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C H A P T E R  I

INTRODUCTION

The f ie ld  o f rad ia tion  damage and sputtering has been studied by many authors 1,2.
Radiation damage and sputtering are the phenomena w h ich  occur when a solid  target
is bombarded w ith  ions w h ich  have been acce lerated to a high k in e tic  energy. This
k in e tic  energy w il l  be supposed to  have a va lue  between 20 and 50 keV  in a ll cases
w hich w il l  be discussed in th is thesis.

When such a p ro je c tile  enters the ta rge t, i t  w i l l  c o llid e  w ith  other atoms, to  w hich
i t  w i l l  transfer k in e tic  energy. These, in th e ir  tu rn , w i l l  c o llid e  w ith  other atoms and
so on. In th is way a co llis io n  cascade orig inates in  the ta rge t. I f  the ta rget has a
c rys ta llin e  structure, th is cascade causes destruction in  the la tt ic e , w h ich  is ca lled
rad ia tion  damage. A lso  some atoms can be e jected  from the ta rge t in the course o f
the cascade and th is is ca lled  sputtering. For short h is to rica l surveys o f this phe­
nomenon we re fer to the theses o f Rol3, F lu it4 and W eysenfe ld5.

In this thesis we shall study the ranges ( i.e . the distances trave lled ) o f energetic
p ro jec tile s  and the co llis io n  cascades caused by them. We have not the in ten tion  o f
m aking e x p lic it  rad ia tion  damage ca lcu la tions  (e .g . the average number o f Frenkel
pairs created by an incom ing p ro je c tile ) , but to  discuss the d is tribu tion  o f energies
and momenta o f the reco il atoms in the cascade, from w hich  such results may be
derived. Previous ca lcu la tions  on co llis io n  cascades have been made by L e ib frie d 6
and Robinson7»®. Le ib fried  has considered the re co il energy d is trib u tio n  fu nc tion  in
a single crystal w ith  a hard sphere model fo r the in te ra tom ic  in te ra c tio n , w h ile
Robinson has used other po ten tia ls  fo r th is in te ra c tio n , bu t has lim ite d  his ca lcu ­
la tions to amorphous m a te ria l.

Previous ca lcu la tions  o f moments o f ranges have been made by L e ib fr ie d 9 and M ik a 10,
who used a hard sphere model, by Lindhard and co-w orkers u , who performed
machine ca lcu la tions  on the basis o f a Thomas Fermi po ten tia l fo r the in te ra tom ic
in te rac tion  and by Baroody12, who used both th is model and the pow er-law  in te r­
ac tion  w hich w il l  be described in th is chapter. Baroody considers the case tha t
p ro jec tile s  start from an in f in ite ly  extended plane inside an amorphous medium w ith
on ly  one energy but in  a ll possible d irections w ith  respect to  the normal on the
surface. He then ca lcu la tes moments o f the distance from the p lanar source, reached
by these p ro je c tile s , up to .the  fourth  order averaged over the cosine o f the angle w ith
the normal made by th e ir in it ia l  d ire c tio n  o f m otion.

I f  a p ro je c tile , w h ich  in most cases is a noble gas ion , enters a s ingle c rys ta lline
ta rge t in a transparent d ire c tio n , i t  has a considerable p ro b a b ility  o f penetrating
in to  a very great depth through the open space between the rows o f atoms in the
crystal 13>14. This is ca lled  channeling and w il l  not be treated here.
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In th is thesis we shall consider on ly  monatomic ta rge t m a te ria l, unless otherwise
stated. Furthermore the ca lcu la tions  w il l  be based on a model w hich takes in to
account tw o -body co llis ions  on ly . As argued by Bohrls  and L indha rd11, a tom ic
in te ractions in solids a t re la tiv e  energies in the range from 10 to  50 keV  are de­
scribed w ith  a sa tis factory degree o f accuracy w ith  an in te ra tom ic  po ten tia l o f the
form

(1.1) V(r) ~  r ' s

r being the d istance between the centers o f the atoms and s ly in g  between 2 and 4.
In p a rticu la r the case s = 2 is often used, because o f s im p lifica tions  in  the neces­
sary mathematics, w h ich  occur in th is case. The po ten tia l (1.1) can be interpreted
as a screened Coulomb p o te n tia l.

( 1.2)
Z i Z2 e

V(r) = U (r/a )
r

w ith  the screening fu nc tion  U(r/o ) = ( — J where k s is a constant o f the order
u n ity . '
Z j  and Z 2 are the charge numbers o f p ro je c tile  and ta rge t atom respective ly  and a
is a length w h ich  acts as an e ffe c tiv e  screening radius. Fo llow ing  Lindhard we shall
use fo r a the expression:

(1.3) a = a . 0.8853 (z 2/3 + Z 2/3 ) ’ 4O 1 2

where a Q is the radius o f the firs t Bohr o rb it. The constant fac to r ks is o f the order
o f 1 and may be used as a f i t t in g  parameter in a comparison w ith  experim ental
results.

For th is p o te n tia l, Lindhard 16 has derived an approxim ate form fo r the d iffe re n tia l
cross section da g iv in g  the p ro b a b ility  tha t the p ro je c tile  w il l  suffer a co llis io n  in
w h ich  an energy between T and T + dT is transferred to  a ta rge t atom, w h ich  is

(1.4) da = 2. bZ 2s-2. 2 2 -
T  a k y  TA « ' e r

l/s

1 + 1/s

The d e riva tion  o f th is form ula w il l  be g iven in Append ix A .

2 ZiZ2e2
In (1.4) b is Bohr's co llis io n  diam eter b ~ -------- ------ , where mD is the reduced mass

m m1 2m --------- t ------>o m + m
1 2

co llis io n  and T

mov-

is the re la tive  v e lo c ity , T is the energy, transferred in the
4 m ml  2

K + m 2 ) !

E =yE w ith  E the in it ia l  energy o f the p ro je c tile  is

the greatest energy transfer possible in a single co llis io n . m ( and m 2 are the masses
o f respective ly  p ro je c tile  and ta rge t p a rtic le . As fo r the rem aining constant in
(1 .4 ), i t  is an Euler Beta func tion
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Often it will be necessary to introduce explicitly an angle dependent differential
cross section d a ', related to the angular and energy distribution of the participants
in the collision after the scattering. From the energy -and momentum conservation -
laws it can be shown that this can be done in the following way* 1’9

(1.5) d a ' = d a .6
m.+m

6 1 n.n
m +m1 2

2lfm m1 2

dQ'dQ"
2tt2u

In this formula n.n ' and n.n " are the scalar products of the unit vector n in the
direction of notion of the projectile before the scattering with the unit vectors
n ' and n " respectively in the direction of motion of the projectile and of the hit
particle after the scattering. dQ' and dQ" are differential solid angles corresponding
to the scattered directions ri' and TT" as given above. The factors (2n) are
normal izations.

Integrating (1.5) over dQ", the direction of motion of the hit particle, we obtain
thequantity which characterizes the angular distribution of the projectile alone

(1.6a) dOj = daó (n.n 1
J  E-T »V m 2 ^1 E mr m2> dQ'

E
^

C
NLU

C
N1—1LU 1 2 71

and conversely by integrating over d Q' we get the analogous one for the angular
distribution of the hit particle alone

(1.6b) d a2 = da6
, m +m

h  - ‘ n i  2( n . n ------------
2K m m1 2

/E
dQ"

2 71

For the further developments it is necessary to consider the relation between the
differential cross section (1.4) and the function K (E,T) dT, which gives the proba­
bility that a particle of kinetic energy E will transfer an energy between T and
T + dT in a single collision. As we have excluded many-body interactions from our
calculations, K (E,T) is necessarily normalizable to unity

(1.7) K (E,T) dT = 1
y, e

It is evident from (1.4) that the total cross section da is infinite.
o
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The integral diverges at the lower limit. It will turn out in the following chapters
that this does not prevent us from calculating the quantities in which we shall be
interested. However, for the clarity of the argument, we shall cut off the total
cross section at the lower limit at some A, which may be taken arbitrarily small.
Then the function K (E,T) is defined as

( 1. 8) K(E,T)dT
do(E,T)

Ĵ dafcT)
from which (1.7) follows at once. An explicit calculation of K (E,T) gives the result

-  - 1 -  1 /s

(1.9) K (E,T) = ------ ------------ r—
s( A /S-(YE) - /8)

We must discuss the question of the applicability of classical mechanics to these
collisions. This question has been treated in great detail by Niels Bohr15, and a
clear summary of it has been given by Rol . Here we shall mention only the results.

The first condition is

(1.10) b »  / 2 n

which means that the De Broglie wavelength must be small compared to the effective
range of the interaction for which b, which has the meaning of the distance of
closest approach in a head-on collision with Coulomb-interaction, is a measure.

The second condition is

( U D  e  » ^

where 0 is the scattering angle in the center of mass system. For scattering angles
of the order \/2 ita , the uncertainty in the angle, due to the Heisenberg principle
becomes of the same order as the angle itself. We give a few values of the para­
meters k = b / \  and £ /k  = \ / a  (£ is the symbol, generally used for the ratio b/a).

T a b l e

Species E k h / a ^"min

Kr on Al 160 keV 3412.7 0.0002 1.6* 10'3 eV
Kr on Al 40 keV 6825.4 0.0004 1.6* 10‘3 eV
Ar on Cu 50 keV 4651.5 0.0006 4.5 • 10'3 eV
Ar on Cu 20 keV 7354.8 0.0009 4 • 10'3 eV
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The last column gives the energy transfers, corresponding to  the lower l im it  o f
classical scattering (1.10).

From this tab le  i t  is ev ident tha t the conditions fo r the a p p lic a b ility  o f classical
mechanics fu l f i l le d  are in these cases.

Accord ing  to  Lindhard , the energy loss due to  e la s tic  co llis ions dominates, in  the
energy range considered in th is thesis, over the ine las tic  energy loss, due to the
stopping o f moving atoms by the e lectrons o f the so lid  ta rge t. Consequently, we shall
not in troduce this e le c tro n ic  stopping e ffe c t e x p lic it ly .  Its e ffe c t w i l l  be supposed to
be incorporated in the form o f the inverse power p o te n tia l, assumed fo r the in te r­
a tom ic in te rac tion .

idr ★  *

*
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C H A P T E R  II

RANGES OF PROJECTILES IN AMORPHOUS

Lindhard et a l11 have given a treatment of the total pathlength, travelled by a
projectile in an amorphous target and they have also calculated first -  and second -
order moments of some range quantities. We shall generalize his treatment to higher
-  order moments of these latter quantities for the power -  potential cross sections
introduced in Chapter I.

Suppose a projectile starts with given kinetic energy E and a given direction of
motion characterized by the unit vector n from a point inside the target material
which we shall take as the origin of the co-ordinate system. This point can be
identified with the point of entrance of the projectile into the target. We must
keep in mind that the formalism which is developed in this chapter is based on a
model in which the target material is infinitely extended through all space. We
shall come back to this point later in this chapter. We begin our treatment with
supposing the projectile to be of the same species as the target atoms and further­
more that the successive collisions undergone by the projectile are uncorrelated.

We introduce the probability density function p (r,n ,E ) such that the probability
that a projectile, starting from the origin with kinetic energy E and direction of
motion n*, w ill come to rest in the element of volume dir*around the point with
vectorial co-ordinate r is given by p(r,n,E)dr . Let the number of scattering
centra per unit volume in the target be N . Then, if the projectile moves over a
distance A 7, immediately after the beginning of its journey, the probability that
it w ill suffer within this distance a collision in which an energy between T and
T + dT is transferred to a target atom and that it will be deflected over the corre­
sponding scattering angle is given by N I A r I dctj(cf. (1.6)). After such a collision,
it has the kinetic energy E - T ,  and its direction of motion is given by_the unit
vector n*1. Its probability to arrive in the chosen element of volume dr*is then
given by p ( r * -A 7 , l i ', E -T)dr*. There is also the possibility that it will not be
scattered while moving over the distance Ar. The probability for this is

E _
1 - N  I A? I ƒ d a 1 and the probability for arriving in dr is then given by

A I • II
p( 7 - a7 7 ,  E) dr*. By combining these two possibilities and integrating over all
possible energy transfers T, we obtain for p the following equation

£

(2.1) p(7n,E) = N IaTI f d a 'p ^ - A ? ,^ ,  E-T) +
A*' E

+ (1 - N  I a7 I  F da') p (r  -  Ar, n, E)
A J

A slight rearrangement gives
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(2. 2)
p(r ,n*, E) -  p(7-A?,n,E)

Ia7*I N
a ‘

d a 1 p( r-Ar,n',E-T)-p( r-Ar,n,E)

Because the targetmaterial is amorphous and since all scattering events have azi­
muthal symmetry p(r)n,E) can only be a function of r = l~r I, E and T] = ( r .n ) /r ,
the cosine of the angle between the vector r and the initial direction of motion n.
This is shown in Fig. 1, where the angle <p̂ is the azimuthal co-ordinate of the
volume element dr = r2 dr dT)d<p .

E - T . n

Fig. 1. Illustra tion  o f the  g eo m etrica l situa tion  o f a n  incom ing p ro jec tile  before a n d a f te r  its  co llision .
T he cosines of th e  ang les 1, 2 and 3 a re  equal to  respec tive ly  TJ, t ) 1 and  n. n

Hence

(2.3) p(r,n,E)dr = p(r/n,E)r2drdT)d<p j

If we make use of this and take the limit I Ar I - »  0, (2,2) becomes after a simple
calculation



8

(2.4) T, y t
1 -T ) dp

3t) N p(r,T]'/E-T)-p(r,Ti,E)J

The func tion  p(r,r|/E ) is supposed to be on a n a ly tic  func tion  o f its variab les. This
im plies that i f  we take the form (1.5) fo r d a ' and (1.4) fo r da the in tegra l on the
righ t-hand  side o f (2.4) converges in the l im it  A -* 0 and we shall take tha t l im it
from now on.

A ccord ing  to the cosine ru le  o f spherical trigonom etry we can w rite

(2.5) T)1 = Tjn.n 1 + \ f l  - T ) 2 }J 1 -  n .n '2 c o s ^ -c p ^

where <p2 is the azim utha l angle o f the scattering event (C f. F ig. I ) , 1!  is the angle
between the de flec ted  d ire c tio n  o f motion r f 1 and the co -o rd in a te  vecto r 7 .  The
next step in  the argument is the expansion o f p (r,T1,E) in to  Legendre polynom ials o f
the cosine T),

(2.6) P(r,Tl,E) = ^ ( 2 / + l ) P /( r f E)P/ (Tl)

£=0
This expansion, together w ith  (2,5) is substituted in to  (2 .4 ), w h ich  then becomes
(c f. A ppend ix B)

- *< W ) PJ tl (n)

1=0

E ~

= N  f d a ^  (2 /+ 1 ) { p / (r,E -T)P / (ri)P /  (  ^ j r )  "  P / r' E)
■3T

We decompose (2.7) by equating the co e ffic ie n ts  o f the same P/Cn) on both sides.

This gives

(/+ !) + ( /+ !)(1+2) ^  - 1( 1- 1) ^  =
d r 3 r

(2.8)
N ( 2 /+ l)  J  da |  p^(r, E-T)

0
¥ ) ‘ pi (r-E)

We can now in troduce moments o f d iffe re n t order o f the range, w h ich  are defined
as fo llow s

00

p”  (E) =4nJ pj (r,E )r“ +Z dr .

o
(2.9)
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From th is d e fin itio n  we can by m u ltip lic a tio n  o f (2.8) w ith  r +n and in tegra tion
over r obta in  the fo llo w in g  recurrence re la tio n  between the d iffe re n t moments

(2. 10) (Z+ l)(/-n )p “J |- /( /+ n + l)p "  (2/ + l)N  |da
I -1 P/ {E)

Eq. (2.10) w il l  be the starting p o in t fo r the ca lcu la tio n  o f the d iffe re n t range quanti
ties. Consider firs t the moment

(2. 11) p = 4 tt p (r,E) r 2dr
0 0J  0

E v iden tly  the to ta l p ro b a b ility  density func tion  is norm alized to u n ity  w h ich  means
tha t

1 2  it

(2.12) J J J p (r,E ,r))r dr dt)d<p = 1 .
0 - l  o

I f  we now in tegra te  both sides o f (2.6) over a ll space, we fin d , due to  the o rtho­
g o n a lity  o f the Legendre polynom ials

(2.13) 1 = 4nJ Pq ( r f E) i^ d r  = p° (E)

From this po in t, we are going to  use e x p l ic i t ly  L indhard's form fo r the d iffe re n tia l
cross section and we are going to express distances and energies in the reduced
dimensionless units, w h ich  have been introduced by h im 1 .
We in troduce the fo llo w in g  quan tities

(2.14) p —r .N n a 2 and e =E a2 2
2Z e

It may be noted tha t £ — a /b . Expressed in these units the power law  d iffe re n tia l
cross section becomes

(2.15)
__ 2 ,  v  , 2/s
na /  is k s \  l/s  d "t

-l+l/s

where T is the reduced transferred energy. Transforming r and E in to  p and e  in
(2 .4), we ge t w ith  the he lp  o f (2.14) in  the l im it  A “ * 0 the equation

(2.16) T) l £  +  l ^ J L  d p  _  1 /  T s k s
d p  p d t)  s \ 2 e

-l/s
rl+l/s
dV n n '  - l / i ? ' ) #  .

. rp (p ,r ) ',e  - t) -  p(p,ri/c)
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A straightforward argument now leads to the analog of (2.11) in reduced variables

(2.17) ( i+ l) ( J -n )  p £ j(e )  - / t f+ h + l)p £ !  (e) «

■ 2 /s
(2 / + 1) ƒ?» M

s \  2 e 7
(

ao
2+n

d T
l+i/» I r i (e - t) P, v -7- )  - P . (e)I  \  V E

where p ” (e ) = 4nl  (p,e) p dp. Of course again pQ (e ) 1.

It will now be shown that from the recursion relation (2.17) it is possible to calculate
all higher moments forwhich (n +/) is even and n = ƒ .
Consider the equation for the moment p} (e ). From (3.17 we find that the equation
for this moment is

(2.18)
d t  f  1
1+1/s P ix *-

E-T

To find the solution, we introduce the variable of integration, y - T/E. (2.18) then
becomes

(2.19) dy
1+l/s

y
Pi (E-T)VNy

We try as a solution pt (e) = \  E ^ , where \  is independent of E. Substitution into
(2.18) yields for X. the equation

(2.20) l+ l / s (l-y)
2/s + 1/2

' ]

from which follows

(2.21) X

rl + l / s
2/S + I /2 3

The integral in the denominator can be calculated by partial integration. The
result becomes

(2.22)
f \ k x2/*

\  (Z/s + /'2 )B (l- l1/ s ;  V s + % )  ~  1
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In order to prove the uniqueness of this solution, we substitute into (2.18) the function
P*(e ) = Pi(£) - */ where X  is given by (2.22). This results in the following equa­
tion for p*(e)

Because we have supposed that p(r,T),E) is an analytic function, it is easy to see from
its definition that the moment p j(e) is also analytic in e and hence also p*(e).
Then it can be shown that the only possible form for p *(e ) is p*(e) = a/Ye where a is
a constant, from which follows pj(e) = \ e2/s+ o/Ve . As the physical boundary con­
dition, imposed on p (p ,ti, e) for e = 0 implies that p}(0) = 0, it follows that a = 0.
This argument is valid for the integral equations for the higher moments, which are
given hereafter as well.

The higher moments can be calculated in the same way. Take the moment p 2 (e).
Eq. (2.17) gives 0

(2.23) -2p (e) = —  ,
i s V 2

2/sl, . 1 ( Ys ks\  l h r  d i
rl+l/s P q(e - t ) -  Po(e)J

We have found that Pj(e) -  X.EẐ S. The procedure is precisely the same as in the
preceding case, only now we put pQ(e) = ke4 ŝ . A straightforward calculation then
gives

(2.24)
2 X

f T.k.f’ r4
V 2 '/ s  B (1- Vs; 4/s) -  1

For the moment p2 (e) we find from (2.17)

(2.25) -10Pi (e) :
/Y k/  S S

V 2 e

2/s
-1/s f dT

J  T1+1/s [p^-*)( 7  —E - 7 ■p! (c)"

We try the solution p (e) = |ie4/s and find for u,
2

(2-26) “= ,Tt>  r—r ------------------
(~ 2 " S )  [  7  ( -  + 1) B0~  X/s ; 4/s+  1) -  % B (l-/^s; 4/ s )  -  1

In the same way all higher moments with n + 1  even and n ^  /  can fc,e found. In
general such moments p“ (e) are proportional to E2n/s.
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We shall now show how this calculation can be adapted to the case that the pro­
jectile differs in species from the target material. In that case the projectile has
charge number and mass respectively Zt and mx and the target atoms Z2 and m2.
Lindhard's expression for the differential cross section with angular distribution tor
this case is given by (1.5), where the factor

/ .  , mi+m2 r \  dQ"
fifnn11 -  —------ VtTe) —

'  2Ïm,m, '  2 *1 2
can be dropped, because the hit particle is not considered in this calculation and
the corresponding variables do not occur in the quantities to be calculated.

It is evident that the argument, leading to Eq. (2.2) remains valid, except that we
must write yE instead of E in the upper limit of the integral. As before, the proba­
bility density p is a function only of r, ti and E, so an expansion into Legendre
polynomials is again possible. Finally for the moments p”(E) we arrive at the equatior

(2.27) (/ H )  ( t - n) P/n; ; (E) -/( i+ n + 1 ) p £  (E) =

-  * ♦ „  n /< 4 ;<e-t> p, ( = £ » #  ♦ ^ fé r )  - > ]
A 1

by carrying out the same operations as for (2.10). ^Cf. Appendix B). As before we
take the limit A -» 0. We make the transformation

(2.28) N ti a2 Y. r and e
am*

Z 1Z2e2 (m1+m2)
r E - f l - .

The generalization of (2.17) is then

(2.29) (i + 1) U -n) p"'*(e) - / ( i  + n+1) p ”[J(e )

dT
i + i T

y k n2/* Ye
(ye)1/S

y.s \  2 e / pl+l/s
pj(e-x)p, 2m,

_____ m< ” i—  >

o - p n( e ) |
Of course again pQ (e) = 1. The equation for Pj(£) reads I  J

v l 2/s T* , (■ m +m_ i —■ m. -  m, r—— ■>

(2-3°) -3 = - 7  ( t t )  (Ye)1/S ƒ T— .[pi<e - T) + —  ̂ ^  '
n

( e )

This is again a linear integral equation which is solved by substituting the solution
pj(e) = \ ‘ e2/s and introducing the variable of integration y -T /y e .  The factor \
can be calculated with the result
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(2.31) \

l / s / m i  + m2
+ Y ( ----------

'  2mj

i fy*K 2/ s rm. +m .P
2m1 0 -T )

(Z/s + 1A )  By ( 1 - 1/ s; 2/ s+ 1/ ü) +

2/S+1/2

nrij -m

2m 1

“ f " ,  2 /S -1 /2
+ -4------- (1 -Y ) -  1 +

2m1

( / s -  / 2 ) ( 1 - / s; 2/ s-1/2 )  -

In this formula B denotes the incomplete Beta function .
The calculation of the higher moments proceeds as in the case of equal mass. All
the pn with n =  I  and n +,£ even can be determined from (2.27).

We shall now give a geometrical interpretation of the different moments.
From the preceding argument it is clear that p0(E) is nothing but the probability of
finding the projectile anywhere in space after it has completed its journey ( c f . ( 2 .13)).
The meaning of the moment p1(e) can be found from (2.3) and (2.6), expressed in
reduced units. To obtain it, we multiply both members of (2.6) with P.Pi ( ti) = pq
and then integrate over all space. Using the orthogonality property of the P ., the
result is

as

(2.32) pTf= 4 u fp  (P /e) p3 d p = p |(e )
o

Hence p i(e) is the average of the projection of the distance p from the origin,
reached by the projectile, on its initial direction of motion. Following Lindhard and
co-workers, we shall call this quantity p_ .
We obtain the interpretation of Pq( e) by multiplying both sides of (2.6) with
p = p IJj (t)) and again integrating over all space. The result is

CD

(2.33) p2 = 4 n f p  (p ,E )p4 dp = p2(e) .
J o  00

2
So p0 (e) is the average square of the distance from the origin, reached by the
projectile. In the same way an expression for p 2 (e) can be found by multiplying
(2.7) w ithp P2 (ti) = p 2(3 /2 t i2 -  i )  and integrating. This time the result is

(2.34) V 2 p 2T,2- i p 2 = p J - i Pi2 =p2 (e)

Pĵ  is defined by p. =pV 1 -T)2 and can be geometrically interpreted as the pro­
jection of the distance p from the origin, reached by the_projectile on the plane,
perpendicular to n. From tqs. (2.33) and (2.34) p 2 and p? can be found separately,
because obviously p^ = j? + p  ̂ (Cf. Fig. 2). P
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Fig. 2 Illu stra tion  of the  g eo m etrica l m eaning  of p,pp  a n d p x as in troduced in the  tex t,
the  to ta l length  of the  path , trav e lled  by th e  p ro jec tile .

In this way all higher moments p^(e) with n even and n i  £  can be calculated
and interpreted. A table of all moments up to 5th order will now be given andnc° n“
versely the expressions of all moments of p up to 5th order in the moments p ” (e)
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o / \
P0 ( £)

p j ( e )

P >

p22(£)
p j ( e )

,3
3

P04 ( E)

p4 ( £)

P4 (e )4

(C)

P 3 ( £)

p2 +
P _

p2 -  —p2
p 2 K1

—3 — 2
p ; + p p P i

3 /  \  3 3 rp’ (e) = P p - 5 PpP i

4 _ 2 2 4
Pp + 2  PpP±+ P l

p 4 + J ? P l “  ~ PTp 2 p -L 2 X

p4 -  3 p2p?+ -  pKP KP K1  8 K

S _ 3 2 4Pp+ 2 Pppi + P  p±
_ ï

p! p 2 _ 1
2 Kp ^ 1 "  2 Pp P 1

(« ) *  fg  -  5 pX + —p p
8 r Pr l

and conversely

Pp “ Pj (£)
__ _ 2

Pn ( e) + 2 p ;  (E)

—  3 P j ( e ) + 2  ( e )
P = ------------- ?-------- --------p 5

~4 _ 7 Po + 20 P2 ^  + 8 P4 ( E)
P p 3 3

-  _ 33.75 pj-(e) + 35 p* (e) + 10 PJ (e)
Pp ------------------------ 7873------------- -------------

For the case tha t s = 2 (inverse square po ten tia l) i t  is c lea r from these results tha t
p n .~  g fo r every n.

p
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The generalization of the preceding theory for the case of a mixture of two kinds of
atoms is straightforward. Suppose, we have a chemical compound ApBq. The differ­
ential cross section for collisions of a projectile which is either an A- or a B-atom
we denote by dcA and dcB, where

(2.35a)

and

(2.35b)

l+ l / s

l+ l / s

We have supposed here that the exponent s is the same for the interaction of the
projectile with A- and B-atoms. Furthermore bA and b B are Bohr's collision dia­
meters for collisions of the projectile with A - and B-atoms, respectively, aA and a B
are the corresponding screening lengths and TA = YAE and Tg -  Yg E with

Final ly

(2.36a)

and

(2.3615)

A,B

a m
A A

4 m l  - mA,B

K + m A,B)Z

---  E =

Z p rZ A6 (m l  +  mA )

a m
_______B B________

Z p rZ Be2(m l  + m B>

and in (2.35a) y — T /T a and in (2.35b) y T /T b •

It is now again possible to write down an equation for the probability density function
p ( 7 ,7 ,  E). Suppose the projectile moves over a distance A r after beginning its
journey. The density of the amorphous target material is N such that there are
p N /p  + q A-atoms and q N / p  + q B-atoms per unit volume. The probability that it
suffers within A? collision in which energy between T and T + dT is transferred to a
target atom is equal to

N Ia r I daA + -3 — dctgj
Ip  + q A p + q

and the probability that it does not collide in Ar is

t a

1 -  Nl a7  I {—  f  d a  +  — —  [ d a
lp+ q^  P + q J

A A
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This enables us to write down the following generalization for the general range
equation t ,

(2.37) p (T̂ n̂ E) = N I Ar do^. p ( r-Ar ,n',E-T) +

p + q
d a ' . p (r-A r,n ', E-T +

T

( l  -  N I Ar I ( ( Jda; + - 2 -  ƒ d a j)) p (7-  7,n,E)
p + q

daA and d a ' denote differential cross sections with the angular distribution after
scattering included (cf. (1.5)). From this point the procedure is precisely the same
as described in the earlier part of this chapter, i.e. use is made of the fact thatdue
to the amorphous nature of the target, the function p(r,n,E) depends only on
r,T) = (n. r ) / r  and E and that it is an analytic function.
p (r,T],E) is expanded in Legendre polynomials P^Ol), which expansion is substituted
into (2.37), after this has been rearranged in the form of (2.2). Next the coefficients
of the same (t)) are equated on both sides and the spatial moments

00

p (E) = 4it I p(r,E) r n+Z dr are introduced. After all these operations have been

carried out, we are left with the recursion relation
n -1

(2.38) (/+  1) (£-n) pj+i (E) -  /(/+ n+ l) p^ t (E)

(21+ 1) N CA
p + q 0 T

Tb

l + l / s  [ 1 1
V ie-dpt  E 2m, \ E-T 2m

+ (2 + 1) N p + q B r l + l / s Lp/ (E- T)Pi
'E-T mi+mB ,, lT i r l r TE mi - mB

- p;<e)

where we have taken the limit A *+ 0.
Here CA and C B are the factors with which dT/T1+1̂ s is multiplied in (2.35a) and
(2.35°) and mt , mA and mB respectively the masses of projectile, A- and B-atoms.
As has been shown, the entire formalism can be expressed in reduced variables p
and E, but attention must now be paid to one point, namely that we have two kinds
of target atoms and consequently two possible choices of p  and E .  It is easy to
overcome this difficulty. We make the transformation

(2.39)

where y

Ntta Y . r and e
a ' a

4m, m .1 A
A ,  . 2

(m +m )
1 A

Z Z e 2(m +m )
A l '  a  r

. E
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If we now put e B = fe and a B = g a , the recurrence relation can be expressed in
reduced variables

(2.40) U + l ) ( / - n )  p”‘ |  (e) - / ( / + n + l ) p ”'*(e)

. . p  1 fy*
(2/ + 1) — --------( - —

p + q syA V 2£

2/s dy
l+ l /s .p«(e-T)P/VI e 2m,

m,+mA , f T  mr mA
3 “  a S T  » “ x "2nL/"Pi (ey

+ (2 / + l ) - ------ ( - 2- 1-)p+q syA V2fe A/

dy

,  l+ l /s

T T ■ . I I _ T XIn the first integral y = y— = ----- and in the second one y — ^ •
■a YA e B

Of course p°(e) = 1. Consider the equation for the moment p . This reads

Pj(e-T){(l-YAy)^ ~ ^ A+ (1-TAy) i  M1 A k
2/s 1

- 1 = Jp+q s y A\ 2t A

(2.41)

dy

0 y

1

p+q

1 m .+m,
-p :(£)

As before we try the solution p j(c ) — <*1 E . Substitution into (2.40) yields an
equation fo ra j , of which the solution is

Y k \ 2 / s 2 /s - 1/2 ■>

l(i-V> -1}
2/S+1/2

Y k » 2/s 2/S+1/2

The integrals converge at the lower I imit and may by partial integration be reduced to
incomplete B-functions. Evidently the higher moments can be found in the same way
as before. In the equation for p ? (e) fn ^  /a n d  n + /  even), which is obtained from
(2.40), the substitution p “ (e) = a^E2n/s, immediately yields an equation for a "  in
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terms o f the p ro p o rtion a lity  factors o f the low er-o rde r moments, w hich have a lready
been ca lcu la ted . We then know the range moments p / ( e )  as functions o f the
energy e . The uniqueness o f the solution may be proved in the same way as was
done in the case o f (2.19).
This ca lcu la tio n  has been carried out fo r the case o f K r-ions  o f various energies
on A I2O j , w h ich  has been measured by Domey et a l.  . They have bombarded
amorphous targets w ith  ions o f d iffe re n t k in e tic  energies, o f w h ich  one consisted o f
A I2O3/ ar,d WQs bombarded w ith  K r. The d ire c tio n  o f inc idence o f the p ro jec tile s
was always normal to the surface. The technique was as fo llow s.

A  layer o f oxyde has been formed a n o d ica lly  on the surface o f a metal fo i l .  It  is then
bombarded w ith  a monoenergetic beam o f ra d io a c tive  ions o f normal inc idence . The
a c t iv i ty  o f the ta rge t is measured a fte r the bombardment. Then the oxyde layer is
dissolved and the a c t iv ity  is measured again. Repeating th is experim ent fo r d iffe re n t
thicknesses o f the oxyde layer produces a curve w hich gives the fra c tio n  o f the
p ro jec tile s  transm itted through the layer as a func tion  o f its thickness.

Let us ca ll f  (E,Pp)dpp the p ro b a b ility  tha t an ion w ith  reduced in it ia l  k in e tic  energy
e w il l  have a penetra tion depth between pp and pp + dpp. The curve, measured by
Domey et a l, then represents in our formalism the q u a n tity  1 - f ° f ( e ,p ^ )  dpp, as a
func tion  o f a, where a is the thickness o f the oxyde layer, expressed in reduced units.
The appearence o f -00 in the lower l im it  o f the in tegra l is a consequence o f the fa c t
tha t the theo re tica l model represents an ion starting a t a g iven po in t in a g iven
d ire c tio n  in  ta rge t m ateria l w hich is in f in ite ly  extended through a ll space. The
penetra tion depth could therefore conce ivab ly  be negative . In the actua l experim ent
th is  w ould correspond w ith  the case tha t a p ro je c tile  is re flec ted  out o f the ta rge t
m a te ria l. I t  w i l l  turn ou t that the in fluence  o f th is p ro b a b ility  is n e g lig ib le .

A ll  moments up to 5* order have been ca lcu la ted  for s = 2, w h ich  means tha t a ll
p " (e ) are p roportiona l to  en . A ll in tegra ls, occurring  in the expressions fo r the
co e ffic ie n ts  a .  have been ca lcu la ted  num erica lly  on an e le c tro n ic  computer. From
the moment p'Jfe) the moments up to 5 ^  order o f the reduced penetra tion depth
have been ca lcu la ted  w ith  the help o f the formulas, resu lting from the geom etrical
in te rp re ta tion  o f the p jj(e ).

The fac to r k s has been f it te d  to the expe rim en ta lly  measured va lue o f the firs t-o rd e r
moment, i.e . the average penetra tion depth, as g iven in  re f. 18. The authors express

case o f A l 20 3 correspondsthe measured distances in units o f p g /c m 2 w h ich  in the ~ .2~ 3

to  25.2 A . In dimensionless units as g iven by (2.39), re ferred to  the system K r-A I, i t
means tha t w ith  1 p g /cm 2 there corresponds a distance p = 0.0907.

We consider three d iffe re n t values o f the in it ia l  energy E o f the 8SK r-ions , 40, 80
and 160 keV. In every case the constant ks is fixe d  by equating the theo re tica l
expression fo r p j(e )  w ith  the experim ental va lue  o f the mean penetra tion depth. It
is ca lcu la ted  by m u ltip ly in g  o j  as g iven by (2.42) where 1 =  8SKr, A  =  A l and
B =  O , w ith  the corresponding va lue  o f e and equating th is to  the experim ental
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mean penetration depth, expressed in reduced units. The reduced energies £ , the
experimental values of the average penetration depth and the resulting value of ks
are for these three cases given in the following table.

E (keV) e Rp (p.g/cm2)
Pp

k S

40 0.164 6.2 0.562 0.826
80 0.328 10.7 0.970 0.958

160 0.656 20.4 1.850 1

From the different moments of Pp an approximate cumulative distribution function
for p can be constructed with the help of an Edgeworth asymptotic expansion ,
which*3has also been used by Baroody 12 in his range calculation. By a cumulative
distribution function F(x) we mean a function which denotes the probability that a
random variable X will be smaller than or equal to x, where F (oo) = 1 and F (-ao)
= 0. That such a cumulative distribution function (c.d.f) provides an adequate
description of the measured behaviour of the incoming projectiles follows from the
set-up of the experiment. What is measured are the fractions of the projectiles
which have not been stopped by layers of aluminium oxide of different thicknesses.
In terms of a c.d.f. this corresponds with 1 -F (x ) , where x is a measure for the
thickness of the oxide layer.
The Edgeworth form for the c.d.f. is as follows:

(2.43) F(x) ® P(x) -  | 7̂- Z<2) (x) + r il z<3,(x) + I a- z (5)(x)1 -
1_24 ' 7 5  J

y ,  <4>, ,
-----Z (x) + ■

L120 144 1296
+ higher terms.

In this formula x
P -  P„
-P---- 2—  , P(x) is the Gaussian c.d.f.
~2 - - 2
Pp" Pp

P(x) = ‘2' 2 dt, is the n ^  derivative of the Gaussian normal curve
21 X__

Z(x) = —■— e~ 2 and Y Y and Y are the followingV2it 2 3
expression in the moments

—  — -  »  —  3/2
(2.44a) Yj = (Pp -  3 PpPp + 2 Pp ) /  ( Pp -Pp)

(2.44^ Y2 = ( ?  "4p^P “ 3Pp + 12PpPp+ 6Pp ) / ( P p-Pp)
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(2.44c) y3 =
( P5- 5 P4P -  10p3p5+ 2 0 p 3pZ + 3 0 p 2p -

p p p  p p  p p  p p

“2-3 -s  .
60 p p +24p )

p p p

( r 2 - ? ) 5' 2

The func tion  F(x) has been ca lcu la ted  fo r those values o f Pp , w h ich  corresponds
w ith  the thicknesses o f the oxide  layers, measured by Domey c.s. and fo r incom ing
energies o f 40, 80 and 160 keV .

The comparison between theo re tica l and experim enta l results is shown in Fig. 3,
from w hich the conclusion may be drawn that the correspondence between theory
and experim ent is q u ite  satisfactory.

F ra c tio n  no t yet stopped (•/•)

Penetration depth (jig/cm 2)

Figure 3. Comparison between the experim en ta l results o f D om ey e t a l.  fo r the penetra tion depth
d is tr ib u tion  o f K r+ -ions in  A120 3 w ith  the th e o re tic a lly  ca lcu la ted  c .d .f. (2 .43). The
lines have been drawn through experim en ta l points and the dots represent ca lcu la ted  values
o f F(x) fo r d iffe re n t values o f —

—  , , 2 — 2 1/ 2
*  = (p - p ) /  p - p )

P P *P  p P

The va ria tio n  in the fac to r k s in the cross section fo r d iffe re n t energies may be
interpreted as the in fluence  o f the change o f the ine las tic  energy loss to  a tom ic
electrons fo r d iffe re n t energies o f the p ro jec tile s .

it it it
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C H A P T E R  111

ON THE NUMBER OF LOW-ENERGY RECOILS
IN A COLLISION CASCADE

In this chapter the supposition tha t the ta rget m ateria l is amorphous w il l  be dropped.
Instead, we shall suppose tha t i t  has a p o ly -  or m ono-crys ta lline  structure. The
q u a n tity  w h ich  w il l  be ca lcu la ted  in th is chapter is the so-callecL co llis io n  density,
denoted by T7 (E ;E J and defined as fo llow s.

■ \7 (E ;E d E ! is the average number o f reco ils  in the energy in te rva l between Et and
E .+ d E j,  w h ich  are created in the course o f a co llis io n  cascade, started by a pro­
je c t i le  w ith  k in e tic  energy E. We shall begin by supposing the p ro je c tile  to be of
the same species as the ta rge t atoms. An im portant res tric tion  on the average reco il
number must s ti l l  be made, nam ely tha t we shall take in to  account on ly  stationary
atoms, w h ich  rece ive  an amount o f k in e tic  energy between E j and E j + d E j where
E, lies below a g iven boundary va lue  Ef from a moving atom, or atoms w hich in the
course of the co llis io n  cascade have received a k in e tic  energy above E{ and then
lose so much in a single co llis io n  tha t a fte r i t  they are in the in te rva l (E j,d E i) .  We
are interested on ly  in reco il energies below E ,̂ w hich in a ll cases in this thesis is
much smaller than E. The physical reason fo r the existence o f the l im it Ef, w hich
has firs t been in troduced by L e ib fr ie d 20 is that for reco ils  w ith  k in e tic  energy below
Ef the la tt ic e  structure o f the medium has a dom inating in fluence  on the fu rther
energy and momentum d is tr ib u tio n , whereas reco ils  w ith  an energy above Ef are
supposed to  in te ra c t w ith  the medium as i f  i t  were amorphous. When the p ro je c tile
enters the ta rge t, i t  w i l l  make a co llis io n  w ith  a ta rget atom, to  w h ich  i t  w il l  trans­
fe r an energy T. Thereafter they w il l  both make fu rthe r co llis ions  and in th is way
start tw o subcascades. These tw o subcascades are supposed to be s ta tis t ic a lly  inde­
pendent.

We in troduce the func tion  W 'V  ̂ (E;Et — Ev), such tha t the p ro b a b ility  tha t, in the
co llis io n  cascade, started by the p ro je c tile  w ith  k in e tic  energy E, there w il l  be
created p recise ly  v reco ils  in the energy in te rva l ( E i ,d E i) ----- (Ev ,dE v) respective ly
w ith  the res tric tion  described above, is equal to  W(v ) (E;Et -----Ev )d E j — -d E v. In
v iew  o f th is res tric tion  and because i t  is necessary fo r the argument w h ich  fo llow s
we must state tha t fo r the case T < T  E f

We shall g ive  an exp lana tion  o f th is form ula.
If a re co il in the co llis io n  cascade has an energy T ië Ef i t  cannot create any a dd i­
tio n a l reco ils  and the on ly  way i t  can con tribu te  to  the reco ils E f——— Ev created by
the p ro je c tile  w ith  p ro b a b ility  w ( v) (E ;E j----- E J  is by being its e lf one o f those re­
co ils . Hence the K ronecke rfi , in d ica tin g  tha t the con tribu tion  can consist o f on ly

(3. 1) W<v> (T; E 6(T- E.'1=1
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one recoil. The Dirac 6-functions then fix its energy on one of the prescribed values.

This means that the sum of the probabilities for any number of recoils with any
energy value between A and Ef in the cascade must necessarily be equal to 1.

It is clear that W'v) (E;Et ----Ev) is a symmetric function of Et — E v.
In view of the statistical independence of the two subcascades we can write for
WW (E;Ej----E ) the following equation

Here K (E,T) is the energy transfer probability function, introduced in Chapter I.
We have to sum over all possible values of p , such that p recoils are created by
the subcascade, caused by the projectile after the first collision and v -  p by the
subcascade of the atom hit in the first collision. Besides that we must then also, for
every p , suth over all (jJ  possibilities Pa to choose p particles out of v . The factor
(p)‘ is introduced to get the normalization correct, which can be checked by inte­
grating both sides of (3.3) over Et ----E v and summing overv. Equation (3.3) can be
given a more specific form if we introduce (3.1) for the case that the energy with
which one of the subcascades is started is less then Ef. (3.3) then becomes

The last two terms on the right-hand side of (3.4) represent the probability that re­
spectively the target atom or the projectile comes directly in one of the energy
intervals (Ea .,dEa .) as a result of the first collision.

At this point we introduce reduced distribution functions in the following way

The next point which must be discussed is the normalization of \  It is normalized
according to

W' '  (E;E EJdE
A

E

(3.3) WW (E;E K(E,T)dT Z Z W '"(E-T;E
P =°(^) pa

E-E,

W<V)(E ;'É I —  Ey ) =  ƒ K(E,T)dT Z Z W ^; (E-T; E
p„

E a ) +

K(E,T)dT Z /rrZ&n n 6(T-E )W.•-ni M a  1 (E-T;E
P=0(V) p

K(E,T)dT Z ^ 6U1 n  6 (E-T-E ) W
P„ P i=l «1
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Ef

(3.5) W ^ E / E ^ - E x) *  ƒ  W ( v ) (E ;E t — Ev)dEx + i— dEv .

This expresses the p ro b a b ility  tha t in a cascade in w h ich  v reco ils  are created w ith
energies below E{ , \ w i l l  have energies in  the specified in te rva ls  ( E f .d L )  (E ,dE^).
The average number o f reco ils  created can now be w ritte n  as E v W W  (E) and the
average number created in the in te rva l (E^,dE^) as

(3.6) v  (E ^ E ^ d E j = Z v W ^ ( E ; E j ) d E j  .

For th is func tion  we can de rive  an in tegra l equation from (3.4) by in teg ra tion  over
jE  ------ JE , by m u ltip lic a tio n  w ith  v and summation over v. The result is

E-Ej

E v w Jv) (E;E ) =  f  K(E,T)dT £  E L w ^ ( E - T ; E  ) w j v ^ (T )  +
v  vJ  v  F= ° 1 , .  . v >

£f Ef + W ) W o0‘) (E-t)W<V- - )(T;E|) }

+ f  K(E,T)dT E (6 (T -E 1)v/ V" 1\ e -T) + ( v- 1 )W j \ e-T;Ej)V
AJ v V

£

+ ƒ  K ( E ,T ) d T z ( 6 ( E - T - E i )W ^ V' 1)(T) +  ( \ M ) w [ V

E-Ef

We can rep lace (v -p ) by p 1 and obta in  then in the firs t term o f the righ t-hand  side
o f (3.7) a double summation over the independent ind ices p  and p 1. Using the d e f i­
n it io n  (3.6) and the no rm a liza tion  (3 .2), Eq. (3.7) can be w ritte n  as

E-Ef E

'7 (E ;E j)  = f K(E,T)dT V (E -T ;E t ) + fK (E ,T)dT “  (T;E t )

<3-8> Ef i i
+ J K (E ,T )dT6(T-E 1) + ƒ  K (E ,T )dT6(E -T -E t)

A E' Ef

It has been shown in Chapter I that for y  =  1 (equal masses)

( 1. 10) K(E,T) =
• T '1- 1^  dT

S ( A ’ 1/ s - E ' 1/s)
E

normalized to 1, according to ƒ K(E,T) dT = 1. Hence the left-hand side of (3.8) can
£ A 1/s

be written as ƒ K (E,T) 7 ( M t)d T . It  is clear that the factor s( A’ 1/$" E ) the"
cancels out and we are left with the equation
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(3.9) f  -J T

dT _  r dT _  r dT
v (E-T; Ej) - V (E;E.)+[ —7777- “  (T;E.) +

l+ l / s . l+ l / s

+ 1 +_ !

1' J  J  l+ l / s

Ef

l+ l / s ( E - E t )

which is equivalent to (3.8) .

We rearrange (3.9) as
E-Ef

l+ l / s

F v ( E - T ; E  ) -  v ( E ; E  ) ]  -  f v ( E ; E  ]
J l + l / s  L  1 1 J  J y l+ l / s  1

(3.10)
dT _  1

-------v (T;E ) + ----------  +
y l+ l / s l+ l / s (E-Ej) l+ l / s

Because of the fact that Ef>E , the second and the last terms of (3.10) are very
small with respect to the others and will be neglected. For the remaining approximate
equation we try the solution "v(E;Ej) = C(Ef ,Ej) E. Substitution yields for C the
equation

(E-EJ1 -  A1'" *  E 1"1/s -E 1"1/s 1
(3.11) -C ---------------------------  + C ----------------------  + ------------ = 0

1-  1/ s 1- 1/s l+ l / s

In the first term of (3.11), Ef and A may be neglected with respect to E and it is
easily seen that the asymptotic result (E -* co ) for the collision density then be­
comes

(3.12) v(E; Ej) CE
(1-1/s) E

E 1-1/s E l+ l / s

From the results, obtained so far, an important conclusion can be drawn. In the be­
ginning of this chapter we have seen that the average recoil number "v (E, E.) dE. is
composed of two contributions, (1) those which are excited from zero kinetic energy
and (2) those which possess kinetic energy above Ef and then are de-excited into
the interval (Ej, dEj) by a single collision. If we had been interested in the first
contribution only, we would have taken the probability for de-excitation zero, that
is the last term in Eq. (3.4) would not have occurred and occurred and we would
have got Eq. (3.8) without the last term on the right-hand side with we have neg-
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lected already. From this argument we see the second contribution to the average
recoil number is much smaller than the first one.

Another interesting relation can be derived for v (E;Et) when use is made of the fact
that the sum of the energies of all recoils created in the course of the cascade, if
counted in the way that has been described at the beginning of this chapter, must
be equal to the initial kinetic energy of the projectile. The normalization relation
(3.2) can be rewritten as

Ef

(3.13) Ee J w V (E;Ei----Ev<)dEi — dE v= E
0

v
On the left hand side of (3.13) we replace E by E E , which can be done,

i—1 / \
because for all combinations of recoil energies where E E £  E, W = 0. We find then

i

Ef

(3.14) E f E E.W^(E;Ei— Ev) dEi— dEv =E
V J  i= l 1

0

which is a symmetrical expression in the E. and can be replaced by

Ef Ef

E f vE dE f W{ ----Ev) dE2- ""dEv =
(3.15) V oJ E{ J0

= E J vEjW(v)(E;Ei )dE t = E
o

Using (3.6) it is now immediately seen that the relation

Ef

(3.16) ƒ  Ei'v(E;E1)dE1 = E is valid,
o

This is a general condition which the collision density must satisfy and it is clear
that the asymptotic result (3.12) does indeed satisfy it.

We shall now discuss the phenomenon of a collision cascade from the point of view
of probability theory. The cascade can be regarded as an unspecified but great
number of collisions ("events") in which one of the two participants in a collision
either does or does not come into the interval (Ej,A Ef). This means that it can bê
conceived of as a series of Bernoulli trials with a variable probability for success in
each trial, which is given by the function
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(3.17) K ( E ' ;  E j )  +  K ( E ' ; E ' - E 1 ) A E t

where E' is the kinetic energy of the moving atom before the collision. The proba­
bility that two moving atoms collide is neglected, so in every collision one partici­
pant has zero energy before the event.

Consider the explicit form of
K(E',E )

l - l / s

( A  - E

In every collision, which is counted in the cascade E' >  Ef. If we choose the cut­
off energy A sufficiently small, so that A*1/s » E f‘1/s, it is seen that only the
second term of (3.23) depends on E'. This means that there is a variable probability
for success in each trial only for the second contribution to the recoil number
v (E;E1) aE1, mentioned previously, which in average is very small compared to the
first one. We now make use of a theorem of mathematical statistics21, which states
that the number of successes in a series of Bernouilli-trials with variable chance of
success in each trial is approximately distributed according to a Poisson-distribution,
if the number of trials is large and the chance of success in each individual trial is
small. We can from this draw the conclusion that the number of recoils in the energy
interval (Et, AEt), v(E;Ej)AE j has a Poisson distribution with mean "v^EjJdEj as
given by (3.14). It follows from the properties of the Poisson-distribution that the
variance of the recoil number is given by

from which follows that the relative mean square deviation from the average recoil
number is (“vfE/EjjAEi)" ,  It is interesting to compare our calculation with the
calculation of v (E;Ej)AE., when the atoms interact with each other as hard spheres.
This has been dome by Leibfried20. The most characteristic property of the hard-
sphere interaction is that the energy transfer probability function K(E',T)dT =
— dT • E — K(E1 ;E1 —T) for equal masses. If we consider again the cascade as a series
of Bernoul I i-trials, we now see that the probability for success (i.e. the probability
that a recoil in a collision will come into (Et,AEj) now depends on I y onAEj and
not on Ej, though it is different in every collision, due to its dependence on E'.
From this follows that "v^E j) cannot depend on Ej, and indeed this independence
shows in the Leibfried result which is

Finally we consider the case that the projectile differs in mass from the target atoms.
The only change this causes in the formalism is that the maximum possible energy
transfer in a two-particle collision is not the entire kinetic energy E but

(3.18) (v(E;E1)AE1- v(E;E1)AE1)2 = v(E;E1)aE1

7(E;E1) = —  (cf. Fig. 4).
1 c 2
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vlE.E,I

Fig. 4 T he behav iour of v(E;E ) as a  function  of E for th ree  d ifferen t values of s.
T he value  o f s = 1.1 represents the  case o f a  w eakly  screened in te rac tio n . T he horizontal straight
lin e  is th e  resu lt for the  hard-sphere in te rac tio n .
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4 m. m
T = yE = ------------  E,
”  (m j + mj) 2

where mt and m2 are the masses of projectile and target atom respectively. K (E,T)
for this case is given by (1.8). The physical situation is further almost precisely the
same as in the case of equal masses. We assume y to be such that yE >• Ef. The pro­
bability for exciting stationary atoms from zero energy into (E^dEj) is unchanged,
but there will be slightly less high-energy recoil atoms in the cascade, due to the
fact that the projectile can only transfer a part of its energy in one collision. The
amount of recoils which drop into (Ej,dEj) from an energy above Ej can therefore
only be smaller than in the equal mass case. The conclusion is that the average
recoil number and its variance are not significantly affected by a change in the mass
of the projectile.

It is possible to obtain some information on the direction of motion of recoils, cre­
ated in a collision cascade. To this end we introduce the function Ŵ V̂ (E, n*;
Et /C i/----EV,CV) representing the probability density function, such that a pro­
jectile (with the same mass as the target atoms) has the probability W'^dEjdCj----
— dEvd£v of causing a collision cascade in which will be created v recoils in the
energy intervals dE j dEy and with directions of motion which make angles with
the initial direction of motion n of which the cosines lie in the intervals (£ i#d£j)_
— (Cv/dCv)« The conditions for recoil creation, stated at the beginning of this
chapter are again supposed to be valid. This implies that W'v' does not depend on
the azimuthal angles of the recoil momenta, because every collision of the cascade
has azimuthal symmetry and the medium is considered amorphous for all collisions we
take into account and is therefore azimuthally symmetric to all recoils with energy
— Ef. Due to the statistical independence of the two subcascades, started by the
participants in the first collision, it is possible to write down an equation analogous
to (3.3). But it must be realized that in this case not only the kinetic energies of
the participants after the collision are important, but also their directions of motion.
We must therefore use the scattering probability function K(E,T) multiplied by angle
dependent factors with the angular distribution T as has been done in Chapter I for
the differential cross section. The equation for the function W'v  ̂ then becomes

»
(3.19)

(E/n;E ,C.—  E C )1 1  v V |K(E,T)dT6(niP - V  ^=i)6(nn"- VTTi) dQ’dQ"
2u2n;

. Z ,(n) ( E - L n ' j E ^ - - - ^ )WV ,, ) (T,n»;E C" —  E C" )
p+l p+l v v

In this equation Z, and Z, refer to the cosines of the angles which the recoil momenta
make with the directions of motion of respectively the projectile and the hit particle
after the collision, denoted respectively by n1 and n". Their connections to the Z, are

(3.20a) £ = C*n n‘ - V 1 ~C2 V 1 -Tiri’2 cos(ro -cp)
2 l
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(3.20b) C " = Cnn" + V - n n " 2cos .

Here q>2 is the azimuthal angle of the scattering event and cp t the azimuthal angle
of the recoil momentum. This situation is analogous to the one, described in Chapter
II concerning the relation between the angles T)‘ and T| (cf. Fig. 1). The vectors n ,

and"n" lie in one plane, which is the reason that the angle ( u-q^+cp^ occurs in
Eq. (3.20b).

The next step is the specialization of (3.25) to include the case that one of the
participants has an energy below Ej after the first collision. To this end we state
that for the case E <E

(3.21) W(V)(E,7T;E tCr - E VCV) -  (E-E )6(C r  1) .

Like (3.1) this is a direct consequence of the restriction on the recoil number, intro­
duced in the beginning of this chapter, inasmuch that if the initial energy E is
smaller than Ef there can only be one recoil in the cascade, namely the projectile
itself of which the energy then must be equal to one of the chosen energies E., and
its direction of motion must coincide with the initial direction of motion n.
Applying (3.27) to (4.25) we find the equation

E-Ef

. v /V'^(T
(3.22)

W(v)(E, n ; EjC j—-£ y)

K(E,T)dT6(™' - | ^ ) 6 ( n  n"-ff/E)
Ef F

n i  t , I p _ T  t , i— — a  Q 1
,n";E c" — Ea c a )+ K(E,T)dT6(nn’-W^-)6(nn"-l/T/E) —

®  . .  . 4 ®  VI \1  *

d Q 'd Q " £  1  E v / ^ ( E - T , n ' ; E  V  — E V  ) .
2ti 2it P=0(^)pa a i a i % %

a Q'd Q"
TrT

V 1 p

Z trZ 6 5 6(T-E„ )6(C -1)W(v' t‘)(E-T,n,;Ea ^  —  Ea Ca > +
P+1 |1+1 v V^ ( p )  pa '•‘l i=l

E ^
■ 1 a ,

K(E,T)dT6(7in'-y ^I)6(^n"-V T/i)
dQ'dQ" 1

E-Ef

Z -5 - Z 8  n 6(E-T-E )6(C_-1)
2n2n p=0(J[) Pa  ̂1 i=i a i a i

, ( v -  tl) (T,n";Ea C ;  —  Ea C
V 1 V 1 v

The normalization of the function W(v). as follows

1 f

(3.23) £ ƒ ƒ  W(v)(E,n;EiC1 — EvCv) dE jd C j— dE^ d ^v = 1 -

-1 a

We shall now introduce reduced probability functions as before
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i  Ef

(3.24) w [V)(Ê^;E1C1—  E ^ x ) -  f f ' v dCv

-1 A

( v)As before the average number o f reco ils created can be w ritten  as Z vWQ (E) and the
average number in the in te rva l (E j,d E j) (C j,d C )  as v

(3.25) v (E ,n ;E 1,C I )d E 1dC != £  v w [  \ e, rT; E 1,C 1)d E A d £ t

For th is fu n c tio n , an equation can be derived in the same way as was done fo r (3.6)
from (3 .4), i.e . by m u ltip lic a tio n  w ith  and summation over v and in teg ra tion  over
E2C 2 -----E v £ . The result becomes

(3.26)

v (E ,n ;E  C1) = f  K (E ,T )d T 6 (n ^ '-" y ^ ^ )6 (m T fl- V l /E )  SLBlfLHl. .
J  I E 2 n 2 n
Ef

v(E-T,n‘;E j^ | )  + vi(T,'n";E1, C ) " j  +
t

rK (EJ)dT& (iï'-l& )6G n"-fr7Ë ) dS 'd Q "
2tt 2tt [ « ( T - E i ï ó t t ' j - Ï )  +

+ ~(E-T,*n';El  C J)

+ ƒ  K(E,T)dT6(nn'-'p^ï)6(nn',-YÏ7Ë)
E-E,

w hich  may be rearranged in the form

E-E,

dS'dQ "
2 n  2 n

f i f E - T - E ^ q - l )  +

+ W T ^ - jE jC ' i ) ]

(3.27)

v (E ,n ,E 1C1) =  J  K ( E , T ) d T ó f i n ' - ^ ) ~  ^ E - ^ ' ; ^ ' )

E 4

+ f  K (E ,T )d T ó tfn "-V ïy I) l^  7CF,‘n "jE 1,C fM) +
J  2 n  1 1

+ fK(E,T)dT6(nn"-lTr7È)6(T-E1)6 (C Ï-1) —  +v 2 it
4 E

+ f  K(E,T)dT6(nn'-y — ^ (E -T -E J Ó fC "-1) —  •
J I E  1 1 2 n

As was done in Chapter II w ith  the range p ro b a b ility  density func tion  an expansion
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in to  Legendre polynom ials is made

(3.28) V(E;Ex,Ci) = 2 (2 i+1)v i (EjE1)P1(C1)
l = o

and the add ition  theorem for Legendre polynom ials (c f. App.B) is used.
(The va riab le  "n is dropped to  s im p lify  the no ta tion . Furthermore we use the "closure
property" o f the Legendre polynom ials in the special form

(3.29) 6 (Cl 7 l ) - . £  ^ i p  -(CJ)
1=o L

The substitu tion o f (3.28) and (3.29) in to  (3.27) provides a set o f equations fo r every
~  separately, because the coe ffic ien ts  o f the same P {(C i)  on both sides o f the
equation must be equal. The general equation fo r v^(E ;E^) reads

E-Ef  .____

~jL (E ;E j) = J  K(E,T)dT ^  (E-T ; t %) P£( f  ̂  )  +

E A e j--------

(3.30) + [ K ( E , T ) d T - / (T ;E 1)P/ ( f ï 7 Ë j  + i  ƒ  K (E ,T )d T 6 (E -T -E 1) P£  ( j  ^ - )  +

Ef Ef  E- Ef

+ i f  K (E ,T )dT6(T-E i )P/  ( f r /Ë ) .

A

Consider the case ^ = 0. Then (3.30) becomes:

E-E E

v0 (E ;E .) *  f  K(Ef T )d T v 0 (E -T ;E1) + f  K(E,T)dT ^ ( T ^ )

(3.31) £ A Ef  Ef .

+ 5 ƒ  K(E,T)dT6(E-T-E  ) + i  jK (E ,T )d T 6 (T -E j )

E-E, A

I f  th is equation is compared w ith  (3.8), i t  is seen that the on ly  d iffe rence  is the
fac to r i  in fron t o f the last tw o terms. Its solution can be g iven stra ight away (w ith
the same degree o f accuracy as before, (c f. 3.12)

(3.32)
(1 - I A) E

V E'El>=i E 1-1/s El+"l}7

N e x t we take the case = 1. Equation (3.30) then becomes
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(3.33)

v i (E,Ej) = ƒ  K(E,T)dT \  (E -T ^ )  ̂̂  +

V  &  V

+ J  K(E,T)dT "vt (T;E,) YT/Ë + i  J  K(E,T)dT6(E-T-E1) ^ - I

Ef  Ef E- Ef

+ £ f  K(E,T)dT6(T-E ) V W  .

This equation can be solved in the same way as (3.10). Rearrangement of (3.33)
9ives :

ƒ  s i ' '  (E' T'E') ir'  ” ‘<E'E,)]  •  ƒ  f w r ‘, i (E;Ei>
(3.34)

T l+ l / s
"Vj (T ,E j) V t/ Ê  +  £ ^ 1 1

+ —
l+ l /s

Ef
(E -^)

l+ l /s 0 .

The second and last terms of (3.34) can be neglected for the same reason as in the
case of (3.10). For the remaining equation we try the solution Vj (E,Ej) =
= C,(Ef,E .) YE. Substitution yields for C, the equation

E-Ef

(3.35) Cx
- l+ l / s

E-T T-iSr 7T J/ j
Ef T

E c i+i/s 0 .

From (3.35) we find, after we neglect E { and A with respect to E

(1-1/s)(3.36) C. = £
1 -1 /s ,.  1/2+1/s

• f

and the solution for v , is

(3.37) v i (E; Ef) = £
(1-1/s) VT

p 1-1/s p 1/2+1/s
C f  C 1

So far we found from expansion (3.28) the terms vQ and . A physical interpre­
tation of these terms will now be given.
If we integrate (3.28) over all values of C, from -1 to 1, we get by definition the
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average number o f reco ils  w ith  energies between E j and d E i, i.e . expression (3.12).
This can be restated in the form tha t (3.28) is m u ltip lie d  w ith  P0 (C t) = 1 and then
in tegra ted . Due to the o rthonorm a lity  o f the P» a ll terms o f the expansion except
v". cance l. Hence 2 "v0 = "v (E ;E j) w h ich  is im m ediate ly seen to agree w ith  (3.32)
and (3.12). For Vj an in te rp re ta tion  can be g iven also. We m u ltip ly  (3.28) w ith
C1.V 2 m E 1 on both sides and then in tegra te  again o v e rC i = Pi (C l)* This q u a n tity  is
equal to  the component o f the lin e a r momentum o f a reco il w ith  k in e tic  energy be­
tween E j and E j t d E j  in the in it ia l d ire c tio n  o f motion o f the pro jectile .The  in tegra l

1

(3.38) f  YÏÏmÊ t C jV  (E ,n ; E ^ d C ^

- l

represents therefore the average resu lting component o f the linea r momentum in the
d ire c tio n  Ti o f a ll reco ils  in the energy in te rva l (Et ,d E t ) .  From the o rthogona lity
re la tions o f the P ^(C j) and (3.28) fo llow s the re la tion

1

(3.39) ƒ  (E ,n ; E ^ j d C  , =  2  \  (E ,E 1)
- l

so the term "v j (E;Ej) is a measure for the resulting momentum of the recoils in
(Ej.dEj).

F in a lly  we shall show tha t the laws o f energy and momentum conservation are satis­
fie d  by our expression fo r v~ and v ^ . We restate the norm a liza tion  cond ition  (3.29)
in the tw o fo llo w in g  ways

Ef 1

(3.40) E E f f w (v )(E ,n ;E  r  - - E C J d E jd C !  —  dEydC v = E
v J J

0 -1
and cEf 1

(3.41) f  f w  V (E,n; Et C j— E ^ d E ^  — dEv dC v = V2mE

A - l

We rep lace (3.40) by

(3.42)

Ef 1

E f  [  £ E W (V)(E ,^ ; E C
v J J i=i  »

o -1

f - l E vCv )d E2dC2—  dEvdCv = E

w hich is perm issible due to  energy conservation in the cascade. Because
symmetric func tion  in the va riab le  pairs (3.40) can be replaced by

is a
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E

Ef 1
(v), -

w  (E,n; ElC1-----E £ )dE2d£2 —  dEvd£ v

'f 1

(3.43)
V

ƒ  ƒ  v Ei Wi(v)(E,n;EvE1w jv)(E,n;Ei C1)dEi d ^  = E .
o -1

Using the definition (3.25) and the expansion (3.28) it is seen that this is equivalent

The law of conservation of momentum demands that the sum of the momenta of all
recoils created in the cascade with energies Ef must be equal to the initial momentum
of the projectile, which can be stated in the form that the sum of the components of
the recoil momenta in the direction FT must be equal to the initial momentum of the
projectile and the sum of the components perpendicular to rf must be zero. This can
be expressed mathematically by Zi V“2mEi CJ = V2S1 where the summation is over
all recoils in the cascade. This means that (3.41) can be replaced by

Eq. (3.47) is the integral of (3.38) over all recoil energies from A to Ef and re­
presents therefore the sum of all recoil momentum components in the direction rf.
It can now be checked using also (3.48), that our solution (3.32) and (3.37) for v
and Vj satisfy the law of conservation of energy (3.44) and momentum (3.47) re- °
spectively, if we take the limit A -» 0, which we have done implicitly by neglecting
A in the solutions of equations (3.31) and (3.35).

to

Ef 1
(3.44) II E jV  (E ^ E jC jJ d E ^ C j = E .

[  ƒ .2  W(V>(E,7?; EiC EvCv)dEt dC

As W(V)
(v)

As W is a symmetric function in the sets of variables E . C . (3.45) can be rewritten as

Ef 1
ƒ  J e vY2^Ê1C1WtV,(E, EvĈ dEjdC

A - 1

from which follows with the help of (3.30) for the case \  = 1

Ef 1

(3.47) ƒ  ƒ  V 2 ^  V ( E , ï , E 1C1)dE1d 5 t - l f5 S Ë  .

*

★  ★  llr
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C H A P T E R  I V

ON THE SPATIAL EXTENSION OF A COLLISION
CASCADE

In the preceding section we discussed the average number o f low -ene rgy  reco ils
tha t are created in the cascade o f a p ro je c tile  w ith  k in e tic  energy E and d irec tion
o f m otion "n. In th is section we shall discuss the spatia l extension o f these reco ils ,
i.e .w here  they are created w ith  a g iven energy Et in the ta rge t m a te ria l. This is done
also w ith  the help o f a ca lcu la tio n  o f moments, w h ich  w il l  turn out to  be close ly
analogous to the one carried out fo r the p ro je c tile  range.

We begin w ith  the in troduc tion  o f a p ro b a b ility  func tion  fo r the creation of^V reco ils
in the energy in te rva ls  dE x-----dE v and in the elements o f volume d r t ------d rv . Here
r ? -----r*are co -o rd in a te  vectors w ith  the po in t o f entrance o f the p ro je c tile  as o rig in .
The ta rge t is again supposed to be s in g le - or p o lyc rys ta llin e , and again on ly  those
reco ils  are considered w hich are exc ited  from zero energy in to  the in te rva ls  d E j —
- -d E  (E j ; -----E =  E{ ) or those w ith  energy above Ef w h ich  lose so much in a
single co llis io n  tha t a fte r i t  there are in one o f those in te rva ls . We denote th is
p ro b a b ility  by

(4.1) W (v )(E ,n ; Et , ï J -----Ey, 7 )  . dEj d ^ ------dE yd ry

The p ro je c tile  is supposed to be o f the same species as the ta rge t m ate ria l.

For the case E < E { we have, due to  the above mentioned res tric tion  the re la tion

(4.2) W (v )(E,ï7; E / j — E F*) = 6  t n  6 (E -E .)6 (^ )  .
i=l.

This means tha t i f  the p ro je c tile  has an energy below  E{, the on ly  reco il in the cas­
cade is the p ro je c tile  its e lf w h ich  is created at the po in t o f entrance.

The func tion  W V is norm alized accord ing to

Ef

(4.3) S f [  W (v )(E,n;E , 7 — Ev ?̂ dEi di i ----- dEydT = 1.
Y=0 «/ jJ

0 y

It  may be remarked here tha t W ^v  ̂ is Symmetric in the pairs o f variab les E^, r^ ^
In tegra tion  o f w ( v) over coordinates r l -----ry y ie lds  the tensity  func tion  fo r reco il
energies o f Chapter I I I.  We shall now derive  the fundamental equation fo r this

func tion .
We suppose tha t the p ro je c tile , a fte r its entrance in to  the ta rge t moves over a small
d istance a7 . The p ro b a b ility  fo r a co llis io n  w ith  a specified energy transfer and a
specified d e fle c tio n  in the d ire c tio n  o f m otion is then g iven by N  lA r I der', a fte r
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which both participants in the collision begin statistically independent subcascades.
There is also the probability (1 -  N I a7 I/d a ') that the projectile will suffer no
collision in the distance A rT

The balance equation for the probability now reads as follows
T=E -E f

,(v),
W '^(E,rT;E7— E 7 )  = n Ia7I f  da 'Z ZW ^(E-T n1;

11 v v J ix=o (v) p
T=*Ef  H «

E«.'r« "Ar—*Ea 7 -Ar) . ^(T,n";E ,7 -A7  E 7 -  Ar) +
1 1  P | ! +l  % + l  «V « V

(4.4) T=E
+ N IAr l  f  da' Z 1  Z 6wn 6 (E-T-E )6(i7, -A r ) . W(V-tl)(T,7

J  ^ =0  ( y )P a R i= l i

T;E:BEf Ea [ , ; *  -Arf - E . ï  -AT)

n Ia7I
ii+i p+i

J'Z ü Z 5  n 6(T-E )6 (f*  -Af) W ^ E - T ^ ' ;
* *  9  £  rti=1 1 1

T=A E a  ,r -A r----E ,r - £ r )V 1 «p+i av av “

+ (1 -N  Ia7I f"da')W(v)(E,7; E ,7 - a7— E ,7 - a7)
J 1 1  V V

At this point we introduce reduced probability functions

Ef

<4.5)

0 r.
l=l—>

(v)
such that W d E jd r j-----dE^dr. denotes the probability that in the cascade of v
recoils with energies between 0 and Ef there will be \  in the energy intervals
'^1'd E j ) -----an<̂  ^ e  elements_of volume d r --------------------dr^. Let us define of
probability density function W(E,nJ/E j O  by

(4.6) W(E,n;E ,7 ) = Z v W ^ (E ,n ;E  ,7 ) /v (E ,E  ) = - -  ' i^ 1' ^
v 1 V  (E, Et )

where v(E, Et ) is given by (3A),
One easily verifies that W(E,n; E, 7) is normalized in such a way that ƒ Wd7, = 1.
It can be interpreted as the probability of finding a recoil in dE d7 when multiplied
with dE dr . 1 11 1



38

By integration over E2, r 2 -----Ev, r v, m u ltip lica tion  w ith  and summation over v f the
equation for the recoil density can be derived from (4.4.). The result is

N I A?

(v ) —* —*
2 vWj ' (E jh /E j j r j )  =
V

T = E -  Ef1 / \
f  da1 Z (p + p ') W j (E -T,n ';E  ,7  -A?) W' (T) +

J p -p ’ 1 1 0
T = Ef

( H i

+ — -----W(tl)(E-T) W( “ (T,n " ;  E ,7  -A?J +
(p+H‘) 0 1 1 1

T=E

(4.7)
T = E-E f

n IaTI f  da1 z (p + p ') f-^ -6 (E -T -E 1)6(F:-A7) w y )(T) +
J u.u' L( p+p') 1 1

(P+P')
^ V / n / ' i E /  -AT)]

T = E,

+ N IaT I f d a 'Z  (p + p 1) 6(T-E1)6(71-A 'r)w j,,')(E-T) +
J nV  L(ptp') 0

t =A e

( P+P')
+ (1-n Ia7I lda')E vW 1 (E ^ E ^ ^ -aT)

This equation can w ith  the help o f (4.6) be rearranged to the form

W(E,n;E|,rt ) -  W(Efn;Elt rt -Ar) _
I a7 i

(4.8)

T = E - E, T=E

N ƒ  da'W(E-T,7 ,;E1,7 i -A7) + N ƒ  da'W(T,n,,^ 1,rJ -A 7 )

^=4 T=Ef T=Ef

N ƒ  da'W (E,n;E1#^ -A r*) + N ƒ  da '6(T-E1)6 (7 1-  a7) +

T=A t  = E T=A

+ N ƒ  da‘ 6 (E -T -E j)6  ( r j - a 7)

T = E -E f

A t this point the index 1 from r^ w ill be dropped. Taking the lim it l A r l ^ O  and
using the e x p lic it expression for d a ',  given in Chapter 1, the fo llow ing  equation is
obtained
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aw , ï+T) aw
a r iTJ- ^vv =N  ^  \3 ~ < T ‘ y  k*En ƒb 2s-2 2 . 2, 1/s

(4.9)
T

dT

f W (E -T ,n ',r;E )6  n n ' ,
l + i / s  i  \  I e- i¥ )^

T,.1/. W(T ^ ,,E 1)6ff„-'-VT7I)
f

6( ^ ) 6̂ - - ri7S -
S(r)

4 tir2 . l + l / s
6(E-T-E )6( nn 1 -  —  ) —E"T \  dQ1

We have made use of the fact that, due to the amorphous nature of the target
material the function W (E,n;r;Ej) depends only on^the initial energy E, the recoil
energy Ej, the scalar distance from the origin r — I r I and the quantityT) = (r."n)/ r ,
which is the cosine of the angle between the initial direction of notion n and the
radius vector 7. The angles T)1 and T)" are given by

_ (7.7) (7.7")
T ) -----------and T) = 1--------- -r r

Also as in Chapter II we shall suppose that W(E,Ti,r;E1) is an analytic function of E,
which enables us to take the limit A~*0. The integrals, occurring in the equations
which follow will then be convergent.

Again (cf. Chapter II) we transform to Lindhard's reduced units for distances and
energies (2.14), which changes (4.9) into

3 W  1 - i f  9 W 1
IT — -  + ------

3p P

k ,2'*_  = l  ( y* a  i/*r r dT w,/ , . , dc
3ri s \  2e )  E |_ J Tm /.W <e - T'T> ' P ; e i ) 6 2 K

(4.'°>  - ƒ - ^ _ W(c ^ , p ;e1) +
a T r

e o
f  d T  ,  d Q "

W('C,T)",P;ei ) 6" +
r l+ l / s 2 n

* 6(t. e )6»J21+Me1 f ^ i _ 6(E. T. £ ) 6 . i £ . - |
W l x UV ‘ '2 "  4KP f ) TW /‘ 21. J
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Here 6' and 6" stand fo r 6 (n n ' -V  g ) and 6 (n n "  -  Vt / e ) .

The in teg ra tion  over the azim utha l ang le , conta ined in dQ 1 and dQ" is again over
the azim utha l o f the sca tte ring  event cp2 as d is tin c t from the azim utha l co -o rd ina te
qj o f the chosen element o f volume dT\ Therefore, the re la tio n  (2.5) is again va lid
as is an analogous one fo r tj "•

In order to  solve (4.10) we app ly  the same procedure as in Chapter II , i.e . the
fu nc tion  W ( £ , p , l l ; E j )  is expanded in a series o f Legendre polynom ials as fo llow s

Here pZdpdT)dq> is the volume elem ent dr, expressed in reduced po lar co -ord ina tes.

Substitu tion o f (4.11) in to  (4.10) gives a recursion re la tio n  between the d iffe re n t

The d e riva tio n  o f (4.12) proceeds in p recise ly  the same w ay as the d e riva tio n  o f
(2.8) and (2.7) (c f. A ppend ix  B). The fac to r 6 ^ 0 is in troduced in the last tw o terms
o f the righ t-hand  side o f (4.12) because these terms are independent o f T).

A ga in  as in the case o f the ranges we de fine  spatia l moments, th is tim e o f the reco il

(4.11) W(e,ri,p;e1)p2dpdTidcp1 = E(2/+l)W ^(e,p;e1) P^tti)^dpdrjd^

W by equating the c o e ff ic ie n t o f the same P ( t l)  on both sides

£ ( £ - ] )+ ( / + ! ) ( /+ 2 )

'*>s> h (ftp)v  L 2/s _  -(if) * ' " U
(2 /+ l)W ,(e-T

l+ l /s

(2/+l)W / (T;p,e1)P^( Vt / e )(2 7 + l)W .(e ,P ;£  )+1+1/s 1  l+ l /s

6 ( e - t  - e x )6 ( t  - E t ) + 6
l+ l /s

density

a>

(4.13) M  ° ( e ;Ej) = 4n Jw/ (E,p;E1)pn+Zdp
0

The recursion re la tio n  fo r these moments can
w ith  4 n p n+2 and in teg ra tion  over p

be derived by m u ltip lic a tio n  o f (4.12)
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( / + ! ) ( ( E; ^ )  - / ( / + n + l )  m “] |  ( e ;El)

(2 1 + 1)

(4.14)
( r ± r\  2e /

e-ef
-1/s d T

r l + l / S
M ( e - T iei , Pj

d T n
-------- M (e ;e,) +
T l +1/ S  # ' '  1 '

e 6
f  d x

e-T
■) -

l '  '  11  J  t: 1+1/s ' " t  'T '  /
6 ef ef e

+ 6.  6 f —■ T 6 (x-e ) +6 .  6/O nO J Tl+l/s 1

M,(T;t^ )p .(V x / e )  +

d T .  ,
—  6 (e - T- e1)

‘f

Before proceeding with the calculation of the moments, we shall discuss their
physical or rather geometrical interpretation. Consider the lowest order moment
M0(ef ei)* From (4.11) and the orthogonality property of the P, it follows that

a>
(4.15) M°(e;ei) = 4 n f  W0(e ,p -e ^ p ’ dp =

<T
1 2 Jl CD

=J  ƒ  fw (e ,n ; p; ex )p2dpdr|d(p
- 1 0  0

The zero'th order moment is, therefore, obtained by integrating the recoil density
function over all space. Therefore M°(e;€1)d£1 must of necessity be equal to the
average number of recoils, created in the energy interval (e^dej) and hence identi­
cal with v (EjEjJdEj. At the same time it gives the normalization of the recoil
density function W (E;P;Ej), as was shown in the discussion of Eq. (4.6). It is seen that
the substitution of I  = n = 0 in (4.14) yields the equation (3.9 ) for 7(E;E ), if we
transform £ back into E. 1

Consider next the moment Mj(c;Et). From (4.11) and (4.13) it is evident that

1 2* oo

(4*16) Mi(£;ei) = ƒ ƒ  ƒ  W( e/P ,Tl;E1)p3dpT)dTldcpi
- 1 0  0

We;can now interpret the quotient M ^ e ,^  J / M ^ e ^ )  as the average value of the
projection of the distances from the origin of the created recoils on the initial
direction of motion of the projectile. As in the case of the range, this quantity can
be written as .pT) . Next, we take the moment M ^ e ;^ ) . From (4.11) and (4.13) we

1 i n  x

(4.17) M o<E ;e i )=ff  ƒ  W(e / P z1! ; E! ) p 4dp dq ckp t
- 1 0  0
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The quotient M t / E / E j ) / M q( e ;Ej ) can now be interpreted as the average of the
square of the distance from the origin of the recoils in the energy interval (Ej,dEj),
produced in the collision cascade, and can be written as p . From these examples
it will be clear that the geometrical interpretation of the quotient M J/M g is
analogous to the one of the moment p^ in the case of the range. The moment

will now be calculated by substitution of n = /=  1 into (4.14). On the
left-hand side we get then - 3 Mq(e ;Ej), which may be identified with

3(1 - 1 / s) e
l - l / s  1+1/s

E E£ 1

The complete equation can be written as

( l - l / s )  e i ( T k 2/*

(4.18)
l - l / s  1+1/s S \  2 EE E
f 1

, 1/s T f M 1( e - T ; E  )
L  J  1 1+1/s i  1

E -  T

-f-psr. +
To find the solution, we proceed in the same way as in the case of the moments of
the range, that is, we introduce in (4.14) the variable of integration y =t / e  . It
then becomes for n —I — 1.

( l - l / s )  e i f Y

(4.19)
l - l / s  1+1/s S

E E£ 1
2 e

,

o y
l

dy
l+ l /s

— / / ( , ; £ , )  y i j
1+1/s

ef/e

Since Ef<5CE we neglect Ef / E  with respect to 1.
As a solution to (4.19) we try the form (cf. the discussion after eq. (2.22))

(4.20) m | ( e/ £ j ) = \ e 1+2/s

where K is independent of E , and obtain by substitution an equation for \  which
reads

(4.21) - (1 - 1/s)
l - l / s  1+1/s

E f E 1

1
S

\ 1+1/s

r  3 /2+2/s - |
(1-y) - l j

1
r dy 3/2+2/s I

+ Jp r̂ y J
0
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The integrals on the right-hand side are now worked out with the resulting equation
for X

k 2/s
(4-22) “ e i—l/s ju i/s = 7 ( ~ )  X |s-s(3/2+Vs) B (1 - 1/s; 3/2+2/s) + }

It follows from the theory of incomplete B-functions that the error we made by neg­
lecting £ f / e  is of the order (ef/ e )  3/2+1/s . We therefore have

n i/x 1/s‘ 1 -<1+1/s)(1 -  1/s) £ ( £ x
(4.24) \  = ---------------------------------------------- ----------------------------

3/2+1/s ]
V i  ( ~ ) [ *(3/2+V*) B( 1 - 1/s ;  3/2+Vs)

The average depth under the surface of the recoils created in the energy interval
( el/ d£i) is given by the quotient M*(e ;£ ) /M °(e ;E ) = X*e2/s, with X* =
= X/(1-1/s) e1/*-1 e*1 /w l, l i o i

The same calculation can be carried out for M0(e ;£1) by substituting n = 2 and I  = 0
into (4.14). This gives for AV the following equation

(4.25)
= 5/s ( — e. 1 / s

1+1/s 0 1

+
e ,

M 2(X ;E  )
l+ l /s  0 1

(4.25) can be written in a form, analogous to (4.18). The solution is found by again
introducing the integration variable y = t / e , and assuming the form M2(e;£  ) =
H £ I+ s . This gives for H the equation

(4.26) -2X= 5/s ' f  d y  r l+ l /s
-1 d y

l+ l /s
1+1/s

We have neglected again £{/ e with respect to 1 and after carrying out the inte­
grations we find

y  2 /s j

(4.27) -2A.= 5/s ( - — J xrs-s(l+4/s) B (l-l/s ;4 /s+  1) + -------
v 2 '  L 3/s+l J
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from which K may be determined to be

(4.28) h
2 \

5/2 J(s+4) B (r 1/s; 4/s+ 1) - s -

3s+l
to an accuracy of the order (£f/e) . The mean square of the distance from the
origin of the recoils, created in the interval (EjjdEj) is given by M^(£;£j ) /
M0( e 4̂ s , where

x *

5 / 2 ' t
2/s

(s+4) B(1 - l/s; 4/s + 1) - s -
3/s+ 1-

The analogy with the calculation of the range moments P /(e )  can be observed from
these two examples. All Mg(e;£j) with n + I  even and n 1  I  can be calculated
successively from the recurrence relation (4.14) by putting M^( e;Ej)~ e1+ n̂ s . We
now want to generalize this treatment for the case that the projectile differs from
the target material. We shall first consider the case that the maximum energy transfer
between the projectile and a target particle in a single collision Tm = yE <  E-Ef ,
which means that the projectile can never lose so much energy in its first collision
that it retains less than Ef. In that case we introduce for the projectile the proba­
bility function \AV) (E, n; Et ----E . r*), which has the same meaning as (4.1).
In its first collision after entrance into tlie target material it hits of course a target
atom which is of the same species as all other target atoms. Furthermore, the normali­
zation of V(v) is the same as that of W'v) (cf. (4.3)) and it is also symmetric in the
pairs of variables E.,r.. From these facts, the balance equation for V'V',  analogous
to (4.4) can be shown to be

vM(E, n; E, , r  — E T) ='  '  # r  1 v v'
T = yE

= N I Arl f  do* 2 2 V ^(E-T,n ';Ea ra - A r E a ra -Ar")
j  p = 0 ( u )  Pa  1 l r  , V v

T=E f P  T = Ef

(4.29) .W (V ^(Tjn"; Ea 7a -&7; Ea ,r£ - a^  + n Ia'tI f da' Z 2 6pi
v 1

> 1  > 1  - v  "V J  p = 0 ( ’ ) Pa
T =  A P

n 6(T-Ea )6(i^ -A"r) (E-T, n* ;Ea £  -A? Ea ^  -A?) +
i i H+l l»+l v v

T 1  E
<V>

j_l I . P+1 (1+1

+ (1-n IatI J  da') VW (E,rT;E , F*-a/ , ----Ev,7v-aT)

T  = A

i i
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A t th is po in t the reduced d is trib u tio n  functions v j ^ ,  analogous to are in tro ­
duced and the reco il density in the co llis io n  cascade, caused by the p ro je c tile  is
de fined as

(4.30) V (E ,n ;E ., r?) = I  v \ / V̂ (E,n;E , 7 )
^  *  1 1

I f  we integrate_(4.29) over E2,72 -----Er m u ltip ly  w ith  and sum over v ,  we find
for V  (E, n ;E  # r ) the equation

T=yE

V(E,n;E1,7 1) = N  Ia T I ƒ da ' V (E -T ,7 ' ;Et , ^  - a7 )  +

T=YE T = A t  = Ef

(4.31) + n I a7I ƒ d o 1 w a S " ^ , ?  - aT) +  N I aT I ƒ  d t f ó d - E ^  -*7) +

T = Ef  T =yE  T =A

+ ( i - n Ia7 I ƒ d o ^ v ^ E ^ - A T ) .

t =a

(4.31) is rearranged in the same way as (4.7) by bring ing  the term V(E,n;E f * -  A?*)
to  the other side and d iv id in g  the equation by I aT I . W e then again drop the index
1 from r j , in troduce the co-ord ina tes r and q and take the l im it  I a 7 I-» 0 . Eq. (4.31)
is then reduced to  a form corresponding to  (4 .9 ), when the e x p l ic i t  form o f d a ' is
introduced

d V  1 -Tl2 0 V

/  ( f  - T  m ,"Hn I rn -m

\  I E  2 m . lE -T  2m . )fyB jr  v(E' T'n ' ' r' Ei )6'

0  £ E

dSLl + H l l . f ^ l J 6(T.E)5A
211 4 n r 2 ^ t 1+1/‘  1 \

Here and m2 are the masses o f respective ly  the p ro je c tile  and the ta rget atom.

We w ant to  transform eq. (4.32) to  the reduced units for energies and distances (c f.
(2 .2 8 )). I t  must be rea lized  that we now have tw o sets o f reduced units, namely for
the case o f the in te rac tion  between the p ro je c tile  and a target atom and fo r the
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in te rac tion  o f two ta rge t atoms amongst themselves. I f  we ca ll the firs t set E and p,
the second set can be w ritte n  as e '=(XE and p1 = |3p, where a  and |3 are constants
w h ich  can eas ily  be ca lcu la ted  from the d e fin itio n  (2.28). This y ie lds  the fo llo w in g
reduced equation

-2 " '  ’ 7YS k s \ 2/s {  . l/sd V  ! 1 - r f  ay = J _

a p  p  0ti y s
( ye )

d i
. l+ l / s

VtE-T^rj'^p.e^S ( nn‘ -
m .+ m

f
(4.33)

m l “ " v .
e )

2m 1 E - T /

m l+m2 r-TiTli 2 -c

 ̂ 2 l/m m1 2

d Q
2n

6 (pp)

4 i t ( p p ) 2

d i
l+ l /s 6 (a T -a e ) 5 (  n n "  - mi+m2 iSL]

/  2 i t  J2 Vmjr

We can again expand the functions V  and W in to  Legendre polynom ials o f t) and
then in troduce spatial moments, w hich are de fined by

ao
n f  m+2

(4 .34a) N ^ e ^ )  = 4 n j V £(e, p ^ ) p  dp and

0 CD

(4 .3 4 k) M ^ e ; e t ) = 4n  fw ^  (a e ;P p ;e t ) (p p ) ” +2d (p p )  .

0

This results in the moment equation

U  + 1 )( i - n ) N ; ; ‘  ( e  ;E t ) -  i (  /+ n + 1) N £ t  (e  ; e j )

Y e

0
Ye

i + i

, ,m +m
dT  n , . .  (  1 2

(2 /  + 1) / YS ks \ 2/* .1/.
— )  (re)

YS

X l+ l / s

c wr m -m
1 2---- + -----

1
Yf

d T  n ” ( e ;e1) +  a’ 1/sp "(n+3)T  - ^ 7 M - (^ ;E 1)Pi
T l+ l / s  /

+ 6 , &
/ 0  nO

d T

l+ l / s

ef

6  (oct- cxe)

rnl +m2

2V"m m
1 2

Because the moments M » (e ;E j) have been found before, the N ^ ( e ;Ej ) cannbe ca lcu ­
la ted from th is recursion re la tio n . The geom etrica l in te rp re ta tion  o f the N ^ e /E j) is
the same as tha t o f the M ^ E tE j) .  N ° ,  lik e  M °  is obta ined by in teg ra ting  the reco il
density func tion  V(E,T),p ;E .) over a ll space and is, there fore , the average number o f
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the recoils created. O f course, like in the case of equal masses the average depth
of the created recoils is now given by N |(e ;e 1) / N ° ( e  E j) ,  and the quotients of all
higher moments and N 0 have the same geometrical meaning as
It has been argued in the preceding chapter that N° is not influenced by a change
in rhe mass of the projectile. It can then be shown that the case y E > E - E  can be
analized as well and yields for the calculable moments the same results.

*

* ★  1c



48
C H A P T E R  V

FURTHER DETAILS ON RANGE AND CASCADE
DISTRIBUTIONS AND COMPARISONS W ITH

EXPERIMENT

In th is chapter we shall make comparisons between moments o f the range and o f the
spatia l cascade extension and we shall also consider ratios o f range and cascade
moments amongst themselves21. F in a lly  we shall compare some o f the theore tica l
results w ith  experiments. As several au thors22»23 have made ca lcu la tions  on moments
o f ranges and spatial d is tribu tions o f rad ia tion  damage w ith  the he lp  o f a ha rd -
sphere model, i t  w i l l  be useful to  compare the results obta ined by the use o f a
power po ten tia l fo r the in te ra tom ic  in te rac tion  in the preceding chapters, w ith  the
same q u an titie s , ca lcu la ted  w ith  a hard-sphere model.

It can very easily  be proved tha t the d iffe re n tia l cross section fo r an energy transfer
between T and T + dT in a co llis io n  between to  r ig id  spheres can be w ritte n  as

<5- ’ > d<’ „ s = t ' „ s (E> - ï i -

where Tm = yE = maximum energy transfer and 0 HS is the to ta l cross section, w h ich
is dependent on E. We shall determ ine i t  in the fo llo w in g  way.

Consider the stopping power, i.e . the mean energy loss per un it path length o f a
p ro je c tile  w ith  the energy E in  ta rge t m atter. This is de fined as

T
1X1

(5.2) s = _L iL ,  f Tda
N  ar J

0

and fo r the power po ten tia l cross sections w h ich  we used h ithe rto  i t  is equal to
(c f. (1.4))

(5.3) S
it

s
k2y 2 T

1/s X 1*1/ S

1 -1 /s

r  v 1* 1' 5c  y  E i - 2 / s

l - l / s

where C simply is the fac to r w h ich  remains i f  we separate the product

l - l / s  l - 2 /s
y E

l - l / s

out o f the second member o f (5 .3 ).
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For a hard-sphere cross section the stopping power becomes

Tm

(5.4)
i  a w c ( E )  •  TTa (E)

o m

We now de fine  the to ta l hard-sphere cross section a (E) by equating (5.3) and
(5.4) , from w hich  fo llow s tha t

w h ich  fo r normal inc idence o f the p ro je c tile  is the ra tio  between the mean pene­
tra tion  depth p j(e )  o f p ro jec tile s  w ith  incom ing energy £ and the mean depth

a t w h ich  reco ils  o f some energy below Ef are created. We shall take  firs t the case
o f equal masses o f p ro je c tile  and ta rge t pa rtic les . A fte r a simple a lgeb ra ic  ca lcu ­
la tio n , starting from (2.22) and (4.24a) i t  then turns out tha t

where we denote by < x >  and <  xD>  the mean depth o f penetra tion  o f the pro­
je c tile s  and o f the rad ia tion  damage created respective ly . This expression is almost
a constant fo r a ll exponents o f in terest, because i t  varies from 1.31 fo r s = 1.5 to
1.14 fo r s = 4. As a ll re a lis t ic  in te ra tom ic  po tentia ls  fo r co llis ions  in  the 20 to  50
keV  energy range in w h ich  we are in terested, behave approx im ate ly  as inverse
power po tentia ls  w ith  the exponent s in the in te rva l mentioned here, i t  may be
concluded th a t the ra tio  < x >  /  < x D>  w i l l  a lways be close to 1. O f course, i t
fo llow s from the results o f chapters II and IV  tha t i t  is independent o f the p ro je c tile
energy. So the ra tio  < x  >  /  <  is in a ll cases considered above greater than
one, w h ich  means tha t fo r a ll po ten tia ls  considered the average penetra tion depth o f
the p ro je c tile  is greater than the average depth o f the damage created.

W ith  the he lp  o f (2.31) and (4.38) we can ca lcu la te  < x >  / <T x D2> as a func tion
o f the mass ra tio  m2/ m j  o f ta rge t-a tom  and p ro je c tile  masses. The result is g iven in
F ig. 5 and i t  shows tha t fo r not too d iffe re n t masses i t  remains o f the order o f 1.

(5.6)

The firs t q u a n tity  w h ich  we shall consider is the ra tio

pJ(®) • Mq(E/Ej ) / m |(E;Ej )

M ^ E ; ^ )

(5.6)
1 o

Pi (e) M o( e;Ei ) 3/2 + 2 /s < x>

M ^ e^ j) 3 / 2 + 1 / s < xd>
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The same comparison can be made for the second-order moments of range and damage
extension. In this case attention is focused on the variances of the penetration and
damage depth, which are given by the expressions in the moments (Cf. Ch. II).

(5.7°) ]- p 2( z ) + l p 2(e) - ( p W
3 0 3 2 1

and for the damage extension the analogous expression

1 M (e ;e ) + —M (e ; el) M X(e;e.) 2
(5.7b) 3 ° ^  3 - (

which in our present notation can be denoted by < A x 2>  - < ( x - < x > )  >
and <  A x J >  = <  (xD-  < x D > ) 2 >
(5.7a and (5.7b) have been calculated num erically both for the cases of equal and
unequal masses of p ro jectile  and target atoms. The results w ill be given num erically
for the equal mass case in the tables which fo llow , and which, of course, are based
on the results o f chapters II and IV. As a function of the mass ra tio  they are shown
in Fig. 6. These tables contain also some other moments of interest, namely the firs t-
order ones < x >  and < x D>  and the mean square of the transverse extention
<  y 2 >  and < y 2 >  , which expressed in the moments p “ and M “/M ° a r e

7 7 D I t  0
to resp.

(5.8a)

(5.815)

< y 2>  = ^ 3  (p0(e) -  p 2(e ))  and

2 .

</n> 2/3
M0(e;et) ~ M 2(e' ei)

M°(e;ei)

TABLE (5. l a)

s < x > / ( e2/s.C i )
<  A x2 > A to V

2
< X >

2
< x >

1.5 0.204 0.204 0.145
(0.258) (0.652) (0.064)

2 0.369 0.276 0.176
(0.417) (0.611) (0.095)

3 0.597 0.341 0.241
(0.619) (0.568) (0.159)

4 0.750 0.385 0.308
(0.750) (0.556) (0.222)



51

The factor C.

TABLE (5.1b)

s < * d >  / ( e 2/S-C ) < A x 2 > / < x  >
D  D

2 2
<  y > / < x  >

D  D

1.5 0.156 0.337 0.130
(0.348) (0.489) (0.092)

2 0.295 0.380 0.157
(0.583) (0.451) (0.132)

3 0.505 0.407 0.220
(0.905) (0.423) (0.210)

4 0.656 0.429 0.286
(1.125) (0.429) (0.286)

The numbers between brackets in tables (5.1°) and (5.1b) give the corresponding
results for the hard-sphere model as defined in the beginning of this chapter.
The fo llow ing  tables give these same rations for the case s = 2 and d iffe ren t values
ot rr^ /m ..

TABLE (5.2°)

V mi
< x > < A x 2 >

2
<  X >

2
< y  >

2
< x >e C i

0.1 0.842 0.058 0.018

0.25 0.577 0.125 0.044

0.5 0.453 0.195 0.089

1 0.369 0.275 0.176

2 0.297 0.409 0.343

4 0.229 0.710 0.674

10 0.153 1.684 1.671
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TABLE (5.2^)

m2/m 1
<  x D > < A x p > < v l >

e C !
2

< x D> < x D>

0.1 0.692 0.434 0.192

0.25 0.489 0.437 0.181

0.5 0.376 0.386 0.152

1 0.295 0.380 0.157

2 0.241 0.457 0.257

4 0.198 0.623 0.485

10 0.143 0.215 1.153

In these tables it has been assumed that Z  /Z ^  -  m2/ m 1.

Fig. 5 Ratio of the average penetration depth and average depth of created damage as a  function
of the m ass-ratio

From the results collected  so far some interesting conclusions can be drawn.

Considering the first-order moments, we see that in all cases < x >  >  <T x D>
for power scattering, which means that the p ro jectile  in the average comes to  rest
b e h i n d  the average depth of the cascade. It follows from tables (5.1°) and (5.1®)
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that for hard-sphere interactions, at least in the equal mass case, the reverse is true.
It has already been mentioned that for power scattering < x >  as <: xD >
As follows from Fig. 5 this is true for s = 2 for practically all values of m2/ m 1 and
for s = 3 for m2/ m 1 ^  0.5. For extremely light projectiles, < x >  and -<x >
become identical, while for extremely heavy projectiles the range becomes consider­
ably greater than the average damage depth.

Fig. 6 R a tio  o f the  variances of penetra tio n  and dam age depth  as a  function  o f m /m

2

From tables (5. la) and (5. l̂ 5) it fol lows that for m =m — ^ * 2 = 1,1 +0.1 for

1 2 < A x d >1.5 s  s S 4, which means that it will be difficult to distinguish experimentally be­
tween ̂ range and damage distributions. For hard-sphere scattering we find

x A Xq _ 0.7 ± 0.1, which means that the range distribution would be
narrower than the damage distribution. It is seen that for nij »  m the range distri­
bution is much sharper than the damage distribution, while for m <*C m the damage
distribution is somewhat sharper than the range distribution.
Finally we mention the transverse extensions. It is found from tables (5.la) and (5.1^)
that

<  y2>  / <  x 2>
2 . 2

< y D > / < x D>

1.11 ±0.02 or - - ^ 2 '> = 1-6 ±0 .3 .
< y D >

It is worthwhile to note that both range and damage distributions are much more
elongated for power scattering than for hard-sphere scattering. This has also been
found by Oen, Holmes and Robinson 24in numerical calculations on ranges of
energetic atoms (1 to 100 keV) in amorphous solids.
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We shall now make some comparisons o f theo re tica l w ith  experim ental results. Un­
fo rtu n a te ly  there is not su ffic ie n t experim ental data to  compare w ith  a ll theo re tica l
quan titie s , ca lcu la ted  in the preceding chapters.

85 +
Domey et a l . 18 have measured the mean penetra tion depth < x > o f  Kr -ions in to
amorphous A l20 3. In tab le  (5.3) we g ive  a comparison between values o f < x > c a lc u ­
la ted  w ith  the power po ten tia l w ith  s = 2, used in Chapter II , the hard-sphere model
as de fined in  th is chapter;the  hard-sphere model as de fined by Le ib fried  and the
experim enta l ones. We have taken the fac to r k s in the in te rac tion  po ten tia l to  be T.
It is observed tha t the values, obta ined w ith  Le ib fried 's  model are much greater than
the others. This can be exp la ined  by the fa c t tha t in  his model the hard-sphere
radius is de fined by the d istance o f closest approach in a head-on co llis io n  between
p ro je c tile  and ta rge t atom. The spheres are therefore as small as possible and the
ta rge t m ateria l has a maximal transparency.

TABLE (5.3)

E <  x >
HS

< x >
L

< x >
*=2

< X >
exp

10 34,21 85 32 ,52 60 ,48

20 68,42 170 65 ,04 93 ,2 4

40 136,84 340 130,08 156,24

80 273 ,68 680 2 60 ,16 2 69 ,64

160 547 ,36 1360 520,32 514 ,08

O

(A ll distances are g iven in A  and the energies in keV .)

It is seen tha t fo r energies above 20 keV  the Le ib fried  hard-sphere model ove r­
estimates the mean penetra tion depth by roughly a fa c to r 2. On the other hand the
power po ten tia l w ith  s = 2 y ie lds  very satisfactory values. The hard-sphere model as
defined in th is chapter gives values w h ich  are e q u a lly  acceptab le . This may be e x ­
p la ined by the fa c t tha t the hard-sphere radius is defined here in such a way as to
y ie ld  the same stopping power as the s = 2 power p o te n tia l.

In tab le  (5.4) we compare the values o f the mean spread about average fo r the three
potentia ls .
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TABLE (5.4)

E l / < x 2 > -  < x >
HS

l / < x 2 >  -  < X  >
L

l / <  x2 >  —<  x > 2
s - 2

10 11,58 66,40 9,95

20 23,16 132,81 19,90

40 46,32 265,61 39,80

80 92,64 531,22 79,60

160 185,28 1062,44 159,20

Although no experimental results are available for comparison with the theoretical
values of table (5.4), it is seen that the Leibfried model differs from the other two
with regard to the mean spread by a factor 6 to 7. The power potential and the hard
sphere model give comparable values although the mean spread is slightly lower for
the s = 2 power potential. Additional experimental data would provide further means
to discriminate between the various models.

25
McDonald and Haneman have bombarded Germanium crystals by noble gas ions of
500 eV and 1000 eV and subsequently have measured the sputtering ratio i.e. the
number of atoms, thrown out of the crystal per incoming ion, due to 200 eV Ar-ions.
Onderdel inden ** has shown that the sputtering ratio of a single crystal is strongly
dependent on the accessibility of the open channels of the lattice (Cf. Chapter I).
If damage is caused by bombardment many of these channels will be blocked by
interstitial atoms and it follows from Onderdelinden's work that the sputtering ratio
increases. This is what McDonald and Haneman indeed observe, when they measure
the change in the sputtering ratio as the atomic layers in which the damage is intro­
duced are successively eroded away. In this way the depth over which the sputtering
ratio is influenced, can be measured.

There is an uncertainty whether this change is caused by damage of the crystal
lattice, or by non channeling projectiles which are stopped in the lattice after they
have lost their initial kinetic energy. If the non channeling projectiles do not enter
an open direction, they interact with the lattice as if it were amorphous, and hence
the theory of Chapter II may be applied to them. If they come to rest, after having
lost their energy, they also can block open channels, and therefore, can have the
same effect upon the sputtering ratio as interstitial atoms. We shall compare in
Table (5.5) the experimentally measured thicknesses of the layers over which the
sputtering ratio is changed with theoretical values of penetration depth of pro­
jectiles and damage extensions. For these we take the expressions

< x > + < A * 2> *  and < x  > + < A x Z> 2 ,



56

calculated for s = 2, which are the sums of the average depth plus the root mean
square deviation for the energies of 500 and 1000 eV with which the bombardment
were performed.

TABLE (5.5)

energy 500 eV 1000 eV

projectile He Ne Ar Kr He Ne Ar Kr

<  x >  + <  x2> * 120 32 21 14 230 51 34 23

< X D> + < X D> é 100 27 18 13 200 42 29 20

Observed depth 26 16 13 16.5 40 35 30

O

All distances have been expressed in A. It is seen that both the theoretical range
and damage distributions are consistent with experimental results. Only the bom­
bardment with 100 eV He-ions produces results which cannot be explained by
theory. This may be due to the fact that He-ions of so low an energy will not Pro-26
duce a significant amount of damage, due to the low stopping power. Also S ch is t
and Kistemaker c .s .28 pointed out that for the case Z j « Z 2 it is not allowed to
neglect the explicit contribution to the stopping of the electron gas of the target
matter, which we have done throughout this work.

i t i )

Fig. 7 C om parison of ca lc u la te d  range and  dam age d istribution , f (x) and L ( x ) ,  w ith experim en ta l
results, ob ta ined  by 1 keV  Kr+ bom bardm ent o f Ge •
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Finally we give a theoretical range and damage distribution, calculated with the
help of an Edgeworth expansion (cf. Chapter II (2.43)) from first-, second- and
third-order moments of the penetration depth x for 1 keV Kr+-ions in Germanium,
together with points measured by McDonald and Haneman. It is seen that there is'a
close agreement between range and damage distribution and a satisfactory agree­
ment between the calculated and measured distributions for depthts above 10 A (cf
fig. 7.

Ericsson et a l.29 have used proton channeling to estimate the depth of the damaged
region in Si (cf. fig. 2 of this reference). This Si-target had been doped with 40 keV
Sb-ions at room temperature. They concluded that the discorded region does not
extend significantly beyond the depth of the implanted layer of Sb-ions. From
m2 / mj = 0.23 and Fig. 5 we find < x  >  /  <  x D>  = 1.18 for s = 2 and 1.45 for
s -  3. Taking account of the half-width of both distributions we find

< x >  + < A x z > *  _ 0.96 s = 2

< x D>  + < A x£ > *  1.22 s = 3

which is consistent with the experimental results.

27
Parsons and Balluffi bombarded thin films of metastable amorphous Germanium
with Xe -ions with energies from 20 to 160 keV. They observed crystallized regions
in an electron microscope and determined the distribution of the apparent diameter
of these regions. They observed that the most probable diameter is closely equal to
the average range of the projectile measured along the path, which according to
Lindhard whould be about 20% greater than the average projected range < x  > ,
which we have calculated. Assuming the crystallized regions to be identical with
regions covered by collision cascades, we may identify the apparent cluster dia­
meter with the transverse extension of the cascade, since the observations are made
perpendicular to the ion beam direction. A good approximation for the transverse
extension is given by

D = 2 ^ < y 2>  + <  z 2 >  = 2 ^ 2 <  y 2 >  = 0.91 < * D>  s = 2
= 0.98 <  x D >  s = 3

2
< X D>  and <  yD >  are calculated with the help of the results of Chapter IV  and
Tables (5.2) for the energies used in this experiment. It turns out that the results do
not agree with the experimental ones. The most probable diameter of the crystallized
regions increases with the energy of the Xe+-projectiles but much slower than is pre-
dieted by our theory.

*

*  *  *
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A P P E N D I X  A

DERIVATION OF THE DIFFERENTIAL CROSS
SECTION FOR AN INVERSE POWER POTENTIAL

INTERACTION

Let us suppose that a particle with a kinetic energy in the keV range is scattered
by a stationary one. If we want to calculate the differential cross section, we must
start from a given interaction potential between them. For this we choose the general
form of a screened Coulomb potential

Z Z e2
(A. 1) V(r) = ———  U (r/a) ' .

r

We consider the problem in center-of-mass co-ordinates and want to calculate the
angle of deflection 0 as a function of the impact parameter p. To find a simple
approximate result we shall use the momentum approximation, which means that the
interaction of the moving particle with the stationary one is treated as a small
perturbation on its initial motion, so that the deflection is assumed to be small and
the path nearly rectilinear. If K^(x) denotes the component of the force, perpendicu­
lar to the rectilinear path at the point with distance x from the point of closest ap­
proach if there would have been no interaction (this point has the distance p from
the scatterer) the deflection is given by

(A.2)

where m
m m

1 2

m +m -
1 2

“  K (x)dx
0 =  ----------------------------

m v2
-  oo 0

is the reduced mass and v is the relative velocity.

Kj^(x) is given by

(A. 3)

where cos <p = * -

K, (x)
5V(r)
dr

V p V
K| can be calculated explicitly by differentiating (A.1) with respect to r.

2We get then

(A.4) Kl  (x )
Z Z e 2 Z Z e i
- L ——  U (r/a) -  1 U '(r/a) [ coscp

2 .  _  )

Hence
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(A .5)

V a *2 r .
m v0

2 Z Z e
1 2

2m v0

Jl. „ /Pv—  g (-)
P a

cos <p
U (p /a  cos(p) -

cos (p

, 2

COS <pdf j- / -
U' C— )Na cos<p /

P \
cos <p /  a cos 9 \  a cos cp

cos <p

A

n/2

where g (y) = ƒ cos«pd«p { u ( ^ )  -  U’ ( < ^ )
o

collision diameter.

2 Z 1 Z 2 * 2 ,
and b -------------— is Bohr's

m v ‘0

We now take for U(r/a) the screening function, introduced in Chapter I.

(A.6) U(r/a) = — ( - ) 5’ 1
s r

which is substituted in the expression for g (p/a) which then becomes
* /2  n/2

(A.7) J d TooST. s ( ^ i » ) ,' ‘ - k > .

o P 0

The integral in (A.7) is equal to the Beta function i  B ( ~  £)and is denoted byy  .
Finally we obtain from (A.5) for the angle of deflection 8

(A.8) 9 = bk a*-l y  —
! s p‘

from which

(A.9) P
bk a s-1Y l/sS 1 \

We now introduce as a new variable the energy transfer in a collision, which is
given by

„ 4m m
(A. 10) T = T sin2 9 / 2  with T = ------ — —  Em m 2 *

(m +m )
l  2 '

As this treatment is based on the supposition that 9 is small, this relation can be
replaced by
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(A. 11)
e T i

T = T —  or 9 = 2 ( — )m 4 T

and this is substituted into (A.9), with the result

,b k 0s' 1 y T  i  . 1/s
(A. 12) 2 j i

The differential cross section which is the probability that the moving particle will
suffer a collision in which it transfers a kinetic energy between T and T + dT, can
now be written as

(A. 13) da = n d (p2) -  —
s

.2  2 2s-2
b k a y dT

T l+ i / s

which is the result which we wanted to prove.

Though this result has been derived for soft collisions (i.e. small energy transfers
and small deflections 0) only, it turns out by comparison with exact cross sections
that for small exponents s, the approximation is surprisingly good, even for head-on
collisions. In the following table the results as calculated by Lindhard are given for
different s, and T = T (head-on collision)

s 1 1.5 2 3

da(exact)

da(Eq.(A. 13)
1 1.15 0.97 0.65

As the error, made in the momentum approximation is greatest for head-on collisions,
we see that values of s between 1 and 2 provide an excellent approximation over the
entire energy transfer interval. Also the case s = 3 may provide a better approxima­
tion than appears from this table, because head-on collisions are very improbable
and do not have much weight in an averaging process over all possible collisions.

*

*  *  *
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A P P E N D I X  B

DERIVATION OF EQUATION (2.7)

Our starting point is the equation

(2.4) T)
3 r

■T) a_p
dq
-------N I da ' p(r,T)',E-T) -p (r,q ,E )

The meaning of the different symbols has been explained in the text.
We now want to substitute the expansion

(2.6) p(r,n,E) = Z (2 /+ l)p  (r,E) P (q) .
1=0 i l

We shall consider first the left-hand side of (2.4). This becomes

(B.l) 2 (2/+1) q-^- P (q) + -LlIL” (2/+1) p
1=0 3r I  r £=0 t

d P /t l)

dr)

To reduce this further, we use the recurrence relation

2 dP/ ^
(B.2) (1-T,2) - ^ —  - i p ^ i W - j n P - d , )

d  T) *  1

which yields on substitution into (B.l)

CO 0 P oo p _
(B.3) 2 ( 2 / + 1 ) t) -----L  P (t)) + Z (2/+1) —  /P  (q) - / q  P (q ) l3r 1 l=o r L i= l V  "J
We now use another relation between the P^, namely

(B.4) (2 /+ l ) r )P  (q) = ( / + l ) P  (q) + / p  ( q ) .
1 1 + 1 I  - i

The substitution of this relation in both the summations occurring in (B.3) gives the
result

00 f  i 3P, ® f i d

z r  P* 1(T1)+ (/+1)P/ +i (t,) I ----L +  Z 1 i ( * ‘l) P, (*>) P (q)l —
t=0 1 - 1 1+1 J 3r / = 0 <- & -1 / +i J r

(B.5)
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w h ich  is the le ft-h a n d  side o f Eq. (2 .7 ). Consider now the righ t-hand  side o f (2.4),
in w h ich  we shall w r ite  the d iffe re n tia l cross section e x p l ic i t ly  w ith  the angular
d is tribu tion  as g iven in Eq. (1.5) and substitute (2 .6). It  then becomes (equal masses^)

E 1 2 it p-----

P, (r,E -T) P , ( tT) -
‘  - i

1 ’  -  P (r,E) P, (Tl)
I  l - l

We now use the fa c t that T),T)1 and n n ' are connected through the cosine law o f
spherical trigonom etry and use the a d d ition  theorem o f the Legendre-polynom ials
w h ich  states fo r our case

I

(B.7) P, (n ') = P,(Tl) P ( n ? )  + 2 Z P“ (n) P ^ n rT ')  cos m (<p -<P ) .
*• i  i  m= 1  I  *  2 i

Due to the fa c t tha t we have to in teg ra te  over <f2 from 0 to  2 u  the summation over
the associate polynom ials disappears. As the va lue  o f n n 1 is fixe d  by the 6 -fu n c tio n
we are le ft  w ith

N  ƒ  da  Z ( 2 * + l ) [ P /(r,E -T) P ~ P£(r,E ) P /n ) ]

A

w hich  is the righ t-hand  side o f (2 .7 ).

The d e riva tion  fo r the case o f unequal masses proceeds in the same w ay. O n ly  the
d e fle c tio n  angle rm ' has a d iffe re n t va lue  (c f. Chapter II).

(B.6) N d a 6 (  n n 1 -
a<p 00

d (n n ')  -----  Z ( 2 i+ l )
9  IT

★
★  *  *
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SUMMARY

In th is thesis a theo re tica l treatm ent is g iven o f the penetra tion  depth o f p ro jec tile s
w ith  k in e tic  energies in the keV  region w h ich  en ter in to  amorphous substances and
o f the c o llis io n  cascades between ta rge t atoms, caused by them. In the la tte r case
we have supposed the ta rge t m ateria l to  be s in g le - or p o lyc rys ta llin e .

In Chapter I we g ive  a short review  o f previous w ork, done in these fie ld s  by various
authors and we g ive  the form o f the in te rac tion  po ten tia l and o f the d iffe re n tia l
cross-section on w h ich  the ca lcu la tions  in the fo llo w in g  chapters are based. The
po ten tia l is p roportiona l to  an inverse power o f the in te ra tom ic  distance w ith  an
exponent s between 2 and 4 and the corresponding d iffe re n tia l cross-section is g iven
by

d a =  C E -1/S Tl+1/.
where C is a p ro p o rtio n a lity  fa c to r, E the in it ia l  k in e tic  energy and T the energy
transfer in the co llis io n .

In Chapter II a theory o f the penetra tion depth o f p ro je c tile s  in  amorphous targets
is deve loped. Tjie^theory is based on a balance equation w h ich  can be w ritte n  for
the func tion  p( r,n,E) w h ich  gives the p ro b a b ility  density fo r a p ro je c tile  w ith  in it ia l
k in e tic  energy E and d ire c tio n  o f m otion ~n to  come to  rest a t the po in t w ith  ve c to ria l
coord inate ~r from the po in t o f entrance as o rig in . It  is possible to de rive  from th is
equation a recursion re la tio n  between the quan titie s  p^(E) w ith  d iffe re n t values o f
the indices n and £ .  These quan tities  are lin e a r com binations o f moments o f the
penetra tion depth and o f the p ro jec tion  o f the to ta l d istance, reached by the pro­
je c t i le  on the plane perpend icu la r to its in it ia l  d ire c tio n  o f motion n. The pene­
tra tio n  depth is the p ro jec tion  o f the to ta l d istance o n ^  i f  rT is normal to  the
ta rge t surface.
From th is recursion re la tio n  a ll p ,(E ) w ith  n ê /  and n + £  even can be ca lcu la ted
and from these the moments o f a l f  orders o f the penetra tion depth can be found.
These moments have been ca lcu la ted  fo r the case o f 8SK r-ions  o f various energies
on amorphous A l20 3 and a cum ula tive  d is tribu tion  func tion  has been constructed
w ith  the he lp  o f them. The theo re tica l results are compared w ith  the experim ental
ones obta ined by Domey and co-w orkers and the agreement is found to be satisfactory.

In Chapter III we consider the average number o f reco ils in a specified low -ene rgy
in te rva l w h ich  occur in the co llis io n  cascade in s in g le - or p o lyc rys ta llin e  m a te ria l,
caused by an incom ing p ro je c tile  whose energy is supposed to  be much greater than
tha t o f the reco ils  whose number is ca lcu la ted . The ca lcu la tio n  is performed fo r the
cases tha t the p ro je c tile  has the same mass and a d iffe re n t mass as the ta rge t atoms.
It turns out tha t both cases g ive  the same result. We have also ca lcu la ted  the v a r i­
ance o f the reco il number. A lso  we have ca lcu la ted  the average sum o f the momenta
o f a ll reco ils  in the energy in te rva l considered.
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In Chapter IV the spatial extension of the collision cascade is considered. With a
method, analogous to the one used in Chapter II, the moments of the depth beneath
the surface where recoils of a given energy are created, are calculated. This also
had been done for the cases of the projectile having the same and a different mass
as the target atoms.

In Chapter V some further details of the theoretical results are given. The ratio be­
tween the average depth of the penetration of the projectile and the average depth
of the created damage is given for different power potentials and compared with an
effective hard-sphere model. The same ratio is given for the second-order moments.
Also are given the ratios between the variance of the penetration depths for different
ratios between the masses of projectiles and target atoms for the case that s = 2, and
for the equal mass case for s = I, I5, 2, 3 and 4.

The same ratios are given for the depth of the radiation damage created by the pro­
jectiles. These ratios are also compared with the hard-sphere model.
Then some theoretical results are compared with some experimental ones. Except in
the case of the bombardment of a thin film, the agreement turns out to be satisfactory.

★
1c ★  1c
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SAMENVATTING

In dit proefschrift wordt een theoretische behandeling gegeven van de indringdiepte
van projectielen met kinetische energie in het keV-gebied, die binnendringen in
amorf materiaal en van de botsingscascades tussen targetatomen die door deze pro­
jectielen veroorzaakt worden. In dit laatste geval is het targetmateriaal één- of
polykristallijn verondersteld.

In hoofdstuk I geven wij een kort overzicht van voorafgaand werk, op dit gebied
verricht door andere auteurs en geven wij tevens de vorm van de wisselwerkings-
potentiaal en van de differentiële werkzame doorsnede waarop de berekeningen in
de volgende hoofdstukken gebaseerd zijn . Deze potentiaal is evenredig met r"s,
waarbij r de interatomaire afstand is en s ligt tussen 2 en 4 en de bijbehorende
differentiële werkzame doorsnede wordt gegeven door

j  -  r- c ' 1/ 8 dT
da = C E f£l7T

waarin C een evenredigheidsfactor is, E de initiële kinetische energie en T de ener-
gie-overdracht in de botsing.

In hoofdstuk II wordt een theorie ontwikkeld over de indringdiepten van projectielen
in amorf materiaal. Deze theorie is gebaseerd op een balansvergelijking, die kan
worden opgeschreven voor de functie p(?#n*,E), die voor een projectiel met initiële
kinetische energie E en bewegingsrichting n*, de waarschi jnli jkheidsdichtheid re­
presenteert om tot rust te komen in het punt met coördinaatvector ~x van het punt
van binnenkomst in het target als oorsprong. Het is mogelijk om uit deze vergelij­
king een recursiebetrekking af te leiden tussen de grootheden p“ (E) met verschil­
lende waarden van de indices n en l .  Deze grootheden zijn lineaire combinaties
van momenten van de indringdiepte en van de projectie van de totale afstand, afge­
legd door het projectiel op een vlak, loodrecht op de initiële bewegingsrichting n.
De indringdiepte is de projectie van de totale afstand op n, als n loodrecht op het
oppervlak van het target staat. Uit deze recursiebetrekking kunnen alle p^(E) met
n — & en n +1 even berekend worden en hieruit weer de momenten van alle ordes
van de indringdiepte. Deze momenten zijn berekend voor het geval van 85Kr-ionen
met verschillende energieën die binnendringen in amorf aluminiumoxyde(Al20 3),
en een geïntegreerde verdelingsfunctie is geconstrueerd met behulp hiervan. De
theoretische resultaten zijn vergeleken met experimentele, verkregen door Domey
en medewerkers en de overeenstemming is bevredigend.

In hoofdstuk III beschouwen wij het gemiddelde aantal recoils in een gespecificeerd
lage energie interval, die voorkomen in de botsingscascade in één- of polykristallijn
materiaal, veroorzaakt door een projectiel waarvan de beginenergie verondersteld
wordt veel groter te zijn dan die van de recoils waarvan het aantal berekend wordt.
De berekening is verricht voor de gevallen dat de massa van het projectiel gelijk
en ongelijk is aan die van de targetatomen. Beide gevallen geven hetzelfde resul-
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ta a t. O ok  de va ria n tie  van d it  aantal is berekend. Verder is berekend de gem iddel­
de som van de impulsen van a lle  reco ils  in het beschouwde e n e rg ie -in te rva l.

In hoofdstuk IV  w ord t de ru im te lijk e  u itb re id in g  van de botsingscascade beschouwd.
M et een methode, analoog aan d ie  van hoofdstuk II , worden de momenten berekend
van de d iep te  beneden het opperv lak waar reco ils  van gegeven energie worden ge­
creëerd. O ok d it  is gedaan voor de geva llen  da t het p ro je c tie l zowel g e lijk e  als
o n g e lijke  massa heeft als de targetatom en.

In hoofdstuk V  worden enkele  verdere bijzonderheden van de theoretische resu lta ­
ten gegeven. De verhouding van de gem iddelde ind ringd iep te  en de gem iddelde
d iep te  van de gecreëerde beschadiging w ordtgegeven voor versch illende  machtspo-
te n tia le n  en vergeleken met een e ffe c t ie f harde bo llenm ode l. O ok worden gegeven
de verhoudingen van de va ria n tie  van de ind ringd iep te  en het quadraat van de ge­
m iddelde ind ringd iep te  voor ve rsch illende  verhoudingen van de massa's van het
p ro je c tie l en de targetatomen in he t geval da t s = 2 en voor het geval van g e lijk e
massa's voor de s-waarden 1, l i ,  2 , 3 en 4. D eze lfde  verhoudingen worden gegeven
voor de d iep te  van de veroorzaakte beschadiging. Deze verhoudingen worden ook
met d ie  van het harde-bo llenm ode l verge leken.
H ierna worden enkele  theoretische resultaten vergeleken met d ie  van enkele  ex­
perim enten. Behalve in het geval van het bombardement van een dunne laag b l i jk t
de overeenstemming bevredigend.

*

* *  *



S T E L L I N G E N

I

Neemt men in de in hoofdstuk III van dit proefschrift afgeleide resultaten de l i ­
miet Ef Ej, dan verkrijgt men de overeenkomstige resultaten, behorende bij amorf
materiaal. Voor deze resultaten gelden dan echter niet meer de betrekkingen,
die in het geval van kristallijn materiaal het behoud van energie en impuls u it­
drukken.

Dit proefschrift, hoofdstuk III.

II

Het is mogelijk om de integraalvergelijking voor het gemiddelde aantal recoils
in een botsingscascade, die een gegeven impuls verkrijgen, op te lossen, door
een benadering voor de inhomogene term in deze vergelijking in te voeren.

Dit proefschrift, hoofdstuk III.

III

Het harde-bollen-model voor de interatomaire wisselwerking, zoals dat o.a. door
Leibfried en Mika gebruikt is, geeft - v o o r  de berekening van verdelingen van
indringdiepten van projectielen in amorf materiaal -  geen goede resultaten.

Dit proefschrift, hoofdstuk V,
G. Leibfried, Z.f.Phys. YH  1 1963,
G. Leibfried, K. Mika, Nukleonik 7 309 1965.

IV

De waarschijnlijkheid van omlading van een ion, gereflecteerd aan een metaal­
oppervlak, wordt beïnvloed door de atomaire structuur van dat oppervlak. De
verklaring vanDahl voor dit verschijnsel is niet toereikend.

P. Dahl, Abstracts 8th Int. Conf. on Phen. in Ionized Gases,
Wenen 1967, 51.

J.W. Gadzuk, Surface Science 6 133 1967.

V

De theorie van Martynenko, over de verstuivingsverhouding van éénkristallen als
functie van de hoek met de normaal op het oppervlak van de invalsrichting der
projectielen, bevat een tegenstrijdigheid.

Y.V. Martynenko, Sov.Phys. 6 1581 1965.



VI

De bewering van De Wames, Hall en Chadderton, dat de 'klassieke limiet' van
de quantummechanische diffractietheorie voor door kristalvlakken gechannelde
protonen een beter resultaat geeft dan de eenvoudige, klassieke theorie van
Lindhard, wordt niet bevestigd door de experimenteel verkregen resultaten van
Andersen, Davies, Nielsen en Andersen.

R*E> De Wames, W.F. Hall en L.T. Chadderton, te verschijnen.
J. Lindhard, Mat.Fys. Medd. Dan Vid Selsk 34 14 1965.
J.U. Andersen, J.A. Davies, K.O. Nielsen en S.L. Andersen,
Nucl. Instr. 38 210 1965

VII

De door Peek bewezen aequivalentie  tussen de 'sudden approximation' en de
le  Born-benadering met Hartree-Fock-golffuncties, is a priori duidelijk, evenals
het feit, dat de toepasbaarheid van deze benaderingen twijfelachtig is.

J.M. Peek, Phys.Rev. 160 124 1967.

VIII

Het bezwaar, dat de Langmuir-Taylor-detector voor alkalibundels met energieën
hoger dan 3 eV minder effectief wordt, kan worden ondervangen door de functie
van de ioniserende draad en de cylinder-collector te verwisselen.

S. Datz en E.H. Taylor, J.Chem.Phys. 25 389 1956.
E. Hulpke en C. Schlier, Z.f.Phys. 207 294 1967.

IX

In die magnetohydrodynamisch stabiele plasma-experimenten, waar het plasma-
verlies uitsluitend bepaald wordt door het electrische veld in de grenslaag
tussen magneetveld en plasma, is het principieel onmogelijk deze verliezen
tegen te gaan door met uitwendige hulpmiddelen te trachten dit electrisch veld
te beïnvloeden.

X

Voor integrale geschiedschrijving, zoals door Jan Romein bedoeld, is de film als
bronnenmateriaal van belang en wat betreft bepaalde aspecten van de 20e eeuwse
historie zelfs een essentieel onderdeel.

Jan Romein: Eender en Anders Querido 1964.

Leiden, 14 februari 1968 J.B. Sanders
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