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INTRODUCTION

L iq u id  £ le  d is p la y s  a number o f  rem arkable p ro p e r t ie s  which a re
presumably due to  e x c e p tio n a lly  la rg e  quantum e f f e c t s .  As th e  most
fundam ental p ro p e r ty  we m ention th a t  two d i f f e r e n t  s t a t e s  o f  th e

Xn  j  eif1Sit  T j lCh PaSS i n t °  each o th e r  a t  a c e r t » in  tem p era tu re ,
ca lle d  th e  lam bda-tem perature. The l a t t e r  is  2.186 °K a t  the  p ressu re
o f  th e  s a tu r a te d  vapour and d ec re a se s  s l i g h t l y  when th e  p re s su re
i s  ra is e d . Above t h i s  te n p e ra tu re  th e  l iq u id ,  c a lle d  He I ,  behaves
in  many re sp ec ts  l ik e  o th e r  l iq u id s ,  bu t below 2.186 °K th e  behaviour
o f  l iq u id  helium , c a l le d  He I I ,  i s  q u i te  anomalous. Some p e c u lia r
phenomena which can be observed  in  He I I  a r e  th e  fo llow ing-

A s o l i d  s u r fa c e  in  c o n ta c t  w ith  th e  l i q u id  i s  co v e red  w ith  a
very  th ic k ,  m obile , f ilm . Under th e  in f lu e n c e  o f  g r a v ity  o r  o f  a
tem p e ra tu re  g r a d ie n t  t h i s  f i lm  w i l l  ‘ c r e e p ’ a lo n g  th e  s u r f a c e ,
reach in g  v e lo c i t i e s  which a re  o f  th e  o rd e r o f  20 cm/sec

The flow  o f  th e  l i q u id  th ro u g h  a c a p i l l a r y ,  o r  a narrow  s l i t ,
i s  governed  by th e  te m p e ra tu re  g r a d ie n t  a lo n g  th e  c a p i l l a r y  a s
w e ll as by th e  g r a d ie n t  o f  th e  p r e s s u r e .  In  th e  c a se  t h a t  th e
tem p e ra tu re  g ra d ie n t  i s  g iv en , th e  flow  o f  th e  l i q u id  w i l l  ten d

o be such as to  cau se  a p re s s u re  g r a d ie n t  p ro p o r t io n a l  to  th e
g ra d ie n t o f  the  tem perature and having the same sense as the l a t t e r .
T his phenomenon i s  c a l le d  th e  fo u n ta in  e f f e c t .  The in v e rse  e f f e c t
c a l le d  medumo c a lo r ic  e f f e c t ,  has a lso  been observed.

The h e a t c o n d u c tiv ity  o f  th e  b u lk  l iq u id  i s  anom alously la rg e
T his e x p la in s , fo r  in s ta n c e , th e  well-known fa c t  th a t  He I I  cannot
be made to  b o i l .  No te m p e ra tu re  d i f f e r e n c e  can  be m a in ta in e d
betw een th e  in s id e  o f  th e  l i q u id  and th e  s u r fa c e .

T em pera tu re  waves can be p ro p a g a te d  w ith o u t a p p r e c ia b le  a t 
te n u a tio n . I b i s  phenomenon i s  c a lle d  second sound as d is tin g u ish e d

rom o r  in a ry ,  o r  f i r s t ,  sound. Second sound waves a re  n o t a c 
companied by v a r ia t io n s  o f  th e  d e n s ity .

The i n t e r n a l  f r i c t i o n  o f  He I I  ap p e a rs  to  be a s s o c ia te d  o n ly
w ith  a c e r ta in  p a r t  o f  th e  l iq u id ,  as can be dem onstra ted  by the
to llo w in g  experim ent:

A s e t  o f  p a r a l l e l  h o r iz o n ta l  vanes suspended by means o f  a f in e
to rs io n  th read  a re  allow ed to  o s c i l l a t e  in  He I I .  The gaps between
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the vanes and the frequency of oscillation are both so small
that normally one would have expected all the liquid in the gaps
to cling to the vanes. When, however, the mass of the oscillating
liquid is computed from the period of the oscillations, it is
found that only part of the liquid clings to the vanes. The re
maining part seems to have no detectable viscosity.

The above phenomena can be described in terms of a two fluid
model, as suggested by Tisza 1 . According to this model helium II
can be formally divided into two interpenetrating fluids, which
possess separate velocity fields. Okie of these fluids has practic
ally no viscosity and is therefore called the ‘superfluid’ while
the other has a viscosity of about the same magnitude as that for
He I and is called the 'normal fluid’; the concentration of the
fluids is a function of the temperature. At zero temperature
helium II is pure superfluid but the concentration of the latter
falls with temperature and at the lambda-point no superfluid is
left.

Landau ' has proposed another theory. He suggests that two
elementary types of motion of the liquid may be distinguished
which he calls ‘phonons’ and ‘rotons’. Phonons are taken to be
quanta of longitudinal compressional waves, i.e. sound waves,
but the nature of the rotons is not well understood. The above
theories have to a large extent a phenomenological character.
Recently, however, attempts have been made to construct a theory
of He II on a more fundamental basis. ’

In one of these recent theories ' the idea that the A. transition
in liquid helium can be regarded as a Bose — Einstein condensation
phenomenon has been re-examined from the point of view that the
interaction of the particles in the liquid is strong. This leads
to a confirmation of the results obtained by London in an earlier
treatment , which was based on the assumption that liquid helium
may to a first approximation be treated as an ideal gas.

In the present thesis two investigations are described which
may shed some light on certain aspects of the helium problem. In
the first one the transport of momentum in the liquid is studied
in the temperature region above the transition point, so in
helium I. In the second one the adsorption of the vapour on a
solid surface is investigated.at temperatures below 2.186 K.

In chapter I we have discussed some theories of momentum transfer,
whereas in chapter II a description is given of an experimental
determination of the viscosity of helium I at higher densities.
In the end section of chapter II we have discussed the significance
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of the experimental data, in particular of those which correspond
with temperatures in the immediate neighbourhood of the transition.
In the first section of chapter III we have considered some theories
regarding multilayer adsorption, whereas in the second section
a description is given of an experimental investigation on the
adsorption of helium gas at relative pressures close to saturation
and at temperatures below the A.-temperature. The experimental
results have been discussed in the final section of chapter III.

7



Chapter I
VISCOSITY OF DENSE FLUIDS

1. Transfer of momentum.. The definition of the viscosity of a
fluid can be obtained from a consideration of a fluid layer, infinite
in extent, in which exist the macroscopic velocities u = 2 du/dz,
v = 0, w = 0 in the x, y and z direction, du/dz being a uniform
velocity gradient.

The viscosity is then equal to the transport of the x component
of momentum in the z direction per unit time, per unit surface
area and per unit velocity gradient.

In gases of low densities the transport of momentum is due to
diffusion, since a molecule carries momentum with itself when
moving through empty space between collisions. At higher densities,
on the other hand, the momentum transport is to a large extent
due to the forces between the molecules. In the following we shall
suppose that the molecules are spherically symmetrical and that
the action of the intermolecular forces is confined to nearest
neighbours. We shall distinguish between twj types of molecular
interaction. Let r be the distance between two given molecules
Mi and M 2 , a the average molecular distance.and cr the minimum
distance. According to our assumptions there exists a certain
distance r - <? + A ct beyond which the forces between Mx and M 2 may
be ignored. The first type of interaction then occurs when A ct is
small in comparison with a - a  , whereas the second type of inter
action occurs when A ct is of the same order as a - o .

When the interaction is of the first type, a given molecule may
for most of the time be regarded as a free particle and the in
teraction between two, or more, molecules at a given moment can
be considered as a collision which is characterized by the respective
initial and final velocities. The' transfer of momentum is caused
by the following processed:
a. Molecule centres, such as Mq , pass the xy plane (see fig. 1),

in which case the momentum carried by them is transferred in the
z direction. . , . ,

b. Momentum is exchanged at binary and multiple collisions, which
are such that one part of the molecule centres is situated in the
upper halfspace whereas the other part is in the lower halfspace.
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In  f ig .  1 we have re p re se n te d  a b in a ry  c o l l i s io n ;  th e  c e n tre  o f
th e  m olecule M2 l i e s  on th e  sp h ere  o f  c lo s e s t  approach around Mx .

F i g .  1 T r a n s f e r  o f  momentum

At h igh  d e n s i t i e s ,  where th e  f r e e  p a th  o f  th e  m o lecu les  i s  o f
th e  same o rd e r  as th e  d ia m e te r  cr, th e  t r a n s f e r  o f  momentum i s
m ain ly  due to  c o l l i s i o n s .  When a d en se  gas c o n s i s t s  o f  r i g i d
e l a s t i c  sp h e res  th e  number o f  m u ltip le  c o l l i s io n s  may be ig n o red
ag a in s t the ntmber o f  b inary  c o l l is io n s  and the follow ing expression
can be derived  fo r the  v is c o s ity  (Enskog).

7i = T)0 { l/K + 0.3000 b/V + 0.7C14 ( b / v f  K } 1

where Vo = 5/16a2 (mkT/v)'/2 2
i s  the v is c o s i ty  o f  th e  gas o f  low d e n s ity ,
b = 2 /3  77 No3 i s  th e  excluded volume o f  th e  m olecules,
V i s  the volume o f  th e  gas and
K i s  th e  r a t i o  between the  lo c a l  d e n s ity  o f  m olecule c e n tre s  M2
a t  th e  su rfa ce  o f  th e  c o l l i s io n  sphere o f a g iven  m olecule Mi and
th e  av e rag e  d e n s i ty  N/V. K i s  eq u a l to  u n i ty  a t  low d e n s i t i e s
o f  th e  gas and in c re a s e s  when th e  d e n s i ty  in c r e a s e s .

An a n a ly s is  o f th e  d e r iv a t io n  o f eq . 1 shows th a t  each o f  th e
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th re e  term s o f th e  r i g h t  hand member has an independent p h y s ic a l
meaning. The f i r s t  term , Tfo/lf , g iv es  th e  t r a n s f e r  o f  momentum by
d i f f u s i o n  which a l s o  ta k e s  p la c e  in  th e  gas o f  low d e n s i ty .  The
f a c to r  1/K which ap p ears  h ere  ta k e s  accoun t o f  th e  f a c t  th a t  the
len g th  o f  f r e e  pa th  i s  in v e rs e ly  p ro p o r tio n a l to  th e  co n c e n tra tio n
o f  th e  c o l l i d i n g  m o le c u le s .  The t h i r d  te rm  a c c o u n ts  f o r  th e
t r a n s f e r  o f  momentum by c o l l i s i o n s ;  i f  dS be  a s u r fa c e  e lem en t
o f  th e  xy p la n e , we can w r i te

0,7614  7fe (£ )2K dS^Ü = 0.5887(dScr)(iï)(<i2)(M )(W :)^(«o. i i ) 3
V dz V V m dz

The m eaning o f  m ost o f  th e  b ra c k e te d  f a c to r s  i s  s e l f - e v id e n t ;
a p a r t  from  n u m erica l f a c to r s  we f in d  t h a t  (dS’c r ) r e p re s e n ts  th e
volume o f space in  which m olecules such as Mi can be found, (.N/V)
th e 'm o lecu la r co n cen tra tio n  (cr ) the c o l l is io n  cross sec tio n  i . e .  the
e f f e c t iv e  su rfa ce  o f  th e  c o l l i s io n  sphere , (A/V/V) the lo c a l d en sity
o f  m olecu le c e n tre s  M2 , (k7’/m )1/* th e  average therm al v e lo c i ty  and
(«er du/dz)  th e  d i f f e r e n c e  i n  momentum o f  flow  betw een c o l l id in g
m o lecu le s .

The second term  in  (1) a r i s e s  from th e  f a c t  th a t  th e  m olecules,
a t  th e  moment o f  c o l l i s i o n ,  have t r a v e l l e d  a c e r t a i n  mean f r e e
p a th , w ith  th e  r e s u l t  th a t  th e  d if fe re n c e  in  flow v e lo c i ty  between
them i s  a c tu a l ly  l a r g e r  th an  would fo llo w  from th e  p o s i t io n  o f
t h e i r  c e n tr e s .  The e x tr a  d if fe re n c e  i s  p ro p o r tio n a l to  th e  average
f r e e  p a th , hence in v e r s e ly  p ro p o r tio n a l  to  KN/V which means t h a t
th e  second term  depends on th e  av erag e  d e n s ity  on ly .

When th e  assum ption th a t  th e  m olecules a re  im penetrab le  spheres
i s  dropped,we can no longer ignore  the  number o f m u ltip le  c o l l is io n s
in  com parison  w ith  th e  number o f  b in a ry  c o l l i s i o n s .  As a f i r s t
approxim ation , however, a te rn a ry  c o l l i s io n  Can be regarded  as two
c o in c id in g  b in a ry  c o l l i s i o n s ,  so th a t  th e  form er has to  be taken
in to  acco u n t o n ly  when th e  av e rag e  r e s u l t  o f  such a c o l l i s i o n ,
d i f f e r s  from  th e  a v e ra g e  r e s u l t  o f  two b in a ry  c o l l i s i o n s .  An
analogous argument mav be a p p lied  to  th e  o th e r  m u ltip le  c o l l i s io n s
(van Wyk and S eed er) . The p r o b a b i l i ty  o f  a m u ltip le  c o l l i s io n
between a g iven  molecule M* and j  neighbours M2  w ill be p ro p o rtio n a l
to  (KN/V)J so th a t  we o b ta in  an equation o f  th e  follow ing ch a rac te r  fo r
th e  v is c o s i ty  o f  a gas c o n s is tin g  o f  s l ig h t ly  com pressible spheres:

*) Van Wijk, W.R. and Seeder, W.A. Physica 4 (1937) 1073
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7?= S c.- (N/V)J+ 1 KJ
j - . - i  J

y is the maximum.number of neighbours that M* can possess; the
coefficients ĉ- are functions of the average thermal velocity and
the molecular diameter. From what has been remarked before with
respect to multiple collisions, it follows that also in the case
of slightly compressible spheres the terms containing j > 3 may
be small, hence we obtain ultimately an expression which is of the
same form as equation 1. Though the interaction between the
molecules in a liquid is not, generally speaking, of the type which
we have just considered, equation 1 has been employed with remark
able success in the case of liquid carbon dioxyde near the critical
tenperature. We shall now consider the second type of interaction,
which is of the kind that occurs in most liquids. When A ct =a-'Cr
a given molecule is accelerated by its neighbours during most, or
all, of the time, so we can no longer distinguish between separate
collisions. Owing to the latter circumstance, the mathematical
treatment of the above case becomes very complicated. There may,
however, be perceived some analogy between the motion of a molecule
of a dense -fluid which gradually pushes away, as it were, the
surrounding molecules and the Brownian motion of a small solid
sphere in a*viscous fluid . We can then assume that the inter
action between a given molecule M and the neighbouring molecules
may, in the case that the liquid is in equilibrium, be characterized
by a friction constant £ (as in the case of Brownian motion),
which depends on the nature of the liquid as well as on the tem
perature and the density of the latter. The friction constant £
of the Brownian motion can be computed from the self-diffusion
constant D  of the fluid, according to Einstein’s relation

D = kT/l

We see therefore that the relation between the viscosity, which
we can expect to be directly proportional to £, and the diffusion
constant is quite different from that which is found in the case
of a dilute gas.

Till now we have supposed that the viscosity of the fluid is
entirely due to the forces between the molecules, represented by
the coefficient £ . In reality the transfer of momentum by diffusion

7
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o f  th e m o lecu les must a ls o  be taken in to  account. We may w r ite
th ere fo re

V = V' + V" 3

where 7} represents the tra n sfer  o f  momentum by d if fu s io n , which
i s  d ir e c t ly  p r o p o r tio n a l to  th e  s e l f - d i f f u s i o n  c o e f f i c i e n t  D,
whereas rj' r e p r esen ts  the tr a n s fe r  o f  momentum by th e in te r -
m olecu lar fo r c e s .

Attempts to  e s ta b l is h  a rigorous theory o f  transp ort phenomena
in  liq u id s  have been made by Bom and Green 7  ̂ and by Kirkwood 8\

The p a r t  o f  th e  v isc o u s  fo r c e  which i s  due to  th e m olecu lar
in te r a c t io n  i s  now in terp re ted  as the ta n g en tia l component o f the
average force excerted  by the m olecules M2  in  the upper h a lfsp ace
on the m olecules Mi in  the lower halfspace across a surface element
dS o f  th e  xy  p lan e  ( s e e  f i g .  1 ) .  (The fo r ces  between a p a ir  o f
m o lecu les  may be sa id  to 'a c t  a cro ss  dS’ when the l in e  jo in in g
the c e n tr e s ,  r** , i s  in t e r s e c t e d  by th e  su r fa ce  e lem en t.)  The
p a r t ia l  v isco u s  fo rce  i s  then g iven  by the fo llo w in g  exp ression

1/2  W / V f  d S f f f  —  g(x12, y 12, z i a )
r  12 ° r  12

dx12dy12dz12

where e ( r 12) denotes the p o ten tia l energy o f  a pair o f molecules and
g ( * i 2 >̂ 1 2 / z1>2) the ra t io  between the lo ca l den sity  and the average
d en s ity  in the f lu id .  The value o f  the in te g r a l d if fe r s  from zero
because g (r) i s  no longer sp h erica lly  symmetrical, as would be the case
when the f lu id  i s  in  equilibrium . The amount o f  d is to r tio n  o f  g (r )
i s  p ro p o rtio n a l to  th e g ra d ien t o f  the flow  and in v e r s e ly  pro
p o rtio n a l to  the fr ic t io n  constant £ • In the case o f  short range
fo r c e s , which we are con sid erin g  here, only the f i r s t  maximum o f
the lo c a l  d is t r ib u t io n  fu n ctio n  g (r )  co n tr ib u tes  ap preciab ly  to
the value o f  the in t e g r a l ,  so to  7] ,

The value o f  7] can be computed when the v e lo c ity  d is tr ib u tio n
o f the m olecules i s  known.

Kirkwood has formulated the hypothesis th at, for a given liq u id ,
th ere  e x i s t s  a c h a r a c t e r is t ic  time T . ,  which i s  such th a t the
forces which act on a molecule a t the times t  and t  are s t a t i s t i c 
a l ly  independent, provided th a t t  — t  > t . On account o f  th is
h y p o th e s is  Kirkwood has been a b le  to  show th a t  th e  th eory  o f

12



Brow nian movement a c tu a l ly  a p p l ie s  to  in d iv id u a l  m o lecu le s , and
to  p a i r s  o f  m o lecu les . W ith th e  a id  o f  th e  l a t t e r  th eo ry  one can
d e r iv e  th e  p r o b a b i l i ty  d i s t r i b u t io n s  which a r e  n e c e s sa ry  fo r  th e
c a lc u l a t io n  o f  th e  v is c o u s  s t r e s s .  Kirkwood, B u ff  and Green
have in  t h i s  way com puted a n u m e ric a l v a lu e  fo r  th e  v i s c o s i t y
o f  l iq u id  argon, a t  the  normal b o il in g  p o in t . Tbey found 1.27 c .g .s .
w hereas th e  ex p e rim en ta l v a lu e  i s  2 .39  c . g . s . ;  th e  agreem ent may
be c a lle d  reaso n ab le , in  view o f  th e  la rg e  number o f  approxim ations
which i s  needed. The e m p ir ic a l d a ta  on which th e  c a lc u la t io n  was
based , were d e r iv e d  from th e  X -ray  d i f f r a c t i o n  p a t t e r n  and from
th e  p o te n t i a l  o f  m o lecu la r i n t e r a c t io n .  In  c o n t r a s t  to  th e  ca se
o f  l iq u id  argon , quantum e f f e c t s  w il l  c o n s id e ra b ly  in f lu e n c e  th e
m otion o f  th e  atoms i n  l iq u id  helium , even a t  te m p e ra tu re s  above
th e  A p p o in t. T h is  i s  f o r  i n s t a n c e  shown by th e  u n u s u a l ly  low
d e n s i ty  o f  th e  l iq u id  which i s  a consequence o f  th e  re p u ls io n  o f
th e  atom s caused  by t h e i r  l a r g e  z e ro -p o in t  m o tion . The quantum
th e o ry  o f  t r a n s p o r t  phenomena in  l i q u id s  10) (B orn and G reen ,
E i s e n s c h i t z ,  I r v in g  and Zw anzig) i s  a s  y e t  o n ly  i n  an i n i t i a l
s ta g e ,  however, and f o r  t h i s  re a so n  we have made no a tte m p t a t
an d e ta i le d  c a lc u la tio n  o f  the v is c o s i ty  c o e f f ic ie n t  o f  He I .  In s tead
we s h a l l  c o n f in e  o u r s e lv e s  to  a d is c u s s io n  o f  th e  v i s c o s i ty  on
th e  b a s i s  o f  a m odel, a c c o rd in g  to  w hich th e  l i q u id  i s  t r e a t e d
as  an assem bly o f  hard  s p h e re s . The d iam e te r , cr f Qf  the  spheres
can be tak en  to  re p re s e n t  th e  re p u ls iv e  fo rc e s  between th e  atoms
and so  w i l l  depend on th e  te m p e ra tu re  and p e rh a p s  a l s o  on th e
d e n s ity . B ecause He I  i s  a sim ple monoatomic l iq u id  we may assume
a s im p le  r e l a t i o n  to  e x i s t  betw een 'cr and th e  s p e c i f i c  volume
o f, fo r  in s ta n c e ,  th e  s o l id i f y in g  l i q u id .  When cr i s  known, th e
v i s c o s i t y  o f  th e  l i q u i d  can be e s t im a te d  a c c o rd in g  to  eq . 1,
p ro v id ed  th a t  th e  lo c a l  d e n s i ty  f a c to r  K, which a f f e c t s  th e  p ro 
b a b i l i ty  o f a c o l l i s i o n  i s  g iv en  as a fu n c tio n  o f  cr and o f  the
average d e n s i ty .

2 . The lo ca l  d e n s i t y  f a c t o r  K. In  th e  ca se  o f  a g as  o f  h a rd
e l a s t i c  sp h eres  w ith  g iven  diam eter cr , th e  lo c a l  d e n s i ty  f a c to r
can be o b ta in e d  from th e  e q u a tio n  o f  s t a t e  (Enskog) th ro u g h  the
r e l a t i o n ,

pV/NkT  = 1 + bK/V 4



B oltzm ann  h as  a l r e a d y  d e r iv e d  an ap p ro x im a te  e x p re s s io n  fo r
th e  l e f t  hand member o f  4 in  th e  c a se  o f  m o d era te  d e n s i t i e s ,
w h ich  i s  th e  fo l lo w in g ,

pV/NkT = 1 + b/V  + 5/8 (6/KJ2 .............  5

The same e x p re s s io n  has been o b ta in e d  by U r s e l l  by means o f  a
more g e n e ra l  m ethod w hich in  p r i n c i p l e  co u ld  be so ex ten d ed  as
to  y i e ld  th e  com plete s e r i e s .  In  th e  case  o f  h ig h  c o n c e n tra tio n s
how ever, th e  n e c e s s a ry  co m p u ta tio n s  become ex tre m e ly  d i f f i c u l t
and have n o t a c tu a l ly  been c a r r ie d  o u t .  O ther approx im ations have
been g iven  by Tonks and by R ice 11' .  Tonks has based h i s  trea tm en t
on th e  th eo ry  o f  th e  e q u a tio n  o f  s t a t e  o f  a o n e-d im en sio n a l gas.
T h is  th e o ry  can  be ex ten d ed  to  a th re e -d im e n s io n a l gas p ro v id ed
t h a t  th e  l a t t e r  i s  v ery  d en se , because then  each m olecule may be
th o u g h t o f  a s  b e in g  c o n f in e d  to  a s e p a ra te  c e l l ,  th e  sh ap e  o f
w hich can  be  re a s o n a b ly  d e f in e d .

L e t us c o n s id e r  a s e t  o f  N im p e n e tra b le  m o le c u le s , which a re
co n fin e d  to  a l in e  segment w ith  th e  len g th  I.  The fo rce  ƒ e x e rted
by a g iv e n  p a r t i c l e  on each o f  i t s  n e ig h b o u rs  i s  th en  eq u a l to

ƒ  = k T / l ^ l  -  8) ; 0 i 8 g l  6

where I* = l/N  i s  th e  len g th  p e r m olecule and 8  = Ncr/l i s  the
f r a c t i o n  o f  th e  l i n e  o c c u p ie d  by th e  p a r t i c l e s .  The q u a n t i t y
1 ,(1  -  8) may be re g a rd e d  as th e  f r e e  le n g th  p e r  m o lecu le . In
th e  c a se  o f  a th r e e -d im e n s io n a l  gas o f  h ig h  d e n s i ty  an e x a c t
ex p ressio n  fo r  th e  equation  o f  s ta te  might be given i f  the  m olecules
were arranged  in  a sim ple c u b ic a l a r ra y  s in ce  in  th i s  case th e  gas
m ig h t be  c o n s id e re d  a s  c o n s i s t in g  o f  l i n e a r  rows o f  m o lecu le s .
The leng th  a per molecule in  each row would be equal to  a = (V/N) '
and th e  f r e e  le n g th  p e r  m o lecu le  w ould be eq u a l to  a c ( l  -  8J  )
where 8C deno tes th e  f r a c t io n a l  occu p atio n  number so 6C = a  /a c .
Hence th e  th r u s t  e x e rte d  by a s in g le  row on the  w all o f  th e  v e sse l
co n ta in in g  th e  gas would be given by th e  ex p ressio n

ƒ = kT /ac ( l  -  6 j/3 )

so , t a k in g  i n t o  a c c o u n t th e  number o f  p a r a l l e l  rows p e r  u n i t
s u r f a c e ,  th e  e q u a tio n  o f  s t a t e  becomes

p V /N kT  - 1/(1 -  8 * /* ) 7
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A ctu a lly  th e  c o n f ig u ra tio n  o f  th e  m olecules w il l  be e i t h e r  face-
c e n te re d  cu b ic  o r  hexagonal in  th e  case  o f  h ig h  c o n c e n tr a t io n s .
I t  i s  p ro b a b le  how ever t h a t  7 rem ains a good ap p ro x im a tio n  to
th e  eq u a tio n  o f  s t a t e  in  t h i s  case when th e  f r a c t io n a l  o ccupation
number 8  i s  r e p la c e d  by 8 = cr / a w here a a g a in  d e n o te s  th e
average d is ta n c e  between th e  atom s, so

a = V/N) 1/ 3 .

C onsidering  th a t  b/V = 2.962 8, th e  Boltzmann approxim ation  can
be w r it te n  in  term s o f  the f r a c t io n a l  c lo se  packing in  th e  fo llo w 
ing  manner,

pV/NkT = 1 + 2.962 8  + 5.483 Ö2 + ..................

T his ap p ro x im a tio n  h as  been g r a p h ic a l ly  r e p r e s e n te d  by cu rv e  a
in  f ig .  2.

F i g .  2 The e q u a t i o n  o f  s t a t e  o f  a gas o f  h a r d  s p h e r e s
C u rve  a drawn a c c o r d i n g  to  e q .  5
C u rve  b drawn a c c o r d i n g  t o  e q .  7
C u rv e  c drawn a c c o r d i n g  t o  e q .  8
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By com bining th e  above e x p re s s io n  w ith  7, re p re s e n te d  by curve b
in  f i g ,  2 , th e  fo llo w in g  r e la t io n  h as  been o b ta in e d  by Tonks,

pV 1 + 2 .962 6 + 5 .483  6* n

NkT = 1 -  0 .8517 6* - 0 .1 4 8 3  Ö4

The above r e l a t i o n ,  re p re s e n te d  by curve c , can be ex p ec ted  to
g iv e  a re a so n a b le  ap p ro x im a tio n  to  th e  e q u a tio n  o f  s t a t e  in  th e
w hole range o f  6 . By a com b in atio n  o f  th e  e x p re s s io n s  4 and 8
we may th en  a r r i v e  a t  th e  fo llo w in g  ap p ro x im a tio n  to  th e  v a lu e
o f  th e  lo c a l  d e n s i ty  f a c to r  K,

1 + 1 .851  6 + 0 .2875  6>2 9
K = i  -  0 .8 5 1 7  - 0 .1 4 8 3  e*

In  f i g .  3 we have  p l o t t e d  K a s  a fu n c tio n  o f  th e  f r a c t i o n a l
o c c u p a t io n  num ber.

F i g .  3 The  l o c a l  d e n s i t y  f a c t o r  1  u  a f u n c t i o n  o f  t h e
f r a c t i o n a l  o c c u p a t i o n  number  6.
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3. Dependence o f  the molecular arrangement on s p e c i f i c  volume
and tem perature. When, as a f i r s t  ap p ro x im a tio n ,  th e  m o lecu le s
in  a body a re  t r e a t e d  as  hard  sp h e re s ,  t h e r e  i s  found a s m a l l e s t
volume V ' , which corresponds to  a c lo se -p ack ed  cub ic  o r  hexagonal
l a t t i c e ,  each p a r t i c l e  b e in g  i n  c o n ta c t  w i th  tw elve  n e ig h b o u rs .
W ith i n c r e a s e  o f  th e  d i f f e r e n c e  V -  V' a g r a d u a l  i n c r e a s e  o f
d i s o r d e r  i n  th e  a r ran g em en t o f  th e  m o lecu le s  becomes p o s s i b l e .
We must e x p e c t ,  however, t h a t  as  lo n g  as V -• V rem a ins  s m a l l
i n  com parison  w i th .V  , the e x t r a  volume can n o t  be d i s t r i b u t e d
c o n t i n u o u s l y  i n  t h e  body, b u t  o n ly  i n  t h e  form o f  i n d i v i d u a l
h o le s ,  which a r e  of  th e  s i z e  o f  a m o lecu le ,  so th e  l a t t i c e  does
n o t  v a n i s h .  A breakdown o f  th e  c r y s t a l  l a t t i c e  can t a k e  p l a c e
on ly  when th e  number o f  h o l e s  re a c h e s  a c e r t a i n  n o t  v e ry  sm all
f r a c t io n ,  a few p e r  cen t,  say, o f  the number o f  p a r t i c l e s  (Kirkwood,
Frenkel) i 2) .  Thus complete absence o f  long range o rd e r  i s  p o ss ib le
on ly  when th e  volume i s  l a r g e r  th a n  a c e r t a i n  volume V . From
ex p e r im en ts  co n d u c ted  w i th  g l a s s  s p h e r e s ,  R ic e  c o n c lu d e s  t h a t
V /V  = 0 .8 7  . V w i l l  n o t  depend  on t e m p e r a t u r e ,  a s  lo n g  as
th e  m olecu les  a r e  reg a rd ed  as r i g i d  s p h e re s ,  b u t  in  r e a l i t y  the
c o m p re s s ib i l i ty  o f  th e  m olecu les  has  to  be allow ed f o r .  When the
tem pera tu re  i s  r a i s e d ,  a g iven molecule w i l l  be ab le  to p e n e t r a te
to  a growing e x te n t  in to  the  fo rce  f i e l d  o f  an a d ja c e n t  molecule,
so V w i l l  become a c c o rd in g ly  s m a l l e r .  I t  i s  no lo n g e r  p o s s i b l e
to  d e f in e  the volume V , except in  a formal way, when we in troduce
a g a in  an e f f e c t i v e  h a rd  sp h e re  d ia m e te r  cr which now depends on
tem p e ra tu re .  We s h a l l  now make th e  s im ple  assum ption  t h a t  a lo n g
th e  m e l t in g  l i n e  cr v a r i e s  w ith  tem p era tu re  i n  such  a way t h a t  a
constant f r a c t io n a l  occupation number 9" = V / V" can be asso c ia ted
w ith  th e  s p e c i f i c  volume o f  th e  s o l i d i f y i n g  l i q u i d .  The v a lu e
o f  t h i s  c o n s ta n t  w i l l  n o t  be f a r  from 0 .87 .
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Chapter II
INFLUENCE OF PRESSURE ON THE VISCOSITY OF He I

1. Introduction. We have already mentioned that the peculiar
properties of lie II lead us to consider the latter liquid as
consisting of two fluids, called normal fluid and superfluid.
The fact that the viscosity of the superfluid is zero is particular
ly intriguing, since at first sight it would seem that the atoms
in He II fail to exchange momentum in spite of the fact that
the average distance between adjacent atoms is of the same mag
nitude as their diameter. It seemed to us that some information
with respect to the interaction of the atoms might be obtained
through an investigation of the transfer of momentum in liquid
heliun at temperatures where quantum effects are strong without,
however, being dominant to such an extent as to prevent a comparison
with other liquids. For our purpose the He I region seemed very
suitable because experimental evidence seems to indicate that
from the boiling point down to about 3 °K He I can be regarded
as a comparatively normal liquid whereas from 3 °I( down to the
X.- temperature quantum effects become increasingly important. It
may further be noted that the variation of the viscosity-coef
ficient with the temperature appears to be gradual even at the
X.-transition, as can be seen from fig. 4. In liquid helium at
the pressure of the saturated vapour the zero-point motion of
the atoms is large whereas the attractive forces are comparatively
weak. The results in a low molecular concentration of the liquid
and in connection with the latter circumstance the opinion has
sometimes been expressed that the transfer of momentum would
be due to the diffusion of the atoms as in the case of a dilute
gets. The latter circumstance would then be the cause of the positive
value of dr)/dT in the case of He I. In the present chapter, on
the other hand, arguments will be presented to the effect that
the momentum transport in He I is in the main caused by the inter
actions between the atoms, which are, at ordinary pressures, only
slightly weaker than in other liquids. In the case of conpressed
He I we have found that the viscosity varies with the temperature
in essentially the same manner as in the case of other liquids,
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Fig. 4
of liquid helium with temperature

ty
131

provided that the temperature is not close to the transition
temperature; so the viscosity decreases with increasing temperature.
In the case of temperatures and pressures in the neighbourhood of
those corresponding with the transition line, on the other hand,
we have found that dij/d T remains positive even at the highest
pressures compatible with'the liquid state. In behalf of a conparison
between liquid helium and other liquids we have determined a few
values of the viscosity coefficient corresponding with temperatures
and pressures close to the melting line. Our data appear to be
in fair agreement with the values which can be calculated from
the atomic mass, the interatomic distance is the liquid and the
Debye temperature of solid helium through an equation which has
been given by Andrade. 14'
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2. Experimental arrangement. The viscosity of liquids at high
pressures has been frequently measured but in the present case
the usual methods cannot be applied. A falling body method, for
instance, would not work because the internal friction of liquid
helium is extremely low. The oscillating disk method, on the other
hand, cannot easily be adapted to the use of higher pressures.

(fT 11/

Fig. 5 Viscosimeter
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We d ecid ed  th e r e fo r e  to  employ a method which i s  to  a c e r ta in
ex ten t analogous to the tra n sp ira tio n  method used by M ichels and
Gibson 1B  ̂ in  th e ir  d eterm in ation  o f  the v i s c o s i t y  o f  n itro g en
at high p ressu res .

The v iscosim eter which is  d iagram natically  represented in  f ig .  5
co n sisted  o f  a c a p illa r y  C immersed in  the helium bath in s id e  the
Dewar, a t/-shaped d if fe r e n t ia l gauge U which i s  f i l l e d  with mercury
and connected with the ends o f  the c a p illa r y  through the l in e s  L,
and a h igh -p ressu re gauge M.

Before an experiment was made, the system was f i l l e d  with helium
by opening the v a lv es  S i and ^ 2 * The p ressu re was then adjusted
to  the d es ired  value which always exceeded 3 ,0  kg/cm . Because
the c r i t i c a l  p ressu re o f  helium i s  on ly  2 .5  kg/cm- the v a r ia tio n
o f  the d e n s ity  o f  the f lu id  a long the tubes L w i l l  be gradual.
In order to  ob ta in  a pressure grad ien t along the c a p illa r y  C the
va lve S 2  which connects the two ends o f  the d i f f e r e n t ia l  gauge
was c lo sed  a f te r  which some gas was blown o f f  through the va lve
S3. The ca p illa r y  then forms the only connection between the r igh t
and the l e f t  h a lf  o f  the v iscosim eter and the liq u id  flows through
the ca p illa ry  under the in flu en ce  o f  the pressure d ifferen ce  which
can be read from the U-gauge as a fun ction  o f  time. The v is c o s ity
c o e f f i c i e n t  o f  the l iq u id  can then be fou n d ,provided  th a t the
fo llo w in g  c o n d it io n s  are f u l f i l l e d :
1. The two h a lv e s  o f  the v isc o s im e te r  must be sym m etrical. The

tubes L were th e r e fo r e  o f  id e n t ic a l  c o n s tr u c t io n . So as to
ensure good thermal co n ta ct the tubes were so ld ered  togeth er
over th e ir  whole len gth  as in d ica ted  i>n f ig .  5 by S o .

2. The v a r ia tio n  o f the average p ressure in  the apparatus during
the course o f  a s in g le  run should be sm all. These v a r ia tio n s
are caused by the lowering o f  the bath le v e l and by flu ctu ation s
in  the tem perature o f  the helium  vapour in  the Dewar. I t  can
be shown that the influence o f  the above temperature flu ctu ation s
on h, th e  d e v ia t io n  o f  th e mercury l e v e l s  from th e ir  z e r o -
p o s it io n  0 -  0 , i s  d ir e c t ly  p ro p o rtio n a l to th e value o f  h
i t s e l f ,  p rovided  th a t c o n d it io n  1 i s  f u l f i l l e d .

3. The gas flow  through th e  l in e s  L which occu rs during a run
should be kept sm a ll, because t h i s  flow  r e s u lt s  in  the tem
p era tu r e  d is t r ib u t io n  o f  th e  gas n o t b e in g  th e  same as in
the ca se  o f  eq u ilib r iu m . In order to  d e te c t  a p o s s ib le  i n 
fluence o f  the above e f f e c t  on our r e su lts , runs were made with
tubes and c a p i l la r ie s  o f  w idely  d if fe r e n t  d iam eters. The flow
v e lo c i t y  was a ls o  w id ely  v a r ie d . No s ig n i f i c a n t  change was
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observed  in  th e  r e s u l t s  o f  th e  measurements, however. Moreover
i t  can be shown t h a t  a c t u a l l y  no c o r r e c t i o n  f o r  th e  gas flow
w i l l  be n ecessa ry  prov ided  th a t  th e  l a t t e r  i s  k ep t  s u f f i c i e n t l y
sm all .

4 .  The flow r e s i s t a n c e  o f  th e  c o n n e c t in g  l i n e s  L must be sm a ll
i n  com parison  w i th  th e  r e s i s t a n c e  o f  th e  c a p i l l a r y  C.

V/e s h a l l  now d e r iv e  some fo rm ulae  co n c e rn in g  th e  v i s c o s im e te r .
We w r i te  fo r  th e  mass o f  f l u i d  in  th e  system, us ing  th e  s u b s c r ip ts
1 and 2 fo r  th e  r i g h t  and the  l e f t  h a l f :

Gi = J  p i T .p ^ d V i  -  p tv r 2h/RT* f

G2 = ƒ /o ( r ,p 2 )dt>2 + p 2v r 2h/RT* ,

where p  i s  th e  d e n s i t y  i n  g/cm3 , p i s  th e  p r e s s u r e  in  dyne/cm2.,
R i s  th e  gas c o n s ta n t  in  dyne cm/g deg. K, T* i s  room tem perature
in  deg. K and r  i s  th e  r a d iu s  o f  the  U-tube.

The i n t e g r a t i o n  i s  p e r fo rm ed  o v e r  th e  volume i n  T and i n  U,
i n c lu d in g  th e  volume i n  each  l e g  up t o  0 -  0. In  t h i s  n o t a t i o n
we have tak en  in t o  account t h a t  th e  d e n s i ty  /J i s  a s in g le -v a lu e d
f u n c t i o n  o f  t h e  t e m p e r a tu re  and p r e s s u r e  i f  e i t h e r  one o r  th e
o t h e r  ex ceed s  i t s  c r i t i c a l  v a lu e .  We d e f in e  t h e  mean p r e s s u r e
p = Vi(pi  + p 2 ) and s h a l l  use  the  s u b s c r ip t  0 when th e  d e v ia t io n  h
i s  z e r o .  In  o r d e r  to  f i n d  th e  v a r i a t i o n  i n  th e  mean p r e s s u r e
a s s o c i a t e d  w ith  h,  we w r i t e ,  assum ing  a s t a t i o n a r y  tem p e ra tu re
d i s t r i b u t i o n :

Gi = J p (T ,po )dv1 + [p -  h/a  -  Po\(d/'dp0) J  P(T,po)dv1 -

-  (p -  h /a )v r 2h/RT*

G2 .= J .p{T ,p0 )dv2 + [p + h / a  -  p0] (^ /^po )  J  P(T,p0 )dv2 +

+ (p + h /a ) v r 2h/RT*

where 1 /a  * P^ercury^’ g b e in S th e  g r a v i ty  a c c e l e r a t i o n  and th e
a s t e r i s k  denoting room te n p e ra tu ré :

In t ro d u c in g

G = J  p{T,Po)dv1 G2q = J  p(T ,Po)dv2
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and observing th a t G* + G2 = Gio + G2o i because the to t a l  mass
does not depend on h, and th a t PPo = ^^2 0 /^Po which we
s h a ll  abbreviate to  ^Go/?Po we obtain:

p = Po -  v r 2h2/  (aRT* 3G0/ ^ P o )

so:

_ *  h 3Go m - 2 h  7 7 V / 1 3

‘ ■G‘° 10

One ob ta ins for the flow , by d if f e r e n t ia t in g  (10) w ith resp ect
to  timé:

dGi _ j- Po-nr2 3G0/3 p 0 3-tt2r 4/»2 dh
dt -= '  f?r* + a aR2T*2*G0Z'dp0 J 1 7

hence, fo r  laminar flow ,

. f  l i qu id  77543/1 _ r PQ77r2 , ^ o A ’o 1 dh
87^0 f?r* + a J d7 11

where s i s  the radius o f  the c a p illa r y  C, L i t s  len gth , and rj the
v is c o s ity  c o e f f ic ie n t  o f  the liq u id .

D eriv in g  (11) we have n e g le c te d  the d if fe r e n c e  in  h y d r o sta tic
p ressu re o f  the g as, the flow  r e s is ta n c e  o f  T  and in  the r ig h t
hand member the term 3772r 4h2 [o/?2r ,*2dGo/Bp0 ] "1 which i s  about
one thousandth o f  the two rem aining term s. The d e v ia t io n  h i s
g iven  by:

lo g  h = lo g  h.  -  ____ Pl igu id  [ ^ 2  , fr7’* ] 27754l° g  e
"n p*as PoCL 3po 8L

11 bis

where h l and are in te g r a t io n  co n sta n ts  and p* = p 0/RT* i s
the d e n s ity  o f  the gas in  the [/-gauge.

In th is  derivation  i t  i s  assumed that the temperature d istr ib u tio n
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rem ains s t a t i o n a r y ;  a c tu a l ly ,  how ever, i t  v a r ie s  s y s te m a t ic a l ly
owing to
1°. th e  lo w erin g  o f  th e  b a th  le v e l
2 ° . th e  v a r ia t io n  o f  th e  gas flow  i n  th e  co n n ec tin g  tu b es  L.
When equation  (10) i s  v a r ied  w ith  the co n s itio n  th a t  Gx i s  co n s tan t,
we f in d  fo r  a s l i g h t  d e v ia t io n  o f  th e  te m p e ra tu re  d i s t r i b u t i o n
th e  fo llo w in g  e x p re s s io n s :

3 p

BT

^P_
Br

.  1 B G q  p 0 77T ,
L ----------------+ ------------------  J + 8P o

|- ^ 0
2 ,

77 r  h

a  d p 0 fir* Bpo fir*

r  1  ^ * 0  P 0 n r  I
+ 8 p 0 i p

77T2 /l
+

a  dp0 fir* dP o fir*

Ad 1°. In  t h i s  ca se  i s  8r t  = 8T2 and we o b ta in  from th e  above
e q u a tio n s :

Sh* = -Bp0v r 2h[(BT*/a)^G0/^Po + Po777-2]

The c o r r e c t io n  8/ij fo r  th e  lo w erin g  o f  th e  b a th  l e v e l  can th u s
e a s i l y  be found from th e  co rre sp o n d in g  change in  th e  e q u il ib r iu m
p re s su re  8po*

The c o n n e c tio n  betw een  th e  l a t t e r  and th e  v a r i a t i o n  o f  th e
te m p e ra tu re  d i s t r i b u t i o n  i s  g iv en  by th e  ex p ress io ri:

ƒ (Bp/Br) sr dv
Po '  ( ï w ! h )  '  14

Ad 2 ° . As a r e s u l t  o f  th e  gas flow  th e  average tem p era tu re  in  a
g iv e n  c r o s s  s e c t io n  o f  a c o n n e c tin g  tu b e  w i l l  d i f f e r  from  i t s
eq u ilib riu m  value and to  a f i r s t  approxim ation i s :  Tx = 7 \ +
T2 + 8T2 ; STx = -87^r fo r th e  gas, while a t  the w all = T* = T2 =
T2 . From th e  eq u a tio n s  (12) i t  follow s th a t  now: 8p0 = 0 , thus we
o b ta in  th e  fo llo w in g  c o r re c tio n  8h2 ,

.1
8h2 = [fir* ƒ ( Bp/Br) sr dt/].‘[(flr*/a)fBG0/Bp0) + Po777- ] 15
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I f  there were no heat flow  to  the w a ll, the v a r ia tio n  with time
o f  the temperature in  a cro ss se c t io n  would bé: BT/Bt = w 2T/dx ,
where w i s  the v e lo c i t y  o f  the gas and x i s  th e  d is ta n c e  a lon g
th e  tu b e. T h is corresp on d s w ith  a h ea t sou rce  a lo n g  th e  a x is
H = it? wpCp BT/Bx where cr i s  th e rad ius o f  the tube and cp  the
s p e c i f i c  heat o f  the gas. A c tu a lly  H i s  compensated by the con
d uction  to  the w a ll. When we assume that th e tim e n ecessa ry  for
the la t t e r  p rocess to  a t ta in  a stead y  s t a t e  i s  sm all compared to
the time constant o f  the l/-gauge, the r e s u lt in g  tem perature d i f 
ference ST w ill  be proportional to H and therefore to w, or S/i = fh
from (11) and (15); ƒ  i s  a p r o p o r t io n a lity  fa c to r  not dependent
on h. So h = (1 + f ) h ,  which shows th a t th e lo g  h, t-cu rv e  i s
d isp la ced  p a r a lle l  to  i t s e l f .  Consequently no co r rec tio n  for the
gasflow  i s  requ ired . The s i tu a t io n  in  a con n ectin g  tube may ap-
proxim atively be represented by a c y lin d r ic a l r in g  o f helium w ith
the ou ter  su rfa ce  (r a d iu s  a t  the tem perature T and the in n er
surface (radius cr/2'*) a t  the temperature T' = T + ST. The c o e ff ic ie n t
o f  heat co n d u c tiv ity  i s  A. A heat current H i s  flow in g  r a d ia l ly
through the r in g . The temperature d is tr ib u tio n  along the tube i s
approximated by taking Br/Br = constant. We then find, f o r 'Cr =0.035
cm, \  = 6 .10- ca l/d eg  cm se c , cp  = 0 .5  c a l /g  deg, p  = 0 .15 g/cm,
considering  the heat cap acity  and thermal r e s is ta n c e  o f  the r in g ,
th a t the tim e in  which the h eat conduction  to  the w all becomes
s ta tio n a r y  i s  o f  the order o f  a few secon d s. The time con stan t
o f  the U-gauge was, as found exp er im en ta lly , about four m inutes
and con seq u en tly  the assum ption, m entioned b e fo re , seems to  be
j u s t i f i e d .  E stim ating ST for a run a t p — 5 kg/cm and a temper
atu re o f  th e helium  bath T = 4 °K we o b ta in  ST = 0 .0 2  °K. The
v a r ia tio n  §/i i s  then approxim atively  S/i = 0 ,01  h.

3. Experiments and r e s u l t s .  In order to check the accuracy o f
our method we have repeated  th e  determ in ation  o f  c e r ta in  v a lu es
o f  the v i s c o s i t y  c o e f f i c i e n t  se v e r a l tim es. In f i g .  6 lo g  h i s
R epresented as a fu n ctio n  o f  the time t — t . fo r  a tem perature
T= 4.07 °K and for pressures o f  10,20 and 30 kg/cm2. The correction
term RT* BG0/By0 was determined in the fo llo w in g  manneR:

The calibrated  volume Vcal o f  the high-pressure gauge M completed
with a s e c t io n  o f  the attached  connecting l in e  were f i l l e d  w ith
gas up to a pressure p  whereas the pressure in  the v isco sim eter
had the s l ig h t ly  d if fe r e n t  value p". When the valve was opened
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l o g  h

A p = 10 .5
2

k g / cm run on 5 - 4 - ’ 51

1
* r p s 9 .8

2
k g / cm run on 2 5 - 4 - ’ 51

© p s 19.5
2

kg/cm run on 5 - 4 - ’ 51

X p X 19 .8
• 2

k g / cm run on 2 5 - 4 - ’ 51

0 p X
. 2

2 9 .8  k g /  cm run on 5 - 4 - ’ 51

* p X 30 .0
2

kg/cm run on 6 - 6 - ’ 51

th e  p re s s u re s  in  th e  gauge and in  th e  v is c o s im e te r  became equal
to  p '", ( th e  v a lv e  S 2 rem ained open d u rin g  th e  d e te rm in a tio n ) .
The fo llo w in g  r e l a t i o n  th e n  e x i s t s  betw een p , p and p ,

ip ' -  P"‘)
RT* c a l .

The v a lu es  o f  2RT* ^Gq/^Po thus o b ta in ed  have been p lo t te d  as a
func tion  o f  p re ssu re  in  f ig .  7. The u n ce rta in ty  o f  the  determ ination
i s  about ten  p e rc e n t  which i s  n o t s e r io u s  because RT* o i s
only a c o rre c tio n . We d id  no t f in d  any dependence on th e  tem perature
o f  th e  b a th ; t h i s  i s  to  be ex p e c ted  because on ly  th o se  p a r t s  o f
th e  f lu id  a re  o f  im portance fo r  th e  value  o f  th e  c o r re c tio n  term
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F i g .  7 2RT* ^Gq / ^ pq as  a f u n c t i o n  o f  p

w here th e  te m p e ra tu re  i s  in  th e  n e ig h b o u rh o o d  o f  th e  c r i t i c a l
tem p e ra tu re . The dependence on th e  p re s s u re ,  on th e  o th e r  hand,
i s  very  marked as can be seen from f ig .  7. The ra p id  in c re a s e  o f
the  c o r re c tio n  term  which occurs a t  low er p re s su re s  can be e a s i ly
u n d e rs to o d  i f  one c o n s id e r s  t h a t  in  th o s e  p a r t s  o f  th e  f l u i d
where th e  te m p e ra tu re  i s  i n  th e  n e ig h b o u rh o o d  o f  th e  c r i t i c a l
ten p era tu re .h ig h  values o f  3/s/^Pc occur when the p ressu re  approaches
th e  c r i t i c a l  p r e s s u r e ;  th e  l a t t e r  v a lu e s  g iv e  an a p p r e c ia b le
c o n tr ib u tio n  to  th e  c o r re c tio n  term , which can be w r i t te n  a^:

RT* ƒ  'dp/'dpo {T, r0)dv

In  o rd e r  to  c a l ib r a te  th e  c a p i l l a r y  C we made some runs a t  th e
norm al b o i l in g  p o in t  o f  l iq u id  oxygen. The p re s s u re  o f  th e  gas
was 10.0 kg /cm .. The v is c o s i ty  o f  l iq u id  helium  was then  o b ta in ed
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from the ra tio  V / V c i  > where 7?caj ~  91.0 ^ j P .  The resu lts  hav
been assembled in  tab le I and f ig s .  8 and 9.

F i g .  ft The v i s c o s i t y  o f  l i q u i d  h e l i u m  I  a s  a f u n c t i o n  o f  t h e  t e m p e r -
a t u r e  a t  c o n s t a n t  p r e s s u r e .

V p = 50 kgcm"2 +  p ■ 35 kgcm"2 □  p = 20 kgcm"

A p = 40 kgcm"2 Q p = 30 kgcm O p — 10 kgcm

__ _______________  Drawn a c c o r d i n g  t o  t h e  m ea su rem en t s  o f  R o w e r s  and
13 )

M e n d e l s s o h n ,  and  o f  De T r o y e r ,  Van I t t e r b e e k  and Van den  B e r g
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TABLE I

V is c o s i ty  o f  1e I  as a fu n c t io n  c>f tem pera tu re  a t  c o n s ta n t  p r e s s u re

P T p 1 P T P V
kg /  cm °K g/cm3 IMP kg/cm °K g/ cm3 P P

10.2 2.09 0.161 44 29.8 .2.27 0.179 94
10.5 2.19 0.161 48 29.9 3.07 0.177 89
10.0 2.27 0.159 54 30.0 4.07 0.172 81
10.0 2.94 0.158 57
10.5 3.08 0.157 58
9.8 4.07 0.151 55 34.9 2.00 0.183 109

35.0 2.43 0.182 103
20.2 1.89 0.172 •) 34.9 2.97 0.180 95
20.0 2.01 0.172 70
20.0 2.09 0.172 73
19.8 2.19 0.172 77 40.0 2.19 0.186 122
19.8 3.08 0.168 74 39.8 2.50 0.185 115
19.8 4.07 0.164 70 39.8 3.50 0.183 96
19.9 4.07 0.164 70 39.6 4.03 0.181 88

30.0 1.78 0.179 90
30.0 2.00 0.179 98 50.0 2.45 0.191 131
30.0 2.09 0.179 97 50.0 3.33 0.189 112
30.0 2.19 0.179 97 50.0 4.03 0.187 98

*) No d e f i n i t e value can be given owing to the anomalous b ehaviour
of the flow.

The Reynolds number never exceeded a value o f  about 45 in  our
exp erim en ts, from which i t  can be concluded th a t th e  flow  was
lam inar in  a l l  c a s e s .  The c a p i l la r y  used  in  most exp erim en ts
had an e f f e c t i v e  ra d iu s o f  5 .8 /j . , which i s  so  sm all compared
w ith  the rad iu s o f  a co n n ectin g  tube (0 .0 3  cm) th a t th e  flow
res is ta n c e  o f  the la t t e r  can be ignored. So as to check the f u l 
f i l lm e n t  o f  the f i r s t  co n d it io n  ( s e e  page 21 ) the p o s it io n  o f
the mercury l e v e ls  was observed for some time a f t e r  the valveSa
had been c lo sed , before applying a pressure d if fe r e n c e . The f u l 
f i l lm e n t  o f  th e second co n d it io n  was checked by o b serv in g  the
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p r e s s u r e  in  th e  v i s c o s im e te r ,  d u r in g  a tim e w hich was eq u a l to
th a t  needed fo r  a s in g le  run. In  most ca ses  th e  p re s su re  v a r ia t io n
ca u sed  by th e  lo w erin g  o f  th e  b a th  l e v e l  was found to  be  le s s
th a n  0 .0 7  kg/cm 2 which ca u ses  o n ly  a n e g l ig ib le  c o r r e c t io n .

4 . D i s c u s s i o n .  W ith r e g a r d  to  th e  v i s c o s i t y  o f  m ono-atom ic
l iq u id s  a t  th e  m eltin g  p o in t Andrade 14) has proposed th e  fo llow ing
formula

v - 4 —o a

In  t h i s  e x p r e s s io n  i s  v  a fre q u e n c y  c h a r a c t e r i s t i c  f o r  th e
m o le c u la r  m otion  in  th e  l i q u i d ,  m th e  m o lecu la r mass and a th e
a v e ra g e  in te r m o le c u la r  d i s t a n c e .  When i t  i s  assum ed t h a t  th e
fre q u e n c y  V i s  a p p ro x im a te ly  th e  same in  th e  l i q u i d  a s  i n  th e
s o l id  a t  th e  m e ltin g  p o in t ,  we can w r i te  v  = (k/h)6p  where (% i s
D ebye’ s c h a r a c t e r i s t i c  te m p e ra tu re . The r e l a t i o n  i s  th en  found
to  a p p ly  in  th e  ca se  o f  s e v e ra l  l i q u id s ,  h av in g  v i s c o s i t i e s  o f
w idely  v a ry in g  m agnitude. In  th e  ca se  o f  helium  a t  p re s s u re s  and
te n p e ra tu re s  in  th e  neighbourhood o f  th e  m e ltin g  l i n e ,  th e  a g re e 
ment i s  good, as can be seen  from T able I I .

TABLE I I

Vi s c o s i  ty o f  He I in  th e  ne ig h b o u rh o o d o f  the  mel t i n g  l i n e

P. *k g /  cm
T

°K
T

° K
6J>K ^co I c .

yp
77ex p . .
yP

35 2.00 1.88 23 115 109

40 2.19 2 .08 24 120 114

50 2.45 2 .34 25 128 131
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The v a lu es  o f  &q  have been o b ta in ed  by s l i g h t l y  e x tra p o la t in g  th e
d a ta  g iven  by W.H. Keesom and A.P. Keesom , which a re  in  good
agreem ent w ith  th o se  o b ta in ed  by Simon 16  ̂ e t . a l .  We may conclude
th e r e f o r e , th a t  a t  th e  p re ssu re s  and te rrp era tu res  co n sid ered  above,
helium behaves l ik e  a normal l iq u id . So as to  o b ta in  a rough p ic tu re
o f  th e  t r a n s f e r  o f  momentum in  He I  we s h a l l  d iscu ss  our experim ental
d a ta  on th e  b a s is  o f  a hard  sphere  model, as co n sid ered  in  Ch. I .
I t  w i l l  be su p p o sed  t h a t  th e  e f f e c t i v e  d ia m e te r  o f  th e  atom s
does no t depend cm the d en s ity  o f  the l iq u id  and th a t  the  f r a c t io n a l
c lo se  packing corresponding w ith  the  s o l id if y in g  l iq u id  i s  co n s tan t
a lo n g  th e  m e ltin g  l i n e .  Good agreem ent between th e  ex p e rim en ta l
v a lu e s  o f  th e  v i s c o s i ty  and th o s e  y ie ld e d  by th e  model can  be
o b ta in ed  i f  we choose 6  = 0 .735 , which i s  n o t f a r  from f f ' = 0 .87 .
The estim ated  values have been ta b u la te d  along w ith  the experim ental
values in  Table I I I ,  whereas in  f ig .  we have p lo t te d  the  experim ental
v a lu e s  d iv id e d  by th e  c o rre sp o n d in g  q u a n t i ty  Tjb, The f u l l  l in e
r e p re s e n ts  th e  q u a n t i ty  acco rd in g  to  eq. 1.

,9 . 0.186

p a 0 .180

p .  0.171

.0.161

p . 0.145.

..........  -  T

F i g .  9 The  v i s c o s i t y  o f  l i q u i d  h e l i u m  I  a s  a f u n c t i o n  o f  t h e
t e m p e r a t u r e  a t  c o n s t a n t  d e n s i t y .
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TABLE I I I

V isco s i ty of He I as a func tion  o f  temperature anc pressure

T

°K
P

2
kg/cm

e Vo

fJP
\ s t .

VP

^exp.
VP

4.00 0.83 0.434 10.60 43 30

3.08 10.5 0.770 8.95 64 58
4.07 9 .8 0.726 10.64 59 55

3.08 19.8 0.600 8.95 77 74
4.07 19.9 0.549 10.64 74 70

2.27 29.8 0.692 7.35 95 94
3.07 29.9 0.641 8.89 85 89
4.07 30.0 0.588 10.64 81 81

2.00 34.9 0.727 6.77 110 109
2.43 35.0 0.700 7.65 103 103
2.97 34.9 0.657 8.83 94 95

2.19 39.8 0.727 7.18 114 114
2.50 39.8 0.691 7.82 107 107

3. 50 39.8 0.645 9.65 98 98

4.03 39.6 0.620 10.56 92 92

2.45 50.0 0.720 7.70 122 131

3. 33 50.0 0.673 9.42 110 112

4.03 50.0 0.642 10.54 10 2 98

In  ta b le  I I I  a s  w ell as  in  f ig .  10 we have o m itted  th o se  v a lu es  o f
the v is c o s ity  which correspond w ith ten p era tu res  and p re ssu re s  c lo se
to  th e  A -lin e . The hard  sphere diam eter cr= 3 .2  A corresponding with
6" = 0 .7 3 5  i s  somewhat l a r g e r  th a n  th e  d ia m e te r  w hich can  be
a s s o c ia te d  w ith  th e  L en n ard -Jo n es p o t e n t i a l  f i e l d  o f  two i n t e r 
a c t i n g  h e liu m  atom s, <*L_J = 2 .6  A. So a s  to  e s t im a te  th e  r e 
l a t i v e  im p o rtan ce  o f  th e  d i f f u s io n  and o f  th e  i n t e r m o d u l a r
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fo r c e s  we p u t ,  v '  -  Vo/K- and V -  Vo [4/5 b/V + 0 .7614 (b/V)^K].
I t  i s  th e n  found t h a t  i n  th e  ne ighbourhood  o f  t h e  m e l t in g  l i n e
v '  = 0 .0 2  V whereas V = 0 .9 8  7?. At o r d i n a r y  p r e s s u r e s  we f in d
v '  = 0 .1 5  V and v"  = 0 .8 5  V so we a r e  l e d  t o  t h e  c o n c lu s io n
t h a t  even in  t h i s  case ,  in  s p i t e  o f  th e  low d e n s i t y  o f  th e  l i q u id
th e  v i s c o s i t y  i s  m ain ly  due to  th e  i n t e r m o l e c u l a r  f o r c e s .  T h is
means t h a t  th e  d e c re a s e  o f  th e  v i s c o s i t y  a t  t e m p e r a tu r e s  c lo s e
to  the temperature with dec reas ing  tem pera tu re |canno t be a sc r ib e d
to  t h e  v a r i a t i o n  o f  t h e  m o le c u la r  v e l o c i t y ,  b u t  t h a t  i t  m ust
sooner be i n t e r p r e t e d  a s  a d ec rea se  o f  th e  c o l l i s i o n  p r o b a b i l i t y
when we speak i n  terms o f  th e  h a rd  sp h ere  model.

In  th e  ca se  o f  He I I  we seem to  e n c o u n te r  a somewhat s i m i l a r
phenomenon with re sp ec t  to  th e  c o l l i s i o n s  o f  th e  e x c i te d  molecules
which c o n s t i t u t e  th e  ‘normal f l u i d ’ . E xperim enta l  ev id en ce ,  such
a s  th e  low d e n s i t y  o f  t h e  ‘ normal f l u i d ’ , th e  l a r g e  d i f f u s i o n
c o e f f i c i e n t  o f -Jlfe in  He I I  (T aco n is  c . s . )  17  ̂ and th e  Knudsen
e f f e c t s  18  ̂ which o c c u r  when He I I  f lo w s  th ro u g h  v e ry  narrow
s l i t s ,  s u g g e s t s  t h a t  He I I  can  i n  many r e s p e c t s  be t r e a t e d  as
a d i l u t e  g as .  The v a r i a t i o n  w i th  t e m p e r a tu re  o f  t h e  v i s c o s i t y
o f  He I I ,  a t  low te m p e ra tu re s ,  seems to  c o n t r a d i c t  t h i s  p i c t u r e ,
however, u n le s s  i t  i s  assumed t h a t  th e  c o l l i s i o n  p r o b a b i l i t y  o f
th e  ‘ e x c i te d  atoms’ d im inishes with  dec reas ing  te n p e ra tu re .  W ithin
th e  frame o f  t h e  Landau t h e o r y ,  d e t a i l e d  c o n s i d e r a t i o n s  w i th
r e s p e c t  t o  th e  v i s c o s i t y  o f  He I I  have been  g iven  by Landau and
K h a la tn ik o v  10^.
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Chapter III

ADSORPTION OF HELIUM ON GLASS AT TEMPERATURES
BELOW THE X-POINT

1. Introduction. In 1936 it was discovered that a thick film
is formed on a solid surface, which is in contact with liquid
helium II or with its vapour (Rollin, Kikoin and Lasarev) ,
which film shows very remarkable transport properties (Daunt,
Mendelssohn 21 .̂ Estimates of its thickness vary from fifty to
a hundred and fifty mono-atomic layers. Recently it was found
(Long and Meyer) 2*) that also in the comparatively thin film,
which is adsorbed at pressures well below the saturated vapour
pressure, superfluidity sets in below the X-temperature. The
superflow remains, however, very small even at relative pressures
of 0.95, where it is still less than 10 per cent of the flow of
the saturated film (Mendelssohn). In order to decide whether this
large variation of the superflow with the relative pressure is
caused simply by a variation of the film thickness or by other
factors, such as for instance the creep velocity of the film,
the adsorption isotherm must be known with some accuracy, particular
ly in the region of high relative pressures. The latter pressure
region is of interest for still another reason: it may yield
information with respect to the question whether quantum effects
are, or are not, of primary importance as regards the origin of
the helium film. Unfortunately there is some disagreement between
the results of different workers. Kistemaker estimates from
his experiments a thickness of thirty layers but a re-evaluation
of his data indicates a multiple of this number at a relative
pressure of 0.99. Long and Meyer find that the film is about eight
layers thick, when the temperature is above 2.19 degrees*: at
lower temperatures, however, the adsorption was found to be
anomalously high when the relative pressure rose above 0.90.
Close to the saturation pressure, but still definitely below l ,
an adsorption corresponding with a hundred and sixty ayers was
claimed. Optical determinations, by Jackson and co-workers, of
the thickness of the saturated film indicate, on the other hand,
thicknesses which are only a third of those found by long and Meyer
and these results are in reasonable agreement with the very r|cent
determinations of Bowers'24) and of Brewer and Mendelssohn .
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In  th i s  ch a p te r  we s h a l l  d e sc r ib e  an ex p e rim en ta l d e te rm in a tio n
o f  th e  ad so rp tio n  isotherm  on a g la ss  su rfa ce  accord ing  to  a method
w hich i s  in  p r i n c i p l e  th e  same as t h a t  em ployed by K is tem ak e r.
B ecause o f  th e  n a tu r e  and th e  sh ap e  o f  th e  a d s o rb in g  s u r f a c e ,
th e  in f lu e n c e  o f  c a p i l l a r y  co n d en sa tio n  i s  reduced  to  a minimum.
A number o f  m o d if ic a tio n s  in  th e  method were in tro d u c e d  in  o rd e r
t o  improve th e  ac cu racy . A d e s c r ip t io n  has a l s o  been g iv en  o f  a
new d i f f e r e n t i a l  gauge which has a s e n s i t i v i t y  o f  about 0 .1  m icrons
Ilg d i f f e r e n t i a l  p re ssu re  a t  a mean p re ssu re  o f  a few mm. Ilg. ' .

As a r e s u l t  o f  o u r m easurem ents and th o se  o f  o th e r  w o rk e rs  we
conclude th a t  quantum e f f e c ts  a re  probab ly  o f secondary im portance
w ith  re sp e c t to  th e  o r ig in  o f  th e  helium  film .

A b r i e f  survey  o f  some th e o r ie s  o f  ad so rp tio n  w il l  now be g iven .
The th e o ry  o f  m u l t i l a y e r  a d s o r p t io n  d ev e lo p e d  by B ru n a u e r ,

Ernnett and T e l le r  27 , has met w ith  co n sid erab le  success in  d ea lin g
w ith  the  c h a r a c te r i s t i c s  o f  many a d s o rp tio n  iso th e rm s . M oreover,
th e  s u r f a c e  a r e a s  t h a t  can  be o b ta in e d  by a p p ly in g  th e  B .E .T .
th e o ry  to  a d s o r p t io n  m easurem ents i n  th e  r e g io n  o f  one mono-
la y e r  a re  c o n s is te n t  w ith  those  found by means o f  q u ite  d i f f e r e n t
m ethods. I t  h as  been re c o g n iz e d  n e v e r th e l e s s ,  t h a t  th e  B .E .T .
iso therm , when i t  i s  f i t t e d  to  th e  experim en tal d a ta  in  th e  re g io n ,
o f  one m onolayer d e v ia te s  a p p re c ia b ly  b o th  above and below  t h a t
reg io n . In  f ig u re  11 we have re p re se n te d  the  ex p e rim en ta l iso th erm
in  a ty p ic a l  case along  w ith  th e  th e o r e t ic a l  one. The d isc rep an cy
a t  low r e l a t i v e  p r e s s u r e s  i s  u s u a l ly  a s c r ib e d  to  s u r f a c e  i n 
hom ogeneity  o f  th e  a d s o rb e n t ,  an e f f e c t  t h a t  i s  n o t ta k e n  in to
acco u n t by th e  o r ig in a l  B .E .T .- th e o ry . H ie d isag reem en t a t  h ig h
r e l a t i v e  p r e s s u r e s  i s  o f  a more fun d am en ta l n a tu r e  and i s  due
to  o v e r s im p l i f ic a t io n  in  th e  assu m p tio n s o f  th e  B .E .T . th e o ry .
T hese assu m p tio n s a re :
1. The number o f  m olecules adsorbed on a given s i t e  i s  independent

o f  the number adsorbed on ad jacen t s i t e s .
2 . The ad so rp tio n  energy in  a l l  la y e rs  except th e  f i r s t  i s  equal to

the  energy o f  l iq u e fa c tio n  •
A ccord ing  to  th e  f i r s t  assum ption  th e  th ic k n e s s  o f  th e  ad so rb ed
phase may show la rg e  f lu c tu a t io n s  from s i t e  to  s i t e ;  t h i s  cannot
correspond to  r e a l i ty ,  fo r  in  the  ac tu a l case t h i s  would be opposed
by th e  s u rfa c e  te n s io n . Me M illan  and T e l l e r  2 8 '  have shown th a t
when th e  su rfa c e  te n s io n  i s  tak en  in to  acco u n t w ith o u t a l t e r i n g
th e  second assum ption th e  p re d ic te d  a d so rp tio n  becomes l e s s  than
th a t  found experim entally . This i s  a consequence o f  th e  in s u ff ic ie n c y
o f  a ssu m p tio n  2 w hich in  i t s e l f  g iv e s  to o  low an a d s o r p t io n .

35



H alsey  29  ̂ p o in ted  o u t t h a t  in  th e  absence o f  co o p e ra tiv e  e f f e c ts
no new la y e r  i s  l i k e l y  to  be formed b e fo re  th e  u n d e r ly in g  la y e r
i s  co m p le te : a c c o rd in g  to  t h i s  view , th e n , m u l t i l a y e r  g as  ad
s o rp t io n  i s  due to  th e  f a c t  t h a t  long  range fo rc e s  em anating from
th e  a d so rb e n t in f lu e n c e  th e  energy  o f  a d s o rp tio n  a ls o  in  la y e r s
h ig h e r  th an  th e  f i r s t ,  so ^ in  most c a se s  th e  energy  o f  a d so rp tio n
in  th e s e  l a y e r s  w i l l  be l a r g e r  th a n   ̂ T h is  c irc u m s ta n c e
fa v o u rs  a l a r g e r  a d s o r p t io n  and so th e  d e c re a s e  in  a d s o rp tio n
which i s  due to  th e  s u r fa c e  te n s io n  i s  p a r t l y  com pensated.

H i l l  30'  h as  co n s id e red  th e  a c tio n  o f  th e  van d e r W aals fo rc e s
betw een th e  a d s o rb e n t and th e  ad so rb ed  p h ase . In  o rd e r  to  show
c l e a r l y  th e  assu m p tio n s in v o lv ed , we s h a l l  b r i e f l y  in d ic a te  h is
c a lc u l a t io n  o f  th e  iso th e rm .

L e t th e  ad so rb ed  f i lm  be c o n s id e re d  as a p lan e  s la b  o f  l iq u id
w ith  su rfa ce  area S,  uniform  th ick n ess  h, and uniform  number d en s ity
px o f  th e  m o lecu les ; th e  number d e n s i ty  o f  th e  m o lecu les  in  th e
a d s o rb e n t  w i l l  be d en o ted  by /?2 . I t  w i l l  be assumed t h a t  Px and
the  u su a l m olecu lar d i s t r ib u t io n  fu n c tio n  g ( r )  a re  the  same in  the
s la b  a s  in  th e  hullc l iq u id .  L e t F be th e  Helmholtz f re e  energy o f
the  s la b  in  i t s  eq u ilib riu m  p o s it io n  in  th e  presence o f th e  adsorbent
and l e t  Fq r e f e r  to  th e  s la b  imbedded in  th e  bu lk  l iq u id .  F — Fo
i s  th en  th e  r e v e r s ib le  iso th e rm a l work done on th e  system  in
1) b reak in g  a column o f  l iq u id  o f a rea  S a t  z -  0 and removing the

z < h (Wx);
2) b reak in g  th e  rem a in in g  l i q u id  a t  z = h and rem oving th e  p a r t

2 > h (W2); . ;
3) b r in g in g  th e  s la b  0 < z < h up to  i t s  eq u ilib riu m  p o s i t io n  n ex t

to  th e  adso rben t (H3);
4) r e jo in in g  th e  p a r ts  z ^ 0 and z > h o f  the bulk  l iq u id  (W*).
By e q u a tin g  th e  m o le c u la r  f r e e  e n e rg ie s  o f  th e  vap o u r and th e
a d s o rb a te  we f in d :

kT In p/po  = B(W1+ W2)/^V

W hile th e  c a lc u la t io n  o f  W2 i s  s tra ig h tfo rw a rd , th a t  o f  W3 w il l
depend on th e  su p p o s itio n s  made w ith  re sp e c t to  th e  n a tu re  o f  the
a d s o r b e n t .  A v e ry  s im p le  a ssu m p tio n  i s  t h a t  th e  a d s o rb e n t  i s
s t r u c t u r e l e s s  and t h a t  i t  does n o t p e r tu r b  g ( r ) .

As re g a rd s  th e  f i r s t  la y e r s ,  th e  l a t t e r  assum ption i s  c e r ta in ly
very  crude b u t owing to  th e  long range o f  th e  fo rces  th e  in f lu e n c e
o f  th e  h ig h e r  la y e r s ,  fo r  which th e  assum ption may be j u s t i f i e d ,
w i l l  be q u i te  com parable w ith  th a t  o f  th e  f i r s t .
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When we w r i t e  f o r  th e  i n t e r a c t i o n  energy between two m olecules
o f  th e  l iq u id :

« l i ( r )  = € n ( d n / r ) 12 -  2 C i i ( d n / r ) e

and f o r  t h a t  between a m o lecu le  o f  th e  l i q u i d  and a m olecule  o f
th e  a d s o rb e n t ,

^ i 2 ( ^ )  =  ^ 1 2 ( ^ 1 2 / ^ * )  — 2 ^ 1 2 ( ^ 1 2 / ^ )

the  fo l lo w in g  e x p re s s io n  i s  found fo r  the  a d so rp t io n  iso th e rm  in
th e  c a s e  t h a t  t h e  t h i c k n e s s  o f  th e  ad so rb e d  l a y e r  i s  a t  l e a s t
s e v e r a l  m o le c u le s ,

— In p /po  = v/'&kT [ P i d n e n  — P ip 2 ^ io p i i \

In t ro d u c in g  th e  m olecular c ro ss  s e c t io n  cr, the  number o f  adsorbed
l a y e r s  n and tak in g  in to  account t h a t  approx im ative ly  P\ = P2  and
d n  = d12 we o b ta in  the  r e l a t i o n ,

-  ln p/Po =
* , e 3V3 PiduCTi £ 1 1  ~  e i - 2  1

kT n 3

which i s  o f  th e  form,

-  In p /p o  = K/nP

where K = 77/3 p W i ° \  "1 1 ~ 6l?
kT

and p = 3

The power o f  n, nP, which ap p ears  in  th e  formula, i s  a d i r e c t
consequence o f  the  dependence on th e  d i s t a n c e  o f  the  a t t r a c t i v e
fo r c e s  between the ad so rb a te  and th e  a d so rb en t  (p  = q -  3, where
q = 6 in  th e  case  o f  van der Waals f o r c e s ) .  A s i m i l a r  power witn
law, p = 2 .6 ,  had p r e v io u s ly  been found e m p i r i c a l ly ,  by Halsey .

M cM illan and T e l l e r  have shown t h a t  K i s  o f  th e  o r d e r  o f
(E! -  j„ )/BT  where £ ’ 1 i s  the energy o f  adsorp tion  o f  the  f i r s t -
lay e r ,  E i s  the energy o f  l iq u e fa c t io n  and P the gas constan t .
The q u a n t i ty  (£ -  ■ ) / l ’T appears  a lso  in  th e  B.E.T. equation ,
which reads

m Cp
n>! (p0 -  p) [ l  + (C -  l )p /p o ]

3?



Fig. 10 Adsorption isotherm in a typical case



where m i s  the adsorbed mass at the given pressure p,  and temperature,
p o the pressure o f  the saturated  vapour the mass o f  the f i r s t
adsorbed la y er  and C an energy con stan t which i s  approxim ately
equal to  C = e x p . ( E 1 -  Z?j . )/RT.

The film  th ick n ess  a t r e ïa t iv e  p ressu res  c lo s e  to sa tu ra tio n
i s  accord ing to the B .E .T . formula,

nB.E.T.  = ----^----
-  In p/p0

where A i s  th e r a t io  between th e d e n s ity  o f  the f i r s t  adsorbed
layer and th at o f  the h igher la y ers , so A = 1. The H ill  formula,
on the other hand, y ie ld s ,

Hi l l

i  / s  •where K ' =  1. I t  i s  seen  th a t ng g g i s  co n sid erab ly  la rg er
than which i s  due to  the n e g le c t  o f  th e  su r fa ce  te n s io n
by the B.E.T.  theory. When the su rface ten sion  i s  allow ed for in
the la t te r  theory, the number o f  adsorbed layers becomes according
to McMillan and T e ller

In p/p0

where B = kT/187r€d2, e being the su rface energy per u n it su rface
o f  the sem i-in fin ite  liq u id  and d being the interm olecular d istance.
Because approxim ately if1' =  0 .1  the number o f  adsorbed la y ers
according to the above equation i s  much le s s  than th at p red icted
by th e  H i l l  form ula which l a t t e r  has been w e ll  confirm ed by
experim ent (B ow ers). In th e  ca se  th a t  the gas i s  adsorbed on
a v e r t ic a l  su r fa ce , we may account fo r  the in flu e n c e  o f  g ra v ity
by p u ttin g ,

P = Po exp.  ( -Mgz/RT)

where M i s  th e m olecu lar w eig h t, R the gas co n sta n t and z the
h e ig h t o f  an elem ent o f  the adsorbing su rfa ce  above the su rface
o f  the l iq u id .  Thus the fo llo w in g  ex p ressio n  i s  ob ta ined ,
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n m
K *

V3
th e  v a lu e  o f  th e  c o n s ta n t b e in g , K* ( K R T ' i1/ 9

g }

We see  th e r e f o r e  t h a t  i n  th e  ca se  o f  a d s o rp tio n  by London-van
d e r  Waals fo rc e s , which i s ,  fo r th e  r e s t ,  t re a te d  w ithou t s p e c if ic 
a l ly  tak in g  in to  account such e f fe c ts  as B ose-E inste in  condensation
o r  th e  z e ro -p o in t  energy , th e  th ic k n e ss  v a r ie s  as th e  c u b ic  ro o t
o f  th e  h e ig h t  above th e  le v e l  o f  th e  l iq u id  (S c h if f )

T re a tm e n ts  w hich ta k e  e x p l i c i t  a c c o u n t o f  th e  in f lu e n c e  o f
th e  s t a t i s t i c s  o r  th e  z e ro -p o in t  energy  have been given by B i j l ,
de Boer and M ichels, Band and Temperley . '.T h e y  g e n e ra lly  o b ta in
an o th er dependence on th e  h e ig h t z than  th a t  given above.

2. E xperim enta l arrangement. As i s  w e ll known th e re  i s  some ad
v a n ta g e  in  u s in g  a drawn g la s s  s u r fa c e ;  because  o f  th e  absence
o f  sm all c ra c k s  and f i s s u r e s  i t  i s  p o s s ib lé :
1. to  id e n t i f y  the  a c tiv e  su rfa ce  a rea  w ith  the  m acroscopical one,
2. to  av o id  c a p i l l a r y  e f f e c t s ,  even a t  h ig h  p e rc e n ta g e s  o f  th e

s a t u r a t i o n .
Our a p p a ra tu s  com prised  (s e e  f i g .  11 ):

reduced pressure

F i g .  11 A d s o r p t i o n  i s o t h e r m  in  a t y p i c a l  c a s e .
e x p e r i m e n t a l  c u r v e
B . E . T .  c u r v e
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1. two v e sse ls  C which had approx im ate ly  equal vollines but d i f f e re n t
i n t e r n a l  s u r f a c e  a r e a s .  They were su rro u n d ed  by a r a d i a t i o n
s h i e l d  R.

2 .  an o i l  d i f f e r e n t i a l  gauge , Gl t  which s e r v e d  to  m easure th e
p r e s s u r e  i n s id e  th e  a p p a ra tu s  r e l a t i v e  to  the  p r e s s u r e  o f  the
b a th ,

3 .  a h ig h ly  s e n s i t i v e  d i f f e r e n t i a l  gauge, G2, which was connected
w ith  th e  ad so rp t io n  c e l l s  C by means o f  g la s s  tubes .

F i g .  12 D i f f e r e n t i a l  gauge  a n d  a d s o r p t i o n  a p p a r a t u s

As one w i l l  see  from f ig .  12, t h i s  device  c o n s i s te d  e s s e n t i a l l y
o f  two Mac Leod gauges o f  i d e n t i c a l  c o n s t r u c t io n ,  which we s h a l l
i n d i c a t e  by a and b .  Each o f  t h e  sm all  volumes a t  t h e  to p  was
co nnec ted  w ith  e i t h e r  s id e  o f  an o i l  d i f f e r e n t i a l  gauge, G2 . A
small p re s s u re  d i f f e re n c e  could be a m p lif ied  in  t h i s  way. D i f f e r 
e n t i a t i n g  th e  r e l a t i o n  p* = p ( l  + V/v)  w ith  r e s p e c t  to  p,  where
p i s  the(mean) p r e s s u r e ,  p* i s  th e  a m p l i f ie d  p re s s u r e  and V and
v a r e  th e  l a r g e  r e s p e c t i v e l y  th e  sm all volume o f  each Mac Leod
gauge, we f i n d  fo r  th e  a m p i i f i c a t io n  f a c to r :
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dv
16f d  = fm  (1 “  P

V s merc
2V s . ,o i l

)

In th i s  expression  th e  fa c to r  f m = 1 + V/v g iv es  th e  am p lifica tio n
o f  th e  mean p re s s u re :  s merc and s flj j  a re  th e  s p e c i f i c  d e n s i t i e s
o f  m ercury and o i l  and dv/dp  i s  th e  volume in crem en t a s  a co n se
quence o f  a d i f f e r e n t i a l  p re s s u re .  In  o rd e r  to  en su re  dependable
re a d in g s  th e  te m p e ra tu re  d i f f e r e n c e  betw een b o th  h a lv e s  o f  th e
gauge should be k ep t as sm all as  p o s s ib le .  Ih e  bu lk  o f  th e  volumes
v was th e r e f o r e  c o n ta in e d  in  two c y l i n d r i c a l  b o re s  in  a copper
b lock  which formed th e  upper p a r t  o f  th e  gauge. The g la s s  bu lbs V
were su rrounded  by a heavy copper c a s in g .

At th e  beg inn ing  o f  a measurement th e  ap p a ra tu s  was f i l l e d  w ith
helium  gas up to  a c e r t a in  p re s su re  p.  The stopcock  S ,  connecting
th e  two volum es was l e f t  op en  f o r  some tim e an d  th e n  c lo s e d ,
a f t e r  which th e  p r e s s u r e s  were ch eck ed . I f  th e  d i f f e r e n c e  was
found to  be s u f f i c i e n t l y  sm all th e  te m p e ra tu re  o f  th e  b a th  was
changed from T  to  T  . From th e  r e s u l t in g  p re s su re  d if f e re n c e  th e
d if fe re n c e  in  ad so rp tio n  a t  th e se  te n p e ra tu re s  can be c a lc u la te d .

A c o r re c tio n  dpcorr has to  be a p p lied  fo r  th e  change in  p re ssu re
which i s  a consequence o f  th e  r e d is t r i b u t io n  o f  th e  gas o v er th e
d i f f e r e n t  te m p e ra tu re  re g io n s  in  th e  a p p a ra tu s ,  accom panying a
change in  th e  b a th  te m p e ra tu re .

T h is  r e d i s t r i b u t i o n  depends on th e  volume r a t i o s  which a re  o f
course s l ig h t ly  d i f f e r e n t  in  the  two halves a and b o f  the  apparatus.
In  o rd e r to  fin d  dp corr we w rite  fo r  the p ressu res:

Fal i s  the geom etrical volume a t  room tem perature T* ,
Fa2 i s  th e  volume o f  an a d so rp tio n  c e l l  a t  th e  tem p e ra tu re  o f

th e  b a th , T2 r e s p e c t iv e ly  T2 ,
Faa i s  th e  volume o f  th e  c o n n e c tin g  tu b e  a t  an ‘ e f f e c t i v e ’

tem p e ra tu re  T3 , r e s p e c t iv e ly  T3 and
p and p a re  th e  p re s s u re s  co rresp o n d in g  w ith  r e s p e c t iv e lya a

T * -  . r .The an a lo g o u s  e x p r e s s io n  h o ld s  f o r  p ^ . Assuming a c o n s ta n t
te m p e ra tu re  g r a d ie n t  a lo n g  th e  c o n n e c tin g  l i n e s ,  we w r i t e :
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T0 = {Ti. -  To) ( In Ti. -  In U Y

and in t ro d u c in g  th e  volume r a t i o d :

Va2 V
a . —  . f ,

V a i
we o b ta in

dpcorr

J l l  , a  + da = , ■/> + = —
K .i Vbi Vbi

.1  a  /5 - 2 da 4/5 1 a /5
p o (— + —T + —r  1 U   +  ) \ —  + —r  + —r)

a Ti To To To To Ti to To

.  < *  $ ( ± .  “
t ; T', r ,  7-, 7-,

which may be approximated by:

, 7 V ,  da #  1 1dp = p (—) ( ------a  — )( --------—)
corr a 7\ T3 To To

In  our case we had: a  = 0.97, /5 = 0.01, da = 0.Q1 and djb = -0 .0 0 1 .
In  o rd e r  t o  s im p l i fy  th e  c a l c u l a t i o n  o f  th e  a d s o rp t io n  we s h a l l
i n  f i r s t  ap p ro x im a tio n  ig n o re  th e  dependence on te m p e ra tu re  o f
th e  a d s o r p t io n  i so th e rm .  The e r r o r  which i s  in t ro d u c e d  i n  t h i s
way w i l l  be sm all  and may i f  n e c e s s a ry  be c o r r e c te d  a f te rw a rd s .
R e p re s e n t in g  th e  i s o th e rm  as a fu n c t io n  cp(s) where s = p / p 0
i s  th e  r e d u c e d  vap o u r p r e s s u r e  and t a k i n g  i n t o  a c c o u n t  t h a t
s a = s^  = s fo r  th e  tem pera tu re  T(Ta ) , we o b ta in  f o r  th e  p a r t i a l
p r e s s u r e  d i f f e r e n c e  due to  th e  d i f f e r e n t  a d s o rp t io n  a t  T and T :

6(3 ads = ^4 a<p(sa ) “ '4b<p(sb^ ~ ~ Ab )<p{s)}RT '/V

whereT> i s  the mass o f  the  adsorbed gas per u n i t  su rface ,  V = Ta «  Tb,
Aa and Ab are the adsorbing surface  areas  and R i s  the gas constan t.

In t ro d u c in g  th e  d i f f e r e n t i a l  su r fa c e  a rea  A = A& -  A b and con
s i d e r i n g  t h a t  p b -  p a = dp ^ + dpcorr we f ind :

^ a d s  =
f  — A ^  + ^ c o r r

a ’Ss p 0
RT*

+ A(<p(s') -  tp (s ') )}  —
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(1
Bp PT' ^
Bs pQv Bs lpn < • : > -  k » ) - ^

When the  s lo p e  o f  th e  iso therm  i s  com paratively  small we may omit
th e  terms c o n ta in in g  Bp/Bs i n  th e  ex p ress io n  fo r  dpaj  .

3. R e s u l t s .  The c a l i b r a t i o n  o f  th e  d i f f e r e n t i a l  gauge y ie ld e d
th e  fo l lo w in g  d a ta :

f m = 15.0  (a p p ro x im a t iv e ly  V »  100 cm and v 7 cm )
ƒ =  14.2 fo r  p = 0 .13 cm Jig,

11.1 fo r  p=0.90 cm Jig.
For any o t h e r  p re s s u re  ƒ^  may th en  be found from formula (16) .

Readings s c a t t e r e d  about 0 .1  /x Jig a t  a mean p re s su re  o f  0 .1  cm Jig
and about 0 .3  /x Tig a t  1 cm Jig.

The l a r g e  volume was a p p ro x im a te ly  100 cm , w h i le  th e  sm all
volume was 7 cm . The d iam eter  o*f th e  /(-gauge G2 was 0 .1  cm; i t
was f i l l e d  w ith  b u t y l p h t a l a t e .

In  o r d e r  to  a d j u s t  th e  dead sp ace  in  th e  d i f f e r e n t i a l  gauge
to  t h a t  o f  th e  a d s o r p t i o n  c e l l s  th e  volume Vvar  was v a r i e d  by
means o f  f i l l i n g  p a r t  o f  i t  w ith  m ercury . The q u a n t i t i e s  a ,  /3,
d a ,  d/6 were th e n  d e te rm in e d  by means o f  s e p a r a t e  ru n s  a t  room
te m p e r a tu r e  r e s p e c t i v e l y  a t  th e  b o i l i n g  t e m p e r a tu re  o f  l i q u i d
hydrogen . The c o r r e c t i o n  d p co c a l c u l a t e d  from form ula  (2) i s
o f  th e  o rd e r  o f  a few microns Hg. In  o rd e r  t o  avoid th e  p o s s ib ly
l a r g e  u n c e r t a i n t i e s  in  th e  c a l c u l a t i o n  o f  dp . a s  i n d i c a t e d  by
(3 ) ,  the de term inations a t  high s a tu ra t io n  percentages  were c a r r ie d
out by means o f  desorp tion  measurement^: s was then always s i tu a te d
i n  th e  s a t u r a t i o n  range where c o r r e c t i o n s  fo r  th e  s lo p e  o f  th e
iso therm  may be n eg lec ted .  In  p l o t t i n g  the  isotherm  i t  was assumed
t h a t  th e  ad so rp tio n  a t  the  low est s a t u r a t i o n ,  s = 0 .03 ,  was 0 .07
cm3S .T .P . /m 2 , which v a lu e  was o b ta in e d  by av e rag in g  th e  r e s u l t s
o f  various in v e s t ig a to rs  33)*.No appreciab le  e r r o r  w i l l  be involved,
b ecau se
a) th e  a d s o rp t io n  a t  such a low r e l a t i v e  p re s su r e  i s  very sm a ll ,
b) c a p i l l a r y  e f f e c t s  w i l l  n o t  have much in f lu e n c e ,  even i n  the

case  o f  porous  a d s o r b e n ts .
As i n  th e  e a r l i e r  m easurem ents th e  d i f f e r e n t i a l  s u r f a c e  a r e a
was 300 cm . The r e s u l t s  have been p l o t t e d  in  f i g .  12. The co r-
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re sp o n d in g  te m p e ra tu re s , s a tu r a t io n s  and d i f f e r e n t i a l  p re s s u re s
(dp  ads^ have  keen  a ssem b led  in  t a b l e  IV . The curve re p re s e n ts
a l l  a d s o rp tio n  iso th e rm s  in  th e  te m p e ra tu re  ran g e  from 2 .1 9  °K
to  1 .54  K , because  no tem p e ra tu re  dependence co u ld  be d e te c te d
w ith in  th e  l im i t s  o f  a c cu ra cy .

TABLE IV

The d i f f e r e n t i a l  p r e s s u r e ,  dpa(f» ,  as  a f u n c t i o n  o f T,  T  , s  and  s

T /
T

5
1

K K M Hg

1.61 1.77 0.09 0 .72 4.4
1.54 1.79 0.07 0 .42 4.3
1.54 1.78 0.07 0 .43 3.8
1.77 2.11 0.98 0.42 6.3
3.98 2.11 0 .03 0.30 - 6 . 6
3.98 1.78 0 .03 0.68 -6 .0
1.54 2.17 0 .99 0.15 7 .6
3.73 1.54 0.03 0 .16 -0 . 7
3.73 1.33 0 .03 0 .43 - 2 . 0

4 . D i s c u s s i o n .  We have in d i c a t e d  th e  number n o f  a d so rb e d
s t a t i s t i c a l  la y e r s  on th e  a x is  a t  r i g h t  in  f i g .  12. W ith re s p e c t
to  th e  d e n s i ty  o f  adso rbed  helium  we assumed th a t :
1. i t s  value i s  in  th e  f i r s t  la y e r  about fou r tim es th e  value o f  the

bulk  l iq u id ,
2 . i t s  v a lu e  i s  eq u a l to  t h a t  o f  th e  b u lk  l i q u id  in  th e  o th e r

lay e rs ; the  l a t t e r  assunp tion  has a somewhat a r b i t r a ry  ch a rac te r
bu t has th e  advantage o f  being sirrp le .

As w ill be seen, the  number o f  adsorbed la y e rs  remains comparative
ly  sm all even a t  a s a tu ra tio n  r»f 0 .99 . This i s  in  general agreement
w ith  th e  re c e n t  r e s u l t s  o f  Brewer and M endelssohn and o f  Bowers
and  in  d isa g re e m e n t w ith  th o se  o f  Long and M eyer. Wp may a ls o

compare our r e s u l t s  w ith  th o se  o f  Burge and Jack so n  33 who used
an o p t i c a l  method. They found th a t  th e  th ic k n e ss  d o f  th e  R o ll in
f i lm  a t  a h e ig h t z above the  l iq u id  le v e l could  be re p resen ted  by:

45



2 = Const./dJ

in which expression j varied from 2.5 tc 3.5 as a function of
temperature. This value suggests that the thickness of the film
varied roughly as the cubic root of the height, according to
the eq. given by Hill. The corresponding constant K has then
approximately the value K fa 2. Assuming the Hill relation to be
valid in our case, we find approximately K  5, which is less
them the value given by Bowers, according to whom K ?s> 10; he uses,
however, aluminium as an adsorbent. When the results of gas
adsorption measurements are compared with those obtained with
the optical method for temperatures above the temperature an
appreciable discrepancy is found. One would sooner have expected
the classical relation 2 to fit the experiments in this region
better than below 2.186 °K. A plausible explanation seems to be that
in those optical determinations where no mobile film was present
a small temperature difference existed between the mirror and
the liquid. A few thousandths of a degree K would be sufficient
to reduce the relative pressure at the surface of the mirror
to a value consistent with 2. An analogous argument might apply
to the measurements of Long and Meyer in which they observed
a very thick adsorbed film even at relative pressures p/po < 1»
when the temperature was below the \-point. This large adsorption
might be explained by the occurrence of capillary condensation,
a possibility, which taking into consideration their experimental
arrangement cannot be ruled out.

3.0 cm5 STF^»

Fig. 13 A and Q have been used to indicate points obtained by
adsorption, respectively desorption measurements.



SAMENVATTING

In dit proefschrift worden de resultaten beschreven van:
le. Een onderzoek naar de invloed van dichtheid en temperatuur

op het impulstransport in He I.
2e. Een onderzoek naar de adsorptie van helium op glas bij tem

peraturen beneden het X-punt.
Het doel van het eerste onderzoek was, gegevens te verkrijgen

betreffende het impulstransport in vloeibaar heliun bij tenperaturen
waar de invloed van quantumeffecten aanzienlijk is, maar niet zo
overwegend dat een vergelijking met normale vloeistoffen zijn
betekenis verliest. (Uit de merkwaardige verschijnselen, die in
He II optreden, kan men de conclusie trekken, dat juist het impuls
transport sterk beinvloed wordt door de X-transitie.)

In het eerste hoofdstuk wordt een kort overzicht gegeven van
enige theorieën betreffende de viscositeit van dichte gassen en
vloeistoffen.

In het tweede hoofdstuk wordt een methode 33) beschreven volgens
welke de viscositeit van He I werd gemeten bij drukken variërende
van 10 tot 50 kg per cm . De gevonden waarden zijn geinterpreteerd
met behulp van een eenvoudig model, waarbij de moleculen worden
beschouwd als harde bollen met een van de temperatuur afhankelijke
straal. (*, grond van dit model blijkt, dat He I wat zijn viscositeit
betreft niet kan worden beschouwd als een verdund gas. Het is
bij gevolg niet mogelijk de sterke daling van de viscositeit in
de nabijheid van de ö-transitie op eenvoudige wijze te verklaren,
Deze daling suggereert, dat de 'vrije weglengte’ van de deeltjes
(bij gelijkblijvende concentratie) toeneemt, naarmate hun thermische
snelheid afneemt, (m.a.w. hun ‘botsingsdoorsnede’ wordt kleiner).
Een soortgelijk verschijnsel schijnt op te treden in He II, zoals
gesuggereerd wordt door de met dalende temperatuur toenemende
viscositeit van het normale deel’ bij tenperaturen beneden 1.5 °K
(zie fig. 4).

In^het derde hoofdstuk wordt een manometrische methode beschre
ven , waarmee de adsorptie van helium werd bepaald bij tempe
raturen beneden het X-punt. Deze methode is in principe gelijk
aan die welke gebruikt werd door histemaker bij zijn oriënterende
metingen. Verschillende verfijningen stelden ons echter in staat
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een grotere nauwkeurigheid te bereiken. Zo werd een differentiaal
manometer ontwikkeld met een gevoeligheid van 0.01 micron Hg bij
een totale druk in het adsorptie-toestel van de orde van 1 rnn Hg.

Als resultaat van onze metingen vonden wij o.a., dat de geadsor
beerde laag een dikte had van 8 atoomdiameters bij een relatieve
druk van 0.99, in redelijke overeenstenming met de uitkomsten van
recente metingen, verricht door Brewer en Mendelssohn en door Bowers.
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