»
Mz ( t )  -  Hz (0,H) = { -  3H + [ R ( t ,H )dT  -  f ° R  (x ,H)dx}h

't >o

I f ,  as is  f r e q u e n t ly  done, $ ( t )  is  de f ined  as

Mz ( t )  -  Mz (0,H) -  <(>2Z( t ) h  ,

by which the additive constant in (1.15) has been fixed, we have

+ | R„ ( t , H ) d T  -
3M (0,H) r»

♦ „ ( t )  = {~— rzz 3H J zz Rz z (T,H)dT) .

The value o f 3M (0,H)
I42*zz(t) = { _ J 3H— ;•

is  in general d i f f e r e n t  from zero .

R__(t ,H)dt)

1 .3 .2  Complex s u s c e p t ib i l i t y

Let us cons ider the response o f  the  m agnet iza t ion  to  an o s c i l l a t i n g
o f  am plitude h and frequency w

AH ( t )  = Re h iw t
I

then the v a r ia t i o n  o f  the m agnet iza t ion  is  given by

r00
AM ( t )  = Re dxR ( x ) e ' ' “ Th e iw t

z L  zz

= Rex (io) h e iwt

(1.16)

(1.17)

(1.18)

(1.19)

( 1. 20)

( 1 . 2 1 )

f i e l d

. 22)

• 23)

13



x(u)  i s  the  complex f r equency dependent  s u s c e p t i b i l i t y

x(io) = x 1 (»> " i Xn (w) dtR ( t ) ezz (1.24)

As R(t)  i s  a r eal  f u n c t i o n ,  we have

x'(ü))

x " M

dtR ( t ) c o s u t  and

dtR (t)sino>t

The Laplace t r an s f o rm  of  the  r esponse  f u n c t i o n  R ( t )  i s  de f ined  as

Rz z (p) d te  P Rz z ( t )

(1.25a)

(1.25b)

( 1. 26)

so t h a t

x(w) -  Rz z (i<o) . (1.27)

I f  we d e f i n e  $ ( t )  = 'f>z z ( 0  “ ■̂4JSli,z z ( t )  * then p a r t i a l  i n t e g r a t i o n  o f  (1.24)
g iv es  ( as  £ |m$( t)  = 0)

o r

and

x(w)

X' (« )

x"(«)

= x(0) -  ito

= x(0) -  w

•QO

d t $ ( t ) e
o

•00

d t$ ( t ) s in oo t  ,

s= UJ

'  o

d t$ ( t ) c o s w t

(1.28)

(1.29a)

(1.29b)

X(0) i s  th e  l i m i t i n g  va lu e  o f  x ( “ ) f o r  u -*• 0.  In s e c t i o n  1 .4 ,  we w i l l  see t h a t
f o r  s p i n - l a t t i c e  r e l a x a t i o n ,  x(0)  ■ XQ. the  s t a t i c  s u s c e p t i b i l i t y ,  and f o r

s p i n - s p i n  r e l a x a t i o n  x(0)  = X the  s o - c a l l e d  a d i a b a t i c  s u s c e p t i b i l i t y .

The F o u r ie r  t r an s f o rm  o f  $ ( t )  i s  de f ined  as

I f  4 ( - t )

$(w) =

= * ( t ) ,

$ ( u )  =

00

J _
2 If J _
then

X"(a)
in»

d te — i cut■*(t) (1.30)

(1.31)
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1.3*3 Kram ers-K ron ig  re la t io n s

According to  formulae (1.25a) and (1 .2 5 b ) ,  x ' ( “ ) and x " (<»>) may be der ived

from one fu n c t io n  R ( t ) .  E l im in a t io n  o f  R ( t )  leads to  the  Kramers-Kroniqzz zz 3
re la t io n s

x 1 ( « )  ■ x '  (°°) ■ — p

and

f+ o o  x ' ^ u . )

-----------  da),
0 3 -  — 0 )  I

X " ( « ) -  PTT
/•+“> x 1 ( w . )  " X 1 (“ )

0 3 , - 0 )° 1

(1.32)

0 . 3 3 )

where the symbol P stands f o r  ta k in g  the p r in c ip a l  va lue  o f  the i n te g r a l .  A

more p ra c t ic a l  form o f  the Kramers-Kronig r e la t i o n  is

X 1 (w) -  x * (“ ) “  -IT

X"(«>)

f”  W |X " ( “ . )  " w x " (u )
2 2

0  0) |  “  03

, r x ' ( k) | ) -  x '  (w)
IT 1

J 0 2 2 1 *0. -  to

I f  we take u = 0 in r e la t i o n  (1 .3 4 ) ,  we o b ta in  the usefu l r e la t i o n

(1.34)

(1.35)

X 1 C o ) -  X '  ( • )  = -TT y 0
x " M

0) do) (1.36)

wh i ch- t e l l s  us th a t  the t o t a l  in te n s i t y  o f  x 11 (o>) /  ut over the frequency range

( in c lu d in g  the nega tive  frequency range) in which s p in -s p in  re la x a t io n  takes

place equals irxad i f  x ' ( “ ) = 0 .

1 .3 .4  Moments o f  x"(u>)/in

I f  $ ( - t )  *  $ ( t ) ,  then the re c ip ro c a l  r e la t i o n  o f  (1 .3 0 ) ,

$ ( t )  = f dwe'<ot*(co) , (1.37)
/  —co

leads toge the r w i t h  r e la t i o n  (1 .31) to

* ( t )  = f due . (1.38)
/ “ OO

The moments o f  x " (u ) /w  can be der ived  from t h i s  r e la t i o n  by d i f f e r e n t i a t i o n
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(1.39)
f  ( x " ( w ) / i D ) i o n d(o [ d

n _ '  \ n d t
<10 > =--------------------------- = ( - 1) -------------------

/•+00

(x"(ti))/to)d(o $(0)
/  —00

1.3-5 Debye form ulae
I f  we c o n s id e r  a r e l a x a t i o n  which t a ke s  p la ce  accord ing  to  a s i n g l e  ex

pone n t i a l  decay

t
$( t )  = (x ( 0 ) “ x ' ( “ ) ) e T  f ° r t  > 0 , (1.1.0)

then the  s u s c e p t i b i l i t y  i s  g iven by ( see  r e l a t i o n s  (1.29a)  and (1.29b) )

X ' ( w )  =  x* (°°) +  ( X ( 0 )  -  X 1 ( * )  )  ------ - ~f ~2 ( 1 . 4 1 a )
1 + (0 T

and

x"((o) = ( X(0) -  X1 (“ ) ) -----MT2 2 • (1 .Alb)
1 + (0 T

These a r e  the  formulae o f  Debye, which w i l l  be used f r e q u e n t l y  in t h i s  t h e s i s .

x(0)  is the  va lue o f  x ( “ ) a t  f r e q u en c ie s  10 «  t and x(°°) the  value  of
a t  f r e q u e n c ie s  <0 >> t ' .  x ‘ (w) /x (0)  ha s been p l o t t e d  ver sus  u on a lo g a r i th m ic

s c a l e  in f i g .  1.1a and xM(“ ) / x ( 0 )  ve r sus  to on a double lo g a r i th mi c  s c a l e  in

f i g .  1 .1b.  The r e l a x a t i o n  t ime t i s  t he  inv e r se  o f  the  f requency f o r  which

x"( to) /x(0)  has a maximum and x ' ( u ) / x ( 0 )  I s ha 1 fway-between i t s  i n i t i a l  and

f i n a l  v a l ue .  I f  we p l o t  x " ( “ ) / x ( ° )  ver sus  x ' ( “ ) /xlO)> we o b t a i n  a s e m i c i r c l e ,
symmetric around the  p o in t  tox = 1 ■ This s o - c a l l e d  Cole-Cole diagram has a l s o

been used to  dete rmine the  r e l a x a t i o n  t ime.  The v a r i a t i o n s  o f  x 1 ^ )  an£l <ox"(io)
a r e  c a l l e d  d i s p e r s i o n  r e sp .  ab s o rp t i o n  which names a r e  a l s o  used f o r  x ' ( u )  and

x"(to) i t s e l f .

1.1* Thermodynamic theory
2) •In the  theory o f  Casimir  and Du Pré fo r  s p i n ~ l a t t i c e  r e l a x a t i o n ,  the

paramagnet ic  s a l t  i s  supposed to  c o n s i s t  o f  two thermodynamic sys tems:  the  spin

system de te rmin ing  a l l  t he  magnet i c p r o p e r t i e s  o f  the  sample,  and the  l a t t i c e

system d e s c r i b i n g  the  r emaining p r o p e r t i e s .  In te r na l  e q u i l i b r i u m  in both systems

is  assumed,  each wi th  a c h a r a c t e r i s t i c  t empera tu re  T$ o r  T , Equ i l ib r ium in the

whole system is e s t a b l i s h e d  by s p i n - 1a t t i c e  i n t e r a c t i o n s ,  by which energy is
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1 X(O)-X'hn)

0  0 5 0.1 00 0.2 0.5 CO=X

0.0 5

0.05 0.1 oo 0.2

Fig. 1.1 Debye curves f o r  x ' U ) / x ( 0 )  and x " ( w ) / x ( 0 ) .

t ra n s fe r re d  from the sp in  system to  the l a t t i c e .  In the s im p les t model, the

con tac t between l a t t i c e  and surrounding heat bath is  so e f f e c t i v e  th a t  the

l a t t i c e  temperature is  cons tan t .  The f i r s t  law o f  thermodynamics f o r  the sp in
system reads

dQ = dE + MdH , (1.1)2)

in which E is  the magnetic e n th a lp y ,  c a l le d  by G or te r  the spec troscop ic  energy.

17



I f  one compares t h i s  equation  w i th  the standard form o f  the f i r s t  law

dQ = dU + pdV (1 . 3̂)

one sees th a t  M and H take the place o f  p and V i f  the spectroscop ic  energy E

is  i d e n t i f i e d  w i th  the in te rn a l  energy U. By using the re la t io n s

C = = (-2É-)H 'dTg H 3T H
( l .AA )

and
/  dQ. „  . ^  / 3E. 1 /  3H . -  . -  / 3M w  3H .

CM “  dT\T M = CH {M ^3H^T<; ^ 3 t J m = CH TS^3t J H W M  ’
(1-45)

the f i r s t  law can be w r i t t e n  as

dQ -  CH(lF > H dM + CM(-aif>MdH •
(1.46)

I f  the sp in  system is  comple te ly  is o la te d  from the l a t t i c e ,  one deals w i th  the

s o -c a l le d  a d ia b a t ic  s u s c e p t i b i l i t y

X = ( M )  = ^  V
xad ' 31r S Ch v3H'Ts CH A0 (1.47)

Casim ir and Du Pré suppose the energy t r a n s fe r  between the sp in  system and the

l a t t i c e  to  be p ro p o r t io n a l  to  the temperature d i f fe re n c e

dQ
dt a (T c V ( 1 . A 8 )

so th a t  the f i r s t  law can be transformed to

3T
-a (T s -  V C f t  ^V  3M '  d t 3H d t (1.A9)

In the measuring procedure the to t a l  f i e l d  co n s is ts  o f  a constant p a r t  and a

small o s c i l l a t i n g  p a r t  o f  some f ix e d  frequency g o .  In a l in e a r  approx im ation ,

M and T w i l l  f l u c tu a te  w i th  the same frequency around t h e i r  e q u i l i b r iu m  values

Mq resp. Tl>

S u b s t i tu t io n  o f  .
H = HQ + Re(h e u t ) ,

M = M- + Re(m e ' u^) , and

Ts = Tl + Re(0 e l u t )

18



in eq ua t io n  (1.49)  g ives

-010
’“V l ï ï V  + i “ CM('3H")Mh (1.50)

On the  o t h e r  hand,

0 , 3TS 3TS
 ̂ 3M  ̂Hm + ~̂3ÏT̂  Mh (1.51)

E l im ina t i on  o f  0 from th e se  two eq ua t io ns  g ive s  f o r  the  complex,  f requency  de
pendent  s u s c e p t i b i l i t y

, ' _ m °  + ildCM
x(w) “ r x0 «"V UoCu > 0-52)h

which can be w r i t t e n  as

x ( “ ) = Xad + ^x0 " Xad^ 1 + i u t  * 0 - 5 3 )
SL

where the  s p i n - l a t t i c e  r e l a x a t i o n  t ime t = r / a .
SL H

S p l i t t i n g  x(<o) in to  a real  and imaginary p a r t ,  we o b ta in

x »  = Xad + (x0 -  Xad) ------- V t " and 0 - 5 * « )
1 + u tsl

<01-,
X (“ ) “  (Xq ■ Xa d ) “ 2 2 ■ 0 . 5 4 b )

1 t  CO xSL

The s t a t i c  s u s c e p t i b i l i t y  Xg is  the  value  o f  x(co) a t  f r e q u e n c ie s  so low t h a t
the  sp in  t emp era t u re  is c o n s ta n t  and does not  fo l low  the  f i e l d  v a r i a t i o n ,  x

is  the  value  o f  x M  a t  f r e q u e n c ie s  where the  sp in  system fo l lows  the  f i e l d
v a r i a t i o n  w i thou t  exchanging energy wi th  the  l a t t i c e .

For many s a l t s ,  t he  magnet i c s p e c i f i c  hea t  in a high t em per a t u re  ap p r o x i 
mation can be w r i t t e n  as ■ b/T . For a sub s t anc e  obeying C u r i e ' s  law M = —H,
one f i n d s  then wi th  the  a i d  o f  (T.45)

CH C„ +

so t h a t
Xad m b

X0 b + CH2

(1.55)

(1.56)
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For a sub s t anc e  obeying Curie-Weiss  law

one f i n ds

C ,, / 3M \ C
t  -  n ^ aT H ~
T 0  3TS H (T -  0)

I / 3H \ M
2 H and 3T̂ " M "  C = r H,

CH "  CM + CH
T

(T -  0) 3

■ 0

( 1. 57)

so t h a t
^ ------------- b---------------  . ( , . 5 8 )
x0 b + CH (T/T -  0 ) j

The s u s c e p t i b i l i t y  in the  case  o f  s p i n - l a t t i c e  r e l a x a t i o n  is  given by the

Debye fo rmulae ,  which impl ies  t h a t  the  s p i n - l a t t i c e  r e l a x a t i o n  t akes  p lace
accord ing  to  an expo nen t i a l  decay.  I f  t he  s p i n - s p i n  r e l a x a t i o n  a l s o  decays ex

p o n e n t i a l l y ,  t he  s u s c e p t i b i l i t y  f o r  the  s p i n - s p i n  r e l a x a t i o n  p rocess  i s  given

by the  Debye formulae as well

X1 (w) * xbe t  + (xad ’  Xbet* . + 2 2 ’ (1.59a)

1 + w TSS

x " (« )
“ TSS

x̂ad xb e t  , 2 2 (1.59b)

1 + “> TSS

n which t - j  is the  s p i n - s p i n  r e l a x a t i o n  t ime.

Combination o f  e q u a t io n s  (1.5l*a and b) and (1.59a and b) g ives

X ' ( “ ) = * ; e t  + (xad '  xb e t }
and

. 2 2+ hi TSS
<x0 ■ xad> , . 2 2

' “ t SL

X"(-)  = (xad " Xbet5 •------- T T  + (x0 ‘  xad}
I +  U) T e c

i + 2 21 + to t s l

(1.60a)

( 1 .60b)

x ‘ i s  the  value  o f  x(w) a t  f r e q u en c ie s  so high t h a t  the  sp in  system is  not
in thermal e q u i l i b r i u m .  decays v ia  p a r a l l e l  f i e l d  r esonances  in the  sp in

system a t  the  Larmor f requency

“ L

9PBH
Ti

and twice  hi. .
The whole has been ske tched s c h e m a t i c a l l y  in f i g .  1.2.
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C i)(lo g )

Fig .  1.2 Dispe r s ion  and ab s o rp t i o n  as a fu n c t io n  o f  the  f requency

f o r  some f i xed  f i e l d  H ^ 0.z

1.5 Quantum s t a t i s t i c a l  d e sc r ip tio n  o f  sp in -sp in  re la x a tio n
1.5.1 Hamiltonian o f  the sp in  system

To d e s c r ib e  the  s p i n - l a t t i c e  and the  s p i n - s p i n  r e l a x a t i o n  in a paramagne tic

c r y s t a l  one t r i e s  to  s p l i t  i t s  Hami l tonian in to  a Hami l tonian d e s c r i b i n g  the

sp in  system o n ly ,  a Hami l tonian d e s c r i b i n g  the  l a t t i c e ,  and a term f o r  the
i n t e r a c t i o n  between both systems ,

= + + 5 SL ' (1-61)

The s u b s c r i p t s  S and L r e f e r  r e sp .  to  the  sp in  and the  l a t t i c e  sys tems.

I f  the  s p i n - l a t t i c e  r e l a x a t i o n  t ime is  much g r e a t e r  than the  s p i n - s p i n

r e l a x a t i o n  t ime (as is o f t e n  ex p e r im en t a l l y  found) ,  then the  sp in  system is
i s o l a t e d  from the  l a t t i c e  dur ing  th e  s p i n - s p i n  r e l a x a t i o n  p r o ce ss .  The Hamil

to n ia n  f o r  the  i s o l a t e d  sp in  system can be w r i t t e n  as a sum o f  s i n g l e  ion

Hami ltonians  and a sum o f  i n t e r a c t i o n s  between the  s i n g l e  ions
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(1.62)ffc = Iff' + .S j i.Jl*

3 4)The single ion Hamiltonian is replaced by the so-called spin Hamiltonian ’
This is an explicit expression in an effective spin operator ? determined by
equating 2S + 1 to the number of energy levels of the lowest group. The eigen
values of the spin Hamiltonian coincide with the ground state of the actual
magnetic ions.
The spin Hamiltonian can be written as

ff’ = fl! + ff‘ + ff' . (1.63)Z el hfs

Here ff' is the Zeeman energy, i.e. the energy of the magnetic ion in an exter
nal magnetic field

ffj - -ÏÏ’Ïj' = . *

ffel the energy of the ion in the electric crystal field

(1.64)

ff', = d '{(s ')2 - |  S(S + 1)} + E 1{(S')2 - (S')2} + ... , (1.65)el z 3 x y

and ff' the interaction energy between the electron and nuclear spinhr S

ff‘ -l'-ï1.?' . (1.66)hts

The interactions between the single ions are the dipole dipole interaction

" 7i ip  ■ -
(1.67)

di p

(r. (r. .•g-*-tJ)
- 3 _LL -}

ij

As definition of the Bohrmagneton we use

- le l
B 2mec
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(where r.j is the vector connecting the equilibrium sites of ions i and j and
r.j = |T..|) and the exchange interaction

*ifj^ • (1.68)

If the principal axes of the exchange tensor J coincide with the reference
axes, the exchange interaction may be written as

Hex i.E. ,{-2(JIJs's-‘ + J 1 jS'SJ + J IJS'S-*)}a 9jr xx x x yy y y zz z z (1.69)

If = J"*1 and = J*-* = J ^ ,  then we deal with the so-called symmetric,
isotropic, Heisenberg exchange which in many cases gives a satisfactory descrip
tion:

H = i.M-2JIJ?'»t-i) . (1.70)ex i ,j ' v ' '

If = 0, then we have as special form of the symmetric anisotropic
exchange, the so-called I sing exchange:

flex = i& (-2jijslsJz> • 0-7»)

The summation over pairs in the exchange interaction may often be restricted to
the nearest neighbours or nearest and next nearest neighbours.

1.5.2 Decomposition of H ,. and H into eigenoperators of L„
ClI*P 6 X  ci

The greater part of the theories on spin-spin relaxation deals with S = J
which according to a theorem of Kramers implies H , - 0.e I
The Hamiltonian of the spin system is assumed to consist of a Zeeman term H-
and an interaction term which is taken to be the sum of a dipole dipole inter
action fljj and an isotropic exchange interaction H >■-:

+ H, ,Z i nt H- + H,t + H1 dip ex (1.72)

For identical ions and the magnetic field applied along one of the principal
axis of the g tensor (z axis), the Zeeman term can be written as

-HM 9zyBH?Sz (1.73)
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The in te r a c t io n  term H.  is  decomposed in to  ei genoperators o f  the L i o u v i i l e
i n t

op e ra to r  L corresponding to  the Zeeman term , j . e .  in to  ope ra to rs  A s a t i s 

fy in g  the equation

LZA £ Ï Ï [fiZ,A] = XA (1.7^)

f o r  some s c a la r  X.

For th a t  purpose we w r i t e  ou t H. .  and H i n to  sj. = S* and the stép up andr  r  . . d i p  ex 0 z
step down ope ra to rs  S+ = ± iS 1 in the fo l lo w in g  way:

H, .  = H - + H . + H . + H. + Hd ip  -2  -1 d ip  0 1 2 (1.75)

w i th

d i p 0 ■ i y B i » j^
(c'-is’s-* +'  00 0 o cid

= i p 2 .2 .  / c'is's^. , and
±1 IJ»* ±0 ± 0 ’

r
±2 = i p 2s B \ Z, i *

(1.76)

The c ' ^ ' s  are fu n c t io n s  o f  the loca l coord ina tes  and components o f  the g tensor

cJo -  -  3«?j> •

- m Jj > .  . * ( '  -  w f j »

'to ■ '3rijVlJ{»x£u 1 'Vu1, and
t i l  -  -4rT3{gf -  g3 -  3(g„E|j i  ‘«y11! j >3i j l3 x

(1.77)

in which n . .  and ? . .  are the d i r e c t i o n  cosines,
i j  i j  *J

H is  w r i t t e n  asex

H = i .Z . ,  -2JIJ(s‘sj + s!sJ) .ex i z z + -
(1.78)

Now i t  is  easy to  see th a t

L , ( f l . .  n + H ) ■= 0Z d ip  0 ex
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and '
gvt^H

L Z H V. “  k B k  ~  kwA : k = 11 > ±2- 0 . 79)

to. = gvigH/ti is  the Larmor frequency.

That pa r t  o f  which commutes w i th  £L is  c a l le d  the secu la r  p a r t  o f  the

in te r a c t io n ,  and the remainder the non secu la r  p a r t .  The Hamilton ian  may thus
be w r i t t e n  as

H = H + "H + H . ( 1.80)Z sec n sec

i - 5 -3  A fó rm a l exp ress ion  f o r  the  re la x a t io n  fu n c t io n  in  a h ig h  tem perature

app rox im a tion

The s t a r t i n g  p o in t  in th e o r ie s  on s p in -s p in  re la x a t io n  is  the re la x a t io n

fu n c t io n ,  most ly  in a h igh temperature approx im ation . There fore  one cons iders

the response o f  the iso la te d  sp in  system to  a d is tu rbance  in the magnetic f i e l d
app l ied  a lo n g . th e  z a x is :

H + h f o r t < 0
H (t)  = {

H f o r  t  > 0

At t ime t  < 0, thè e q u i l ib r iu m  s ta te  is  described by the s ta t io n a r y  dens i ty
o p e ra to r

+ h)^

P^"“  ̂ = Tr e-e#(H + h) ’ 0 - 8 1 )

in which #(H + h) is  the H am ilton ian  a t  time t  < 0,

ff(H + h) -  -(H + h)Mz + H. , (1.82)
and

The mean value o f  the m agnet iza t ion  f o r  t  < 0 is g iven by

iTTET = T r p (— )Mz . (1.83)

A f t e r  the d is tu rbance  in the magnetic f i e l d ,  TTTtT  j s g iven by

Mz ( t )  = T r p (-» )M z ( t )  , (1.84)
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in which M ( t)  is the Heisenberg ope ra to r  o f  Mz ,

M ( t )  = e TT*(H)tM e- f f « ( H ) t  i # r i ( H ) t M (1.85)

and fl(H) the Hamiltonian for  t  > 0

27(H) = -HM + H. . .'  z in t ( 1. 86)

L(H) is  the corresponding L iouv i l l e  opera tor .
In a l i n e a r  approximation in h,  and a high temperature approximation,  one f inds

h«M2»  + H«M2»z zM ( t )  =6  { 2
h«M M ( t )  + H«M »z z  z

for  t  < 0,

for  t  > 0,
(1.87)

where we have used the no ta t ion

Tr A« A » Tr 1

«M2»  = g2u2 I « ( S 1) 2»  = Ng2p2 -  S(S + 1) ,
Z Z D j Z Z D }

( 1. 88)

have fo r  the mean value of  the magnet izat ion for  t  < 0,

__ __  9 ^ bs (S +
mI T T  = N z B -------  (H + h) , (1.89)

by which C u r i e ' s  cons tant  is determined.
Defining for  t  > 0 the re la xa t io n  func t ion  by

4> ( t )  = (Mz ( t)  - 6H«Mz» }  , (1.90)

i t  fol lows th a t

4> z (t)  = 6«MzMz (t)>> (1.91)

1.5.4 A formal expression fo r  the relaxation  time in  a high temperature
approximation

A formal expression fo r  the spin~spin re laxa t ion  t ime,  cha rac te r iz in g  the
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approach to equi l ib r ium of the i so la ted  spin system a f t e r  a d is turbance  in the
externa l  magnetic f i e l d ,  has been derived by several  authors in d i f f e r e n t
ways 5 . 6 , 7 , 8 , 9   ̂ One usua l ly  s t a r t s  from a Hamiltonian of  the spin system con
s i s t i n g  of  a Zeeman term H , a d ipole d ipo le  term H

L  I

Heisenberg term H :
di p ’ and an i s o t ro p ic

H = H + H,. + H = fl, + H + HZ dip ex Z sec n sec

In analyzing the r e l axa t ion  func t ion ,  Mazur and Terwiel ®' d i s t ing ui shed  two
l imi t ing  cases fo r  which the Hamiltonian can be separa ted  into a large  unper
turbed pa r t  and a small p e r tu rba t io n .  The f i r s t ,  which they ca l l  the weak
coupling case,  is th a t  for  which the se cu la r  pa r t  o f  the i n t e r a c t i o n  is  much
la rger  than the non se cu la r  p a r t .  The Zeeman term and the secu la r  pa r t  o f  the
in te r a c t i o n  c o n s t i t u t e  the large  unperturbed Hamiltonian and the non se cu la r
pa r t  the small p e r tu rba t io n .  The r e s u l t s  a re  va l id  for  a l l  magnetic f i e l d s  in
c luding zero f i e l d .  The second, which they ca l l  the s t rong coupling case,  is
th a t  for  which the secu la r  par t  of  the i n t e r a c t i o n  is comparable to  or  weaker
than the non secul a r  p a r t .  In th a t  case the sum of the Zeeman term and the
secu la r  pa r t  o f  the in te ra c t i o n  c o n s t i t u t e  only for  a s t rong ex te rna l  magnetic
f i e l d  a large  unperturbed Hamiltonian,  and the non secul a r  pa r t  can be con
s idered as a small per tu rb a t i o n .  The r e s u l t s  a re  thus r e s t r i c t e d  to large  f i e l d s .

Weak coupling theory

Using Zwanzig's 10 e legant  p ro jec t io n  ope ra to r  t echnique ,  M and T der ive
an exac t  in tegra l  equat ion for  the time d e r iv a t i v e  of  the r e l axa t ion  func t ion ,
assuming th a t  a f t e r  the d i s turbance in the magnetic f i e l d  the spin system
reaches a new thermodynamic equi l ib r ium for  la rge  t .
The re laxa t io n  func t ion which they consider is  the funct ion defined by (1.90)
which in a high temperature approximation is given by

♦zz(t>.- e<<MzMz (t ) >> . (1.91)

The l im i t ing  value of  6 ( t)  i n the l im i t  fo r  l arge t  is d i f f e r e n t  from zero,
and thermodynamically one can show th a t

*z z (" ) e l-is +zz( t )  “  *0 ‘  Xad 2 2
H +  i H ?

(1.92)
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(1.93)

where 2 2
L b. . « H .  >> « H .  >>,..2 _ i n t  _ i n t  _ i n t

i H . = —r — = --------2------  = ----------------
1 L « M »  kCz

The non van ish ing  p a r t  o f  the re la x a t io n  fu n c t io n  is  taken in to  account by

d e f i  n i ng

(1.9*0gfl(t) i  4>zz (t )  -  i{e" 1<i>z z (»)} s e « u u ( t ) »

With the a id  o f  the fo rm a lism  o f  Zwanzig, M & T d e r ive  the time d e r iv a t i v e  o f

n ( t )
3£i ( t )

31

t
d T G (x ) f l ( t  -  t ) , (1.95)

where the kernel o r  memory fu n c t io n

G (t )
<<\iL i ( L ,  + L )  t + i ( l  -  P ) I

. (1.96)
« y  >>

, L , and L a re  the L i o u v i l l e  ope ra to rs  corresponding to  77 , H ,
Z sec ' n sec ^ sec

and H resp. P is  a p ro je c t io n  op e ra to r  de f ined  by
n sec r  p

p o ( t )  = ,
^ <<y »

(1.97)

w i th  0 ( t )  an a r b i t r a r y  Heisenberg o p e ra to r .
In the weak coup l ing  case, the memory fu n c t io n  can be w r i t t e n  as a sum

o f  damped o s c i l l a t i o n s

wi th

H2 + iH? ,
G ( t ) ------------s e ' kV  G . ( t )  ,

iHT k=± l,+2i sec

g2yB 2 <<H-k  e ' I ‘sectHk>>
■  - r k  — L — 2 ----------------------« M  »z

The F o u r ie r  trans fo rm  o f  the kernel o r  memory fu n c t io n  (c a l le d  by Verbeek

memory spectrum) is  g iven by

( 1. 98)

(1.99)

13)

2 2
H + iHT% i secG ( t o ) -------------5-------------  i

iHT k=±l ,±2i sec

G. (u) -  ku^) • (1.J00)
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The memory spectrum c o n s is ts  o f  fo u r  l in e s  a t  frequenc ies  kio^, k = ±1

whose shape does not change i f  the f i e l d  is  v a r ie d .  The l in e s  have an

. 0. *24  , 2 « V - k * *
k ~ 7 T k — ~2------  •

« M  >>z
and a second moment

2
<w > 1 <<[ffsec*f ik ] [ 5- k - f isec]>>

k ' h 2 « H . H . »k -k

The l in e s  are m u l t i p l i e d  by a f i e l d  dependent fa c to r

2 2hr + iHTi sec

i .i sec

The s p in -s p in  re la x a t io n  ra te  t is  g iven by

> sOO

■7 = d tG ( t )  = ir[G(<o)]
H2 + iH?

(o=0 , 2 1 S6C 2 [G (<o-k«o ) ]
iHT k = ± l ,±2 k L ') .I sec

I f  a Gaussian l i n e  shape is  assumed fo r  G^(co -  kto. ) v determined by the
o f  zero and second o rd e r ,

Gk (w -  k « L ) =  « 0  ^
{ 2ir<(o >. }k

(to -  km. ) 2
2— - J  e x p { - i  -------- --------- }

thCT , H2 + iH? , ,i--- ,. 1 (X . X)
1.1 sec C1 t 2

<00 > ,

wi th

2n —t
t , _ 2

j  S(S + 1) {2ir<(o2>] } i

9Ur H -
e x p { - i (— — ) 2 2< 0) >,

and

X . 8 ,  <<,2*-2>> 2guBH

T2 Tl2 y  S(S + 1) {2TT«02>) } i
e x p { - i ( -----— )B \ 2  1

2<w >0

2
<(0 > i , 2 *2

1 <<[*sec,gi . 2 ^ - l . - 2 ' * s e J :

^ 1.3 '* - 1. - 2**

, ±2 ,
i ntens i ty

( 1. 101)

( 1 . 102)

i=0

(1.103)

moments

(1.104)

(1.105)

( 1. 106)

(1.107)

( 1. 108)
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S trong  co u p lin g  theo ry

In the case o f  s trong  c o u p l in g ,  the t ime behaviour o f  Q (t)  is  in ve s t ig a te d

by M 6 T on the basis o f  an a n a lys is  o f  the F ou r ie r  trans fo rm  o f  SJ(t), re la te d

to  the abso rp t ion  by

en(t) = . , (1.31)
ÏÏU)

For s u f f i c i e n t l y  la rge  f i e l d s ,  the spectrum o f  0 ( t )  ( c a l le d  abso rp t ion  spectrum)

c o n s is ts  o f  f i v e  l in e s  centered around 0, ±u>. , and ±2oi^.

n(t)  i t s e l f  is  g iven by

g ( t ,H )  = f l ( t )

n(o)

wi th

gkk( t , H)
« H  . e-k

k=0 ,± l,±2

\L t

9k k ( t ,H )

V *
« f f . »i n t

( 1. 109)

( 1 . 110 )

The L i o u v i l l e  o p e ra to r  L in the  exponent is  the sum o f  L_ and £ j n t " For k ^  0,

M 6 T assume th a t  L may be replaced by L  + c .L  ,- where c, is  a real constan t
L  K S 6 C  K

not o n ly  o f  the o rd e r  u n i t y ,  but e x a c t ly  equal to  1, which has been l a t e r  proven

by Verbeek and independently  by T e rw ie l .  Thus i t  is  assumed th a t  the real in 

te r a c t io n  may be replaced by the secu la r  i n te r a c t io n .  In th a t  case g ( t ,H )  con

s i s t s  o f  damped o s c i l l a t i o n s  g iven by

where

gk k ( t ,H )

« H  , Ht »- k  k

« 5? »i n t
Dk ( t ’ c k )e

i ku. t
( 1. 111)

Dk ( t , c k ) is  a damping fu n c t io n :

Dk ( t , c k)

« f f  . e , is e c t ff. »■k________ k

?KV - k >>
(C f.  1.99)

g ( t .H )  s a t i s f i e s  a s im i l a r  in te g ra l  equation as in the weak coup l ing  case

(equat ion  1 .95 ) .  For s u f f i c i e n t l y  la rge  f i e l d s ,  the kernel o f  t h i s  in te g ra l

equation  G^(t,H) c o n s is ts  o f  fo u r  components.

G °( t ,H )  = E G?k ( t ,H )  ,
k=± l,±2

( 1. 112)
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wi th
Gükk(t,H)

« H L , e LtL.H »sec -k k sec
« H  »sec

(1.113)

If  the Liou vi l le  opera tor  in the exponent is replaced again by L + d L
Z k s e c ’

then the re laxa t ion  r a t e ,  analogous to the case of  weak coupl ing,  is given by
2 2

±H7 k=±l ,±2 Tii sec
T I  tDk(u " kV dk) ] o,-0 '

M 6 T show th a t  t is much l a rger  than the decay time of  the damped o s c i l l a t i o n s .
The damped os-ci 1 l a t io ns  descr ibe  the p a ra l l e l  f i e l d  resonances and G^(t,H) the
long time re laxa t ion  behaviour.  If  a Gaussian l in e  shape is assumed for
Dk (w - ka>L,dk) ,  determined by the moments of  zero and second o rde r ,  then

1  = — ( - L + - L )
x Ï h|  T1 t 2i sec

(1.115)

wi th

X . 2 ,  '
T1 d^ fi2 J  S(S + 1) {2tt<u2> }i

gw„H ,  ,
e x p { - i (— —) 2 —— -— } ,

d l <“  *1 (1.116)

X . „  i “ V - a ”
T2 d |  T»2 j  S(S + 1) {2ir<w2>2}i

2guBH _ .
exp{- i ( ----—) 2 ^— } ,

d2<ii)2>2 ( , .  | ] 7)

2and <(o >j 2 given by equat ion ( 1. 108) .

The r e s u l t  o f  Mazur and Terwiel in the weak coupling case is the same as
th a t  found by Hartman and Anderson, Tjon and Sauermann but d i f f e r s  by the fac
to r  (H + iH. se c ) / ( i H j  sec) from Caspers '  r e s u l t .  Therefore ,  r j*  + t" '  is
sometimes abbreviated  as t i l .

1.5.5 Expressions fo r  « H2» ,  «H .H  . » ,  <<H„H >>, « H 2. »v 1 - 1  2 - 2  v n t
< < ( ^ # 7] and <<[H0,H2][H_2,H0\>>.

If  we assume th a t  the Fourier  t ransform of the kernel o r  memory funct ion
co ns is t s  o f  Gaussian l i n e s ,  the r e l axa t ion  time is given by (1.106) and (1.107)
in the case of  weak coupling and by (1.116) and ( 1. 117) in the s t rong  coupling
case.  For the ca l c u la t i o n  of  the re laxa t ion  time we need e x p l i c i t  expressions

for  < < # | # _ | » ,  <</?2#_2» ,  <<[^q >^|] [#_j »#q]>>, and (^_2 »^q) >> 1° terms
of the local coordina tes  of  the c ry s ta l  l a t t i c e  and the components of  the g
tensor .  For the c a l c u la t i o n  of  b/C (c f .  I . 93) we need an e x p l i c i t  expression for
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« f f * » .  The e x p re s s io n s  have been e v a lu a te d  f o r  an i n t e r a c t i o n  c o n s i s t i n g  o f

d ip o le  d ip o le  i n t e r a c t i o n  and i s o t r o p i c  He isenberg  exchange i n t e r a c t i o n .  The

r e s u l t s  a re

- tV ^ s2 <s +  I ) 2 .«  . , « c j j0 >2 ;

« f f  ff » 1 4 - 2 , c . n 2 _ i - i j  i2
= UT y BS  ̂ i ? j * ' c+ (r

<<H2H - 2 > >
2 4C2 , C . . y .2  -  I - i  j  I 2

= - u Bs (s + 0

« f f ?  »
i n t = « f f ? »  + 2 « f f j f f _ j »  + 2 « f f j f f

« t V V [* - * V >> = i y Bs2 (s  + 1) 2

x -S (S
*  "  ( ' - ^ « O 2 *  ' 2 < 0 2

and

♦  « ü e ü >  « & ! * ♦  c i i o

- 2 <CM CI J-  *  cooc+- *  2 (c i - )2 ' *  + c i j c j j ) )

+ |  z  f | c | J | 2{ (3S(S + 1) -  i ) ( c ^ ) 2 -  2(2S + 1) + UcJJcJi

■fc 10(2S (S + 1) -  1) (C|J ) 2} j

« [ffQ,h2) [ h_2 ,hq] »  -  i  p®S2 (S + 1 )2 x

4«(S ♦ 1 ) r  ( | c ) i | 2{ ( C ^ ) 2 + ( c | ] ) 2 }

+ I c ' j  | 2c M cj l| t + + l uooLoo

* icjJciilcUcl! * CÜÖ

- * WMUdl * clicii)}
(W(s *  1) - 3). I f |c|J|2{(C^J)2 * 2 (c |i)2}

i
( 1 . 118 )
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The c ' - * ' s  have been de f ined  in se c t io n  1 .4 .2  w i th  one m o d i f i c a t io n :

®dip 0 + H =ex i u B * .  ICM Si S0 *
1 i J r

c ^ s j s j )  ,

wi th

* = i i j - j c .
,  2

'  3CU
) - j ’ j2 - —2 *

and yB

c ” ; '•  KK ( 1 - 3 ?
u > + 9 y 0  -  3 n f . ) > - 4 - 0 . 1 1 9 )

yB
the summation s ign .Z , ^  means a summation over the th ree  m u tu a l ly  d i f f e r e n t
ind ices  i ,  j ,  and 1.

The re s u l ts  are w r i t t e n  in a form s u i ta b le  f o r  a computer c a l c u la t io n .  Our

re s u l ts  are the same as eva luated by Grambow*" ' f o r  an e f f e c t i v e  sp in  i / 2  and

pure d ip o le  d ip o le  i n te r a c t io n .  The re s u l ts  o f  Caspers f o r  an i s o t r o p ic  g value

d i f f e r  s l i g h t l y  from those o f  Strombotne and Hahn ,2 ) and both d i f f e r  in some
terms from our r e s u l ts .

In the e v a lu a t io n  o f  the t ra c e s ,  ex tens ive  use has been made o f  the f o l 

lowing express ions f o r  the t race  o f  the product o f  two, th re e ,  and fo u r  sp in
o p e ra to rs :

<<SaSB>> = 0 unless a + B = 0, where z = 0,

<<^0l^g^Y>> = 0 " unless a + B + y = 0,

<<SaSBSy S6>>*  0 unless o + B + y + 6 = 0 ,

« S 2»  *  j  S(S + I ) ,

« s +s _ »  -  j  S(S + 1 ) ,

<<s2s+s_>> = -<<szs_s+>> = i  S(S + 1 ) ,

« V ”  = - j -  S(S + 1 ) { 3S(S + 1) -  ! }  ,

<<S2S+S_>> -  - j j  S(S + 1 ) { 2S(S + 1) + 1} ,

<<szs+szs_>>-  S(S + 1 ) { S(S + 1) -  2} ,

<<S+S_S+S_>>= -j^- S(S + 1){2S(S + ! )  + ! } .  (1.120)

*  In formula (22) on page 256 o f  Grambow's paper, a fa c to r  2 is  m iss ing ,

in formula (25) on page 257 in the f i r s t  l i n e  R.j k 'shou ld  be replaced by
D J k ' . '
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C H A P T E R  2

THE TWIN T BRIDGE FOR MEASURING THE COMPLEX

SUSCEPTIBILITY BETWEEN 100 kHz AND 30 MHz

Synopsis r

Both components o f  the complex s u s c e p t i b i l i t y ,  x = X1 - jx " can be
measured w i th  the a id  o f  a tw in  T c i r c u i t .

By means o f ’ frequency modulation o f  the s igna l gene ra to r ,  and phase

s e n s i t i v e  d e te c t io n  o f  the AM demodulated ou tpu t  s ig n a l ,  the genera to r  is

locked on the minimum o f  the tw in  T b r id g e ,  a l lo w in g  continuous r e g i s t r a t i o n

o f  s ig n a ls  p ro p o r t io n a l  to  x1 and x" as a fu n c t io n  o f  the ex te rna l  magnetic
f i e l d  p a r a l le l  to  the r . f .  f i e l d .

2.1 Introduction

The b lock  diagram o f  the experimenta l se t-up  is  given in f i g .  2 .01 .

receiversignal
generator twinT bridge

F ig . 2.01 B lock diagram o f  the experimenta l se t-up .

The tw in  T b r idge  is a m od if ied  General Radio, type 821-A. The genera to r

is a General Radio, model 1003, and the re c e iv e r  a m od if ied  Rhode 6 Schwartz

s e le c t i v e  m ic ro vo l tm e te r ,  type USVH. The tw in  T b r idge  forms a notch f i l t e r ;

the a t te n u a t io n  curve in the v i c i n i t y  o f  the b r idge  minimum is  symmetric, and

a l in e a r  fu n c t io n  o f  the frequency ( f i g .  2 .0 2 ) .  The tw in  T c i r c u i t  i t s e l f  is
g iven in f i g .  2 .03.

The measuring c o i l  L, w i th  a p a r a l le l  condensor C, forms one branch o f

the b r idge .  I f  the paramagnetic sample w i th  s u s c e p t i b i l i t y  x = X1 ~ jx " is
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Fig.  2 .02 A t te n u a t io n  cu rve  o f  th e  twin T b r id g e  in the  v i c i n i t y  of
the  b r id ge  minimum, e^ and e^ a r e  r e sp .  the  input  and o u tp u t

v o l t a g e ,  to- i s  t h e  f requency o f  the  complete ly  balanced b r idg e .

Fig.  2 .03  Twin T c i r c u i t .

i n s e r t e d  i n to  the  c o i l ,  wi th  o r i g i n a l  impedance Z = R + jtoL,. t he  impedance wi l l

change to
Z. = Rj + jtoLj = R(1 + ^irqQx") + j  wL (1 + 4irqx‘) •

where q denotes  the  f i l l i n g  f a c t o r  and 0 the  q u a l i t y  f a c t o r  o f  the  c o i l :

0 = (toL/R).
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From th i s  expression one can see th a t  the change o f  the inductance o f  the c o i l

is p ro p o r t io n a l  to  x ‘ i and the change o f  the s e r ie s  res is tance  o f  the c o i l  is

p ro p o r t io n a l  to  .x1'- S ta r t in g  from balanced b r idge  c o n d i t io n s ,  Vers te l  le  '

has given an expression fo r  the o u tpu t  vo l tage  o f  the b r idge  due to  a small
change o f  L, R and w.

I f  we change on ly  o>, and leave L and R unchanged, we o b ta in  curve a o f

f i g .  2.0b.  i f  L and R are changed, due to  the in s e r t io n  o f  the paramagnetic

sample in to  the measuring c o i l ,  the ou tpu t  vo l tage  w i l l  vary accord ing to  curve
b o f  f i g .  2 .04.

V e r s te l le  has shown th a t  the  change in frequency o f  the b r idge  minimum and

the change in amplitude o f  the  minimum are p ro p o r t io n a l  to  x ‘ and x "  resp.

I f  one would t r y  to  lock the genera tor frequency onto  the  minimum o f  the

com ple te ly  balanced b r idge  by means o f  frequency modulation (FM) (curve a o f

f lg ._ -2 .0 4 ) ,  the re  would be no ce n tra l  frequency component o r  c a r r i e r  l e f t  in

the ou tpu t vo l tage  o f  the b r idge .  To overcome th i s  problem, we d is tu rb  the

balance o f  the b r idge  a l i t t l e  by changing C , g iv in g  curve c o f  f i g .  2 .04.

There is  now always a c a r r i e r  in the o u tpu t  s ig n a l  o f  the b r id g e ,  so we can use

th i s  c a r r i e r  to  lock  the re c e iv e r  onto th i s  incoming s igna l too . In sec t ion  2

we w i l l  show th a t  the frequency d i f fe r e n c e  between the two b r idge  minima is

s t i l l  p ro p o r t io n a l  to  x 1» and the d i f fe r e n c e  in ou tpu t vo l tage  to  x "-

F ig . 2.04 Output vo l tage  o f  the b r id g e ,  s t a r t i n g  from balanced

br idge  c o n d i t io n s :

a. due to  a small change o f  u,

b. due to  the in s e r t io n  o f  the paramagnetic sample,

c .  due to  a small change o f  C .
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2 .2  Analysis o f  the tu in  T bridge
For the analysis o f the twin T bridge we re fe r  to V e rs te l le loc .c i t . and to

f i g .  2.03. S tart ing  from a balanced bridge, the output voltage of the bridge

e^ due to a small change of L, R, u>, and is given by

1
.e)F[2(1 + -5) —  + -

Q w0 L

dL 1
—  +  — x

dR 1
—  + —=■

C+C

2 du>
+ j  (------- +

Q üir Q L

1 dR 1 dC

Q. R Q C+C
( 2 . 1)

where e. is the input voltage, F is a complex factor  which is eliminated in

the cal i brat ion, Q. = ( 10. L / R ) , and is the frequency óf the balanced bridge.
By d i f fe re n t ia t io n  of the expression for |e^| with respect to dio/oog, we

find  for the re la t iv e  frequency va r ia t io n  of the bridge minimum as a function

of dL/L, dR/R, and dC /(C+C ) :
9 9

(— ) • ■ui ' min

( 1  +  - = • )  —  +  ~ T  —  +  ( 2  +  “ )  —  11

(T L Qf R_________ Q Q C+C
FT  i 5

2 [ (1 + —=■) + —y] .
Q. Q

and fo r  the change in the amplitude of the bridge minimum:

2 1 dR 1 dL 1 dC
Ie. I . = I e , I I FI [ (1 + —5 -)------------ 0 —  + --------*■

^ mln 1 Q2 Q R Q3 L Q C+C,

I f  we insert a paramagnetic sample into the co il we may identify

dL 1 1 1 dR _ l 11—  = 4irqx' , Q - £ ■  =  >

and in practice we choose

1 dC_  __ g_
q c+cg

of the same order o f magnitude as 4irqx" inorder to stay well w ith in  the l i n e a r i 

ty region of the bridge.



As li is a t least .20 (typ ica l value 50) we have w ith in  1%:

'u„/ inin
1 dC

- 2 u g y 1 + ~  ■ ■ 9™  « r . rQ C+C
9

1 dC
K L i n  = l e l l l F| [ ^ q X"  + Q c ^ " ]  •

g

During the measurements ^ q+c remains unchanged, so we have
1 dC___a

g

2irq co

2irq 2 1ej | | F| A l elJm in

A ca l ib ra t io n  is required to e lim inate  the factor 2 | e . | | f | . S tart ing  from a

completely balanced bridge, the output voltage is measured as a function of
dm (with dL = 0, dR = 0 and dC -  0 ) .

The only unknown factor in the equations o f Ax' and Ax" is s t i l l  the f i l l i n g

factor  q. This may be determined a t low frequencies and zero f ie ld  by moving a

sample with a well-known s ta t ic  s u s c e p t ib i l i ty  into and out o f the measuring
c o i l ,  fo r then Ax' = Xq -

In studying paramagnetic re laxation , however, i t  is often s u f f ic ie n t  to deter

mine the ra t io  x " /x '  or the rat ios x '/Xg  and x " /x 0 -

2.3 Frequency m odu la tion

I f  we modulate the frequency of the signal generator s inusoidally  as a
function of time with an audio frequency signal to around the unmodulated

value a) , the output voltage of the generator can be w r it ten  as

g
This gives

2KiM<£>4 1 cal

E (t )  = Acos(w t+  —  sin w t ) ,

with —  = B, the modulation index.

Using the trigonometric formula fo r  cos(a+B) we may w r ite
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E ( t )  = A[costo tcos (P s inu)  t )  -  s inio ts in (B s in u )  t ) l  .c m c m

c o s ( 3 s in u ^ t )  and s in (3s incomt )  can bo th  be expanded in  F o u r ie r  s e r i e s ,  whose

c o e f f i c i e n t s  a re  Bessel f u n c t i o n s  o f  th e  f i r s t  k in d  w i t h  argument 3 ( e .g .
3 » A ,5 ) ) .

00

c o s (3 s in w  t )  = J A(3) + 2 2 J 0 (3)cos2nu) t  ,m u _ | zn m
00

sin(3sin(A> t )  = 2 2 J_ , . ( 3 ) s i n ( 2 n  + 1 ) id t - ,m ~ zn+I m ^
w i t h  n=0

y e )  = i -  ( f ) 2 + i < f ) 4 -  • • • •

Ve) = I ' r(i )3 + tt(I)5 ■••••
J2 (e) -  - ( f ) 2 -  £■(§■)** + T^-(f) 6

I f  th e  m o d u la t io n  index  3 < O.OA, the  a m p l i tu d e  o f  th e  h ig h e r  o rd e r  s idebands

J (3) w i t h  n > 1 i s  s m a l le r  than U  o f  th e  a m p l i tu d e  o f  J , ( 3 ) ,  so t h a t  we may
n I

w r i t e  in  good a p p ro x im a t io n

E ( t )  = A[cosio t  + |  cos (wc + <Dffl) t  -  y  cos (uc  -  o>m) t ]  .

The a m p l i tu d e  spec trum  o f  th e  FM wave c o n s is t s  o f  a c a r r i e r  a t  id and two

s idebands a t  a d is ta n c e  id on each s id e  o f  th e  c a r r i e r .  The a m p l i tu d e  spectrum
m

has been ske tched  in  f i g .  2 .0 5 a ,  and th e  phasor r e p r e s e n ta t io n  is  g iven  in

f i g .  2 .0 5 b .

I f  we compare t h i s  e x p re s s io n  w i t h  th e  e x p re s s io n  f o r  an a m p l i tu d e  modu-

la te d  wave (AM), th e  l a t t e r  d i f f e r s  o n ly  in  th e  s ig n  o f  th e  low f re qu en cy  s id e 

band. ,

The phasor r e p r e s e n ta t io n  o f  an AM wave is  g iv e n  in  f i g .  2 .0 5 c .

2 . A D e s c r ip t io n  o f  the  m easuring system

The com p le te  b lo c k  d iagram  o f  the  measuring system Is  g iven  in  f i g .  2 .0 6 .

For sm a l l  du) and dC ( w i t h  dL = 0 and dR = 0 ) ,  e x p re s s io n  (2 .1 )  f o r  e. reduces
2 ®in  a 1 /0  a p p ro x im a t io n  to

d(D . H r
- e . F [ 2  —  + j ( i ^  +

eA '0  <Dq Q C + CV > ]

AO



F ig . 2.05a Amplitude spectrum o f  the FM s ig n a l .

A Js

F ig . 2.05b Phasor rep resen ta t ion  F ig . 2.05c Phasor rep resen ta t ion

o f  the FM s ig n a l .  o f  an AM s ig n a l .

I f  arg F v a r ie s  bu t l i t t l e  w i th  the frequency around dig, the corresponding

amplitude c h a r a c t e r i s t i c  is  as sketched in f i g .  2 .02 , and the  phase charac

t e r i s t i c  as sketched in f i g .  2.07- I f  the c a r r i e r  frequency &> equals uig, both

f i r s t  o rde r sidebands o f  the  FM wave are a ttenua ted  and s h i f t e d  in phase to  the

same e x te n t ,  but in oppos ite  d i r e c t i o n  w i th  respect to  the c a r r i e r ,  so th a t  no

AM component w i l l  r e s u l t  ( f i g .  2 .0 8 ) .  I f ,  however, the c a r r i e r  frequency wc is

d i f f e r e n t  from o i g ,  e .g .  00 .>  W g ,  then the upper sideband o f  the FM wave is

a ttenua ted  less than the lower s ideband, and the phase s h i f t s  are d i f f e r e n t ,  so

th a t  an AM component re s u l ts  ( f i g .  2 .0 8 c ) .  In the ou tpu t s igna l o f  the b r id g e ,
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F ig . 2.06 Complete b lock  diagram o f  the measuring system.

F ig . 2.07 Phase c h a r a c t e r i s t i c  o f  e ^ /e^ .

the sidebands are p a r t i a l l y  o f  FM nature and p a r t i a l l y  o f  AM na tu re .

In the re c e iv e r ,  the incoming s igna l is  mixed w i th  a loca l o s c i l l a t o r

s igna l w i th  p re se rva t ion  o f  amplitude as w e l l  as phase in fo rm a t io n .  The i n t e r 

mediate frequency s igna l ( i . f . )  is  then a m p l i f ie d  and f i n a l l y  am plitude demo

du la ted . The r e s u l t in g  AM component is  a m p l i f ie d  a n d fe d  to  the phase s e n s i t iv e

d e te c to r ,  which uses the  modulating audio frequency s igna l as re ference s ig n a l .

With the DC ou tpu t  o f  the phase s e n s i t i v e  d e te c to r , the rad io  frequency ( r . f . )
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a b c

. F ig . 2.08 Phasor rep re se n ta t io n  o f  the s ig n a l :

a. a t  the b r idge  in p u t ,

b. a t  the b r idge  o u tpu t  i f  the c a r r i e r  frequency u> equals

the frequency o f  the b r idge  minimum u)Q,

,c .  a t  the b r idge  o u tpu t  i f  ^  w ..

genera tor is  locked onto  the frequency o f  the b r idge  minimum.

Since the s e le c t i v e  vo l tm e te r  operates in a l in e a r  mode, the  DC ou tpu t  o f

the amplitude demodulator is  p ro p o r t io n a l  to  the ou tpu t  vo l tage  o f  the b r idge ,

and th e re fo re  can be fed d i r e c t l y  to  the recorder as a measure o f  the v a r ia t i o n

o f  x " .  In o rde r  to  record the very small r e l a t i v e  v a r ia t io n s  in the frequency

o f  the b r idge  minimum caused by the x '  o f  the sample, the frequency o f  the

s igna l genera tor is  mixed w i th  a m u l t ip le  o f  the 100 kHz time base o f  the coun

t e r .  The low frequency ( l . f . )  ou tpu t  o f  the mixer in the range o f  1-5 kHz is

converted to  a DC s igna l by means o f  a one shot type frequency to  vo l tage  con

v e r t e r .  The counter is  used to  a d ju s t  the frequency o f  the General Radio gene-

ra tó r  to  a value in the neighbourhood o f  the des ired  m u l t ip le  o f  100 kHz.

Typ ica l  measuring frequenc ies  were 100, 200, 300, 500, 700 kHz, 1 MHz, 1 .5 ,

2, 4, 8, 16 and 30 MHz f o r  which we used th ree  d i f f e r e n t  c o i l s  because o f  the

l im i te d  range in frequency in which the b r idge  could  be balanced w i th  each c o i l .

At the lower frequenc ies an ex te rna l  v a r ia b le  C in the range o f  0-5000 pF was

needed to  balance the b r idge . In o rde r  to  s u f f i c e  w i th  th ree  c o i l s ,  we used a t

1, 1 .5 , and 16 MHz an e x t ra  condensor in s e r ie s  w i th  the c o i l ,  and a t  2 MHz an

e x tra  c o i l  in se r ies  w i th  the measuring c o i l .  At 30 MHz, an e x t ra  j  coax ia l

cab le  in se r ies  w i th  the c o i l  was needed to  balance the b r idge .  As FM modulation
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frequencies we used four fixed frequencies at 500, 1100, 2000 and 3000 Hz. The
modulation index was adjusted so that the sidebands just exceeded the noise of
the amplitude demodulator of the receiver. The sensitivity of the bridge can
be shown to be maximum when the imaginary part of the output admittance of the
bridge is tuned out and with no resistive load connected to the output terminals
of the bridge. Therefore we used the highest input impedance of the receiver
(500 kO parallel to 20 pF) and tuned the imaginary part of the admittance with
a set of coi 1 s (TF).

2.5 Practical aspects of the measuring system
The measuring coil is located in a metal can in a cryostat and connected

by means of a coaxial conductor to the top of the cryostat. The coil is wound
on a rexolite tube, in which a Faraday screen has been fixed, to prevent di
electric effects caused by movements of the sample, because these would be in
distinguishable from magnetic effects.

The metal can is filled with helium gas providing a good thermal contact
with the bath. The temperature within the can is measured with a calibrated
Germanium thermometer mounted close to the coil. The metal can and coil contain
solder points. The commonly used solders become superconductive at liquid helium
temperatures. If the external magnetic field is increased, the superconductivity
is suppressed, resulting in a varying impedance in series with the coil. To
minimize this effect, we have kept the number of solder points as low as pos
sible, and have used solders which are not superconducting at liquid helium
temperatures, i.e. zinc-cadmium solder with a melting point of 265 C and
bismuth-cadmium solder with a melting point of 140 C.

The overall sensitivity is mainly determined by the sensitivity of the
bridge (given by the slope of curve a in fig. 2.04), the filling factor q of
the coil, and the sensitivity of the detectors for x* and X11*

It is limited, however, by other factors such as frequency noise of the
signal generator, detector noise, the high frequency isolation between in- and
output of the bridge (better than 120 db), mechanical vibrations in the coaxial
conductor from the coil to the top of the cryostat, and especially at higher
frequencies by the effect of thermal drift in the impedance of the coaxial
conductor which then forms a relatively large part of the measuring coil circuit
impedance. The sensitivity of the bridge is slightly frequency dependent, and
varies between 0.5 x 10”*/2ir Hz”1 at low frequencies to 10 /2ir Hz at high fre
quencies. The filling factor q of the coils was about 0.12 in the frequency
range from 100-700 kHz and 0.042 between 4 and 8 MHz. At 1, 1.5, and 16 MHz,
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the filling factor was greater than 0.12 and 0.042 resp., due to the condensor
in series with the coil, and at 2 and 30 MHz correspondingly smaller than 0.042
The frequency stability of the signal generator during a measurement lasting
a few minutes was about 0.1 ppm. The sensitivity of the detector was such that
a frequency shift of about 0.1 Hz in the bridge minimum could be detected. A
voltage variation of 0.05 pV at the output terminals of the bridge could be
detected by the x" detector. These factors, together with the limitations, lead
to an overall sensitivity of about 2 x 10  ̂ for x 1 as well as for x". The sensiti
vity of a sirtgle measurement at a constant field (fig. 2.09a and c) was about a
factor 10 higher.

As an illustration, we give a complete set of measurements of a single
crystal CoCs^Cl^ with the tetragonal axis parallel to the mutually parallel
r.f. and static field at a measuring frequency of 16 MHz and at a temperature
of 3-06 K (fig., 2.09 a» b, c, d and e). First x1 is measured in relative units
in zero field apd as a function of the external field. Then x" is measured in
relative units in zero field, and as a function of the static field too, and
finally the units of x" are calibrated in the units of x ‘. In the evaluation of
the measurements, a correction is taken into account for the thermal drift. At
about 600 Oe one sees the remaining influence of superconductive solder junc
tions. As long as we stay within the linearity of the bridge, the effect is not
serious, because it is the same for the two positions of the sample. At37580e,
proton resonance in "the coil holder is noticed which we used as a calibration
of the magnetic field (fig. 2.10).

Time

Fig. 2.09a Dispersion in zero field.



______ I___________ I___________ 1___________ I___________
H 1 3 kOe 5

F ig . 2.09b D ispers ion  as a fu n c t io n  o f  the ex te rna l  magnetic f i e l d .

CoCs»Ck//c

Time

F ig . 2.09c Absorp tion  in zero f i e l d .



F ig . 2 . 09d A bsorp t ion  as a fu n c t io n  o f  the ex te rn a l  magnetic  f i e l d .

C o CSoCU He

X in  arb. units

F ig . 2.09e C a l ib ra t io n  o f  the u n i ts  o f  x" in  the  u n i ts  o f  x1*



Fig.  2 .10 C a l i b r a t i o n  o f  the  magnet i c f i e l d .
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C H A P T E R  3

LONGITUDINAL SPIN-SPIN RELAXATION IN CERIUM

MAGNESIUM NITRATE

3.1 In t ro d u c t io n

The magnetic s u s c e p t i b i l i t y  o f  cerium magnesium n i t r a t e  (Ce2 Mg^(No )•

24 H2 O, cal led CMN h e re a f te r )  obeys C u r ie 's  law down to  the very low tempei—

atures  . I t  can be used as a thermometer from about 2 mK, and as such i t  has

been e x te n s iv e ly  used in the c e n t i - K e lv in  and m i i i i - K e l v i n  reg ion . The mag

n e t ic  s p e c i f i c  heat C„ can be w r i t t e n  as CM = b/T2 , where f o r  b, values between

4.2  and 7.5 x 10, K have been found. Accord ing to  Mess 2 ' , above 0.15 K one

must make use o f  the h igher va lues . Since the magnetic in te r a c t io n  between

the cerium ions in CMN co n s is ts  o f  o n ly  the d ip o le -d ip o le  in te r a c t io n  (Ce has

no hyperfyne s p l i t t i n g ) ,  and the magnetic e q u iv a le n t  cerium ions have a w e l l -

known simple g f a c t o r ,  and are arranged in a well-known simple Bravais l a t t i c e ,

the magnetic s p e c i f  ic  heat can be c a lc u la te d  as wel 1 . Th is leads to  a t h e o r e t i 

cal va lue f o r  b whi-ch is  s l i g h t l y  la rg e r  than the values measured a t  h igher

temperatures. At 1.3 K we have a cc u ra te ly  measured the magnetic s p e c i f i c  heat

and have compared ou r experimenta l r e s u l ts  w i th  a computer c a lc u la t io n  where

we have taken in to  account a la rge  number o f  neighbours.

The secu la r  p a r t  o f  the in te r a c t io n  in CMN is  comparable w i th  the non

secu la r  p a r t ,  so t h a t ,  cons id e r in g  s p in -s p in  re la x a t io n ,  one deals w i th  a case

o f  s trong  coup l ing .  In r e l a t i v e l y  small f i e l d s ,  the s p in -s p in  r e la x a t io n  time

has been measured by Grambow ^ , who compared h is  re s u l ts  w i th  th e o r e t i c a l

p re d ic t io n s  o f  Sauermann • We have measured the s p in -s p in  re la x a t io n  time

over a la rge  f i e l d ,  reg ion and compare our re s u l ts  in la rge  f i e l d s  w i th  the

th e o r e t ic a l  p re d ic t io n s  o f  Mazur and Terw ie l ^ . The d i f fe re n c e s  are discussed.

3.2 C ry s ta l s t ru c tu re  and H a m ilto n ia n

CMN c r y s t a l l i z e s  in the t r ig o n a l  system. The c r y s ta l  s t r u c tu re  has been de

termined by Z a lk in  e t  a l .  . The Ce^+ ions c o n s t i t u t e  a s imple rhombohedral

l a t t i c e ,  the long diagonal o f  the rhombohedron co inc ides  w i th  the t r ig o n a l  ax is

o f  the c r y s t a l .  I f  the c r y s ta l  is  described by the a l t e r n a t i v e  hexagonal u n i t
c e l l ,  the dimensions are
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where

( f i g .

a = 11.004 ± 0.006 A, and
c = 34.592 ± 0.012 A,

the c axis of the ceil is parallel to the trigonal axis of the crystal

CMN

ions have been drawnF ig . 3.01 Rhombohedral u n i t  c e l l  o f  CMN. Only the Ce

The 9 rouncl s ta te  o f  the cerium ion is s p l i t  by the c ry s ta l  f i e l d

in to  th ree  Kramer doub le ts .  The s p l i t t i n g ,  A /k ,  between the lowest two doub le ts

is approx im ate ly  35 K, so th a t  e f f e c t i v e l y  a t  l i q u i d  helium temperatures on ly

the lowest l y in g  doub le t is  popu la ted , and we are concerned w i th  an e f f e c t i v e

sp in  y .  The s p l i t t i n g  o f  the lowest doub le t is  described by an a n is o t ro p ic  g

fa c t o r :
g pe rpend icu la r  the t r ig o n a l  ax is  gx  = 1.84, and

g p a r a l le l  the t r ig o n a l  ax is  ^ / / ~

We have on ly  d ip o le -d ip o le  in te r a c t io n  in CMN, so th a t  f o r  an ex te rna l  magnetic

f i e l d  pe rpend icu la r  to  the  t r ig o n a l  a x is ,  the iso la te d  sp in  system has the

fo l lo w in g  H am il ton ian :

H = H + H. .  = # + H + H ,z d ip  z sec n see
wi th

*z = g U BHIs’ .

In sec t ion  3.4 we s h a l l  show th a t  the secu la r  p a r t  o f  the in te r a c t io n  is  com

parab le  w i th  the non-secu la r p a r t ,  so th a t  we have a s trong  coup l ing  case f o r

s p in -s p in  r e la x a t io n .  In s trong  ex te rna l  magnetic f i e l d s ,  we th e re fo re  compare

our experimental r e s u l ts  w i th  the th e o r e t i c a l  p re d ic t io n s  o f  Mazur and Terw ie l

(se c t io n  3 *4 .2 ) .
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3•3 Experim ent -

Both the components o f  the complex s u s c e p t i b i l i t y  X = X1 "  ix" o f  a s in g le

c ry s ta l  CMN have been measured w i th  the a id  o f  the tw in  T b r id g e ,  described in

chapter 2. The .m utua lly  p a r a l le l  r . f .  and s t a t i c  f i e l d s  were pe rpend icu la r  to

the t r ig o n a l  a x is .  To e l im in a te  the in f lu e n ce  o f  the s p i n - l a t t i c e  re la x a t io n ,

the measurements were performed a t  1.3 K. Fixed frequenc ies  between 200 kHz and

30 MHz were used and x‘ and x" were recorded d i r e c t l y  as a fu n c t io n  o f  the ex

te rn a l  magnetic f i e l d  up to  500 Oe. Both components become v a n is h in g ly  small
a t  h igher f i e l d s .

The frequenc ies  équal to  the inverse  o f  the s p i n - l a t t i c e  and s p in -s p in  re la x a 

t i o n  time w i l l  be c a l le d  s p i n - l a t t i c e  resp. s p in -s p in  re la x a t io n  ra te .  The
r a t io  x 'b g j / X g j  w i l l  be abbrev ia ted  as a.

In CMN, the s p i n - l a t t i c e  and s p in -s p in  re la x a t io n  ra tes  are w e l l  separated

In frequency. In th a t  case, x 1 («*») reaches the value x . f o r  f requenc ies  in  the

range between these two ra te s ,  and the b /C -va lue  can be de r ived  from the a d ia 
b a t i c  s u s c e p t i b i l i t y  x j accord ing  to

3-3.1 b/C  va lue  and the  r a t io  X ’ t e t / ^ a d '

The rea l p a r t  o f  the complex s u s c e p t i b i l i t y  is  g iven by

x (“ ) x bet + ()(ad X b e t )^ ~  2 2 + ^X0 Xad^. 2 2

( 1. 60a)

b
C V * a d

(see formula 1.56)

At f i e l d s  f o r  which H^ » b
t h i s  becomesC

b _ xad u2

X'(w) equals xbet fo r frequencies u »  t" '  .

2
For H >> b/C, otb/C can then be der ived  from x 1 by

bet 1

b „  * / b e t  2

S ta r t in g  from the s i t u a t i o n  «  u «  , an increase o f  the s t a t i c  f i e l d
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wi l l  reduce the  s p i n - s p i n  r e l a x a t i o n  r a t e  in such a way t h a t  the  s i t u a t i o n

io >> is  reached .  At d i f f e r e n t  f ixed  f  requencies,~ x ‘ has been measured as a

fu n c t io n  o f  the  e x t e r n a l  magnet i c  f i e l d  up to  500 Oe. A ty p ic a l  graph o f

H2/ ( x0/ x ‘ -  0  is given in f i g .  3 .02 .

20x10'
CM N i c
T=1.3K
f r 1.5 MHz

- ® U O q O

o
Fig.  3.02 Typical  graph o f  H / (xQ/x '  ‘ I) versus  H in CMNxc ax i s  as de

r ived  from from a measurement a t  1.3 K and 1.5 MHz. The l i n e s

have been drawn through the  exper imental  ^values.

The r e s u l t  o f  about  twenty measurements is

2b/C = 1615 ± 20 Oe

and

Xbet/Xad “ ° - 72 1 ° - 0 k  ■

3.3.2 Spin-spin  relaxa tion  time
The imaginary p a r t  o f  the  s u s c e p t i b i l i t y  i s  given by

X " ( w )  = (x >ad Ab e t ' , , 2 2
1 + “ TSS

(x0 - xad) ,  , 2 2
1 + “  TSL

At f r e q u en c ie s  around the  s p i n - s p i n  r e l a x a t i o n  r a t e ,

( 1 .60b)

X " 0
xad 1 + u^Tcs

S t a r t i n g ,  f o r  a f i x ed  f requency u,  from > id in ze ro f i e l d ,  becomes < 10
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• • • 2 2 ïin high f i e l d s .  The fu n c t io n  + u t j g )  reaches  i t s  maximum va lue — a t

the  f i e l d  f o r  which u = t- o* I f  f o r  t h i s  f i e l d  H2 >> b / c ,  then in the  ne i gh-
l i l d X  J

bourhood o f  t h i s  f i e l d  X|iet/xad is  c o n s t a n t ,  and the  maximum o f  x"/x . c o in c i d e s
wi th  t h a t  o f  wt^ / O  + The maximum value  o f  x"/x d is  i ( l  -  x£ /x )•
Some graphs o f  X"/xad ver sus  H a t  d i f f e r e n t  f r e qu en c ie s  a r e  g iven in f i g .  3 .03

0. 20;

C M N i c
T = 1.3 K

16 MHz

8M H z

4 M H z

0 .0 5

1 MHz
5 00k l
2 0 0 k H z

2 0 0  0<2 2 5 0

Fig.  3 .03 Some graphs o f  x " / x ad ver sus  H a t  d i f f e r e n t  f i x ed  f r eq ue n c i es
in CMNic a x i s  a t  1.3 K.

and some graphs o f  x " / x ad ve rsus  the  f requency f  on a double  lo g a r i th m ic  s c a l e
a t  d i f f e r e n t  f i e l d s  in f i g .  3-04.  In the  l a t t e r  f i g u r e ,  we see t h a t  the  ex

pe r imenta l  values  can be f i t t e d  by Debye cu r v e s ,  which impl i es  t h a t  the  s p in -

sp in  r e l a x a t i o n  p rocess  t akes  p la ce  accord ing  to  a s i n g l e  expon en t i a l  decay.

The graph Df Ts s Xad/ x 0 on a lo g a r i th m ic  s c a l e  ver sus  H2 is g iven in f i g .  3 .05.
From the  ab s o rp t i o n  measurements we conc lude t h a t

°  = xb e t / x ad “  ° - 67 4 ° - 02 •
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C M N xc
T = 1.3 K

lOOKHz f 5Ö 0 1 MHz

F ig . 3.0** Some graphs o f  x " /x  d versus the frequency a t  d i f f e r e n t  f ix e d
f i e l d s  in CMNl c a x is  a t  1.3 K. The drawn l in e s  are Debye curves

f i t t e d  by the  measured p o in ts .  © =  81.4 Oe, Q = 122 Oe,

= 163 Oe and <7 = 203 Oe.

3.4 D iscuss ion
The normalized t ra c e s ,  needed f o r  the computation o f  the s p in -s p in  re laxa 

t i o n  t ime (see se c t io n  1 .6 ) ,  have been c a lc u la te d  f o r  the rhombohedral u n i t

c e l l  o f  CMN w i th  the  g - fa c to r s  9Z = 9X “  1 • 84 and gx -  g -  g / / -  0 .024. The

c a lc u la t io n s  have been c a r r ie d  ou t on the IBM 360/65 o f  the Centraal Reken

I n s t i t u u t  a t  Leiden. (2 x  n, ♦  1 )*  -  1 nearest neighbours (w ith  n = 3) have been

taken in to  account. The re s u l ts  f o r  N (Avogadro's number) times the c o n t r ib u 

t i o n  per magnetic ion are g iven in  ta b le  1.

Table 1

« f f ,# . ,»
<<# 2# - 2>>

[ f l _ ,  » ^ 0 1 > >

« [ fl0,fl2] [h. 2,hq]>>

-15 230.5 x 10 3 erg
-15 217.0 x 10 3 erg-
-15 25.09 x 10 3 erg
-15 274.8 x 10 3 erg
-51 481.9 x 10 3 erg
-51 448.6 x 10 3 erg
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CM N'xc
T= 1.3 K

.G rambow

3 0(2

- ] 2
F ig . 3.05 t ss Xa(J/ x 0 versus H in CMNl c ax is  a t  1.3 K. H o r izon ta l  bars c o r 

respond w i th  s p in -s p in  re la x a t io n  times determined from the

maximum o f  Xn/ x  . versus H (<d c o n s ta n t ) ,  and v e r t i c a l  bars w i th

s p in -s p in  re la x a t io n  times determined from the maximum o f

X " /x  . versus to (H c o n s ta n t ) .  F u l l  l in e s  are th e o r e t ic a l  curves,

the do tted  l in e  represents the experimental re s u l ts  o f  Grambow.

3 .^ .1  b/C  va lue  and the  r a t io  X^e^ / x _ j  -  a

In the l i t e r a t u r e ,  b/C values are given between 1100 and 2000 0 e .  A l i s t
2 )

o f  b/C values has been compiled by Mess . The l i s t  has been supplemented and
is  g iven in ta b le  2.
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Table 2

E x p e r im e n ta l is ts Method K
Cooke, Duffus and Wolf 3) a .c .  ad iab. susc. 1767

Danie ls  and Robinson 1) ad iab. demagnetizat ion 1676

Hudson and Kaeser 9) a .c .  ad iab. susc. 1650

adiab. demagnetizat ion \kk0

ad iab. demagnetizat ion 1545

Hudson and Kaeser 10 ) ad iab. demagnetizat ion 1508

Abe l, Anderson, B lack, 11) s p e c i f i c  heat 1100

and Wheatley 1519

Abraham and Eckste in 12) s p e c i f i c  heat 1100

Mess T > 0.15 K 2) a .c .  ad iab. susc. 1623

T < 0.02 K adiab. m agnet iza t ion 1257

Grambow 5) a .c .  ad iab. susc. 1656

F lo k s t ra ,  Verhey, Bots 13)

Van der Marei and Van de K lundert a .c .  ad iab. susc. 1571

Abraham, Kette rson and Roach H ) a .c .  ad iab. susc. 1613

Hudson and P f e i f f e r 15) 1597

This research 1615

The fo l lo w in g  convers ion fa c to rs  have been used: R = 8.317 erg mole deg and

C = 3.176 x 10 **erg deg mole ^Oe which g ives R/C = 2.619 x 10 Oe deg
2

Mess '  has a lready noted th a t  b/C has a constant va lue 1257 Oe below 20 mK
2and increases to  another cons tan t va lue 1623 Oe above 0.15 K. T h e o r e t i c a l l y ,

b/C is  g iven by formula (1.93)

«H ?  >> <<H. . »b = i n t  _ ________in t______

^  < < M ^ »  N j  g ^ v i g S ( S  +  1 )

where i t  is  assumed th a t  the substance obeys C u r ie 's  law. This is  c e r t a in l y  the

case f o r  CMN a t  l i q u i d  helium temperatures. The ca lc u la te d  b/C va lue ,  toge the r

w i th  the c a lc u la te d  values o f  o th e r  au tho rs ,  is  g iven in ta b le  3-

The b/C value measured by us, j u s t  as the most recent and probab ly  most accurate

56



Table 3

Authors gi used £ ( ° e 2)

Cooke e t a 1. 3) 1.84 1767
Dan ie ls 4) 1.84 1728
Grambow 5) 1.8264 1735
This research 1.84 1706

values reported  by o th e r  au tho rs ,  is sm a l le r  than the c a lc u la te d  one. Th is  d i s 

crepancy o f  about 5% cannot be accounted f o r  by the experimental u n c e r ta in t ie s .
/  • - o

b/C is  p ro p o r t io n a l  to  g^ , so th a t  i f  we t r y  to  e x p la in  the d iscrepancy by

the g f a c t o r ,  we need a g^ va lue  o f  1.89. The on ly  g±  va lue d i f f e r e n t  from

1.81* i s the value as g iven by S tap le ton  ' • 9j_ = 1.8264 ± 0.0013, so th a t  i t

is  not very l i k e l y  th a t  the d iscrepancy is caused by the g f a c t o r .  Another pos

s i b i l i t y  to  e xp la in  the d iscrepancy in the b/C value (between theory  and ex

periment) is  th a t  a t  l i q u i d  helium tem peratures, the dimensions o f  the u n i t  c e l l

a re  s l i g h t l y  d i f f e r e n t  from the dimensions reported a t  room temperature. I f  we

c a lc u la te  f o r  ins tance the b/C value w i th  the a a x is  lfc sm a l le r  and the c ax is

2% la rg e r  than the value reported  a t  room temperature ( le a v in g  the volume o f

the hexagonal u n i t  c e l l  cons tan t in t h i s  way), we o b ta in  a b/C va lue o f  1684
_ 2
Oe thus 1.3% sm a l le r .

So the d iscrepancy is  most l i k e l y  to  be exp la ined  by e i t h e r  some unknown de

fo rm a tion  o f  the c fy s ta l  o r  by some unknown in te r a c t io n  term which then has to

g ive  a nega tive  to t a l  c o n t r ib u t io n  to  b/C.

From the d isp e rs io n  measurements, we conclude th a t  a = 0.72 ± 0.04 and from

the abso rp t ion  measurements th a t  a = O.67 ± 0 .02 . T h e o r e t i c a l l y ,  a is  g iven
by

<<Hfn t>> -  <<Hb
«  H. >>in t

0.60 .

The d iscrepancy o f  about 15% cannot be accounted f o r  by the inaccuracy in the

measurements, and the same arguments as g iven above f o r  b/C apply in t h i s  case
even more s t ro n g ly .
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3.1*.2 Spin-spin relaxation  time
If  the Fourier  spectrum of  the kernel G° (t ,H) in the case of  st rong

coupling c o n s is t s  of  Gaussian l i n e s ,  then the re laxa t ion  time is given by (see

sec t ion  1.5)

J---- h! _  (-L + — ) = — -4 (7- + — )
TSS iH? T1 x2 1 -  01 iH, T1 t 22 1 sec *

(1.115)

wi th

T1

2 i r «  H. H_. »

d^ti2 j S ( S  + 1)

1
--------5— r  exP
{2it<u > ) }4

9V„H 2
i - H — r .2 2

dl “ >1
(1.116)

2j « H  H_2>>

T2 d^Ti2 yS(S  + 1) {2ir <u2>2) i

1 , w 29liBHx2 1 ,exp i “i ( -------- ) —0— 0— * »2 2
Ti d2<a) ̂ 2

and

2^
< 0) > .

1 « * 0*1 , 2  ̂ ^ - 1  , - 2 ,g 0^>>
2  ̂21T <<ffl , 2 * ff> l , - 2 >>

If  we wr i te

1 7 ,nd

1 1  1 / H ^
---- = T  T TnV eXP(---9 )

2 d* V ® 7  d2y

(1.117)

(1.108)

then s u b s t i t u t i o n  of  the numerical values of  t a b le  1 gives the  values of  t ab le
l*, in which the values ca lc u l a ted  by Grambow have been given as wel l .
From the t a b l e ,  one sees t h a t  the  values for  x2 are in good agreement,  but th a t
the value of  Grambow fo r  y . , is  a f a c t o r  (y)2 la rger  than our va lue ,  and tha t
the value of  Grambow fo r  x . (0) is  a f ac to r  f  l a rge r  than our value .  This indi -

I 9 3
ca tes  th a t  the value of  Grambow for  <w >, is  a f a c to r  ^  l a rge r  than our value.

The t h e o r e t i c a l  curves 1/ t  ̂ and l / x 2 for  dj = d2 = 1 a re  drawn in f ig .

3.05.
Grambow compares h i s  r e s u l t s  a t  r e l a t i v e l y  low f i e l d s  with t heor e t ic a l

pred i c t io ns  of  Sauermann.
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Table k

G rambow This research

Tj (0) 3*9 x 10 9 sec 2.55 x 10 9 sec
t2 (0) 3 .0  x 10 9ssec 3.02 x 10 9 sec

Y1 7225 Oe2 3270 Oe2

y2 1521 Oe2 1620 Oe2

where

1 / H2 + iH?
T 1 = 0  " 2 ^TT  + T r  ̂ *

SS iH.  T1 t 2

t j  = Tj f o r  d. = 1 and

f ° r  dj

2 ] 2
In la rge  f i e l d s ,  f o r  which H »  ^ H . ,  or*e f in d s  a d iscrepancy o f  a fa c t o r

(1 -  a) between Satiermann's r e s u l t  and th a t  o f  Mazur and Terw ie l f o r  d =
d2 = 1.

In o rde r  to  compare our experimental r e s u l ts  w i th  the theory  o f  Mazur and

T e rw ie l ,  the th e o r e t i c a l  curves t .  and t ' should be s h i f t e d  upwards to  o b ta in
/ “ 1 " 1  -V -1 ^
(1 -  a) t and (1 -  o ) t .  ( f i g .  3 *05) .  I f  d. roughly equals d«, the experi-_ 1 _ 1 ^
mental re s u l ts  should be compared w i th  (1 -  a) t . o n ly .  Looking a t  f i g .  3 .05 ,

one sees th a t  f o r  d. ;  1, t h i s  g ives indeed a more o r  less reasonable d e s c r ip 

t i o n .  As the experimenta l p o in ts  cannot be f i t t e d  by a s t r a ig h t  l i n e ,  we cannot
determine dj more p re c is e ly .

In conc lu s io n ,  we may say th a t  the l in e  in the memory spectrum, G° (<o,H)

a t  u is  roughly Gaussian. The broadening is o f  the o rde r  o f  the secu la r  i n t e r 

a c t io n ,  as is  proposed as a work ing hypothes is  by Mazur and T e rw ie l .  In o rde r

to  make a comparison between our r e s u l ts  and the theory  o f  Sauermann as used

by Grambow, the th e o r e t ic a l  curves and t ,^  should be s h i f t e d  downwards to
-1 -1 ^

o b ta in  (1 -  a )T j  and (1 -  a ) t_  . The experimental r e s u l ts  a t  h igh magnetic

f i e l d s  should be compared w i th  (1 -  a)x7 and th i s  is  less in agreement w i th

the experiments.
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C H A P T E R  4

SPIN-LATTICE RELAXATION IN CNN

4.1 Introduction

Since 1961 many experiments have been reported on spin-lattice relaxation
in CMN, first by Finn, Orbach and Wolf using the Casimir-du Pré method and
later on amongst others by Leifson and Jeffries and Ruby, Benoit, and
Jeffries .using the microwave transient method. Practically all experiments
have been carried out in relatively low fields (up to 5 kOe). Recently Breur
has done measurements at 1.4 K and 1.7 K in magnetic fields from 4.7 kOe up to
47 kOe. The over-all data in relatively low fields can be described by the sum
of a bottlenecked direct process and an Orbach process.

1 2 9yBH A- =  Acotgh (-^-) + Bexp(- , (4.01)

with 1- s 34 K.
The factor A in the bottlenecked direct process is proportional to H^, and
the field dependence of B is given by the Brons-Van Vleck ^  formula.

H2 + p'iH?
B(H) = B(-) 2----- r  ’ (4.02)

H + iHf

Hoffmann and Sapp  ̂ have calculated p 1 = 2.2, and we have measured 4H? =
2 1b/C — 1706 Oe , thus for fields above a few hundred Oersteds we expect B to be

field independent. Experimentally however, we have found B to be field depen
dent up to high fields.

We have measured the field dependency of the spin-lattice relaxation time
in the lrquid helium range with the aid of three different types of equipment.
In the frequency range from 30 MHz down to 100 kHz, we used the twin T-bridge
described in chapter 2, from 100 kHz to 2 kHz we used the bridge designed by
De Vries , and from 2 kHz to 10 Hz a direct measurement apparatus which will
be published by Soeteman ® .

The use of the latter two pieces of low frequency equipment has been kindly
put at our disposal by Dr. van Duyneveldt and his group in our laboratory. In
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t he  low f requency reg ion ,  the  measurements were performed in magnet ic f i e l d s  up

to  34 kOe; a t  h igh er  f r e qu en c ie s  the  magnet i c f i e l d  was r e s t r i c t e d  to  5 kOe.

k .2 Experimental re su lts
The obse rved s p i n - l a t t i c e  r e l a x a t i o n  t ime as a f un c t i o n  o f  the  magnet ic

f i e l d  a t  e i g h t  d i f f e r e n t  t e mp era tu res  i s  shown in f i g .  4 .01 .  At 4 .22  K and

3.97 K we found in low f i e l d s  (up to  500 Oe) t h a t  the  r e l a x a t i o n  p rocess  can

be d es c r ib ed  by two r e l a x a t i o n  t imes

= 1 -  F + F(------+ 1 '  j  0 ) , (4.03a)
X0 1 + «> t ,  1 + «  t ‘

^ • - F ( ----V r + — T T } * (i*-03b)
X0  1 +  “  T j  1 +  w  t 2

o r  in complex n o t a t i o n

-  1 -  F + F(

x0

a
+  i ü ) T .

+ 1 ~ a  ) .
1 +  t UT 2 ;

(4.04)

As an i l l u s t r a t i o n  the  measured va lu es  o f  xM/ x  q a t  4 .22 K a r e  p l o t t e d  in f i g .

4 .02 as a f un c t i on  o f  the  f requency (on a lo ga r i th m ic  s c a le )  a t  d i f f e r e n t

f i e l d s .
From a computer  a n a l y s i s  to  f i t  t he  measured da ta  to  the  formulae given

above,  va lu es  f o r  t . and t 2 a r e  found as p l o t t e d  in f i g .  4 . 01 ,  to g e t h e r  wi th

values  f o r  F, Fa and F ( l - a )  ( f i g .  4 . 0 3 ) .  The same p rocedure has been fol lowed

f o r  the  da ta  a t  3-97 K.

4 .3  Discussion
For a d e s c r i p t i o n  o f  the  r e l a x a t i o n  p rocess  a t  4 . 2 2 K and 3.97 K> we can

use the  s imple  thermodynamic model o f  f i g .  4 .0 4 ,  which has been used in the

same c on te x t  by Gorte r  e t  a l .  , Van de r  Marei and Stoneham "  . The model
c o n s i s t s  o f  t h r e e  sys tems ,  each o f  which is  in i n t e r n a l  e q u i l i b r iu m :  the  sp in

system,  the  phonons r e s p o n s i b le  f o r  s p i n - l a t t i c e  r e l a x a t i o n  (phonons on speak

ing t e rm s) ,  and the  ba t h ,  which is  a l s o  thought  to  c on ta in  the  r e s t  o f  the
phonon sys tem and has an i n f i n i t e  hea t  c a p a c i t y .  I f  we suppose t h a t  the  energy
t r a n s f e r  between the  systems is p r o po r t i on a l  to  the  t empera tu re  d i f f e r e n c e ,  and

we make use o f  th e  f i r s t  law o f  thermodynamics f o r  t h e  sp in  system,  the  energy

ba lances  f o r  the  sp in  and phonon system can be w r i t t e n  as :
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2.00K

2.49 K
.3.02 K2.74 K

3.23K
•3.97K
•4.22 K

3.97 K

4.22K

Fig. ^ .01 S p in - la t t i c e  re la x a t io n  t ime o f  CMNj. c ax is  as a fu n c t io n

o f  the magnetic f i e l d  a t  d i f f e r e n t  temperatures.

The l in e s  have been drawn through the measured p o in ts .
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C MN i  c
T= 4.22

3 0 0  Oe

120 Oe

50M H Z10MHz1.0 MHzlOOKHz

F ig . 4.02 Xm/X q as a fu n c t io n  o f  the frequency a t  d i f f e r e n t  low f i e l d s  in

CMNJ. c a x is  a t  **.22 K. The l in e s  have been drawn through the

measured p o in ts .

dli 3T- dM 3T- dH

d t  = " “ (TS '  V  = d t  + M dt" ’ and
(4.05)

dTp
C — — = a(T -  T ) -  S(T -  T ) . (4.06)Up d t  a u s i p ; PVip v

For a t o t a l  f i e l d  c o n s is t in g  o f  a constan t p a r t  and a small o s c i l l a t i n g  p a r t !

we may w r i t e  in  a l i n e a r  approx im ation .
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F (1 -a)

C M N i c
T = 4.22

0.05,p

0.02
10 Hl _ 20 1000 2000

F ig . 4.03 The i ntens i t  ies o f  the two re l  axat ion processes i n CMNl c ax i s a t 4 . 2 2 K ,

toge the r w i th  the to t a l  in te n s i t y  as a fu n c t io n  o f  the magnetic

f i e l d .  The l in e s  have been drawn through the ca lc u la te d  va lues.

bath

spin system

phonons
speaking t<

C|H

Cp Tp

TB

F ig . 4.04 Thermodynamic model f o r  the d e s c r ip t io n  o f  the re la x a t io n  in

CMNl c ax is  a t  4 .22 K and 3.97 K.
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(4.07)

H = H + Re(helü lt) ,

M = Mq + Re(me'u *)  ,

t s = t b + t e ( v ! “ ‘ > •
Tp = Tg + Re(0pe ,Wt) .

S u b s t i tu t io n  gives

3TS
-a ( 0 c -  0D) = i<*>C|_|( gm ) |̂m + au ^

iü>Cp0p a (0$ -  0p) -  B0p .

M' 3H 'M (4.08)

(4.09)

On the o th e r  hand

3T 3Tr

°S “   ̂ 3M ^Hm +  ̂ 3H ^Mh *
(4.10)

E l im in a t io n  o f  0 .  and 0p g ives f o r  the frequency dependence s u s c e p t i b i l i t y

(see r e f .  10)

J L

6 + iwCp
o + B + iwCp

3 + ioiCp

a + 3 + iwCD

(4.11)

which can be w r i t t e n  as
1 + i u

JL
x0

3
F + F

o 3 a 3 H 3

(4.12)

I d e n t i f y in g  t h i s  equation w i th  (4.04) which we w r i t e  as

1 + i to { t .  -  a ( t j  -  t2) }

g i ves

-A- = 1 -  F + F
x0 1 -  (a) t 1^2 + iu (Ti + t 2)

C„
T] -  a ( t , -  t 2) -  T  ,

_  CH CP
t 1t 2 a 3 ’

T1 + T2 = (a + 3)CH + T  •

(4.13)

(4.14)
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3.97 K

■O- 4.22K

F ig . A .05 The s p i n - l a t t i c e  re la x a t io n  t im e , C^/a, o f  the non-bo tt lenecked

Orbach process as a fu n c t io n  o f  the magnetic f i e l d  in CMN^caxis

a t  4.22 K and 3-97 K. Drawn l in e s  accord ing to  the Brons-

Van Vleck fo rm u la , w i th  y 1 equal to  the th e o r e t i c a l  va lue 2 .2 .

In these equa t ions , we s u b s t i t u te  the data o f  x , ,  x2> a, and C , and we

o b ta in  CH/ a ,  Cp/B ,  and Ch/B as a fu n c t io n  o f  the magnetic f i e l d .  The re s u l ts

qre p lo t te d  in f i g .  <4.05, f i g .  4 .06 , and f i g .  4 .07 . CH/a  can be described by

sec
C M N  1  C

3.97 K

4.22 K —

10 H 20 Oe 1000

Fig. 4.06 Cp/B as a fu n c t io n  o f  the magnetic f i e l d  in CMN J. c a x is  a t  4.22 K and

3-97 K. Drawn l in e s  through the c a lc u la te d  va lues .
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4.22 Ksec CM N i  C

3.97K

100010 H 2 0

F ig . 4.07 Cu/e  as a fu n c t io n  o f  the magnetic f i e l d  in C M N lc a x is a t
H

and 3.97 K. Drawn l in e s  through the c a lc u la te d  va lues.

the Brons-Van Vleck formula w i th  the th e o r e t ic a l  va lue u ‘ = 2 .2 .  Cp/B is

to  decrease s low ly  and C|./B increases ra p id ly .

The numerical values are c o l le c te d  in ta b le  1.

Table 1

c C n C u

T in K — (H=°°) in seca
P .
3

H
6

4.22 3 . 8 x 1 0 ” 8 = H -° -3 «h ' - 3

3.97 6 .7 x1 0 ® = H -° -3 =h ' - 3

4.22 K

found
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For f i e l d s  H »  500 Oe, we have ioCp/3 «  1, and formula (A.12) t r ans fo rms  in to

JL =
x0

F + F ______1________
1 + + j)C H

So we have a s i n g l e  r e l a x a t i o n ,  wi th

T

(4.15)

This  i s  the  same formula as de r i ve d  by Stoneham1 CH/ct i s  the  s p i n - l a t t i c e  r e l a x a 
t i o n  t ime o f  an Orbach p r ocess  in the  absence o f  a b o t t l e n e c k ,  and Cu/B des -
c r i b e s  the  in f lue nce  the  b o t t l e n e c k .

The two t emp era t u res  a t  which we were ab le  to  de termine  a va lue o f  C / a

a r e  too c l o s e  t o g e t h e r  to  d e r iv e  a va lue f o r  B as well  as f o r  A in the  absence
o f  a b o t t l e n e c k .

Wi th  k” = 35 K’ we f  ind B0rb = 1-0 x , 0 " se c ' 1 •
I f  we e x t r a p o l a t e  the  f i e l d  dependence o f  Cu/g  measured in low f i e l d s  to1 i  li

high f i e l d s ,  we expec t  t “ H . Above 2 K we found a p r a c t i c a l l y  t empera tu re

independent  f i e l d  dependence o f  t : t « H0 , 7 , which i n d i c a t e s  t h a t  CH/8  inc re as e s
le s s  r a p id l y  as  a f u n c t i o n  o f  H in l a rg e  f i e l d s .

A p o s s i b l e  ex p l a n a t i o n  o f  the  f i e l d  dependence o f  th e  phonon b o t t l e n e c k
in the  Orbach p rocess  has been given by Gi l l  , 2 \  He a s s o c i a t e s  the  phonon r e 

l a x a t i o n  t ime wi th  t h e  f i n i t e  l i f e t i m e  o f  the  broadened e x c i t e d  l e v e l s .  This

r e l a x a t i o n  t ime dec rea se s  i f  t he  Zeeman s p l i t t i n g  o f  the  ground dou b le t  i s  r e 

duced.  In in t e r m ed ia te  f i e l d s ,  he p r e d i c t s  t ® H^ '3 . The t empera tu re  dependence
o f  t de sc r i b ed  by formula (4.01) and ske tched in f i g .  4.08.

We f i n d  £  = 35 ± 1 K, j u s t  between 34 K, the  va lue g iven by e a r l i e r  p a r a 

magnet i c r e l a x a t i o n  exper ime n t s ,  and 36.25 K, the  va lue de r ive d  from in f r a r e d

a b s o rp t i o n  e x p e r i m e n t s - l6 ^ . At 2 K we see  the  in f lu e n ce  o f  the  bo t t l en e ck e d

d i r e c t  p r o ce ss .  From our  measurements ,  we could not  de termine  the  value  o f  A,
but  i f  we t ake the  value  as  measured by Breur  on co n c e n t ra t e d  CMN A = 3 .4 x

-2  2 -1  - 2-

10 H sec kOe , then the  measured d a t a  f i t  t he  t h e o r e t i c a l  l i n e  q u i t e  w e l l .

(The s l i g h t  c u r v a tu r e  in the graph o f  — versus  y  a t  4 kOe between 2 .5  and 2 K.)

For B in the  p resence  o f  the  b o t t l e n e c k ,  we f ind  B(1 kOe) = 4 .3  x 109s e c ’ '
and B(4 kOe) = 1.80 x 109sec *. A comparison o f  our  r e s u l t s  wi th  r e s u l t s  ob
t a in e d  by o t h e r  au th or s  i s  given in t a b l e  2.
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1 KO<2

0.0 ±  0.1

F ig . 4.08 1 / t versus 1/T in CMN1 c a x is  a t  1 and 4 kOe.

Table 2

authors method A/k(K) B(10^sec ' )

Finn e t  a l . Casimi r and du Pré 34 5 (1 kOe)
13)

Cowen and Kaplan sp in-echo 34 1.7
14)Hudson and Kaeser Casim ir and du Pré 36.27 62.7(50 Oe)

Hudson and Mangum'^ Cas imi r  and du Pré 34.0 ±0.5 2.8(900 Oe)

Ruby e t  a l . pulsed microwave 34 . 2 .7 (3 -8  kOe)

T U  1 '6 )Thorn ley
4 )Breur

in f ra re d  abso rp t ion 36.25±0.4

pulsed f i e l d 3-6

Giauque e t  a l . s p e c i f i c  heat 35.5 ±0.5

This research Cas imi r  and du Pré

thermod. model

35 ±1 4.3 1 kOe

100
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4.4 Conclusion
At 4.22 K and 3-97 K we have obse rved t h a t  the  r e l a x a t i o n  p rocess  can be

de sc r i b ed  by two r e l a x a t i o n  t imes which cor respond wi th  the  two t imes t h a t

fo l low from a simple thermodynamic model.  From the  measured values  o f  the

r e l a x a t i o n  t imes and the i n t e n s i t i e s ,  we de r ived  va lu es  f o r  the  n o n - b o t t l e -

necked Orbach r e l a x a t i o n  t ime CH/ a ,  and the  phonon r e l a x a t i o n  t ime Cp/3  and

Ch/B.  For l a rg e  f i e l d s ,  t he  two s t e p  r e l a x a t i o n  p rocess  t r an s f o r ms  in to  a s i n g l e

r e l a x a t i o n ,  wi th  t -  CH/cx + CH/ 8 . The va lu es  de r ive d  from our  measurements a r e
in good agreement  wi th  r e s u l t s  o b ta in ed  by o t h e r  a u t h o r s .
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C H A P T E R  5

EXPONENTIAL TEMPERATURE DEPENDENCE OF THE LONGITUDINAL
SPIN-SPIN RELAXATION TIME IN CoCSjClj AND CoCs^rj

Synopsis

The magnetic specific heat and longitudinal spin-spin relaxation time of
single crystals ojv CoCs^Cl^ and CoCs^Br^ has been studied in the liquid helium
and liquid hydrogen temperature regions. The complex susceptibility x = X 1 "
■X1' along the tetragonal axes has been determined as a function of the exter
nal magnetic field up to 5 kOe with the aid of a twin T bridge.

The observed magnetic specific heat in the chloride can be described by
2 ' 1b/C = (550 Oe) and 0 = -0.31 K, and in the bromide by b/C = (1070 Oe)2 and

|0| < 0.05 K.
In both salts, the spin-spin relaxation time depends exponentially on the

temperature, i.e.T^ exp(A/kT), with A equal to the splitting between the two
Kramers doublets. -

An explanation of the exponential temperature dependence is given.

5.1 Introduction

At liquid helium temperatures mainly the lowest Kramers doublets in
CoCs^Clj and CoCs Br,. are populated. This doublet is described by a very aniso
tropic g value with g^ = 0. Hence the non secular part of the interaction is
much smaller than the secular part, and we expect weak coupling properties. If
we consider only the lowest doublet, the non secular part is actually zero
(section 5.5*1), therefore one may expect influence of the occupation of the
upper doublet on the spin-spin relaxation process.

CoCs^Clj and CoCs^Br,., although crystallographic isomorphous, are mag
netically inequivalent 1>2). The b/C values as determined from the magnetic
specific heat are considerably different, and both differ from values determined
from the adiabatic susceptibility. This was reason enough for us to measure
b/C once more. The difference in magnetic behaviour of CoCs^Cl^ and CoCs Br
is reflected in the relaxation times, which below 2.5 K show a quite dif
ferent field behaviour. -
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5.2 Crystal structure and Hamiltonian
The c r y s ta l  s t r u c tu re  o f  CoCs,Clc has been determined by Powell and

3) 3 ■> 4)Wells , and in more d e ta i l  by F igg is  e t  a l .  . The u n i t  c e l l ,  con ta in in g

fo u r  molecules CoCs,Cl,., is  te t ragona l  and has the dimensions

a = 9.219 ± 0.05 A and

c = 14.554 ± 0.07 A

As f a r  as the co b a l t  ions are concerned, a p r im i t i v e  orthorhombic  u n i t  c e l l

can be cons truc ted  from the  te tragona l u n i t  c e l l ,  which then has the dimensions

( f i g .  5.01)

iâ 2 = 6.519 A and

f  = 7.277 A .

2+.
F ig . 5-01 P r im i t iv e  orthorhom bic  u n i t  c e l l  o f  CoCs C l^ . Only the Co ions

have been drawn.

CoCs.Brc is isomorphous w i th  CoCs.Cl.. The dimensions o f  i t s  te t ragona l u n i t
3 5 3 5

c e l l  are

a = 9.619 ± 0.003 A and

c = 15.163 ± 0.003 A ,

from which f o r  the dimensions o f  the orthorhom bic  u n i t  c e l l  fo l lo w s :

The

i a f i  = 6.801 A

f  -  7.582 A

^Fg/ 2  g roundsta te

and

o f  the f re e  c o b a l t  ion is  s p l i t  in a te t ra h e d ra l
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crystal field into an orbital singlet and two triplets, the singlet being
lowest. The fourfold spin degeneracy is removed by a tetragonal distortion,
resulting in two Kramers doublets. The two doublets can be described with
S = 3/2 and by the following spin Hamiltonian

H> = 9//yBH2Sz + 9 yB (HxSx + + 0{<S1>2 - J  S(S + 1)} , (5.01)

where hyperfine interactions have been neglected. The z axis is chosen along
the tetragonal axfs of the crystal (c axis), giving the S = ±3/2 doublet as
the lowest. The experimental values for the energy distance between the two
Kramers doublets and g factors are given in table 1 .

Table 1

f(K) 9// 91 9// 9i
CoCs^Cl - 12.4 ± ]% 2.40 2.30 7.20 0
CoCs^Br^ - 15.4 ± 2% 2.24 2.32 7.26 0

The value of 20/k indicates that in the liquid helium temperature range, the
population of the lower doublet Sz = ±3/2 is very much larger than the popula
tion of the upper doublet. Only the lowest doublet may be described by an ef
fective spin S' = 1/2, and a very anisotropic g ‘ value, which is given in table
1 as well.

The Hamiltonian for the whole spin system consists of the sum of
Hamiltonians of the single ions and of interaction Hamiltonians between the
single ions. These are the dipole dipole interaction,

B.. = ip* Idip ZMB.i ,J* -4— { ( g ' * ? i ) - ( g J *?-')-3
rU

(rLL •?')(?Li ■gj-tj)

ij (1.67)

and the isotropic Heisenberg exchange interaction

H  - i E -2J? ‘•P
i, i * (1.70)

At very low temperatures, we have



*dip “ * W  2 4” 0  ' 3C?j)(Si) ,(SiV . (5.02).,J* r..

(in which C.. is the direction cosine with respect to the z axis), and an ani
sotropic Ising exchange:

with J 1

H' = -i J ‘ £ex s2 • .j?*
9/2 j 6).

7) ,Stapele et al.

SJ)1z (5.03)

have measured the exchange interaction between Co^
pairs in ZnCs-Cl^. They have found that the exchange interaction between two
nearest-neighbour cobalt ions in the ,a-b plane is antiferromagnetic, with
J/k = -0.020** K, and that the exchange between two nearest-neighbour cobalt ions
along the c axis is ferromagnetic, with J/k = 0.015** K.

5.3 Preparation of the crystals

Blote has prepared for us crystals of CoCs.Br. and CoCs,Clr by slow3 5 3 5
evaporation of an aqueous solution of CoCs,Br_ and CoCs,Clc, with supersatura-3 5 3 5
tion necessary in the latter case.

At our request, van den Broek had an analysis performed of a typical sam
ple of CoCs,Br^ at the Philips Research Laboratories, Eindhoven, Netherlands.
Special attention has been given to metal ion impurities. The result of the
speetrochemical analysis is given in table 2.

Table 2

CoCs^Br. Co Cu Mn Ni Fe Cr

weight % 5.5 0.003 < 0.002 < 0.005 < 0.006 < 0.002

From table 2 one can conclude that the sample was rather pure; only a trace of
copper could be detected. One may expect that this does not influence the
spin-spin relaxation.

5. ** Experiment

Both the components of the susceptibility x 1 ar|d x" °f single crystals
CoCs.Clr and CoCs.Br. have been measured with the aid of the twin T bridge,3 5 3 5
described in chapter 2. Small crystals of about 500 mg were used, and the
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c r y s ta ls  were o r ie n te d  w i th  the te t ragona l  a x is  (c a x is )  p a r a l le l  to  the

m u tua l ly  p a r a l le l  rad io frequency  and s t a t i c  f i e l d s .  The measurements were per

formed in the l i q u i d  hydrogen and ) iq u id  he lium temperature range. We used

f ix e d  frequenc ies  between 100 kHz and 30 MHz, and x ‘ and x" were re g is te re d

d i r e c t l y  as a fu n c t io n  o f  the ex te rna l  magnetic f i e l d  up to  5 kOe.

5.4 .1  < b/C  va lues

The s t a t i c  s u s c e p t i b i l i t y  o f  CoCs3C l5 and C o C s ^ r j  a t  l i q u id  helium
temperatures can be described by a Curie-Weiss law

w i th  a small n e g a t i v e ^ 2,3  . The a d ia b a t ic  s u s c e p t i b i l i t y  f o r  s a l t s  obeying
a Curie-Weiss law is g iven by (1.58)

xad _ . b

Xq b + CH2 (T/T -  0 ) 3

The b/C value can be computed from the a d ia b a t ic

2 *■ -

z ------------- — -  (— 1— ) 3 .

x0^xad " 1 T "  0

s u s c e p t i b i l i t y  accord ing  to

(5-04)

D e f in ing

( - )  -  H2
V e x p  . , * (5.05)

x0/ x ad ■ 1
i t  fo l lo w s  th a t

(CJth  ‘  (C)"exp(T ^ - 0)3 ’ (5.06)

where we have added the s u b s c r ip t  th  to  b/C in o rd e r  to  d is t i n g u is h  i t  from
(b/C) exp

The real p a r t  o f  the frequency dependent s u s c e p t i b i l i t y  is  g iven by

X ^  xbet + ^xad "  xbet^ T ~  T Y ~  + ^x0 ’  xad^ \  2 *
' u TSS 1 + “  t SL

L (1.60a)

At l i q u id  he l ium tem peratures, the s p i n - l a t t i c e  re la x a t io n  process in CoCs Cl

and CoCs3Br5 is much slower than the s p in -s p in  re la x a t io n  process 2 , 8 ) . 3 5



X1 (üj) equals x j at frequencies between the sp in - la tt ice  and spin-spin
a “ _]  . j

relaxation rate (tg. «  w «  tgg).

5 .4.2  b/C value o f  CoCsJCl.
Experimental b/C values have been derived from x j  according to formula

(5.05). Starting, at a fixed frequency 10, from the situation in which x 1 (“ ) =
X , the relaxation rate decreases i f  the magnetic f ie ld  increases. Spin-spin
relaxation takes place, and f in a l ly  x 1(“ ) becomes XÜe t * We have measured x 1 as
a function of the external magnetic f ie ld  up to 5 kOe, using d ifferent fixed

2 - )  -1
frequencies. A typical graph of H / (X g /x 1 " 0 (for << <u «  tgg equal to
(b/C) ) is given in f ig .  5.02.exp 3

5x10'

CoCs-,CL//c
T = 3.06K
f =500  kHz

Fig. 5.02 Typical graph of H2/ ( xq/ x ' " D  versus H in CoCs^Cl,- / / c axis,
derived from a measurement at 3*06 K and 500 kHz. The line has
been drawn through the experimental values.

The experimental values of b/C at liquid helium temperatures are collected in

table 3*
According to formula (5.06) a graph of (b /C )^^  versus 1/T should show a

straight line. Indeed, the experimental values can be f i t te d  by a straight line
( f ig .  5-03), determined by b/C = (550 Oe) and 0 = -0.31 K. I f  one calculates
(b/C) using these values, the difference between the experimentally foundexp
values and the calculated values is less than 2%.
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Table 3

T(K)
(b /C )exD( , ° 4° e2)

4.22 37.88

3.56 38.36
3.06 39.60

2.17 45.52
1.76 49 . 00

0.0 \

F ig . 5.03 Temperature dependence o f  (b/C) in CoCs,Clc / / c a x is .  The

drawn l in e  corresponds to  (b /C ) th  •  (550 Oe)2 and 0 = -0.31 K.

5. A .3 b/C  va lu e  erf CoCs B r
O  t )

Above 2 K in the l i q u i d  he l ium range, the experimenta l b/C va lue  is  con

s ta n t  w i t h in  the experimental accuracy o f  a few percent and is  equal to

(1070 Oe) . Below 2 K, ou r  measuring frequenc ies  were too  h igh to  measure x

d i r e c t l y .  We could on ly  measure the h igh frequency t a i l  o f  the s p in -s p in  3

re la x a t io n  process. At I .98 K and 1.75 K, x j j  xad/ x Q and xad/ x 0 have been de
termined as fo l lo w s .  For wx >> I (see se c t io n  5 .4 .4 )

so th a t
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( 5 . 08)S.- jL h i-- L  hi
%  ‘  xad x 0 "  TSS x0

On the o th e r  hand, for  a l l  frequenc ies

X .
V

so th a t

x 0 '  X0 X X 1

(5.09)

( 5 - 10)

From our measurements, we conclude th a t  a l s o  a t  1.98 K ajid 1.75 K b/C is equal
to  (1070 Oe)2 ( f i g .  5.0A).

C o C s 3 Br5 //c
o 1 .9 8  K
□ 1,75 K

3 KOe

Fig. 5 .0 1* x . /Xn versus H in CoCs Clc / / c ax is  a t  1.98 K and 1.75 K. The
8Q 0 J t> 2

drawn l i n e  is a th e o re t i c a l  one for  b/C = (1070 Oe) .

S . k . k  Spin-spin relaxation  times
The imaginary pa r t  o f  the frequency dependent s u s c e p t i b i l i t y  is  given by

U)TCC WT<»|

x"M  ■ <xad - x£.t > - r r  * <*o - x.d> —  • " • 60b>
I * .  t s s  1 * “  'SL

In the  region of  sp i n- sp i n  re la x a t i o n ,
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—  =  ( I  -  ^ f e £ £ )
, . 2 2
’ + “  TSS

is v a l i d .
xad xad

The maximum' va lue o f  X" / x ad is  0 .5  (1 -  x£e t / x ad) and t h i s  is r eached f o r

W = Tss-

(5.11)

5 . 4 . 5  Spin-sp in  re la x a tio n  time in  CoCs^Cl

The s p i n - s p i n  r e l a x a t i o n  t imes a t  l i q u i d  hel ium te mp era tu res  have been

determined from the  graphs o f  x " / Xad ve r su s  f requency on a double lo ga r i th m ic

s c a l e .  At each f i e l d ,  ,the obse rved va lu es  can be f i t t e d  by a Debye cu r ve ,  which

impl ies  t h a t  the  s p i n - s p i n  r e l a x a t i o n  p rocess  t akes  p la ce  accord ing  to  a s i n g l e

exponen t i a l  decay.  x"/xad reaches  a maximum value  o f  0.5 a t  a l l  f i e l d  s t r e n g t h s ,
which means t h a t  X̂ t  = 0. This i s  the  case  a t  a l l  t e mp era tu res  in the  l i q u i d
hel ium range.

The s p i n - s p i n  r e l a x a t i o n  r a t e s  x j j  as found,  m u l t i p l i e d  by X d/ x , have

been p l o t t e d  ver sus  H2 in f i g .  5 . 05.  These graphs  a t  d i f f e r e n t  t empe ra t u re s  a r e

a t  f i r s t  s i g h t  on ly  s h i f t e d  wi th  r e s p e c t  to  each o t h e r .  This  in d i c a t e s  the  same

tempera tu re  dependence q f  the  s p i n - s p i n  r e l a x a t i o n  t ime f o r  a l l  f i e l d s ,  as

xad/ x 0 is  a ,most  ten>Perature independent .  At l i q u i d  hydrogen t e m pe r a t u r e s ,
s p i n - s p i n ,  as wel l  as  s p i n - l a t t i c e ,  r e l a x a t i o n  was measured as a fu n c t io n  o f

the  magnet i c f i e l d .  The s p i n - s p i n  r e l a x a t i o n  in ze ro f i e l d  was so f a s t  t h a t  we
could on ly  measure the  k>w f requency t a i l  X" / X(). Assuming t h a t  in the  l i q u i d

hydrogen t empera tu re  r egion the  s p i n - s p i n  r e l a x a t i o n  p r ocess  i s  ex p on en t i a l  as
w e l l ,  we determined the s p i n - s p i n  r e l a x a t i o n  t ime from t h i s  low frequency t a i l .

The t empera tu re  dependence o f  the  s p i n - s p i n  r e l a x a t i o n  t ime is  g iven in

f i g .  5 .0 6 ,  where we have p l o t t e d  the  r e l a x a t i o n  r a t e  x j j  on a lo g a r i th m ic  s c a l e
ver sus  the  in ve r se  t empe ra tu re  t " 1, in ze ro  f i e l d  and f o r  2 kOe. From t h i s

f i g u r e  i t  is  ev i d e n t  t h a t  the  t e mpera tu re  dependence o f  the  r e l a x a t i o n  t ime can
be de sc r i b ed  by

^  = 77S (T = ») ^ p  (-A/kT) . (5 .12)

The values  o f  A and x j J ( T  = «) a r e  g iven in t a b l e  4.

5 - 4 .6  S pin -sp in  re la x a tio n  time in  CoCs^Br^

On account  o f  the  ex c ep t i o n a l  f i e l d  dependence o f  x" / x j n t h i s  s a l t

a t  t emp era t u res  below 2 .5  K, the  s p i n - s p i n  r e l a x a t i o n  t i m e s ^ a v e  been determined

from the  graphs  o f  X" / X() ver sus  the  f r equency.  For a l l  f i e l d s  i t  i s  p o s s i b l e  to
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o 4.22 K
A 3.56 K
o 3.06 K
V 2.1 7 K
o 1.76 K

•  1 2F ig . 5.05 Tgg Xa(J/ x 0 versus H in C o C s ,C l j / /c  a x is  in the l i q u i d  helium

range. Drawn l in e s  through the experimental va lues.

f i t  the experimental re s u l ts  by Debye curves, so we deal w i th  an exponentia l

s p in -s p in  re la x a t io n  process, xü ^ is  found to  be zero . The maximum value o f

x'V xq was used to  determine b/C in an a l t e r n a t i v e  way. The graphs o f  ^ad^O

versus in the l i q u i d  helium range are g iven in f i g .  5-07-
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CoCSoCU//c

2kOa

0.0 ± 0.2 0.6 K

Fig. 5.06 Exponential temperature dependence of the spin-spin relaxation
rate in CoCs^C]^// c axis in zero field and for 2 kOe.

Table 4

A/k(K)
tSS(T“”) sec ' field

CoCs.Cl_ 12.4 3.0 x 109 0 Oe
3 5 13.3

COoXCO 2 kOe
CoCs.Br^ 15.4 2.2 x 109 0 Oe

3 5 15.4 1.0 x 109 3 kOe
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CoCs3Br5//c
o 4.21 K
A3.44K
o2.97 K
v 1 98K
o 1.75K
•  1.3 K

- I  2Fig. 5.07 Tpi x versus H. in CoCs Br,.//c axis in the liquid helium
jO dC U J P

range. Drawn lines through the experimental values.

At the highest temperatures, 4.21 K, 3.44 K, and 2.97 the graphs of
t ’ ! x j/Xn have the same shape, which indicates the same temperature dependenceSS ad 0 _ 1
of the spin-spin relaxation time for a l l  f ie lds . The graphs of X,j/Xq at  the



lowest  t h r e e  t empera tu res  (1.98 K, 1.75 K, and 1.3 K) a r e  c l e a r l y  d i f f e r e n t .  As

mentioned be f o r e ,  below 2 K we could only measure the  high f requency t a i l  o f  the

s p i n - s p i n  r e l a x a t i o n  p r o ce ss ,  and consequen t ly  tSj  Xad/ x Q has been determined

in the  way as  d es c r i be d  in s e c t i o n  5 . 4 . 3 .  The a b s o l u t e  accuracy  in the  d e t e r 

minat ion  o f  tss X ^ / X q in t h i s  way is  not  very high ( e s p e c i a l l y  a t  1.3 K) , but
the  r e l a t i v e  accuracy  is  n e v e r t h e l e s s  a few p e r c e n t .

At 20.3  K and 15.3 K, the  s p i n - s p i n  r e l a x a t i o n  t ime in ze ro f i e l d  has been

determined from the  low frequency t a i l  x " / x 0 , assuming t h a t  x " / x 0 i s  de sc r i b ed
by a Debye formula .  The t empe ra tu re  dependence o f  the  s p i n - s p i n  r e l a x a t i o n  t ime

is given in f i g .  5 .08  ( tss l o ga r i th m ic  ve r su s  T* 1 l i n e a r ) .  From t h i s  f i g u r e ,

i t  i s  ev i d e n t  t h a t  above 2 K the  t e mpera tu re  dependence is  exponen t i a l

7 ^  = T ^ Tt1 ~) exP ( ' A/kT> • (5.12)

The values  o f  A and xs s (T = “ ) in ze ro f i e l d  and f o r  3 kOe a r e  g iven in
t a b l e  4 as wel 1 .

Below 2 K, the  t empe ra tu re  dependence becomes sm a l l e r  and the  s p i n - s p i n
r e l a x a t i o n  might become t em per a t u re  independent .

5 • 5 Theory concerning the exponential temperature dependence o f  the
spin-spin  relaxation  time

5 .5 .1  Introduction
At l i q u i d  hel ium te m p e r a t u re s ,  t he  po p u l a t io n  o f  th e  lowest  do ub le t  in

CoCSjOl5 and CoCSjB^ is  co n s id e r ab l y  l a r g e r  than the  po pu la t io n  o f  the  upper

d o u b le t ,  as a l r e a d y  mentioned.  The lowest  do ub le t  i s  d es c r ib ed  by an e f f e c t i v e

sp in  S' = 1/2 and an a n i s o t r o p i c  g '  f a c t o r  o f  which g j  = 0.  Such a d e s c r i p t i o n

impl ies  a f u l l y  s e c u l a r  d i p o l e  d i p o l e  i n t e r a c t i o n ,  and con se q u e n t ly ,  one might

expec t  weak coupl ing  theo ry  to  be a p p l i c a b l e .  For the  dynamical s p i n - s p i n

r e l a x a t i o n  p rocess  however,  we cannot  r e s t r i c t  o u r s e lv e s  to  the  lowest  doub le t
on ly .  This may be seen in the  fo l lowing  way. I f  we n e g l e c t  the  upper  doub le t

and c o n s id e r  the  r e l a x a t i o n  r a t e s  i j '  and the  lowest  d o u b l e t ,  then th es e
a r e  p r o po r t i o na l  to  the  non s e c u l a r  c o n t r i b u t i o n s  and «H'H'
( formulae (1.106)  and ( 1 .1 0 7 ) ) .  and «H^H'_2»  a r e  given by formulae
(1 .1 18 ) ,  in which (C±g ) 1 and ( c | | )  1 a r e  g iven by formulae ( 1 .7 7 ) .  For g* =

9y 9^ 0 they a l l  van i sh .  The r e l a x a t i o n  r a t e s  and x„^ become ze ro  as

w e l l ,  which means an i n f i n i t e l y  long s p i n - s p i n  r e l a x a t i o n  t ime (or  no s p i n - s p i n

r e l a x a t i o n  p rocess  a t  a l l ) .  This  rèmains t r u e  f o r  a l l  h i ghe r  o r d e r  p ro cesses

which cöuld cause  r e l a x a t i o n  in the  ground dou b le t  w i th ou t  t a k in g  in to  account
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O Oe

0.6 K

F ig . 5.08 Exponentia l temperature dependence o f  the s p in -s p in  re la x a t io n

ra te  in C oC s^B rj / /c  ax is  in zero f i e l d  and f o r  3 kOe.

the h igher le v e ls .  Thus we have to  invo lve  the upper d o u b le t ,  even a t  very low

tem peratures. Both doub le ts  are described by S = 3 /2 .

For an a n a lys is  o f  the s p in -s p in  re la x a t io n  time we cannot make use o f  the

theory as g iven in  se c t io n  1 .5 , which was r e s t r i c t e d  to  S = 1 /2 , and where a
9)high temperature approximation was used as a s ta r t i n g  p o in t .  Verbeek , in the

th e o r e t i c a l  p a r t  o f  h is  th e s is ,  d id  not proceed from a h igh temperature
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approx imat ion ,  and we sh a l l  use h i s  n o t a t i o n  in t h i s  p a r t  o f  th e  t h e s i s .

In the  the ory  o f  s p i n - s p i n  r e l a x a t i o n  f o r  S = 1 /2 ,  the  non s e c u l a r  p a r t

o f  the  i n t e r a c t i o n  Hn gec is  t r e a t e d  as a small  p e r t u r b a t i o n  to  a l a rg e  unper

turbed  Hami ltonian c o n s i s t i n g  o f  the  Zeeman term H and the  s e c u l a r  p a r t  o f

the  i n t e r a c t i o n  f o r  t h a t  pu rpose ,  # .  i s  decomposed in to  e i g e n o p e r a t o r s
o f  the  L i o u v i l l e  Zeeman o p e r a t o r  ( s e c t i o n  1 . 5 . 2 ) .  Here the  l a rg e  unper tu rbed

Hami ltonian is  chosen to  c o n s i s t  o f  th e  Zeeman term H , t he  e l e c t r i c  f i e l d  term

^el  ’ afld s e c u l a r  p a r t  o f  the  i n t e r a c t i o n  H , and we decompose H. i n to' j s ec . r . m t
common e i g e n o p e r a t o r s  o f  L = ZL and L = I L'  , where LI  and L , a r e  the

l i l e i i e i Z el
L i o u v i l l e  o p e r a t o r s  o f  a s i n g l e  ion.  So we decompose H, i n to  e i g e n o p e r a to r s
A, s a t i s f y i n g  the  eq ua t io ns

f o r  X and y s c a l a r s .

Common s i n g l e  spirr  e i g e n o p e r a t o r s  o f  the  s i n g l e  ion L i o u v i l l e  o p e r a t o r s

Ll  and ^è l  a r e  Sz^= S ' )  and the  o p e r a t o r s  A* ; t he  l a t t e r  co r respond  in the
t e p r e s e n t a t i o n  to  the  4 x 4  m a t r i c e s  (A Q) , o f  which on ly  the  el ement  A. <*P a g

1, and a l l  o t h e r  e l ement s  a r e  equal to  z e r o .
For ins t a nc e

D ecom position  o f  H in to  cormon e ig e n o p e ra to rs  o f  L - and. L

L ^k  = = XA and

Le l A E h r * e r A] = *A > (5.13)

0 0 0

<A.2>
0 0 0 0

(5.14)
0 0 0 0
0 0 0 0

The e i ge n v a l u es  o f  the  sum L^ may be deduced from the  equ a t ion

(£7 + i  .)A [(h7 + *  , ), a ' ]e l ^ a g  = h l ^ Z aO ag
wi th

\»B = W(ea " eg) (“ >B = '* 2 *3 and 4)

and

e \  V bh + D
9 ,M2 mz mB
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andE3 = ' 2 9zUBH ' ° *

ek =  ~ 2 9zyBH + ° * (5.15)

We do not need all ei genoperators A^g to express 5^.^. More complicated eigen-
operators of the sum L  ̂ are the two-spin operators A^gA^g, i/j and a,6,
y,& = 1,2,3, A , with

(L_ + L ,)a ' AJ. = (X + X .)a ' Aj’ .Z el a3 yo a3 yo a3 yo (5.16)

The decomposition of fl. into two-spin ei genoperators of L  ̂alone, constructed
from the single spin ei genoperators §+, and Ŝ , is well known and given in
section 1.5*2.
If we write s! and S1 as a combination of a '.'s ,+ - <x8

si ■ si + i$; ■ ^  a |2 * 2a *3 + /j a^ and

sl - Si - iSy ■ -T A)l * “Si * ̂ a;3 (5.17)

then we automatically obtain the desired decomposition of ff. into the common
ei genoperators A^gA^g.
The decomposition reads:

wi th

B. = 2  Bint pqPtq
P - -2, 0, 2
q = -2, -1, 0, 1, 2,

*00= iu2Zi .j*1 00 0 0 +-(3Ai2Aii + ^ A z  + 3A34AA3)]
B,n - z [C'Ï2A® si] ,10 Bi >1*1 +0 23 0
*20= id23MBZi [cU(6A;2AJ34 + i,A23A23̂ ’

*02= iyBZ' >jV[c|J(2fTAj2AJ32+ 2/3Ai3Ai3) + C++A23AA3] *
*0A= iuBz• »Ĵ[ci-3Ai2Ai3] 9

*12= iUBZi.jV[Cio/3Ai2S0] 9
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, y Ci o ^ A34S0]

1

(5.18)

The 1s have the following property

H = (H ) +
pq -p-q (5.19)

Therefore i t  is s u f f ic ie h t  to give only h a l f  the number o f  terms. The meaning
of the symbols p and q is explained by the eigenvalue equation:

5 -5 -J  The r e la x a t io n  fu n c t io n  w ith o u t a h igh  tem perature app rox im a tion

A formal expression o f  the re laxation function without making use of a
high temperature approximation has been derived by Kubo *0^

+2Zt t , i ï )  = B(Mz , e l i , :Mz ) ,

in which the scalar product in operator space is defined by

<£7 + £ 1 )H.
2D

(P“ , + q - r - ) t f  = ui HL n pq pq pq (5.20)

with to 9z PBH
L ------ * —  » the Larmor frequency.

(A,B) dXTrpe A e flBX/7.+ -X#,
B

0

B
dXTrp(eT,AiA+)B ,B o

wi th B
kT
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- W
and p = ------- Tg# • (5-21)

Tr e

In a high temperature approximation, the scalar product changes into

(A,B) = Ï - —  = « A +B »  , (5.22)

so that in that case we obtain fo r  the re laxation  function

<j>zz ( t  ,H)
i l tB«M e M »z z (5.23)

The non vanishing part o f  the re laxation  function in the l im i t  fo r  large t  is
taken into account as fo llows. The time average of the relaxation function,

defined by
$ (H) = 1im —

T -* »

cT
<J>ZZ ( t  ,H) dt (5.24)

exists  and is equal to

* ZZ(H) = B{(P|Mz ,P,Mz ) + (Pff.Mz .Pfl .Mz )J • (5.25)

where I = id e n t i ty  operator and H' = H -  P|H.

The projection operator P is defined by

p b -  (A,B) A
pab Ta TST a •

(5. 26)

The function which w i l l  be studied is

$ ( t , Ï Ï )  = <|>z z ( t , l ï )  -  <(lz z (^) • (5.27)

5 .5 .4  The a b s o rp tio n  spectrum

At high temperatures CoCs^Cl^ and CoCs^Br^ possess a nearly isotropic g-

tensor and Heisenberg exchange in te rac t io n . We can t e l l  l i t t l e  about weak or

strong coupling properties a p r io r i .  Hence we t ry  to extend the method as given

by Mazur and Terwiel fo r  S = 1/2 in a high temperature approximation to the

present case, without using the high temperature approximation as s ta r t ing

point. The function which wi l l  be studied can be w r it ten  as

«■(t.ÏÏ) = B( (1 -  Pj -  Pf i i)Mz . e ' L t (l -  P| -  p# i ) Mz > • (5 -28)
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, t h i s  may be w r i t t e n  asin the s imple S = 1/2 case, when H = H + H
1 i n t

• ( ' . * )  ■ - p| -  Ps ,W z ,e '“ ( l  -  P, -  PS ,)S2)

-  6H'2{ ( I  -  P, - PJ, , W |n t , . l i t ( l  -  P, - Ps , >»,„,> , ( 5 . 2 9 )

which a l low s a s imple a n a ly s is .

In the present case however, H -  ^  + 1? so th a t  o n ly

{ 0  -  P, -  + fie l ) . e ' £ t (l -  P, -  Ph ,)(Hz + flcJ)}

is  s t i l l  easy to  ana lyse.

As we may expect th a t

{ ( , -P,-Pfl.)flz . e i i i t U - p,-P„,)fl7>, { ( , -p  p eü t (1-P | -P g , )# e i } ,

and the cross terms are e q u a l ly  com p l ica ted , an a n a ly s is  o f

{ °  ■ p i -  w « ,£tM -  p, -  Pf l ,)Mz }

cannot be ob ta ined in t h j s  way.

The s t re n g th  o f  the a n a ly s is  o f

{ °  '  Pl '  -  P, -  Pf i . ) f f i n t }

l i e s  in the fa c t  th a t  the replacement o f  L by I>z and Le] in the exponent o f

the s c a la r  p roduct and in  the p ro je c t io n  o p e ra to r  does not com p le te ly  des troy

the dynamics o f  th i s  fu n c t io n .  The same can be sa id  about the second d e r iv a t i v e
o f  * ( t , H )  2

7 ?  * ( t ’ ” ) "  ^ 2  *z z ( t ^ ) "  -e(£Mz ,e ,£ t lMz ) , (5.30)

which moreover shows no com p l ica t ions  due to  the presence o f  J  (H ) .
The second time d e r i v a t i v e  can a lso  be w r i t t e n  as

• K  * ( t . ï ï )  -  -  P d Me iw t S iXÜ M
a t  J - c o  n

(1.38)

Hence the F o u r ie r  spectrum o f  (£M , e i i t : LM ) equals
2 Z IT
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5 .5 .5  A n a ly s is  o f  the second time d e r i v a t i v e  o f  $ ( t ,H )

Using the decomposit ion # j n t £ H , p = -2 ,0 ,2pq
p,q q -  - 2 , - 1 ,0 , r , 2 ,

we have

0(£Mz . * i L t I * z ) = W 2 (LzH .n t ,e i L t L7H ,n t )Z i n t

( 5 . 18)

. 2 2
egzUB

,2  E Vt l p , q , r , s
(5-31)

Now we make the approx im ation  in which H is  replaced by H^ Fo llow ing

Verbeek, th i s  approx im ation  w i l l  be c a l le d  the ze fo  in te r a c t io n  approx im ation .

In the zero in te r a c t io n  approx im ation  not on ly  is  L Hermitean, i . e .  (A,LB) =

(LA,B) bu t a lso  L + L ^ j  becomes Herif ii tean:

(A,(L + Le , )B) „
Z el ( (L Z + i e l )A ’ ‘V *  ,Z e I

(5.32)

Ei genoperators o f  L + Le) be long ing  to  d i f f e r e n t  sets o f  e igenvalues become

o r th o g o n a l ,  i . e .  (tfp q = 0 f o r  p >q *  r ’ s<
In the zero in te r a c t io n  app rox im a t ion , o n ly  the a u to c o r re la t io n  terms remain.

Thus

3(LMz ,e , i t LMz ) -*■ B

2 2
9zUB Z (H , e ' ^ Z + i e l )

Ti p,q pq HZ+He ] '

The a u to c o r re la t io n  terms are undamped o s c i l l a t i o n s

2 2
q 9zPB 2 / „  i(L_+L . ) „  ,B — p in  ,e Z el H ) t] ,rj

* 2  K v pq* Pq H Z H e \

2 2
qzPB 2 , '  u \ lü) tB --- S— P . 1]  e Pd •f 2  pq pq #z™ e)

(5-33)
In the zero in te r a c t io n  approx im at ion , a p a r t  from the zero frequency band,

MX' [ jy  c o n s is ts  o f  s ix te e n  6 - l in e s  a t  f requenc ies  io (p = - 2 , - 1 , 1 , 2  and q =ÏÏ
- 2 , - 1,0 , 1,2).

<nxn (fa)) _ , 2 x" ( m) x"(u)

a p a r t  from the region around w = 0, can be cons truc ted  by d iv id in g  (i>x, , ( id) / h

by to2 . As idx" ( w) / it c o n s is ts  o f  6 - l in e s  i t  is  s u f f i c i e n t  to  d iv id e  each 6 - l in e

by the square o f  i t s  own cen te r  frequency. The in t e n s i t i e s  o f  the  6 - l in e s  o f

the abso rp t ion  spectrum are thus g iven by

*  The index S ,  + H . in d ica tes  th a t  in the s c a la r  p roduct H has been replaced
Z el

by ZL + H . as wel 1.7 Z el
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2 2 2
9,Hr P

(#  ># )pq ’ pq H7+HZ el
(5.34)

E x p l i c i t  expressions f o r  these are g iven in ta b le  5. The abso rp t ion  spectrum

is  symmetric around to = 0, and so we need to  g ive  o n ly  h a l f  the number o f  terms.

We want to  cqmpare the in t e n s i t i e s  o f  the abso rp t ion  l in e s  in the l i q u i d  helium

range w i th  xgd> being the t o t a l  in te n s i t y  o f  the abso rp t ion  spectrum, in c lu d in g

the zero frequency band. At l i q u i d  helium tem pera tures, we may n eg lec t  e ^

r e la t i v e  to  e and 1, and f o r  f i e l d s  o f  a few kOe we may neg lec t  g y H re la -
• ~ # z B

t i v e  to  D. The expressions f o r  the i n t e n s i t i e s ,  using these approx im a t ions ,

are a lso  given in ta b le  5. F in a l l y  are mentioned in  ta b le  5 the numerical values

o f  the in t e n s i t i e s  o f  the  6 - l in e s  o f  CoCs,Cl^ a t  a temperature o f  3 K and fo r

a magnetic f i e l d  o f  2 kOe. For th a t  purpose, we have performed a computer c a l 

c u la t io n  o f  the sums .2 |C | J | 2 and . 2 . ^ 1 0 ^ | 2 f o r  the p r im i t i v e  o r thorhom bic

u n i t  c e l l  o f  CoCs^Clj. The re s u l ts  f o r  N (Avogadro's number) times the c o n t r i 

bu t ion  per magnetic ion ( in c lu d in g  the in te r a c t io n  w i th  742 neighbours) are

but a s t r a ig h t fo rw a rd  c a lc u la t io n  f o r  low temperatures is  te d io u s .  On the o th e r

hand the in f lu e nce  o f  the temperature on xad is  descr ibed by the thermodynamical

in which f o r  the c h lo r id e  b/C = (550 Oe)2 , C = 4.99 erg K Oe"2 and 0 = -  0.31 K.

With the a id  o f  these da ta , we c a lc u la te  f o r  a temperature o f  3 K and a f i e l d
o f  2 kOe: x . = 6.1 x 10’ 2 .ad

Hence a comparison o f  xgd and the non zero frequency p a r t  o f  the absorp

t i o n  spectrum teaches us th a t  the non zero frequency p a r t  c o n s t i tu te s  a neg

l i g i b l e  p a r t  o f  the t o t a l  i n t e n s i t y .  As a m a t te r  o f  f a c t ,  a l l  i n t e n s i t y  is

conta ined in the  zero frequency band. Th is confirm s the experimenta l re s u l ts

th a t  in the low frequency ( r e la x a t io n )  reg ion ,  X"(w ) a t t a in s  the maximum va lue

*72 Xad‘ Th is  in te n s i t y  d i s t r i b u t i o n  has led us to  an important co n je c tu re  about

* .  | c j J0 | 2 = 6.62 X  1067 and S | C' i  | 2 = 9.88 x 1069.
is - • • ' '

Formally the temperature dependence o f  x is  g iven by ^

zz
PB1)M , 0 PB1)M ) ( 5 .35)

r e la t io n
^ad

X0 b + CH2 (T/T -  0 ) 3

b
(1.58)
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Table 5

E x p l i c i t  expressions f o r  the in t e n s i t i e s  o f  the abso rp t ion  spectrum

g2Pgi*e“ ee3 ( l - e' he“ 10) Tr e - Bflj ( Sj )  . . .
j  -  °___________________ y ____________ r ____

10 , t 3 3 . . , _ -BH] t -&H-. ' S o 1ATrWj. i , j i* Tr e 'Tr  e J

g2pBi. (36e‘ B (£2+ei») +3 2 e 'B2e3) (1 - e ' hBu20) | C{J  | 2

J»  J i T r e - ^ l T r  e’ ^ J

g2U^3e-Be2 ( l - e - hB“ l l )  T r e’ ^ s j ) 2 ( . . ^

J "  "  7 7 ^  . T r  e ^ T r  e ' ^ J  ' C+0'

g ^ e ' ^ d - e ^ 610»-») Tr e - B/?j ( S J. ) 2 . . .

J l - 1 =  B - - - 3 3-------------------  . g . ; T- - B / , 7 - ^ gj- K i fA i r » ? .  i , j #  Tr e 'Tr e J

g2UgAxA8e"6 <1E2+e3 > ( , - e' hBw21) | C{ { \ 2

J z ' 17̂  1̂ 777̂ 77^7
g2 BAxA8e'6 (e3+e|«) ( l - e - hB“ 2 - l )  _ | c | j | 2

J2 - i = r m  .r . .  t  ’r ^ H i  rMT
A f i  w i - i  ' • J ’4 T r  e  T r  e  J

g2pBA x l8 e 'B2e2( l - e * hBu)22) | c Ü | 2

Jz2 77̂  1̂ 777̂ 777 7̂
g2PgAxl 8e” B2ei* (1 -e~h6u>2- 2) | | 2

V2 1̂ 777̂ 777^7
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Table 5 con t inued

Approximate values

2-1

9 92uX 2D
------5— s
8 (gVgH) i.jV

a 2 6q 62D9 g uBBe „
2* E

(2gwBH)Z i ,J»«

•>-7 2 6
27 9 ‘V  .

2, 69 g &

2-2

2 (A I DI) •

o 2 6
9 9

2 ( 4 | d | ) :

' J I 2

32 ( 2 | D | ) 3 i . jV
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• • j  12

• 1 j  12

X (c e n te r f r e q . ) 2

6

5 .3 x 1<>"6

1.6 x 10’ 3

5.1 x l ( f 9

5.1 x 10"9

1 .7 x 10~7

1.7 x l ( f 7

5.1 x 1 0 ' 7

5.1 x l o ' 7

A.5 x 10"51*

3 .3  x 1 0 ' 52

8.5 x lo"68

8.5 x lo"68

2 .8  x 10"66

2 .8  x 10"66

1.1 x 10"66

1.1 x 1 0 ' 66
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the relaxation rate in the low frequency region, to be used in the next section.
In chapter 3 on the spin-spin relaxation in CMN, it was shown that in the

case of strong coupling, the discrepancy between the predictions of Mazur and
• _ - . oTerwiel, and those of Sauermann, mainly consists of a factor (1 - a) for the

relaxation rate in large fields. This is probably due to the fact that Sauermann
essentially applies the weak coupling approach to the strong coupling case,
and one may doubt whether this procedure is justified. However, as in the
present case (1 - a) s i ,  such a discrepancy is not to be expected, and we
may use with some confidence the Sauermann approach. In other words: for the
validity of the weak coupling limit, the relative small intensity of the

parallel field absorption lines at in f 0 might be crucial} rather than the

weakness of the non secular part of the interaction. The weak coupling limit
may thus be sanctioned here through a proper choice of the temperature. This
is in accordance with the intuitive approach, as given in the introductory
section 5.5.1, on account of which we expect weak coupling properties.

For a small but finite interaction strength, we may expect that the absorp
tion lines are still narrow, with approximately the same intensities as given
in table 5, and correspondingly we may expect narrow lines for the Fourier
spectrum (LMz ,e'^*LMz). For a sufficiently strong field, we may hope that the
overlap of the lines (and thus the contribution of cross-correlation terms)
is still negligible.

5.5.6 Low frequency region

Up to now the low frequency region could not be considered. The conjec
tured applicability of the weak coupling approximation allows us to study the
relaxation behaviour by means of the kernel or memory function (LM .e'^^LM )

—  1 ^  ^(A,A) in the integral equation:

3$(t,H) (t (LM .e'^LM )
$(t - T,H)dT

(A,A)

Here, $(t,H) is the relaxation function after deducting the non vanishing
part of the relaxation function in the limit for large t,

(5.36)

$(t,H) = 4>zz(t,H) - <(>zz(H) , (5.27)

and
(A,A) = ((1 - P, - Pr )Mz ,(l - P, - Pff,)Mz) = B xad (5.28)
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In th is  presentation of the integral equation, the high temperature approxima
tion has not been used.

The derivation o f  the relaxation rate in the weak coupling approximation,

as given by Terwiel and Mazur fo r  high temperatures and spin 1/2 systems, can

eas ily  be adapted to cover the present s itu a t io n , ( i rT „ )  ' is given by the zero
frequency value o f  the memory spectrum (Fourier transform o f  the memory func

t io n ) .  In the weak coupling approximation, the memory function is proportional
to (Z,M , e ' ^ Z  ^el ^sec ), which has the same zero in teraction  approximation,

 ̂ - 1 2  z 9
as was derived fo r  $ 3 0 ( t , H ) / 3 t  in the preceding section. Hence with

weak coupling and zero in te rac t io n , the memory spectrum is also seen to con

s is t  o f sixteen narrow lines at frequencies . The sum o f  the low frequency

t a i l s  o f  these lines a t w = 0 divided by xgtj gives (ir-r^g) . The in ten s it ies

o f  these lines are obtained by m ultip ly ing the in te n s it ie s  of the absorption
lines by the square o f  the center frequency and d iv id ing  them by 3. The numeri

cal values fo r  the i'ntiensi'ties o f the narrow lines o f the memory spectrum (in

the same approximation as used e a r l ie r  in tab le  5) have also been added to the

tab le . Assuming that a l l  lines have a width o f the same order o f  magnitude, the

re laxation rate is almost éxclusive ly  determined by the lines o f the memory

spectrum at ± wjg = and E -2w^ (see tab le  5 ) .  The lines a t  ±w are
caused by Am = ± 1 trans it ion s  in the upper doublet. The lines at ± 2o> are

caused by the Am = ± 2 trans it ion s  between the upper and lower doublet, as
schematically given ih f i g .  5 .09 .

12.4 K V

Fig. 5.09 Am = -2  tra n s it io n  in CoCs^Cl,. / / c ax ■ s .
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28DThe i n t e n s i t i e s  o f  th e s e  four  l i n e s  a r e  p ro p o r t i o n a l  to  e (Cf.  J jq and J ^ q

in t a b l e  5)-  Assuming the  width o f  th e se  l i n e s  to  be roughly t empera tu re  inde

pendent  in the  l i q u i d  hel ium reg ion ,  one o b t a i n s  f o r  the  t empera tu re  dependence

o f  the  r e l a x a t i o n  r a t e

28D

For t empe ra t u re s  a few t imes  l a r g e r  than - 0 ,  xa£j i s  p ro p o r t i o n a l  to  T , so
t h a t  we a r r i v e  a t  the  obse rved expon en t i a l  t emp era t u re  dependence o f  the

s p i n - s p i n  r e l a x a t i o n  t ime:

-1
T cc 26De

5 .6  D iscussion
5 . 6 .1  b/C  values

The r a t i o  o f  th e  occ upa t i on  numbers o f  the  upper  and lowest  doub le t s

ny/n j  in CoCs^Clg and CoCs^Br,. i s  g iven by the  Boltzman f a c t o r ,  exp (2D/kT).

For the  v a l u es  o f  2D as g iven in t a b l e  1, t h i s  r a t i o  has been c a l c u l a t e d  f o r  a

few tempe ra t u re s  in the  l i q u i d  hydrogen and hel ium ranges ( t a b l e  6 ) .

Table 6

T(K) n / n .u 1 f i n a l  b/C

c h l o r i d e bromide c h l o r i d e

20 0.538 0.463 2.506

15 0.438 0.358 2.572

4 0.045 0.021 2.953

3 0.016 0.006 2.993
2 0.002 o .ooo5 3.013

From the  t a b l e ,  one can conc lude t h a t  a t  l i q u i d  hel ium t e m pe r a t u r e s ,  on ly  a few

p er c en t  o f  the  t o t a l  number o f  sp in s  i s  in th e  upper  d ou b le t .  With our  r ad io

frequency f i e l d ,  we can in f a c t  on ly  cause  t r a n s i t i o n s  w i t h in  the  d o u b l e t s .  So

the  r a t i o  o f  the  occ up a t ion  numbers o f  th e  do ub le t s  remains unchanged.  The

s p l i t t i n g  o f  the  lower do ub l e t  i s  about  0 .5  x 10 ^ Oe  ̂ (of  the  upper  doub le t

a f a c t o r  3 s m a l l e r ) ,  so t h a t  f o r  a f i e l d  up to  a few kOe, above 2 K, the  tem

p e r a t u r e  i s  l a r g e  compared to  the  s p l i t t i n g s ,  and we may apply  f o r  each double t
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a high temperature approximation. The total b/C value for temperatures high
compared to the splittings but small compared to |2D|/k is thus given by

b/C = ny/ (ny + nj)(b/C)u + / (nu + nj)(b/C)j (5.29)

in which (b/C) is the b/C value of the upper doublet,
and (b/C)j is the b/C value of the lowest doublet.

The b/C value of each doublet consists of a contribution of the dipole dipole
interaction, a contribution of the exchange interaction, and a dipole ex
change cross term.

The values of b.. /C for the upper and lowest doublets in CoCs„Cl, anddip , 3 5
CoCs^Br^ have been calculated on the computer. (2n + 1)J - 1 neighbours (with
n - 3) have been taken into account, and the results are given in table 7* In
the same table we have given the values of (b/C)u and (b/C)|. For the upper
doublet we have used an isotropic Heisenberg exchange with J/k = - 0.0204 K in
the a-b plane and J/k = 0.0154 along the c axis. For the lowest doublet we have
used as well in the a-b plane as along the c axis an anisotropic Ising exchange
with J'/k = 9/2 J/k (Cf.-section 5.4.1).

Table 7

bdip/c(°e2)

s0
4-1O ]

_Q

upper doublet lower doublet upper doublet lower doublet

CoCs.Cl r// cas 2.971 x 10^ 6.789 x 101* 1.557 x 105 3.016 x 105
J  P

CoCs^Br^// cas 2.351 x 10^ 5.375 x 10^ 1.472 x 105 2.680 x 105

With the aid of these values, we calculate the final b/C value in CoCs Cl^ as
a function of temperature, according to relation (5.29). The values have been
added to table 6. At liquid helium temperatures, the value is nearly constant,
and almost equal to (b/C) ^ = 3-025 x 10"*. This implies that the exchange
constants as reported by Van Stapele for pairs of cobalt ions in ZnCs-Cl^ give
a good description for the observed b/C value in undiluted CoCs-Cl,. as well.

To describe the observed b/C value in CoCs^Br^, the exchange constants
should be several times larger than in CoCs^Cl,-. If we assume that the different
exchange constants are enlarged with the same factor, then we should take
J'/k = -0.27 K (J/k = 0.060 K) in the a-b plane and J'/k = 0.20 K (J/k =
+0.044 K) along the c axis.
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In table 8 we compare our results with results obtained by other
experimentalists.

Table 8
(b/C)(0e2)

Experimental i st Method CoCs-Clj CoCs^Br,.

Wielinga et al. specific heat
L

4.00 x 10 6.50 x 105
Mess adiab. susc 3.28 x 105 1.199 x 106 *
This research adiab. susc. 3.025 x 105

from relax.times 3.025 x 105 1.144 x 10°

From the table it is to be seen that the agreement between the adiabatic
susceptibility measurements is fairly good (within 8% in the chloride and 5%
in the bromide). The b/C value determined from specific heat measurements,
however, is in CoCs,Clg considerably larger and in CoCs^Br^ considerably
smaller. The 0 derived from our b/C measurements in CoCs^Cl^ (-0.31 K) is
somewhat smaller than the value reported by Mess (-0.24 K). Recent measurements
of the adiabatic susceptibility in this salt by Van Duyneveldt lead to a some
what smaller 0 as well (0 = -0.35 K).

5.6.2 Spin-spin relaxation times

In section 5-5 we have given an explanation of the observed exponential
temperature dependence of the spin-spin relaxation time. The field dependence
°f Tjj Xac|/Xo in CoCs,Clj can be characterized by straight lines at all temper
atures in the liquid helium region, and in CoCs^Br^ at the higher liquid helium
temperatures. This indicates that we observe the shift of only one line of the
memory spectrum as the magnetic field is increased. On account of the intensity
as given in table 5, it is probably the line at 2w. . The width of this line
is characterized by the square root of the slope of the straight lines of
t  ̂ y ,/x» versus H2. The roots are about 1000 Oe in CoCs.Cl. and 1800 Oe inSS ad 0 i b
CoCs-Br^. As we expect, the widths are of the same order of magnitude as the
secular interaction, which is greater in the bromide than in the chloride
(550 Oe in CoCs,Cl^ and 1070 Oe in CoCs^Br,.).

The field dependence of xa<j/Xg in CoCs^Br^ below 2.5 K is totally

* A reanalysis of the measurements of D.A. Curtis and A.J. Van Duyneveldt
learns that Mess should have given this value.
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dif feren t  from that  in the bromide above 2.5 K and from the f i e ld  dependence
of the chloride in the whole helium range. This confirms the d i f fe ren t  magnetic
behaviour of these s a l t s  a t  very low temperatures.
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C H A P T E R  6

LONGITUDINAL SPIN-SPIN RELAXATION IN COPPER BENZENE

SULPHONATE HEXAHYDRATE

Synopsis

The b/C va lue and lo n g i tu d in a l  s p in -s p in  re la x a t io n  t ime o f  s in g le  c r y s ta ls

o f  Cu(C,Hr S0.) *6H,0 in the d i r e c t i o n  o f  the magnetic axes have been determined
6 5 3 2 2

as a fu n c t io n  o f  the ex te rna l  magnetic f i e l d  up to  3 kOe.

Comparison o f  the c a lc u la te d  b/C va lue ,  ta k in g  in to  account the  d ip o le

d ip o le  in te r a c t io n ,  toge the r  w i th  an es t im a te  o f  the h y p e r f in e  i n te r a c t io n ,

in d ica tes  a cons iderab le  exchange in te r a c t io n .  The experimenta l re s u l ts  are

th e re fo re  Compared w i th  the  weak coup l ing  theo ry .

6.1 In t ro d u c t io n

S ing le  c r y s ta ls  o f  copper benzene sulphonate hexahydrate ( to  be c a l le d

CBS) grow in  l i g h t - b lu e  p la te s  p a r a l le l  to  the b-c p lane. The g te n s o r ,  mag

n e t i c  axes and l in e  w id ths  have been determined by Zimmerman e t  a l .  * . They

re p o r t  a cons iderab le  exchange narrowed Lo ren tz ian  resonance l in e  in  the  b

a x is ,  as opposed to  a Gaussian l i n e  in  the c a x is .

We have measured the b/C values and the lo n g i tu d in a l  s p in -s p in  re la x a t io n

times. In se c t io n  3 we w i l l  show th a t  the secu la r  p a r t  o f  the  in te r a c t io n  is

much la rg e r  than the  j ion secu la r  p a r t .  An a n a lys is  o f  the r e s u l t s ,  on the

basis o f  the weak coup l ing  th e o ry ,  is  made d i f f i c u l t  by the presence o f  i n 

e q u iv a le n t  copper ions, tw inn ing  in the c r y s ta l  and h yp e r f in e  in te r a c t io n s .

6.2 C ry s ta l s t r u c tu re ,  g va lues  and H a m ilto n ia n

To our knowledge, the  c r y s ta l  s t r u c tu r e  o f  CBS has not been determined.

However, we expect Cu(CgHjS0j)2*6H20 to  be isomorphous to  Zn -  and Mg(C^H_S0j)2*

6H_0. The l a t t e r  s t r u c tu re s  have been determined by Broomhead and N icol

The m onoc l in ic  u n i t  c e l l  con ta ins  two molecules Zn-, Mg-, o r  in  our  case Cu-

benzene sulphonate hexahydrate. On the  basis o f  the  morpholog ica l d e s c r ip t io n

o f  CBS as given by Gröth ^ , one can d e r ive  the fo l lo w in g  dimensions f o r  the

u n i t  c e l l  ( f i g .  6.01) 1^ : a = 23.1 A ,  b = 6.32 A ,  c = 7-0A A and M  9 3°22 '.
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CBS

2+Fig. 6.01 Monoclinic unit cell of CBS. Only the Cu ions nave been drawn.

The measurements of Zimmerman et al. show that the copper ions in the unit
cell, the corner ion (0,0,0) and the body centered ion (i,i,i), are not equi
valent and that twinning occurs on a submicroscopic scale. This leads to four
g tensors with different orientations.

The magnetic axes (principal axes of the static susceptibility tensor)
appear to be the crystalline b and c axis and the a 1 axis, perpendicular to
the b-c plane.

Besides dipole dipole interaction, we expect in CBS exchange and hyperfine
interaction. For the magnetic field parallel to one of the magnetic axes, the
isolated spin system has the following Hamiltonian

H - H- + H.. + H + H. , ,Z dip ex hfs
wi th

H_ = gp.HES1 . (6.01)Z 3 B j z

The exchange and hyperfine interaction in this salt are unknown. At most we
can give an estimate of the hyperfine interaction from comparable copper salts.

6.3 Experiment
With the aid of the twin T bridge of chapter 2, x' and X11 of CBS have

been measured as a function of the magnetic field up to 3 kOe. At higher fields
both components become vanishingly small.

The measurements have been performed with the radio frequency and static
field parallel to the magnetic axes of the crystal. No temperature dependence
was observed at liquid hydrogen and liquid helium temperatures.

The frequencies were chosen between 1 and 30 MHz.
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6.3-1 b/C values
The spin-lattice relaxation time in CBS at 20 K is of the order of magni

tude of 10-4 sec and increases if the temperature is lowered. The spin-spin_8
relaxation time is of the order of magnitude of 10 sec, so that the region of
spin-spin relaxation is well separated from the region of spin-lattice relaxa
tion at these temperatures.

X ‘(w) becomes x ^ for frequencies x ^  «  w «  x^j .
The ratio X_d/x0 is given by

-----fe-5- . (1.56)
x0 b + CHZ.

The values of b/C have been determined from the slope of the straight lines of

X0/Xad VerSUS h2'
The results are given in table 1.

Table 1

b/p(105 Oe2) 9 (b/C) g in
5 21(T Oe

Xbet/Xad

a 1 axis A. 9 2.167 23.0 0.2

b axis A.9 2.1A8 22.6 0.16
c axis A.1 2.323 22.1 0.1

2
b is isotropic and C is proportional to g (formula 1.93)» so that b/C is pro-

_ o
portional to g . Therefore we have added to table 1 the g values in the

2direction of the magnetic axes (ref. 1) and the product (b/C) g . This product
is found to be constant within a few percent.

6.3.2 Spin-spin relaxation times
If the spin-lattice and the spin-spin relaxation processes do not in

fluence each other (such as is the-case), the latter process is described by

x" «bet, MTSS
K ’ . 2 2

xad xad 1 + w TSS

The graphs of xM/x  ̂versus the frequency can be fitted by Debye curves for
all fields up to 3 kOe, for the a1 axis as well as the b and c axis.

The spin-spin relaxation time has been determined from the frequency for
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CBS a' axis

Fig. 6.02a

CBS b axis

F ig . 6.02b
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which the Debye curve has a maximum value. The ratio Xgj/Xn to be denoted by
a, has been determined from the value of this maximum itself. The ratios in the
three different directions of the axes are also given in table 1. The relaxa-

_ | o -1
tion rates t „  multiplied by [1 + H /((l - a)b/C)] (see section 6.4.2), have
been plotted in fig. 6.02a (a1 axis), fig. 6.02b, (b axis) and fig. 6.02c
(c axis).

6.4 Discussion 1

6.4.1 b/C values

We have for b/C in a high temperature
press ion „2K , « H. >>_  a I nt

C “ 2 2 1 c/c . '
N9zVB J S(S ^

approximation the following ex-

(1.93)

where it is assumed that deviations of Curie's law are negligible. H. consists

CBS c axis

Fig. 6.02c
Figs. 6.02a,b,c 1 1 .,2 . „„„---------------=-----  versus H in CBS. a: a 1 axis

TSS j + _____ H______  b: b axis
(1 - a)(b/C) c: c axis

The drawn lines are theoretical curves.
+ tj' has been abbreviated as t ,̂'.
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of ff,. , ff and ff, . . For equivalent ions with an isotropic g value, the crossdip ex hfs
terms «ff,, ff » ,  «ff.. ff. . »  and «ff ff.t »  vanish, so thatdip ex dip hfs ex hfs

«ff t >>i nt «ff*;. »d l p + «ff »  +ex « f f , ,  »hfs (6.03)

Consequently

b b

C
“ _ ^d i p ex + hfs (6.04)

The unknown way in which twinning occurs makes exact calculations impos
sible. Therefore no attempt has been made in this direction. The inequivalence
of the copper ions and the twinning dre neglected. We take as g value the

5 2average value of 2.21 and as b/C value 4.6 x 10 Oe .
A computer calculation has been performed for b ,. /C01P 4 2been taken into account and the result is b^. /C = 1.93 x 10 Oe

b /C + b. , /C is thus 4.41 x 1030e2.ex hfs
We estimate the hyperfine interaction in this salt to be the same as in

the copper Tutton salts, in which b fs/C is nearly constant and equal to 2 x

342 neighbours have
The sum

lO^Oe2 ^ In this way there remains for b /C' ex 4.2 x lO^Oe.
If one compares b /C with b,. /C one sees that b >> b,. and weakex dip ex dip

coupling properties are to be expected. This is supported by the fact that
y 1 << Y*bet *ad*

If we assume only nearest neighbour interaction along the crystallographic
axes, the exchange constants J. J and Jc are related to b^/C by

Thus

ex
C

2«JT »ex
2«M »z

S(S + 1)
2 -- s-s—  Z

j(*D2 2 ( J ij)2
9 P

2 2+ jf + Jb c

B

-35 25.9 x 10 erg

4S(S + 1)
2~2

9 Pr

3.1 x 10"3 K3

(j ! + J? + J 2)b c

(6.05)

(6.06)

A crystal of CBS can be thought to consist of layers parallel to the b-c plane
The distance between copper ions in the layers (6.32 A along the b axis and
6.96 A along the c axis) is much smaller than the distance between the layers
(about ia = 11.2 A). We expect that due to this large distance and the inter
nal structure of the crystal, the exchange interaction between copper ions of
different layers can be neglected with respect to the exchange within the
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la ye rs .

Hence
2 2 -3  2

j f  + J -  3.1 x 10 } Kb c (6.07)

6 .A .2 Spin-spin relaxation times
I f  the memory spectrum c o n s is ts  o f  Gaussian l in e s ,  the s p in -s p in  re la xa 

t i o n  time is  g iven by

1 H2 + iH? . .
--------- 2 “ ^  <7 -  + ~ ). . . Z  T T ( 1 . 1 0 5 )

i sec 1

w ith  t . and t .  g iven by (1.106) and (1 .107 ).

The h y p e r f in e  in te r a c t io n  is  o f  the same o rde r  o f  magnitude as the d ip o le

d ip o le  in te r a c t io n ,  but small compared to  the echange in te r a c t io n .  The exact

in f lu e nce  o f  the h y p e r f in e  in te r a c t io n  on the re la x a t io n  t ime is  u n c e r ta in .  I f

we t r e a t  i t  in the same way as we d id  f o r  the d ip o le  d ip o le  i n te r a c t io n ,  we can

s p l i t  i t  in to  a secu la r  p a r t  and a non secu la r  p a r t .  The secu la r  p a r t  is  small

compared to  the exchange, but the non se cu la r  p a r t  is  o f  the same o rde r  o f

magnitude as the non secu la r  p a r t  o f  the d ip o le  d ip o le  in te r a c t io n .

We compare o u r  experimenta l r e s u l ts  w i th  c a lc u la t io n s  in  which o n ly  the

exchange term is  taken in to  account. There are in d ic a t io n s  however th a t  we have

to_Lnvolve the h yp e r f in e  in te ra c t io n  in our d iscu ss io n .

For = J obeying re la x a t io n  (6 .0 7 ) ,  the re la x a t io n  times in the d i r e c 

t io n s  o f  the magnetic  axes have been c a lc u la te d  w i th  the a id  o f  a computer.

The best f i t  between these c a lc u la t io n s  and our experimenta l values is  ob ta ined

f o r  J . / k  = J / k  = +0/0394 K.b c
I f  we wr i te  „

t , (0)

< 0 \exp (----- r ) and

T2 (0)

/ M \exp ( -----=-)

then the re s u l ts  o f  the c a lc u la t io n ,  in terms o f  t j ( 0 ) ,  t . ( 0 ) ,  y . and y , are

given in ta b le  2.

6 .5  Discussion 2

I f  we n eg lec t  the h y p e r f in e  in te r a c t io n ,  a p p l ic a t io n  o f  the weak coup l ing

theory  f o r  = Jc = +0.0394 K g ives a p a r t i c u l a r l y  good agreement between
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Table 2
_  O

x.(0) in 10 sec x„(0) in 10 '^sec y. in(kOe)2 Y2 in(kOe)2

a1 axis 3-65 5-90 0.881 0.302
b axis 2.Ok 15.2 1.91 0.332
c axis 2.05 10.2 1.93 Q. 371

theory and experiment in the c axis. The values computed from theory, come
close to the experimental values for low and high fields in the direction of
the b axis. In the a 1 axis there is only agreement for low fields.

The relaxation rate at low fields is mainly determined by x and at high
fields almost exclusively by x7 (fig. 6.02). Therefore the assumptions made
seem to be plausible to describe the experiments with respect to the calcula
tion of X-.2 -1

The deviations between theory and experiment originate from x̂  . The non
secular part of the hyperfine interaction gives only extra terms to Ĥ  and H_^
and influences in this manner only x.' and not x2'• ^he secon<  ̂moment of the
line in the memory spectrum at ooL (proportional to Yj) has the smallest value
in the direction of the a' axis (see table 2). In this direction we may thus
expect the largest influence of hyperfine and possibly other interactions which
can give a non secular contribution to the total interaction. This could be a
Dialoshinsky-Morya exchange term in the Hamiltonian.

The difference between theory and experiment in the b axis for intermediate
fields, indicates that the lines of the memory spectrum at uL and 2(»L are not
exactly Gaussian.

6.6 Conclusion
It is more or less surprising that we find a reasonable agreement between

theory and experiment in the b and c axes, in spite of the simplifications made.
The agreement is reasonable, in the c axis even good, concerning the magnitude
as well as the field dependence of the relaxation rate. In the direction of the
long magnetic axis, the a' axis, the agreement is poor. This is caused by the
interactions which we have not taken into account and which mainly influence
-1

T1 •

110



References
1) Zimmerman, N.J.,- Van Santen, J.A. and Van den Handel, J., Physica 57

(1972) 33^.
2) Broomhead, J.M. and Nicol, A.D.J., Acta Cryst. J_ (1948) 88.
3) Groth, P., Chem. Krystal lographie J_V, Wilhelm Englemann, Leipzig (1917).
4) Benzie, R.J., Cooke, A.H. and Whitley, S., Proc. Roy. Soc. London

A232 (1955) 277-





A P P E N D I X

We suppose the H amilton ian o f  the is o la te d  sp in  system to  c o n s is t  o f  the

fo l lo w in g  terms

f l = f f Z + a d i p + f f e x + f f hf s  •

The decomposition o f  f l j .  and in to  e igenopera to rs  o f  the L i o u v i l i e  o p e ra to r

L^ corresponding w i th  has been g iven in  se c t io n  1 .5*2.

H. .  + H  -  X H, /  k = - 2 , - 1 ,0 ,1  ,2 andd ip  ex . - k

Hn = H. .  .  + H0 d ip  0 ex

We decompose H . f  = £ - T ' * a ' * £ '  i n to  e igenopera to rs  o f  I .  in the same way:

H. c -  H , , ,  + Rn  , ,  + H. , r  ,h fs  -1 hf£ u h fs  1 hfs

w i th

Hn . ,  = I  A 1I 1 s '  and0 h fs  j z z 0

ÜT, u* ■ i£ ( A * 1 1 + iA 111)s !±1 hfs  * t ' " x  x y y ±

Here i t  has been assumed th a t  the magnetic f i e l d  i s a p p l ie d  a long one o f  the

p r in c ip a l  axes o f  the  A tenso r .
2 2

E x p l i c i t  expressions f o r  <<Hq» ,  <<®2®-2>>’ <<^ i n t >>’
« [ i L , i f .  ] [ f l  . , # . ] »  and « [H f o r  the d ip o le  d ip o le  and exchange

in te r a c t io n  have been given in se c t io n  1 .5 .5*  I f  the p r in c ip a l  axes o f  the g

and A tensors c o in c id e ,  i t  is  ra th e r  easy to  take in to  account the hyp e r f in e

in te r a c t io n .  The express ion  becomes

« Z i j »  = « H dQe»  + i l ( l  + 1 )S(S + 1) S (A^)2 ,

« H ] _ , »  = + - ^  1(1 + 1)S(S + 1) I  [ ( A^ ) 2 + ( A ' ) 2] ,
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<<H2H-2>y = <<52e^ - 2 >>

.de „de
< < [ C  . O K ?  .*«]>>

+ v j l  ( l + l ) S 2 (S + l )2 {(C00)2+(Ci - ) 2 } { K )2+(A^ 2}+K o | 2(Az)2 +

+ TSÖ 1 ( l + , ) s ( s+' )  [ 2S(S+ , ) +21 C + 0 - 3] 2 (A^)2+ (A y )2] and

.de „de«[C,a“e][^,C]»

+  J J  Pgl (1+1 ) s 2 (s+i  ) 2 z |c
i . j *

' J | 2 / 4 i , 2

An A lgo l program has been w r i t t e n  in o rde r  to  c a lc u la te  these express ions.

The program is  s u i ta b le  f o r  a c r y s ta l  c o n ta in in g  two e q u iv a le n t  ions in  a u n i t

c e l l .  The p r in c ip a l  axes o f  the  a n is o t ro p ic  g and A tensors should co in c id e .

Nearest neighbour exchange in te r a c t io n  a long the  c r y s ta l lo g ra p h ic  axes and

between the two ions in the  u n i t  c e l l  is  assumed. The ions may c o n ta in ,  besides

even iso topes , two odd iso topes.

The program reads:
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/ / k a o n i 3 0 2  j o b  ( i * U 1 0 2 h a , 0 0 6 9 ) , ' h i  1 l a e r t  r e l a x 3 ' ,
/ /  t i m e =3 « l i n e s *3
/ / s t a f  exec al  godcl  g ,  szc = 1 08 k,  reg i o n . a 1 gol  = 20k k,  szg»10<*k,
/ /  oi>t «op t l ,  t s t = n t , r e g i o n . g o = 2 0 k k
/ / a l g o l . s y s i n  dd *
1 beg i n '

' comment1
programma t e r  b e r e k e n i n g  van de n u l de  en tweede momenten yan de k e r n *
f u n k t i e , d e  b / c - w a a r d e , e n  de r e l a x a t i e t y d  voo r een g a u s s i c h e  k e r n -
f u n k t  i e .
de b e r e k e n i n g  i s  v oor  een t r i k l i e n  k r i s t a l  ( as se n a , b  en c )  met twee
ma gn et i sc he  ionen per  e e n h e i d s c e l  ( a f s t a n d  tussen de lonen r l )  en een
a n i s o t r o p e  g - t e n s o r .  nemen we h e t  c o ö r d i n a t e n s t e l s e l  l ang s de h o o f d 
assen van de g - t e n s o r  dan i s  deze d i a g o n a a l  ( d i a g o n a a l e l e m e n t e n  gX/ gy
en g z ) .  h e t  ma gn ee t ve ld  nemen we st ee ds  evenwydl g de z - a s .
de e x c h a n g e - c o n s t a n t e n  in de k r i s t a l  a s r i c h t i n g e n  geven we aan met
j a / j b  en j c , d e  s pi nwa ar de  van het  ion met s en h e t  a a n t a l  k r i s t a l -
a f s t a n d e n  w a a ro ve r  we de b e r e k e n i n g  u i t v o e r e n  met n .
de k r  i s t a l  assen worden opgegeven in a . e .  en de e x c h a n g e co ns t an t e n in k
(dus e i g e n l y k  j / k ) ;  (
1 i n t e g e r ' l l  / i ,  j , k ,  t ,  u,  v , p , q ,  r ;
1 r e a l ' a x / a y / a z / b x , b y , b z , c x , c y , c z , r l x , r l y , r l z , r l O ,

g x , g y , g z , j a , j b , j c , b j , g a m m a l , g a m m a 2 , a l x , a l y , a l z , a 2 x , a 2 y , a 2 z , g l , g 2 ,
b k , b m , h s t r , a n , w n , g b k , g b m , j  ambk, j  b m b k , j c m b k , b j m b k , e x , b e x ,
b l x , b l y , b l z , b 2 x , b 2 y , b 2 z , b x e k , b y e k , b z e k ,
surnl ,sum2,sum3,sumk,sum5,sumb,sum7,sum8, s u m 9 , s u m l O , s u m l l , s u m l 2 ,
soml ,som2,  som3, somk, sornb , somb, som7, som8, soin9, somlO, s o m l l ,  soml 2,
suml3,sum23,sum33,sumk3,suml<i ,sum2i t ,sum3U,sumitU,
suml S, sum25, sum35,sumkS,sum1 6 , sum26,sum36,sumk6,
s u b s i , s u b s 2 , s u b s 3 , s u b s U , c s t l , c s t 2 ,
s , x , i l , y l , i  2 , y 2 ,
d e U 0 , d e 0 1 , d e 0 2 , d e 0 t , d e 2 1 , d e 2 2 , h f 0 0 , h f 0 1 , h f 0 t , h f 2 1 , h f 2 2 ,
omeg 0 0 ,  ome g 01,  omeg 0 2 , omeg 0t ,o me g2 1,  ome g 2 2 ,  rnom 2 1,  mom 2 2 ,
b d e g c , b h f g c , b g c , b s c g c ,
a l , b l , c l , d l , a 2 , b 2 , c 2 , d 2 , r n a l , m a 2 ,  r o l ,  r o 2 ,  r o e ,  r o , o r i , o r 2 , o r c , o r ,
h , h s t e p , e n d h ;

s y s a c t ( l , 8 , r > 0 ) ; s y s a c t ( l , G , 1 3 2 ) ; s y s a c t ( l , 1 2 , l ) ; s y s a c t ( 0 , 1 2 , l ) ;
r e t u r n :
i n i n t e g e r ( 0 , n ) ;  ' i f 1 n >999' t h e n ' ' g o t o '  s to p ;
i n r e a l ( 0 , s ) ; i n  r e a l ( U , i l ) ; in r e a l ( 0 ,  12 ) ;
i n r e a l ( 0 , a l x ) ; i n r e a l ( 0 , a l y ) ; l n r e a l ( 0 , a l z ) ;
i n r e a l ( 0 , a 2x ) ; i n r e a l ( 0 , a 2y ) ; l n r e a 1 ( 0 , a 2z ) ;
I n r e a l ( 0 , g l ) ; i n  r e a l ( 0 ,  g 2 ) ;
i n r e a 1 ( 0 , a x ) ; i n r e a l ( 0 , a y ) ; i n r e a l ( 0 , a z ) ;
1n r e a 1 ( 0 , b x ) ; i n r e a l ( 0 , b y ) ; l n r e a l ( 0 , b z ) ;
l n r e a l ( U , c x ) ; l n r e a l ( 0 , c y ) ; l n r e a l ( 0 , c z ) ;
i n r e a l ( 0 , r l x ) ; in r e a l ( 0 , r l y ) ; i n r e a l ( 0 , r l z ) ;
i n r e a i ( 0 , g x ) ; i n r e a l ( 0 , g y ) ; i n r e a l ( 0 , g z ) ;
i n r e a l  ( 0 , j a ) ;  i n r e a l  ( 0 , j b ) ;  I n r e a l  ( 0 , j c ) ;  i n r e a l  ( 0 , b j  ) ;
i n r e a l  ( 0 , h s t e p ) ;  I n r e a l  ( 0 , e n d h ) ;
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' beg i n '
' r e a l ' ' a r r a y ' r x , r y , r z , r O , a z z , a p m , r a p z / ! a p z / r ap p / l a p p / dx / dy / dz / db,
b z z , b p m , r b p z , 1b p z , r b p p , l b p p ( / - n : n , - n : n , - n : n / ) ;
surnl : “ Ü; sum2 : «0 ; suini : »0;  sum4 s * 0 ;  sumi : “ 0;  sumG : “ 0;  sum7 : = 0 ; sumh : = 0;
s u m 9 : = 0 ; s u m l0 : = 0 ; s u m l l : = 0 ; s u m l 2 : “ 0 ; so m i : - 0 ; som2: “ 0 ; som3: " 0 ; som4: «0;
som5 : “ 0;  somt»: - 0 ;  som7 : “ 0; somh : «0;  som'3 : «0;  somld:  ” 0;  s o rn l l : *0 ;  soml 2 : “ 0;
suml 3 : * 0 ; sum23:  «0; sum! 3 : *0 ;  sum1* 3 : - 0 ; suml4 : =0; sum2 4 : = 0; surn34: - 0 ;
sum»* 4 : “ 0;  surnl 5 : a0 ; sum25: = 0;  sum35 : «0;  sum45 : «0;  surnl 6:  a0 ; sum26 :a0;
s u m i b : > 0 ; sum4 u : - 0 ; s u b s l : a0 ; s u b s 2 : a0 ; s u b s 3 : a0 ; s u b s 4 : a0;
’ f o r 11 : a- n 1 s t e p 11 1un111 1n 1 d o '
' f o r ' j : a- n ' s t e p ' 1 ' u n t 1 1 ' n ' d o '
' f o r ' k : = - n ' s t e p ' 1 ' un t  i 1 ' n ' d o '
' beg i n '
b k : ■ 1 . 3 8 0 2 6 ' - 1 6 ; bm:a0 . 9 2 7 1 2 ' - 2 0 ; h s t r : - 1 . 0 3 4 2 0 6 ' - 2 7 ; a n : -6 .0248 ’>23;
wn: = 1 . 9 8 5 7 4 ' - 1 6 ; g b k : a l .  38026;gbrn: = 0 .92712 ;
j  ambk: =j  a * b k ; j  bmbk: =j  b * bk ;  Jcmbk : aj c * b k ; b j m b k : ab j « b k ;
b l x : = a l x * w n ; b l y : aa l y * w n ; b i z : =a l z *wn ;
b 2 x : aa2 x*w n ;b 2y := a2y*wn ;b2z :=a2z*wn ;
' i f ' ( i = l|lis= - l )&j  = 0&k=0' t h e n ' e x : =4* j  a * g b k /  (gbm*gbm) ' e l s e '
' I f '  1=0&( j  « l i j «-1 ) & k - 0 ' t h e n ' ex : a4»j  b * gb k /  (gbm*gbm) ' e l s e '
' i f ' i =0&j =02»( k = l | k = - l ) '  t hen ' e x : a4 * j c » g b k /  (gbm*gbm) ' e l  s e ' ex :  =0;
' I f '  I aQ&j a0&ka0 ' t h e n '
' begi  n '
a z z ( / i , j , k / > : a0 ;apm( / I / J / k / ) :  a0 ; r a p z ( / 1 , j , k / ) : a0 ; 1a p z ( / i , J , k / 7 : a0;
r a p p ( / i , j , k / ) : = 0 ; i a p p ( / i , j , k / ) : = 0 ;
' e n d ' ' e l s e '
' begi  n '
rx  ( /  i , j  , k /  ) :  - 1 *a x+ j  »bx + k * c x ;
r y ( / I » J » k / ) : - l * a y + j  *by+k»ey ;
r z t / i / j ^ k / l i - i - a z + j - b z + k - c z ;
■ ' 0 ( / i / j , k / ) : as q r t ( r x ( / i , j , k / ) * r x ( / i , j / k / ) ' » r y ( / i , j / k / ) « r y ( / l , j , k / )  +
r z  ( / 1 / j  /  k / ) •  r z  ( / 1,  j  ,  k / ) )  ;
a z z ( / I , j , k / ) : a2 * ( 3 * r z ( / l , j , k / ) * r z ( / l , J , k / ) / ( r 0 ( / I , J , k / ) * r 0 { / I , J , k / > ) - l )
*gz *gz /C  r 0 ( / i , j , k / ) » r 0 ( / i , j , k / ) * r 0 ( / I , j , k / ) ) + e x ;
a p m < / i , j , k / ) : a (< 3a r x ( / i , j , k / ) * r x < / i , j , k / ) / ( r 0 < / i , j , k / ) * r 0 ( / i , j , k / ) > - l )
* g x * g x + ( 3 * r y ( / I / j , k / ) * r y ( / I , j , k / ) / ( r ö ( / l , J , k / ) * r O ( / l , J , k / ) ) - l )
* g y * g y ) / ( r 0 ( / i , j , k / ) * r 0  C/ ! , j , k / ) » r 0 < / 1 , j , k / ) ) * e x ;
r a p z ( / i , j / k / ) : ar x C / i / j , k / ) * r z ( / l / j , k / ) * g x * g z / ( r 0 ( / i , j , k / ) * r 0 C / l / j / k / )
• r 0 ( / l , J , k / ) « r 0 ( / l , J , k / ) * r 0 ( / » , j , k / ) ) ;
i a p z ( / i , j / k / ) : a r y ( / l , j / k / ) * r z ( / i , j , k / ) * g y * g z / ( r 0 ( / 1 , j , k / ) * r 0 ( / i , j , k / )
* r 0 < / l , j , k / ) « r 0 < / l , j , k / ) * r 0 < / l , j , k / J > }
r a p p ( / l , j , k / ) : a ( ( 3 * r x ( / l , j , k / ) * r x ( / l , J , k / ) / < r 0 ( / I # J , k / ) = r 0 ( / I , j , k / ) ) - l )
* g x * g x - ( 3 * r y ( / i , j , k / ) * r y ( / l / j / k / ) / ( r 0 ( / l , j , k / ) * r 0 ( / i , j , k / ) ) - l )
* g y * g y ) / ( r 0 ( / I , j , k / ) * r 0 ( / l , j , k / ) * r 0 ( / l , J , k / ) ) ;
I a p p ( / 1, j , k / ) : = 6 * r x ( / l , j , k / ) » r y ( / I , j , k / ) * g x » g y / ( r 0 ( / 1, j , k / ) » r O ( / l , j , k / )
• r 0 ( / i , j , k / ) * r 0 ( / i , j , k / > * r 0 < / l , j , k / ) ) ;
' e n d ' ;
r l O : = s q r t ( r i x * r l x + r i y * r l y + r i z * r i z ) ;
d x ( / 1, j , k / ) : a r l x * l « a x + J  *bx + k»cx ;
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d y ( / i , j , k / ) : a r l y + i * a y + j * b y + k * c y ;
d z ( / i , j , k / ) : = * r i z + i * a z + j * b z  + k * c z ;
do ( /  i , j  , k / ) :  > s c i r t ( d x ( / l , j  , k / ) * < i x ( /  ï , j  , k / ) +dy ( /  i , \ / k / ) * d y ( /  i , j  , k / )  +
d z ( / i  » j / k / ) * d z ( / r , j  / k / ) ) ' ;
' i f  , d 0 ( / ! / j <k / ) ^ 0 & d ü ( / i / j <k / ) < ( r l 0 + 0 . 0 0 1 * r l 0 ) , t l i e n '
be x : = <t*bj *g bk /  (gpm*gbm) ' eï  s e 1 b e x : =0;
b z z ( / i , j , k / > : - 2 * < 3 * d z j ( / l , j , k / ) » d z < / i , j , k / ) / ( d O < / l , j , k / ) » d O ( / l , j , k / ) ) - l )
* g z * g z / ( d ü ( / i / j / k / ) » d O C / i , j , k / ) * d O ( / i , j , k / ) ) + b e x ;
b p m ( / i , j , k / ) : » U 3 * d x ( / i , j , k / ) * d x < / i , j , k / ) / ( d O ( / i , j , k / ) * d Ü ( / i , j , k / ) ) - l )
* g x * g x + ( J * d y ( / i , j , k / ) * d y ( / i , j , k / , ) / ( d U ( / i , j , k / ) * d u ( / i , j , k / ) ) - i )
* g y * g y ) / ( d G ( / i , j , k / ) * d O ( / i , j , k / ) * d O ( / i / j , k / ) ) + b e x ;
r b p z < / i , j , k / ) : = d x ( / * , j , k / ) * d z ( / i , j , k / ) * g x * g z / ( d ü ( / i , j , k / ) * d G ( / i , j , k / )
* d O ( / i / j / k / ) * d O ( / i , j ^ , k / ) * d G ( / i , j , k / ) ) ;
i bp z ( / i , j , k / ) : =dy( / i , j , k / ) * d z ( / i , j , k / ) * g y * g z / ( d ü ( / i , j , k / ) * d 0 ( / i , j , k / )
* d 0 < / I , j , k / ) * d 0 < / I , j , K / ) * d O ( / I , j , k / ) ) ;
r b p p i / i , j , k / ) : = ( ( 3 * d x ( / i , j , k / ) * d x ( / i , j , k / ) / ( d O ( / i , j , k / ) * d 0 ( / i , j , k / ) ) - l )
* g x * g x - ( 3 » d y ( / i , j , k / ) * d y ( / i , j , k / ) / ( d ü ( / i , j , k / ) * d 0 ( / i , j , k / ) ) - l )
* g y * g y ) / ( d O ( / i , j , k / > * d O ( / l , j , k / ) * d J ( / i , j , k / ) ) ;
i b p p ( / i J , k / ) : = b * d x C / i ^ j , k / ) * d y ( / i / j , k / ) * g x * 2 y / < d 0 ( / l , j , k / ) * d 0 ( / i , j , k / )
* d O ( / l , j , k / ) . d O ( / l , j , k / ) * d O ( / l , j , k / ) ) j  J '
su m l : =suml+azz ( / i , j , k / ) * a z z ( / I  , j  , k / ) ;
sum2: “ surn2+apm(/ i , j , k / ) * a p m ( / i , j  , k / ) ;
s u m 3 : = s u m 3 + ( r a p z ( / l , j , k / ) * r a p z ( / i , j , k / ) + l a p z ( / i , j , k / ) * i a p z ( / i , j , k / ) ) ;
s u f n i * : - s u r f l i * + ( r a p p ( / i , j , k / ) * r a p p ( / l , j , k / ) + i a p p ( / i , j , k / ) * l a p p ( / i , j , k / ) ) ;
sums: ■sumS+azzC/  I «j , k / ) * r a p z ( / l , j , k / ) ;  J
surnf»: = sumG+apr»( /  i , j  ,  k /  3* rapz < / 1,  j  , k / ) ;
sum7 : =surn7+azz( /  i / j , k / ) * i a p z ( / i , j , k / ) ;
sumS :=surn8+apm(/ i  , j  , k / ) * i a p z ( / l , j , k / ) ;
sum9: =sum9+( rapz (  / 1, j  , k /  ) * r a p z ( / I  , j , k / ) + l a p z ( / i , j , k / ) * I a p z ( / i , j , k / ) )

■ * ( ( 1 2 * s * s * 1 2 * s + 6 ) * a z z ( / i , j , k / ) * a z z ( / i / j / k / ) - ( 3 * s * s + 3 * s - 6 ) * a z z ( / i , j , k / )
* a p m ( / i , j , k / ) + ( 2 0 * s * s + 2 0 * s + 1 5 ) * a p m ( / I ,  j  , k / ) « a p m ( / I , j , k / ) ) ;
suml0 : - suml0+apm( / i , j , k / ) *  r a p p ( / i , j , k / ) ;
s u m l l : - s u m i l + a p m ( / i , j , k / ) * i a p p < / 1 , j , k / ) ;
sum l2 : >suml2+( r a p p ( / 1,, j  , k / ) • r a p p ( / \ , k / ) * \ a p p i / \ , j , k / y * \ a p p i / l , k / ) )
* ( a z z ( / l / j <k / ) » a z z ( / i / j / k / ) + 2 * a p m ( / i ; J , k / ) » a p m ( / I , 1 , k / ) ) ;
soml :  =»soml+bzz(7i  ,  j  , k / ) * b z z (  /  i , j , k / ) ;
som2 :»som2*bpm( / l / j , k / ) * b p m ( / l , j , k / ) ;
som3: = s o m 3 + ( r b p z ( / i / j / k / ) » r b p z ( / I , j / k / ) + l b p z ( / i , j , k / ) * i b p z ( / i , j , k / ) ) ;
somU:«somi* + ( r b p p ( / i / j / k / ) * r b p p ( / i / j / k / ) + i b p p ( / i / j , k / ) * i b p p ( / l / j  , k / ) ) ;
somb: - som5+bzz( / 1, j , k / ) *  rbpz < / i , j , k / ) ;
som6: =som6+bpm( /  i ,  j , k / ) * rbpz ( /  i , j  , k / ) ;
so m 7 : - so r n 7 *b z z ( / l / j , k / ) * i b p z ( / ! , j , k / ) ;
som8:=sorn8+bpm(/ l  , j  , k / ) *  i b p z ( / i , j  , k / ) ;
som9: »som9+( r b p z ( / I , j , k / ) * r b p z ( / i / j / k / ) + l b p z ( / i , j / k / ) * i b p z ( / l / j / k / ) )
* ( ( 1 2 * s * s + 1 2 » s + 6 ) * b z z ( / l , j / k / ) * b z z ( / l , j / k / ) - ( 8 * s * s * 8 * s - 6 ) * b z z ( / i , j , k / )
* b p m ( / i , j , k / ) + ( 2 0 » s * s + 2 0 * s + 1 5 ) * b p m ( / i , j , k / ) * b p m ( / i , k / ) ) ;
somlO : “ sorni0 + bpm(/  I , j , k / ) * r b p p ( / I , j , k / ) ;
s o m l l : “ sorni l+bpm( / 1,  j  , k / ) *  I b p p ( /  i , j  , k / ) ;
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soml 2 : = sorniZ + ( rbpi>(  / !  ,  j  ,  k /  ) * r b p p ( / 1 , j  , k /  ) ♦  i b pp (  /  i ,  j  , k / ) » i b pp(  /  i ,  j  , k / ) )
* ( b z z ( / i , j , k / ) * b z z ( / l , j ,  k /  ) + 2*t>pm( /  i ,  j  ,  k /  ) * b p m ( /  i ,  j  ,  k /  ) )  ;
1 e n d ' ;
' f o r ' t : = - n ' s t e p ' 1 1u n t  i 1 1n ' d o 1
1 f o r ' u : = - n ' s t e p ' 1 ' u n t  i 1 1n ' d o 1
' f o r 1v : “ - n 1 s t e p ' 1 ' u n t 1 1 ' n ' d o '
1 f o r ' i : » - n 1 s t e p 11 ' u n t 1 1 ' n 1 d o 1
1 f o r ' j : “ - n ' s t e p 11 1u n t 11 ' n ' d o '
1 f o r ' k : ” - n ' s t e p ' 1 1u n 1 11 ' n ' d o '
' beg i n 1
p : « l - t ; q : " j - u ; r : " k - v ;
' i f ' a b s< p) > i1 a b s ( q ) > n l a b s (  r ) > n ' t h e n 11 g o t o ' n e x t ;
s u m l 3 : » s u m i i + ( r a p z ( / p / q , r / ) * r a p z ( / p , q / r / ) + i a p z ( / p , q / r / ) * i a p z ( / p / q / r / ) )
* a p m ( / t , u , v / ) * a p m ( / i , j  * k / ) ;
sum23: “ s u n 2 3 + ( r a p z ( / p , q , r / ) * r a p z ( / p , q , r / ) ♦ t a p z ( / p , q , r / ) * ! a p z ( / p , q , r / ) )
* l > p m ( / t , u , v / ) * b p m ( / i ,  j , k / ) ;
sum3 3 : = surn3 3+(  r b p z ( / p , q ,  r / ) * r b p z ( / p / q , r / ) + i b p z ( / p / q , r / ) * i b p z ( / p / q < r / ) )
* a p m ( / t , u , v / ) * b p m ( / i , j , k / ) ;
s u m k i : = s u m U 3 * ( r b p z ( / p , q , r / ) * r b p z ( / p , q , r / )  + i b p z ( / p / q , r / ) ’' i b p z ( / p , q / r / ) )
* b p m ( / t , u , v / ) * a p m ( / I , j , k / ) ;
s u m l U : = surni  U+ ( azz  ( /  p ,  q ,  r / ) * a p m ( / p , q , r / ) + a z z ( / p , q , r / ) * a p m ( / t , u #v / )
♦ a p m ( / p , q , r / ) * a p m ( / p , q , r / ) + a p m ( / p , q , r / ) * a p m ( / I , j , k / ) ) * ( r a p z ( / t , u , v / )
* r a p z ( / 1 , j , k / )  + i a p z ( / t , u , v / ) *  i a p z ( / 1 , j , k / ) ) ;
s um2 k: = s u r n 2 U + ( a z z ( / p , q ,  r / ) * a p m ( / p , q ,  r / )  + a z z ( / p , q / r / ) * b p m ( / t / u / v / )
♦ a p m ( / p , q , r / ) » a p m ( / p / q , r / ) » a p m ( / p , q , r / ) * b p m ( / i , j , k / ) ) * ( r b p z ( / t , u , v / )
» r b p z ( / i , j , k / ) + I b p z ( / t , u , v / ) * I b p z ( / i , j , k / ) ) ;
s um3 4: =surni  **♦ ( bzz ( /  p , q ,  r / ) * b p m ( / p / q , r / ) * b z z ( / p , q , r / ) * a p m ( / t , u / v / )
♦ b p n ( / p , q , r / ) * b p m ( / p , q , r / ) + b p m ( / p , q , r / ) * b p m ( / I , j , k / ) ) * ( r a p z ( / t , u , v / )
* r b p z ( / 1 , j , k / ) * ! a p z ( / t , u , v / ) * l b p z ( / 1 , j , k / ) ) ;
sumUU: «surnkk+C b z z ( / p , q ,  r /  ) * b p m ( / p , q ,  r / ) + b z z ( / p , q , r / ) * b p m ( / t , u , v /  )
♦ b p m ( / p , q ,  r  /  ) * b p r n ( / p , q ,  r /  ) + b p m ( / p , q ,  r / ) * a p m ( / l , j  , k / ) ) * ( r b p z ( / t , u , v / )
* r a p z ( / 1 , j ,  k / ) ♦ i b p z ( / t , u , v / ) * i a p z ( / i , j , k / ) ) ;
s u r n l 5 : “ s u m l 5 + ( r a p p ( / p <q , r / ) * r a p p ( / p , q / r / ) + i a p p ( / p , q , r / ) * i a p p ( / p / q , r / ) )
* a z z ( / t , u , v / ) * a z z ( / i , j , k / ) ;
sum2 5 : = s u m 2 5 + ( r a p p ( / p , q ,  r /  ) * r a p p ( / p , q ,  r / ) ♦ l a p p ( / p , q , r / ) *  i a p p ( / p , q , r / ) )
* b z z ( / t , u , v / ) * b z z ( / i , j ,  k / ) ;
sum33 : =sum3!> + ( r b p p ( / p , q , r / ) * r b p p ( / p , q , r / ) ♦ I b p p ( / p , q , r / ) *  i b p p ( / p , q , r / ) )
* a z z ( / t , u , v / ) * b z z ( / I , j , k / ) ;
s umk 5: *suini*5 + ( r b p p ( / p , q , r / ) * r b p p ( / p , q , r / )  + l b p p ( / p , q , r / ) * i  b p p ( / p , q , r / ) )
* b z z ( / t , u , v / ) * a z z ( / i , j ,  k / ) ;
sum 1C: •  surnl6+apm( / p , q ,  r / ) * ( a z z ( / p / q / r / ) + a z z ( / l , j / k / ) ) « ( r a p p ( / t , u , v / )
• r a p p ( / I , J , k / ) ♦ I a p p ( / t , u , v / ) * I a p p ( / l , J , k / ) ) ;
sum26:  »surn26+apm( /p / q ,  r  /  ) *  ( a z z ( / p , q ,  r  /  ) + b z z (  / 1 , j , k / ) ) * (  r b p p ( / t , u , v / )
• r b p p i / l , j , k / ) + l b p p ( / t , u , v / ) * I b p p ( / I , J , k / ) ) ;
sum3C: -sum3 6 + b p m ( / p , q , r / ) * ( b Z z ( / p , q , r / ) + a z z ( / l , j , k / ) ) * ( r b p p ( / 1 , u , v / )
* r a p p ( / 1 , j ,  k / ) ♦ l b p p ( / t , u , v / ) * l a p p ( / l , j , k / ) ) j
sum CC: »surok(j+bpm( / p ,  q , r / ) * ( b z z ( / p , q , r / ) + b z z ( / l , j , k / ) ) * ( r a p p ( / t , u , v / )
* r b p p ( / 1, j , k / ) * l a p p ( / t , u , v / ) * l b p p ( / I , } , k / ) ) ;
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next:
'end';
x:=s*s+s;yl:=il*Il+ii;y2:=i2*l2+l2;
cs tl: “ (b. 02U8 ' - 9)*gbm»*l»*x»x;cs t2 : = ( 6.0268 1 - 41)*gbm**8*x*x;
de00:“(1.38889,-2)*cstl*(suml+soml+2*sum2+2«som2);
de01: “0.5*cs 11*(sumü + somj );
deÜ2: = (1.38889'-2 )*cs tl*( surnb+somb);
deOt:=de0ü+2*de01+2*de02;
bxek:=ü.Ql*(gl*yl*bix*blx+g2*y2*b2x«b2x);
byek:=0.01»(gl*yl*biy*bly+g2»y2«b2y«b2y);
bzek:=0.01*(gl*yl*biz*blz+g2*y2*b2z*b2z);
hf00:=0.illlll*an*x=bzek;
hfül:=ü.u5555ü*an*x*(bxek*byek);
hfQt:=hfÜ0+2*hf01;
omegOO: «deüO+hf 00;omeg01 :»de01+hf 01;omeg02: =de02;or.ieg0t: “deOt+hfOt;
bdegc :=deüt^(an*0.33333*x*gz*gz*bni*bm);
bhfgc:=hfOt/(an*0.33333*x*gz*gz*bm«bm);
bgc:“omegüt/(an*0.33333*x»gz*gz*bm*bm);
bscgc:=omegQ0/(an*0.33333*x*gz*gz*bm*bm);
subsi: =surn3« (suml+3»sum2 )+sum5*(soml+3*som2 )+som3* (suml+3«sum2)

♦ sorn3*(soml + 3*som2);
subs 2: “suin5*sum3-sum5*sum6*sum6«sum6 + sum7*sum7-sum7*sum8 + sum8»sum8

+ surnb * som5 -s um5* somG + sum6*som6+suni7» som 7 -sum7* som8 + suni8* som8
♦ soin5«suin5-som5*su{n6+somb''sum6 + soni7 *sum7-som7*sum8 + som8 = sum8
♦ sorii5«som5-sorn5*som6*somb*som6 + som7*som7-som7*som8*soin8*som8;

de21:=(4. 1GG67 '-2,)*cst2*(x*(subsl+2*subs2*2*suml3+2*sum23 + 2*sumj3
+ 2*sum4i-i2*suml4-2*sum24-2*sum34-2*sum44) -U. l*sum9-0. l*som9);

subsi : = sur,ib* ( suml + sum2 ) + sumlt* ( soml + som2 ) + somb* ( suml + surn2 )
♦ socil*»( soml + som2 ) ;

subs 4: = surni{)*sumiü + sumll*sumli + sumiO*somlO + surnll*somll
+ sornIO *sumlO + soml 1 *sumil+soml0*soml0+ soml 1 * som 11;

de22:=(2.314<il'-3)*cst2*(x* (subs3 + subsi*+suml5 + sum25*sum35+sumi*5-2*
suml6-2*surn26-2*sum36-2*suni46)-0.05*(8*s*s+8*s+9)*( suml2 +soml2) );

hf21:=cstl*((4.62962'-3)*(bxek+byek)*(suml*soml+sum2+som2)*
0.1666b 7*bzek* ( sum3 + sorn3 )) +
(5.55556,-5)*an*x*(gl*yl*(2*x+2*yl-3)*blz*blz*(blx*blx+bly*bly)+
g2*y2*(2*x+2*y2-3)*b2z*b2z*(b2x*b2x+b2y«b2y));

hf22:=(9.259251-3)*cstl*bzek*(sumb+somb);
omeg21: =de21+hf 21;omeg22 : =de22+hf 22;
mom21: =orneg21/orneg0i;
mom22:=omeg22/omeg02;
outst r i ng( 1/' (1 de e i ndantwoorden voor het krl stal :')'); sysact( 1,1**, 3);
outstrlng(1,'('n=')1); out integerd, n); sysact (1,2,33);
outstrlngd, 1 ('gx=')');outreal(1,gx);sysact(1,2,66);
outstring(l,,(,ja/k = ')');out real(1,ja);
outstringCl,'('k dus ja=')');outreal(l,jambk);
outstrl ngd/'C'erg')'); sysact (1,2,33);
outstrl ngd, ' ('gy=')1); out real (l,gy); sysact (1,2,66);
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o u t s t r i  n g { 1,
o u t s t r i  n g d ,
o u t s t r  i n g ( X,
o u t s t r i n g d ,
ou t s t  r  i n g d ,
ou t s t  r  i n g d ,
o u t s t r i n g d ,
o u t s t r i  n g (  X,
o u t s t r i  tig ( 1/
o u t s t r I n g { i ,
o u t s t r i  n g d ,
o u t s t r I n g ( x,
o u t s t r i  n g d ,
o u t s t r i  n g ( 1,
ou t s t  r  i n g d ,
o u t s t  r i  n g d ,
o u t s t r i  n g d ,
o u t s t r i  n g d ,
o u t s t r i  n g d ,
o u t s  t  r  i n g d ,
o u t s t r i  n g d ,
o u t s t r  i n g d ,
o u t s t r i  n g d ,
o u t s t r i  n g ( 1,
o u t s t r i n g d ,
o u t s t r i  n g (  1,
o u t s t r i  n g d ,
o u t s t r i  n g d ,
o u t s t r i  n g ( 1,
ou t s t  r  i n g d ,
o u t s t r i  n g ( 1,
o u t s t r i  n g ( 1,
o u t s t  r i  n g ( X ,
o u t s t r  i n g d ,
o u t s t r i  n g ( 1,
o u t s t r i n g d ,
o u t s t  r i  n g ( 1,
o u t s t r  i n g d ,
o u t s t  r i  n g d ,
o u t s  t r  I n g d ,
o u t s t r i n g ( 1,
o u t s t r  I n g d ,
o u t s t r l n g ( 1,
o u t s t r i n g d ,
o u t s t  r i  n g d ,
o u t s t r  I n g d ,
o u t s t  r i  n g d ,
o u t s t r i n g d ,
o u t s t r i  n g d ,

( ' j b / k * ' ) ' ) ; o u t r e a 1 d , j b ) ;
( ' k  dus j b = 1) 1) ; o u t r e a l d , j b m b k ) ;
( ' e r g ' ) 1) ;  s y s a c t d ,  I k ,  1 ) ;
( ' * * ' ) ' ) ;  o u t r e a l  ( i ,  s ) ;  s y s a c t d ,  2 , 3 5 ) ;
( ' g z * ' ) ' ) ; o u t r e a l d , g z ) ; s y s a c t ( X , 2 , 6 6 ) ;
( ' j c / k = ' ) ' ) ; o u t r e a l C l , j c ) ;
( ' k  dus j e » ' ) 1 ) ; o u t  r e a l ( l , j c m b k ) ;
( ' e r g ' ) ' ) ; s y s a c t d , 2 , 6 6 ) ;
( ' j  ' / k » ' ) ' ) ; o u t r e a l  ( l , b j  ) ;
( ' k  dus j  1 * ' ) 1 ) ; o u t r e a l  ( l , b j m b k ) ;
( ' e r g '  ) ' ) ; s y s a c t d ,  X k , 2 ) ;
( '  i X“  1 ) 1 ) ; ou t r e a  1 d ,  I X) ; s y s a c t ( 1 , 2 , kO) ;
( ' a X x = ' ) ' ) ; o u t r e a l ( X , a X x ) ;
( ' c r n * * - X ' ) ' ) ; s y s a c t ( l , 2 , 8 0 ) ;
( ' a 2 x - ' ) 1) ; o u t r e a l ( l , a 2 x ) ;
( ' c n * * - X ’ ) 1) ; s y s a c t ( X , X k , X ) ;
( 1 i 2 » ' ) ' )  ; o u t  r ea  1 ( X , ! 2 ) ; s y s a c t ( X , 2 , k O X ;
C ' a X y * 1) 1 ) ; o u t r e a l ( X , a X y ) ;
< ' c m * * - X ' ) ' ) ; s y s a c t ( X , 2 , 8 0 ) ;
( ' a 2 y  * '  ) '  ) ;  o u t  r e a l  ( X , a 2 y ) ;
( 1 c m * * - X  ' ) ' ) ; s y s a c t d , X k , X ) ;
( ' g e w . p e r c . 1 —' ) * ) ; o u t r e a l ( X , g X ) ; s y s a c t ( X , 2 , k O ) ;
( l a X z = , ) ' ) ; o u t r e a l ( X , a X z ) ;
< ' c r n * * - X ' ) ' ) ;  s y s a c t  ( X, 2 , 8 0 ) ;
( ' a 2 z » ' ) ' ) ; o u t r e a l ( X , a 2 z ) ;
( ' c m * * - X ' ) ' ) ; s y s a c t ( X , X k , X ) ;
( ' g e w . p e r c .  2 = • * ) ' ) ; o u t r e a l  ( X , g 2 ) ;  s y s a c t  ( X , X k , 2 ) ;
( , a x s> ' ) , ) ; o u t r e a l ( X , a x ) ;
( , a . e . ' ) ' ) ; s y s a c t ( X , 2 ,  3 3 ) ;
( ' b x - ' ) 1) ; o u t r e a l d , b x ) ;
( , a . e . ' ) , ) ; s y s a c t ( X , 2 , 6 Ë ) ;
( ' c x * ' ) ' ) ; o u t r e a 1 ( X , c x ) ;
( ' a . e . ' ) ' ) ; s y s a c t ( X , 2 , 9 9 ) ;
C ' r X x = ' ) 1) ; o u t r e a l ( X , r X x ) ;
( ' a . e . ' ) ' ) ; s y s a c t ( X , X k , X ) ;
( ' a y “ ' ) ' ) ; o u t  r e a l ( X , a y ) ;
( , a . e . , ) ' ) ; s y s a c t d , 2 , 3 3 ) ;
( ' b y « ' ) ' ) ; o u t r e a t ( X , b y ) ;
( , a . e . ' ) , ) ; s y s a c t ( X , 2 , 6 6 ) ;
( ' c y « ' ) ' ) ; o u t r e a l ( X , c y ) ;
( ' a . e . 1) 1) ;  s y s a c t d ,  2,  9 9 ) ;
( ' r X y « ' ) ' ) ; o u t r e a t ( X , r X y ) ;
( ' a . e . ' ) ' ) ; s y s a c t d , X k , X ) ;
( ' a z * ' ) ' ) ; o u t r e a l ( X , a z ) ;
( ' a . e . ' ) ' ) ; s y s a c t d ,  2 , 3 3 ) ;
( ' b z * ' ) ' ) ; o u t r e a l ( X , b z ) ;
( ' a . e . ' ) ' ) ; s y s a c t d ,  2 , 6 6 ) ;
( ' c z - ' ) ' ) ; o u t r e a l ( X , c z ) ;
( ' a . e . ' ) ' ) ; s y s a c t d ,  2 ,  9 9 ) ;
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)' );outreal (1, rlz);
a.e.■)1);sysact!1,14,2);
afsedrukt wordt het getal
)1);sysact(1.14.2):

'rlz
'a.e

outs tr iirgU,' (
outstringU, '('a.e. ')');sysact(1,14,2);
outstr9ng(1,'('afgedrukt wordt het getal van avogadro«het gemiddelde re

sul taat per Ion')1);sysact(1,14,2)/
outstring(l,'('het resultaat voor alleen dip-dip. plus exchange Interactie')');sysact(l,14,1);
outstringU, '('<<h(0)*h(0)>> =')'); out real (l,de00);

• - - i(|erg*»2')');sysact(1,2,50);
. i . m . i u . n  k/nt \sv_' » I );outrea; (l,de21);

u c  I i > sy bd
outstr ing(1
outstr1ng(1outstring(l,'('erg*«2')');sysact!1,2,51
outstringU, '( ' <<<h(0),h(-1))*(h( + 1),h<
outstringU, ' ( 'erg*-4')');sysact(1,14,1
outstringU, '( r<<h(-l)*h( + l)>> = ' )1 );out
outstringU, '( ,erg**2')' );sysact(1,2,5(
outstringU, '{' <<(h(0),h(-2))*(h( + 2),h<____  ï / t i / i . i . i .  -

sysactn,z,5U);
l))*<h( + l),h(0))>>=')':
• i-/ ’,14,1);

);outrealU,de01);
*■•••■ ■"&'*, * eift*"* / /; ftysac* * x, 2, 50) ;
outstringU, '{ ' <<(h(0),h(-2))«(h( + 2),h(0) )>>-') ');outreal (l,de22);
outstringU, ' ('erg»*4')' );sysact(1,14,1);
outstringU, ' ( ' <<h (-2 )»h ( + 2 )>> =' ) ' ) ;ou t real (1, de02);
■  '''erg**2')1):svsactU.14_ 11 :

<<h(-2)*h(+2)>>s )1); out real (l/de02);
'erg*«2')');sysact(1,14,i);
'<<hint*hint>> =')');out real(l,de0t);
'er;t**2,),):svsartf1.1li.yi.

w u m i  niftvi, V 1 <<h(-2 )»ll (
outstringU, ' ( 'erg»*2') '),„

' ('<<hint*hint>>
------ ...0 ,,,-' ( 'erg** 2' ) ');sy.,0u.,.,
outstr ingU, '( 'b dl p-ex/c--')' ); out real (1, bdegc);
outstringU, ' ( 'gauss**2 ')'); sysact (1,14,2);
ou t s t r i ng v 1, ' ( ' lie t resultaat voor de hyperfynbydra^e')'
sysact(l,14,i);
n u f c  r r ! rur ƒ 1 1/ I / / 1. \ _I % I \ « , . . • . . .

' 1 'ö ' * 0
outstringU, * ■
sysact(l,14,l);
outstrlng!1,'('< < h < 0)
outstringU,' ('e
outstr!ng(1
^jutst ri ng( 1
ou ts t r IngU
outstrin/U
outstr! n g U
outs t r I n g U
outstr I n g U
outstrIng(1
outstrl n g U
outstringU,
outstringU,'( nei r
')');sysact(1,14,1);
outstringU
outstr In7(1
outstrlng(1
outstringU
outs tr ingU
outstrin7(l
outstringU
outs tri n g U
outstringU
outstrin7(l
outstringU

);
);outrea1(l,hf00);
fj qnu

);outreai(l,hf21);
hfOl);

');out real(l,hf22);

gauss**2')');sysact(1,14,2);
het resultaat voor dip-dip. plus exchange plus hyperfynfl. 1) £

');out rea1(l,omeg00);
l.l.taii

.*')1); out real (l,omeg21);

L* ( erg**2 ')'); sysact (1,2,50);
L, '( '<<(h(0),h(-2))*(h(*2),h(0) )>> -'
i/' ('erg**4')');sysact(1,14,1);
■ / '( ' <<h(-2 )*h ( + 2 )>> *')'); out rea 1(1,
.,'('erg**2')');sysact(1,2,50);
.,'('<<(h(0),h(-l))*(h(*l),h(0))>>_/<

omegOl);

');outreal(1,omeg22);
omeg02);

auj;
h(0))>>_/<<h(-l)*h( + l )>>*')');
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out real (l,mor,i21) ;outstring(l,,('erg**2,),);sysact(l,16,i);
out st r i ng( 1, 1 (' <<h I nt*h I nt_>> «')'); out real (l,omegOt);
outstrlng(l,,('erg*«2,),);sysact(l,2,50);
outstringd, ' (' < <( h<0) ,h (-2 )) * (h( + 2) ,h (0) )>> ,/<<h(-2 )*h(f2 )>> )*);
out real (l,morn2 2);outstrlng(l,'(,erg**2l),);sysact(l,16,2);
outstring(1,'(1b/c “')1);outreal(1,bgc);
outstrIng{1/’('gauss**2')');sysact(1,16,1);
outs t r i ngü, 1 ( 1 b sec/c ■1)1);outrea1(1,bscgc);
outstrlng(l,,(,gauss**2')<);sysact(1,16,2);
outstrIng(l,'('suml*1)1); outreal(X,suml); sysact(1,2,33);
outstrl ng( X, ' (1 sum6 =1)'); out real (1/suml*); sysact (1, 2,66);
outstrlng(1,'('sum7*1)1); outreal(1,sum7); sysact(1,2,99);
out st r i ng( 1, ' ( 1 sumlU*' )'); out real (1, sum 10); sysact (1,16,1);
outstr1ng(1,'(1sum2*1)1); outreal(1,sum2); sysact(1,2,33);
outstrIng(1,'(1sum5*')1); outrea1(1,sum5); sysact(1,2,66);
outstrlng(1,'('sum8-')'); outreal(1,sum8); sysact(1,2,99);
outstrlng(l,'('suml 1»' )');outreal(l,sumll);sysact(1,111,1);
outstrln7(1,'('sum3»')'); outreal(1,sum3); sysact(1,2,33);
outstringC1,'('sumO*')'); outreal(1,sum6); sysact(1,2,06);
outstring(1,'('sum9“')'); outrea1(1,sum9); sysact(1,2,99);
outstring(!,'('suml2“')');outreal(l,suml2);sysact(1,16,2);
outstrIng(1,'('soml*1)'); out real(1,soml); sysact(1,2,33);
outstrlng(1,'('som6*')'); outreal(1,som6); sysact(1,2,66);
outstrIng{1,'('som7»')1); outrea1(1,som7); sysact(1,2,99);
outst r i ng(1,•('soml0 =')');outreal(1,son10);sysact(l,16,l);
outstrln7(1,'('som2*')1); out real(1,som2); sysact(1,2,33);
outstrlng(1,1('som5*')'); outreal(1,somi); sysact(1,2,66);
outstrIng(1,1(1 soms*')'); outreal(1,soma); sysact(1,2,99);
outstrlng(l,'(lsomlI»1)');outreal(l,somll);sysact(l,16,1);
outstrin7(1,1(1som3*')1); outreal(1,som3); sysact(1,2,33);
outstrlng(1,'('som6*')1); outreal(1,somO); sysact(1,2,66);
outstrIng(1,1('som9*1)1); outreal(1,som9); sysact(1,2,99);
outst rlng(1,1('soml2-')');out real(1,soml2);sysact(l,16,2);
outstrlng(l,'('suml3■')');outreal(l,suml3);sysact(l,2,33);
outstrlng(1,1(1sum23*')');out real(1,sum23};sysact(l,2,66);
outstrIng(1,'('sum33»')');outreal(l,sum33);sysact(1,2,99);
outst rIng(1,'('sum63“')');out real(1,sum63);sysact(1,16,1);
outst rIng(1,1('suml6*')1);out real(l,suml6);sysact(l,2,33);
outst rIng(1,1(1sum2 6*')');outreal(l,sum26);sysact(1,2,66);
outstrIng(1,1(1sum36>1)1);outreal(1,sum36);sysact(l,2,99);
outstrIng( 1, 1 ('sum66“')1);outreal (1,surn66);sysact(l,16,l);
outstrlng(l,'('suml5■')');outreal(l,suml3);sysact(l,2,33);
outst r1ng(1,1('sum2 i-1)');outreal(l,sum2S);sysact(l,2,66);
outstrlngd,'^' sum35*')'); out real (1, sum33); sysact (1,2,99);
outst r 1 ng( 1,' (1 sum65 •’)'); out re aid, sum63);sysact(l, 16,1);
outstrlng(l,'('suml6»1)1);out real(l,suml6);sysact(1,2,33);
outst rIug(1,1(1sum2 6*')');outreal(1,sum26);sysact(1,2,66);
outstrIng(l,1('sum3b=1)');outreal(1,sum36);sysact(l,2,99);
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'l/a2;

outstrlngCl,'(' sum86= ')');outreal(l, sum8b); sysact(l,18,2);
outstrlng(1,1('subsi*')');out real(1,subsi);sysact(1,2,33);
outstrlng(1/'('subs2*')');out real(1,subs2);sysact(1,2,66);
outstri hg(1,'('subs3»')');out real(1,subs3);sysact(1,2,99);
outst rIng(1,'('subs8=')');outreal(l,subs8);sysact(l,18,2);
al: =hs t r* 0.533 3i*x*sqrt (6.28319*mom21)*an/orneg01;ci: *l/al;bl: =gz*gz*bm*bni/ (2*mom21); dl: = -bl;
az:=0.25*hstr*0.33333*x*sqrt(6.28319*mom22)*an/omeg02;c2:=b2: »2*gz*gz*bnü*bm/mom2 2; d2 : =-b2;sysact(l,2,30);ou tstr1ng(1/'('*****************************************
**********************************1)•);sysact(l/2>30)/
outstr1ng(1,'('» dus voor een gausslsche kernfunktie:

*')');sysact(1,2,30);
outstrlngCl,'('* rol*(')');out real(1,al);outstrlng(1,'(')*exp((')');
out real(l,bl);outstr1ng(1,'(')*h**2) sec. * ')');sysact(1,2,30);outstrlngCl,'('• ro2*(')');outrealCl,a2);outstrlng(l,'(r
out real(1,b2);outstrlng(1,'(')*b**2) sec. •')');sysact(l,2,30);outstringCl,'

) ');sysact(l,li*,2);' If'n<2'then"goto'cont;
sysact(1,2,11);outstrIng(1,'('h')');sysact(1,2,37);
outstrlngCl, '( Vol')'); sysact (1,2,63) ;outstrl ng( 1, ' C' ro2')');sysact(1,2,89);outstrlngCl,'('roe')');sysact(1,2,115);
outstrlngCl,'X'ro')');sysact(1,18,1);'begin'
' for'h:*0' step'hstep'unt 11 'endli'do''begin'

')*exp((')');

mal;*bl*h*h;ma2:»b2*h*h;' if 'mal<856iriia2<85' then "begin'
rol:*al*exp(mal);ro2:*a2*exp(ma2);
'end''else''begin'rol:*1;ro2:*1;'end';
roc:*rol*ro2/(,rol+ro2);ro:*l/(h*h/bscgc+l)*roc;
outreal(l,h);sysact(1,2,27);
outreal(1,rol);sysact(1,2,53);outréalCl,ro2);sysact(1,2,79);
outreal(1,roc);sysact(1,2,105);outreal(1,ro);sysact(1,18,2);'end';'end';
cont:
sysact(l,2,30);outstrlng(l,'('*«*»»•«*»»***»*•*•****»»*****»*•*»»•»»»•
****************************************)');sysact(1,2,30);outstrlng(1,'('* ofwel voor een gausslsche kernfunktie:

*')');sysact(1,2,30);outstrlngCl,'('* 1/rol*(')');outreal(l,cl);outstrlng(l,'(')*exp((')');
outreald,dl);outstrlngCl,'(')*h**2) sec**-l •')');sysact(1,2,30);
outstrlngCl,'('* 1/ro2*(')');outreal(l,c2);outstrIngCl,'(')*exp((')');outreal(l,d2);outstrlng(l,'(')*h**2) sec**-l *')');
sysact(1,2,30);outstrlngCl,
***************************************') ');sysact(1,18,2);
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'If1n<2'then11 goto'agaIn;
sysact(1,2,li);outstring(l,,( ,h ,) ,);sysact(1,2,37);
outstrlng( 1,' (' 1/ rol') 1); sysact (1, 2,63);outstr lng( 1,' (' 1/ ro2' )J );
sysact(l,2,39);outstring(l, '( '1/ roc' )'); sysact (I, 2,115);
outstri n g < 1,1('1/ro') 1);sysact(1,14,1);
'beg In'
1 f o r 1 h : “ 0 1 s t e p 1 h s t e p 1 un11 ’ ' e n d l i ' do '
1 beg In1
mai : =*bi»h*h;rna2 : = b2*h»h;
' i f 1 mai<8!>&ma2<85 1 then ' 1 beg I n 1
ori: »cl*exp(-mal); or2 : «c2*exp( -rna2);
'end1'e)se1'beg in'orl: = l;or2: = l;'end';
ore:»orl+or2;
or:»(h*h/bscgc+l)*orc;
outrea)(l,h);sysact(l,2,27);
outreal(l,orl);sysact(l,2,53);outreal(l,or2);sysact(l,2,79);
outreal(l,orc);sysact(l,2,105);outrea1(l,or);sysact(l,14,2);
'end';'end';
agaIn:
outstrlng(1,1(1eInde van de opgave')');sysact(1,IS,1);
'end';
'goto'return;
stop:
1 end1;
//go.sysln dd •

Explanation o f  the notation
n is the number of lattice-distances for which the calculation is performed,
S is the spin value,
il and i2 are the nuclear spin values,
alx, aly, alz, a2x, a2y and a2z are the values of the hyperfine constants

-1i n cm ,
gl and g2 are the weight percentages of the odd isotopes,
ax, ay, az, bx, by, bz, cx, cy and cz are the components of the crystal axes

(in A), along the chosen x,y,z frame,
rlx, rly and rlz are the components (in A) of the distance between the two

ions in the unit cel 1,
gx, gy and gz are the components of the g tensor,
ja, jb and jc are the exchange constants (in K) along the crystallographic axes,
bj is the exchange constant (in K) between the two ions in the unit cell,
h step is the value with which the external field is increased,
end h is the end value of the magnetic field,
azz( | i, j ,k|) = A;J = -2C’J,
apm(|i,j,k|) = AjJ = -2C|j,
apz( |  i , j  , k | ) = AU = -1/3 C |£, and

12A



a p p ( | i . j . k | )  =. A j j  =

For c a lc u la t io n  o f  the re la x a t io n  t ime i t  is  un ce r ta in  whether the hyper-

f i n e  i n te r a c t io n  should be decomposed in  the same way as we d id  f o r  the d ip o le

d ip o le  and exchange in te r a c t io n .  Moreover we do not know whether f o r  ions con

s i s t i n g  o f . d i f f e r e n t  isotopes i t  is a l lowed to  take in to  account an average

c o n t r ib u t io n  o f  the h yp e r f in e  in te r a c t io n .
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S A M E N V A T T I N G

De magnetisatie van een paramagnetisch k r is ta l komt na een p lo tse linge
verandering van het uitwendig magneetveld trapsgewijze to t evenwicht. Als b ij
lage temperaturen de t ijd e n , welke de verschillende trappen kenmerken, voldoende
uiteenlopen, onderscheiden we:

1) snelle processen, dat z ijn  de pa ra lle l veld resonanties en de spin-
spin re la xa tie , en

2) langzame processen, dat z i jn  de rooster-bad re laxa tie  en de spin-
rooster re laxa tie .

B ij uiteenlopende tijd e n  kan men het k r is ta l opgebouwd denkën u i t  twee thermo-
dynamische systemen: het spinsysteem, dat de magnetische eigenschappen van het
k r is ta l b e s c h r ijf t en het rooster waaraan de overige eigenschappen worden toe-
gekend. De wisselwerkingstermen in de Hamiltoniaan van het spinsysteeem z ijn
veel gro ter dan de termen welke de in te rac ties  tussen het spinsysteeem en het
rooster en het rooster en het bad beschrijven.

De karakte ris tieke  tijd e n  van de verschillende processen z ijn  veelal te
snel om het verloop van de magnetisatie rechtstreeks waar te nemen. Daarom
wordt de Fourier getransformeerde van de fu n k tie , welke d it  verloop b e s c h r ijf t ,
gemeten. Is het relaxatie-proces te beschrijven met één exponentiële funk tie
dan^wordt de karak te ris tieke  t i j d  daarvan de re la x a t ie t ijd  genoemd. De Fourier
getransformeerde le id t  dan to t de Debye formules voor het reële en imaginaire
deel van de dynamische s u s c e p t ib il ite it .

In de hoofdstukken 3» 5 en 6 worden spin-spin relaxatieprocessen beschreven.
Centraal daarbij staat een ve rg e lijk in g  van de theoretische en de experimentele
resultaten. Met het oog hierop wordt in hoofdstuk 1 een overzicht gegeven van
de spin-spin re laxa tie  theorie . De resultaten z ijn  geschreven in een zodanige
vorm dat ze met de computer verwerkt kunnen worden.

De veldafhankelijkheid van de spin-spin re la x a t ie t ijd  en de magnetische
s o o rte lijk e  warmte van een éénkrista l Ce2Mg3(N03) 12*24H20 loodrecht op de
trigona le  as wordt in hoofdstuk 3 beschreven. De gemeten spin-spin re laxa tie 
tijd e n  worden vergeleken met de strong coupling theorie van P. Mazur en
R.H. Terwiel en theoretische voorspellingen van G. Sauermann. Een rede lijke
overeenstemming wordt daarbij gevonden. De gemeten magnetische s o o rte lijke
warmte is ie ts groter dan de theoretisch berekende.

In hoofdstuk 5 worden temperatuur a fhanke lijke  spin-spin re la xa tie tijd e n
in éénkrista l 1 en CoCs^l^ en CoCSjBr pa ra lle l aan de tetragonale as beschreven,
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tezamen met de magnetische s o o r t e l i j k e  warmte. Een v e rk la r in g  van de exponen

t i ë l e  temperatuur a fh a n k e l i j k h e id  van de s p in -s p in  r e la x a t i e t i j d e n  wordt gegeven

door de th e o r ie ,  zoals gepresenteerd door P.W. Verbeek in z i j n  p r o e f s c h r i f t ,

u i t  te  bre iden t o t  deze zouten. De magnetische s o o r t e l i j k e  warmte in het

c h lo r id e  is  in overeenstemming met de gegevens om tren t de exchange w isse lw erk ing

van paren c o b a l t  ionen in ZnCs^Cl,.. Voor he t bromide e ch te r  moet een a a n z ie n l i j k

g ro te re  exchange i n t e r a c t ie  worden aangenomen.

Het v e rs c h i l le n d  k a ra k te r  van deze twee zouten b i j  lage temperaturen komt

in he t v e ld ve r lo o p  van de r e la x a t i e t i j d e n  t o t  u i t i n g .

De s p in -s p in  r e l a x a t i e t i j d e n  en de magnetische s o o r t e l i j k e  warmte van

é ë n k r is ta l le n  Cu(CgHgS02) 2 ’ 6H20 in de r i c h t i n g  van de magnetische assen worden

in hoofds tuk  6 beschreven. De magnetische gegevens van he t zout z i j n  ontleend

aan N .J . Zimmerman c . s .  Berekening van de magnetische s o o r t e l i j k e  warmte, waar

b i j  a l le e n  rekening is  gehouden met de d ipoo l d ipoo i w isse lw e rk in g ,  w i j s t  op

de aanwezigheid van een a a n z ie n l i j k e  exchange in t e r a c t ie .

Toepassing van de weak coup l ing  th e o r ie  g e e f t ,  ondanks de gemaakte vereen

voud ig ingen, een goede overeenstemming tussen de experim ente le  en th e o re t is c h

berekende re s u l ta te n  in twee a s r ic h t in g e n .  Een m oge l i jke  v e rk la r in g  voor de

a fw i jk in g e n  in  de derde a s r i c h t in g  word t gegeven.

De s p in -s p in  re laxa t iem e t ingen  z i j n  v e r r i c h t  met behulp van een tw in  T

brug. Deze word t beschreven in hoofdstuk 2. De m o g e l i jkh e id  om met een tw in  T

brug van deze vorm beide componenten van de s u s c e p t i b i l i t e i t  te  meten is  reeds

door V e rs te l  ie  aangetoond. De meetmethode is  u i tg e b re id  en vervolmaakt waardoor

de brug automatisch in evenwicht word t gehouden en in een f requen t iegeb ied  van

100 kHz t o t  30 MHz de twee componenten van de s u s c e p t i b i l i t e i t  con t inu  a ls

fu n k t ie  van het magneetveld t o t  5 kOe kunnen worden g e re g is t re e rd .

Voor de s p in - ro o s te r  re laxa t iem e t ingen  aan CMN, zoals deze worden

beschreven in hoofdstuk k,  is  ook geb ru ik  gemaakt van de door A .J .  De V ries

ontworpen brug.

In lage velden werden by 4 K de twee re la xa t iep rocessen ,  corresponderende

met de twee t i j d e n  welke volgen u i t  een simpel thermodynamisch model bestaande

u i t  het sp in  systeem, de laag frequen t fononen en het bad, d u i d e l i j k  waargenomen.

In hoge velden wordt één re la xa t ie p ro ce s  waargenomen, waarvan de r e l a x a t i e t i j d

in  een g ro te r  wordend ve ld  steeds toeneemt t o t  in r e l a t i e f  g ro te  velden (30 kOe).

De temperatuur a fh a n k e l i j k h e id  van deze r e l a x a t i e t i j d  wordt voor a l l e  velden

beschreven met behulp van een z .g .  Orbach proces.
In een appendix wordt he t computer programma gegeven waarmee de magnetische

s o o r t e l i j k e  warmte en de s p in -s p in  r e l a x a t i e t i j d e n  z i j n  berekend.
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Op verzoek van de f a c u l t e i t  der Wiskunde en Natuurwetenschappen v o lg t

h ie r  een o v e rz ic h t  van m i jn  s tu d ie .

Na het behalen van het eindexamen H .B.S.-B aan het Jansenius Lyceum te

H u ls t ,  waar m i jn  b e la n g s te l l in g  voor de exacte vakken werd aangewakkerd door

K. van den Ende en Drs. A. van Hecke, begon ik  in 1959 m i jn  s tu d ie  aan de

R i j k s u n iv e r s i t e i t  te  Leiden. Het kandidaatsexamen met de hoofdvakken wiskunde

en natuurkunde en b i jv a k  sterrekunde legde ik  in 1963 a f .

Sinds november van dat j a a r  ben ik  verbonden aan de werkgroep para-

magnetische sp i 'n -sp in  r e la x a t ie ,  welke onder s u p e rv is ie  s ta a t  van P ro f .  Dr.

C.J. G orter en waarvan Dr. J.C. V e rs te l  le  de d a g e l i j k s e  le id in g  h e e f t .  Aan

v a n k e l i j k  ass is tee rde  ik  Dr. K. van der Molen en Drs. H. L i e f f e r in g .

In 1966 legde ik  het doc toraa l examen experim ente le  natuurkunde a f .  Na

ve rh u iz in g  naar de nieuwe v leugel van het Kamerlingh Onnes Laboratorium

werd een begin gemaakt met het exper im ente le  werk.

Sinds ^ é S t e n  i k  a ls  a s s is te n t  verbonden aan het na tuurkund ig  prakt icum

w aarb i j  het accent h e e f t  gelegen op de p ra k t ic a ,  welke op e le c t ro n ic a  g e r ic h t

waren. Na m i jn  doc toraa l examen werd i k  aangeste ld  a ls  doc to raa l a s s is te n t  en

in ja n u a r i  1968 benoemd t o t  w e tenschappe li jk  medewerker.

D i t  p r o e f s c h r i f t  is  t o t  stand gekomen met steun van ve le  medewerkers van

het Kamerl ingh Onnes Laboratorium . Op de a l l e r e e r s te  p la a ts  Dr. J .C . V ers te l  le

waaTmee v r i jw e l  dagel i j k s  over de problemen werden gesproken, vaak z e l f s  op de

f i é t s ,  onderweg naar h u is .  Vervolgens Dr. P.W. Verbeek en Drs. H. van Noort

welke b e la n g r i j k  hebben b ijgedragen  t o t  de th e o re t is c h e  en e le c t ro n is c h e  in -

houd van d i t  p r o e f s c h r i f t .

Hoofdstuk 6 is  t o t  stand gekomen in samenwerking met Drs. P. van T o l .

B i j  de metingen werd ik  geass is tee rd  door Drs. C. de Lezenne Coulander, H. van

Tol en W.L.C. Rutten. B i j  de metingen in hoo fds tuk  A is  geb ru ik  gemaakt van de

appara tuur in de groep van Dr. A .J .  van Duyneveldt. In het th e o re t is c h e  hoofd

s tuk  is dankbaar geb ru ik  gemaakt van: "Seminar über Fragen der Magnetischen

R e la xa t io n " ,  Darmstadt 1965/1966, da t w e lw i l le n d  t e r  besch ikk ing  werd ges te ld

door P ro f .  Dr. G. Weber. Met P ro f .  Dr. G. Weber, P ro f .  Dr. G. Sauermann en

medewerkers van de Technische Hochschule in  Darmstadt is  een v ruch tba re  d i s 

cuss ie  gevoerd. De techn ische appara tuur is  ve rvaard igd  in de w erkp laa ts  van

J. Turenhout en de glazen appara tuur in de werkp laatsen van B. K ret en C.J.

van K l in k .  De k r i s t a l l e n  werden ve rvaa rd ig  door Mevr. M.A. O tten -S cho lten  en

Dr. H.W.J. B lo te .  De tekeningen werden in  een v l o t  tempo vervaa rd igd  door

W.J. Brokaar en de f o t o ' s  werden a fged ruk t  door W.F. Tege laar. De Engelse te k s t
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werd gecorrigeerd door Dr. R. Thiel en het manuscript werd getypt door
Mevr. E. de Haas-Walraven. Tot hen a llen  zeg ik : bedankt.
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