
THERMAL CONDUCTIVITY
OF

TYPE - II SUPERCONDUCTORS

W Sm W T-lO S£N TZ

I®* L«fefca * N *d& r Jeu

P. H. KES





1 •? Fit / ) 0 0 '

THERMAL CONDUCTIVITY
OF

TYPE-II SUPERCONDUCTORS

PROEFSCHRIFT

TER VER KR IJG ING  VAN DE GRAAD VAN DOCTOR IN

DE WISKUNDE EN NATUURWETENSCHAPPEN AAN DE

R IJK S U N IV E R S IT E IT  TE LE ID E N , OP GEZAG VAN DE

RECTOR MAGNIFICUS DR. A .E .  COHEN, HOOGLERAAR

IN DE FAC ULTEIT DER LETTEREN, VOLGENS

B E S LU IT  VAN HET COLLEGE VAN DEKANEN TE

VERDEDIGEN OP WOENSDAG 27  FEBRUARI 1974

TE KLOKKE 1 5 -1 5  UUR

INSTITUUT - LORENTZ
voor tls*or»tï#ch« natuurkunde

Nieuwsteeg 18- Leiden -Nederland
d o o r

P i e t e r  H e n d r ik  Kes

g e b o re n  t e  U t r e c h t  in  1944

V an V een 6 S c h e f f e r s  B . V . t e  R o t te rd a m

Ic ta.^b



PROMOTOR: D r .  D. de  K l e r k



Aan m ijn moeder
Aan m argrie t



I» ™ ■



CONTENTS

Chapter 1 GENERAL INTRODUCTION. 7

Chapter 2 THEORETICAL CONSIDERATIONS. 11
1. Some P roperties o f  Transport Theory in Metals. 11
2. Thermal C onductiv ity  o f  Normal Metals a t Low Temperatures. 16
3. P roperties o f Superconductors. 18

4. thermal C onductiv ity  in  Superconductors. 25
Temperature Dependence.

5. Thermal C onductiv ity  in  the Mixed State o f Type-11 28
Superconductors.

6. Metal P roperties o f  Niobium. 33

Chapter 3 DESCRIPTION OF THE EXPERIMENT. 38

1. In trod uc tio n . The Magnitude o f the Temperature D iffe rence . 38
2. The Experimental Set-Up and Measuring Procedure. 39
3. The Thermometer C a lib ra tio n . The In fluence o f  a Magnetic 49

F ie ld .

Chapter 4 EXPERIMENTS IN THE PURELY SUPERCONDUCTING AND NORMAL STATE. 59
1. D escrip tion  o f the Samples. 59

“ 2. Thermal C onductiv ity  in  the Normal S ta te . 60
3* Separation o f the Phonon and E lectron C on tribu tion . 63
4. Discussion o f  the Phonon C onductiv ity  in  the Normal S tate . 68
5- Discussion o f the Phonon C onductiv ity  in  the 70

Superconducting S tate .

6. The Phonon C onductiv ity  in the Irra d ia te d  Sample. 73

Chapter 5- THE FLUX DISTRIBUTION IN THE MIXED STATE. 76
1. In trod uc tio n . 76
2. The Reversible Magnetization Model. 77

3* The Ir re v e rs ib le  Magnetization Curves. 81
4. Discussion o f Some C r it ic a l State Models. 84

5



Chapter 6 THE THERMAL CONDUCTIVITY IN THE MIXED STATE. 89
1. Introduction. Magnetization Measurements. 89
2. The Average and Local Inductions for the Three 91

Field Orientations.
3. Some Experimental Results. 95
it. Discussion of the Results a t  Small Inductions. 99
5. Discussion of the Results near H ^. 106

Samenvatting

Studieoverzicht ^ 5

6



STELLINGEN

1. B ij z i jn  beschouwingen over de transporteigenschappen in supergeleiders met
I elkaar overlappende geleidingsbanden, s lu i t  Kresin de mogelijkheid u i t ,

dat b ij lage temperaturen een e lektron door wisselwerking met de rooster-
t r i l l in g e n  van het k r is ta l tussen die energiebanden kan worden vers troo id .
D it betekent dat z i jn  theorie n ie t van toepassing is op niobium.

V.Z. Kresin, J. Low Temp. Phys. JM_, 519 (1973).

2. Het verband tussen weerstand en temperatuur voor germanium thermometers
van het merk Cryocal wordt beneden 2 K gegeven door een eenvoudige formule
u it  de ha lf-ge le i der theorie .

3. Het verdient aanbeveling susceptib i1iteitsm etingen te verrichten aan
irrevers ibe le  ty p e -ll supergeleiders in afnemende velden beneden Hc. .

41 De l i j n  in het (M.H)-diagram die volgens Aston, Dubeck en Rothwarf voor
reversibele ty p e -ll supergeleiders met k k i / ï  de overgang aangeeft tussen
de interm ediaire mengtoestand en de zuivere mengtoestand als funktie  van de
dem agnetisatie-coëffic iënt, is verkeerd getekend.

D.A. Aston, L.W. Dubeck en F. Rothwarf, Phys. Rev. £3,2231 (1971).

5. Het f e i t  dat Clement en Quinnell enerzijds en Zimmerman en Hoare anderzijds
verschillende exponenten vinden voor de term (log R)/T in hun, overigens
identieke, aanpassingsformules voor Allen-Bradley kool thermometers, waarmee
z i j  bovendien dezelfde nauwkeurigheid bereiken, is  n ie t verwonderlijk.

J.R. Clement en E.H. Quinnell, Rev. Sc. In s tr . _23> 213 (1952).
J.E. Zimmerman en F.E. Hoare, Phys. Chem. Solids _1_7, 52 (1960).
D it p ro e fsch rift, §3•3•

6. B ij de verk laring  van het funktioneren van p-n g e lijk r ic h te rs  wordt ten
onrechte het gewone weerstandsgedrag van het halfgeleidende materiaal
Veelal buiten beschouwing gelaten.

C. K it te l,  Introduction to Solid State Physics (Wiley, New York, 1969).
H. de Waard en D. Lazarus, Modern Electronics (Addison Wesley,
London, 1966).



7. Om een beter in z ich t te verkrijgen  in de verschillende sp in-rooster-
relaxatieprocessen van MnCl.-AH^O en M nB r.'l^O , is het gewenst metingen
van de re la x a t ie t i jd  u i t  te voeren in het temperatuurgebied tussen 20 K
en 78 K ais funk tie  van zowel de temperatuur ais van het magnetisch veld.

8. Het begrip levensduur van een energieniveau zoals Haupt dat gebruikt kan
gemakkelijk aanleiding geven to t verwarring.

J. Haupt, Z. Naturforsch. 26a, 1578 (1971).

9. De vaak gepubliceerde bewering dat kernfusie een „schone" en ve ilig e
energiebron vormt, d ient gerelativeerd te worden.

10. Om het zuin ig rijden  te bevorderen, zouden motorvoertuigen moeten worden
u itge rus t met een w ijzerinstrum ent waarmee op e lk  moment het brandstof
verbruik per kilometer is a f te lezen. Een d e rg e lijk  apparaat is op een
voudige w ijze te konstrueren.

P.H Kes 27 februari 197**



C H A P T E R  1

GENERAL INTRODUCTION

In t h i s  th e s i s  the thermal conduct iv i ty  of  type-11 superconductors is
s tudied  in the purely superconducting,  the mixed, and the normal s t a t e s .  The
thermal conduct iv i ty  is influenced in a more complicated way by the t r a n s i t i o n
to the superconducting phase than the e l e c t r i c a l  conduct iv i ty .  This is due to
the f a c t  th a t  both the e lec t r ons  and the phonons cont r ibu te  to i t ,  whereas both
components a re  influenced by the appearance of  a gap in the energy spectrum of
the e l ec t rons  around the Fermi energy.

The r a t i o  of  the thermal c o nduc t iv i t i e s  o f  superconductors in zero magnetic
f i e l d  (purely superconducting s t a te )  and f i e l d s  well above H (normal s t a te )

C2
as a funct ion of  temperature is well described by the theory of  Bardeen,

i  2
Rickayzen, and Tewordt ) ,  and by th a t  o f  Tewordt ) .  I t  follows from these
theor ies  t h a t  the thermal conduct iv i ty  of  the e lec t ron s  in the superconducting
s t a t e ,  whether they a re  s c a t te r e d  by l a t t i c e  defec ts  o r  by the phonons, de
creases  below the normal s t a t e  value.  The conduct iv i ty  of  the phonons, to the
cont ra ry ,  increases nearly exponent ia l ly  as the temperature is lowered. From
the heat  conduct ivi ty  curves in the normal and (purely) superconducting s t a t e s
one can conclude whether the e le c t ron  or  the phonon conduct ivi ty  is predominant,
and which is the main s c a t t e r i n g  mechanism.

A ra ther  complicated s i t u a t i o n  is  encountered i f  a type-11 superconductor
is placed in a magnetic f i e l d .  Below the f i r s t  c r i t i c a l  f i e l d  H the super
conductor is in the Meissner s t a t e  in which the magnetic f i e l d  is  excluded from
the bulk of  the sample. Above the second c r i t i c a l  f i e l d  H i t  is  in the normal

■ c2
s t a t e .  In both f i e l d  regions the thermal conduct iv i ty  is  independent o f  the
f i e l d  value.  Between H and H a gradual t r a n s i t i o n  from the  Meissner to the

‘■I c 2
normal s t a t e  takes place .  This s i t u a t i o n  is charac te r ized  by a t r i a n g u la r
l a t t i c e  of  normal regions of  cy l i n d r i ca l  shape (f lux vor t i ce s )  embedded in
purely superconducting ma ter ia ) ,  and is th er efore  denoted as the "mixed s t a t e " .
In the s imples t  case the magnetic induction in the bulk is given by the
Abrikosov curve ) .  Crystal  l a t t i c e  defec ts  and surface  i r r e g u l a r i t i e s ,  however,
d i s tu rb  the idea l ized  p ic tu re  by pinning of  the f lux  v o r t i c e s ,  which can give
r i s e  to apprec iab le  devia t ions  from the Abrikosov curve and the occurrence of

7



/ i  c
hysteresis phenomena. Due to the recent work ö f Fietz and Webb ) ,  Labusch ) ,
and Kramer ) the mechanism of flux  pinning is better understood than before,
but nevertheless quite often the experimental circumstances are not ideal, so
that the results can s t i l l  be described more accurately by simple phenomenoio-

7 8gical models ' ) than by the more fundamental theoretical expressions.
The mixed state, whether reversible or irreversib le , must obviously in

fluence the thermal conductivity. In general the consequences are d i f f ic u l t  to
predict. In four special cases, however, the results o f theoretical considera
tions are available.

g
1. For the d ir ty  lim it  Caroli and Cyrot ) predicted a linear behaviour of
the coeffic ien t o f thermal conductivity X as a function of the magnetic induc
tion near Hc .
2. Maki demonstrated that fo r a pure superconductor X should be propor
tional to (Hc - B) , so that an in f in ite  slope o f the X(B) and X(H) curves
must be found at H . The coeffic ien t o f proportionality not only depends on

c2temperature but also on the mutual angle between the f ie ld  and the direction
of heat flow.
3. Canel '*) derived that in a pure superconductor a sharp decrease in X
should occur ju s t above Hc at low temperatures. For those temperatures we have
predominantly phonon conductivity and the decrease is due to phonon-electron
scattering in the normal cores of the flux  vortices. Surprisingly, however, no
direct increase of the*conductivity o f the electrons in the vortex cores can be
expected due to the ir low group ve locity.

12 .h. Cleary ) pointed out that at temperatures near Tc, where the conductivity
is predominantly e lectronic, a decrease in X should be expected ju s t above H
for pure superconductors. This decrease is due to scattering of the electronic
excitations by the vortices.

In the above considerations "d ir ty "  means that the mean free path of the
electrons i  is short as compared to the coherence length whereas "pure"
means i  »

A ll the investigations in this thesis were carried out on rectangular
samples o f niobium, an in tr in s ic  type-ll superconductor, of which the flux0
pinning properties are well understood ) ,  Its  high c r it ic a l temperature Tc
(9.1 K) makes i t  possible to cover a wide temperature range by conventional
cooling techniques. A serious d if f ic u lty  is , however, the accurate calibration
of the thermometers in the region between liqu id  helium and hydrogen.

In chapter 2 we give a more extensive survey of the theory of the thermal
conductivity o f metals at low temperatures in general, and of superconductors

8



p a r t i c u l a r l y ,  both as a fu n c t io n  o f  temperature and o f  magnetic f i e l d .

In chapter 3 a d e s c r ip t io n  is  g iven o f  the measuring apparatus, the

a u x i l i a r y  equipment, and the experimental procedure, toge the r w i th  a d e ta i le d

exp lana t ion  o f  the c a l ib r a t io n  procedures and a d iscuss ion  o f  the f i n a l  e x p e r i 

mental accuracy.

Chapter 4 deals w i th  the experimental re s u l ts  and the d iscuss ion  o f  the

temperature dependence o f  the thermal c o n d u c t iv i t y  o f  f i v e  niobium samples in

the pu re ly  superconducting and normal s ta te s .  The samples d i f f e r  in  c r y s t a l l i n e

de fec t s t ru c tu re s  due to  d i f f e r e n t  heat treatments and, in  one case, subsequent

neutron i r r a d i a t i o n .  By means o f  a p rec ise  a n a lys is  o f  the X(T) curves in the

normal and superconducting s ta tes  i t  is poss ib le  to  separate the e le c t ro n  and
i  2 *

phonon c o n t r ib u t io n s  app ly ing  the th e o r ie s  o f  BRT ) and o f  Tewordt ) .  The

dependence o f  the phonon c o n d u c t iv i t y  on the d e fe c t  s t r u c tu re  is  d iscussed.

For a d iscuss ion  o f  the thermal c o n d u c t iv i t y  in  the mixed s ta te  i t  is

necessary to  know more about the f l u x  d i s t r i b u t i o n  in a sample. In chapter 5

th i s  problem is e lu c id a te d .  We in troduce  a m athem atica lly  s imp le  expression f o r

the d e s c r ip t io n  o f  the re v e rs ib le  m agnet iza t ion  curve , which f i t s  the experimen

ta l  data ra th e r  w e ll  ^ ) . Next, the formulae f o r  the i r r e v e r s ib le  m agnet iza t ion

curves between H and H are der ived  f o r  a general f l u x  p inn ing  model. For
C1 c2 5.

the most , re ve rs ib le  sample the model o f  Labusch ) turned ou t  to  g ive  the best

f i t  w i th  the measurements. As a r e s u l t  the in te rn a l  magnetic in d u c t ion  as a

fu n c t io n  o f  p o s i t io n  ins ide  the sample cou ld  be c a lc u la te d .

The e f f e c t  o f  an in d u c t io n - f re e  region j u s t  above in  inc reas ing  f i e l d

is  d e a r l y  demonstrated by the i r r e v e r s ib le  behaviour o f  the thermal conduc

t i v i t y  in the mixed s ta te  f o r  small in d u c t ion s .  T h is ,  and the behaviour in

the v i c i n i t y  o f  are the sub jec ts  which are discussed in  chapter 6. The

f i e l d  dependence o f  X has been measured f o r  th ree  d i f f e r e n t  o r ie n ta t io n s  o f  the

magnetic f i e l d  w i th  respect to  the d i r e c t io n  o f  the heat f low  and the sample

su rface . The problem o f  demagnetizat ion e f f e c ts  in  the t ransve rsa l  and perpen

d ic u la r  f i e l d  o r ie n ta t io n s  is  e lu c id a te d .

Although the pures t sample can not be considered as a "p u re "  superconductor

accord ing to  the d e f i n i t i o n  g iven above, because I  'v a reasonably good

agreement was found f o r  the re s u l ts  in  the  region j u s t  above Hc w i th  the theory

f o r  pure superconductors. For f i e l d s  near Hc , however, the c o n d u c t iv i t y  turned

ou t to  be a l in e a r  fu n c t io n  o f  the magnetic f i e l d ,  but w i th  a s lope which was

an o rde r  o f  magnitude la rg e r  than what was t h e o r e t i c a l l y  p re d ic te d  f o r  " d i r t y "

superconductors.
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C H A P T E R  2

THEORETICAL CONSIDERATIONS

In troduction

In t h i s  ch a p te r  a r a t h e r  ex t e n s i v e  survey i s  g iven o f  the  t h e o r e t i c a l

background necessa ry  to  unders tand the  phenomenon o f  thermal c o n d u c t i v i ty  in

the  s t eady  mixed s t a t e  o f  a type-11 sup erc onduc to r .  F i r s t  o f  a l l  one has to

know something about  t r a n s p o r t  theory in s o l i d  s t a t e  p hy s i c s ,  both in the
se m i - c l a s s i c a l  and in the  pure quantum s t a t i s t i c a l  mechanical  l i m i t ,  s e c t i o n  1.

From the  normal s t a t e  thermal c o n d u c t i v i ty  one can conclude which p a r t i c l e s
mainly c o n t r i b u t e  to  the  he a t  t r a n s p o r t ,  and which is  the  main s c a t t e r i n g

phenomenon re l a x i ng  the  t r a n s p o r t  c u r r e n t .  The formulae under ly ing  t h i s  p ro 

cedure o f  s e p a r a t i o n  w i l l  be d i sc uss ed  in s e c t i o n  2.  P r o p e r t i e s  o f  s up e r 

conduc to rs  (both type-1 and type-1 I ) ,  conce rning the  t empera tu re  dependence as
well  as the  magnet ic f i e l d  dependence,  must be known b e fo re  any i n t e r p r e t a t i o n

of  the  thermal c o n d u c t i v i ty  behaviour  i s  p o s s i b l e .  These t o p ic s  a r e  to  be

e l u c i d a t e d  in s e c t i o n  3* A f t e r  t h i s  has been done,  one has th e  t o o l s  to  t a c k l e

the  problem o f  thermal c o n d u c t i v i ty  in su pe rc on du c to r s ,  f i r s t l y  wi th  r e sp e c t
to  i t s  t empera tu re  dependence ( s e c t i o n  h ) , s econdly concerning i t s  behaviour  in

the  mixed s t a t e  ( s e c t i o n  5)-  F i n a l l y ,  t h i s  ch a p te r  w i l l  be concluded ( s e c t i o n

6) wi th  some remarks about  the  s p e c i f i c  s o l i d  s t a t e  p r o p e r t i e s  o f  the  ma te r i a l

(niobium) on which the  exper iment s  des c r i bed  in t h i s  t h e s i s  were c a r r i e d  o u t .

§2.1 Some P rop erties  o f  Transport Theory in  Metals

2 . 1 .1  Metals in  Equilibrium . Q u a si-P artio les . The p r o p e r t i e s  o f  a metal

a r e  c h a r a c t e r i z e d  by the  p r o p e r t i e s  o f  the  f r e e  e l e c t r o n s  and the  qua n t i zed

l a t t i c e  waves,  the phonons.  A s imple model f o r  the  e l e c t r o n s  i s  t h a t  o f  the
f r e e  e l e c t r o n  gas wi th  i t s  well-known p r o p e r t i e s  ' ) .  At t empera tu res  wel l  below

the  Fermi t empera tu re  the only e l e c t r o n  s t a t e s  wi th  phys ica l  importance a r e

those ly ing  in a range ± k-T around the  Fermi l evel  E_ (k i s  the  Boltzmann
D r  D

c o n s t a n t ) .  T he i r  de n s i t y  o f  s t a t e s  is N(0).  The s t a t e s  o f  lower and h igher
en e r g ie s  a r e  complete ly  f i l l e d  o r  empty.  One may co n s id e r  the  occup ied s t a t e s

11



( e l e c t r o n s )  above and the  empty s t a t e s  (holes)  below the  Fermi l evel  as
independent  q u a s i - p a r t i c l e s  wi th  p o s i t i v e  r e s p e c t i v e l y  n eg a t iv e  e n e r g ie s ,

measured wi th  r e s p e c t  to  E_. In t h i s  p i c t u r e  the  t echnique  o f  a n n i h i l a t i o n  and

c r e a t i o n  o p e r a t o r s  (second q u a n t i z a t i o n )  f i t s  q u i t e  w e l l .  The number o f  q u a s i 
p a r t i c l e s  i s  not  conserved ,  so in o r d e r  to  o b t a i n  thermodynamic q u a n t i t i e s

one has to  use th e  grand ensemble ave rage.
In r e a l i t y  th e  e l e c t r o n s  in a metal a r e  not  f r e e  a t  a l l .  In s t e a d ,  they

a r e  co n t i n u ou s l y  i n t e r a c t i n g  wi th  each o t h e r ,  w i th  the  phonons,  and wi th  impuri
t i e s .  In the  q u a s i - p a r t i c l e  language t h i s  means t h a t  an e l e c t r o n  s t a t e  can not

e x i s t  f o r e v e r ,  bu t  w i l l  be des t royed  by a s c a t t e r i n g  eve n t ;  i t  has a f i n i t e

l i f e t i m e  and,  because o f  the  u n c e r t a i n t y  p r i n c i p l e ,  i t s  energy is  not  e x a c t ly
de termined.  I t  on ly  i s  meaningful  to  speak about  p a r t i c l e s  in a c l a s s i c a l  way

i f  th e  u n c e r t a i n t y  in energy i s  r e s t r i c t e d  to  a narrow band around the  energy

s t a t e  i t s e l f .  This  r eq u i r es  t h a t  one has to c o n s t r u c t  q u a s i - p a r t i c l e s  wi th  only
weak mutual i n t e r a c t i o n .  This  can be done by t r ans fo rming  the  Hamil tonian in a

s u i t a b l e  way, which f o r  example has been done (Pines  and Bohm )) f o r  the  s t r ong
Coulomb i n t e r a c t i o n  between th e  e l e c t r o n s  in a me ta l .  The q u a s i - p a r t i c l e  in t h i s
case  i s  an e l e c t r o n  wi th  a " p o s i t i v e "  cloud around i t ,  cor responding to  the

e f f e c t i v e  e x c lu s i on  o f  o t h e r  e l e c t r o n s  from i t s  neighbourhood.  The remaining
i n t e r a c t i o n  is  only a weak screened-Coulomb i n t e r a c t i o n .  The e f f e c t  o f  the  cloud

can be in co rpo ra t ed  in the  e f f e c t i v e  mass o f  the  q u a s i - p a r t i c l e .  Another  example

is  the  compl icated problem o f  the  e l ec t ron-phonon  i n t e r a c t i o n ,  which has been
d e a l t  w i th  by FrShl ich  ^ ) , p rov id ing  the  key f o r  a mic roscopic  theory  o f  super -

conduct i  vi t y .
The same c o n s i d e r a t i o n s  can be given f o r  th e  phonons,  which themselves a r e

a l re a d y  a kind o f  q u a s i - p a r t i c l e  o r ,  r a t h e r ,  c o l l e c t i v e  e x c i t a t i o n s .  The number

o f  phonon modes o f  a c e r t a i n  f requency is given by a s p e c t r a l . de n s i t y  f un c t io n ,

which can be r a t h e r  compl ica ted .  As a f i r s t  approximat ion  the  Debye spect rum is

o f t e n  used.
Of co u rs e ,  one can d i s t i n g u i s h  two k inds  o f  q u a s i - p a r t i c l e s :  the  f ermions ,

obeying Fermi-Di rac s t a t i s t i c s  ( t h e i r  occupa t ion  number being given by the
Fermi-Di rac d i s t r i b u t i o n  f u n c t i o n ) ,  and the  bosons,  t h e i r  occupat ion  number is

given by the  Bose - E in s te in  d i s t r i b u t i o n  f u n c t i o n .

2 . 1 . 2  The Boltzmann Equation 4) .  In non- equ i l ib r iu m con d i t io ns  the  d i s t r i b u 

t i o n  f un c t i on s  depend not  on ly  on momentum but  a l s o  on p o s i t i o n  and t ime,  say
f ( £ , T , t ) ,  c o n s id e r in g  on ly  e l e c t r o n s  in the  f i r s t  i n s t a n c e .  This  local  d i s t r i b u 

t i o n  fun c t i on  can be changed by d i f f u s i o n  o f  p a r t i c l e s  from o r  in to  neighbouring
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reg ions , by app ly ing  an ex te rna l  f i e l d ,  which g ives  r i s e  to  changes in  the

wave-vector i t ,  o r  by s c a t te r in g  o f  an e le c t ro n  ou t  o f  o r  in to  the s ta te  k. The

Boltzmann equation fo l lo w s  from the steady s ta te  c o n d i t io n  jT = lead ing  to :

(!■£) = v *grad f  + k*grad. f
' 3 t '  s c a t t  k a r  k

(2 . 1)

in which V. i s  the group v e lo c i t y  o f  the e le c t ro n s ,  and £  i t ,  i f  we have on ly

an e l e c t r i c  f i e l d  1 .  The q u a n t i t y  to  be determined from eq. (2 .1 ) is  the de

v ia t i o n  from the loca l  e q u i l ib r iu m  d i s t r i b u t i o n  fu n c t io n  f ? ,  v i z :

9k ( "> = f k (7) ‘  f k ( T ( r ) )
(2 . 2)

The s c a t te r in g  term in  (2 .1 ) can be a complicated in te g ra l  expression

in v o lv in g  the m a t r ix  elements o f  the s c a t te r in g  mechanism, bu t can o f te n  be

expressed in terms o f  a re la x a t io n  time t by the assumption:

3f.
(— - )v 3 t ' s c a t t 31

(2 .3 )

I f  the d i f f u s io n  term is  zero (no thermal g r a d ie n t ) ,  and i f  gk ( r )  is

assumed to  be sm a l l ,  eq. (2 .1) is  e a s i ly  so lved:

. o

. ( T ) - ( - - 5 r - )  e tv  - t (2 .4)

2 2L  “  I “

where £ =------------ E_. The e le c t r i c a l  c o n d u c t iv i t y  fo l lo w s  from the r e la t io n
k 2m F ^  »

fo r  the c u r re n t  d e n s i ty  J = o*E = 2 /ev ,g^dk . S u b s t i tu t io n  o f  eq. (2 .4 ) g ives

!  = 2 ifd t  ( -  - j i - )  e2vkt k (2 .5)

For a f r e e  e le c t ro n  gas eq. (2 .5 ) becomes equal to  the well-known expression

a = - j  e2tVpN(0) = e " n (2 .6 )

where Vp is  the Fermi v e lo c i t y ,  in  the e le c t ro n  mass, and n the number o f

e le c tro n s  per u n i t  volume.
I f  we o n ly  have a thermal g ra d ie n t  (E = 0) the s o lu t io n  o f  (2 .1 ) is

3 f , °  £.
9k ( r )  = ‘  ~ 3 £ ^ (T ) TVk*9 rad T (2 .7 )
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The heat f lu x  is given by 2 /d k g ^ v ^  This is equal to -X»grad T, which yie lds
fo r the thermal conductiv ity

v „  <*-8>

In the case o f a free electron gas eq. (2.8) s im p lifie s  to a formula also
known from k in e tic  gas theory:

Xe
I
3

r  2C V_Te F 4- C vci3 e F (2.9)

In which Ce is the sp e c ific  heat o f the electrons per un it volume, and t  th e ir
mean free path. Together w ith Cg = - j-  kg TN(0), eqs. (2.6) and (2.9) lead to
the well-known Wiedemann-Franz law:

Xe
2 k.

t t To e V °e
(2.10)

where Lg is  the Lorenz number.
The expression fo r t depends on the scattering mechanism. I f  there are

several simultaneous scattering mechanisms, acting independently, each w ith a
sp e c ific  re laxation time t . ,  Matthiessen's ru le  y ie lds :

-1
? T

-1 (2.11a)

A d i f f ic u l t y  is that not always a re laxation time can be defined as was done in
eq. (2 .3 ). For example, FrShlich ■’ ) pointed out that in the case o f e le c tr ica l
conductiv ity  t could not be defined a t low temperatures i f  the electrons were
scattered by phonons. However, i t  turned out to be possible to replace t by a
transport life tim e  t = tq|A k /k |" ’ , in which tq is the mean time between two
events o f an electron (scattering life t im e ) , and |Ak/k| the average re la tive
change o f momentum per scattering event. The la t te r  facto r is correlated to the
effectiveness o f the scattering  mechanism. We can generalize th is  replacement

by defin ing :
t  -  e - 1 T „  ( 2 * 1 2 )

in which e is a parameter expressing the scattering effectiveness, depending
on the mechanism and on the transport phenomenon being considered. Under these
circumstances equation (2.11) has to be replaced by



(2.11b)

This procedure is ce rta in ly  not correct from a purely theoretica l point o f
view, but in practice i t  can be used in order to explain the temperature depen
dence o f the transport co e ffic ie n ts .

For the phonon thermal conductiv ity one can also derive an expression from
the Boltzmann èquation in terms o f a parameter t ,  but in th is  case i t  is always
a functioh o f the phonon wave-vector q. The analogue o f eq. (2.9) becomes

-  -j /dqvs2c(q )t(q ) (2.13)

in which v is the ve loc ity  o f sound and c(q) the phonon spec ific  heat per
u n it volume fo r phonons w ith wave-vector c).

F ina lly  we want to conclude th is  section by remarking that a general res
t r ic t io n  fo r using the Boltzmann equation is , that a d is tr ib u tio n  function can
only be defined fo r the quasi-partic les i f  they have well-defined energies.

2.1.3 The Kubo Formalism ) .  There are s itua tions in which i t  is not pos
s ib le  to use the formalism o f the preceeding section. For example, in super
conductors in the gapless region (see section 2.3) the energy o f the electrons
with momentum near the Fermi momentum can not be treated as a narrow band o f
energies. So the quas i-pa rtic le  approximation breaks down. This kind o f s itua tion
is only taken in to  account in a qu ite  new set-up o f the transport theory, the
Kubo formalism.

I t  is not my in tention  to give a complete discussion o f the Kubo formulae
fo r the transport co e ffic ie n ts . Worth mentioning, however, is its  general
v a lid ity ,  as i t  has been derived from f i r s t  p rinc ip les  o f quantum s ta t is t ic a l
mechanics. Moreover, in solving the problem one always makes use o f the advanced
technique o f modern many-body theory, the Green's function method. With th is
method both the energy spectrum and the life tim es  o f the quas i-partic les are
treated simultaneously. Any kind o f scattering mechanism can, in p r in c ip le , be
dealt w ith by means o f diagrammatical series expansions, although the mathematics
can be very complicated.

The Kubo formula, together w ith the Green's functions technique, makes i t
possible to calculate the c o e ffic ie n t o f thermal conductiv ity in complicated
physical s itua tions , such as superconductors in the mixed sta te .
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§2.2 Thermal C onductivity o f  Normal M etals a t  Low Temperatures )

In metals energy can be transported  by e lec tro n s  and phonons. I t  is
commonly accepted, as a f i r s t  approximation, to consider both mechanisms as
opera t ing  s e p a ra te ly ,  but p a r a l l e l ,  so th a t  t h e i r  c o n d u c t iv i t ie s  add together

to
X = X + X (2.14)e p

Let us f i r s t  give our a t t e n t io n  to  the e le c t ro n ic  c o n tr ib u t io n ,  fo r  i t  is by
fa r  the g r e a te s t  in pure normal metals a t  low temperatures.

2 .2.1  Contribution o f  the E lectrons. F i r s t ly  we define  a thermal r e s i s t i v i t y ,
W , equal to  X_1. As ind ica ted  by eq. (2 .8 ) ,  X = t and the re fo re  W « t . I ne M e e e
view o f  the eqs. (2.11a) and (2.11b) we obta in  fo r  several independent s c a t te r in g

mechani sms:

W -  I W . (2.15)e j ei

We d is t in g u ish :
W ,: E la s t ic  s c a t t e r in g  o f  the e lec tro n s  by l a t t i c e  d e fe c ts .  The e f f e c t  is aed
change o f  the angle o f  the e lec tro n  momentum with respect to the d ire c t io n  of
the t r a n sp o r t  c u r re n t ;  the magnitude (energy) does not change. This s c a t te r in g
mechanism wi l l  a f f e c t  energy and charge tran sp o r t  in the same way, th a t  i s ,  both
wi l l  have the same t ra n sp o r t  l i fe t im e  (see eq. (2 .1 2 ) ) ,  and the Wiedemann-
Franz law, eq. (2 .1 0 ) ,  wi l l  be obeyed:.

We d - pf l V )"1 (Z-16)

where p .  is  the residual r e s i s t i v i t y .
W : The e le c t ro n s  a re  i n e l a s t i c a l l y  sc a t te re d  by absorption o r  emission of

cp
phonons. The energy t r a n s f e r  is o f  the o rder of  k„T, which is about the mean
phonon energy. Because th i s  is  o f  the same o rder o f  magnitude as the spread in
the d i s t r ib u t io n  function o f  the e le c t ro n s ,  i t  can change a r e la t iv e ly  hot e le c 
tron in to  a cold one, and v ice  versa .  That i s ,  the e f fec t iv en ess  is  almost one:
t r = t fo r  heat t r a n sp o r t .  For charge t r a n s p o r t ,  however, the e f fec t iv en ess
is  o f  the o rder  o f  magnitude of the r e la t iv e  momentum change, which is  more a
change o f  angle than o f  magnitude. I t  wi l l  depend on temperature via the phonon
momentum: e « T . The s c a t te r in g  l i fe t im e  is  inverse ly  proportional to  the

7
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phonon number, so th a t  tq “ T . Therefore we have fo r  the e l e c t r i c a l  conduc
t i v i t y  a  <* T . the wel 1-known Bloch-Griineisen law. For the thermal r e s i s t i v i -

ep
ty we obtain:

W = bT2 (2.17)ep

b is a constant  ) .  The Wiedemann-Franz law is not obeyed.
Su bs t i t u t ing  the r e s u l t s ,  eqs .  (2.16) and (2.17),  in to  eq. (2.15) we obta in

for  the e l e c t r o n ic  heat  r e s i s t i v i t y  a t  low temperatures

W = a/T + bT2 (2.18)e

where a = p . /L^ .  This law has been v e r i f ie d  by many experiments.

2 .2 .2  C ontribu tion  o f  the  Phonons. Although the phonon conduct iv i ty  in
normal metals can usual ly  be ignored,  i t  plays an important pa r t  in supercon
ductors well below the c r i t i c a l  temperature.  Therefore i t  wi l l  be discussed
here.  Again we have the impur i t i es  as an important s c a t t e r i n g  source,  and, of
course,  a l so  the e le c t r o n s .  Each kind of  impurity now has i t s  s p e c i f i c  s c a t t e r in g
cross sect ion  or  inverse s c a t t e r i n g  time, depending on the phonon frequency io,

Q

as was ca l cu la ted  by Klemens ° ) . His r e s u l t s  a re  presented in the following
tab le :  (phonon-phonon Umklapp processes do not con t r i bu te  a t  low temperatures)

s c a t t e r i n g  mechanism - 1
T temperature dependence in X̂

d i s loca t ions 1
(0 T2

point  defec ts k
Ü) T ' 1

e x te rn a l ,  g ra in  boundaries 0
0) T3

elec t rons 1
0) T2

The temperature dependence of  X for  one s c a t t e r i n g  mechanism follows d i r e c t l y
from eq. (2.13) a f t é r  s u b s t i t u t i o n  of  a Debye spectrum and changing the va r ia b le
of in t egra t ion  into x = fiio/k_T. In the temperature range of our experiment and

D

for  the samples we inves t i ga ted ,  only po in t  d e f e c t , ,  g ra in boundary, d i s lo c a t i o n ,

and e lec t ron  s c a t t e r i n g  a re  important.  In th a t  case we obtain for  the phonon
thermal conduct iv i ty  (using Mat th iessen 's  ru le ) :
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k X/ x i \ - 2x e (e -  1)
( 2 . 19)X

P
JiL rV_ ______
2tt2Ti3v J [PxV * + B + ExT + DxT]

v is the  v e l o c i t y  o f  sound.  For d e t a i l s  about  the  c o n s ta n t s  P ( po in t  d e f e c t s ) ,S g
B ( b o u n d a r i e s ) ,  D ( d i s l o c a t i o n ) ,  and E ( e l e c t r o n s )  we r e f e r  to  Klemens'  paper s ).

We see  t h a t  i t  i s  not  p o s s i b l e  to  se p a r a t e  the  d i f f e r e n t  terms c o n t r i b u t i n g  to

th e  phonon r e s i s t i v i t y ,  as could be done f o r  the  e l e c t r o n s .  This  obv ious ly  is

due to  the  d i f f e r e n t  f requency dependences o f  the  t ' s .

Now we can show why X «  X . I f  only phonon-e lec t ron  s c a t t e r i n g  i s  taken
in to  account  we can r e l a t e  the r e s i s t i v i t y  belonging  to  t h i s  mechanism W to

W . We o b t a i n  f o r  Nb: W /W • 10 ^(0. ,/T) . Moreover,  W = (bT3/a)W ,. Belowep pe ep 0 ep ed
10 K i t  i s  c o r r e c t  to  r ep la ce  W ^ by W (depending on the  sample p u r i t y

0 .5 We $ W^j s  W^). P u t t in g  eve ry th in g  t o g e th e r  we o b t a i n :

X s X
P e

a* 10
( - ) ' ( 2 . 20)

„ C  Q

For our  Nb samples a / b  ^  10 3 and the  Debye t empera tu re  0 .  o f  Nb i s  275 K ,

thus we have X^ < 10 3TXg . The phonon c o n t r i b u t i o n  a t  t empera tu res  below 10 K

is  sm a l l e r  than one pe r c en t  o f  the  t o t a l  thermal c o n d u c t i v i t y  in the  normal

s t a t e .  I f  t he  impur i ty  in c re as e s  ( in c r e a s i n g  a) the  phonon c o n t r i b u t i o n  in 

c r e a se s  p r o p o r t i o n a l l y .

§2.3 P roperties  o f  Superconductors

2 . 3 .1  Weak-Coupling Superconductors in  Zero F ie ld . The energy spect rum of

the  e l e c t r o n s  in superconduc to r s  below the  c r i t i c a l  t empera tu re  T d ev i a t e s
from the  normal s t a t e  energy spect rum by the  appearance o f  a t empera ture depen

dent  energy gap j u s t  around the  Fermi l evel  and an i n f i n i t e  d e n s i t y  o f  s t a t e s

a t  the  gap edges .  Bardeen,  Cooper and S c h r i e f f e r  ) ( h e r e a f t e r  r e f e r r e d  to  as
BCS) p rovided the  e x p l an a t i on  o f  t h i s  p e c u l i a r  phenomenon by showing t h a t  a t

T = 0 under  the  in f lu e nc e  o f  an a t t r a c t i v e  e l e c t r o n - p h o n o n - e le c t r o n  i n t e r a c t i o n

a l l  t he  e l e c t r o n s  nea r  the  Fermi l evel  w i l l  lower t h e i r  energy by the  format ion

o f  Cooper p a i r s  ' )  , c h a r a c t e r i z e d  by a n t i - p a r a l l e l  momentum and s p in .  The range

o f  t h i s  p a i r  c o r r e l a t i o n  is  g iven by the  P ippard coherence length

E0 = 0 . l 8 f , v F/ k BTc
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To c r e a t e  an e x c i t e d  s t a t e  from the  BCS ground s t a t e ,  whether  t h i s  i s  a

h o l e - l i k e  o r  e l e c t r o n - l i k e  q u a s i - p a r t i c l e ,  a minimum energy A(T),  equal to  the

energy gap,  i s  ne ces sa r y .  I t  i s  s e l f - c o n s i s t e n t i y  g iven by the  gap e q u a t io n ,
which can be e a s i l y  so lved in the  BCS approx imat ion ,  in which the ac tua l
e l ec t ron-phonon  i n t e r a c t i o n  i s  r ep laced  by a co n s ta n t  p o t e n t i a l  V, def ined  in

an energy .band l im i te d  by the  Debye f requency fiuip. Moreover,  i t  i s  assumed t h a t

the  coup l ing co n s ta n t  N(0)*V i s  sm a l l e r  than 0.25 (weak coupl ing  l i m i t ) .  Taking

into  account  th es e  as sumpt ions  the  BCS theory  p r e d i c t s  t h a t  a l l  supe rconduc to r s

w i l l  e x h i b i t  a un iv e r s a l  behaviour  governed by the  t empera tu re  dependence o f

A c , shown in f i g .  2 . 1 ,  w i th  T as the  on ly  pa ramete r .  Some f e a t u r e s  o f
BCS c

F ig.  2.1 Reduced energy gap versus
reduced temperature,  accor
ding to  the BCS theory.

0  T/Tc 0.5

^BCS are:

. W 0) “  K76  kBTc
(2.22)

W T) “  3 ‘ 06 kBTc (1 '  T/Tc>*
(2.23)

near  T . In the  weak coup l ing l i m i t  Ag£g(0) = exp[-1/N(0)V] , which t o 

g e t h e r  wi th  eq.  (2.22)  y i e l d s  a s imple r e l a t i o n  between T£ and 0Q:

T = 0.88 0 nexp[-1/N(O)V] (2.24)c D

from which N(0)V can be c a l c u l a t e d .

2 . 3 . 2  The Influence o f  a Magnetic F ie ld . Phenomenological T h eo ry^ i/ell
1 2

be fo re  the  development o f  th e .m ic ro sc op ic  theory  Ginzburg and Landau ) p ro 
posed in 1950 a phenomenological  r e l a t i o n  f o r  the  f r e e  energy o f  a superconduc

t o r  in a magnet ic f i e l d  f o r  t empera tu res  c l o s e  to  T . I t  was a g e n e r a l i z a t i o n
1 0  c

o f  an o r i g i n a l  theory o f  Landau ) d e s c r ib in g  the  o rdered  phase nea r  a second

o r d e r  f e r rom agn e t i c  phase t r a n s i t i o n .  The idea i s  t h a t  the  f r e e  energy nea r  the

t r a n s i t i o n  can be expanded in powers o f  an i n te r n a l  o r d e r  paramete r  'F, which is
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small in that region. Landau proved that the f i r s t  and th ird  order terms must
be identica lly  zero i f  the ordered and disordered phases were separated by a
transition  line in the phase diagram.

The extension of the theory to superconductivity consists of the introduc
tion o f a magnetic f ie ld  term and a term accounting fo r spatial variations of
f t r ) ,  which now also could be a complex quantity. I t  was interpreted as the
wave function o f the macroscopically occupied quantum state of the superconduc-

12| .
ting electrons, also proposed by Landau ). Its  squared amplitude is equal to
the superfluid density o f the Gorter-Casimi r theory “*), its  phase is related
to phenomena like  flux  quantization and the Josephson effects. By minimizing
the free energy expression the two Landau-Ginzburg equations are obtained, one
giving a re lation fo r the order parameter, the other fo r the superfluid currents
in the superconductor. From these equations the characteristic lengths can be de
rived over which I f l  and the current (or associated internal magnetic induction)
can vary from zero to the ir maximum values. One obtains for the Landau-Ginzburg
coherence length

5(T) = 0.74 C„(- c_\ i0 t - rc

(in  which $q obeys (2.21)) and fo r the L-G penetration depth

c__\ iX(T) = i/2  XL(0 )(y -— )

(2.25)

(2.26)

in which X .(0) is the London penetration depth at zero temperature:

X^(0) = (!»ir I S' I ̂ e^/mc^) ^ .

The ra tio  of C(T) and X(T) is a constant called the Landau-Ginzburg parameter
k . GL already pointed out that th is parameter determines to a great extent the
surface energy of a norma)-superconducting interface. I t  is negative for
k > i*2, indicating that, in a magnetic f ie ld ,  a mixed state of alternating
superconducting and normal regions w il l be a more stable state than the homo
geneous Meissner state with zero internal induction.

The existence of the mixed state was theoretically predicted by Abrikosov^)
in 1957- He solved the L-G equations for small l^l and strong magnetic fields.
In decreasing f ie ld  a spontaneous nucieation of superconducting regions w ill
show up at a certain f ie ld  H = H , obeying the relation
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(2.27)H = K i/ l Hc2 c

where H is the thermodynamic c r i t ic a l  f ie ld .  I f  ic < i / 2  no anomalous e ffe c t
can be observed, because in that case H < H and a tra n s itio n  in to  thec2 c
Meissner state takes already place at H . The la t te r  behaviour is called type-1
superconductivity. I f  k > iv^2, or > H^, the L-G equations have a so lu tion
¥ 0 fo r fie ld s  well above H . Energetically most favourable is a triangu la r

t ji
p e rio d ic ity  o f the order parameter and o f the magnetic induction ) .  Where
¥ (r) m o (normal regions), the induction is  maximum, where ¥ is maximum, the
induction is minimum. The Meissner state w i l l  be realized only below a f ie ld
H , which occurs well below H . In th is  case we are dealing w ith type-11 super-Ci c
conductiv ity . Between H and H the triangu la r la t t ic e  is also the most

18\ C1 cfavourable one ) ,  as in the region between H and H . Just above H the3 c c2 c;
normal regions are well separated and the magnetic f lu x  they carry is quantized
in un its o f the f lu x  quantum. One quantum per normal region gives the
lowest energy. The shape o f a normal region, because o f the symmetry, is c y lin 
d rica l w ith its  axes pa ra lle l to the external f ie ld ;  i ts  radius is o f the order
C(T). Superfluid currents around the normal core screen o f f  the magnetic f ie ld
o f the core. They c ircu la te  over a cha rac te ris tic  distance A(T) (obeying (2.26))
around the core. In analogy w ith superflu id helium the cylinders are called
vortex lin e s , or vo rtices , or f lu x  lin e s , because o f the f lu x  they carry.

The current o f a vortex in the f ie ld  o f an other one causes a repulsive
mutual in te raction  leading to the triangu la r la t t ic e  o f the f lu x  lines described
above. Near the distance a^ between neighbouring vortices is related to the
average internal induction B according to

$
r 2 Man = I--------J

0 /3 B

A qu ite  useful re la tion  between H and £(T) is
c2

“ T> ■ hn r-i1
This leads to:

an "c2 ,
ËTÏ7  = 2,7  ̂ B '

( 2 . 28)

(2.29)

(2.30)
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I f  H approaches H , the v o r te x  cores begin to  o v e r la p ,  so th a t  the maximum
c2

value o f  the o rde r parameter between the v o r t ic e s  w i l t  be cons iderab ly  reduced.

In th i s  f i e l d  region one can ha rd ly  speak about v o r t ic e s ,  merely about a small

o rde r  parameter f l u c tu a t io n  w i th  t r ia n g u la r  p e r i o d ic i t y .  The s p a t ia l  average

< ] l ' ( r ) |  > w i l l  go to  zero l in e a r l y  w i th  f i e l d ,  i f  H goes to  H , which means
c2

th a t  the t r a n s i t i o n  to  the normal s ta te  is  o f  second o rde r f o r  a l l  temperatures
. i 12below T . The m agne t iza t ion , as Abrikosov showed, is  p ro p o r t io n a l  w i th  < |¥ | >.

He ob ta ined f o r  H s H :
c2

H -  HC2 B -  HC2

Ba (2k2 -  1) Ba (2k2 -  1) + 1
(2.31)

is  a constan t which reaches i t s  minimum f o r  the t r ia n g u la r  c o n f ig u ra t io n :

• Ï

2 .3 -3  E xtens ion  o f  the  M ic roscop ie  Theory to  Eon-Homogeneous S itu a tio n s .

The BCS theory  o n ly  deals w i th  a homogeneous e le c t ro n  gas w i th  a t t r a c t i v e  i n t e r 

a c t io n .  In o rde r to  descr ibe  the e f f e c t  o f  a magnetic f i e l d  o r  o f  im p u r i t ie s

the theory  had to  be gene ra l ized . This has been done by Bogolubov , who

e v e n tu a l ly  der ived  two coupled equations f o r  the  opera to rs  V ( r ,a )  and ¥ ( r ,a )

which a n n ih i la te  o r  c rea te  a q u a s i - p a r t i c le  e x c i ta t i o n  from the BCS ground

s ta te  a t  a p o s i t io n  T w i th  sp in  a , up (+) o r  down (+ ) .  These opera to rs  are

fu n c t io n s  o f  the p a i r  p o te n t ia l  h ( r )  which -  in the BCS approximation -  is  s e l f -

cons i s t e n t l y  g iven by the r e la t io n

A ( r )  = V<’f ( ‘r+ ) ' l ' ( rO >  (2.32)

V is  the BCS e lectron-phonon in te r a c t io n .  The average is  taken over a grand

ensemble, because the number o f  q u a s i -p a r t i c le s  is  not conserved, f o r  terms

w i th  A in the Ham ilton ian  c rea te  o r  a n n ih i la te  two q u a s i - p a r t i c le s ,  so respec

t i v e l y  a n n ih i l a te  o r  c rea te  a Cooper p a i r .  In the absence o f  an app l ied  f i e l d

and w i th o u t  im p u r i t ie s ,  A ( r )  is  s p a t i a l l y  cons tan t and is  equal to  the BCS energy

gap ABCS'
The Bogolubov equations -  o r ,  in a m od if ied  form, the Gorkov equations -

toge the r w i th  the  s e l f -c o n s is te n c y  equation (2.32) (which s t i l l  can be gene

ra l iz e d  to  s trong coup l ing  superconductors) a re the s t a r t i n g  p o in t  o f  modern

su p e rc o n d u c t iv i ty  theo ry ,  o f  which we w i l l  p resent some im portan t fea tu res  here.
2o

In 1964 C a ro l i ,  de Gennes, and M atr icon ) solved the problem o f  the
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spectrum Of low energy excita tions in the core o f an isolated vortex in a pure
type-1 I superconductor w ith k »  1(£ «  A), (bound e xc ita tio n s ). I t  was derived

2  «.o'
that there is a very small energy gap (-v AgCS/Ep ;  10 Ag.j) inside the core
increasing to Ag^ fo r r »  £. The density o f states is approximately equal to
that o f a normal metal cy linder o f radius | .  So the bound excita tions behave
lik e  normal e lectrons. The high energy (> AgCS> exc ita tions , both in the core
and fa r from the core (free exc ita tions) ,  behave lik e  the ordinary quasi-par
t ic le s  o f the BCS theory, although there remains a phase s h if t  o f the wave
function in the core region due to the presence o f a local magnetic f ie ld ,
superfiu id  currents and a va ria tion  o f A(T) 21) .  Bergk and Tewordt 21) extended
the calculations to low k . The small gap now disappears, the density o f states
remains tha t o f a normal metal cy linder w ith radius £.

For small A(T) i t  is possible to expand the gap equation (2.32) in powers
22o f A. In th is  way Gorkov ) has made a lin k  between the microscopic theory and

the phenomenological Landau-Ginzburg theory. He showed that A(T) is proportional
to 'P(r), the order parameter o f the L-G theory. For that reason A(r) is  often
called order parameter as w e ll. The Gorkov equation c la r if ie d  th e o re tica lly
the d is tin c tio n  between pure ( I  »  EQ) and d ir ty  («, «  SQ) superconductors
(A is the mean free path o f the e lectrons). This was already known from ex-

23,periment ) and then could be explained by the assumption that impurity
scattering would destroy the ordening o f the electrons and thus would resu lt
in a smaller e ffe c tive  coherence length. Pippard suggested

which y ie lds = H i f  H «  £_, as was la te r derived from microscopic theory
A ll kinds o f parameters, lik e  k in eqs. (2.27) and (2.28), and cha rac te ris tic
lengths lik e  E(T) and A(T) in eqs. (2.23) and (2.26) turned out to be p u rity
dependent, see fo r example de Gennes1 book on superconductivity * ) .  Equations
(2.25) and (2.26) are va lid  fo r Jl »  5 , eq. (2.27) becomes

Hc2 = ic1(T) , /2H c (2.27a)

in which k (T) is a p u rity  dependent parameter which increases slowly w ith
1 25decreasing temperature 3) . In eq. (2.31) k has to be replaced by a d iffe re n t

parameter, referred to as k_(T) ) .
Concerning the density o f states there is a very in te resting  d is tin c tio n

between pure and d ir ty  type-1 I superconductors in magnetic f ie ld s  near H
c2
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27v . . .For d i r t y  superconductors ) the low energy e x c i t a t i o n  spectrum is th a t  of  a
normal metal cor rec ted  with a small second order  per turba t io n  term proport ional
to A2 ( r ) .  There is  no gap in the energy spectrum (gapless superconduct iv i ty ) ,
but there  remains a c e r t a i n  amount of  ordening due to a non-zero averaged
order  parameter.  The high energy spectrum tends to the conventional BCS spectrum,
which for  those energies  approaches th a t  of  a normal meta l.  The sp a t i a l  average
of the dens i ty  of  s t a t e s  is given by:

<w5.( f o  -  1 -  <|A(?) | 2> « H - H  (2.34)
Nn (0) CV

(The s uper sc r ip t s  s and n wil l  be used throughout th i s  t he s i s  to r e f e r  to the
superconducting and the normal s t a t e  r e sp ec t i v e ly ) .  For the t r anspor t  p roper t ies
th i s  means th a t  they wil l  decrease l i n e a r ly  in H with respect  to the normal

, 28vs t a t e  values ) .
O Q

In pure superconductors near H "') the energy spectrum i s  an is o t ro p ic ,
because q u a s i - p a r t i c l e s  moving along the f i e l d  d i r e c t i o n  on the average wil l
behave l i k e  BCS q u a s i - p a r t i c l e  e x c i t a t i o n s ,  and experience a gap equal to
< |A| > , whereas q u a s i - p a r t i c l e s  moving perpendicu la r to the f i e l d  d i re c t io n
on the average wil l  exper ience no gap because of  a s t rong o s c i l l a t i n g  phase
of  the order parameter along the path of  the q u a s i - p a r t i c l e s .  A per turba t ion
expansion l i k e  th a t  in the d i r t y  case now diverges due to the BCS l ik e  quas i -
p a r t i c l e s  with a gap in t h e i r  energy spectrum and an i n f i n i t e  densi ty  of  s t a t e s
a t  the gap edge. The dens i ty  of  s t a t e s  thus depends not only on the energy but
a l so  on the propagation d i r e c t i o n  of  the q u a s i - p a r t i c l e s  with respect  to H. By

o n
making a conjec ture  for  the spec t ra l  dens i ty  funct ion Maki ) could derive
expressions  for  the u l t r a s o n ic  a t te nu a t io n  and for  the thermal conduct iv i ty .
He derived a decrease of  the t r ans po r t  q u a n t i t i e s  propor tional  to (H - H)*,
in s t r i k i n g  d i f fe rence  with eq. (2.34).

2 .3 .4  Extension o f  the Microscopic Theory to  Strong-Coupling Super
conductors. As follows from eq. (2.24) superconductive mater ia l s  with

r e l a t i v e l y  low 0 .  and high Tc wi l l  not s a t i s f y  the BCS weak-coupling assumption.
Well-known except ions a re  Pb and Hg with respec t iv e ly  N(0)V values of  0.39 and
0.35.  Also Nb, with 0-  = 270 K and T. = 9 .2 K, belongs to the c lass  of  s t ron g
coupling superconductors:  N(0)V = 0.32.  In Nb th i s  l a rge  value merely follows
from the t r a n s i t i o n  metal c h a rac te r ,  which accounts for  a large dens i ty  of31
s t a t e s  of  the d- e le c t ro ns  and a near ly cons tan t  in te r ac t i on  po ten t ia l  ) (see
sec t ion  2 . 6 ) .  This i s  in co n t r a s t  with Pb or  Hg, where the large coupling
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constant:  follows from the s t rong electron-phonon in t e r a c t i o n .  In th a t  case
a lso  the BCS approximation with a constant  V can no longer be appl ied and one
has to genera l ize  the gap equation (2 .32) .  This g e ne ra l iz a t io n  has been given

32
by Eliashberg J ) .  I t  forms the s t a r t i n g  point  o f  the s t rong coupling theory

33
which was ex tensive ly reviewed by Scalapino JJ) .

We wi l l  only mention one r e s u l t  important for  the fol lowing sec t ion  of
th i s  chapter .  In s p i t e  o f  the value of  the coupling constant  the reduced energy
gap A(T)/A(0) as a funct ion of  T/T follows the same curve as was pred ic ted  by
the BCS theory,  f i g .  2 .1 .  Only the numerical cons tan ts  in eqs .  (2.22) and (2.23)
have to be adapted to the s p e c i f i c  m a te r i a l .

§2.4 Thermal C onductivity in  Superconductors. Temperature Dependence *)

The d i f fe rence  between the e le c t ron  thermal conduct iv i ty  in the supercon
ducting and the normal s t a t e  can be understood q u a l i t a t i v e l y  in view of  a simple
two-f luid model. One kind of  p a r t i c l e s ,  the Cooper p a i r s ,  a re  unable to t r anspo r t
energy, the o ther  kind, the normal ex c i t a t i o n s  from the BCS ground s t a t e ,  can.

2.4.1 C ontribution o f  the E lectrons

2.4.1.1 D efect S ca tte r in g . Let us f i r s t  pay a t t e n t i o n  to the e l e c t r o n i c  t h e r 
mal conduct iv i ty  in superconductors with d i l u t e  defec t  concent ra t ion .  E la s t i c
defect  s c a t t e r in g  does not break up the Cooper p a i r s .  Therefore the only e f f e c t
of  en te ring  into the superconducting s t a t e  by lowering the temperature below
T wil l  be the appearance of  the energy gap and from t h i s  the decrease in the
number of  normal e x c i t a t i o n s ,  roughly spoken proport iona l to exp[-Ag»c(T)/kgT].
From f ig .  2 .1 ,  showing AgQg(T)., i t  is c le a r  th a t  X j/X ^ wi l l  decrease below
T ; a t  reduced temperature t(=T/T ) of  0.2 i t  wil l  be almost neg l ig ib ly  small .

C c 35\The exact  de r iv a t ion  of  the formula was given by Geilikman ) and, indepen
dently,  by Bardeen, Rickayzen, andTewordt,  re fe r red  to as BRT  ̂ ) .  These authors
used a simple Bol tzmann equat ion.  Later  der iva t ions  ” ) making use of  the Kubo forma
lism and Green's func tions technique confirmed the e a r l i e r  r e s u l t  fo r  a r b i t r a r y
impurity concent ra t ions .  We r e s t r i c t  ourse lves to the formula in the BRT form:

2F.J (-y) + 2yln(1 + e ^) + y2/(1 + e^)

Xed 2F1(0)
(2.35)
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where y AB C S ^

abcs^
ABCS*0) Tc i , ,
- T J —  * T  and Fn "yB c

*  f dz zn (1 + e^+z)

The functions F were tabulated by Rhodes 3 ) ,  the values o f A (T)/A (0)BCS BCS
by M'uhlschlegel " ) .  The only parameter in th is  equation is A ^ g (0 )/k BT = y0 .
Therefore, wi th a sui table adaptation o f th is parameter, eq. (2.35) shouldhold for
a l l  coupling constants (see section 2 .3 .k) . The graph o f eq. (2.35) is shown
in f  i g . 2 .2 wi th the BCS value, eq. (2.22), substituted. The slope a t T is zero.

0 T/Tr  0.5

Fig. 2.2 Ratio o f superconducting to
normal state electronic thermal
conductivity versus reduced
temperature i f  defect scattering
is  predominant, according to
BRT (eq. (2.35), ye*  1.76)

2.4.1.2 Phonon Scattering. Next we w i l l  discuss the thermal conductiv ity o f
the electrons when scattering by phonons is  predominant, which w il l  occur in
very pure superconductors near T . ( I t  is the real electron-phonon in te rac tion ,
which is considered here, not the v ir tu a l exchange o f a phonon between the
electrons o f a Cooper p a ir.)  This scattering is not e la s tic  and can lead to
pa ir breaking or pa ir creation. This e ffe c t accompanies the e ffe c t o f the
dim inishing number o f excita tions w ith increasing gap, as was already discussed.
In that case the mean free path o f the normal excita tions was the same both in
superconducting and normal sta tes, but in the case o f phonon scattering there
w il l  be a d ifference in life tim e  o f the quasi-partic les in the normal and
superconducting sta te .

Again several authors tackled th is  problem. BRT ^®) , Kresin ™ ), and
41Geilikman and Kresin ) treated i t  by considering the Boltzmann equation. BRT

used three t r ia l  functions which appeared to be much too simple as was shown
by the Russian authors, who were able to derive an approximate so lu tion near
Tc< In f ig .  2.3 i t  is shown as the dashed curve. Tewordt ) also used the BRT
Boltzmann equation, but calculated the quas i-pa rtic le  life tim e  by means o f
Green's functions. He arrived at an expression depending on temperature through
the parameter y o f eq. (2.35) and through the life tim e  o f the normal excita 
tions . The results fo r  two values o f y„ are shown in f ig .  2.3 as w e ll. The slope
o f the X /Xn curve a t T has a value o f about 1.6.
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O T/ Tc 0.5

Fig. 2.3 Ratio o f  superconducting to
normal s ta te  e lec tron ic  thermal
conductiv ity versus reduced tem
perature i f  phonon sca tte ring  is
predominant. Broken curve,  ca l
culated by Geilikman and Kresin;
continuous curves, calculated by
Tewordtj upper one: = 1.76,
lower one: y0 = 2.0.

2.1*.2 Contribution o f  the Phonons. The phonon con tribu tion  in the super
conducting state w il l  also be d iffe re n t from the normal state con tribu tion . As
we saw in section 2.2.2 the phonons contribute n e g lig ib ly  in the normal state
due to the large phonon-electron sca tte ring . But in the superconducting s ta te ,
especia lly a t temperatures well below T , the number o f normal excita tions is
d ra s tic a lly  reduced. In add ition , phonons w ith energies < 2A„re (T)BC5
can not annihi la te  Cooper pa irs, so they are hardly scattered by them. On the
othef hand, phonons w ith energy > 2Agj.g(T) w i l l  behave as in the normal sta te.
However, th e ir  numbers and therefore th e ir  to ta l con tribu tion  to the thermal
conductiv ity is la rge ly decreased at low temperatures. I f  we regard the elec
trons as the only phonon scatterers the resu lt w i l l  be an exponentially in 
creasing phonon conductiv ity w ith decreasing temperature.

The theoretical ca lcu la tion  has been carried out by Geilikman and Kresin
and by BRT , leading to the curves in f ig .  2.1». Again we only give the

resu lt o f BRT:
A
_££

dx x**ex (ex - 1) ^[g(x)ExT],-1

0 T/Tc 0.5

i - 2
(2.36)

[ExT ] '

Fig. 2.1» Ratio o f  superconducting to
normal sta te  phonon conductiv ity
versus reduced temperature, i f
e lectron sca tte ring  is  predomin
ant. Continuous curve, calculated
by BRT;  broken curve, calculated
by Geilikman and Kresin.
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(compare eq. (2 .19 )), in which x = Tuo/k-T and g(x) is a function given by an
D

in tegra l expression depending on temperature through the parameter y o f eq.
(2.35).

In re a lity  more phonon scatte ring  mechanisms are operating simultaneously,
providing a lim ita tio n  to the increasing mean free path at decreasing tempera
ture. Eventually th is  leads to a power-like decrease o f X  ̂ at the lowest tempera
tures. Although thé d iffe re n t defects w il l  have equal scattering times in the
normal and superconducting states, i t  s t i l l  w i l l  cause a lowering o f the to ta l
phonon conductiv ity ra tio  w ith respect to eq. (2.36). This was shown by Klemens
and Tewordt ) fo r point defects, but th e ir  formula is easily extended with
the help o f eq. (2 . 19) to include grain boundaries and dislocations as w e ll:

Xs
_R

dx x^ex (ex - 1) 2[Px T + B + DxT + g(x)ExT] ^
OO - | |

dx x ex (ex - 1 )"2[P x V ‘ + B + DxT + ExT]’
(2.37)

However, i t  w i l l  not be easy to derive the contributions o f the d iffe re n t
mechanisms separately from the experimental resu lts .

§2.5 Thermal Conductivity in  the Mixed State o f  Type-II Superconductors

A typ ica l graph o f the thermal conductiv ity o f a typ e -ll superconductor
in a longitud ina l magnetic f ie ld  is shown in f ig .  2.5> With the entrance of

Fig. 2.5 Typical behaviour o f  the
thermal conductiv ity o f  a
ty p e -II superconductor in  a
long itud ina l applied magnetic
f ie ld .

T >  h c, / h c2 H/Hc> 1Q

f lu x  lines above H a sharp decrease in X is observed due to the additionai scat-
C 1 .  .  'te ring  o f the energy ca rrie rs  by the f lu x  lines . I f  the f ie ld  is increased, the

vortices begin to overlap and the quas i-pa rtic le  excita tions bound to the vortex
Cores beqin to contribute more and more u n til H is reached.

c2
Rather l i t t l e  fundamental theoretica l work has been published to explain

these phenomena. This is not too surpris ing in view o f the complexity o f the
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problem. Most experimental results will have to be compared with qualitative
formulae derived from phenomenological models. To give an impression of this
complexity the following table is presented, which deals only with the case of
pure type-11 superconductors without taking into account the anisotropy due to
the angle between heat flow direction and magnetic field.____________________

Temperature Field Pri nci pie Theory,

Reg i on Reg i on Heat Carriers Phenom. Models

H > H phonons Canel *̂5) ; Vinen^); Lowell
C1

Vinen et.al )̂T «  T H < H «  H bothc C1 c2
H S H electrons Maki30)

c2

H > H electrons Cleary511)
C1

T < T H < H < H electronsc C1 c2
H ( H electrons Maki51)

c2

In the case of a di rty type-11 superconductor the situation is even worse. We

only have at our disposal the theory of Caroli and Cyrot dealing with the
electronic- thermal conductivity near H .c2

In the following subsections we will elucidate in more detail the merits
of the theories and models thus far available in the literature.

2.5.1 Pure Type-II Superconductors (I »  %g)

2.5.1.1 At tow temperatures and small inductions (T «  T ̂  H ï if . j. For
these circumstances the contribution to the thermal conductivity may come from
the phonons and bound excitations (sections 2.3.3 and 2.4.1). One should expect
that the bound quasi-particles (inside the vortex cores) with a normal density
of states should behave like normal electrons in a cylinder with radius £, so
that X should be proportional to the number of (wel 1-separated) vortices per

45\unit area: X <* B. This idea turns out to be wrong as Canel ) was able to
prove qualitatively. Although the scattering time of the bound excitations is
the same as that of normal electrons, their group velocity along the vortex
core is nearly zero. Canel‘s conclusion was that bound excitations can not
transport energy very effectively and do not contribute to the thermal
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c o n d u c t iv i t y .  The o n ly  c a r r ie r s  o f  heat th e re fo re  w i l l  be the phonons: X = X .

The phonons w i l l  be sca t te red  very e f f e c t i v e l y  by the bound e x c i ta t io n s

in the vo r te x  cores , as by e le c tro n s  in  the normal s ta te  (sec t ion  2 .2 .2 ) .  At

le a s t ,  i f  t h e i r  wavelength is  sm a l le r  than the core dimension, thus f o r  tempera

tures T > f iv  /k_£ (z 1 K in n iob ium ), and i f  the angle between wave vec to r  and
S D

magnetic f i e l d  exceeds: (v /v . . ) *  (Ag_g(0)/kgT) (= 0.26 rad a t  1 K) .

Based on Canel's  conc lus ions Vinen, Forgan, Gough, and Hood proposed

the fo l lo w in g  r e la t i o n  f o r  the  phonon mean f re e  path i f  the f i e l d  is  perpen

d ic u la r  to  the heat c u r r e n t ,  and i f  a random a rray  o f  v o r t ic e s  is  assumed:

— !—  = — I—  + a — —  (2.38)

V B )  V 0 )  H c 2

in which a is  a cons tan t o f  o rde r u n i t y ,  and Up the phonon mean f re e  path in

the normal s ta te .  Th is  y ie ld s  f o r  the thermal c o n d u c t iv i t y :

y°>
Ap (B)

B X (0)
P (2.39)

which accounts f o r  the f a s t  decrease o f  X beyond H . T he ir  measurement agreed
C1

w ith  t h i s  r e la t i o n  q u i te  w e l l .  Even in lo n g i tu d in a l  f i e l d s  the agreement was

s a t i s fa c t o r y  f o r  the lowest in d u c t io n s .  This j u s t i f i e s  Canel's  conc lus ion  th a t

the bound e x c i ta t io n s  have an anomalously low group v e lo c i t y  along the vo r tex

core.

2 . 5 .1 .2  A t low temperatures and in term ediate inductions (T «
H < H «  H j .  A t in te rm ed ia te  pe rpend icu la r  f i e l d s  a d e v ia t ion

°1 °2  LA
from eq. (2.39) shows up (Vinen e t  a l .  " ) ) ,  which can be co n tr ib u te d  to  the

tunne l ing  o f  the bound e x c i ta t io n s  between neighbouring vo r tex  cores . The

e ige n fu n c t io n s  o u ts id e  the core are roughly behaving l i k e  20) r e x p ( - a r /E )

(a ;  —) so th a t  the e le c t ro n ic  c o n t r ib u t io n  to  X w i l l  be (see eqs. (2.28) -

(2 .3 0 ) ) :
X (B) = Bi  exp{-B(H /B ) i } (2.40)

e C2

w i th  3 n# 1. 7 . Th is r e la t io n  f i t s  w e ll  w i th  t h e i r  experiments (B = 1 .66).

2 .5 .1 .3  A t low temperatures near

we a lready  mentioned the anomalous

H (T  «  T . H S H j .  In sec t ion  2.
e g  0 ’  0 2

o r ie n ta t io n  dependence o f  the dens i ty
3.3
o f
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Bo.
s t a t e s  in the pure l i m i t ,  which urged Maki J ) to  make h i s  c o n j e c t u r e .  He

O 1
proved t h a t  in f i r s t  approx imat ion X should be p ro p or t i on a l  to  < |A| >2 and thus
ob ta in ed  the r e l a t i o n :

\  Xe '  Xe (H) = Cp (T) (Hc '  H) i  ( 2 A l )

The X(H) curve should e x h i b i t  an i n f i n i t e  s lope  a t  H 1 This ex pr e ss io n  can be

d i r e c t l y  cömpared wi th  experimental  r e s u l t s ,  because the  phonon c o n t r i b u t i o n

can be neg je c t ed  in t h i s  f i e l d  r eg ion ,  X = X_. Equat ion (2.41) was conf irmed
e L(. L y  I,fi

q u a l i t a t i v e l y  by experimen ts  o f  se ve ra l  au th ors  ’ ' ’ ) .  However, i t  t urned

o u t  t h a t  the  experimental  values  o f  C (T) were an o r d e r  o f  magnitude l a r g e r  than
t h e o r e t i c a l l y  p r e d i c t e d ,  and,  in a d d i t i o n ,  depended on the  e l e c t r o n  mean f r e e

i l Q

pa th .  In a l a t e r  p u b l i c a t i o n ,  t o g e th e r  wi th  Houghton, Maki could e l i m i n a t e
» . 29\the se  d i s c re p a n c ie s  by making use o f  the  BPT Green ' s  f un c t i on  o f  a pure

type-1 I Superconductor ,  y i e l d i n g  an in c re as in g  c o e f f i c i e n t  wi th  in c re as in g
mean f re e  pa th .

2 . 5 -1.4 A t high tem peratures and sm all in d u c tio n s (T < T ,  H > H j .  At high
temperatu res  the  e l e c t r o n  c o n t r i b u t i o n  to  the  thermal c o n d u c t i v i ty  i s  p r e 
dominant * X = X .

At small induc t ions  on ly  the  f r e e  e x c i t a t i o n s  w i l l  c o n t r i b u t e  to  the  con
d u c t i v i t y .  Far from the  v or t e x  co res  r »  X ( p e n e t r a t i o n  depth)  they behave

1 i ke o rd i  nary BCS exci  t a t i o n s ,  but  they a r e  modif ied i f  they approach a f lu x  l in e

and i n t e r a c t  wi th  the  s u p e r f l u i d  c u r r e n t ,  magnet i c f i e l d ,  and the  modulat ion

in |A( r) | ( s e c t i o n  2 . 3 . 3 ) .  Cleary ^) t r e a t e d  t h i s  i n t e r a c t i o n  and the  e l a s t i c

s c a t t e r i n g  involved in d e t a i l .  S c a t t e r i n g  by the  modula t ion in the  p a i r  po ten

t i a l  i s  predominant  f o r  the  thermal r e s i s t i v i t y ,  because i t  can s c a t t e r  an

e l e c t r o n - 1 i k e  q u a s i - p a r t i c l e  in to  a h o l e - l i k e  q u a s i - p a r t i c l e ,  o r  v ic e  v e r s a .  I f
t h i s  occurs  the  energy (wi th r e sp e c t  to  Ep) changes s ig n  whereas the  p a r t i c l e

s t i l l  moves in the  same d i r e c t i o n ,  so the  c o n t r i b u t i o n  to  the  energy flow is
reve rsed by the  i n t e r a c t i o n .

The e f f e c t i v e  s c a t t e r i n g  d iamete r  a o f  a f l u x  l i n e  has been c a l c u l a t e d  by
Clea ry .  I t  i s  o f  the  o r d e r  o f  300 8 ,  both i f  t he  f i e l d  and the  he a t  f low a r e

p e r pe n d ic u la r  and i f  they a r e  p a r a l l e l ;  t he  f i r s t  case  being somewhat more

e f f e c t i v e .  The thermal c o n d u c t i v i ty  j u s t  above H wi l l  dec rea se  l i k e :

Xe (0) JlaB

^ bT " 1 ~ (2.A2)
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2.5.1.5 At high temperatures near Bq^ (T s T ^  H s Hg ) .  Near the conduc
t iv i t y  w il l obey the same equation as at low temperatures near H£ . I t  is given
by eq. (2.41), but with a somewhat higher coeffic ien t, i f  electron-phonon scat
tering is also taken into account ■* ).

2.5.2 D irty  Type-II Superconductors ( I  «  £.)

2.5.2.1 At low temperatures and small inductions (T «  T .  H z H ) .  I f  the
mean free path o f the phonons is much smaller than 5» we may consider the flux
lines as conductors of normal metal paralle l to the superconducting matrix. Then
X (B) = Xs -  c(XS - Xn)B/H ; c s 0.5*
P P P P c2

2.5.2.2 For a l l  temperatures near Ho (0 z T z T^, H z HaJ ‘ The behaviour
is quite d iffe ren t from that in the pure lim it ,  because a ll quasi-particles in
the d ir ty  lim it  near H are gapless, although the excitation energies are

C2 o
modified in second order by an amount proportional with <|A( r) | > (section
2.3.3). Carol i and Cyrot ” ) proved that th is property is reflected in the
thermal conductivity i f  the main contribution comes from the electrons scat
tered by impurities.

xe <H> 1 -  c .(T) (H -  H)d C2 (2.43)

so no in f in ite  slope at H .
c2

The slope o f the X(H) curve at H can be related to the slope of the
c2.

reversible magnetization curve, which yie lds:

dX d4irM
(— / ------),

B p{1 + p
+ p)

¥ (1 )( i  + p)
•} (2.44)

dH dH ' ‘c2 21 e|

in which p is a temperature dependent parameter given by

ln(T/Tc) ^ ( i  + p) - V( i ) (2.45)

The functions ^ (z ), y^^and y 2 are the di-gamma function and its  f i r s t  and
second derivatives; e is the electron charge in CGS units, c the lig h t velocity.

Equation (2.43) is in good agreement with experiments carried out on
concentrated a lloys, but discrepancies are found fo r d ilu te  alloys. I t  turned
out that fo r those cases C.(T) was always larger than the theoretical predic-d
tion . Very interesting is the result o f an experiment on an evaporated
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In.  „ .Pb .  f i lm car r i ed  out  by Parks,  Zumsteg, and Mochel ” ) .  The phononu • y j  u • uy
conduct ivi ty is s t rongly  reduced in such f i lms .  The measurements confirmed e q .
(2.43),  not only near H , but in the whole f i e l d  region between H and Hc2 ’ s ei C2
This might ind ica te  th a t  for  such f ilms even in f i e l d s  down to Hc the super
conductor is e s s e n t i a l l y  gapless .

§2.6 Metal P roperties o f  Niobium

Niobium is a t r a n s i t i o n  metal with one e l ec t ro n  in the 5 s - s t a t e  and
four e lec t rons  in the incomplete 4 d - s h e l l .  In the so l id  s t a t e  conf igura t ion
the e le c t r on  s t a t e s  wi ll  s p l i t  up into energy bands because of  the sp a t i a l
overlap of the e lec t ron  wave func tions of  neighbouring ions,  The s - e l e c -
trons form a broad s-band not very d i f f e r e n t  from the conduction band in o r d i 
nary meta ls .  The d-e lec t rons  a re  loca l ized ins ide  the ion cores ,  so th a t  the
overlap  is small ,  giving r i s e  to a r e l a t i v e l y  narrow d-band. I t  must be capable
to hold 10 e le c t ro n s .  Therefore,  the dens i ty  of  s t a t e s  of  the d-band is much
larger  than th a t  of  the s-band,  re su l t i ng  into a large e f f e c t i v e  mass, and a
low group ve loc i ty  of  the d-e lec t rons  with respect  to the s - e i e c t r o n s .  The
Fermi sur face  wil l  cons is t  o f  s -  and d-regions.

2.6.1 t Transport P roperties o f  Normal Niobium. The p rope r t ies  mentioned above
explain the r e l a t i v e l y  large e l e c t r i c a l  r e s i s t i v i t y  of  the t r a n s i t i o n  metals .
The s - e l e c t r o n s  wil l  con t r ib u t e  predominantly to the cu r r e n t ,  but they have
a cons iderable  chance to be s c a t t e r e d  into ,  and trapped by, the d-band, as
was f i r s t  suggested by Mott ^*) .

In f a c t  s c a t t e r i n g  of  e le c t r o n s  can be divided into s - s  o r  d-d int raband
s c a t t e r i n g ,  and s-d i n t e r band s c a t t e r i n g .  Typical t r a n s i t i o n  metal e f f e c t s  wil l
a r i s e  from the l a t t e r ,  which in very pure ma ter ia l s  is mainly caused by e le c t r on -
phonon s c a t t e r i n g .  Wilson ” ) extended Mot t ' s  idea,  introducing a model in
which two shee ts  o f  the Fermi sur face ,  one with s - ,  the o t he r  with d-band
ch arac te r ,  a re  assumed to be spher ica l  and very c lose  in k space.  In addi t ion ,
i t  was assumed th a t  interband s c a t t e r i n g  completely removes the momentum, so
th a t  the e f f ec t iv en es s  of  the s c a t t e r i n g  process is  equal to one, and t . =

(see sec t ions  2 .1 .2  and 2 . 2 . 1 ) .  I f  a l l  phonons were able to give r i s e  to
s-d-band t r a n s i t i o n s ,  the e l e c t r i c a l  r e s i s t i v i t y  due to th i s  process would be
propor tiona l to T • I f  not (a t  low temperatures a cons iderab le  number of
phonons wi l l  not have large  enough wave v e c to r s ) ,  the r e s i s t i v i t y  would fal l
o f f  exponent ia l ly .  We no t ic e  th a t  th i s  kind of  s c a t t e r i n g  process wi l l  not have
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any in f lu e nce  on the thermal c o n d u c t iv i t y ,  because we a lready know th a t  fo r

heat t ra n s p o r t  x . r  = x_.

In Nb a T^ dependence o f  p a c tu a l l y  was measured in  extremely pure mono

c ry s ta ls  by Webb ■* ) .  Th is  can be exp la ined by the s p e c i f i c  shape o f  the Fermi

surface o f  Nb ca lc u la te d  by Matthe iss  ” ) .  There turned ou t  to  be three sheets

which touch each o th e r  a t  several p o in ts  and in te r s e c t  along some l in e s .  The

e le c t ro n s  ly in g  near the touching regions w i l l  be invo lved in  the jn terband

e lectron-phonon s c a t te r in g .

2 .6 .2  Superconducting P ro p e rtie s  o f  T ra n s it io n  M e ta ls . In 1959 S uh l,
r O

M atth ias ,  and Walker 3 ) suggested the ex is tence  o f  a second energy gap in

t r a n s i t i o n  metal superconductors. Experiments in pure Nb on the s p e c i f i c  heat

(Shen, Senozan, and P h i l l i p s  33) ) ,  thermal c o n d u c t iv i t y  (Carlson and

S a t te r th w a i t  ^ ° ) ) ,  and tunne l ing  (Hafström and MacVicar ^ 1) )  seemed to  j u s t i 

fy  the two gap idea. There should be a la rge  gap, associa ted w i th  the d-band

equal to  the BCS gap, and a small one, associa ted w i th  the s-band e le c t ro n s :

A (0) x, 0 .1 A . (0 ) .  But l a t e r  experiments on thermal c o n d u c t iv i t y  and s p e c i f i c
S C O  ^

heat ’ 3) could e x p la in  the anomalies measured b e fo re ,  bu t d id  not support

the two gap theory  in Nb. I f  the re  were e le c tro n s  w i t h  a small gap, i t  should

o n ly  be a very small f r a c t i o n ,  < 10 . A ca re fu l  a n a lys is  o f  u l t r a s o n ic  a t te n -

ua t ion  data a t  temperatures w e ll  below T by Almond, Lea, and Dobbs ) showed
^  - A

unambiguously th a t  th i s  f r a c t io n  must even be sm a l le r  than 10

At temperatures near Tc u l t r a s o n ic  a t te n u a t io n  experiments in  very pure
Nb 65,66,67) showec) a i arge d iscrepancy w i th  the BCS theo ry . A good f i t  to  the

experimental data could be obta ined by assuming two energy gaps, one equal to

the BCS gap (a t  T «  T ) ,  the o th e r  (near T ) being th ree  times as la rge ,  whichc c
looks ra th e r  s trange . Very re c e n t ly ,  Forgan and Gough ) e lu c id a te d  why the

e f f e c t i v e  gap measured near T is  much la rg e r  than the BCS gap. This has noth ing

to  do w i th  a second energy gap, but is  ra th e r  due to  an a d d i t io n a l  temperature

dependent e lectron-phonon s c a t te r in g  becoming im portan t i f  k„T > Ag C S ^ ’ near

T .c
We th e re fo re  f i n i s h  th i s  chapter w i th  the conc lus ion  th a t  no spec ia l

t r a n s i t i o n  metal p ro p e r t ie s  have to  be taken in to  account in  the d iscuss ion

o f  our measurements.
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C H A P T E R  3

DESCRIPTION OF THE EXPERIMENT

§3-1 In trodu ction . The Magnitude o f  the Temperature D ifference

The thermal c o n d u c t i v i t y  measurements have been c a r r i e d  ou t  on r ec ta n g u l a r

samples o f  niobium wi th  ty p ic a l  dimensions 20 x 3 x 0 .2  mm in a t emperatu re

range from 1 to  10 k e l v in  in magnetic f i e l d s  up to  6 kOe (= 477 kA/m in MKSA

u n i t s ) .  A t empera tu re  d i f f e r e n c e  AT over  a d i s t a n c e  L along the  longe s t  s id e

of  the samples causes  a hea t  f low through the  samples p a r a l l e l  to  t h i s  s id e .

In s t a t i o n a r y  s t a t e  the thermal c o n d u c t i v i ty  X i s  determined by the  r e l a t i o n :

X (T) j -L .  Ü-L
Q AT A AT (3.1)

in which T is  the  mean t empera tu re  o f  the  sample,  the h e a t  f low per  u n i t

a r e a  o f  c r os s  s e c t i o n ,  A the  a rea  o f  c r o ss  s e c t i o n ,  and Q. the  t o t a l  amount o f

he a t  pa ss ing  per  second through th e  sample.  Thi s  formula w i l l  be used th rough

ou t  t h i s  t h e s i s  f o r  the de t e r m in a t io n  o f  X from measured q u a n t i t i e s ,  a l though

the  ex a c t  d e f i n i t i o n  o f  X i s  g iven by:

fT (L)

T (0)
dT X(T) (3.2)

The d i f f e r e n c e  between eqs .  (3.1)  and (3.2)  causes  a sy s t em a t i c  e r r o r
6 X ,  which can be determined by expanding X in a Taylor  s e r i e s  aroundT.  The impare

o r d e r  terms van i s h ,  the second o r d e r  term y i e l d s :

6X_ =  3 ^ X  (£[} 2

X 24 X 3T2 T
Higher  o r d e r  terms can be n e g l e c te d .  I f  the r e l a t i o n  between X and ,T is  known,

and i f  we pu t  AT = 50 mK, which i s  the  maximum value  we used throughou t  the

exper imen t s ,  i t  i s  p o s s i b l e  to  c a l c u l a t e  the  t h e o r e t i c a l  e r r o r  6 X / X .  I f

X « TV wi th  v equal to  one o r  z e r o ,  i t  i s  easy to  see  t h a t  the  e r r o r  i s  ze ro .
All the  o t h e r  i n t e g e r  va l ues  o f  v ,  which occur  in p r a c t i c e ,  lay between -2 and

+3. For th e se  values  the  maximum e r r o r . -  o c c u r r i n g  a t  the  lowest  t empera tu res  -
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-Z,
t u r ns  o u t  to  be 6 x 10 . I f  X fo l lows a BRT-like r e l a t i o n  (2.35)  the  maximum

e r r o r  i s  1.5 x 10 , a l s o  f o r  the lowest  t emper a t u re s .  There fo re  our  cho ice  o f
AT ~ 50 mK i s  j u s t i f i e d  so f a r .

I t  may seem t h a t  a t  t empera tu res  nea r  T^ (which is  'v 9 K f o r  Nb), the

temperatu re  d i f f e r e n c e  can be chosen much l a r g e r  than 50 mK in o r d e r  to  gua ra n tee

more a c c u r a t e  measurements.  However, the v a r i a t i o n  o f  H , H ,and Ao r c (T) along
C-| C2 BCb

t he  samples can become a p p r e c ia b le  f o r  those  t emper a t u re s .  For example a t  T =
8 K they a r e  r e s p e c t i v e l y  3, 2 . 5 ,  and 1.3 per  cen t  f o r  AT = 50 mK, in c re as in g

f a s t  f o r  t emperatu res  s t i l l  c l o s e r  to  T . As to  t h i s  i t  would be d e s i r a b l e

to d imini sh  AT, but  t h i s  w i l l  r e s u l t  i n to  l e s s  a c c u r a t e  measurements.  As a
compromise we dec ided to  use AT = 50 mK a t  a l l  measur ing t emper a t u re s .

D e ta i l ed  accuracy c o n s i d e r a t i o n s  w i l l  be g iven in the  fo l lowing  s e c t i o n s .
In s e c t i o n  2 we g ive  a d e s c r i p t i o n  o f  the  a p p a r a tu s ,  t he  a u x i l i a r y  equipment ,

and th e  measuring p rocedure .  Here we inc lude a d i s c u s s io n  o f  the  e r r o r  sources

and the c o r r e c t i o n s  to  be made. In s e c t i o n  3 we d e s c r ib e  the  c a l i b r a t i o n  p ro

cedure o f  the thermometers and the  c o r r e c t i o n s  necessa ry  f o r  measurements in a
magnet ic f i e l d .  -

§3.2 The Experimental Set-Up and Measuring Procedure

3 .2 .1 ,  ,The Apparatus. The appa ra tus  shown in f i g .  3.1 was des igned  in such

a way t h a t  the  samples could be e a s i l y  exchanged.  Four p la t inum w i res  o f  0 .2  mm

diameter  were welded to  the  samples .  Via copper  l e ads ,  so l de red  to  the  pla t inum

w i r e s L thermal c o n t a c t  was e s t a b l i s h e d  between sample,  h e a t e r  H . , thermometers

G. , G_, andC,  and the  thermal anchor  TA. A th in  nylon th r e a d ,  0.11 mm d iam et e r ,
suppor ted h e a t e r  Hj and thermometer  G^. I t  prevented  them from v i b r a t i n g ,

caus ing  a p o s s i b l e  e d d y- c u r r en t  he a t ing  during measurements in a magnet i c f i e l d .

The thread  was a t t a c h e d  to  a b r ass  ba r  mounted on the  thermal anchor ,  on which
a l s o  a second h e a t e r  H2 was s o ld e re d .  The anchor ,  made o f  pure copper ,  was

so l de red  to  a copper  bar  which,  in t u r n ,  was mounted on a massive copper  f l an ge
F forming the  top o f  the  vacuum can.  Several  ho les  were d r i l l e d  in to  i t ,  one

f o r  the  pumping tube and four  f o r  the  e l e c t r i c a l  w i re  f eed th roughs FT. Copper

r a d i a t i o n  s h i e l d s  RS in the  pumping tube p reven ted the i n t e r i o r  o f  the  vacuum

can from warming up.  All the  s o ld e r i n g  was c a r r i e d  ou t  wi th  hard s o l d e r  and t i n ,
so t h a t  the  f i n a l  j o i n t  o f  the can wi th  F could be made wi th  Wood's me ta l .

A superconduct ing  c o i l  magnet could be connected to  a f l an g e  FL suppor ted
by the pumping tube .  In t h i s  way the  vacuum can could not  v i b r a t e  wi th  r e s pe c t

to  the  c o i l ,  which would g ive  r i s e  to  e x t r a  he a t ing  o f  the  m e t a l l i c  p a r t s  in
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Fig. 3-1 Apparatus fo r  measuring thermal

c o n d u c tiv ity . d3 = sample;  G^, G^

and C = germanium and carbon

thermometers;  H = heaters;

TA — thermal anchor;  F -  copper

fla n g e ; FT — w ire  feedthroughs;

RS = ra d ia tio n  s h ie ld s ; FL —

supporting flange  fo r  supercon

ducting  c o i l  magnet.

inhomogeneous f ie ld  regions. The cu rren t leads o f the c o il were constructed

from fo lded copper f o i l  w ith  a superconducting NbSn w ire  soldered to  i t .  Each
one ran through a glass tube fu nc tio n in g  as a heat exchanger ) .  Vacuum can
and superconducting c o il were immersed in the same helium bath. For the
measurements in  a magnetic f ie ld  perpendicular to  the heat cu rren t we used an
iron  magnet a f te r  removing the superconducting c o il magnet and replacing the

helium and n itrogen  dewars by fin g e r  dewars.
The vacuum was obtained by means o f a mercury d if fu s io n  pump in series

w ith  a ro ta ry  pump. Before cooling the c ryo s ta t we f i r s t  pumped the vacuum
can during 2k hours a t room temperature. The pressure could be measured w ith
Penning and McLeod gauges. During the thermal co n d u c tiv ity  measurements i t  was
lower than 3 x 1 0  to r r .  I t  was possib le  to f i l l  the vacuum can w ith  He
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exchange gas for calibration purposes.

3.2.2 ■- Magnetic Field. A superconducting coil generated a magnetic field
both parallel to the longest side of the samples and to the direction of the
heat flow. We will call this field direction H„. An iron magnet was used for
the generation of a field perpendicular to the direction of the heat current.
This field could be rotated with respect to the sample surface, we call it Hg,
where 0 is the angle between field and sample surface. If 8 = 90° we will talk
about Ha, if 0 = 0° about H_ (see fig. 3-2).

Hi

Fig. 3-2 Definition of the

magnetic field directions,

y
The superconducting coil magnet, inner diameter 2.8 cm, length 13 cm,

was wound from single core niobium-titanium wire covered with a copper layer
and insulating material (Niomax S, 0.3 mm). It consisted of 19 layers of about
280 turns each and 5 layers of kk turns each at both ends, the latter serving
as correction coils to improve the homogeneity. Experimentally this turned
out to be just as good as we had calculated: better than 0.1 percent over a
distance of 7 cm along the axis. The field to current ratio was measured in
several ways at room temperature and at He temperatures. Within the measuring
accuracy we did not find any temperature dependence. The H/l-value was
582 ± 3 Oe/A. The current source was a Hewlett-Packard 62566 10V/20A power
supply.

The iron magnet showed an H versus I curve which was linear up to 7 kOe
with a slope of 199 ± 1 Oe/A. During cycling back to zero current we find a
fieldshift of 25 Oe with respect to the increasing field curve. The remnant
field was of the same order of magnitude. It could be shielded off by means of
a cylinder consisting of two layers of p-metal (Allegheny Ludlum Moly Permalloy).
After "shaking" with an ac field the remaining field at the sample site was
weaker than 0.5 Oe. The magnet current was electronically stabilized and could
be regulated continuously or in steps of 0.1 A.
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3 . 2 . 3  Spurious Beat Sources. The thermal c o n d u c t i v i ty  o f  niobium as  a

f un c t i on  o f  magnet ic f i e l d  f a r  below Tc showed a f a s t  dec rease  j u s t  above the
f i r s t  c r i t i c a l  f i e l d  H . This e f f e c t ,  which w i l l  be e x t e n s i v e l y  d i sc ussed  in

C1
l a t e r  c h a p t e r s ,  r e s u l t s  in a minimum value  o f  the  c o n d u c t i v i ty ,  which,  a t  the
lowest  t e mp er a t u re s ,  i s  as low as a few mW K cm ' .  The dimensions o f  the  sam

p les  and the magnitude o f  the  t emperatu re  d i f f e r e n c e  requ i red  t h a t  under these

c o n d i t i o n s  the  he a t  p roduc t ion  in h e a t e r  (= Qg) should be sma l l e r  than

5 e r g / s .  This  meant t h a t  we had to  be aware o f  e x t r a  he a t ing  by spur ious s o u r 
ce s .

We a l re a d y  mentioned the  e f f e c t  o f  v i b r a t i o n s  and thermal r a d i a t i o n .  As

f o r  the  l a t t e r ,  i t  proved to  be the  cause  o f  many t r o u b le s  in the  e a r l y  days
o f  the  exp er imen t s .  We d e t e c te d  an e x t r a  h ea t in g  o f  abou t  100 e r g / s  in s p i t e

o f  the  p resence o f  four  r a d i a t i o n  s h i e l d s .  This amount o f  h ea t  i s  a f r a c t i o n

o f  10 o f  the  b la ck  body r a d i a t i o n  energy t h a t  might come in from room tem

p e r a t u r e  down through the  pumping tube . '  I t  f i n a l l y  turned  ou t  t h a t  the  abso rp 

t io n  o f  the  r a d i a t i o n  s h i e l d s  was r a t h e r  poor ,  t he  e f f e c t  being t o t a l l y  sup

p r essed  by p a i n t i n g  b la ck  the  tube and the  s h i e l d  wi th  aquadag.  Moreover,  the
carbon on the  wall  ac te d  as a c ryogen ic  pump.

R. f .  r a d i a t i o n  h ea t in g  o f  m e t a l l i c  p a r t s  in the vacuum can was prevented
by su r round ing  the  can wi th  copper  f o i l .  The s h i e l d i n g  o f  the  can i t s e l f  (made

of  german s i l v e r )  might  not  have been good enough: f o r  1 MHz the  sk in  depth
is 0 .3  mm, whereas the  wall  t h i c k n es s  was 0 .5 mm.

The e l e c t r i c a l  c u r r e n t  in the  thermometers was kept  so low t h a t  the  Jou le
-3h ea t in g  always was l e s s  than 10 x Q .

In o r d e r  to  g e t  exper imental  evidence t h a t  no impor tant  e x t r a  hea t  sources
were p r e s e n t  we measured the  t empera tu re  d i f f e r e n c e  between and a t  Q = 0

be f o r e  and a f t e r  some He exchange gas was admi t t ed in to  the  vacuum can.  We

could not  d e t e c t  any change in AT, which as su red  us t h a t  spur ious  heat  produc-
-2

t i o n  is c e r t a i n l y  l e s s  than 10 e r g / s .

3 . 2 .4  P a ra lle l Conduction. A q u i t e  d i f f e r e n t  source  o f  sy s t em a t i c  e r r o r s

might  be p a r a l l e l  conduc t ion ,  Q , through res idu a l  He gas ,  o r  along the measuring

leads and sup por t ing  th re a d .  Concerning the  f i r s t  p o s s i b i l i t y  we can use the
2

well -known formula ) :

h 4 x 2 . 8 x £ % f }x X X 10~3 e rg /s .
p i  10 '  10Z 1

"7 2S u b s t i t u t i n g  P = 3 x 10 ' t o r r ,  AT = 50 mK, 0 = 2 cm ( ;  a rea o f  iS + Ĥ  + Gj
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\ ' • “3o f  f i y .  3 . 1 )  we a r r i v e  a t  Qp -  3 x  10 e r g / s ,  t h u s  l e s s  t han  0.1 p e r  c e n t  o f

t h e  l owes t  v a l u e  of . The nylon  t h r e a d  g i v e s  no t r o u b l e  e i t h e r :  f o r  a l l  tem-
• , - 4  s \p e r a t u r e s  u '  < 10 x 11 .
p s

To g e t  en _ id ea  o f  t h e  c o r r e c t i o n  due t o  p a r a l l e l  co n d u c t i o n  t h ro ug h  t he

measu r ing  l e ad s  we can  u se  t h e  fo l l o w i n g  s i m p l i f i e d  p i c t u r e ,  f i g .  3 . 3 .  We c a l l

[Thermal Anchor]

la  B a th .nmn

Fig .  3-3  Schematic p ic tu re  o f  the
heat f l u x  through sample
and measuring leads.

lOr,
| H eater H<|

t h e  t o t a l  h e a t  deve lopment  (1 ; W and W a r e  t h e  h e a t  r e s i s t a n c e s  o f  t h e  s amp le
_ 1 m s p

and t h e  l e a ds  (W = (AA/L) ) .  The c o r r e s p o n d i n g  h e a t  c o n d u c t i v i t i e s  a r e  A and

A . The r e l a t i o n  between A and t h e  measured c o n d u c t i v i t y  A i s  now a iv e n  bv:P s '  m 3 '

A ,s = Am
A L
—£  —  = A -  AA
A L m

(3 .5 )
s P

The l e ad s  were  made o f  Nb-25%Zr s t r i p s  ( f u r t h e r  r e f e r r e d  t o  a s  NbZr ) ,

r o l l e d  from 0 .2 8  mm Supercon w i r e .  T h i s  shape  p r ov id ed  a good therma l  c o n t a c t

w i th  the- t hermal  a n c h o r ,  on which t hey  we re  g lue d  by means o f  GE 7031 v a r n i s h .

NbZr i s  a t y p e - l l  su p e r c o n d u c to r  w i th  h igh  T (1 0 . 8  K) and h igh  uppe r  c r i t i c a l

f  i e l d  ( a t  4 . 2  K=70 kOe ) , so t h a t  t h e r e w a s n o  J o u l e  h e a t i n g  in  t h e  l e a d s .  F u r t h e r ,

t h e  t hermal  c o n d u c t i v i t y  i s  a p p r e c i a b l y  lower  t han  t h a t  o f  p u re  n iob ium.

From (3 .5 )  one  can s e e - t h a t  t h e  p a r a l l e l  c o n d u c t i v i t y  AA a l s o  depends on t h e

d imens iona l  r a t i o s  o f  s ample  and l e a d s .  Th is  y i e l d e d  a f a c t o r  o f  o n ly  0 . 1 5 ,

so i t  was n e c e s s a r y  t o  measure  t h e  t hermal  c o n d u c t i v i t y  o f  t h e  NbZr s t r i p s .

We c u t  3.2 p a r t s  o f  1 . 5  cm l e n g t h  o f  NbZr s t r i p  and welded  each  4 o f  them

p a r a l l e l  t o  e ach  o t h e r .  The 8 s amples  o b t a i n e d  in t h i s  way were  welded p a r a l l e l

t o  e ach  o t h e r  be tween two p l a t i n u m  w i r e s  a t  t h e i r  e n d s .  Then,  two more p l a t i n u m

w i r e s  f o r  t h e  t hermome te r  c o n n e c t i o n s  were  welded in  be tween a t  a mutual  d i s t a n c e

o f  10 mm. Th i s  s ample  was mounted in t h e  a p p a r a t u s .  Because  now th e  same m a t e r i a l

was used f o r , t h e  s ample  and t h e  me asu r ing  l e a ds  i t  was ea sy  t o  e s t i m a t e  t h e

c o r r e c t i o n  f o r  t h e  p a r a l l e l  c o n d u c t i o n :  AA was a bo u t  A p e r  c e n t  o f  A . The f i n a l

ac c u r ac y  in A was e s t i m a t e d  t o  be a bo u t  5 p e r  c e n t .

In f i g .  3 . 4  t h e  r e s u l t s  o f  t h e  measuremen ts  in  z e r o  m ag n e t i c  f i e l d  f o r



F ig . 3-4

mW
K.cm

10 Tc K

Thermal conductiv ity o f  a ro lle d
Nb-2S%Zr sample versus temperature.
O  j  measured in  zero f ie ld ;  / \  .

obtained from Wiedemann-Franz lam;
heavily drawn lin e , electron thermal
conductiv ity in  the normal s ta te ;
broken lin e , idem in  superconducting
s ta te . Also shown are the typ ica l
minimum conductiv ities  o f  the Nb
samples: Q  .

d i f f e r e n t  temperatures X (T) are shown toge the r w i th  the estimated e le c t ro n  con

d u c t i v i t y  in  the norma) s ta te  X -  deduced from a s p e c i f i c  res is tance  measurement

and the Wiedemann-Franz law - ,  and the estimated e le c t ro n  c o n d u c t iv i t y  in the

superconducting s ta te  Xs , using the BRT fo rm u la , eq. (2.35)> toge the r w i th  the

value 1.9 f o r  the parameter A (0 ) /k „T  . One reads from the f ig u re  th a t  the phonons
D C

c o n t r ib u te  app rec iab ly  to  the thermal c o n d u c t i v i t y ,  so th a t  we c e r t a in l y  have

to  c o r re c t  our low temperature measurements f o r  p a r a l le l  conduction . To i l l u 

s t r a te  th i s  we have a lso  g iven in  f i g .  3-** the low-temperature values o f  the

ty p ic a l  minimum c o n d u c t iv i t ie s  o f  our Nb samples. Moreover, tab le  3*1 shows the

T(K) NbZr

Xs

Nb

X . .mini mum
*)AX '

m ax .co rrec t ion

i n per cent

1 0.3 1.6 0.05 3
2 0.8 4.1 0.12 3
3 1.3 13-3 0.22 2
4 2.3 30.6 0.35 1
5 3.2 60.7 0.49 0.8
6 4.3 102 0.66 0.7
7 5-4 149 0.83 0.6
8 6.4 202 0.98 0.5
9 7.5 297 1.15 0.4
9-5 8.0 315 1.23 0.4

* )  a l l  X 's in mWK ^cm

Table 3-1 Thermal conductiv ity  o f  Nb-25%Zr sample a t several temperatures
and the re su ltin g  p a ra lle l conduction..

measured NbZr c o n d u c t i v i t ie s ,  the t y p ic a l  minimum values o f  the Nb c o n d u c t iv i t ie s ,

the p a r a l le l  c o n d u c t iv i t y ,  and the maximum c o r re c t io n  we have to  make fo r  X .
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The co rrec t ion  can be as large as 3 per cent» but i t  can e a s i ly  be d e a l t
with in the  case of  X measurements versus magnetic f i e l d .  I t  appeared th a t  the
f ie ld  dependence of the NbZr sample was very small up to  f i e ld s  o f  6 kOe,
showing a s l i g h t  decrease of a t  most 5 p e r c e n t .  This fe a tu re  j u s t i f i e s  a simple
s h i f t  o f  the X(H) curves o f  niobium over a d is tance  AX as the  only co rrec t io n
to be made.

In the following we w il l  always work with co rrec ted  values of  the thermal
conduct!vity._ The remaining e r ro r  due to  the u n ce r ta in ty  in the co rrec t io n  and
due to spurious heat sources is  estimated to  be sm aller  than 0.2 per cen t .

3 .2 .5  Temperature S ta b i l i t y .  Since the temperature d if fe re n c e  between both
ends of  the samples was only 50 mK, much care  was given to  the control o f  the
temperature. F i r s t  o f  a l l  the temperature of  the He bath was kept constan t
w ith in  one m il l id eg ree .  Above the X-point a manostat gave s a t i s f a c to r y  r e s u l t s .
Below the X-point, however, the pumping speed through th i s  device was not su f 
f i c i e n t ;  here we used an e le c t ro n ic  s t a b i l i z e r .  The temperature was measured
with an A1 len-Bradley carbon r e s i s to r  (0.1 W, 100 Si) in a dc Wheatstone br idge .
The unbalance of  the bridge, am plified  by an Analog Device 180 B dc a m p l i f ie r ,
regulated the cu rren t  through a hea te r  in the helium ba th .  The sho r t  term

-3
temperature constancy was much b e t t e r  than 10 K, but due to  dc d r i f t  a v a r ia 
tion  up to a few m ill ideg rees  might be generated in the long run.

A second temperature s t a b i l i z e r  d i r e c t ly  regulated  the temperature a t  the
upper end of the sample. I t  followed the same p r in c ip le ,  but had to  be much more
s e n s i t iv e  than the c i r c u i t  we j u s t  described , because we had to  use low bridge
voltages ('v mV) to avoid Joule  heating o f  the thermometers. Therefore an ac
method with phase s e n s i t iv e  de tec t io n  was used, see f i g .  3.5* The carbon

time constant

bridge
pre

amplifier

Ip h a se
sensitive
detector

constant
current

control

oscillator
1016Hz

attenuator

Fig. 3.5 Bloek diagram o f  the  sample
temperature s ta b i l i z e r .



r e s i s to r  C (again A1 len-B rad iey , 0.1 W, 100 ft) was mounted on the capsule o f  the

germanium thermometer G„, so th a t  both had the same temperature. The c u rre n t  o f

the heater c i r c u i t  ran through heater (100 ft constantan, n o n - in d u c t iv e ly

wound). The des ired  measuring temperature, which could vary from 0.1 to 6 K

above the bath temperature, was es ta b l ishe d  by a d ju s t in g  the constant c u rre n t

co n tro l  and s ta b i l i z e d  by the ou tpu t  vo ltage  o f  the phase s e n s i t iv e  d e te c to r .

The in f lu e n c e  o f  the magnetic f i e l d  on the s t a b i l i z a t i o n  could be ignored

fo r  the f i e l d  values we used, s ince  the magneto-resis tance o f  Al 1en-Bradley

re s is to r s  is  very s m a l l .  This has a lready been mentioned by Clement and Quinnell

in 1952 ^ ) , and has been confirmed by many authors ’ ^ ) .  I t  shows a s l i g h t

increase w i th  decreasing temperatures, g iv in g  r is e  to  a corresponding s h i f t  in

temperature o f  a t  most 1 mK a t  1.3 K in a f i e l d  o f  5 kOe. For th is  es t im a t ion

we used the em p ir ica l  formula o f  Belanger "*) .

A part from the m agneto-res istance e f f e c t  i t  turned ou t expe r im en ta l ly  th a t

the temperature s t a b i l i t y  o f  G_, both in presence and in absence o f  heat f l u x

through the sample, was always b e t t e r  than 1 mK. Therefore we may say th a t ,

roughly spoken, Ĝ  was a t  cons tan t temperature dur ing  the measurements.

3 .2 .6  M easuring P rocedure. Measured Q u a n t it ie s . The measuring procedure was

as fo l lo w s .  We s ta r te d  w i th  a c a re fu l  measurement o f  the res is tances  o f  G. and

G^ in zero f i e l d  w ith o u t  heat p roduc t ion  in H^. This was repeated several times

dur ing  the measurements. We assumed th a t  both thermometers under these circum

stances had the same temperature. Next the heater c u r re n t  was switched on and

ad justed to  a value th a t  increased the temperature o f  Ĝ  by 50 mK. The heat

f low  and Gj and were measured. A f t e r  th a t  the magnetic f i e l d  was cyc led up.

I f  t h i s  caused a change in c o n d u c t i v i t y  we had to  read jus t  the heater cu r re n t

in o rde r  to  keep AT cons tan t .  At the s tronge r f i e l d s  a c o r re c t io n  f o r  the

m agneto-res is tance o f  Ĝ  had to  be incorpo ra ted .

The power d is s ip a t io n  in H (100 ft manganin, n o n - in d u c t iv e ly  wound) was

derived  from the product o f  the vo l tages over and over a 100 ft standard

r e s i s t o r  in s e r ie s  w i th  H .. Both were measured w i th  a d i g i t a l  vo l tm e te r

(Scheiner VT200, 99-99 mV f u l l  s c a le ) .  The in f luence  o f  the res is tance  o f  the

feedthroughs was n e g l ig i b le ,  as they were less than 40 mft each a t  room temper

a tu re .  Thermal emfs were c e r t a in l y  sm a l le r  than 5 pV, which fo l low ed from

c u r re n t  commutation. We may th e re fo re  conclude th a t  the accuracy o f  Q is b e t te r

than 0.1 per cen t.

The germanium re s is to r s  were manufactured by Cryocal In co rp o ra t io n .  The

res is tance  a t  4 .2  K was about 1300 ft. I t  was measured in a dc Wheatstone bridge
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F ig . 3-6 Diagram o f  the  Wheatstone
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shown in; f i g .  3 .6 . A c tu a l ly  no t G. and G2 were measured, but Gj and AG = Ĝ  -  G2>

By connecting one end o f  the nul 1-d e te c to r  leads d i r e c t l y  to  Ĝ  the in f luence

o f  thermometer leads was g re a t ly  reduced. For the measurement o f  G, and AG two
. AESI 6 decade Decaboxes were used (R^ and AR) w i th  an accuracy o f  1 p a r t  in  10

and maximum va lue  o f  111 111.0 ft. The zero s e t t in g  o f  the K e i th le y  150B \iM

nul 1-d e te c to r  was es tab l ished  by va ry ing  R. o r  AR u n t i l  commutation o f  the

b r idge  c u r re n t  showed the sm a l les t change. The amount o f  the change could

e a s i ly  be used to  increase the s e n s i t i v i t y  to  0.01 ft, which is  usefu l a t  tem

peratures above 4 K.

The reason f o r  measuring G. and AG instead o f  Ĝ  and G^ was the more d i r e c t

re la t io n s h ip  between AG and the temperature d i f fe re n c e  AT, which was the quan

t i t y  we had to  know in o rde r to  determine X. Suppose th a t  Ĝ  and G2 obey the

fo l lo w in g  s im p l i f i e d  temperature dependence:

T. = C .(G .) "Y i (3 .6)
i i i

w ith  i = 1 o r  2, y s 0.4 and C ;  70 a t  4 K (both were s low ly  va ry ing  fu n c t io n s

o f  tem pera tu re ) . This leads to :

3AT T2
T ag = " Y2 G^ (3-7a)

3AT t 2 ag + g2 ( i -

SC, , 2  C2 ”  =,

T2 1.5AG
5 Y2 G2 X G1 (3.7b)
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The fac to r 1.5 in (3 .7b) held fo r the resis tors in the temperature range from
1 to 10 K.

T(K) G, (ft) AG/G, <SG, (ft) SAG(ft)

1 32780 0.52 13 10
3 2831 0.21 0.45 0.14
5 946 0.13 0.17 0.03
7 438 0.07 0.12 0.01
9 244 0.03 0.12 0.006

Table 3-2 The necessary measuring accuracy o f  and AG allow ing an
e rro r o f  0.1 mK in  AT fo r  several temperatures.

Since AG/G, «  1; especia lly above 5 K (see table 3-2), AT was much more
sensitive  to measuring errors in AG, than to errors in G,. This means that -
in order to obtain the same p a rtia l e rro r in AT - only AG has to be measured
very accurately, whereas fo r G, an accuracy, often a facto r o f 10 less, is
already s u ff ic ie n t (table 3-2). I f  G, and were measured instead, both had to
be measured as accurately as now only was necessary fo r AG. A second advantage
o f the chosen procedure is that AG was not so sensitive to bath temperature
fluc tua tion s , which made i t  easier to measure and increased the accuracy.

Even a t the highest temperatures the scattering o f the measuring points
in the A(H)-curves below H and above H , which should be s tra igh t horizontal

C1 c2
lines , did not exceed 0.3 per cent. Therefore we considered th is  value as the
maximum re la tive  e rro r o f the measurements at any temperature.

T i l l  now we ignored the e rro r due to the uncertainty in the facto r L/A
o f eq. (3 .1 ), which is a systematic one, independent o f temperature or magnetic
f ie ld  and therefore only important, i f  we want to compare the absol ute data o f di f -
ferent samples w ith  each other. We estimated th is  e rro r to be less than 1 per cent.
Quite o ften , however, only re la tive  data, lik e  As/An, are compared, in which
case the e rro r in L/A is irre le va n t. The other systematic errors we did not
account fo r  t i l l  now, are the uncertainty o f the thermometer ca lib ra tion  and
magneto-resistance correction , which ce rta in ly  are temperature dependent. These
w i l l  be discussed in the fo llow ing section.



§3-3 The Thermometer C a lib ra t io n . The In f lu e n c e  o f  a M agnetic F ie ld

3.3.1 P re lim in a ry  Remarks. The c ru c ia l  q u a n t i ty  to  be determined in  our

experiment was the change in temperature corresponding to  the measured change

in res is tance  o f  G. o r  G„, ra th e r  than the abso lu te  temperature i t s e l f .  There

fo re  i t  was the s lope o f  the c a l ib r a t io n  curve ( log  R versus log T, because o f

the semi-conductor p ro p e r t ie s  o f  the thermometers), which we wanted to  know as

a fu n c t io n  o f  temperature o r  re s is tance .

Let AT. .  and AG, „  be the changes in temperature and res is tance  o f  G. and
1 y Z I )  Z I

G_, caused by sw itch in g  on a c u r re n t  through heater . T h e ir  r e la t io n s h ip

f o 11ows f  rom

AT. = S .(T . /G .)A G . (3.8a)
1 1 1  1 1

S. = -d  log T . /d  log G. ( 3 -8b)

i = 1 o r  2. A m is c a l ib ra t io n  6S. would cause an e r r o r  in AT. o f
1 1

. 5 (AT.) « (AT./S j)SS. (3-9)

S ince, owing to  our experimental procedure, AT. > 30AT», i t  is  c le a r  th a t  Ĝ

would have to  be c a l ib ra te d  w i th  much h igher p re c is io n  than G..

A se r ious  d i f f i c u l t y  encountered w i th  the c a l i b r a t io n  o f  germanium th e r 

mometers in the temperature region between l i q u id  helium and hydrogen was,

as can be seen from f i g .  3 -7 . the i r r e g u l a r i t y  in the slope o f  the c a l ib r a t io n

F ig . 3• 7 R esistance o f  the germanium

thermometers versus tem

p e ra tu re . O , c ^ A  T Gg.

^9

3 4 5 e 10 k 15 20



curves in  th a t  reg ion . Because such a phenomenon had never been observed w ith

carbon r e s is to r s ,  we decided to  use an A1len-Brad ley re s i s to r  as a standard in

th i s  temperature range. A c tu a l ly  we d id  the c a l ib r a t io n  two times w i th  two

d i f f e r e n t  A-B re s is to r s  o f  the same type (0.1 W, 100 Si). They w i l l  be re fe r re d

to as AB| and AB j j .

3 .3 .2  The C a lib ra t io n  Procedure. The three thermometers G^, G£, and ABj

o r  A B .j were sealed w i th  GE 7031 va rn ish  in to  th ree  holes in  a copper b lock

which was, in tu rn ,  connected w i th  copper f o i l  to  the thermal anchor. The w ir in g

cons is ted  o f  0.1 mm manganin w ires  o f  equal leng ths . They were the rm a l ly  an

chored in  the copper f o i l .  G. and the carbon r e s is to r  were measured in the dc

Wheatstone b r idge  shown in f i g .  3*6, G^ in the ac b r idge  o f  the temperature

s t a b i l i z e r  ( f i g .  3*5)> which on th i s  occasion d id  not fu n c t io n  as such. Below

4.3  K and above 14 K the vacuum can was f i l l e d  w i th  He exchange gas. In the

in te rm ed ia te  region the can was evacuated, and the temperature ad justed  by means

o f  a constan t c u r re n t  through the heater H„. The c ry o s ta t  was kept a t  l i q u id

n i t ro g e n  temperatures between the c a l ib r a t io n  days to  be sure o f  the rep roduc i

b i l i t y  o f  the carbon r e s is to r .

The temperatures below 4.3  K were deduced from the 1958 He^ temperature

sca le  ) and those in the l i q u i d  hydrogen region from the In te rn a t io n a l  P ra c t ic a l
Q

Temperature Scale o f  1968 . In o rde r  to  deduce the s lope S, we alvyays took

f i v e  c a l ib r a t io n  po in ts  in a small temperature range and adapted a s t r a ig h t  l in e

to  the ( log  R, log T) data by means o f  a le a s t  squares procedure. I t  is  w e l l -

known th a t  the r e p r o d u c ib i l i t y  o f  germanium thermometers is  very good, much

b e t te r  than th a t  o f  carbon thermometers; a c t u a l l y ,  t h i s  was the reason why we

p re fe r re d  to  use germanium thermometers. There fore  i t  was not so s u rp r is in g

th a t  a lso  the s lope reproduced a t  le a s t  w i t h in  the measuring accuracy.

3 .3 .3  E la b o ra tio n  o f  the Carbon Thermometer Data. The c a l ib r a t io n  data o f

the carbon re s is to r s  was e labora ted  using two q u i te  d i f f e r e n t  methods. Never

the less  the re s u l ts  turned ou t  to  be in very good mutual agreement, both f o r  the

log R(log T) curve and f o r  the s lope , which in th i s  sec t ion  stands f o r

-d  log R/d log T.

As f o r  the f i r s t  method we s ta r te d  from formulae a v a i la b le  in the

l i t e r a t u r e .  In t h e i r  o r i g in a l  paper Clement and Quinne il  suggested a three

parameter formula ^ ) :

in  R + K / ln  R = A + B/T (3.10a)
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which can be w r it ten  as

(Jti R)/T = a ( in R)2 + b in R + c (3-1 Ob)

The coeff ic ien ts  could be determined from a least squares f i t  to the ca l ib ra t ion

data. The authors claimed a precision of ± 0.5 per cent in T in the range from

2 K to 20 K.
A second empirical re la t io n  has been proposed by Zimmerman and Hoare ):

( ' °9 . .- ) ^ *  a(log  R)2 + b log R + c (3.11)

where a, b, and c are again adaptable parameters. The precision claimed by these

authors was of the same order o f magnitude, which is surprising because of the

d i f fe re n t  powers in the l e f t  hand members o f the formulae (3.10b) and (3 .1 1 ) .

Therefore, we thought that a four parameter formula o f the form:

(J-29 - R) a m a()og R)2 + b log R + c (3.12)

might give a better agreement, i f  a is properly chosen between 0.5 and 1.
We checked th is  idea on both ABj and A B ..,  but we w i l l  only describe here

in d e ta il  the results we obtained with ABj j . For each chosen value o f a the

parameters a, b, and c o f eq. (3-12) were adapted to the experimental data by

means of a least squares f i t  procedure. I t  turned out that the root mean square

of the 6T(6T = T -  T . ) was a sharply varying function of o , as can bemeas caic
seen from f ig .  3*8. There are two pronounced minima, one somewhat above a = 0.5

Fig. 3 .8  Root mean square o f  the

tem perature d e v ia tio n s  versus

the  param eter a o f  eq. (3 .1 2 ).

o Q4 tt as ae to 12

(Zimmerman's value), and one somewhere near a = 1 (Clement's va iue). For the

values a = 0.5 and a = 1 the root mean squares are o f the same order o f mag

nitude, which is the reason that both authors found almost the same accuracy

RMS(8T)
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This can be more c l e a r l y  i l l u s t r a t e d  in a graph of  6T versus the measured
temperature.  In f ig .  3-9 we show some of  the 6T values ca lcu la ted  in the helium

Fig. 3.9
D eviation  curves. (6T = T -  T . ) .- meas ca lc
O j  Clement'8 form ula (a. — 1);

,  Zimmerman's form ula (a = 0 .5 );
l~l . eq. (3 .12) (a — 0.552 and a -

1 .0 4 9 );% , sem i-em pirica l form ula,
eq. (3 .16 ).

0 T 5 10 15 20 K
I..I .Mill ^

and hydrogen regions for  a = 0.5 and 1 and for  a = 0.552 and 1.049, the values
a t  which the minima occur.  In the  l a t t e r  cases the points  in the helium region
have been omitted fo r  c l e a r i t y ,  6T here always being smaller  than 0.5 mK; the
poin ts  in the hydrogen region near ly coinc ide .  In the intermediate region we
only know the d i f fe rences  between ca lcu la t ed  temperatures .  The f a c t ,  tha t  for
a = 0.552 and 1.049 the devia t ions  in the helium and hydrogen regions are
n e g l i g ib le ,  and the f a c t  th a t  the mutual d i f fe rences  in the intermediate region
never exceed 4 mK, give us some support  for  the assumption th a t  the real
temperature is equal to the average of  the temperatures ca lcu la ted  from both
ex's within an accuracy of  ± 0.05 per cent .  The in te rpo la t io ns  in f i g .  3-9 are
based on t h i s  assumption. Moreover, the room and l iqu id  ni t rogen temperatures
derived from our formula a r e  in agreement with the experimental data within two
percent ,  whereas with eq. (3-10) or  (3.11) the devia t ions  are of  the order  of
20 per cent .

For AB| we obtained almost the same r e s u l t s ,  with minima a t  somewhat d i f 
f e r e n t  values of  a: a = 0.593 and a = 0.915*

In the second method our s t a r t i n g  point  was a s imp l i f ied  formula for  the
conduct ivi ty of  a semi-conductor ) ,  leading to the following re la t i on :

R ' 1 = CTy(T) exp(-E/kBT) (3.13)

in which C is a cons tan t ,  E the main energy gap of the c a r r i e r s  ( i t  appeared
to be 'v 5 k„T) , and y(T) a slowly varying funct ion of  T, remaining between 0

D
and 3* The value of  y(T) depends on the s c a t t e r i n g  mechanism of  the c a r r i e r s .

«=0552 v— y

«=05
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I t  increases to a constant  value a t  the lowest t emperatures ,  where impurity
s c a t t e r in g  dominates. We could a l so  wr i te :

In R = In C + y(T) x In T -  E/k„T
D

(3.14)

which yielded for  the de r iv a t i ve :

d 1 n R + y(T) + E/k„TT In Td In T (3-15)

A p lo t  o f  exper imental ly derived - d In R/d In T values versus T ' suggested
th a t  a good approximation for  d(y In T)/d In T between 2 and 20 K would be
A In T + S; A and B cons tan t s ,  y(T) varying from 1.1 to 0.75 for  T = 2 K to
20 K respec t iv e ly .  This led to a simple four parameter formula, which I should
l ike to ca l l  semi-empirical r a ther  than eqs.  (3 .10) ,  (3 .11) ,  and (3 .12) ,  v iz .

with a ,  b, c ,  and d adaptable  to the experimental da ta .
The ca lcu la ted  temperature in the intermediate temperature region coin

cided for  AB.| exac t ly  with those derived from eq. (3.12) with a = 1.049.
We concluded the re fo re ,  th a t  the c a l i b r a t i o n  of  the temperature in the region
between l iqu id  helium and hydrogen by means of  an A1len-Bradley carbon r e s i s t o r
was r e l i a b l e  with an accuracy of  a t  l e a s t  0.05 per cent ,and,  what was even more
important ,  the same was t rue  for  the logar ithmic slope.

3 .3 .4  Elaboration o f  the Germanium Thermometer Calibrations. The i n t e r 
po la t ion d i f f i c u l t y  in the intermedia te  temperature range (between l iqu id  He**
and l iqu id  H ) ,  as mentioned in sec t ion  3.3.1» is  very c le a r l y  i l l u s t r a t e d  in
f ig .  3.10,  where S. = - (d  log T/d log G). was p lo t te d  aga ins t  the r e s i s t an ce  for
both thermometers. The horizontal  " e r r o r  bars"  represen t  the r e s i s ta n ce  regions
in which the f iv e  c a l i b r a t i o n  points  had been taken in order  to deduce the
slope .  In the l iqu id  H. region and in the He** region above 2 K there  were no
spec ia l  problems. One can see th a t  the slope reproduced wi th in  the measuring
accuracy for  the several  c a l i b r a t i o n  runs we made over two years .  The i n t e r 
mediate region could be handled with the help of  the r e s u l t s  d iscussed above.

Belów2 K the measuring accuracy becomes the worse the lower the temperature.
Therefore we f i r s t  made a double- logari thmic graph of  re s i s ta nc e  aga ins t  tem
pera ture  and deduced the slope g ra ph ic a l ly .  In f i g .  3.10 the points  with

In R = a ( ln  T)^ + b In T + c/T + d (3.16)
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Fig. 3.10 Slopes o f  c a lib ra tio n  curves ( f i g .  3.7)  o f  the germanium
thermometers versus re s is ta n c e .

v e r t ic a l  e r r o r  bars were derived by th i s  method. A ser ious  ob jec t ion  aga ins t
th i s  procedure is the u nce r ta in ty  in the e x trap o la t io n  from 1.2 K to  1 K.
Therefore we s ta r t e d  from the semi-empirical formula eq. (3 .14) .  At these low
temperatures y(T) w il l  be a co ns tan t ,  which means th a t  in eq. (3*16) the para
meter a is  equal to  zero . So a l e a s t  squares f i t  o f  eq. (3.16) to the c a l ib r a 
tion  data below 2 K was c a r r ie d  out with a = 0. The r e s u l t  was very promising:
a i l  the dev ia t ions  between ca lcu la ted  and measured temperatures were smaller
than 0.5 mK. The curves in f i g .  3.10 below 2 K were derived in th is  way.

In the region above 2 K the drawn curves were obtained from le a s t  squares
12 *

f i t s  o f  orthogonal polynomials ) to the c a l ib r a t io n  data  ) .  In the l iqu id
helium region good agreement was obtained by means of  a f i f t h  degree polynomial,
a t  the higher temperatures a seventh degree polynomial was necessary.

A fter  reading a s u f f i c i e n t  number of  po in ts  from f ig .  3*10 we made a

) I would l ik e  to thank the thermometry group o f  the Kamerlingh Onnes
Laboratory fo r  pu tt ing  t h e i r  computer program a t  my d isp o sa l .

x
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polynom ial f i t , i n  o rd e r to  o b ta in  the  c o e f f ic ie n ts  o f  the s e r ie s  expansion:

V  ( j  [n  £> i “  e13 C . . { ln (G . /1 0 0 ) } j  (3 .17 )
j  =0 J

( i  = 1,2) which agreed w ith  the  curves o f  f i g .  3*10 w ith in  0.15 p e rce n t. Eq.

(3*17) cou ld  be e a s ily  in te g ra te d , y ie ld in g  the tem perature be long ing  to  a

c e r ta in  measured re s is ta n c e . The constants  o f  in te g ra t io n  were determ ined by

measuring G. and G„ in  the absence o f  heat f lu x  through the  sample.

3 .3 .5  Magneto-Resistance. For the experim ents c a rr ie d  o u t in  a magnetic

f ie ld  the re s is ta n ce  o f  the  germanium thermometers had to  be co rre c te d  fo r  a

p o s it iv e  m agne to -res is tance , which tu rned o u t to  be dependent o n -th e  o r ie n ta 

t io n  o f  the f i e l d .  For the  f i e ld  s tre n g th s  we had to  deal w ith  (low e r than 6

kOe) the increase in  re s is ta n ce  depended q u a d ra t ic a lly  on the  f i e l d ,  which was

a lso  found by severa l o th e r  au tho rs  ) .  In  a d d it io n , a s trong  tem perature

dependence was measured.

The re s u lts  fo r  G. a re  shown in  f i g .  3.11 in  a d o u b le - lo g a r ith m ic  p lo t

F ig . 3.11 Magneto-resistance o f

versus temperature. Open

dots j  H black dots, H

1 T 2 3 4 5 8 10 K 15
a g a in s t the tem pera ture . As is  c le a r  from  the  f ig u re ,  the m agneto-res is tances

in  Wu and HA were no t e q u a l, which cou ld  be expected because the thermometers

were c u t from m o n o -c rys ta ls . Theory, even i f  based on a s im p li f ie d  sem i-conductor

model, d id  no t p ro v id e  a s im p le  re la t io n  between m agneto -res is tance  and
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temperature or resistance. Therefore we tr ie d  to adapt several ad-hoc formulae
to the experimental data, unfortunately not successfully. F ina lly  we chose a
polynomial adaptation o f the form:

G.(H) -  G.(0)
In {------------ =---------- } -  t '  b . . (In T)J (3.18)

H j-0  J

(I “  1,2) which yielded an agreement w ith the curves better than 0.5 per cent.
The maximum accuracy we needed to keep the inaccuracy in AT below a certa in

l im it  could be calculated from the maximum f ie ld  required a t a given temperature
and the re la tion  between {T(H) - T (0)}/H2 and T(0); T(H) is the temperature
corresponding to R(H), w ithout correction . I t  is shown, fo r a precision better
than one per cent by the shaded area in f ig .  3.12. From the scattering o f the

K 10 0 K 10

Fig. 3.12
Area o f  one per cent
accuracy in  AT due to
possible errors in  the
magneto-resistance c a li
b ra tion  o f  G^. (a), H.,;
(b ), Hx .

experimental data we concluded that the e rro r in X(H), due to the magneto
resistance, always was smaller than 0.5 percent.

One problem remained: the dependence o f the magneto-resistance on the
orien ta tion  angle 0 o f the iron magnet. I t  was a small e ffe c t and very d i f f i 
c u lt  to measure, but s t i l l  there could be made a correction fo r i t .  We started

2
from the assumption that the dependence on 0 would be proportional to cos 0,
leading to

6MR.(0) = pjcos2(0 - $.) (3.19)

where y and <j> are constants, depending on the spec ific  properties o f each
thermometer. I f  no correction would be applied, th is  would give rise  to an
e rro r in the thermal conductiv ity o f the form:

6X(0,H) H2{s in  2(0 -  0fl) -  sin 2(0MR - 0Q)}  (3-20)

where 0UD is the o rien ta tion  angle o f the magnet at which the o rig ina l deter-
MK

mination o f the magneto-resistance was carried out; 0g is defined in f ig .  3.13.
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K.cm,

o e

Fig.  3-13 Thermal co n d u c tiv ity  va r ia tio n
w e ll above H versus o rien ta tio n

°2
angle o f  iron  magnet due to  orien
ta tio n  dependency o f  magneto
re s is ta n c e . Broken lin e ,  true
value; O  ,  experiment; drawn lin e ,
b e s t f i t  o f  eq. (3.20) to  experi
mental data.

Fig.  3-13 shows an exper iment  c a r r i e d  ou t  wel 1 above H , where the  o r i e n t a t i o n
. ^2

o f  the magnet could not  in f  iuence the  thermal condu c t iv i  t y . The broken h o r i z o n t a l  1 ine

corresponds  to  0 = 0 ,̂ so t h i s  was the  t r u e  c o n d u c t i v i ty  o f  the  sample.  The

drawn l i n e  fol lows from eq.  (3 .2 0 ) ,  in very good agreement  wi th  the  exper imen

ta l  da ta .  The p r o p o r t i o n a l i t y  c o n s ta n t  in eq.  (3*20) could be ob ta in ed  from the
f i g u r e ,  and enabled us to determine the  t r u e  thermal c o n d u c t i v i t y  f o r  a i l
o r i e n t a t i o n s  and a l l  magnitudes o f  the  magnet ic f i e l d .
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C H A P T E R  4

EXPERIM ENTS IN THE PURELY SUPERCONDUCTING
AND NORMAL STATE

§4.1 D escrip tion  o f  the Samples

The meta l lu rgical  cha rac t e r  o f  the niobium samples on which we car r i ed
out  our thermal conduct ivi ty measurements was, o r  wi l l  be, discussed in some
papers by Van der Klein e t  a l .  1,2>3) .  We wi l l  s ho r t ly  review the most impor

tan t  fea ture s .
Two of tihe samples were prepared from a rod of  h igh -pur i ty  niobium ob

tained from Semi Elements Inc. The mater ial  was cold ro l led  in to  fo i l  o f  0.15
urn thickness .  The three  o the r  samples were cut  from a niobium fo i l  ( thickness
0.20 mm) of  t r i p l e  zone ref ined material  (Marz grade) obtained from Mater ia ls
Research Corp. They were annealed during one hour in a vacuum b e t t e r  than
10-7 torr> one a t  iifoo ° c ,  the o thers  a t  1600 °C, re fe r r ed  to r espec t ive ly  as
p , p ( the SE I samples),  and N-0 ( the MRC samples).  From one of  the

1h00 1600
samples N-0 the sur face layer  was chemically removed, a f t e r  which i t  was heat
t r ea ted  for  one minute in an oxygen atmosphere a t  400 C. This sur face  ox ida
t ion g rea t ly  removes the e f f e c t  of  pinning of  f lux  vo r t i c e s  a t  the sample
sur face  (see sec t ion  6 .1 ) .  I t  wil l  be f u r th e r  denoted by NO-0. The th i r d  sample
N“0 was i r r a d ia te d  a t  about 60 °C with a dose of  3*6 x 10 f a s t  neutrons per

cm2 ; i t  wi ll  be re fe r r ed  to as N-319-
The chemical pur i ty  of  the samples did not d i f f e r  very much, tantalum being

the la rge s t  amount of  impurity (about 200 ppm). The defec t  s t r u c t u r e s  of  Pj ^qq»
N-0, and NO-O were almost the same. The gra in  s i z e  was determined from l i g h t
microscopy, the d i s lo ca t io n  densi ty  from e lec t ron  microscopy (see ta b le  4 . 1 ) .
For P , the qrain s i z e  was about 4 times smalle r ,  the d i s lo c a t i o n  dens i ty

1400 * 3
about 10 times la rger  than for  the o th er  samples.

|1

The influence of  neutron i r r a d i a t i o n  was discussed by Elen e t  a l . ) .
I n t e r s t i t i a l s  a re  c rea ted  which c l u s t e r  toge ther in order  to minimize the de
formation energy. They form d is lo ca t i on  loops which can c l e a r ly  be seen on e lec
tron microscope p i c tu r e s  Their  average s i z e  In N-319 is about 100 8 ,  t h e i r
spacing about 350 8.  Another r e s u l t  of  the i r r a d i a t i o n  is  the t rapping of
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Table 4.1

Sample Grain s i z e  ^ l o c a t i o n  P300 T (K)
(pm) d e n s i t y  2 c

Pl400

P1600
N-O.NO-O

N-319

90 6 X 0
0
0

0

1 ho 15.6 9.14
350 < 5 X 0 O

l N> 24.3 9.12
400 < 4 X 107 cm"2 21.1 9.12
400 *)1 X 10l6cm-3 16.2 9.17

*) C l u s t e r  d e n s i t y .

i n t e r s t i t i a l s  by the  o r i g i n a l  d i s l o c a t i o n s  and g r a in  boundar i e s .  Moreover,  the
20 2background thermal neut ron  f l u x  o f  1 . 4 x 1 0  neut rons/cm is  r e s p o n s i b le  f o r

the  c r e a t i o n  o f  a l a rg e  amount o f  po in t  d e f e c t s  wi th  d e v i a t i n g  n uc le a r  masses .

The s p e c i f i c  r e s i s t a n c e s  a t  room and l i q u i d  hel ium tempera tu res  were

measured.  This  y i e l d e d  the  r e s i s t a n c e  r a t i o s  shown in t a b l e  4 . 1 .  From the

r e s i s t a n c e  measurements we could determine Tc wi th  an accuracy o f  a t  l e a s t
5 mK, which means t h a t  the  v a r i a t i o n s  o f  T a r e  no t  due to  the  measuring

inaccuracy.

§4.2 Thermal C onductivity  in  the Normal S ta te

The thermal c o n d u c t i v i t y  as a f un c t i o n  o f  t empera tu re  in ze ro  magnetic

f i e l d  and f i e l d s  well  above Hc o f  the  samples P ^ qq> p -|600’ anc*
and N-319 a r e  shown in the  f i g s .  4 . 1 a ,  b,  c ,  and d. The da ta  o f  NO-O co in c id e

wi th  t h a t  measured f o r  N-0, as one should expect  because the  bulk p r o p e r t i e s

remained unchanged a f t e r  the  s u r f a c e  o x i d a t i o n .
The lower t empera tu re  measurements on N-319 had to  be c o r r e c te d  fo r  a

secondary h ea t in g  p rocess  due to  g - r a d i o a c t i v i t y  o f  the sample,  caused by the
1 82neut ron  i r r a d i a t i o n .  The predominant  c o n t r i b u t i o n  came from Ta , but  a l s o  the

e f f e c t s  o f  Nb3** and Nb33 were n o n - n e g l i g i b l e .  I t  fo l lows from y - ra y  s p e c t r o -

scopy ) t h a t  the  r a d i o a c t i v i t y  o f  the  th r e e  i so topes  was 3° ,  2 . 7 ,  and 1.4 pC
r e s p e c t i v e l y .  Thi s  g ive s  r i s e  to  a c a l c u l a t e d  g -h ea t in g  o f  0 .7  e r g / s ,  which

can account  f o r  90 per  c e n t o f  the  secondary he a t ing  we could d e t e c t  in the
thermal c o n d u c t i v i t y  dev ice  by measur ing the  t empera tu re  d i f f e r e n c e  wi th zero

JL t

) We want to  thank Dr. L. Niessen f o r  c a r ry in g  o u t  t h i s  exper imen t .
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2 5 0

8 K 10O T 2

mW
K.cm

8 K 100  T 2

Ü T 2

8 K 10O T 2

Fig. 4.1 Thermal conductivity o f  ^ 4 0 0  (a ?2600 ^~^ anĈ  ^ ~ ^
and N-139 (d) in  the normal s ta te , A  ■> superconducting sta te

U at zero f ie ld , O . Also shown is  the electronic thermal conduc
t iv i ty  in  the superconducting sta te .
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cu rren t  in hea te r  H. ( f ig .  3 .1 ) .  The o th e r  10 per cent can be accounted fo r  by
d i r e c t  heating due to absorption o f  y -rays  in the capsules of the thermometers

Below 0.5 Tc the thermal conductiv i ty  in the normal s t a t e ,  Xn , decreases
l in e a r ly  with decreasing temperature ind ica ting  th a t  the main con tr ibu tion  to
An comes from the e le c t ro n s ,  and th a t  the defec t  s c a t te r in g  is  the source of
thermal r e s is ta n c e  (see sec tion  2 .2 ) .  Above 0.5 T the electron-phonon in t e r 
ac t io n  becomes more and more important, re su l t in g  in to  a s l ig h t  decrease from
the l in e a r  behaviour.

From a p lo t  o f  T/An versus T3 one can determine the constan ts  a and b of
eq. (2 .18):  T/An = a + bT3 . In f i g .  k.2  we show th i s  p lo t  fo r  a l l  the samples.

Fig. k.2 P lo t o f  T / \n versus T . A s tr a ig h t-
lin e  f i t  determ ines the c o e ff ic ie n ts
a and b in  ( \ n) 2 -  a l  2 <+ bT^.e

0  ~ T3 . 500 K3 1000

The s t r a ig h t  t in e s  in the f ig u re  were determined by means of  a l e a s t  squares
f i t .  The values o f  a and b obtained in th i s  way are  co l lec ted  in tab le  k. 2,
toge ther  with the residual r e s i s t i v i t y  p« of the samples. From the values of
p0a‘ 1i ” 1 ( i Q -  2.45 x 1 0 '8V2/K2 , the Lorenz number) we see th a t  the Wiedemann-

Franz law is  f a i r l y  well obeyed.
One can determine the mean f re e  path of  the e le c t ro n s ,  &e> (a t  le a s t

below 0.5 T , but above th i s  temperature i t  wi l l  not be very much d i f f e re n t )
from eq. (2 .6 ) :  p” 1 =4 e2VpJleN (0). We su b s t i tu te d  vp = 3 x 10^ cm/s ) and
N(0) = 5 .6  x 103i* s t a t e s  cm'^erg-1 ®). For a l l  the samples l  turns out to be

P 1400

N-319

N-0 en NO-O

P 1600
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Table 4.2

po a b b 1 - 1 - 1 ae
Sample

(liflcm)

aO
l1

(10"3cmK~1w"1) (10’ 3cmK“ 1w"1) p0a L0 (8)

P1400 1.08 46.6 3-78 4.10 0.95 305

P1600 0.68 27-5 1.34 1.50 1.01 520

N-0,NO-O 0.74 30.2 1.43 1.71 1.00 470

N-319 0.95 37-A 1.20 1.39 1.04 380

o f  the same o rde r o f  magnitude as the coherence length  = 430 8 ) .  I t  may

be noted th a t  the i r r a d ia t i o n  damage does not a f f e c t  the mean f re e  path o f  the

e le c tro n s  very much, annealing c le a r ly  has more e f f e c t .  We may conclude, then,

th a t  the extended de fec ts  l i k e  l in e  d is lo c a t io n s  and g ra in  boundaries s c a t te r

the e le c tro n s  much more e f f e c t i v e l y  than the small c lu s te rs  o f  i n t e r s t i t i a l s

and o th e r  p o in t  de fec ts .

§4.3 Separation o f  the Phonon and Electron Contribution

In t h i s  sec t ion  we descr ibe  a separa t ion  procedure f o r  the phonon and

e le c t ro n  c o n t r ib u t io n s  to  the thermal c o n d u c t i v i t y  both in  the superconducting

and in the normal s ta te s .  The d iscuss ion  w i l l  be c a r r ie d  ou t  f o r  N-0 and NO-O

f i r s t ,  a f t e r  which i t  w i l l  be extended to  P ^ qq and P ^ qq- The sample N-319

w i l l  be t re a te d  sepa ra te ly  a t  the end o f  th i s  se c t io n .

In f ig .  4 .3  we p lo tted  the ra t io  o f the co n d u c tiv itie s , in the superconduc

ting  and normal s ta tes , As/A , versus the reduced temperature T /Tc fo r the

samples N-0 and NO-O. Fig. 4 .4  shows a d e ta il o f the same curve near T , the
open dots and trian g les  represent the experimental data.

We f i r s t  assumed th a t  near T the thermal c o n d u c t iv i t y  is  m a in ly  e le c t r o n ic ,c s n
both in  the normal and superconducting s ta te s ,  so th a t  X /X = A /A . In th a t

case we can compare the experimental re s u l ts  w i th  the th e o r ie s  presented in

sec t ion  2 .4 .  BRT derived an expression f o r  X ^ / A ^ j ,  th a t  i s ,  the e f f e c t  o f

e l a s t i c  s c a t te r in g  by l a t t i c e  d e fe c ts .  Tewordt ca lc u la te d  A ./A^ , the in f lu e nce

o f  e lectron-phonon s c a t te r in g .

We can e a s i ly  demonstrate th a t  the l a t t e r  c o n t r ib u t io n  is  small as com

pared w i th  the f i r s t  one, even c lose  to  T . S ta r t in g  from
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O T/Tc 0 .5

F ig.  A.3 Ratio o f  the superconducting
and normal sta te  thermal
conductivity versus reduced
temperature,  O  , experimen
ta l data o f  N-0 and NO-O
respectively; lower curve,
electronic part owing to
eq. (4.1) with 5(0)/kJT  -n D C
1.90.

T/TcO.7 0 .8  0 .9  1.0

Fig.  A.A Detail o f  f ig . 4.3. Upper
curve, eq. (4.1) with
A (0)/kJTa = 1.90; lower
curve, eq. (4.1) with
t ( 0 ) / k £ a =1.95.  9 ,  A :
rx8  -  x8 ; / a w -  x” ; .

r r

- « W i » ’’ + (fTew^p)"1>-1
wi th

f qDT = Xs , /X n ,  and x" = T/aBRT ed ed ed

f T = Xs /Xn and Xn = (bT2) ' 1Tew ep ep ep

we a r r i v e  a t

^ _____________ !iRT___________  (A. r)

Xe 1 + Xe bT2(fBRT/ f Tew ’

The c o r r e c t i o n  to  the  BRT theory  f o r . o u r  samples i s  a t  most 0.6 per  cen t  a t
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T/T^ = 0 .85, below T = 0 .6  Tc i t  becomes n e g l ig ib le .  Therefore we can, as a

f i r s t  s tep , neg lec t the e lectron-phonon in te ra c t io n  and es tim ate  the value o f

the parameter A j(0 )/kDT from a d i r e c t  comparison o f  the experiment w i th  the
D C

BRT theo ry . Th is y ie ld s  f o r  N-0 and NO-O the value 1.90, from which the upper

curve in f i g .  4 .4  and the lower one in f i g .  4.3 were ca lc u la te d  by means o f

eq. ( 4 .1 ) .  There is  a good agreement f o r  T/T > 0.78. At the lower temperatures,

however, the experimental data is  much h igher than the th e o re t ic a l  values o f

X /X . Th is  must be due to  the increas ing  phonon c o n d u c t iv i t y  in the supercon

duc ting  s ta t e ,  X , w i th  decreasing temperatures, as was discussed in sec t ion

2 .4 .2 .

S t i 11 assuming th a t  Xn = Xn we can c a lc u la te  Xs and then o b ta in  Xs =3 e e p
X -  X* from the experimental da ta . The open c i r c le s  in  f i g .  4 .5  represent

0.4 0.6 0.80  T/Tc

F ig . 4 .5  P lo t  o f  Xp/T^ versus T /T ^.

Q, u n co rrec ted  expe rim en ta l

d a ta ; # ,  c o rre c te d  da ta .

Lower curve ,  eq. (2 .3 6 ) w ith

A (0 )/k ^ T ^  -  1 .9 0 ; upper cu rve ,

eq. (2 .3 6 ) w ith  L (0 ) /k J T  =
D C

1.95. The va lue  a t  T = Ta
y ie ld s  the  cons tan t A in

\ n = AT2.
P

Xp/T , ob ta ined in th is  way, versus T/T^ on a s e m i- lo g a r i th m ic  sca le  ( f o r

N-0 o n ly ) .  I t  is  c le a r  th a t  the accuracy a t  the h igher temperatures must

become ra th e r  poor, s ince  here X is  the small d i f fe re n c e  o f  two la rge  terms.

This is  i l l u s t r a t e d  by the v e r t i c a l  e r r o r  ba rs , assuming an e r r o r  o f  0.5 per

cent in Xs and Xs .e
Under the p la u s ib le  assumption th a t  f o r  t h i s  ra th e r  pure sample the

s c a t te r in g  mechanism fo r  the phonons is  predominantly  phonon-e lectron i n t e r 

a c t io n  we may compare XS/T  w i th  eq. (2 .3 6 ) ,  in which the fu n c t io n  g (x ) has to
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be c a lc u la te d  fo r  the va lue A (0 ) /k BT = 1 .90 . The re s u lt  is  represented by the

lower curve o f  f i g .  4 .5 . In s p ite  o f  the la rg e  inaccuracy in  the experim enta l

p o in ts  a c le a r  d iscrepancy is  observed a t the h ig h e r tem peratures. Th is  must be

due to  the n e g le c t o f  the phonon c o n d u c t iv ity  in  the  normal s ta te ,  which must

obey X° =

T/T = 1 we o b ta in  Ac

(see se c tio n  2 .2 .2 ) .  From the va lue  o f  the th e o re tic a l curve a t

0.024 mWK~3cm” T h is  leads to  a c o rre c tio n  in  i  a t
e

the  h ig h e s t tem peratures o f  about 1 per cent and to  a small m o d if ic a tio n  o f  the

va lues a and b o f  ta b le  4 .2 . The d if fe re n c e  in  "a "  proves to  be n e g l ig ib le ,  but

the change in  b can amount to  up to  20 per c e n t. The new values ( fo r  a l l  our

samples) have been c o lle c te d  in  ta b le  4 .2  as b 1.

A t the h ig h e r tem peratures we now can re c a lc u la te  xS from eq. (2 .36) and
. s s s P

determ ine X *  X -  X as w e ll .  I f  now the va lues ob ta ined  in  th is  way fo r
s n P

A /A e c o in c id e  w ith  the curve o f  eq. (4 .1 ) w ith  a newly adapted va lue  o f

M 0 )/k g T  we may conclude th a t our i te r a t io n  process is  c o r re c t.  The co rre c te d

values o f  X /X  are represented by the b lack  do ts and t r ia n g le s  in  f i g .  4 .4

and the curve through these p o in ts  is  g iven by eq. (4 .1 ) w ith  A (0 ) /k nT = 1 .95 .
B c

The agreement is  very good both fo r  N-0 and NO-O.

I t  tu rn s  o u t,  moreover, th a t i f  the whole procedure is  repeated fo r  the

samples P-j^gg and the  re s u lt  is  e q u a lly  good and the  same va lue  fo r

A (0 )/kg T c is  found. We b e lie v e  th a t th is  re s u lt  j u s t i f i e s  our sepa ra tion

procedure.

The e le c tro n ic  c o n tr ib u t io n  in  the superconducting s ta te ,  de rived  in  th is

way, is  shown fo r  each o f  the samples in  the f ig s .  4.1 to o , the  phonon c o n t r i 

b u tio n  has been p lo t te d  versus T in  the f ig s .  4 .7 * The va lue  o f  the cons tan t A

in  A = AT does not change very  much b y .th e  i te r a t io n  procedure in  s p ite  o f
P c

the fa c t  th a t the A values have been increased , as can be seen from f i g .  4 .5

(b la ck  d o ts ) . The th e o re t ic a l cu rve , however, a lso  changes because o f  the  new

va lue  A (0 )/kg T c (th e  upper curve in  the  f ig u r e ) ,  and the va lue  o f  A n e a rly

remains co n s ta n t. The f in a l  re s u lts  a re c o lle c te d  in  ta b le  4.3<

A check on the r e l i a b i l i t y  o f  the  va lue o f  A can be ob ta ined  by co n s id e rin g

the  product o f  A and b ‘ . On the one hand the r a t io  o f  x n and x n can be w r it te n
10 pe ep

as ) :  n
_££ .  _ m _  (-L ) ' (4 2)
x" T57* V 11ep a

where n is  the  e f fe c t iv e  number o f  conduction  e le c tro n s  per atom. On thea
o th e r hand we have
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= Ab'T^
xnep

(4.3)

so t h a t  the product o f  A and b 1 should be a cons tant  for  a l l  the niobium sam
p les .  Table 4.3 shows th a t  th i s  requirement is reasonably well f u l f i l l e d  in
s p i t e  of  the f a c t  t h a t  the A value of  P. ^ qq is  a f a c to r  o f  two smaller  than
f o r ^ . ^ g g ,  N-0, and NO-O.

Table 4.3

A Ab1 n E
Sample

(mWK cm ) ( lO 'V S
3

( ioW 1)

P1400 0.012 4.7 1.1 3.2

P1600 0.025 00 1.3 1.5
N-0,NO-O 0.024 4.1 1 .2 1.6

N-319 *) 0.030 4.2 1.3

) See sec t ion  4.6.

Niobium has 5 conduction e le c t rons  per atom. Nevertheless the e f f e c t i v e
number of  conduction e le c t ro ns  ng may well be smal le r ,  because only the s-
e l ec t ron s  co nt r ibu te  to the conduct iv i ty .  In f a c t  we can now c a l c u l a t e  n from
the product Ab1 and the value of  6 . ,  which is 275 K for  niobium. The values for
the d i f f e r e n t  samples a re  given in t ab le  4.3*

For the i r r a d ia te d  sample i t  is  not poss ib le  to follow the same separa t ion
procedure as for  the o the r  samples. As is  c le a r l y  seen from f ig .  4 . Id and from
f ig .  4 .6 ,  the phonon conduct iv i ty  in the superconducting s t a t e  does not show a
very large  increase with f a l l i n g  temperature.  This suggests th a t  due to the
i r r a d i a t i o n  damage o the r  s c a t t e r i n g  mechanisms than the phonon-electron i n t e r 
ac t ion  must play an important p a r t .  Therefore we can not use eq. (2.36) in
order  to determine X .  For t h i s  reason we assumed th a t  for  N-319 the parameter
A(0)/k„T has the same value as for  the o ther  samples, 1.95* In th i s  way we

D C

ca lcu la ted  The X / X n  curve in f i g .  4 .6 ,  the Xg  curve in f ig .  4 . Id and the
X *  points  in f i g .  4.7d.  The experimental points  in f i g .  4.6 even a t  temperatures
near T^ l i e  s l i g h t l y  higher  than the th eo re t ic a l  curve,  ind ica t ing  th a t  no
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4.6 P lo t o f  \ 8/X n versus T/T fo ro
N-319. O j  experimental data;
lower curve, A^/Xn owing to

eq. (4 .1 ) w ith  b (0 )/kJT  = 1.95.
D  O

correction has yet been made for the phonon contribution.
In the following sections we w ill discuss the An and Xs behaviour in morep p 5

d e ta il, but we want to stress already now that the curve in f ig . 4.7d is a
theoretical f i t ,  which enables us to calculate An too. By subtracting i t  from
the normal state thermal conductivity data we obtained A n  and from that A s / A n .e e e
which coincided within the measuring accuracy with the theoretical curve in
fig . 4 .6 . This gave us the confidence that the assumption was right.

The value 1.95 we derived for A(0)/kgTc is in reasonable agreement with
the value 1.92 recently determined by Lea and Dobbs from the ir ultrasonic
attenuation measurements at low temperatures on a very pure niobium single

O

crystal (resistance ra tio  'v 5200). A careful analysis of Forgan and Gough )
of s im ilar measurements yields a value of 1.95 for T > 5 K. At lower temper
atures the ir measurements scale with a theoretical curve determined by an energy
gap A(0) = 1.55 k„T , close to the BCS value. The same e ffec t was found in

"  c g
ultrasonic absorption experiments on Nb by Carsey et a l.  ) and is not well
understood ) .

§4.4 Discussion o f  the Phonon C onductiv ity  in  the Normal State

The phonon conductivity in the normal state at temperatures well below
0p may be described by the relation (eq. (2 .19 )):

i^ t 3 4 x , x . \ -2
xn _ kBT r  dx x e <e ~ 1>

p 2TT*fi3v -*0 [B + DxT + ExT + Px t ’ ]s

wl th x = fiu/k-T. The denominator represents the sum of the inverse relaxation
times of the four most probable scattering mechanisms: grain boundaries,
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d is lo c a t io n s ,  e le c t r o n s ,  and point  de fec ts .  With v = 3 x 10"* cm/s the constan t
kg(2ir2fi3vs ) " 1 is  equal to 5-3 x lÔ nWK’ ^cm 1s 1. For the  sample P ^ g ,  P ^ g g .
and N-0 we can c a lc u l a t e  the magnitude of  E from the values of  A in t ab le  4.3
and from f° dx x3ex (ex -  1)” = 7 .2 .  The values for  the d i f f e r e n t  samples are

'  0

given in t ab l e  4.3 as wel l .
I t  is not c le a r  why the electron-phonon in t e r a c t i o n  is so much s t ronger

in P . ,„„  than in the o the r  samples. There wil l  be a co r re la t i o n  between the1400 r
e lec t ro n  and phonon mean f r e e  pa ths ,  as was suggested by Pippard ) ,  but his
formula can a t  most account for  a f ac to r  1.2.  Nevertheless we be l ieve  th a t

Q  . 1  _  1
2 x 10^K s is a good order of  magnitude for  the constan t  E, so t h a t  now we
can check whether the o th er  terms in the  denominator of  eq. (2.19) a re  important
with respec t  to the inverse phonon-electron re laxa t ion  time.

The grain boundary s c a t t e r i n g  re laxa t io n  time is given by an expression
derived by, Klemens ) :

—  -  B = 3 .10-2y2a 2v N (4.4)
t b s 9

12\ vwhere y is  the Grüneisenconstant  (y = 1.4 for  Nb ) ) ,  a is the  angle of  t i l t
of  the c ry s ta l  l a t t i c e s  separated  by the boundary ( c le ar ly  a < i r /4) , and N̂
is  the number of  grain boundaries c rossing a l in e  of  un i t  l ength.  N is  the

2 - 1  "  6 2 *1
la rg e s t  for  P ^ g g  (1-1 x 10 cm ) ,  but even then B is smaller  than 2 x 10 a s ,
which must be compared with Ex T = 8 x 10^Ts , and consequently can be neglected

m . k x x ”2above 1 K (x is the value of  x for  which x e (e “ 1) is  maximum, x = 3-83).m m
The same author  a l so  obtained an expression for  the sca t te rPng  by the

s t r a i n  f i e l d  of  a l in e  d i s lo ca t io n :

-  DxT -  33.10"3y2b2Ndw (4.5)

-8in which b is  the Burgers vec tor  (3.3 x 10 cm in Nb), and N̂  is  the number of
d is lo ca t io n  l ines per un i t  a r ea .  We obtain

D = 93.10"7N .k' V 1d

8 —2which, even for  P . , - -  (N, = 6 x 10 cm ] ,  given r i s e  to a ne g l i g ib le  term, both
with respect  to ExT and B.

For point  defec ts  with a concentra t ion n Klemens derived:
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4„4 3a n
Px T p c2 4S ui (4 . 6)

where is the volume per atom (1.8 x 10"2^cm^ for  Nb), and S is the s c a t t e r in g
amplitude of  the point  d e fec ts .  I t  cons is t s  o f  two cont r ibu t io ns :

2 /  2S.| = (AM/M) /1.2, due to the d i f fe re nce  in mass of  the impur i t ies ,

2 2 \  2S = 3y (AR/R) , due to the l a t t i c e  d i s t o r t i o n  by the impuri t i es .

R is the l a t t i c e  spacing.  We obtain:

P = 19.10^n S2k" 1*s" 1P

I f  we th ink of  Ta as the impurity atom, we have n = 2 x 10 , S2 = 0.075,
2 P i

and S, = 0.098 (here we assumed AR/R -v (R_ - R„ . ) /R „ , ) .  This y ie ld s  P =
éij  _ i  l a  Nb Nb

6.6 K s , which only gives r i s e  to a comparable form i f  T j  175 K.
The conclusion is th a t  in the normal s t a t e  and a t  the temperatures of  our

experiments,  the phonon-electron in te ra c t io n  is the only e f f e c t i v e  s c a t t e r in g
mechanism. The low lying curves in the f i g s .  4.7 show An as a funct ion of  T.

P Q

The mean f ree  path of  the phonons can be determined from i  = v /(ExT) 10 M.
p sI f  we i n s e r t  fo r  x the value a t  which the maximum in the phonon spectrum is

adopted (x = 1 .6 ) ,  we obta in  jl = 0.94 x 10 T  18 a T_1 ym (T in K).

§4.5 DÏBou88icn o f  the  Phonon C onductiv ity  in  the  Superconducting S ta te

In the superconducting s t a t e  a t  the lowest temperatures the s i t u a t i o n  is
qu i t e  d i f f e r e n t .  The average phonon energy is much smaller  than the energy gap
in the e l ec t ron  spectrum, so th a t  the phonon-electron s c a t t e r in g  p ro bab i l i ty
becomes very small .  BRT expressed th i s  by in se r t i ng  a f a c to r  g(x,T) in f ron t  of
the ExT term in eq. (2 .19) ,  giving r i s e  to:

kVv
2 32ir f r  v

X/ x ,«■x e (e -  1)
[B + DxT + g(x,T) ExT + PxV*]

where g(x,T) is a monotonously decreasing funct ion of  x; g(x ,T) is not much
smaller  than g(0,T) = 2(e^ -  1) , in which y = A(T)/k„T. In f ig .  4.8 g(0,T)E

D

and g(0,T)Ex T are  shown in a semi-logar ithmic p lo t  as funct ions of  temperature,
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Fig. k.7 Phonon thermal conductiv ity o f  p1400(a), Pi600(b^’ N~°
and N-319 (d). □  , experimental data o f  X®. Upper curves, X®,

theo re tica l f i t  o f  eq. (4. 7), drawn: d is loca tion  term, broken:
boundary term. Lower curves, x” .
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O T 2 4  K 6

w ith  the values E = 2 x 1(rK

Fig. 4.8 P lo t  o f  gfO^TjEx^T versus T (upper

curve ) j  and o f  g (0 ,T )E  versus T

(lom er c u rv e ), w ith
o -1  -1

E = 2.10 K 18 j

M /V o
T = 9 . 1 2  K.

Q

1. 95j  and

• A(0 )/kBTc 1.95» and T = 9.12 K inserted.
I t  c lea rly  i l lu s tra te s  that at some temperature the scattering by the electrons
must become so small that the largest o f the other scattering mechanisms takes
over and fu rthe r determines Xs . At th is  temperature the maximum in X  ̂ must

As an example we consider f ig .  4.7a o f The maximum occurs at
T 'v 2.5 K fo r which g(0)E = 2.95 x 10 K 's  ' (compare D 5.6 x 103K-1 s" 1) ,
and g(0)Ex T3 m 3.09 x 10^s (compare B 6 2 “ 12 x 10 a s ) .  Point defects can
s t i l l  be ignored. Klemens already noted that the value o f D is often underes
timated a fac to r o f 10 to 20 by his formula. On the other hand i t  seems reasona-

2
ble to put a 0.1, so that both the theoretica l values fo r D and B are roughly
a fac to r o f 100 too small.

Another way o f approach is to consider a grain boundary as an array of
pa ra lle l lin e  d is locations w ith  mutual distance d 'v b/a. Klemens derived 9) :

- 3 -  « 6.10-2y2(b2/d)N u
tB‘ 9

(4.8)

which turns out to be o f the same order o f magnitude as tp  .
Since we can not d is tingu ish  between D, B, and B1 on theoretica l grounds,

we tr ie d  two two-parameter f i t s  o f eq. (4.7) to the experimental data both w ith
E and D and w ith E and B. For the parameter E we substituted the value given in
table 4.3, fo r the other parameter we inserted the value determined from the
experimental curve at T = 1.50 K, where the g(x,T)ExT term can be neglected as
c le a rly  follows from f ig .  4.8. This did not give the best f i t  a t the higher
temperatures, but be tte r resu lts were readily obtained a t E values (denoted by
E^. in table 4.4) that only d if fe r  a few per cent from the e a r lie r  values. The
drawn curves in the f ig s . 4.7a, b, and c resulted from the D, E f i t ,  the broken
curves from the B, E f i t .  I t  is clear that the d is location  scattering term gives
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Table 4.4

F D B D/N D/Nd* f i t 9
Sample

u o V ’s '1) ( i o 6 k" V 1) (1 0 V 1) (10 cmK  ̂s ') ( l 0 ' Zcm2K-1 s " 1)

P . 3-1 5-. 5 30 5-0 0.92
1400

p 1.6 1.2 6.5 4.2 >2.4
1600

N-0 ,~NO-0 1.7 0.95 5.1 3-8 >2.4

N-319 1.4 17

by f a r  the bes t  agreement, which would mean th a t  the formulae (4.5) and (4.8)
underestimate the value of  D by a fa c to r  o f  about 1000. In add it ion  there  is a
ra th e r  good agreement between D/Ng of the d i f f e r e n t  samples, but a less  good
one between D/Nj, as one can see in ta b le  4 .4 .  Therefore i t  seems th a t  the
gra in  boundaries -  considered as an array  o f  p a ra l le l  l in e  d is lo c a t io n s  -  play
the most important p a r t  in the phonon thermal r e s i s t i v i t y  a t  low temperatures

in the superconducting s t a t e .

§4.6 The Phonon C onductivity in  the Irra d ia te d  Sample

In the sample N-319 the phonon conductiv i ty  in the superconducting s t a t e
is much sm aller than in the o the r  samples and, in a d d i t io n ,  i t  does not show a
very sharp increase with decreasing temperature, see f i g .  4 .7d . The e r ro r  bars
in th i s  f ig u re  correspond with an assumed e r ro r  of 0 .5 per cent in X and X . If
we suppose th a t  fo r  th i s  sample the r e la t io n  Ab1 -  4 .2  x 10 K w ill  hold too,
we ob ta in  A = 0.030 mWK~̂ cm 1 and from th a t  E -  1.26 x 10^K s (included in
ta b le  4 .3 ) .  With E s u b s t i tu te d  in eq. (4.7) and B, D, and P taken equal to  zero ,
X s  a t  T = 5.5 K would be a fa c to r  2 .5 too la rge . This must be due to  a large
point defec t  s c a t te r in g  term which suppresses the conductiv ity  a t  the higher
temperatures; I t  must o r ig in a te  from the c lu s te r s  of i n t e r s t i t i a l s  c rea ted  by
the f a s t  neutron i r r a d ia t io n ,  ra th e r  than the mass de fec ts  crea ted  by the
thermal neutrons, because the l a t t e r  only have a very small s c a t te r in g  ampli
tude. Klemens 10) pointed o u t ' t h a t ,  i f  the dimensions o f  a c l u s t e r  a re  small
as compared with the phonon wavelength (a few hundred angstrSms), the s c a t te r in g
p ro b a b i l i ty  is re inforced and va r ie s  as the square of  the number o f  d e fec ts  in
the c lu s t e r ,  but i t  s t i l l  has the same u dependence. Therefore:
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(4.9)
1 o 4T4 3a3 .,2.2 4

T * = P x T  = 7 3  nc l Ni S2u
P

where n ^  is  the concen tra t ion  o f  c lu s te rs  ( ;  101 a3 = 1.8 x 10’ ^ ) ,  and N. the
average number o f  i n t e r s t i t i a l s  per c lu s te r .

Suppose there  is  one i n t e r s t i t i a l  per q ions o f  the o r ig in a l  l a t t i c e .  The

average dimension o f  a c lu s te r  is  100 8, so th a t  the number o f  ions per c lu s te r

is  7 x 10 , and the number o f  i n t e r s t i t i a l s  per c lu s te r  is  N. = 7 x  103/q .  The r e la t i v e

change in  the l a t t i c e  spacing is  AR/R -v (q + I ) " 1' 3 , which g ives S2 *  6(q + 1)~2^ 3
The f i n a l  r e s u l t  i s :

P 9 .7  x 106

q2 (q *  D 2/3
K ' V 1 (4.10)

With q = 10 the term Px3T3 is a lready comparable w i th  E a t  T = 9 K, so th a t

p o in t  d e fe c t  s c a t te r in g  w i l l  c e r t a in l y  p lay  an important p a r t  in the supercon
duc t ing  s ta te .

D is lo c a t io n  s c a t te r in g  must be respons ib le  again f o r  the decrease o f  Xs
p

a t  low temperatures. U n fo r tu n a te ly ,  one can not o b ta in  D d i r e c t l y  from the ex

perimenta l curve a t  1.5 K, because p o in t  d e fec t  s c a t te r in g  can not y e t  be

neg lec ted . I t  tu rns  ou t th a t  the best f i t  over the whole temperature range is

ob ta ined f o r  D = 17 x 106k" 1s’ 1, E = 1.4 x  l O ^ l f ' s ” 1, and P = 8.1 x l o V ' ^ s " 1.

These values g ive  r i s e  to  the upper curve in f i g .  4 .7d . The value o f  P can be

obta ined by in s e r t in g  q = 6 in eq. (4 .1 0 ) ,  co rrespond ing ly  in a c lu s te r  there

should be one i n t e r s t i t i a l  per 6 ions o f  the l a t t i c e .

I t  is  not q u i te  c le a r  which phenomenon is  respons ib le  f o r  the increase in

D (compare N-0: D 2 1 x 10 K ' s  ' ) ,  Perhaps the trapped i n t e r s t i t i a l s  in the

g ra in  boundaries and l in e  d is lo c a t io n s  g ive  r i s e  to the increase o f  the s ca t

te r in g  amplitude o f  these d e fec ts .

The lower curve in  f i g .  4.7d represents An ca lc u la te d  by means o f  eq. (2.19)

w i th  the same values o f  D, E, and P s u b s t i tu te d .  I t  c o n t r ib u te s  less than 0.4

per cent to  X , which is  o f  the same o rde r  o f  magnitude as the measuring accuracy.
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C H A P T E R  5

THE FLUX DISTRIBUTION IN THE MIXED STATE

§5.1 Introduction

In this chapter we will discuss the magnetic behaviour of reversible and
Irreversible 1ow-k type-11 superconductors in the mixed state ') (see also
section 2.3). In irreversible type-ll superconductors the free movement of the
flux line lattice is counteracted by the interaction of the vortices with the
imperfections of the crystal lattice (pinning centres), causing a gradient in
the flux density 3B/3x. The critical state can be described by an equation in
which the driving force is in equilibrium with the pinning force.

An expression for the driving force F, per unit volume has been given by
2  “

Friedel et al. ), who derived, from thermodynamic considerations, the relation
between F. and 3B/3x in the one-dimensional case:

F = _ B /SB. -1 _3B
d "ÏÏïT '3H^ rev 3x (5.1a)

in which (3B/3H) = 1 + (sAirM/SH) can be derived from the slope of therev rev r „
reversible magnetization (Abrikosov) curve; B(x) is the local induction. A
more general expression was derived by Evetts et al. ^):

^d “ " x ^  x ftfr) (5.1b)

of which (5.1a) is a special case.
A much more complicated problem is the derivation of an adequate expres

sion for the pinning force per unit volume F . Because the mutual interaction
of the vortices is strong, resulting into a rather rigid vortex lattice (section
5.A), a statistical average has to be made up over all the interaction forces4
experienced by this rigid lattice ). This cooperative effect gives rise to a
less effective pinning than results from a linear superposition of the contri
butions of ail the effective pinning centres, such as the models of Goedemoed
et al. )̂ for point defects, and of Campbell et al. ) for line defects per
pendicular to the vortices. The problem was for the first time formulated in
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t h i s  general  way by F i e t z  and Webb ) and somewhat l a t e r  confirmed t h e o r e t i -
7 8c a l i y  f o r  some spe c ia l  cases  by Labusch ) and by Good and Kramer ) .

Equal i z ing  F,  and F we o b ta in  the  c r i t i c a l  s t a t e  equ a t ion  from which,
in pr inciples ,  one should be ab le  to  c a l c u l a t e  the  local  f lu x  d i s t r i b u t i o n  B ( x ) ,

and,  by means o f  i n t e g r a t i o n ,  the  i r r e v e r s i b l e  magne t i z a t ion  curve in in c re as i n g
and dec rea s ing  f i e l d s .  However, t h i s  can only be c a r r i e d  ou t  in p r a c t i c e  i f  t he

r e v e r s i b l e  r e l a t i o n  between B and H is  known. The approximat ion B = H, which is
Q

o f t e n  encountered in the l i t e r a t u r e  on c r i t i c a l  s t a t e  s t u d i e s  , i s  only j u s 

t i f i e d  f o r  h igh-x  type-1 I superconduc tor s  in f i e l d s  wel l  above H . The assump-
C1

t io n  is  c e r t a i n l y  not  c o r r e c t ,  however,  f o r  the  much more i n t e r e s t i n g  i n t r i n s i c

type-11 " superconduc to rs  niobium and vanadium, which have a low kappa,  k 'v 0 . 8 .

T h eor e t i ca l  ex pr e ss io ns  have on ly  been given in some l i m i t i n g  ca s e s .  E.H.
Brandt  '®) so lved the  Landau-Ginzburg equ a t ion s  nea r  T , but  i t  i s  e v i d e n t  from
a comparison wi th  experimental  r e s u l t s  t h a t  h i s  f i n a l  eq ua t io n  does not  d e s c r ib e

the  Abrikosov curve very well  a t  t empera tu res  below the  Landau-Ginzburg reg ion .

U. B r a n d t '  ) so lved the  Gorkov equ a t ion s  in th e  low tempera tu re  l i m i t  in f i e l d s
well  above , but  u n f o r t u n a te ly  h i s  r e s u l t  i s  only i m p l i c i t l y  given by an
equa t ion  which is  too compl icated f o r  the  numerical  c a l c u l a t i o n s .  We succeeded

to  f i nd  a ma themat ica l ly  simple ex pr es s io n  f o r  Br e v (H), which makes i t  p o s s i b l e

to  ca r ry  o u t  c a l c u l a t i o n s  o f  the  f t ux  d i s t r i b u t i o n  B(x) and the  i r r e v e r s i b l e

magne t i za t ion  cu rves  f o r  va r ious  c r i t i c a l  s t a t e  models.

In s e c t i o n  5.2 we w i l l  d i s c u ss  our  cho ice  f o r  the  B (H) r e l a t i o n  andrev
check i t s  v a l i d i t y  by comparing i t  w i th  exper imen tal  r e s u l t s .  In s e c t i o n  5*3
a d e r i v a t i o n  is  given o f  the  formulae f o r  the i r r e v e r s i b l e  magn e t i za t io n  cu rves

f o r  a general  c r i t i c a l  s t a t e  e q u a t io n .  In a d d i t i o n ,  we w i l l  d e s c r i b e  a method

to  determine the  parameter s  which occur  in the  theory  from the  experimental

cu rv e s .  F i n a l l y ,  in s e c t i o n  5 -^ .  a more d e t a i l e d  d i s c u s s io n  wi l l  be g iven o f

some c r i t i c a l  s t a t e  models.

§5.2 The R eversib le  M agnetization Model

In the  fol lowing  we wi l l  use the  reduced q u a n t i t i e s :

4irm = (AttM + H )/H
C1 c 2

(5.2a)

h ,  = (H -  H )/H (5.2b)a a C] C2
b -  B/H (5.2c)

c2
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(5.2d)

(5.2e)

h, = H /H1 Cj c2
h = (H -  H )/H

2 c2 C1 c2

where H is the ex te rna lly  applied magnetic f ie ld .
Reversible magnetization curves o f pure niobium * ^) and vanadium '**)

show a s tr ik in g ly  sharp decrease o f -  4irM ju s t above H , followed by a much
more gradual decrease to zero. This shape is so very s im ila r to a power function
that we decided to represent the magnetization between and by

Q
4irm = a hp (5.3)

in which a and 3 are constants fo r  constant temperature. We want to emphasize
tha t th is  re la tion  is ju s t an ad hoc hypothesis, which is not based upon any
so lu tion  o f the Gorkov equations.

The constants a and 3 can be derived from the boundary conditions a t H :
C2

4irM(H ) = 0 : 4irm(h,) = h,

,d4irM» ,d4irm\ ,
(i r )H = (“ 3T) ■

c2 2

Hence
a -  h^/h^

(5-4a)

(5.4b)

(5.5a)

6 -  4*X„ ’ ho/h,C2 2 1

In non-reduced quantities th is  corresponds to:

s -", ♦ -", - "c, ♦ <ir~~vl >8
c2 C1

and
3 = 4irx (H -  H )/HC2 c2 c j c,

(5.5b)

(5-6a)

(5.6b)

The constant 3 may be deduced from the experimental Abrikosov curve in two
d iffe re n t ways:
0)
(Ü )

one can measure the values o f H , H and 4irx , then 3 follows from (5.6b)
e i C2 C2

one can measure H£ and Hc and take one a rb itra ry  point o f the Abrikosov
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curve; now 3 follows from (5.6a). In the ideal case both methods should give
the same re su lt. The magnitude o f 3 depends on temperature and is o f the order
0.3.

Two features o f re la tion  (5.6a) are the in f in ite  slope a t , since 3 < 1
and the linear character near , since a Taylor series expansion converges
very rap id ly in th is  f ie ld  region.

In f ig .  5*1 re la tion  (5.6a) has been checked fo r the experimental curve

O H 0 .6  kOe 0 .8

Fig; 5.1 Magnetization curve o f  very pure V a t T = 4.207 K ( t  -  0.775),
measured by Sekula and Kemohan. Continuous curve: experimental
results; Q  ,  present model.

measured by Sekula and Kernohan H) on very pure vanadium (ic = 0.82) a t a
reduced temperature T/Tc = t  = 0.775* The fu l ly  drawn lin e  represents the ex
perimental re su lt, the points indicate our ca lcu lations using Sekula's values
o f 4ity ,-1

tX(.2 = [1.16(2k‘  -  1)]
>r o

mental data su rp ris ing ly  w e ll.

. . / j , H and H (a correction fo r the demagnetization
-2 2 ^1 ^2

fac to r o f 0.0264 has been made). I t  turns out that our model f i t s  the experi-

Subsequently we wanted to check our model at lower reduced temperatures.
For th is  purpose we used Freyhardt's data on pure niobium ( k = 0.83) ^ ) . The
results are shown in f ig .  5*2, in which the drawn lines represent the experimen
ta l data. The c irc le s  are calculated from our model (again a correction fo r the
demagnetization c o e ffic ie n t o f 0.025 had to be made), using the values given in
table 2 o f re f. 13. The agreement is good fo r t  > 0.65 and s t i l l  w ith in  a few
per cent fo r t  > 0.45. For lower t ,  however, the agreement becomes worse. The

12same trend can be seen in f ig .  5-3 fo r  Nb, measured by Finnemore e t a l.  ) .  At
t  =0.835 the agreement is very good (c irc le s  in f ig .  5 -3), a t t  = 0.26 there
is a disagreement o f 25 percent a t H ^  0.5 H .
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1500

1000

,3.40 K

3.0 kOe

Fig. 5-2 Magnetization curves o f  very pure Mb a t several temperatures
(T = 9.2 K), measured by Freyhardt. Continuous curves: ex
perimental resu lts;  O > present model.

T= 2 .4 0 8  K

T=7.715 K

Fig. 5.3 Magnetization curves o f  very pure Nb (T = 9.25 K), measured
by Finnemore, Strorrtoerg and Swenson. Continuous curves: ex
perimental resu lts; O , present model, method ( i ) ;D ,  present
model, method ( i i ) ,  adaptation at 1900 Oe.
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In the above calculations only method (i) was used to determine 3 . In
the case of Finnemore's data at t = 0.26 we also used method (ii) making the
adaptation at H = 1900 Oe. Now there is a good agreement for fields between H

C 1and 2000 Oe, but above this field region the calculated points (squares in
fig. 5.3) lay about 15 per cent too high. The difference between the two g's and
thus between the slopes at H is about 30 per cent.

c?Data on reversible material with k >> 1 does not agree anymore with the
present model, or only in the neighbourhood of H . Beyond this region the best

^1 1C
approximation is a straight line as was suggested by Campbell et al. .

We may conclude, then, that the validity of the present model is good over
the total field region between H and H for materials with low k at reducedei C2
temperatures t > 0.4. At lower temperatures good agreement is only obtained in
part of the field region using method (ii).

§5-3 The Irreversible Magnetization Curves

5.3.1 ’ Deduction of the Formulae. In this section we will derive expressions
for the irreversible magnetization curves in the first and second field quadrants
between H and H . Only the case of a rectangular sample will be considered

. a C2with the field H applied parallel to the longest side. The thickness 2d is
assumed to be much smaller than the other dimensions, so that demagnetization
effects may be neglected.

The critical state equation for this one~dimensional case can generally be
written as:

(3Hk .Ü
<)B̂  rev 3x yF(B,H)-(Hc2 B) (5.7)

in which y is a parameter of the pinning model (in decreasing
be replaced by -y) , and F(B,H) is some function determined by
being considered. It generally depends on the local induction
field H(x), which are related to each other, according to eq.

field it has to
the pinning model
B(x) and the local
(5.6a), by:

B (x) = H(x)
n(x) - h

H + H (---------
C 1 H - Hc2 C 1

(5-8)

Using this relation it is possible to write eq. (5*7) as a differential equation
for H(x). Introducing 5 = x/d and the reduced quantities defined in eqs. (5.4a)
- (5.4c) it passes into
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~  = y 1 d f[b(h) ,h ] • (1 -  b) = y 'd  f  (h) - (1 -  h -  ah®) (5.9)

The s o lu t io n  is  i m p l i c i t l y  g iven by

fh
Y'd(1 -  5) = 3 dh[f (h) - (1 -  h -  ah®)] (5.10)

Jh(g)

from which b(g) fo l lo w s  as w e l) .

In o rde r  to  o b ta in  an expression f o r  the i r r e v e r s ib le  magnet iza t ion  curves

we have to  c a lc u la te  the  average induc t ion  over the sample. However, i t  is not

necessary to  know b(g) e x p l i c i t l y .  We j u s t  re w r i te  eq. ( 5 .9 ) ,  o b ta in in g

b(C) -  1 -  [y'd f (h )]  1 (5.11)

which can be substituted into the expression for the irreversible magnetization
in reduced quantities

Airm -  ( d? b(£) -  h (5.12)
J0 a

For increasing f ie ld  we have to distinguish two f ie ld  regions.
(A) For the fie lds just above the flux has not yet reached the central
plane of the sample: b(g) = 0 for 0 <_ £ <_ £ .
(B) For the higher f ie lds , b(£) is non-zero throughout the whole sample.
In decreasing f ie ld  only case (B) exists.

Performing the integration of eq. (5.12) we arrive at:

fh
(A) 4irm = (1 -  £ j  -  a dh[y'd f ( h ) ] " 1 -  h (5.13a)

u JO a
/•h ,

(B) Inrm = 1 -  a dh[y'd f (h ) ] ' -  h (5.13b)
Jh a0

in which hg stands for h(£ = 0 ). The quantities £g and hp can be dérived from
eq. (5-10), inserting the proper limits:

(A)

(B)

r 'd ( 1  -  €q)

y'd = [ a dh[f(h) (1 -  h -  ah®)] ^
Jh

3 dh[ f ( h )  (1 -  h -  ah®)] ' (5 . lA a )

(5-1Ab)
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The f i e l d  f o r  which (A) passes  i n to  (B) is found by s u b s t i t u t i n g  § = 0 in
^  JL "

we c a l l  i t  h o r ,  in non-reduced u n i t s ,  H" .
3  3

With the he lp  o f  a computer i t  i s  easy to  so lv e  eqs .  (5.10) and (5 -13a) -
(5-14b) numer i ca l ly .  This  has been c a r r i e d  out  on the  IBM computer o f  the

Centraal  Reken I n s t i t u u t  o f  the  U ni ve r s i t y  o f  Leiden.

5 - 3 .2  A pplica tion  o f  the Formulae. In r e f e r en c e  1 we des c r i bed  a method to

d e t e r m in e / t h e  paramete r  y o f  the  c r i t i c a l  s t a t e  model from the  s l o p e s ,  l*irx,

and o f  the  i r r e v e r s i b l e  ma gne t i za t ion  cu rves  a t  in in c re as i n g  and de
c r e as in g  f i e l d s .  The parameter  B can be deduced,  us ing method ( i ) ,  from the

s lope  o f  the  Abrikosov curve which one should expect  to  measure in the  absence

o f  f l u x  p in n ing .  This  s lo pe  is  in very good approx imat ion equal to  (4irx- +
4irx,)/2.-

 ̂ 16
Qujte  o f t e n ,  however,  t he  peak e f f e c t  j u s t  below H ) makes i t  impos-

• i . c 2s i b i e  to  use t h i s  p rocedure .  Moreover,  t he  inaccuracy in the s lope s  can be

c o n s id e r a b l e .  A much b e t t e r  and more general  method ( in some way analogous  wi th
method ( i i )  f o r  the  d e te r m in a t io n  o f  B) can be ob ta in ed  from a s e r i e s  expansion

of  B(x) to  second o r d e r  in (d -  x),  as was a l r e ad y  d i s c us se d  on page 774 of
r e f .  1. We de r ived  f o r  sn e x t e r n s l  f i e l d  H obeyinq H < H < H :

3  1 3  3  3  C 2

4*Mrev<Ha> “  + ~ (5.15)

(M)3S H. - A(4nM) -  (1*irM1 (Hg) 1nrM2 (Hg ) } (5.16)

where the  s u b s c r i p t s  1 and 2 r e f e r  to  in c re as i n g  and dec rea s i ng  f i e l d s .

From the  exper imental  curves  4irM, and 4ttM_ can be determined a t  H . Then,1 2  a
us ing  an i t e r a t i o n  p r ocedure ,  the  u l t i m a t e  values  o f  B and y can be deduced

from the  eqs .  (5 -15 ) ,  (5 -16 ) ,  and ( 5 . 7 ) .  I t  i s  not  nec essa ry  to  c o r r e c t
( 3 B / 3 £ ) '  f o r  the  t h i r d  o r d e r  term o f  the  s e r i e s  expansion o f  the value  o f  H

Ha * * a
is  chosen s u f f i c i e n t l y  much l a r g e r  than H , say H > H + 0 . 1 (H - H ) which

3  3  mm 3  C o  3
can be checked a f t e r w a r d s .

This method has the  advantage o f  being a p p l i c a b l e  a t  t empera tu res  below
0.1» T, too.  Moreover,  i t  tu rned ou t  to  be much more r e l i a b l e  than the  former

procedure' .  The r e v e r s i b l e  model expressed  by eq.  (5.6a )  and the  equ a t io ns  de 

r ived in t h i s  s e c t i o n  f o r  the  i r r e v e r s i b l e  ma gn e t i za t ion  curves tu rned ou t  to

be q u i t e  use fu l  f o r  comparison o f  some c r i t i c a l  s t a t e  models wi th  the  exper imen

ta l  r e s u l t s  ob ta in ed  f o r  se ve r a l  niobium samples wi th  d i f f e r e n t  d e f e c t  s t r u c t u r e
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i n t roduced by neu t ron  i r r a d i a t i o n  o r  by annea l ing  a t  d i f f e r e n t  t emperatu res
1, 16, 18*

§5-4 D isc u ss io n  o f  Some C r i t i c a l  S ta te  Models

The f l u x  l i n e s  form a two-dimensional  a r r a y  wi th  a hexagonal u n i t  c e l l .

dent  e l a s t i c  moduli can be de f ined ,

n the  case  o f  wel 1- s e p a r a t e d  v o r t i c e s ,

For such an i s o t r o p i c  system th r e e  independent  e l a s t i c  moduli can be de f i ne d .
17aThey have been de r ive d  by Labusch

i . e .  H «  H
c2

C

BH

. B /_3H*
66 TJïr '3B^ i

Mir

U66,H
B2 ,3H,

3B rev
1

ïïr B (H')dH'rev

(5.17a)

(5.17b)

(5.17c)

C1

C11'C66 i s  the  compression modulus o f  the  vo r t ex  l a t t i c e ,  C,, i s  a measure of

the  t i l t i n g  o f  a f lu x  l i n e  from i t s  eq u i l i b r iu m  p o s i t i o n ,  and C, ,  i s  t he  she a r
modulus.  In a subsequent  paper  *") Labusch po in ted  o u t  t h a t  the  ex pr e ss io ns  f o r

C1 l " C66 anc* ^44 ^o r  t l̂e e n t ' r e  f i e l d  reg ion  between H
d i t i o n ,  he proved t h a t  nea r  Hc^

and H
C1 c2

goes to  ze ro  obeying th e  r e l a t i o n :

n ad-

(5 -17d)
{1 + 1. 16(2k!

0  H I 3 KOq 4

Fig.  5-4 E la s t i c  m oduli o f  th e  v o r te x  l a t t i c e  o f  NO-O a t  T = 4 .3  K.
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In f i g .  5 - 4 the e la s t ic  moduli o f  the sample NO-O at T = 4.3 K are shown as

functions o f  H- using eqs. (5.6a) and (5 -17a) “  (5.17d). The curve fo r  C,, con
s is ts  o f  two parts corresponding w ith  eqs. (5.17c) and (5-17d). Although
is not w e ll-de f ined  fo r  the intermediate f ie ld s  i t  seems reasonable to suppose
tha t i t  is much smaller than the other moduli over the whole f i e ld  region.

A rough c r i t e r io n  fo r  f lu x  pinning fo l lows from the way in which the stored
deformation energy is released during the movement o f  a f lu x  l in e  through a
pinning centre. I f  the pinning force f  decreases too fa s t  a t the edge o f  the

pinning po ten t ia l w e l l ,  the e la s t ic  reaction force f^  o f  the vortex la t t i c e  experi en-
ced by the di s to r  ted f lu x  l in e ,  is no longer in equi 1 ibrium wi th the pinning fo rce . I n
that case the stored energy is not released revers ib ly .  Thi s wi 11 occur i f  d fp/dx >
d f j /d u  in which u is the d is to r t io n  o f  the f lu x  l in e  from i t s  equ i l ib r ium
positrqrY in the l a t t i c e .

I f  6 is the width o f  the pinning po ten t ia l and f  is  the maximum pinning
force s t i l l  in equ i l ib r ium  w ith  f . ,  then d f /dx  •v f  /6 .  On the o ther hand£ p m
u “  f . , so tha t the maximum d is to r t io n ,  apart from a numerical constant, is
given by

Um
l i
a Ce f f

(5-18)

where C , ,  is the e f fe c t iv e  e la s t ic  modulus o f  the f lu x  l in e  l a t t i c e  and a iserr
a c h a ra c te r is t ic  length, both s t i l l  depending on the shape o f  the pinning
centres being considered and th e i r  arrangement w ith  respect to the vortex l a t 
t ic e .  Then, the c r f te r io n  fo r  pinning can be expressed by a parameter e = u /6 ,
which should be roughly la rger than one fo r  pinning to become e f fe c t iv e .

The resu lt ing  pinning force per u n i t  volume is the s t a t i s t i c a l  sum o f  a l l
the e f fe c t iv e  pinning forces:

F
P

(N —- 6) e f =
*0 m

N JL1
*0 a Ce f f

(5.19)

in the case o f  N cm o f  small d is lo ca t io n  l ines  per u n i t  volume, B/0 is the
number o f  vo rt ices  per u n i t  area.

The e f fe c t iv e  modulus which appears in the eqs. (5.18) and (5.19) can
be expressed in terms o f  the moduli C .. .  Without going in to  d e ta i l  we can already

argue that the pinning is more e f fe c t iv e  i f  enters in to  the expression o f
C , ,  than i f .  i t  does not.e f f

I f  the pinning centres are small d is loca t ions  ( i . e .  small as compared to
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£) and i f  they have a spacing la rg e r  than the v o r te x  spacing a^ = 1.07 (o_/B) ,

Labusch der ived  f o r  the maximum d i s t o r t i o n

1

u =  - L ° Z _ Ü !  { ( C c , , ) ' i  +  ( C 11C , , ) " i }
m i * / ï  a0 66 '1T66; ( 5 . 20)

I f  the p inn ing  centres are d i s lo c a t io n  l in e s  w i th  spacing >> a , which are
8 ^p a r a l le l  to  the v o r t ic e s  and much longer than £> Good and Kramer ) de r ived :

5C.. + C ,, f
um ■ T^TC - C67  T  ln (R /a0} (5.21)

in which f m/A  is  the maximum p inn ing  fo rce  per u n i t  leng th ,  and R is  an ou te r

cu t o f f  d is tance  o f  the o rde r o f  h a l f  the d is lo c a t io n  spacing. C le a r ly ,  the

r e s u l t  is  not very s e n s i t i v e  f o r  the exact d e f i n i t i o n  o f  R.

I f  the p inn ing  centres are long d is lo c a t io n  l in e s  pe rpend icu la r  to  the
Q

v o r t ic e s ,  Campbell and Evetts  J) der ived an expression f o r  u which on ly  con

ta in s  Th is r e s u l t  is  in c o r re c t ,  because they ignored the p o s s i b i l i t y  th a t

the f l u x  l a t t i c e  might be t i l t e d .  From energy cons idera t ions  we a r r iv e d  a t  an

e s t im a t io n  f o r  the e f f e c t i v e  modulus C , ,  = (C. C , , )  + & C , i /a „ ,  where I  is66 44 0e f f  ' 1 1
the average spacing o f  the d is lo c a t io n  l in e s .  Anyhow, both Campbell 's r e s u l t

and our d e r iv a t io n  y i e ld  moduli which are much la rg e r  than those o f  eqs. (5.20)

and (5 .2 1 ) .  Therefore th is  c o n f ig u ra t io n  o f  d is lo c a t io n  and v o r te x  l in e s  w i l l

not c o n t r ib u te  very cons iderab ly  to  the volume p inn ing  fo rc e ,  whereas the

p a r a l le l  c o n f ig u ra t io n  g ives r i s e  to  a very e f f e c t i v e  p in n in g .  E sp e c ia l ly  near

the p inn ing  can become very s trong because C^g goes to  zero as ( H ^  '  B) •

Perhaps very c lose  to  the p inn ing  is_ a lso  somewhat more e f f e c t i v e ,  but

C , , ,  as a l l  the m odu l i,  r ise s  very f a s t  in th is  f i e l d  region ( f i g . -  5 . ^ ) ,  becausebb
o f  the sharp increase o f  B as a fu n c t io n  o f  (H -  H ) ( f i g s .  6 .1 ,  2, and 3) • The

C1
Labusch theory is  an in te rm ed ia te  case.

In the sample NO-O the d is lo c a t io n  s t r u c tu re  is  very d i l u t e  except a t  the

g ra in  boundaries, but there  the most probable c o n f ig u ra t io n  is  the perpend icu la r

one ( i f  H is  p a r a l le l  to  the longest s ide  o f  the sample) w i th  very weak p inn ing .

There fore  we used the Labusch model in o rde r to  descr ibe  the i r r e v e r s i b i l i t y

o f  the m agnet iza t ion  in th i s  sample. The c r i t i c a l  s ta te  equation f o r  th is  case

is
B / W K  3B _ N ,_B_x 3/2 2 f r  r  x '1 /2  (c c ) ~ U 2 ,  . ,

TfiF ( 3B} rev 1 7  “  W w  (* ^  V  (CW C66) + ( C MtC11) } (5 ' 22;

For H s H i t  is allowed to  neg lec t the second term o f  the e f f e c t i v e
C2e l a s t i c  modulus ( C , , «  C . . ) ,  but f o r  lower f i e l d s  the exact equation should bebb 11
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solved. Thjs is  a (computer) time consuming procedure and the question  r ises

i f  th is  has any' sense because the exact expression o f  and th e re fo re  a lso

o f  C,. is  no t known between the l im i t i n g  f i e l d  regions o f  eqs. (5.17c) and
11 1 O

(5 .1 7 d ) . Therefore van der K le in  e t  a l .  ) pos tu la ted  a r e la t io n  f o r  the

e f f e c t i v e  modulus

C „  =■e f f

H -  HCj HC2 ,

{ H r "H IT  CM*C66,HC2}
c2 C1 2

(5-23)

This modulus is shown in f ig . 5-5 for NO-O at T = 4.3 K as the broken curve,
whereas the continuous curve represents the modulus of the Labusch theory. The
agreement is satisfactory over the whole fie ld  region.

Substitution into eq. (5-19) leads to the following c r it ic a l state equation

,31^ 3B Hc2 "  B
'3iT rev 3x -  Y ✓ H -  H

C1
(5 .24*

Q
in  which f  “  (H -  B) has been inse rted  too ) .  Th is  equation w i l l  be used

m C2
in chapter 6 to  descr ibe  the experimental m agnet iza t ion  curves o f  NO-O w ith  a

very s a t i s fa c to r y  r e s u l t .

2 kOe 3 Hcz ^0  H

Fig. 5-5 Comparison o f  the e ffe c t iv e  e la s t ic  modulus o f  the Labusch

theory (continuous curve) and the re la t io n  postu la ted  by

van der K le in  e t  a l.  (broken curve).
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C H A P T E R  6

T H E  T H E R M A L  C O N D U C T I V I T Y  I N  T H E  M I X E D  S T A T E

§6.1 In tro d u c tio n . M agnetization  Measurements

In. t h i s  ch a p t e r  the  r e s u l t s  o f  the thermal c o n d u c t i v i ty  experiment s  in the

mixed s t a t e  w i l l  be compared wi th  the  t h e o r i e s  d i sc uss ed  in s e c t i o n  2 . 5 .  The

measurements have been c a r r i e d  o u t  f o r  th r e e  o r i e n t a t i o n s  o f  the  magnet i c  f i e l d

wi th  r e sp e c t  to  the  sample s u r f a c e  and the  d i r e c t i o n  o f  heat  f low: H ^ ,  H_ and

Hj. ( f i g .  3 - 2 ) ,  r e s p e c t i v e l y  r e f e r r e d  to  as " p a r a l l e l " ,  " t r a n s v e r s e " ,  and
" p e rp e n d ic u la r "  f i e l d .  We w i l l  g ive sp e c ia l  a t t e n t i o n  to  th r e e  t e mp era tu res :

2.13 K, where the  phonon c o n d u c t i v i t y  in ze ro f i e l d  i s  predominant ;  4.31 K,
where the phonon and e l e c t r o n  c o n d u c t i v i t i e s  a r e  both o f  the  same o r d e r  o f

magni tude;  and 6.04 K, where the  e l e c t r o n  c o n d u c t i v i t y  i s  the  main c o n t r i b u t o r

to the  thermal c o n d u c t i v i t y .
For a d i s c u s s io n  o f  the  behav iour  o f  X j u s t  above Ĥ  in in c re as i n g  f i e l d ,

and in de c rea s i ng  f i e l d  below H , i t  i s  necessa ry  to  know the  ave rage  magnet i c

induc t ion  B and the  local  induc t ion  B(x) i n s i d e  the  sample.  T here fo r e  magnet i 
z a t i o n  measurements were c a r r i e d  ou t  f o r  a l l  t he  sa m p le s ' d i sc u ss e d  so f a r

1400' **1600’ N0-0, and N—319) , bu t  a l s o  f o r  the  same samples a f t e r
s u r f a c e  o x i d a t i o n ,  he nc e fo r t h  r e f e r r e d  to  as P01/jqq» anc* NO-319. Most
o f  the se  exper imen ts  were k ind ly  performed by C.A.M. van de r  Kle in.  For ex

per imental  d e t a i l s  see  r e f e r e n c e s  1 and 2.

I n s e c t i o n  6 .2  we w i l l  d i s c u ss  our  method to  de t e rmine ,  from th e  magnet i 

z a t i o n  cu r ve s ,  the  local  ind uc t ion  in p a r a l l e l  f i e l d  and the  ave rage ind uc t ions
B ( H  . , ) ,  B ( H _ ) ,  and B ( H A) . In s e c t i o n  6 .3  th es e  r e s u l t s  w i l l  be ap p l i e d  to

determine the  X ( B )  r e l a t i o n  from the  measured X ( H )  cu r ve s .  Some o t h e r  general

f e a t u r e s  a r e  d i s c u sse d  t h e r e  too.. The d i s c u s s io n  f o r  the  low induc t ion  range

w i l l  be g iven in s e c t i o n  6 . 4  b u t ,  f o r  se ve ra l  r easons  mentioned below, only

f o r  th e  sample N0-0. The behaviour  o f  the  thermal c o n d u c t i v i t y  in the  v i c i n i t y
o f  H wi l l  f i n a l l y  be d i s c u sse d  in s e c t i o n  6 .5  f o r  a l l  ou r  samples ,  because

c2
no r e s t r i c t i n g  d i f f i c u l t i e s  a r i s e  in t h i s  case .

One reason to  d i s c u ss  the  low ind uc t ion  behaviour  on ly  f o r  NO-O and not

f o r  i s  t h a t  the  physical  p r o p e r t i e s  o f  both samples a r e  a lmost  the  same,
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so that we do not expect greatly d iffe re n t resu lts . The reason that also
and N—319 were le f t  out o f the discussion is tha t even the small magnetic
ir re v e rs ib i l i ty  o f NO-O makes a re lia b le  discussion rather cumbersome. The much
more pronounced ir re v e rs ib i l i ty  o f the other samples leads to unsurmountable
d if f ic u l t ie s .

The ir re v e rs ib i l i ty  can be determined from the magnetization curves shown
in f ig .  6.1. The large d ifference in the ir re v e rs ib i l i ty  before and a fte r  the
surface oxidation can be ascribed to a strong surface pinning removed by th is
treatment. The s h if t  in the maxima o f the curves in increasing and decreasing
fie ld s  is an ind ica tion  fo r th is  phenomenon J) . The explanation may be found
in a larger concentration o f oxygen in the surface layer (niobium is a very

- 4 n M

0  H 1

Fig. 6.1 Magnetization curves a t 4.3 K; a. N-0 and NO-O;  b. N-319

and NO-319; c. P- an<̂  1400’ broken curves repre
sent the samples before the surface treatment3 the continuous
curves a fte r  the oxidation.
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good oxygen g e t t e r ) ,  r e su l t i ng  into a la rger  dens i ty  of  pinning cen t res  near
the sur face .  In addi t io n ,  the pinning cen t res  near the sur face  a re  more e f f e c 
t iv e  than in the buik,  because the shear  modulus C, ,  o f  the f lux  l a t t i c e

Zj oo
( sect ion 5-4) is  much smaller  here ) .  All th i s  r e s u l t s  into a s trong sur face
pinning.  Chemical removal o f  the sur face layer ,  immediately followed by oxida
t ion a t  400 °C, gives r i s e  to  a very thin NbO - la y e r  which pr o té c t s  the bulk

c *■

of the sample ) .  Only the pinning of  the bulk remains, which for  NO-O, as
follows from f ig .  6 .1a ,  is very weak, because only j u s t  above H the d i f fe r ence
■ C1
in the magnetizat ion in increas ing and decreasing f i e l d s  is l a rger  than the
measuring accuracy of  a few Oersteds.  I t  is  c l e a r l y  seen from the f igu re s  6.1b
and c th a t  the i r r e v e r s i b i l i t y  of  PO-j^qq and NO-319 turns out  to be much la rger .
This gives r i s e  to s trong f lux densi ty  grad ien ts  which p r o h ib i t  a r e l i a b l e
discuss ion of  the thermal conduct iv i ty  r e s u l t s  a t  low induc tions.

§6.2 The Average and Local Inductions fo r  the Three F ie ld  O rien ta tions

6 . 2.1 The Magnetic Behaviour in  P a ra lle l F ie ld s . The magnetizat ion curves
of NO-O between H and H could be well described by the c r i t i c a l  s t a t e

'  C1 c2 o

equat ion ,of  Labusch with the e f f e c t i v e  modulus of  Van der Klein e t  a l .  3)
inserted (eq. (5 .24) ) .  In f i g .  6.2 the ca lcu la ted  points  a r e  compared with the
experimental curves a t  th ree  temperatures .  For the c a l cu l a t io ns  we used method
( i i )  described in sec t ion  5*3.2 with the adaptat ions  made a t  H = 800, 1210,
and 1500 Oe re spec t ive ly  for  T = 6.04,  4.31 ,  and 2.13 K. The s l i g h t  m i s f i t  a t
the lower temperatures and the higher f i e l d s  is due to the d i f f e re nce  between
the Abrikosov curve and the mathematical expression we proposed in sec t ion  5 .2 ,
eq. (5 .6 a / .

The local induction as ca lcu la ted  a t  T = 4.31 K for  several  ex te rna l  f i e l d
• kvalues in the vicinity of H is shown in fig. 6.3. Below the field H the flux

C1
has not ye t  reached the cen t ra l  plane of  the sample in increasing  f i e l d ,  so
th a t  there  remains a zone of  zero induction re fe r r ed  to as the "Meissner zone".

JL

Above H i t  is obvious t h a t  for  each increasing f i e l d  we can f ind a decreasing
f i e l d  with the  same average induction value.  The local induction d i s t r i b u t i o n s
for  both f i e l d s  a r e ,  turned inside ou t ,  but  f u r th e r  i d e n t i c a l ,  so th a t  the
thermal cond uc t iv i t i es  should be equal as wel l .

In decreasing f i e l d  below the c r i t i c a l  s t a t e  theory pred ic t s  a f i e l d -
independent induct ion,  but from f i g .  6.2 i t  is c le a r  th a t  there  s t i l l  leaks f lux
out of  the sample. This is even more obvious from f i g .  6.4 in which we show
B(H ) (continuous curves) determined from the experimental magnet izat ion curves
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6.04 K

431 K

2.13K

4 KOg 5

Fig. 6.2 Comparison o f  the m agn e tiza tio n  curves o f  NO-O w ith  the

theo ry  o f  Labusch a t  T = 6 .04a 4 .31 , and 2 .13 K.

C a lcu la te d  p o in ts :  O  ,  f i e l d  up; #  ,  f i e l d  down.

0 .5 (-

0 x/d

Fig. 6.3 F lu x -d e n s ity  d is t r ib u t io n  f o r  NO-O a t  T = 4.31 K i n  some in 

c re a s in g  and decreas ing  f ie ld s  nea r H . The f i e l d  va lues are
c1

g ive n  on the  r ig h t-h a n d  s id e ; 2d i s  the  th ickness  o f  the sample.
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Fjg.  6 .4 The average magnetic in d u c tio n  p lo t te d  versus the  app lied
magnetic f i e l d  fo r  three  o r ie n ta tio n s . Continuous curves,
p a r a l le l  f i e l d ; broken curves, transverse  f i e l d ; p o in t-dash
curves, perpendicu lar f i e l d .

using the  r e l a t i o n  B = H + 4uM. An e x p l an a t i on  f o r  t h i s  e f f e c t  may be the  very

la rg e  induc t ion  g r a d i e n t  a t  t he  sample s u r f a c e  which p o ss i b ly  is  not  s t a b l e
any more f o r  f i e l d s  below , so t h a t  the  f l u x  l eaks  from the  sample.  We
b e l i e v e  t h a t  t h i s  r e s u l t s  in to  a sm a l l e r  induc t ion  over  the  whole sample,

r a t h e r  than in to  the  formation o f  a Meissner  zone a t  the  su r f a c e .  At l e a s t  i t

is d i f f i c u l t  to  unders tand t h a t  f lu x  should pass through t h i s  zone w i t h o u t  being

pinned.  Perhaps s u s c e p t i b i 1i t y  measurements in t h i s  f i e l d  r eg ion can y i e l d  more
informat ion  about  t h i s  s t i l l  unsolved problem.

6 . 2 . 2  D eterm ination o f  the  Ind u c tio n  in  Transverse and P erpendicular F ie ld .
Since we could not  measure magne t i z a t ion  curves in the  t r a n s v e r s e  and perpen

d i c u l a r  f i e l d  o r i e n t a t i o n s ,  we t r i e d  to  deduce the  induc t ion  from the  p a r a l l e l

f i e l d  measurements.  We approximated the  shape o f  the  sample by an e l l i p s o i d
with axes equal to  the  dimensions o f  the  sample.

In a r e v e r s i b l e  type-11 superconducto r  the  f lu x  is  homogeneously d i s t r i b u 
ted over  the  sample.  The homogeneous i n te r n a l  f i e l d  H. and the  e x t e r n a l  f i e l d
a t  the  s u r f a c e  can be matched along the  e l l i p s e s  f o r  which both f i e l d s  a r e

p a r a l l e l :  H° = Hj.  The r e l a t i o n  between the  a p p l i ed  f i e l d  Ha and H° f o r  a homo
geneous ma gne t i za t io n  i s :
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( 6 . 1)H°. = H - N.-AirM (H.)sj a j  rev i

where j  stands fo r H, = , or •»■ . The formulae fo r the demagnetization coefficients
N. are given by Osborn ' ) .  Since N „ «  1 i t  is allowed to assume H ° = H , soJ 3 ' / /  s// a’
that the re lation between 4irM and H. is known from the measured Abrikosov curve.

i
Starting from a certain value of Hs_ or H ^ we can determine the corresponding
value o f H .a

I f  the sample is irreversib le  the induction and the magnetization are not
homogeneous. In th is case we suppose that the local induction is only deter
mined by the f ie ld  H° and the c r it ic a l state equation (5.24). The simplest
solution is then to insert into eq. (6.1), instead of 4irM , the values ofi  ' rev
4rrM. r r (Hg) as measured in parallel f ie ld , a fte r which the determination of
H (H°.) is analogous to that fo r the reversible case. The B(H_) and B(H1) curves

3 S J
obtained in th is  way are also shown in f ig .  6.4. The inaccuracy in B due to a
s lig h t irreproducibi1ity  of the magnetization measurements is the largest in
increasing fie lds  ju s t above where the curves are very steep.

A fundamental problem, however, arises from the occurrence of a Meissner
zone for increasing fie lds  between and H . In th is situation the flux  dis
tribu tion  is so inhomogeneous ( f ig . 6.3) that the question arises whether this
configuration can s t i l l  be described by eq. (6.1). For decreasing fie lds below
H i t  is most probable that the flu x  is d istributed rather homogeneously, as

C1
was discussed in section 6.2.1. Therefore i t  seems plausible that the inductions
determined in this region are more re liab le .

In the perpendicular f ie ld  the problem is the most complicated, because
the flu x  lines enter the sample in a direction perpendicular to that fo r the
paralle l or transverse fie ld s . Since the solution of the c r it ic a l state
equation depends among other things on the mutual distance between the sample
surfaces paralle l to the f ie ld  d irection, i t  is clear that the irreversib le
magnetization curves in perpendicular f ie ld  d if fe r  from those in the other
f ie ld  d irections. I f  the sample is nearly reversible, like  NO-O, the difference

* *w il l be neglig ib le well above H as we were able to calculate. But below H
I t  is not allowed to use the measured irreversib le magnetization corves in
order to calculate the average induction in perpendicular fie lds . As a rough

o
approximation one can put B equal to Hx as was done by Lowell and Sousa ),
but we s t i l l  prefer to apply the method described in th is section.
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§6.3 Some Experimental Results

The thermal c o n d u c t i v i t i e s  o f  NO-O a t  T = 6 . 04 ,  4.31» and 2.13 K and o f

N-319 a t  T = 2.13 K a re  shown in f i g .  6 .5  as fu n c t i o n s  o f  the  p a r a l l e l  f i e l d .

6 .0 4  KK.cm

N O -o

4.31 K

NO-o

N-319

2.13 K

Fig.  6 .5 The thermal conductivity o f NO-O at T -  6.04, 4.31, and 2.13 K
and o f N-319 at T = 2.13 K as a function o f parallel fie ld .

0» increasing fie ld ;  A > decreasing fie ld .
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In this figure , and in the following figures, the c ircles refer to points
measured in increasing fie ld s , whereas the triangles denote the measurements
in decreasing fie ld s . Although the magnetization curves of NO-O s t i l l  show some
ir re v e rs ib il i ty , this can hardly be found back in the thermal conductivity
curves, at least, i f  plotted on this scale. Apparently the thermal conductivity
is not very sensitive for small magnetic ir re v e rs ib ilit ie s . However, i f  these
irre v e rs ib ilit ie s  are large, as in N-319, they are detectable indeed. Even the
peak e ffec t in the v ic in ity  of Hc can be observed in f ig . 6 .5.

The values of can be read quite precisely from the curves. They coincide
nicely with those obtained from the corresponding magnetization and resistance
measurements. H , on the contrary, can not be determined very accurately from

^1
the \\Wjj) curves.

The most s trik ing  feature is the steep decrease of X jus t above H (de-
3 \ ^1fined as the maxima in the magnetization curves J))  for the sample NO-O and the

absence of such a decrease for N-319. There obviously is a correlation between
the magnitude of this decrease and the zero fie ld  phonon contribution Xs , as
follows from the table 6 .1 . In the two columns at right the maximum values of
the decrease in p a ra lle l, respectively perpendicular (or transverse) fie lds
are given. I t  must be concluded that at the lowest temperature the decrease is
due to scattering of the phonons by the flux  lines. At the highest temperatures

Table 6.1

Sample T(K) Xs *e X s
p AX/ / AX a »

NO-O 6.04 120.4 8.5 2.09 6 . 0 7

NO-O 4.31 40.35 23-70 13.80 1 7 . 2 9

NO-O 2.13 0.89 133.6 126.6 1 2 6 . 9

N-319 2.13 0.60 4.42 0.45

*  -1 -1) a 11 thermal conductivities are given in mW.K . s

a secondary e ffec t may be involved, i .e . the scattering of the BCS quasi
partic les  by the vortices, discussed in section 2 .5 .1 . At these temperatures
we also observe a dependence of AX on the f ie ld  orientations.

Fig. 6.6 shows a plot of X versus B„, as derived from the magnetization
curves, for NO-O at 4.31 K and for N-319 at 2.13 K. Clearly the behaviour of
N“319 is reversible within the measuring accuracy over the whole f ie ld  region,

"k
even including the peak e ffec t near Hc . For NO-O at inductions B̂ y > Byy
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4.31 K

N-319
2.13 K

5 KG 6

Fig, 6.6 The therm a l c o n d u c t iv ity  o f  NO-O a t  T = 4.31 K and o f

N-319 a t  T -  2 .13  K p lo t te d  as a fu n c t io n  o f  B

(where is the average induction at the f ie ld  ) the thermal conductivity
is reversible, too. For B^ < B^ an i rreversibi 1 i ty is observed which i.s due to
the occurrence of a Meissner zone in increasing f ie ld , in which the phonon
conductivity w ill be approximately equal to that in zero f ie ld . The value of
B at which the increasing and decreasing f ie ld  curves jo in  together nearly

itcoincides with the calculated value o f B^ marked in the figure.
Fig. 6.7 shows the thermal conductivity of NO-O at T = 4.31 K in transverse

and perpendicular f ie ld . Fig. 6.8 shows the same results plotted versus B_ and
Bx. At the higher inductions both curves coincide exactly, whereas they are
widely d iffe ren t in f ig . 6.7* This indicates that in th is region the procedure
followed in order to obtain B_ and Bx gives satisfactory results. For the
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smaller inductions a clear difference between the curves in increasing and
perpendicular fields is observed. Because for increasing perpendicular fields
the Meissner zone is wider than in transverse fields at the same average induc
tion, a larger thermal conductivity in the perpendicular fields results. For
small decreasing perpendicular fields much more flux will remain pinned in the
sample than for the transverse case at the same field value. This yields a more
irreversible B (Hx)^rèlation than was obtained by the method described before
and results into a calculated Bx value which is too low.

We conclude this section by presenting the experimental method by which
we adjusted the magnetic field in either the transverse or perpendicular direc
tion. We measured the thermal conductivity as a function of the indicated angle
on the scale of the iron magnet, 0U. This was done at a field value below H

M C1in transverse fields, but above the minimum in the X(Hx) curve, see fig. 6.7.
At each angle we started from the virginal situation without trapped flux in
the sample. The result of such a rotation diagram is shown for NO-O at T = 4.31 K
in fig.-6.9.' It turned out that at 0U = 175.5° the field was in the transverse
position whereas for 0^ = 85.5 it was perpendicular to the sample, 0„^ .
The explanation for the shape of the rotation diagram is that, in first approxi
mation, the perpendicular field component Hcos0 (with 0 the angle between the
field direction and the normal to the sample surface) penetrates into the sample,
whereas the component parallel to it is shielded off. Therefore, by rotating
the magnet from 0 ^  to 0,, , we follow more or less the X(Hx) curve in a non
linear way. We estimate the accuracy of this method to be better than 0.2 degree.

§6.4 Discussion of the Results at Small Inductions

6.4.1 At Low Temperatures. The experimental results for NO-O at small in
ductions at̂  three temperatures and three field orientations are shown in fig.
6.10. The results at T = 2.13 K can be discussed most conveniently, because the
electronic thermal conductivity can completely be ignored at B - 0, and if

Q
Canel's ) prediction is true (section 2.5*1), also for inductions of a
few hundred Gauss. Then we can restrict the discussion to the behaviour of the

Fig. 6.7 The thermal conductivity of NO-O at T = 4.31 K measured as

a function of both the transverse and perpendicular field.

Fig. 6.8 The thermal conductivity of NO-O at T = 4.31 K plotted versus

B_ and BL, as derived from fig. 6.4.
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Fig. 6.9 A ro ta tio n  diagram o f  the thermal conductiv ity fo r  NO-O a t
T = 4.21 K and H = 730 Oe.

phonon conductivity only.
Table 6.2 shows the ra tio  of Xs and An as derived from the data of chapte

P P
4. There we also determined the mean free path of the phonons in the normal
state: £n * I oV t 8. From th is we calculated i S, which is also given in the

P P
table. The mean free path in the superconducting state turns out to be much
larger than the flux  line distance at say 100 G, where a  ̂ s 4800 8 according
to eq. (2.28). Therefore the conditions are fu l f i l le d  (random flux  line d is tr i
bution) under which Vinen et a l. u) derived equation (2.39)i

A (0) B A (0)
-£-------1 = a ----------1—
A (B) H A"
P c2 P

where a is a constant related to the average scattering diameter D o f a flux
line  for the phonons:

D = a Al  ±  (6.2)
Hc2 p

In f ig .  6.11 we plotted [A (0)/A(B) ] - 1 versus B/ / t  B=, and BA. Although
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7 0  r

6 .0 4  K

-----X%—

4.31 K

2.13 K

O B,/ 0 .5  Kg 10 O B. 0 .5  Kg 1.0 O B, 0.5 Kg 1.0

Fig. 6.10 The thermal conductivity o f NO-O at T = 6.04} 4.313 and 2.13 K
as a function o f the magnetic induction below 1000 G for the
three f ie ld  orientations. The crosses in the figures at 2.13 K
refer to the calculated values o f Xs + \ (B).e p
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_ _ L

4.3 IK

2.13 K

O B„ 0 .5  Kg 1.0 B_ 0 .5  Kg 10 B± 0 .5  Kg 1.0

Fig. 6.11 Plot o f [\(0)/\(B)]~ 1 versus the magnetic induction for the
8ample NO-O at T = 6.04, 4.31, and 2.13 K and the three fie ld
orientations.
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the i f re v e rs i b i 1i t y  makes a comparison w i th  the theory ra th e r  d i f f i c u l t ,  we

bel ieve th a t  we s t i l l  can es t im ate  a from the slopes o f  the s t r a ig h t  p o r t io n s

o f  the. l in e s  in decreasing f i e l d s  f o r  the p a r a l le l  and transverse  o r ie n ta t io n s .

The re s u l ts  f o r  T = 2.13 K are g iven in the lowest l i n e  o f  ta b le  6 .2 .

Perhaps the f a c t  th a t  the slope f o r  the transverse  induc t ions  is  almost

equal to  the average o f  the slopes o f  the l in e a r  pa r ts  in  the curves versus Bx

in increas ing  and decreasin'g f i e l d s  is  somewhat fo r t u i t o u s  (aA should o f  course

be equal to  a ) .  A remarkable r e s u l t  is  th a t  the parameter a turned ou t  to  be

almost independent o f  the angle between the f l u x  l in e s  and the d i r e c t i o n  o f

heat f lo w .  We obta ined a.̂  — 0.16 and aA = 0 .19 , so th a t  indeed a., is  sm a l le r

than ax, as one should expect, but the d i f fe re n c e  is  sm a l l ,  which must be due

to  the f a c t  th a t  I »  a - .
P 0

The d e v ia t io n s  from the l in e a r  behaviour a t  the la rg e r  induc t ions  are due

to  the increas ing  c o n t r ib u t io n  o f  the e le c t ro n  e x c i ta t io n s  lo c a l iz e d  in the

vo r tex  cores . We determined th i s  c o n t r ib u t io n  by s u b tra c t in g  from the measured

thermal c o n d u c t iv i t y  both the e le c t ro n  c o n d u c t iv i t y  in zero f i e l d  and the

phonon c o n t r ib u t io n  c a lc u la te d  from eq. (2.39) w i th  the experimental va lues o f

a. In f i g .  6.10 a t  T = 2.13 K the values o f  [X (0) + X (B)] ob ta ined in th i se p
way are ind ica ted  by the crosses.

For the f l u x  1ine c o n f ig u ra t io n  pe rpend icu la r  to  the  heat f lo w  we ob ta ined

a good agreement w i th  the idea o f  Vinen e t  a l . ) th a t  the increase in  Xe
re s u l ts  from the tu n n e l in g  o f  “ bound" e le c t ro n s  between the v o r t ic e s  (s e c t io n

2 .5 .1 .2 ) .  In th a t  case a p lo t  o f  log ( [Xe (B) -  X ( 0 ) ] / / B )  versus 1 //B  should

g ive  a s t r a ig h t  l i n e ,  as fo l lo w s  from eq. (2.1*0). In f i g .  6.12 the b lack  dots

represent the experimental re s u l t s .  From the s lope o f  the s t r a ig h t  l i n e  we

obta ined 3x = 1.A, which seems to  be in s a t i s f a c t o r y  agreement w i th  V inen 's

r e s u l t  SA = 1.66 f o r  much purer niobium, I s 150 The va lue ob ta ined from
<■ . 1 1  v

the th e o ry  o f  C a ro l i  and Matr icon ) f o r  a pure type-11 superconductor is

Bx = 1.7.

For the p a r a l le l  f l u x  l i n e  c o n f ig u ra t io n  we made a s im i la r  p l o t ,  shown by

the open dots in f i g .  6 .12 . Again a l in e a r  dependence was ob ta ined ; B „  turned

out to  be 1.5*

The re s u l ts  are  in  q u a l i t a t i v e  agreement w i th  the theo ry . F i r s t  o f  a l l

A f o r  thé pe rpend icu la r  c o n f ig u ra t io n  is  la rg e r  than f o r  the p a r a l le l  one.

Secondly B «  is  somewhat la rg e r  than Bx . T h e o re t i c a l l y  th i s  can be exp la ined

by the fa c to r  (s in  0) in f r o n t  o f  the argument o f  the exponent in the e le c 

t r o n ic  wave fu n c t io n  o f  C a ro l i  and Matr icon  ) ,  in which 0 is  the angle between

the d i r e c t i o n  o f  propagation o f  an e le c t ro n  and the f l u x  l in e s .  In the perpen-
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Fig. 6.12 Semi-logarithmic plot o f \\JlB) -  X (0) ] / /B versus 1/JË for
NO-O at T = 2.13 K fo r the p ara lle l and transverse f ie ld
orientations.

d icu la r case the largest contribu tion  to the thermal conductiv ity is expected
fo r sin 0 = 1, but in the p a ra lle l case th is  value o f sin 0 w i l l  be smaller,
resu lting  in to  a larger value o f @.

6 .A .2 At High Temperatures. The results a t T = A.31 K and 6.0A K are also
shown in the f ig s . 6.10 and 6.11. The minima o f X in the pa ra lle l configuration
are less pronounced than in the perpendicular case. From f ig .  6.11 i t  follows
that a t the lowest inductions [X(0)/X(B)]~ 1 is again a linea r function o f
B, which can be form ally described by eq. (2.39). The deduced a-values are
tabulated in table 6.2. I t  turns out that a t both temperatures a„  is smaller
than ax . In add ition , an increase in both a 's  is observed w ith increasing tem
perature.

Q
From Canel's theory a small temperature dependence o f ox is expected

because only the phonons w ith  wavelengths smaller than g are scattered by the
vortices , see chapter 2 §5.1.1. At low temperatures th is  is a more important
fra c tio n  o f the phonons than a t high temperatures. Because Canei1s c r ite r io n
is not very exact, i t  is d i f f ic u l t  to give a quan tita tive  prediction fo r the
temperature dependence o f aA. However, the ra tio  o f a± a t T = 2 K and a t 6 K
can be estimated to be smaller than a fac to r o f two. With respect to th is  ax



Table 6.2

T(K) X s / x n
p p

Up (pm) fcp(pm) H (Oe)
c2 “/ / 01,1 calc

6.04 - 9 . 7 0.16 15 2375 0.4 3.3 0.35
4.31 53 0.22 19 3640 0.33 0.44 0.32
2.13 12x10^ 0.44 540 4940 0.16 0.19

at T = 6.04 K is an order of magnitude too large. This anomaly can only be ex
plained by taking into account the e ffec t of scattering of the normal electrons

1 o
by the vortex cores, f i r s t  mentioned by Forgan et a l.  ) ,  la te r theoretically
calculated by Cleary ^),see section 2 .5*1 .4 . I t  is d if f ic u lt  to separate this
e ffec t experimentally from the decrease due to the phonon-vortex scattering,
because both effects have the same B dependence, as follows from eqs. (2.39)
and (2 .42). Therefore we used eq. (2.42) in order to calculate A (B) and

6
subtracted the results from the measured thermal conductivity. The remaining
phonon conductivity was compared again with eq. (2 .39). In this way we obtained
the reasonable value aA = 0.35 at T = 6.04 K, i f  in eq. (2.42) the value

= 470 A and aA = 650 8 were substituted, in which ax *is the scattering

diameter for the BCS quasi-particles by a flux lin e  orientated perpendicular to
the heat flow. At T = 4.31 K the change in a, using the same values of l  and

6
ai  is much smaller, only 15 per cent, giving rise to aA = 0.32. The values of
<*j. obtained in this way are given in table 6.2 as a x j . Vinen et a l.  '®)
reported a temperature dependent value for aA varying from 400 8 at 3 K to
about 100 8 near T , but the poss ib ility  of a two or more times higher value
could not be ruled out.>

The'striking difference between the decreases of the thermal conductivity
in the parallel and perpendicular flux lin e  configurations can not s a tis fa c to rily
be explained by the orientation dependence of the phonon scattering by the
vortices. I t  has to be given in terms of the behaviour of the electrons. There
are two possible explanations:

1. The scattering diameter in the p aralle l configuration a „  is much smaller
than aA. Compare Vinen's result: at T = 3 K a „  -  140 8 and aA = 400 8, near
Tc a« = 50 8 and aA = 100 8.
2. The contr1bution' of the normal electrons localized in the vortex cores
mqy not be neglected i f  the heat flow is para lle l to the vortices, in contradiction
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w ith  Cartel's  theory .

We are no t able to  d is c r im in a te  between these two p o s s i b i l i t i e s .  As an

example we can c a lc u la te  the e le c t ro n  c o n t r ib u t io n  as a fu n c t io n  o f  induc t ion

in s e r t in g  in to  eq. (2.42) a ^  = 230 A, so th a t  our r a t i o  o f  a ̂  / a A a t  T = 6.04 K

is the same as was exp e r im e n ta l ly  determined by Vinen e t a l .  *0 ) .  We f i n a l l y

o b ta in  f o r  the phonon c o n d u c t iv i t y  a decrease which corresponds w i th  eq. (2.39)

but w i th  a value o f  = 0.15» somewhat sm a l le r  than a t  T = 2.13 K. In

view o f  the poor accuracy w i th  which our a values could be determined th is  r e s u l t

seems not im poss ib le , but i t  does not exclude the second exp la na t io n .

Moreover, i t  is  not a t  a i l  c le a r  how the value o f  a „  depends on temperature.

F i r s t  o f  a l l  the re  is  Canei's  c r i t e r i o n  which leads to  a s l i g h t  increase o f  a ^ ,

but the re  a lso  is  the in f lu e nce  o f  the la rge  decrease in the mean f re e  path

Jtp as the temperature is  ra ised ( ta b le  6 .2 ) ,  which must r e s u l t  in to  a decrease

o f  a/ r

§6.5 D iscuss ion  o f  the R esu lts  near H
°2

The most in te re s t in g  q u a n t i t y  o f  the thermal c o n d u c t i v i t y  in the v i c i n i t y

o f  is  the d e r iv a t i v e  o f  the e le c t r o n ic  c o n t r ib u t io n  w i th  respect to  H. I t

is  in  good approximation equal to  the d e r iv a t i v e  o f  the experimental curve,

because the phonon c o n t r ib u t io n  does not vary very much f o r  f i e l d s  near Hc .

The measured slopes turned ou t to  be f i n i t e ,  which agrees q u a l i t a t i v e l y  w i th

the theory o f  Carol i and Cyrot '  ) f o r  d i r t y  type-11 superconductors in which

I  «  5n (eqs. (2.42) -  (2 .4 5 ) ) .  The theory o f  Maki '"*) f o r  the pure l i m i te u i
\ l  »  5n) p re d ic ts  X “  (H -  H) , which re s u l ts  in to  an i n f i n i t e  s lope a t  H

u e C2 i  £ c2
Our experiments do not support the suggestion o f  T it tmann and Bommel ) leading

to  a r e la t i o n  X = (H -  H)'3 w i th  0 .5  < p < 1 i f  I  n,e C2 — — *0
In f i g .  6.13 the experimental re s u l ts  are p lo t te d  versus the reduced tem

p e ra tu re .  I f  the thermal c o n d u c t iv i t y  curves were i r r e v e r s ib le ,  the s lope was

determined by averaging the H values a t  equal X. The reason is th a t  the d e r iv a 

t i v e  w i th  respect to  B is  re v e rs ib le .

Eq. (2.44) p re d ic ts  the r e la t i o n  between (dX/dH)u and (d4irM/dH)u =
MC2 mC2

4irxc as a fu n c t io n  o f  temperature. The values o f  4irxc were determined

from the m agnet iza t ion  curves tak ing  the average o f  the slopes in increas ing  and

decreasing f i e l d s  i f  4ttM was i r r e v e r s ib le .  A t temperatures above about 6 K the

accuracy was ra th e r  poor because o f  surface  and peak e f f e c t s .  Therefore we c a l 

cu la ted  ^ ( T )  by means o f  eq. (2.31) and the value k«(Tc) = K f rom Goodman's ^)

r e la t i o n :
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0 .0 4

O t  0 .2

Fig. 6.13 The reversible slopes o f  the thermal conductivity curves near
HC9 as functions o f  the reduced temperature fo r  four samples:

A  * ^1600’ ® ^ 1400* V  * N-Z19.

0  T 8  K

Fig. 6.1 A Plot o f  Kg versus the temperature; k. was determined from the
slopes o f  the magnetization curves near fo r  two samples:
X /, N-319; □  j N-0. The broken curve represents the values

21o f  Kc f or N-0 predicted by the theory ).
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(6 .3)ie “  <q + 7-5 x 'O^PqY

in  which Kg is  the Landau-Ginzburg parameter o f  the pure m a te r ia l ,  pg is  the

res idua l r e s i s t i v i t y  in pSl.cm, and y the Sommerfeid cons tan t .  We s u b s t i tu te d
18the values determined by Finnemore e t  a i .  ) ,  re s p e c t iv e ly  ie. = 0.78 and

3 *3 -2  Vy = 7.3 x K re rg .c m  .K . By in te r p o la t io n  o f  the data from 6 K to  we could

deduce Airxcj a t  thé temperatures in  between. Two curves o f  k^ versus T, f o r

N-0 and N-319, are shown in  f i g .  6.1A. The values o f  k» (T ) /<  turned ou t to  be

in s a t i s f a c t o r y  agreement w i th  the re s u l ts  obta ined f o r  several niobium samples
19 20 \by McConvil le  and Serin  and by F ie tz  and Webb ) ,  but they are much la rg e r

21
than the th e o re t ic a l  p re d ic t io n s  o f  E i ienbe rge r ) .  The th e o re t ic a l  curve fo r

N-0 is  g iven as the broken l in e  in  f i g .  6.14 as w e l l .

We f i n a l l y  compared in  f i g .  6.15 the data o f  [ (dX/dH)/(d4irM/dH) ] ^  w i th

K.cmG

0 t 0.2 0.4 0.6 06

F ig . 6.15 Comparison o f  the experimental results with the theory o f
Caroli and Cyrot (lower curve) fo r  four samples: A  3  Pi600*

□  3  N-0i , N-319; O  3  P2400‘ bro^en aurve represents
the calculated values fo r  N-0 using the experimental (d\/dH)ya
data and the theoretical values shown as the broken curve

in  f ig .  6.14.
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eq. (2 .4 4 ) .  The experimental re s u l ts  dev ia te  in two aspects from the un ive rsa l

th e o re t ic a l  curve o f  C a ro l i  and C yro t,  shown a t  the bottom o f  the f i g u r e .  The

maxima were nea r ly  an o rde r o f  magnitude too la rge  and always occurred a t  a

somewhat too high temperature. The d e v ia t io n  fa c to rs  (= the experimental maxima

d iv ided  by the th e o re t ic a l  maximum) are tabu la ted  in ta b le  6 .3* Obviously there

e x is ts  a r e la t io n  between these fa c to rs  and the mean f re e  paths o f  the e le c t ro n s .

This is  e lu c id a te d  in f i g .  6.16 by a p lo t  o f  the maxima versus Jt^/g . S im i la r

Table 6.3

Sample p (pfi.cm) K * .<*>

m ax e
max^ V 50

P1AOO 1.08 1.47 305 5.0 0.71

P1600 0.68 1.22 520 9.4 1.21

N-O.NO-O 0.71* 1.25 470 8.2 1.09

N-319 0.95 1.39 380 6.2 0.88

K.cm.G

Fig. 6.16 The maximum values o f  [ (d \/dH )/(d4itM /dH )]ga p lo tte d  versus

O  ,  fib3  th is  work;  #  ,  Nb, Wasim and Zebouni " ‘ }

-  656 A and not 328 A, as was re p o rte d ;  fo r  4VXQQ we book

the values o f  our purest sample);V -> pbln  w ith  x  = 33  5, 10,

and 21 at%, Gupta and Wolf ) ;J ^ , N b^ J io ^  w ith  x  = 2, 15,

Lowell and Sousa ) j  Q  ,  the th e o re tic a l value fo r  the d ir ty
l im it
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d e v ia t ion s  have been reported  in  the l i t e r a t u r e  *22,23^ f o r  severa| type-1 I

superconductors o f  in te rm ed ia te  p u r i t y .  These re s u l ts  are a lso  shown in the f ig u re .

The curve has been drawn smoothly through the experimental po in ts  and e x tra p o la 

ted to  the th e o re t ic a l  va lue in the d i r t y  l i m i t ,  I  = 0 .

The reason f o r  the d e v ia t io n  might be the same as f o r  the d e v ia t io n  between

the experimental and th e o re t ic a l  data o f  k_ ( T ) / k and th e re fo re  we ca lcu la ted

the values o f  [(dX/dH)/(d4irM/dH)]HC2 making use o f  the experimental data fo r

(dA/dH)nC2 and the th e o r e t ic a l  c a lc u la t io n s  o f  E i lenbe rge r f o r  4nxc~- In f i g .

6.15 the r e s u l t  f o r  N-0 is  shown as the broken curve. Although the disagreement

is  sm a l le r  than o r i g i n a l l y ,  i t  is  c le a r  th a t  the C a ro l i -C y ro t  theory does not

p rov ide  a s a t i s f a c t o r y  q u a n t i t a t iv e  d e s c r ip t io n  o f  the thermal c o n d u c t iv i t y

behaviour near Hc_ o f  type-1 I superconductors o f  in te rm ed ia te  p u r i t y .
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S A M E N V A T T I N G

Het gedrag van de warmtegeleiding in een supergeleider w ijk t  sterk a f van
hetgeen in een normaal metaal b i j  lage temperaturen wordt waargenomen. De
oorzaak hiervan is het f e i t  dat zowel de elektronen en de fononen, die beide
een bijdrage leveren to t het warmtegeleidingsvermogen, de invloed ondergaan
van de verboden zone in het energiespectrum van de elektronen rondom de Fermi
energie.

De verhouding van de warmtegeleidingscoëfficiënten in de supergeleidende
en normale toestand ais funktie  van de temperatuur wordt goed beschreven door
de theorie van Bardeen, Rickayzen en Tewordt. De elektronen bijdrage in de
supergeleidende fase is a l t i jd  k le ine r dan in de normale toestand, te rw ijl voor
de fononen bijdrage wordt aangetoond dat deze b ijna  exponentieel toeneemt voor
afnemende temperatuur. D it gedrag werd door ons gevonden en kon door de genoem
de theorieën goed worden beschreven voor de v i j f  niobium preparaten die w ij
onderzochten. Deze preparaten, rechthoekig van vorm, verschilden in k r is ta l-
defekt S truktuur ten gevolge van een verschil in warmtebehandeling o f door het
bestralen met snelle  neutronen. Door een nauwgezette analyse van de meetresul
taten en door toepassing van de BRT theorie voor de elektronen kon de fononen
bijdrage van het to ta le  warmtegeleidingsvermogen worden a fg e sp lits t en in
verband gebracht worden met de defekt s truk tuu r. Een kw alita tieve overeenstemming
met de theorie van Klemens werd gevonden voor de onbestraalde preparaten. Het
gevolg van de neutronen bestra ling  was een vergrote puntdefekt en d is loka tie
verstrooi ings term. De verk laring  van het eerste e ffe k t was te geven binnen -het
kader van Klemens' theorie , de herkomst van het tweede e ffe k t is nog n ie t
geheel verklaard.

De warmtegeleiding als funktie  van het magneetveld is door ons onderzocht
door metingen te verrichten b i j  d rie  verschillende o riën ta ties  van het veld
ten opzichte van de warmtestroomrichting en het oppervlak van het preparaat.
Beneden het eerste en boven het tweede k r itis ch e  veld, H respek tieve lijk  H ,

C1 J c2
is de warmtegeleiding onafhankelijk van het veld. In de ,,mengtoestand", het
veldgebied tussen Hc en H  ̂ , is vlak boven H  ̂ b i j  temperaturen laag ten op
zich te  van T een zeer d u id e lijk  e ffe k t merkbaar van de aanwezigheid van flu x -
draden. De fononen worden sterk verstrooid door de normale elektronen, ge
lokaliseerd in de kern van de vortices., zodat hun bijdrage grotendeels wordt
ten ie t gedaan. Een verrassend neveneffekt voor zuivere supergeleiders (d.w.z.
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supergeleiders waarvoor de gemiddelde v r i je  wegiengte van de elektronen l  veel
groter is dan de koherentie lengte is het f e i t  dat de gelokaliseerde normale
elektronen zei f  nauwe] i jks  bijdragen to t het warmtegeleidingsvermogen. D it komt,
zoals door Canel k w a lita tie f werd aangetoond, doordat hun e ffek tieve  groep-
snelheld vrijw e l rü jj i l  is . Pas wanneer de afstand tussen de vortices afneemt
(toenemende induktie ), wordt de kans groter dat de gelokaliseerde exc ita ties
zich via een tunnele ffekt van de ene vortex naar de andere verplaatsen. B ij
temperaturen d ich t b i j  T , waar de elektronen de be langrijks te  bijdrage leveren,
v indt ook een afname plaats van de warmtegeieiding vlak boven H maar nu door
de extra verstroo iing van de n iet-geioka liseerde elektronen aan de fluxdraden.
D it e ffe k t, dat voor zuivere supergeleiders een goed meetbare afname to t gevolg
heeft, werd beschreven door Cleary.

Een belangrijke voorwaarde om de experimenten te kunnen toetsen aan de
theoretische beschouwingen is dat de f 1uxverdeling, dus de lokale magnetische
induktie binnen het preparaat, goed bekend is .  Deze vo lg t u i t  de meting van de
magnetisatie in toe-en afnemend veld. Met behulp van een eenvoudige mathematische
uitdrukking voor het reversibele verband tussen induktie en veld en een theore
tisch model voor de fluxdraad verankering is het mogelijk het induktiepatroon
binnen het preparaat te berekenen voor e lk  uitwendig veld tussen H en H

C1 c2
Zelfs in ons meest reversibele preparaat was het e ffe k t van een in d u k tie v rije
kern vlak boven Hc merkbaar in het gedrag van de warmtegeieiding. Desondanks
konden we konkluderen dat, ofschoon in d i t  preparaat Jl  z Cg, de theorieën voor
de warmtegeieiding in zuivere typ e -ll supergeleiders de experimentele resu lta 
ten goed beschrijven.

Voor veldsterkten in de buurt van H vonden we voor a lle  preparaten' een
lin e a ir  verband tussen warmtegeieiding en induktie . D it gedrag voldoet
k w a lita tie f aan de theorie van Carol i en Cyrot voor „v u ile "  (t. «  £ ) ty p e -ll
supergeleiders, maar n ie t aan Maki's beschrijv ing voor zuivere ty p e -ll super
geleiders b i j  Hc , waarvoor een evenredigheid met (H^ - H)^ wordt voorspeld.
De eksperimenteel gevonden evenredigheidskonstanten waren een orde gro ter dan
door de theorie was aangegeven; de overeenstemming werd echter beter naarmate
de v r i je  wegiengte van de elektronen k le ine r was.
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Stud i eoverzi cht

Na in jun i 1961 het diploma HBS-b te hebben behaald aan het Grotius Lyceum
in Den Haag besloot ik  w is- en natuurkunde te gaan studeren aan de R ijksun ive rs i
t e i t  te Leiden. Het kandidaatsexamen a' (b ijvak sterrenkunde) legde ik  a f in
jun i 196^, waarna ik  in september van dat jaa r mijn werkzaamheden begon op het
Kamerlingh Onnes laboratorium in de werkgroep onder le id ing  van Dr. D. de Klerk.
Aanvankelijk assisteerde ik  Dr. S.H. Goedemoed b i j  z ijn  onderzoek omtrent de
verankering van magnetische flu x  in supergeleidend niobium in de mengtoestand.
Vlak voor mijn doctoraalexamen experimentele natuurkunde - afgelegd in jun i
I 967 met als b ijvak klassieke mechanica - werden de eerste metingen ve rrich t
aan de warmtegeieiding van een niobium preparaat. Een jaa r la te r werd besloten
om de ops te lling  grondig te verbeteren in verband met de vere iste  meetnauw-
keurigheid. In de loop van 1970 kon een begin gemaakt worden met de e igen lijke
metingen, vermeid in d i t  p ro e fsch rift.

Naast het fysisch onderzoek vervulde ik  mijn onderwijstaak als assistent
op het praktiküm, sedert september 1968 ais één der hoofdassistenten van het
eerste-jaars praktiküm voor hoofdvakstudenten.

Velen hebben hun b ijd ragen geleverd voor het to t  stand komen van d i t
p ro e fs c h r if t .  In de eerste p laats w il ik  noemen Drs. J .J . Bosselaar,
Drs^-J.G.A. Rol fes en de heer J.P.M. van der Veeken voor hun hulp b i j  de ex
perimenten en de u itw erk ing  der m eetresultaten.

De samenwerking met Drs. C.A.M. van der Klein heb ik  bijzonder op p r i js
gesteld. Een groot deel van de magnetisatie experimenten werden door hem -
en ook door de heer G.P. van der Mey - ve rr ich t. Tevens verzorgde h i j  het kon-
takt met Drs. J.D. Elen van de afdeling „materiaalkunde" van het R.C.N. te
Petten, waar de preparaten werden vervaardigd.

De heer T.P.M. van der Burg zorgde voor het technische gedeelte van de
o ps te lling . De hoogvacuumpomp en het overige glaswerk werden verzorgd door de
heren C.J. van K link en L. van As. De temperatuurstabi1isa to r werd vervaardigd
door de heer J. van der Zeeuw.

De v lo t te  afwerking van d i t  p ro e fs c h r if t  is  te danken aan het e f f ic ië n te
typewerk van mevrouw E. de Haas-Wairaven en de i jv e r  van de heren W.J. Brokaar
en W.F. Tegelaar d ie  de tekeningen en de fo to 's  maakten.
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