
SPIN DYNAMICS

m  m

P.W.VERBEEK





SPIN DYNAMICS

L i ilMUl 1873

<£j f i t .  e u ~ /£ rr-

THEORY AND SOME TYPICAL EXPERIMENTS

PROEFSCHRIFT

te r  v e r k r i jg in g  van de graad van Doctor in

de Wiskunde en Natuurwetenschappen aan de

R i jk s u n iv e r s ite i t  te  Le iden, op gezag van de

Rector M agn ificus Dr. A.E. Cohen, Hoogleraar

in  de F a c u lte it  der L e tte re n , volgens

b e s lu it  van het c o lle g e  van Dekanen te

verdedigen op woensdag 28 maart 1973

Bff!7!UUT* LOBJENTZ
WM&T & * Ü tt6 U 3 c ll9

m # * r m * * *  g IS -Leidsa-H^jaAsnad

te  k lokke  16.15 uu r.

door

PIETER WILHELMUS VERBEEK

gebo ren te  H ille g o m  in  19*t1

P re ssa  T r a je c t in a  ■ U tre c h t

dx'sS«Y't-Jhkl. S

a l



PROMOTOREN: PROF.DR. C .J .  GORTER

PROF.DR. W .J . CASPERS

D i t  p r o e f s c h r i f t  i s  t o t  s ta n d  gekomen o n d e r

k r i t i s c h e  b e g e le id in g  van  D r .  J .C .  V e r s te l  i e .



S T E L L I N G E N

H 1. In  p a ram ag n e tisch e  s to f f e n  w aa rin  de w isse lw e rk in g  v o o rna
m e li jk  u i t  is o t ro p e  a n t ife r ro m a g n e tis c h e  exchange b e s ta a t
g e e f t  b e s tu d e r in g  van s p i n - s p i n - r e l a x a t i e t i j d e n  in  a fw ez ig 
h e id  van een c o n s ta n t  m agneetveld  een d u id e l i j k e r  in z ic h t
in  h e t  k r i t i s c h  ged rag  boven h e t  N ëelpun t dan de b e p a lin g
van p aram ag n e tisch e  r e s o n a n t ie  l i jn b r e e d t e s  in  v e ld e n  d ie
k le in  z i j n  te n  o p z ic h te  van de i n t e r a c t i e .

D it p r o e f s c h r i f t ,  h o o fd s tu k  7

2a . De b re e d te  van de verboden  r e s o n a n t i e l i j n e n ,  d ie  w orden ge
m eten in  de c o n f ig u r a t ie  w a a rb ij een  s t e r k  c o n s ta n t  v e ld
ev en w ijd ig  aan h e t  w is s e lv e ld  i s  a a n g e b ra c h t, in  s to f f e n
w aarin  de w isse lw e rk in g  n i e t  v o o rn a m e lijk  s e c u la i r  i s ,  w ordt
door h e t  s e c u la i r e  d e e l van de w isse lw e rk in g  b e p a a ld .

D it p r o e f s c h r i f t ,  5 6 .3 6 .

2b. De h u id ig e  b e s c h r i jv in g  van Kronig-Bouwkamp r e l a x a t i e  in  h e t
in  s t e l l i n g  2a aangedu ide g e v a l l a a t  geen z in v o l le  c o n fro n 
t a t i e  met h e t  ex p erim en t to e .

D it p r o e f s c h r i f t ,  append ix  K.

3. B ij de b e s c h r i jv in g  van p a ram ag n e tisch e  r e l a x a t i e  in  s to f f e n
met v o o rn a m e lijk  s e c u la i r e  w isse lw e rk in g  kunnen v e r o n d e r s te l 
l in g e n  o m tren t de vorm van de l i j n e n ,  w a a ru it  h e t  geheugen—
spectrum  i s  opgebouwd, in  v e le  g e v a l le n  worden verm eden.

D it p r o e f s c h r i f t ,  h o o fd s tu k  8.

4 . De bew ering  van M ori, d a t de g e h e u g e n fu n c tie  ( in t e g r a a lk e r n ,
damping fu n c t io n " )  in  t e g e n s t e l l i n g  t o t  de r e l a x a t i e f u n c t i e ,

geen b i jd r a g e  van  een  langzaam  p ro c e s  b e v a t ,  i s  in  h a a r
algem eenheid  o n j u i s t .

M ori, H ., P ro g .T h .P h y s . 33 (1965) 423
D it p r o e f s c h r i f t ,  § 3 .3  Second exam ple.

i = i - q

T T i
( h ie r in  d ie n t  de l a a t s t e  fo rm u le  t e  lu id e n :



5. Het gebruik van het sprongpunt van lood als ijktemperatuur
verdient groter bekendheid onder experimentatoren die
werkzaam zijn in het temperatuur interval 4 K tot 14 K.

N.B.S. Special Publication 260-44.

6. Het valt te verwachten, dat de spin-spin absorptie beho
rende bij enkelvoudige relaxatie in stoffen met voorname
lijk seculaire wisselwerking, voor frequenties ver beneden
de omgekeerde relaxatietijd, in goede benadering evenredig
is met x2d • Ter aanvulling van de tweede stelling uit
Locher's*1 proefschrift kan derhalve worden opgemerkt, dat
Shaposhnikov's formule voor een grote klasse van stoffen
wel degelijk voor de bepaling van de grootheid

b/c -  H2 ( X ^ '  -  >)

mag worden gebruikt.
Shaposhnikov, I.G., Zh.eksp.teor. ELz.(U.S.S. R. )18 (1948) 533

7. Ten minste één der benaderende uitdrukkingen, die Strombotne
en Hahn geven voor de sporen (2) en Kq (3), is onbe
trouwbaar .

Strombotne,' R.L. en Hahn, E.L. , Phys.Rev. 133A (1964) 1629.

8. Ten onrechte passen Fulinski en Kramarczyk de middelwaarde-
stelling toe op een tetrade (d.i. een n x n x n x n matrix).

Fulinski, A. en Kramarczyk, W.J., Physica 39 (1968) 575.
2S

9. Ter berekening van Tr(S )n = £ (k - S) voor één ion met
z k=o

spin S kan men gebruik maken van de recursieformule

< „ . 1 ) f (k + a)n - (N + 1 + a)"*1 - an+' - ”j‘ <n*') f(kta)
k=o q=o " k=o

waarin 0° = 1, a reëel is en k, q, n en N geheel zijn.

10. De wijze, waarop in dit proefschrift de figuren ten opzichte van
de tekst zijn geplaatst heeft onmiskenbare voordelen.

Bradshaw, J. et al.. New Scientist 54̂  (1972) 628.



11. De standaardinrichting van kabels, bestemd voor signaaluit-
wisseling met een bandopname-apparaat voor huiselijk gebruik,
houdt een nodeloze beperking in van hun toepassingsmogelijk
heden.

DIN 41524.

12. De op asfaltwegen gebruikelijke wijze van liniëring, uit
sluitend door middel van kleurverschil van het wegdek, is
niet doelmatig.

13. De derde geldstroom, ten behoeve van wetenschappelijk onder
zoek in Nederland, zou moeten vloeien via het Ministerie van
Cultuur, Recreatie en Maatschappelijk Werk, en niet via dat
van Sociale Zaken en Volksgezondheid.

Stellingen behorende bij het proefschrift van P.W. Verbeek,
Leiden, 1973.
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njt seems a shame", the Walrus said,
"Ho flay them such a trick,
After w e ’ve brought them out so far,
And made them trot so quick!"
The Carpenter said nothing but
"The butter'8 spread too thick!"

The Walrus and the Carpenter
L. Caroll, Through the Looking Glass.

Ter herinnering aan mijn moeder.
Aan mijn vader.
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In all ages man has sought ways to predict a time development.
The cover shows a most classical method: Aegeus, hing of Athens,
inquires at the Delphi oracle about hie future.

SURVEY

The dynamics of a quantummechanical many body system, complicated as it may be,
satisfies Schrodinger's equation. At first sight this is a simple statement, but as
the equation is governed by the hamiltonian of the system, which contains ail
information about its interactions, internal or with the outer world, it is nearly
all that can or needs to be said. Such compact statements are characteristic for
the work to be given here.

Only few specifications of the hamiltonian will be made, the most' important
one being: that it depends on an external vector parameter H. For the magnetic
systems to be studied H stands for the magnetic field.

The reason for choosing magnetic systems as a subject is primarily that in many
magnetic systems all interactions are believed to be known. They therefore provide
a nearly Ideal testcase for quantum-statistical theory, such as the Kubo formalism
and its extensions.

For a confrontation of theory and experiment in such systems the frequency
spectrum of linear response to variations of H constitutes a convenient and commonly

feature. Experimentally this spectrum can be determined through a measurement
of energy absorption in oscillating magnetic fields of various frequencies.
Theoretically it is seen to correspond to the spectrum of a certain correlation
function.

Although this spectrum is generally too complicated to admit a full numerical
evaluation, some characteristic values such as moments or relaxation times may be
calculated and compared with experimental results. When even such a calculation
proves too troublesome, one may look for theoretically predicted relations between
the experimental data.

The present Investigations are an extension of tocher's work on spin-spin
effects^in the paramagnetic susceptibility of powdered samples at frequencies around
1 GHz ). As his experimental set-up has not essentially been altered before the
end of the measurements described here,the reader will find no chapter on the



vill

experimental method used. Ref. 26 is a sufficient source of information.
The most important extension made is the decrease of temperature to the region

of critical phenomena (MnF2 , chapter 7). This implied the need for a theoretical
description of relaxation in which the usual high-temperature approximation plays no
role. A review of the theoretical tools available is given in the chapters 1 to A.

A second extension is the exclusive use of single crystals as a measuring sample.
Hepce the anisotropy of the g-tensor is of more importance than it is in powders. The
necessary adaptations for the decomposition of the hamiltonian are given in chapter 5*

Chapter 6 can be considered to contain the most direct continuation of Locher's
work. The copper Tutton salts which have relatively small exchange interaction are
discussed. The main novelty in the theoretical approach of this case is the rule that
the width of the forbidden resonances in parallel fields is almost exclusively
determined by the so-called secular part of the interaction. Experimental results
are given. The moments and intensities obtained (both in zero and in high field)
are confronted with theoretical .values.

Critical phenomena have been observed in MnFj. The results are discussed in
Chapter 7. Based on an analysis by Tjon a relation is derived between low-field
resonance absorption and zero field relaxation in compounds with strong exchange
interaction. This relation can be specialized to give a translation rule between
EPR linewidths and zero field relaxation-times,that stays valid down to temperatures
near the transition point in antiferromagnetic compounds.

Experimentally this theory is confirmed by the present work. For the first
time in MnF- an enormous anisotropy has been directly observed, as high-frequency
susceptibility with alternating field parallel to the easy axis shows hardly any
critical behaviour. No theoretical explanation is given for this anisotropy. Some
measurements have been made in the anti ferromagnetic temperature region.

Chapter 8 is devoted to the most frequently investigated aspect of spin-spin
relaxation being the parallel-field dependence at high temperature of the relaxation
time in compounds with relatively strong exchange interaction. The usual assumption
of Gaussian lineshapes for the integral kernel of the relaxation description is
experimentally found to be wrong in the copper alkali halides. The theory given has
been put so as to avoid this assumption. The confrontation between theory and
experiment has been focused on intensities and moments of the observed curves rather
than on relaxation times.

Moreover it is shown that assuming the occurrence of antisymmetric exchange in
copper alkali halides,one can give a reasonable description of experimental results.

The relation between EPR widths and zero field relaxation times derived in
chapter 7 Is confirmed. Their temperature dependence,although not understood,may

thus be given a unified description.



Hobbits delighted, in such things, if they were accurate:
they liked to have books filled with things that they already
knew, set out fair and square with no contradictions.

J.R.R. Tolkien, The Lord of the Rings,
Allen S Unwin, London lf>68, p. 20.

C H A P T E R  1

LINEAR RESPONSE THEORY

1.1
If a sample of magnetic material lies in a homogeneous, oscillating field

(cf. appendix A)

fi,(t) - Re ."**,(0) - (eiwt ♦ e'iwt) 1.01

the corresponding variation of magnetisation can commonly be described by

Mj(t) “ X' ŵ) v Re (0) + X"(w) v lm e'ut.ï5̂ (0)

“ Re (x'(o>) - ix"(<*>))v elült.ïlj(0)

= Re x(<*>) v e*ü)t.Ĥ (0)

- (elut v x(“) ♦ e v J * (ü))).-^—  1.02

where x(.w) is a complex tensor of second order, called frequency dependent
susceptibility tensor, and v is the volume of the sample. X1 (u) and x"^) are real
tensors. The work done by the oscillating field during one period equals

t*2 tt/ü)
- H0 I 8| (t) .dfi, (t) ■ 2»v ~  Bj (0) .x"(«) .5, (0) 1.03

t-0

]X
which may be compared with the energy stored in the sample volume v —j (0),Hj(0).



x(w) will generally depend on more parameters than frequency alone. Apart from the
oscillating field there may be a static field H.

This description excludes non-linear effects, and H.(0) is supposed to be so small1 1
as to make a linear approximation realistic. (Van Vianen and Tjon ) have indicated
that this may be a rather strong condition in the neighbourhood of a phase transition.)

- 2 -

1.2
In experimental situations it is not possible to have an oscillating field as

given by 1.01  ̂ as this would be everlasting. Instead one has an oscillating field
AH(t) of variable amplitude, the field being turned on at t^ and off at t^ > t^.
It is therefore allowed to write

AH(t) » 0 for t < t and t > t^ > t^ 1.04

|AH(t)| < H for certain H and all t
1 1 max max 1.05

+ 00
•5 — [ e 'ü)t AH(t)dt - H(w) » H *(-w)21T J

1.06
— 00

+ 00
e'10* H(u)du « AH(t) “ AH *(t). 1.07

—  00

2 3 AAccording to Kubo ) and Siskens and Mazur ) )# the variation of magnetisation,
which is measured as the response to an arbitrary field variation AH(t), is in
linear approximation described by

t
AÏ?(t) - - J 5(t - T,"h) .AH(t)dx + v x^OÏJ.AiïU)

— oo

00

-  -  |  5 (TfU ) .A H (t  -  T)dT + v X ^ H j.A H U )

o

£*) Siskens and Mazur have pointed out that a (real) term v xoo(H).AH(t) should be
added in order to account for diamagnetic effects (cf. section 3.1).
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where $(t,H) and X^(H) are second order tensors, to be defined In section 3 (3.05
and 3.06) for the case of a sample In very weak contact with a bath of constant
temperature; = •j j J(a,H) for a ■ t. •
The first integration in 1.08 is not performed beyond t, and all information from
AH(t ) for t > t is discarded; this reflects the principle of causality, which excludes
corresponding contributions to AM(t). As is well known and easily verified, a tensor
element . (t ,H) may for t 0 apart from constant factors and terms and the
'diamagnetic' term v x^.OOAH^ft) “ be visualized as the response AM^(t) to a
stepwise field variation, AH^(t) = AH^(O) for t 0 and AH.(t) = 0 for t > 0 (i and
j indicate components in a fixed xyz frame; confusion with i = /- 1 is not to be
expected). This type of field variation does not fulfill 1.0k, 1.06 and 1.07 and
will therefore not be used.

1.3
In the sections 2 and 3 the tensor elements 4>|.(t,H) are shown to be continuous,

real, bounded functions of t, with continuous t derivatives of arbitrary order.
Furthermore, due to a slightly generalized form of the Wiener-Khinchin theorem, they
are seen to be the Fourier transform of 'spectral density functions' s..(bi,i?)

T «

(t,fi) - | e*wt s.j(oo,H) du>. 1.09

As $j.(t,H) is real, one has

Sjj(iü,lï) - s*.(- w,H). 1 .10

The inverse transformation should formally yield

e ' i u t  j  ( t , H ) d t 1.11

but one cannot be sure as to the convergence of this integral and use of 1.11 should
be avoided. The time average of .j(t,H) is well defined (cf. 2.37)

T
s 11m j | 4>ij(t,?i)dt.

O

1.12
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I f  5 (H) O, s . j(b i,H )  co n ta in s  a 6 - d is t r ib u t io n  a t u> » 0 , w ith  in te n s i ty  $.j(H).
I t  is  use fu l to  d e fin e

* , j ( t , H )  = j  (t»H) -  . (H)

S jj(u ,H )  i  S j j U . f i )  -  j  (H)6(u)

1.13

1.14

which are l i k e  6 M (t) , independent o f  a p o ss ib le  a d d it iv e  cons tan t in  $ . . ( t , H ) .  The

fu n c tio n s  $ . . ( t , H )  are bounded and lim  &H(t) = 0 ; th e re fo re  p a r t ia l  in te g ra tio n
£  4  “ CO

o f  1.08 is  a llow ed and y ie ld s

OO

AM(t) -  ( 5 (0 ,H) + v x jH jJ . A Ï Ï t t )  -  f  | ( T , ï i ) .A H ( t  -  x)dx

o
° r  00

AM(t) « (1(0,1?) + v x _ (H )) . A H (t) -  I l(x , ï? ) .A H ( t  -  x )d x .

1.15

1.16

Under c e r ta in  c o n d itio n s  ( c f .  s e c tio n  1 .4 ) th is  can a ls o  be w r i t te n  as

+ »>

AM(t) ■  |  e *1*11 v  y(u),H). H(cij)da)
— OO

OO

w ith  v x ( u >H) “  v X ^H ) + 1(0,1?) -  id) I  e *Ü)T 4>(x,H)dx.

1.17

1.18

As 5 (x ,H) is  r e a l,  s p l i t t i n g  1.18 in to  re a l and im aginary p a rts  y ie ld s

OO

1 (o),fi) « v x ^ lH ) + 1(0,1?) -  (i) j  s in  ux l(x , l? )d xv X

x "  (“ .!?) u f  cos art l(x , l? )d x .

1.19

1.20

Moreover, as AM (t) is  r e a l,  1.17 im p lie s

X (to.H) -  x  *  ( - id.H). 1.21
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A more deta iled account o f frequency dependent susceptibU 1 tv .

I t  fo llows from the theory given in section 2 that the spectral density function
* I j  (<n,H) generally contains a countable number o f « -d is trib u tio ns  (fu rth e r to be
called «-functions).

s,j(to,H) -  Sjj(a>,T5) + «jj(fï)6(a>) -  •J jfo .f i)  + (fiW a ra^) + *  (iï)«(w)

1.22

where S | j(w.TÏ) contains no «-functions; £ ' indicates summation over k, om itting
“ k -  0; and (i^ -  wk(S)- The «-function at u -  0 wgs already seen to  correspond to
the time average o f ♦ |J ( t ,« )  whereas the «-functions a t « ^ 0 (which, due to 1.10
occur in pairs o f opposite frequency and complex conjugate in tens ity ) correspond to
undamped o s c illa t io n s  in ♦ jj< t,H ) . The Fourier transform o f 1.22 reads

* , j ( t ,H )  -  ♦ |J ( t ,« )  + i j j t f )  -  ♦ f j t t , * )  ♦ r * * f J (fi)e '“ k t + 2 <#). , .2 3

Inserting th is  in to  1*16 one gets

A H (t) -  (? (0 ,ïï)  + v xoe( l ï ) ) .A Ï r ( t )  -  j | R(t .H) U(t ) . A lï( t -  T)dT
•  00

00 ^
-  j r*  $k (H)e k .A ÏÏ( t  J T)dT 1.24

o .

where U(t ) is  the  H eavis ide u n it  s tep  fu n c tio n  and

+  oo

AI*(t-T)-j uitw*,. 1>25

One may show that * ( t ,?I) U(t ) is Kubo's relaxation tensor 2) ,  the elements o f which
are ca lled relaxation functions (c f. 2.i»0). The f i r s t  integra l in 1.2k has been
w ritten  in the form o f a convolution in te g ra l, and one Is tempted to apply the
convolution theorem to i t .  However, i t  should be remarked that (t .ÏÏ) U(t ) cannot
generally be proven to be square integrable over t , which implies that Its  Fourier
transform need not ex is t and that the convolution theorem need not hold.
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N ev er th e le ss  one may fo rm a lly  proceed and d e r iv e  some e x p re s s io n s ,  th e  genera l

v a l i d i t y  o f  which must be co ns id e red  a f t e rw a rd s .  I t  w i l l  be seen t h a t  on ly  fo r
e q u a t io n s  1 .18 , 1>19 and 1.20 th e  c o n d i t io n  o f  square  i n t e q r a b i 1i t y  is

e s s e n t i a l .  No such d i f f i c u l t i e s  a r i s e  w ith  re s p e c t  to  th e  second in t e g r a l  in 1.24

which can be c a l c u l a t e d  accord ing  to

f e k |  e *Ŵ t ”T  ̂ ioiH (uj)dujdT

+  CO <30

s ( k dT e ' Wt iu)H((i))dai

I  •  V  + 2tti (a)P-  ^+ I  ^  \  l e ' 1*1* iu)H(bi)d(ii 1.26

where P in d i c a te s  a p r i n c ip l e  v a lue  in t e g ra l  f o r  o>. Hence one may w r i t e  1.24 in the

g e n e ra l iz e d  form o f  1.02

wi th

AM(t) « ƒ e ' 101 v x(w,H).H(<i>)dui
•  00

+  OO

v x (“ .H) “  v X^H) + 4 ( 0 , H) -H io  J e  ili>T <f>kj  (t ,ïï)U(T)dT

1.17

-  2iriti> £ 1 <{> k (fi) {i6  (co * u. ) + 2th (to -  <i>. ) } • 1.27

i f  no undamped o s c i l l a t i o n s  o c c u r ,  t h i s  im plies  1 .1 8 ,  1.19 and 1 .20 . Formally a g a in ,
one can c a l c u l a t e  th e  F o u r ie r  t ran sfo rm  o f  <f>. . (t , H)U(t ) in a way analogous to  1.26
and i n s e r t  i t  in to  1.27» in appendix B th e  r e s u l t  i s  shown to  be approxim ate ly
v a l id  in experim enta l  c ircum stan ces  r e g a r d le s s  o f  square  i n t e g r a b i 1i t y

+  ■»

v x((i),H) -  v ^ (H )  ♦ 4 (0 ,H) -  2iriu> J {i6(w - d>k)+ iirt (oral. ) J sR “̂ i »H)d“ i

2iribi£* 5 k (fl) ^ ( u , - ^ ) *  ,2it i (wiii^J 1 1.28
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v x(w,H) -  v 5^(1?) + 1 ( 0 ,H) -  iriu(sR(u,H) + I ' $ k(H)6(u -  «  ))

-  Oü(

Inser t ing  (c f .  1 .23T1.13)

+  00
5 ( 0 ,H) -  j  iV .H jd w  + E'$k(H)

— 00

into 1.29 one gets

P -R
-o., s (u.,fi)doo. + E ' l k (H) — — ).1 .2 91 1

v x(<o.H) -  v x j H )  -  iriu>(s (<o,H) +  I ' l  (H)<5(<o -  u> ) )
+  00

■ (|  P ^ * R(<üt >lï)dw1 + J , V k{H) £
— 00

In terms of  the H ilbe r t  transform, defined by

+  0 0  OO

Ml I f  Cm * )  S — f  P f t u ' W  = •!■ l i m  f -  f f a - u ' )
*  ( l l '- t i l  ^  f + r t  J  I .  »•

with *) Hi 1 fi(w') = -  —(i> mo

and the p roper t ie s

and

Hi 1 f(-w ')  = -  H U. f (u ')

Hilu « ' « ( u 1 -  iok) -  Hilu u)k«((o' -  uk) -  -  P -
(to “ a>k)

the equations 1.29 end 1.31 take the simple form

v X ( “ .H)  -  v X^t H)  -  1 ( 0 , H) -  mo(- i f ( t o , H )  +  H i l  S(«*»■ , H ) )

v x(o),?l) -  v ^ ( H )  -  ir(- i i o ! (<o,H) + H i l  co'f((o', H ) ) .

1.30

1.31

1.32

1.33

1-34

1.35

1.36

1.37
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It may be reassuring to know, that the existence of these Hilbert transforms follows
straightaway from a property of s* (w,l5) (cf. 2.28).

Some remarks concerning undamped oscillations.—VGenerally the $ (H) are relatively small in the limit of an infinite system.
Moreover, when H(w) consists of narrow lines, there is not much chance for a
contribution from E U s u a l l y  the $^(H) are therefore excluded from
theoretical considerations as corresponding to uninteresting reversible processes ).

“ 1#
Nevertheless the $ (H) are here taken into account at little extra cost, in order
that the cases of broadband H(u), such as for pulse-like AH(t), and of a finite

9 9system, where I' $ (H)6(w-w. ) can be shown to be the only contribution, are included
as well. For broadband H(b>) appendix B need not apply.

1.5 Diagonal tensor elements.

For diagonal tensor elements one has (as *,,(t,H) Is real and even in time,
cf. section 3.6) S. . ( t o ,H) « S*j(w,H), which means that In the right hand side of
1.29 the third term is the only imaginary one. Therefore

vx 'M w .H )
1.38

and *..(t,H) tut v XV l(w‘") 1.39

The zeroth moment or total intensity of
vxVi(“•«) is found by taking t « 0 in 1.39

* , , ( 0 ,15) f "  v x',', (w.H) '“  J - m - d w -
I t  and j dui may be interchanged

■2—  *n (t,H)
3tn "

T w

( I - ) " v x " , (<*>.H)
du , n " 1,2,3,...

1.40

1.41

yields the higher moments with respect to u • 0. (S..(u,H) is even in (>) (2.52),
therefore odd moments are zero). Inserting 1.38 into 1.37 one gets (cf. 1.32)
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Xj - x„u (l?) - Hilu xy, («' .H) 1.42

one of the Kramers-Kronig relations.

These are usually derived from a set equations like 1.19, 1.20 while some

appendix B, 1.28 and consequently 1.42 can be derived without such assumptions. This
cannot be done for the inverse relation, as one cannot be sure as to the existence

Due to the symmetry relation S^fo.ïl) - S (-u),H)(cf. 3.6) Xj#, (w,H) is an odd
function of u), and, as Sjj(u),H) contains neither a 6-function nor a step, at u) * 0
1.42 may be written as

On the other hand one may see from 1.43, that a step in x",(w,H)/w, at w i 0, which
is not at all excluded by the results of section 2, gives rise to a singularity in
Xjj(<>)>H) at the same frequency.

Moreover, 1.42 shows the way to a formal phenomenological interpretation of
X^CH). As Hilbert transformation is linear and never results in a constant, ..(H)
is uniquely defined by X|j(U »H) and 1.42: XC0̂ ^(H) is the constant value, which must
be subtracted from in order to make the difference a Hilbert transform.
As no necessary and only few sufficient conditions for a function to be a Hilbert
transform are known, the experimental value of X«,ii(H) can only be determined from
the measured x*^(w,H), if this function can be made to meet such a known condition
by subtraction of a constant, (e.g. if x!.(w,H) converges for « +  •  to a constant.^
faster than üj , £ > 0, then X^,^-(H) equals this constant, the corresponding
sufficient condition being square integrability; in other words, then
lim Xj^CUjH) = Xqj,^^(H)). In principle this method is unambiguous and valid without
restrictions (the. xyz-frame may always be chosen so as to diagonalize y. (H)) but
practical applicability is less general than one would wish it to be.

assumption of square integrability plays an essential role 6>. With the aid of

of HiW , . x ï i <«".S>.

x y .  («, .15)n""!
1.43

which for very smooth X|‘j (w,H)/w may be roughly approximated by the thumb rule

1.44
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1.6 Static measurements.

In the case of a static measurement, H(id) consists of one narrow line, around
u * 0. Ih theoretical calculations this line is often taken Lorentzian with vanishing

7 8width ') )• The corresponding zero frequency susceptibility, also called isolated
susc. or Kubo-susc. can be found by inspection of 1.65 and 1.67 (appendix B),
realizing, that S.j(u>,H) contains no 6-function at u) - 0

X(0,ïi) - Xoo(H) + v ’ 1(0,ÏÏ) = X,S(H). 1.*S *)

This may also be seen from 1.38, 1.40 and the Kramers Kronig relation 1.42 Ibased
on 1.65 and 1.67 etc.); combining 1.40 and 1.42 one gets

li i
-► +  i X-', (w.ÏH) "f °° Xj’i h.

(0.H) - X h ,(«) - i j  d“ ‘ ] ^ “ v *i i (0*H)
— 00 — oo 1 .

and using 1.38

X'.'.(0,H) = v 'moS.. (w,H) |lii io=0 1.47

(S. . (o>,1h) contains no 6-function or step at w * 0 and - due to its integrabi 1 i ty,
“ 1cf. sections 2,3 - cannot be 0 (oi ) for u ♦ 0 or u t 0). Due to the freedom of

choice of the xyz-frame one may apply 1.46 to a frame which diagonalizes x'(0,H) -.
X (H) - v * 1(0,H), and 1.47 to a frame, in which x"(0,H) is diagonal. This results
in the equalities (equivalent to 1.45)

X'(O.H) = xjH) + v'1 1(0,H) = Xj|H)

X"(0,fi) - 0.

1.48

1.49

*) It should be remarked that the width of the fi(to) line required for a measuremnt
of X- (3), might be sp narrow as to correspond to an unpractically long measuring
time.
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With the aid of 1.45 the expression 1.36 can be given a simpler shape s t i l l

X -  7 c o . 1 t )
-1

TTU) V
i f  (ü),H) + H i) f ( ( 0’ ,H) •U) 1.50

1.7 Absorbed energy.

The total amount of work done by the varying f ie ld , or 'the energy absorbed by
the sample' in the course of the measurement, equals

AE
t - t f

f AM(t).dAH(t) Uo AM(t).AH(t)dt
t

P

1.51

(constant terms in the magnetisation do not contribute, as AH(t <_ t ) =
AH(t >. t - )  = 0 ). When the xyz-frame is chosen in such a way, that AH(t) is oriented
along the i-d irection  (i = x, y or z ) ,  i f  AH(t) sa tis fies  1.04 through 1.07, i f
3°— AH. ( t )  is continuous for any n 0 and i f  A H.(t) is either an even or an odd
3t '
function of time, then the absorbed energy can -  without further assumptions or
approximations -  exactly be expressed in terms of the spectral density function
S..(d),H) (c f. app. B)

♦ oo

AE -  viq f S j|(w ,H ) icu2 12irH. (a>) | 2 dto- 1.52
-  OO

A d i f fe r e n t  aspect o f  ? ( t ,H )  and f(d),H ) * not to  be emphasized here -  is  th e ir  use

in  the d e s c r ip t io n  o f  f lu c tu a t io n s  o f  m agne tisa tion  in  absence o f  a va ry in g  f ie ld .

1.52 may be seen as a l in k  between these f lu c tu a t io n s  and energy a b so rp tio n  and

c o n s t itu te s  a re p re s e n ta tio n  o f  the f lu c tu a t io n  -  d is s ip a t io n  -  theorem. I f  -  due

to  1.27 o r to  1.66 -  x ( w»H) is  p ro p e rly  d e fin e d , one may in s e r t  1.38 and get

+ 00
AE -  2irpo ƒ v X "j (<*>.H) u>| H. (o>) | 2 do>. I.5 3

— OO

The relation with 1.03 is given at the end of appendix B.
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The appendices are dedicated to Dr. H.P. Wijnen, surgeon, who
removing the author's one just in time, made a decisive contribution
to this thesis.

Appendix A.
The term 'magnetic field' and the symbol H are used throughout to indicate the

magnetic field strength in absence of, or just outside the sample. To put it more
accurately: 15 = B/y where B is the magnetic induction in the sample and yQ is the
permeability of the vacuum. The change of sample energy at an infinitesimal field
variation defines the magnetisation M and equals per deflnltionem

-M.aI - - pofi.AH. i-51*

The magnetic susceptibility is defined through relations of the form

AM/v = x.AH = X.AB/u 1-55

(in a rationalized system of units; v is the sample volume). Conventionally the
symbol H is used to indicate the magnetic field strength in the sample

15 5 $/y - H/v 1-56conv o

implying: AHco(w ■ 0  * x)-AH. 1*57

According to the historical definition of susceptibility

AM/v = ¥. . .AH 1-58Ahist conv

implying: x • Xhfst-11 * XÏ' 1,59

As in most problems of Interest 1 “ X % 1 (this may fail in case of-ferromagnetic
ordering) there is in practice only slight difference between H and Hconv an“
between x and XL. • Thus, thanks to the Inconventional use of the symbol H forAhist
B/y , the expressions are practically compatible with those in older literature.
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Appendix B

By the fo llow ing argument the assumptions about the square in te g ra b iIity  o f
<t.j (t ,H)U(t ) and the v a lid ity  o f the formal ca lcu la tion  o f Its  Fourier transform
can be replaced by experimental considerations: some conditions imposed on the
varying f ie ld .  (These however, are o f no help in proving the existence o f the
transforms in 1.18, 1.27, 1.19 and 1.20). Let apart from having the features 1.04
through 1.07, A lï(t) be such, that fo r any pos itive  integer n, ^ -A H .( t )  is  continuous
( i “ X, y or z ). (An example o f such a function is
AÏÏ(t) -  AH(0)(exp(l + ( t 2XQ2 - 1) '))cos fc)Qt  fo r - xo < t  < xq , Atï(t) -  0 elsewhen).
Then fo r any t ,  the function f(x )  = 9,. (t  ,H)Art. ( t  -  x) s a tis fie s  (as —  4>..(t,H)

- U j  I j
is continuous fo r  a i l  n >. 0)

f  (t ) « 0  fo r t  -  t  < t  and t  -  t > t f ,

3n— -  f ( t ) is  continuous fo r a l l  n > 0.
3x"

q
According to Gel'fand and Schilow 3) f(x )  is therefore a test function and combined
w ith U(x) the Parseval theorem fo r generalized functions applies

° °  ♦ »  +  OO +  OO

J f(x )d x  •  J U (x) f (x )dx  » |  (i6(oj) + ■ jj~ ) |  e '11*1 f(x )dx  dio. 1.60
O  * 0 0  -  OO _  OO

As AH. ( t  t ) is  square integrable over t , so is  i ts  Fourier transform

+  oo

i f  ƒ e *,UT A ftj( t -  x)dx -  • " U ,t(-i«)MJ (-cü). 1.61
•  OO

R ♦
Furthermore s..(w,H) is absolutely integrable (c f. 2.32) therefore theorem 65 of
Titchmarsh ) states that

+  "  + 0 0

* *  |  s i j ( - “’- “ l>e *<*1' * ( ” •«] )Hj (-o>| )dtdj -  |  (x)Aflj ( t-x )dx . 1.62
-  00  -  OO

The analogue o f th is  formula fo r 4>j. (H)6(nrwk) is  s tra ightforw ard ly derived
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+ 00 , 1
f i, . "J.w ! t

2tt I 4>jj (H)6 (-«o— —tu )̂ e (-  l u ^ H j  (-u^) do),j «
— 00

+ 00 .

|  e lö)T ♦ f jÖ t)  e “ k AHj ( t  -  x) d f
— 00

A f te r  c o n s t ru c t io n  o f  th e  F o u r ie r  tran s fo rm  o f  4>.j (t ( t  -  t ) from

1.63 the  e x p re s s io n  1.24 can be w r i t t e n  as

1.63

1.62 and

AM(t) -  ( 5 ( 0 , H) + v x jH )) .A H (t)

J + 211
id), t

5(d). -  d ),tï) .e  id)^H(d)  ̂)dd)^dd) 1.(

id), t
AM(t) -  ( 5 ( 0 ,H) + v x j H ) ) . A H ( t )  -  Iir I d l j f ^ . H j . e  1 ïï(d)1 )dd>1

— 00

+ 0 0 + 0 0
t  n  f  IW- t  ^

-  I — d)^f(d)^ -  d),H).e H(d)j)dd)jdo)-

1.65

This i s  e q u iv a le n t  to  1.17 and 1 .28 ,  1 .2 9 ,  1*31, 1.36 o r  1 .3 7 ,  i f  th e  fo l low ing

e q u a l i t y  ho lds .

f  £  11 v R (ü ) i d),H).e H(d)^)dd)^}dd) *=

i «I t i I *R(wi id), t
d),?)dd)}.e H(d)j) dd)̂  • 1.66

I t  wi l l  now be shown, t h a t  some a d d i t io n a l  c o n d i t io n s  f o r  AH(t) ,  q u i t e  n a tu ra l
from an experim enta l  p o in t  o f  view (except f o r  broad band H(dO), make 1.66 hold in
good approx im ation .  In experim enta l  s i t u a t i o n s  th e  measuring time t^  “ t  should
in o rd e r  to  g e t  s u f f i c i e n t  r e s o lu t i o n  -  be chosen much longer  than th e  c h a r a c t e r i s t i c
t imes o f  | R( t ,H ) .  Then th e  co rrespond ing  w id ths  o f  th e  components o f  H(d>) a r e  small



compared to the s tru c tu ra l d e ta il In sR(w,H) * )  and one may approximate the le f t
hand side o f 1.66 by
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+ °°

OO

*=Rs
+  io) t

u)»H)da).e m “7T Z
m “mH i,<o * RM ) . e ‘V

m
Hm 1.67

where H™ is the In te n s ity  o f the m'th lin e  in H(<d) ,  and H il^  ?R(a>,l5) is -  according
to 2.32 -  almost everywhere w ell defined. m

hi p r in c ip le  one may thus obtain information about the s tru c tu ra l d e ta il o f
H i,us (<*>'.H) through inspection o f the experimental re su lt fo r

AM(t) -  (1 (0 ,Ü) + v x jH ) ) .A H ( t ) .  When the linew idths in H(u) are found to be narrow

compared to the d e ta il in * )  as w ell.one may also approximate the r ig h t

hand side o f 1.66 by 1.67 ( i f  necessary a longer measuring time may be chosen to

achieve th is ) .  Therefore 1.66 holds in good approximation fo r s u f f ic ie n t ly  narrow
H(u>) lin e s .

Absorbed energy. Under some other conditions fo r A ÏÏ(t) one can show that the
absorbed energy AE (c f .  1 .7 ) can be expressed in a spectral density function S. .  (w.fi)
w ithout making use o f the square integrabi 1 i ty  o f (t ^ M t ) or the ex is ten ce 'o f

its  Fourier transform. Let AH(t) be oriented along the i-d ire c t io n  and le t  A H .(t)

be an even (or odd) function o f time. AE w il l  then contain no contribu tion  from the

o ff-d iagonal elements o f $(u>,H) or o f that part o f A M (t), which is even (odd) in
time (c f .  1.65) + 0 0

^o AM. (t)A l). ( t )d t

+  «> + OO

iir J U|S|| (<i ) j  ,ti)
■ OO

Iw, t
e H. (ü)j )da)1} AH ( t )d t

- uo j S j . (u,H) iw2 |2irH, (u) | 2 du. 1.52
— OO

).Singularities in s^Gu.H) and Hil^ s^(<o',H) at «  « ^  might complicate matters
and are assumed absent. Such singularities could be of the form |u)-w |"^ within

an interval around (1) (which^would not spoil the integrability of sR .(w,H)) or of the
type induced in H i l ^ ^ u ' , H )  by a step in s^(a),H). The absence of "'singularities at
the measuring frequencies does not imply square integrability.
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The la s t e q u a lity  Is mainly due to  T itchmarsh' ,0 ) theorem 35. re a liz in g  th a t s ,,(u ,H )

Is abso lu te ly  In teg rab le ; A H .(t) is  continuous and zero outs ide  the f i n i t e  In te rva l

( t  , t , ) ;  hence A H j(t) and i t s  Fourie r transform  iuH.(w) are bounded and
luis?. (u,H)H. (w) is  abso lu te ly  in te g ra b le , ju s t  l ik e  A H .(t) . The c o n tr ib u tio n  from the
k

♦ i i
i i i
(H) terms is found through a simple 6 -fu n c tio n  argument.

When H, (w)I
consis ts  o f l in e s , narrow compared to  the s tru c tu re  o f s ..(w ,H ),

the r ig h t hand side o f 1.52 may be approximated by

AE ^ y o I  s n (ü)m
m

T —

, lï) iü )2 f | 2ttH,T (o>) I ^ do) + PoI ^ J(fi)loJ|2irH| («k) | 2 1.68

where H1? (co) is the m 'the lin e  o f Hj (u>) and <Dm i ts  center frequency. For such a H(w)

equation 1.66 holds, so tha t 1.38 may be applied

+0°

AE ■ 2mi f vxVi (w,fi)w|H. (u) | 2dw. ^"53
o j  I i ■

The re la tio n  w ith  1.03. In the usual measuring s itu a tio n  H .(w )consists o f two

1 ines

A H .(t) « AH?(t)cos u tI I o

2H| (to) » H*(d)-u0  ̂ ♦  H*((iH«0 ) '

where H?(w), the Fourier transform  o f the slow amplitude v a r ia tio n  A H j( t ) ,  is  a

very narrow lin e  around <o -  0. Furthermore, ^ ( f i )  and Hj(wk) being small (ü^
in an " in f in i t e "  system and s^j being even in u , the r ig h t hand side o f 1.68 can

be approximated by

+00  + ° °

j iH®(d))i2 du - xyI<»0.*>1v*© fAH? 1.71

During an average period the o s c l l la t in a  f ie ld  does an amount o f work
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2ir

“ oU f  ‘  t p)
AE £  2ir X", (uo.H) AH?2( t)d t 1.72

or 2ir Xy ,(u  >H) times the average magnetic energy o f the o s c illa t in g  f ie ld  stored
w ith in  the sample volume (c f. 1.03) .
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D. H ilb ert
Die Phyeik is t  ja  f i ir  die Physiker v ie l zu sohuer.

D. Hilbert

C H A P T E R  2

OPERATOR SPACE

2.1
For a f in i t e  system w ith a d iscrete eigenvalue spectrum fo r every relevant

observable, the linear operators -  working in the H ilb e rt space o f state vectors of
the system - themselves constitu te  a linear space under the commonly defined
operator addition and m u ltip lica tio n  by a scalar fa c to r. A ll features o f th is
space, to be defined or derived in th is  section, are assumed to remain va lid  in the
lim it  o f an in f in ite  system w ith pseudocontinuous eigenvalue spectra. In th is  space
henceforth to be called 'operator space1, one may define a unitary scalar product
(A,B), w ith

(A,B) -  (B,A)* 2-00

(A,A) > 0 2.01

(A,A) ■ 0 i f  and only i f  A = 0-operator 2.02

(A.AB) -  X(A,B) 2.03

and corresponding pro jection (super)operators P

One thus has pĵ B = P ^ B  ■ P^B 2.05

and (Br B2) -  (% » ,.P ^ j )  ♦ ((1 -  PA)B , . ( t  -  P ^ ) .  2*06

I f  the scalar product is zero one may speak o f 'orthogonal operators '. Furthermore
as ((1 -  Pa)B,(1 -  Pa)B) > 0  (c f. 2.01, 2.06 and 11) ) ,  the scalar product obeys
Schwarz's inequality :



|(A,B) | 2 i  (A,A)(B,B). 2.07

I t  should be noted th a t  the common opera tor  product o f  A and B, which y ie ld s  a new
product opera to r  AB, w il l  play no p a r t i c u la r  ro le  in opera to r  space. Any l inear
mapping o f  the  opera to r  space in i t s e l f  may be ca l le d  a l in e a r  superoperator working
in opera to r  space. Analogously to  the s i t u a t io n  in the  common space o f  s t a t e  vectors
a hermltean a d jo in t ,  h e rm ft ic i ty  and u n i t a r i t y  can be defined by means of  the s c a la r
product.
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2.2

Choosing the  Heisenberg p ic tu re  one has opera tors  th a t  develop In time
according to

dt" "  r  W 't* )  " A(t)jf) = -^ |JC ,A (t) l  = iLA(t) 2.08
” h

where X is  the Hamiltonian of  the system. Like any opera to r  In sec t ion  2, X  is  assumed
not to  be e x p l i c i t l y  time dependent. The L iouv il le  opera to r  L, transforming each
opera tor  in to  i t s  time d e r iv a t iv e  (m ultip lied  by 1 /1 ) ,  is  an example of a super
o p era to r .  The s c a la r  product is  assumed to  g ran t  h e rm i t ic i ty  to  t h i s  L iouv il le
opera tor

(A ( t , ) ,L B (t2) )  = (L+A (t1) ,B ( t2))  -  (LA(t l ) ,B ( t2) ) .  2.09

Then the corresponding exponential superoperator e**-1

iL t.  / . “T *  '  -T *
e A f t , )  -  e A(t j ) e ■ * ( t , t t )  2.10

s h i f t in g  every opera to r  in time over the  in te rval  t ,  is  un i ta ry  under the same sc a la r
product d e f in i t io n

<Att l > .e ,LtB<t2)> I  ( ( e I U )+A(t1) , B ( t 2))  -  ( e - ,LtA ( t , ) , B ( t 2))  2.11

the inverse of e ,Lt being e ,L t . Consequently one has fo r  any t ,  in troducing the
no ta tion  A(0) E A, B(0) = B

( e 'U A . e i K t  ♦  t , ) B) .  (A>e- iL te lL(t ♦  t , ) B) .  (A>eI U , B)
2.12
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which proves (eIL t ,A,e1Lt2B) to be a stationary function o f t 1 and t 2 , fu rthe r to be
called co rre la tion  function. By analogy (eiL t ’ A,e!Lt2A) is  an autocorrelation function.
Without loss o f genera lity these functions can and w i l l  be studied in the form
(A ,e 'L tB). Time derivatives are calculated according to

-il(A,eIUB) -  ( A . ( i L ) ke i L t ( i L ) n' kB).
3 t"

k -  0, 1, 2 ........n
n -  1, 2, ..............

According to the d e fin it io n  o f L both (A ,e 'k tB) and its  time derivatives are
continuous functions o f t .  This may be seen from the inequality

2.13

| ( A , e l U t + A t ) B) -  ( A . e 'L t B ) |2 < 2(A,A)Re{(B,B) -  (B ,e iL A tB)} . 2 M

From 2.00 and 2.11 follows the symmetry re la tion

(A,eiU tB) -  (eiU B,A)* -  (B,e‘ iL tA)* 2.15

Due to 2.07 one has the bounds

I—̂ < A .e iU B)| < (LkA .tkA ) V - kB.Ln- kB)* .
3 t"

in pa rticu la r fo r n « 0

| (A,e*L tB) | < (A .A ^B .B )*

k -  0 ,1 ,2 , . . .  n
n “  0 ,1 ,2 , . . .

2.17

2.3 Autocorrelation functions.
Autocorrelation functions o f the type mentioned s a tis fy  the re la tions 2.12

through 2.17. As moreover fo r each function f ( t )  that is  continuous in a bounded

In terva l (a,b)

b
0 < ( ( f ( t ) e iU A d t) , ( j  f ( t ) e iL tAdt)) -

a a
bb
| J  f * ( t , ) f ( t 2) (e i L t ’ A ,e Ï L t 2A ) d t1d t 2

a
b
|  f * ( t 1) f ( t 2) ( A , e i L ( t 2 ‘ t l ) A )d t1d t 2

aa
bb

2.18
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12 vone can w r i te  )

♦ ®

(A ,e iL tA) -  |  e iu t  dF^O o)
— 00

n  _ Ju t

fa a (u) •  fa a { 0) ■ ! ,m h \  (A -e ' LtA) d t
n - a

where FA A ^  1s a rea l a t o n i c  non-decreasing fu n c tio n  o f  bounded v a r ia t io n
the spectrum  ( F o u r ie r - S t ie i t je s  trans fo rm ) o f  (A ,e * ^ A ) .  In terms o f  the  more
commonly used F o u rie r trans fo rm  th is  reads

(A ,« *^*A ) -  |  e ’ *111 ^ ( u )  da)
— CO

where SA A ^  may c o n ta in  6 -fu n c t io n s  and is  c a lle d  s p e c tra l d e n s ity  fu n c t io n .
12F urthe r fo llo w in g  re fe rence  ) one may d iv id e  the  F o u r ie r - S t ie l t je s  trans fo rm

*n to  a con tinuous p a r t ^^(<*0 and a coun tab le  sum o f  s te p fu n c tio n s

FAA(w) “  FAA(u) + . *  ^AA U(“  *  V  *k * 1121. •
D

^AA^*1̂  ^as same fe a tu re s  as F..(<i>) and is  moreover con tinu ou s , whereas fo r
a l l  k

,k *  , k
^AA “  ^AA — 0 V

C orrespond ing ly  the  s p e c tra l d e n s ity  fu n c tio n  sM (u ) can be w r i t te n  as

SAA{“ * “  SAA*“ * + Z ^ aa 6 *“  "
k - 1 , 2 , . .  k

D
The f i r s t  term s ^ f u )  (p o s s ib ly  c o n ta in in g  s te p fu n c tio n s )  s a t is f ie s

SAA(w) "

2.19

2.20

c a lle d

2.21

2.22

2.23

2.2k

2.25

SM (“ > 2  0 2.26
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and

as

T w

| l^ w i *  < ”
—  00

+ 00 +  »

d FAA(u)

2.27

H id (fJ ^ w ) * fa a (-“ ^ -
U) 00

2.28

RThe existence of this limit follows from the fact that F^tw), like *s
monotonie and of bounded variation. The Hilbert transform H i 1 (<*)') is therefore|Q w ^
almost everywhere ) well“defined (cf. theorem 100 of ref. )) and so is

HiV A A (“ ,) (cf- K 3 3 ) '
Thus for an autocorrelation function of the type

(eiLtU,eiLt2A) - J e'“(t2 ' t,} s ^ U )  dm 2.29

the spectral density function **»(«). apart from 6-functions of real non-negative
intensity, which it may contain, is a real positive non-definite function of w.
It should be remarked, that proving this generalized form of the Wiener-Khinchin
theorem (and the inequality 2.3̂ * a to be derived from it) no use Is made of hermiticlty
of the linear operator A. The crucial feature is rather the unitarity of the scalar

product

(A.B) - (B,A)* 2.00

Using a proof of Khinchin 13) one can derive from 2.19 that the following time
average exists (cf. appendix C)

T
-Urn (A,ei U A)dt
J <#- m 1 JO

M m  (F^U) - F^-e))-
e -*• o

11m
e + o [

s^tujdd) .> 0
2.30

being equal to the Intensity of the 6-function at u ■ 0.

step in sj^tw) at (i>1 l.e. a corner In fJ^Ob ) implies.that HI 1^) A step in
is undefined.
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2.4 Correla tion  functions .

As any c o r r e la t io n  function  o f  the type ( e iL t lA ,e 'Lt2B) may be w r i t te n  as a
l in e a r  combination of  a u to co r re la t io n  functions according to

(A,eI U B) -  i{((A+B ) , e 'L t (A+B)) -  (A .e 'U A) -  (B ,eILtB)}

-  ^  {((A+iB),eIL t(A+iB)) -  (A,e‘LtA) -  ( B ,e 'LtB)} 2.31

one may define  the spec tra l  density  function

*AB(u) = i s A+B A+B(w) * 7  *A+iB A+iB(w) * ‘  I ) ( s AA(u) + SBB( u ) ) ' 2 3 2

Again the  time average e x i s t s  *) and is  equal to  the In ten s i ty  of  the 6-peak

which according to  a lemma about Cesaro l im its  ,<l) > implies the following l im its  to

th a t  i t  be bounded, as the  counterexample cos log (1 + | t | T -1) i l l u s t r a t e s .

This is  a complex function  o f  u,  fo r  whfch

2.33
— <30

+  00

e sA.(u )  du 2.34
•  00

S BA((ü) “ *AB(<l>) 2.35
and

O J-O )

+  00
almost everywhere well def ined .  2.36

•  00

a t  (a •  0

T -► oo e -► 0 2.37

e x i s t  and to  have the same values as 2.37

) For the ex is tence  o f  the  time average of  a function  of  t ,  i t  is  not s u f f i c ie n t
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oo

Urn e f (A ,c '*“t B)
e o 'o

OO

- e t  .e dt

oo

2.38

and lim  e [ (A ,e lLTB )e 'ET
t - * o |

dT -  (A ,e iL tB) ♦  lim  [ e”ET d (A ,e ILTB)
c -► o *

X oo

2.39

implying (A ,e**'t B) -  lim  4
X -► OO 1

j (A f«**"t ®)dt *  *  lim
e -*• o ;

e d(A,e B) 2.40

an expression, which fo r t  > 0 coincides w ith  Kubo's d e f in it io n  o f the re laxation

function ) .  Furthermore one can derive from 2.37 that

T o

i im i f  (A,e'*"t B)dt “ l im i f  (A,e *B )dt 2 . ill
T -► oo 1 J T -*• «»

o *T

and from 2.15 a series o f re la ted  expressions fo r the time averages. Due to  2.17

the time average is bounded according to

11 im i f (A ,e i U B)dt| < (A ,A )i (B ,B )J
T -* oo 1 J

2.42

Furthermore i t  s a t is f ie s  an in e q u a lity  s im ila r to  2.07

T T '11 im i f (A ,e iL tB )d t|2 i  (1 Im i f (A ,-e !L tA )d t ) (1 im i f (B ,e ‘ L tB)dt)
j  -► oo ' J T 00 T ■*°° ^

2.^3

i

This is proven by defin ing the a u x ilia ry  scalar product {A ,bJ = lim  y  f (A ,e '*’ t B)dt
X «► OO *

O

fo r which the analogon o f 2 .0 1 , {A,A} > 0 holds (c f .  2 .30) together w ith  re la tion s

s im ila r to  2.00 and thus also Schwarz's in e q u a lity .
Due to 2 .26 one has fo r C -  aA + e " ‘^B, w ith  a -  a *  and e ' *  « s^g(u) | * AB(til) |

0 < Sgg(u) ■ a ^ s j^ w ) + 2a Re(e '^ s *B(w)) + SgB (a>) 2.44
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and consequently the Schwarz inequali ty  fo r  sp ec tra l  density  functions

i*!b m i ^ s!b m 1 • 2.45

2-5 The sc a la r  product o f  (an ti )he rm it!an  opera to rs .
At th i s  stage i t  is  useful to  make a sp e c i f ic a t io n  concerning the sc a la r

product of l in e a r  opera to rs  A and B̂  , which (according to  the s c a la r  product in
the H ilbe rt  space of s ta te v e c to rs )  are  hermitean ad jo in t  to  the opera to rs  A and B
resp e c t iv e ly .  I t  wi l l  henceforth be assumed th a t  the  s c a la r  product s a t i s f i e s

(A+ ,B+) -  (A,B)* . 2 .46

.  tAs Jf = jc one has

(LA(t)J1" -  -  LA+ ( t )  2.47

/ i L t - . t  i L t . tte A) » e A 2.48

implying (A+, e lL tB+) -  (A+ , ( e ' LtB)+) -  (A,eiL tB)* . 2.49

P a r t ic u la r ly  fo r  p a i rs  of (an tl)herm itean  opera tors  A  ̂ ■ ♦ [A .B1 « + B, one has

(A,B) “ (A.B) 2.50

from which (A,elL tB) -  (A ,eI U B)* -  (B ,e~ 'LtA) 2.51

implying sAB(u) -  s*B(-w) -  s ^ f - to )  . 2.52

I t  follows th a t  (o>) has zero odd moments, i f  A i s  (an t i )h e rm it ian .

2,6 I.he I n te g r o - d i f f e r e n t i a l eq u a l i ty .  Memory function  and memory spectrum.
Following Mori's method | 6) one can derive  the following eq u a l i ty  fo r  an

a u to co r re la t io n  function  (A ,e 'LtA) (c f .  appendix D):
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i j

(A.A)
A ' " " ' e" '® r (A ,e 5 U A)dT 2.53

^  oo + 00

w ith  <ö = |  (i) s ^ ((ü )d u / |  s ^ w jd w  ■ • j j - j  (A ,e 'L tA )| (A ,A) 1 « (A ,LA)(A ,A )

«00 *  oo
2.S1»

( th e  f i r s t  moment o f  saa (ü))« which equals zero  fo r  (a n t i)h e m ite e n  A, c f .  2.51 »2.52).
M  .  ' i (1-Pa ) U  .

W ith in  the subspace o f  op e ra to rs  o rthogona l to  A the  superopera to r e is

u n ita ry  and thus (e ‘ ( , ' PA>L t 1B, . e ’ {1-PA) L t2B2) (w ith  (A .B ,) -  (A .B j)  -  0) is  a

s ta t io n a ry  c o r re la t io n  fu n c tio n  based on an unusual ( c f .  2 .10) ru le  o f  tim e

development. P a r t ic u la r ly  the  kerne l ( (1 -P ^ L A .e ' (T ‘ P A )L t(1-PA)LA) sometimes

c a lle d  "memory fu n c t io n "  is  seen to  be an a u to c o rre la t io n  fu n c tio n  o f  th a t k in d .

I t  should be no ted , th a t a l l  fe a tu re s  o f  the  fu n c tio n s  (A,e A) as l is te d  in  2 .3

have t h e ir  co u n te rp a rts  fo r  the  memory fu n c t io n .  One may even extend the analogy so

fa r  as to  d e r iv e  another in te g r o 'd i f fe r e n t ia l  e q u a lity .  The procedure can be repeated

which y ie ld s  a h ie ra rc h y  o f  e q u a lit ie s  and correspond ing , in c re a s in g ly  com plica ted

a u to c o rre la t io n  fu n c tio n s .  As fa r  as the  Laplace transfo rm s e x is t ,  they a re  g iven by

1(z) = |  e‘ z t ( A , e ' L t A)dt

o
oo

I ' ( 2 ) = f  e *z t (A, , e ' L , t A l ) d t

o

A1 2 (1 -  Pa )LA , I '  i (1 •  Pa )L

2.55

2.56

2.57

00

l " ( z )  2 f  e’ z t (AM.e ,L" V )  2 -58

o

A" 2 (1 —PA , ) L * A' , L" 2 (1 -  Pa , ) L '  • 2 -59

The Laplace transfo rm s 1 ( z ) , 11( z ) , . . .  are re la te d  by
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K z )

l ' ( z )

(A.A)

z -  lea + 1' (z) (A,A)

(A '.A ')

—  . “  -  (A.LA)(A.A)"1

-------- j- ,  w '  =  ( A ' . L ' A ' H A ' . A 1) " 1

2.60

2.61z ^  lu '  + 1"(2) (A* ,A')"

The hierarchy of  e q u a l i t i e s  thus r e s u l t s  In a continued f ra c t io n  o f  the form

Kz) -  (A,A)/z -  lu ♦ (A' ,A‘) (A,A)”Vz -  lw‘ + (A",A") (A1 ,A' )- , /z  - iü" +.

2.62

(For (anti)herm itean A one nay show 0 -  u -  u '  -  w" -  . . .  (c f .  appendix D))
The counterpar ts  o f  2.15 and 2.21 read

( A ' . e " - ' ^ 1) -  (A, . e " ,L’ t A*)*

and (A -,e iL , tA-) -  I e lwt s ^ . W d ,  .

2.63

2.64

I t  is  perhaps useful to  denote the spec tra l  dens ity  function  s^ ,A1(u) o f  the
memory function by the shor t  name "memory spectrum". I f  l ( i u ) and l ' ( iw )  e x i s t ,
one has for  the spec tra l  dens ity  functions of  the o r ig in a l  a u to co r re la t io n  function
and i t s  memory function  respec t ive ly

1rsA A ^  * Re ^ ( ' u ) 2.65

and ws,A.A.(w) “ Re l ' ( i u ) 2.66

such th a t  2.60 implies th a t

1 ' (z)(A.A)"1 -  -  z + IÜ
2.67

Re 1 ’ (ltd) (A.A)"1 -  Re 1 (lid) (A.A)
| 1 (id)) 2.68
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lm 1 1( iw ) (A,A) 1 JUMM - u + ïï
11 Ou) | 2

2.69

Consequently th e  memory spectrum can be w r i t t e n  as

2 .70

In some cases  th e  memory spectrum o f f e r s  an e a s i e r  c o n f r o n ta t io n  between experim enta l

r e s u l t s  and t h e o r e t i c a l  a n a ly s i s  ( c f .  3 .3 )  than sM (u) would do.
I t  fo l lo w s  from 2.53 th rough rep ea ted  d i f f e r e n t i a t i o n  t h a t  f o r  ( a n t i )h e rm i te a n -

A th e  moments o f  s^(<u) and o f  s^,^,(<i>) a r e  r e l a t e d  by

O pera to rs  C d e s c r ib in g  a c o n s ta n t  o f  motion have a z e ro  time d e r i v a t i v e  and
thus l i e  in th e  kernel o f  th e  L io u v i l l e  o p e ra to r  L. This kernel  c o n s t i t u t e s  a l i n e a r
subspace o f  o p e ra to r  space:  th e  subspace o f  in v a r ia n t  o p e r a t o r s .  As every in v a r ia n t

o p e ra to r  commutes w i t h X ,  th e r e  w i l l  always be a r e p r e s e n ta t io n  in  which t h a t
p a r t i c u l a r  o p e ra to r  and X both a r e  d ia g o n a l .  In case  o f  degeneracy o f  energy l e v e l s ,
t h i s  does not imply t h a t  a r e p r e s e n ta t io n  e x i s t s  t h a t  d ia g o n a l iz e s  a l l . i n v a r i a n t

o p e ra to r s  in c lud in g  X. T he re fo re  th e  a d j e c t i v e  " i n v a r i a n t "  i s  used r a t h e r  than
"d ia g o n a l" .  P ro j e c t i o n  on a l i n e a r  subspace can be done by p r o j e c t i n g  on an o r t h o 
gonal b a s i s  spanning the  subspace . I t  i s  assumed t h a t  a n ,  a t  most cou n ta b le  i n f i n i t e ,
number o f  b a s i s  v e c to r s  spans th e  subspace; t h i s  i s  re a son ab le  i f  a f i n i t e  system is

looked in to  in th e  l im i t  o f  an i n f i n i t e  system ( e .g .  a system o f  N p a r t i c l e s  w ith
k s t a t e s  per  p a r t i c l e  co rrespond ing  w i th  k H  s t a t e s ;  th e  number o f  independent
o p e r a to r s  in o p e ra to r sp a c e  i s  (kN) 2 -  (k2 ) N and i t  might be counted (on base k )
by a number o f  N d i g i t s . )  The p r o j e c t io n  su p e ro p e ra to r  D w i l l  denote  th e  p ro j e c t io n

+  «

ü)2n+2 s..(<D)dw -  Z (A, A)"1 j oo21 s ^ , A,(u)dto | ) 2 n ' U  sAA(u)dü) ’

2.71

2 .7  In v a r ia n t  o p e r a t o r s .

on the  subspace o f  i n v a r ia n t  o p e r a to r s :

DA = I  Pr  A
k k

2.72
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where Is an orthogonal basis In th a t subspace. Due to  2.46 one can always
choose { C j  so th a t Cfc -  Ck fo r  a l l  k ( c f .  appendix E). Let th is  be the case and

5 * 5 the Id e n t ity  operator 2 73

C, H 3f -  R Jf = Jfi
1 1 2.74

In cases where a l l  In va ria n t operators are diagonal In one rep resenta tion . 0 may
be ca lle d  e x tra c to r o f  the diagonal pa rt in  th a t representa tion  15) .  In analogy
w ith  2.05 and 2.06 one has

D2B = DDB -  DB
2.75

(81’V -  (DBJ fDB2) + ((1 -  D)Br ( l  -  O jB j) . 2>?6

Moreover, as LCk « 0

LDB -  0
2.77

and. as c j  -  Ck>

(DB)+ .  DB+ and CO -  D)B)+ -  (1 -  D)B+ 2 ?8

( th is  stays -  o f course -  v a lid  fo r  a d if fe re n t  choice o f { c j .  even not Hermitean.)

2 ' 8 APPHcation o f D to  c o rre la t io n  fu n rH » „ .

With the a id  o f  the p ro je c tio n  superoperator D a c o rre la t io n  fu nc tion  may be
s p l i t  In to  two co n tr ib u tio n s : one from the In va ria n t components o f  the operators
and the o ther from the remaining time dependent parts

(A ,e iL tB) -  (DA,DeiL tB) + ((1 -  D)A ,( l  -  D)eiL tB) -

-  (OA.DB) + ( 0  -  D)A,ei L t (1 -  D)B) . 2>7g

Applying 2.17 to  the la s t term y ie ld s  narrower bounds fo r  (A .e ,L tB) :
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| (A ,e 1 U B) -  (DA,DB) | < ((1 -  D)A,(1 -  D )A )*((1  -  D)B,(1 -  D)B)i  , 2.80

Due to  2.72 the in v a r ia n t  term  in  2 .79 may fu r th e r  be s p l i t

(A ,e iL t B) -  (P ,A ,P ( B) + (P jpA .P jpB) +

+ Z (Pr  A,P B) + ((1  -  D)A,e L l ( l  -  D)B)
k - 2 , 3 , . .  k k

2.81

Taking the  tim e average one gets

T

lim  y  [  (A ,e 'L tB )d t -  (P ,A ,P ,B ) + (P^.A .P jf.B ) + Z (P,. A.Pj. B) +
T ♦  <» '  k -2 , 3 , . .  k k

o
T

+ lim  y  I W  ‘  » )A .e , U (1 *  D )B)dt . 2.82
T 00 *o

In p a r t ic u la r  fo r  an a u to c o rre la t io n  fu n c tio n  th is  reads

11m y
T-*“

( A , e 'L tA )d t  -  (P .A.P jA) + (PK ,A,PX ,A) + Z (Pj. A,PC A) +

lim  j  j
I  -► CO *

k -2 ,3 , .

((1  -  D)A,e (1 -  D )A )dt . 2.83

From 2.01 and 2.30 i t  fo llo w s  th a t a l l  terms in  2.83 a re  rea l no n -n ega tive ,

y ie ld in g  the lower bound fo r  the  tim e average o f  an a u to c o rre la t io n  fu n c tio n

T
lim  y  f (A ,e iL tA )d t > (P .A ,P ,A ) + ( ? * .* ,? * > * )  + I  (Pj- A,PC A) .
J  00 » k*2  p 3 f • • k Ic

o
2.8k

20
T his in e q u a lity  remains v a l id ,  i f  not a l l  in v a r ia n ts  are inc luded in  the  summation ) .

In se c tio n  3.3 one sp e c ia l case w i l l  be seen to  be o f  p a r t ic u la r  p ra c t ic a l
O*o- a  -tfu.

in te r e s t .  I t  is  ch a ra c te r iz e d  by the  fo llo w in g  p ro p e rty : J lw t+ rop e ra to rs  A and B

in  the  c o r re la t io n  fu n c tio n  ( A .e '^ B )  s a t i s f f :
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'  { Ï . T  I (A .e ' L tA )d t -  (P ,A fP |A) + (P ^ A .P ^ A )  .
o

T. . . or
h is  occurs I f  A ^ *« f B correspond to  e rg od ic  observab les * ) .

(Pc A.P A) -  0 , k “ 2 , 3 , . .
k k

T

11m }  ( 0 -  D )A ,e i L t ( l  -  0 )A )d t -  0
I  -► OO J

I

^ffthe same fo r  B. A pp ly ing  2.07 to  2.86 and 2.1.3 to  2 .87 one f in d s

(PC A,PC B) "  k - 2 . 3 . . .
Ck Ck

2.85

Then 2.84 im p lie s

2.86

2.87

2.88

lim  f  J ( 0  -  D )A ,e ! L t ( l  -  D)B) -  0I oo J
O

by which ( c f .  2 . 81) the e q u a t io n /2 .8 5 h * k  been proven to  imply analogon

T

j ' !  „  T  ƒ  <A . « ' U B ) d t  -  C P , A . P , 0 )  ♦  ( A j f . A . P j j , B )  .
o

Moreover i t  is  seen th a t

T

(A. e ' L tB) -  Jim |  (A ,e lL tB)dt -  ( ( I  -  P| -  P * . )A ,e , L t ( , - P - r. ) t )

2.89

2.90

2.91

equals a s ta t io n a ry  c o r re la t io n  fu n c tio n  and has a l l  i t s  fe a tu re s  ( c f .  s e c tio n  2 .4 ).

) For a more d e ta ile d  d iscu ss io n  o f  e rg o d ic  observables see sec tio ns  4.1 and 4 .2 .
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Appendix C.
In s e r t in g  2.19 the  tim e  average o f  (A ,e l A) can be w r i t te n  as

11m j
T -*• m '

(A ,e**"t A )d t •  1 im 4
T -*■ “

T +

e iü)t •

For fu r th e r  progress the  fo llo w in g  lemma is  proven ( In  the  rem aining p a r t  o f

app . C F ..(w )  is  w r jit te n  as F(u>).)

lemma 1im
k -*■ 00

e Iu t  dF(u>) converges u n ifo rm ly  on the  in te rv a l t e ( -  » ,+  “ ) .

proof

a « a

is  re a l and monotonous non-decreas ing , and th e re fo re

I t  F(w) F(b) -  F (a ),a s  F(o>)

e 'w t dF(u>) e !w t dF(u) < (F(-k)-F(-oo))+(F(«“)-F (k ))

-  k -  »  k

which does no t depend on t  and converges to  zero  fo r  k -*• °°. q .e .d .
Due to  th is  un ifo rm  convergence the  In te g ra ls  ove r F(wl and t  may be Interchanged

T + oo
e i(i)t e iü)td t  dF(w) -  |

iuT .e -  1 dF(u)

•  »  O

■ ♦  •
J liüJS l dF(w) -  I j  £22j£ _ lJ .dF(o,).

Accord ing to  a lemma by K h lnch ln  13) ta k in g  the  l im i t  T one ge ts

+  00  +  CO

I I .  i j j  e ,w t d F (u )d t •• 1 Im J dF(«) -  I dF(«)
T -*■ oo 1 „  T ■* “  -  oo -ooO oo “

.  Hm <F(“ ) *  1 ,Im  COSooTl ~ (F(<ll) ■ F (' W>) *
u  -► o “ T u  •* o

-  Urn (F(u>) -  F ( - u ) ) -  0 . T h is  proves 2 .30 .
U o
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One may split
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St PAeiU|J “ iPALPAe'U B ♦ iPAL(l - PA) eiLtB .

An expression for the last term can be found through

St° - PA)eI U B - 1(1 - PA)LPAeILtB + 1(1 - P )L(l - P ) e,LtB

2.92

2.93

which yields

(1 - PA)e'LtB - e,{1 - PA»-t(t . + . ƒ .«<(l-pA)L(t-T) ( j . p ^ p ^ l U ^

Hence 2.92 takes the form
2.94

St V ! U B - i«%LPA«,UBf

♦  ,PA Le i{,'PA)Lt(,-PA )B - j pA L e ,(,-PA)L (*-T ){l-PA )LPA e 'LTBdT

from which for B - A the equality 2.53 may be derived.
For (A,Bj) - (A,B2) - 0 one has l6)

(B,,(1-Pa )LB2) - (Br LB2) - (LBj.Bj) - ((1 -

and thus

2.95

2.96

2.97

or In words: within the subspace of operators orthogonal to A, the superoperator
0  - Pa)L Is Hermltean and e t'*PA,Lt is unltary.

Due to 2.46 A+ - + A Implies (PABj+ - PAB+, thus If A,A',A",...A...  (anti)
hermltean then ..... B)+ - - „+ (cf.2.36) and A... + . ±  A... . Hence all
A...are (anti)hermltean, all (A,,,M, e'*-' "* A'**") - (A..., e”1*"1"*" A'""i
and all w'**" n. ̂ ( A 1 • A'"") I = o

t-o
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Appendix E.
Let {Kj be a basis In the subspace of invariant operators. Out of {K,J a basis

of hermitean operators can be constructed. (I)
This basis can be orthogonalized by Schmidt's procedure; the resulting orthogonal

basis is still hermitean. (II).

Proof of Is Let k£ - 1^ If k < h. JC+ - JC, hence L K ^  - L K ^  - 0 and is an
element of the subspace and can be expressed in the basis {K.} Ï *• S ck«V

k-1,2,3...
Therefore one may define

if ch+i " - 1 Nh 1 1 V i  + C l  * (ch*l + ^ 1  + W J+1 CA

if ch+1 - - 1 «SU, = «(-'Sh i  + C l »  ■ ,(ch+! - «Sh 1 + „

In both cases I0+1 is hermitean and allowed to replace as a basis member. After
the replacement the new set satisfies: - 1^ if k < h + 1. In this way all non
hermitean operators can be replaced and a hermitean basis constructed.

Proof of II: Schmidt's orthogonalization procedure does not introduce non-hermitean
operators: Let {K } be a basis of hermitean operators. Schmidt's method yields

k-1<yE v k2-(1 • «yv V* ‘ 2,98
In order to prove the hermiticity of {K^} It Is sufficient to show that, if
K"+ = K" for k < h, then K'jt, ■ K" .. And indeed, due to 2.46k k n*H

+ _ * t
K.1 {*£,*£>*

h (Kkrl*Ks*l)I K "+1. K,L - KV .
k-1 (Ig.lg) K

2.99
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Mceyvifruw 6 ’ flpxe JIp<50oos, . . .  .
Homer,  I l ia d ,  Second Book, verse 756, Greece, % -  800 •

The o ld est descrip tion  o f  an ex terna lly  driven magnetic assembly
in  a f i e l d  (And Forerunner commanded the Magnetes, . . . ) .

C H A P T E R  3

FORM AND PROPERTIES OF

3.1 E xpress ions fo r  and y (ft) .

A system w ith  magnetic  p r o p e r t i e s  i s  c h a r a c t e r i z e d  by th e  f a c t  t h a t  i t s
Hamiltonian i s  f i e l d  dependent

X  -  JC(ft) 3.00

The o p e ra to r  o f  the  component o f  m ag n e t iza t io n  in th e  i - d i r e c t i o n  i s  de f ined  by

(H) = -  — -T77-  JC(H) , i « x , y o r  z
Mo I

In appendix F i t  i s  shown, t h a t  t h i s  d e f i n i t i o n  y i e l d s  th e  macroscopic exp re s s io n

1 .5 1 .  As X  i s  herm itean  th e  same i s  t r u e  f o r  M.. Provided th a t  a Taylor expansion
o f  JC(H) i s  a l low ed , an increment Aft can be accounted  fo r  in th e  fo l low ing  way

X(H + AÏÏ) -  *(ft) + Z AH + i  I  ah .AH. ..............  .
I '*r,| ' ij «H.3Hj i j

3.01

3.02

M, (H + AH) -  -  I  3JĈ  ♦ » .  1  Wt f i  + Att)
I '  ii  a T u  a  a u  \  i  uUc  a(H, + AH,) “ •  Mo 3AH.

one g e t s  from 3 .02  ( i f  term by term d i f f e r e n t i a t i o n  i s  pe rm it te d )  the  expansion

»,(*.»«) « S l-i I  ,({&*!.. . .......
"o  3Hi v0 ] 3H.3Hj T 3Hj3H. j

3-03

3.0A
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An additional problem is the d iffe re n tia t io n  o f an operator in the l im it  o f an
in f in ite  system. However, most often the Hamiltonian is a polynomial in Hx> H , H?
and fo r th is  case the method given is  rigorous.

When AH is  a function o f time AÏ!(t) ( l ik e  in chapter 1) not only the Hamiltonian
but also the magnetization operator is e x p l ic it ly  time-dependent (c f. 3 .0k). This im
p lies  that the Kubo formalism should be rederived w ith some care. Doing so (Appendix F)
one obtains in linear approximation (c f. section 1.1)

where

and

a f i ( t )  -  -  I t ( T 9fi)*A? i( t-T)dT + v x ^ W 'A H f t )
'  0

♦ ,(,.8 1  ,  (T, J ‘  Tr . - ( • - » » ( * > ,  ( 8 ) . - » ( S> .T « *> « ,
J '  o

1.08

(Kj.-TT^dx
3.05

3.06

For t  1.0 the function - £  <p.j( t ,H )  equals Kubo's Response- or A fte r-e ffe c t function.
As Jf is hermitean X„,jj(H) is rea l; moreover X „ j j( ^ )  “  X . jj( f i)«  The X .(H) tensor,
which is p a rtic u la r ly  important in diamagnetic systems, is seen to occur whenever the
hamiltonian contains terms which are non-linear in H. Higher derivatives in H should
not be expected to contribute  to the magnetization va ria tions, as fa r as the linear
approximation is concerned. Both in 3-05 and 3*06 none o f the operators is e x p l ic it 
ly  time-dependent; the symbol B has been used: B = kT. , ^ being Boltzmann's constant,
and T. the temperature of a bath w ith which the system has a very weak thermal con-b
tact (c f. section k .7 ).

3.2 Choice o f a scalar product.

18 "J 19Defining the scalar product in operator space by ) ' )  )

(A,B) = (BTr e-BJfdfy-i fBTr e-(6-x)x(fi)4V»r(fi)A e ' BdX 3.07

which meets a ll  requirements o f chapter 2 (c f. 2.01, 2.02, 2.03, 2.09, 2.k6) one may

conveniently w rite  3>05 as

♦ , j(t,T i) -  8yo(Mj(i!i ) .e iL (H )tM.(H)) . 3.08

(The H dependence o f Mj, and L w il l  henceforth be omitted from the nota tion .)
Thus ♦ . . (t,H ) equals a sta tionary co rre la tion  function o f the type (eiL t ,A, e iL t2B), i t
is  continuous and has continuous time deriva tives o f a rb itra ry  order (c f. 2.1k, 2.31). I
Due to Schwarz's inequality  (2.07) i t  Is bounded (c f. 2*80)and, Mj(fl) and Mj (ft) being



hermftean, it is real (cf. 2.51).
Eqs. 2.51 and 2.11 imply

- ♦ijt-».#) . 3 09

Furthermore the spectral density function s|JU.tl) - 6 V ( 1  ,„,(-), its Hilbert trans
form, and the time average of * *.j(t,fi) are well defined (2.34, 2.36, 2.37). In
particular the diagonal tensor elements * n (t,ff) equal autocorrelation functions,
have real, positive non-definite spectral density functions (cf. 2.25, 2.26. 2.27) and
satisfy 2.53 and resulting equations.

3-3 Memory spectrum and susceptibility.

If 2.85 is satisfied by M, and M (i.e. if these are ergodic observables), one
has (1.13, 2.91)

- 37 -

.(t.H) ♦ jjtt.fi) - *.j(H) eUo((l-P,-PJf,)Hj,eILt(1-P,-PJfl)MI) 3.10

which has a form analogous to 3.08* ). Consequently « „ M )  has all the features of
♦ jj(t,H) listed above. E.g. taking A - (1 - P - P )M., 2.53 implies (as A* =
(1 - Pa)LA - LM.) ' *  1

H. _ ft (LH,,e1(l~PA)|-(^)LMi
11 0 <M S ) * (I.Mj)2 - Öf',H.)2 6f,^f,)", *ii(x,H)dT 3,11

and the relation between memory function and memory spectrum (2.64) reads In this

(LH1.ei(,-pA)«-tLMi) - £ > t s.M lm (u>*)d4) .
3.12R ->

If ♦ ii(t,H)U(t) is square integrate, such that 1.18 holds, if no undamped oscillations
(i.e. 6- and P-functions at * * 0) occur, such that ♦f|(t,fl) - #j ft.*) **) and if the

Onecould - at the cost of a non-unitary scalar product - choose the definition of
Nakano ) and Mori ) for that and - in analogy to Terwiei and Mazur ,7) - avoid
the ergodicity condition forcing ^(t.fi) into the shape of 3.08 rlghtaway. The
resulting increase of generality being of little practical interest, this method
has not been followed here.

It is clear that the same argument cannot be given for *..(t,lï) instead of
*l|(t»fi)» as ♦ j | (t/fi) - j (t ,ti) would demand J . . (fi) - o.
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Laplace t r ans forms  used e x i s t ,  then 1 .18,  1.1*8 and 2.55 imply t h a t

, Xi I ( * • % - X. .( • •* )  -1
l ( i u ) ( A , A ) ” '  -------- LL- r -  •

X, ,<• .*> -  x. , 5(h)

I n s e r t i n g  t h i s  i n to  2.70 one ob t a i n s  f o r  t he  memory spectrum

« x y , U . ï i ) ( x , , ( o . ï i )  -  x«,n ( ï ï) )
iu , h m a . « i m ~ r ~~7

- 1  * 1  ] '  f  7 j  i '  F °® 11 "

, s - H iLMj(U.H) ( A,A) - ( X l l ( 0 , W  * U V .U . H ) ) -

As bV aa(w) " sü U h)
vx'j* i (“ »H)

, 2.71 t ake s  t he  form

n j  u 2n+2x " ( “ , ^ ) “

Z
z* 0 LH.LM.-00 1 1

(u>,l5) (A,A) *w2^da>[ . 2n (w»H)u dw .

Using 2.60 one ge t s  (w » 0)

x u M >  '  Xj 1( 0 ,1?) , t ____________]__________' '* ("•(*)/ * x - ]
x . . ( o , l ? )  -  lu) + i ' 0 “ ) ( A*A)

which impl i es

x ! . (u>,ïi) -  x- - (O. ï i )  u. + lm 1 • (iu.) (A.A) 1
II 11 m 'J

-c*>(xj 1 ( 0 , H) -  xm l l (*)Y  (w+lm l ' ( iw ) (A ,A)  ) (Re 11 ( l u )  (A,A) )

and x' j ' j(“ »^) Re , ' ( i“ ) ( A»Al

i»(Xj j (O/fi) " X„jj( i?) )  (u+lm 1'  ( i u )  (A.A) ' ) 2 + (Re 11 ( i u )  (A.A) )

F i r s t  example:  resonance and s i n g l e  r e l a x a t i o n .
If  an ab so rp t i o n  spect rum i s  known to  c o n s i s t  (approximate ly  o r  w i th in

a c e r t a i n  f requency i n t e r v a l )  o f  two Lorentz  l i n e s  a t  c en t e r  f r equenc ie s

±uo wi th  equal i n t e n s i t i e s  l+ -  I .  -  |  (Xjj(O.H) -  X „ j | $ ) ) "  such t h a t

X; ' ______ .  iïïÜl ( ( l  + (u -u  )2t2)'] + (1 + (u+u0 ) 2t2 ) ’ )
X , , ( 0 . 1 )  -  X . , , ( f i )  2

and i f  t he  d i s p e r s i o n  s a t i s f i e s  s i m i l a r l y  the co r r e sp on d in g . r e l a t i o n

X; j (M »H) Xjj tO.H) ^ ^ OUT ) T(1 + (u-U0) 2T2)‘1 + (u+U0)T(1 + (u+U0) 2Ti

Xj j t o . H j - x . j j t l ? )  2

3.12a

3.13

3.13a

3.16

3.15

3.16

3.17

!) " ’ )
3.18
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then  the  memory spectrum Is  g iven  by

1' s LM.LM| (“ ' fi)(A*A)’ 1I I

1 2  t/ o— + (1) A  0o . A 2 2OT 1 + b) T
3.19

I f  ui “ 0 th e  two l i n e s  c o in c id e  and c o n s t i t u t e  a Debye l i n e  a t  u * 0 to  which a

frequency  independent •s seen to  co r re sp o n d .  This  ho lds  w i th in  any i n t e r 
val around u ■ 0 in which a b s o r p t io n  i s  p u re ly  D eby e- l ik e .  C onverse ly ,  using  3-16

Mazur and Terwiel 28) have shown t h a t  a memory spectrum *(j i , l m * t h a t  ,s
frequency independent in a la rg e  in t e r v a l  around u -  0 im plies  such a Debye l i n e  ( in

o th e r  words a s i n g le  r e l a x a t i o n  in th e  time domain).

Second example: double r e l a x a t i o n .
If  an a b so rp t io n  spectrum is  known to  equal (w ith in  a frequency in t e rv a l

around w -  0) th e  sum o f  two Debye l i n e s  w ith  r e l a x a t i o n  t imes and t2 and in te n -

s i t i e s  I ,  »  a ( X | | ( 0 , H )  -  x . ( S ) ) * , I , / l 2  -  a / ( l - a )  such th a t

_____ Xi i ,(!!— ------------a u t . (1 + oi2t2) ' '  + (1 -  a ) » T , ( l  + iA 2) ' 1 3.20

and i f  the  d i s p e r s io n  s i m i l a r l y  s a t i s f i e s

x | I(u>,?i) -  X j j ( o . H )

X,j(0.i5) -  x . i j t f )

2 2 / .  2 2 ,-1
O 111 1 . ( 1  ♦  111 T y ) (1 -  o ) u2t2 (1 + u2^ ) 3.21

then th e  memory spectrum is  g iven  by

1tsLM.LM.I I
(w . hM A . A ) " 1 -  -2 -  +  -  o ( 1  -  a ) ( - ^

x2 - f ) 2 -t 2 1 2 2lil T
3.22

where

Like th e  resonance c a se  th e  double r e l a x a t i o n  i s  seen to  g iv e  a Lorentz  shaped con
t r i b u t i o n  a t  u « 0 in th e  memory spectrum . Here however th e  c o n t r i b u t io n  i s  n e g a t iv e .

3.1* The s c a l a r  p roduc t o f  some s p e c ia l  o p e r a t o r s .

(1 ,1 )  -  f  3 .23

(DB,A) -  (Tr e ‘ 8X) ' 1Tr e -0,f(DB+)A -  ( l ,(D B +)A) -  (l,A(DB+))  3.2A

(I ,A ) -  (Tr . - « V ’ Tr e ' ^ A 3.25
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(K.A) -  ( I , W ) -  ( l , A ) ( l , X )  + kT2 - ^  ( I ,A )  3-26
+ ^

lim (A ,B ) -  TrATB /T r l 3-27

(A,LB) » B ' n  ( l» [A  ,B ])  3.28

(A,A) *  ( I ,  3.29

which may be combined w ith  2.80 to  g iv e  a bound fo r  (A ,e '^ *B ) ,  o r  w ith  2.07 to  y ie ld

B og u liub ov 's  in e q u a lity

( I ,  -  (da ,DA) i  | ( 0  -  D )A ,LB )| 2 .  B-1h -1 I ( I Jft.til üL . 3.30
2 (LB, LB) ( l , [ - L B T,B ])

3-5 In ve rs io n  o f  the s ta t ic  f i e l d .

For e lec trom a gne tic  in te ra c t io n s  the q - (p la c e , angle) ■ re p re s e n ta tio n  X  (H) o f

the hami 1 to n ia n  JC(H) obeys

x _ (-? i) f(q )  -  (acq ( l5 ) f * ( q ) ) *  3.31

fo r  any square in te g ra b ie  f ( q ) .

Let A(ÏÏ) be an ob se rvab le , o f  which the op e ra to r in  q -re p re s e n ta tio n  A (S) obeys

A ( - ï ï ) f (q )  “  o.(A  ( f i ) f * ( q ) ) *  3-32q *  H

fo r  s im i la r  f ( q ) .
I t  is  shown in  appendix G th a t i f  Bq (H) s a t is f ie s  a s im ila r  r e la t io n ,  the  sca la r

p roduct obeys

(A (? i),e iL ( f i ) t B (ïi))  -  (aAA ( - f i ) , e ' iL ( -f i ) t aBB (-?i» *  3.33

im p ly ing  $ j . ( t , ? i )  -  ♦ * j ( - t , - f i )  3 .3k

and X „ , | j( Ï Ï)  “  X . | j - ( ^ >  • 3.35

As the re la t io n s  3.31 and 3*32 a re  no t independent o f  re p re s e n ta tio n , th is  type o f

symmetry cannot be de rive d  w ith in  the framework o f  chap te r 2.

One im p lic a tio n  o f 3.3k is  the  in va ria n ce  o f  X j { (u>,H) and a i l  re la te d  expressions

3.12a to  3*22 w ith  respect to  in v e rs io n  o f  the  s t a t ic  f ie ld .



3.6  Symmetries.

The symmetries th a t  have been found may be l i s t e d  as follows

H opera to rs  hermitean (c f .  2.52)

iS?w-e- -  ♦tj (t.fi) Sjj(ltf.fi) - $♦. (-itf.fi)

♦ ij(fi) - +ij (fi) ?jj(fi)S(<tf) “ (H) 6 (-<tf)

♦ j j ( t . f i ) » .
ij

(t.fi) Sjj(itf.fi) ■ S*j (-<tf.fi)

v(x,j(<tf,fi)-x.,j(fi)) '■ v(x,j(-<tf,fi)-X.,j(fi))*
X . , (<tf ,fi) = xf j (-<tf,fi)

x - i j ( f i )  '■ Xijj(fi)  c f .  3.06 1 j  I j

C o rre la tion  functions s ta t io n a ry  (c f .  2.15> 2.35)

♦ , , ( t ,H )  -  4>*j( - t . f i )  -  ♦ j , ( - t , f i )

? , j ( f i )  -  7* , ( f i )  -  * j , ( f i )

* , j ( t . f i )  -  ( - t . f i )  -  * . , ( - t , f i )

S .  . (ctf.fi) -  s j .  (ltf.fi) »  S j j  (-itf.fi)

♦ l j ( f i )S ( “ ) “  t j i  (fi)d(itf) « ♦j j  (fi)S(-itf)

S , j  (itf.fi) -  Sj . (u,fi) -  S j ,  (-itf.fi)

Inversion of  the s t a t i c  f i e ld  (c f .  3*34)

♦ j j ( t . f i )

4-11•n
■e-1 •  j ( t , - f i ) S.j

♦ i j ( f i ) “  * J | ^ ? s  >
' J

* , j (t.fi) » ♦ j j ( - t . - f i ) * * j j ( t , - f i ) s , .
• J

v ( X | j (<o , f i ) -X . | j ( f i )) -  v ( X j ,

X . ,  j  (fi) - x . , j ( - f i )  -  X

(<tf,fi) -  Sj . (-<tf,-fi) -  Sjj

(fi)6(u) -  ♦jj(-fi)6(-u)»i(ij j

(u,fi) -  S j j ( - u . - f i )  -  S j j

(<tf. ”fi) *X—j  | ( - f i ) )

. j , ( - f i )  c f .3.35
X | j ( “ ifi)

(ltf.-fi)

(-fi)S(itf)

(u .-fi)

»Xj j (<tf,-fi)

Appendix F.

Using the standard method of  quantum s t a t i s t i c a l  mechanics one has -  due to
the Schr6dinger equation -  the following equation of motion for  the time dependent
dens ity  opera tor  p ( t )  (Schrodinger p ic tu re )



I f  before the s te rt o f the measurement, a t time t  , a descrip tion by a sta tionary
density operator is  adequate

p ( t  < t  ) -  p ( t  ) ,  X -  X -  X(t5). [ X ,p ( t  ) ] -  0
P P P P

3.37P P

then p ( t )  s a t i s f i e s  the i d e n t i t y

p ( t )  -  p ( t  ) -  £ ( *  e ' , L ( t " r ) [X -  X  , p ( t ) ] d T ,  LA = h * 1 [X ,A] . 3.38
J tp P P

For the e x p l i c i t l y  t ime dependent ope ra to r  M.(H + AH( t ) )  the  s t a t i s t i c a l  average

equa,S T r  M,(H + A ? l ( t ) ) p ( t )  -

-  Tr M,(f i  + A ^ t ) ) p ( t )  -  £ [  Tr M.(fi + A Ï Ï ( t ) ) e ‘ , L ( t ' T) [ X ^  ,p (T ) ]d x  =
P J t p p

- £  |  Tr M . ( f i ) e ' i L ( t ‘ T) Z -  u(J[Mj  (15) ,p ( t ^ j A t ï j  (x )dx . 3.39

(lin ea r approximation in A?i). The f i r s t  term is the average magnetization before the
measurement, the second is the contribu tion  to the magnetization va ria tion  from the
n on -linea rity  o f X(fi) (to  be comprehended in x^) and the th ird  term is the well-known
Kubo response. For a canonical density operator (c f. section 4.7)

p ( t  ) -  (Tr e ' ^ p r V ^ PP 3.40

the expression 1.08, togetherw ith 3.05 and 3.06, is found a fte r  some algebra, where

use is made of
AM. ( t )  5 Tr M .f l ï  + A ? i ( t ) ) p ( t )  -  T r  M . ( ï i ) p ( t  ) .  3-41

I I _ I P

In order to derive 1.51 i t  is again convenient to use the s ta t is t ic a l density
operator method in the Schrodinger p ic tu re . The deriva tive  o f the s ta t is t ic a l
average fo r the e x p l ic it ly  time dependent operator X(H + AH(t)) equals

j  ^  ^  3(X(ïl)+AH(t)) dAH,(t) _ ^  .
-£• T rX ( f i+ A H (t) )p ( t )  -  T r ( ? ------------------------------■------) p ( t ) + T r X ( H + A H ( t ) ) 4 - p ( t ) -
0 t  ' 3 (H .+ A H .( t ) ) d t  d t

-  -UoTr(LM. (f i+AÏi ftJ jAH. ( t ) ) p ( t ) - gTrJCfïi+A'ff ( t ) ) [X (ÏN-A'ff ( t ) ) ,p ( t ) ]  -

-  -U0 (ZTr M .flS + A ÏU O M O A H jlt)) . 3.42



In te g ra t io n  y ie ld s ,  as A H j( t  ) -  A H .( t f ) -  0, eq. 1.51

* |  ■ j j ^ T r ï C ( ï i + A f i ( t ) ) p ( t ) d t  »  - ^ j ^ A M j  ( t ) A H j  ( t ) d t » y o | T r  M j  ( l 5 ) p ( t ^ )  A H .  ( t ) d t

tp  *P l p
r t f  •

■  - p  A H ( t ) * A H ( t ) d t  .
• f t .

1 .51 =  3.43

Appendix G. Inve rs ion  o f  the  s ta t ic  f i e l d .

For e le c tro m a g n e tic  in te ra c t io n s  the  q -(p ia c e ,

the  hami 1 to n ia n  obeys
a n g le )- re p re s e n ta tio n o f

Kq(- ïi) f (q )  -  C* ( B ) f * (q ) / 3 - 3 1

f o r  any square in te g ra b ie  f ( q ) ,  th is  im p lie s

» , > * > ' «  -  '<«> ■

■ tw r v ^ lw  |m - -(»,(*>'* u t
3.44

3h.3h.
* J

3h.3h. q
i J

3h .3h.
• J

( *  t f ) f * ( q ) ) * w r  (-
th e  ( Ï!) 1

ah.ah.
i J

X . .
\ U ï f (q)) 3.*15

Le t 4>(q;t) denote the  q -re p re s e n ta tio n  o f  a s ta te  v e c to r y ( t )  which under the
hami 1 to n ia n  JC(lï) evo lves acco rd ing  to

J ï  * ( t )  -  -  I  X ( f i ) v ( t )  * ( q ; t )  -  -  ^ 3fq (^)K .(q ;t) . 3.46
then

J ï  * * ( q ; t )  “  ^ ( Ï fq ( ï ï ) * ( q ; t ) ) *  »  ^  I|i* (q ;-t) -  - 5  Kq (-fi),(,*(q ;-t) 3.47

A pp are n tly  t * ( q ; - t )  is  the q -re p re s e n ta tio n  o f  some s ta te  v e c to r # ( t ) ,  which under
JC(-fi) evo lves acco rd ing  to

3.48* ( t )  -  -  £  * ( - H ) * ( t )
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In t h is  way every T ( t )  has i t s  c o u n te rp a rt * ( t ) .  T h is  r e la t io n  c o n s t! tu te s ^ T F n e a r

mapping o f  { * ( 0 )  on ( * ( t ) }  o f te n  c a lle d  the  a n t i l  Inear u n ita ry  op e ra to r o f  tim e

re v e rs a l, K: K T (t)  -  * ( t ) .
I t  should be noted th a t  t h is  op e ra to r K Is  as t i g h t l y  bound to  q -re p re s e n ta tio n

as is  3.-J2 on which I t  is  based. S ta r t in g  from  d i f f e r e n t  re p re se n ta tio n s  correspon

d ing, d i f f e r e n t  types o f  tim e reve rsa l may be con s tru c ted  which may d i f f e r  from  one 's

“ common sense" n o tio n  o f  tim e  re ve rsa l which is  based on q -re p re s e n ta tio n . T here fo re

i t  is  suggested th a t  more s tre s s  cou ld  be g iven  to  the  p a r t i c u la r i t y  o f  the

K -opera to r e .g . by f ix in g  an index: K . Here the  K -op e ra to r w i l l  no t be used a t  a l l .

Let A(Ti) be an obse rva b le , o f  which the  op e ra to r in  q -re p re s e h ta tio n  A^(H) obeys

A ( - f i ) f ( q )  » a .(A  ( ï l ) f  (q ) )  5 .32
q H S

fo r  any square in te g ra b le  f ( q ) .  The e x p e c ta tio n  va lue  o f  such an observab le  in  the

f ie ld  3 ,  fo r  the  s ta te  f ( t )  equals

< y ( t)  |A(ïi) |» ( t ) >  » j * * ( q ; t ) A ^ ( f i ) t ( q ; t ) d q  . 3.^9

In the f ie ld  -B , and in  the s ta te  * ( t )  t h is  is

< * ( t )  |A ( - f i)  | * ( t ) >  -  j * ( q r t ) A <J( - f i ) * * ( q ; - t ) d q

-  (J i| i* (q r t)a AA(|( ï i ) * ( q ; - t ) d q )

-  < T ( - t ) |a AA (fi) |T ( - t ) > *  • 3-50

The s c a la r p roduct d e f in i t io n  3-07 may be g iven  in  the  form

I » , . " - 1" 1' »  -  ! "> )■ ' J |

< , | « * K < . | . - a , ( 5 ) K < . | . ,X (5 ) t / ‘ > . - " t ( ! i ) , / * l k> «  3 -5 '

where { |n > }  is  some bas is  in  the  H i lb e r t  space o f  s ta te  v e c to rs . A se t o f  energy

e ige nvec to rs  may be chosen as a b a s is . Le t * n ( t )  be the  n ' t h  e ige nvec to r o f  * ( f )  and

E the correspond ing e ig e n v a lu e , and le t  th e re  be no degeneracy. Then the  se t
n

{ f  (0 ) }  is  such a bas is  and

(A ,e ,L ( ï ï ) tB) -

- ( B le * 8^ ) ' 1 ! 6 I  e‘ (8 ' X)E^ T k (0 )|A + |Tm(0)> e*XE» 3.52
n ) q r»*

^ { 0 )  I V « ) > ^  •



The la s t  fa c to r  in  the in tegrand  equals <Tm( t )  | B | ^ ( t ) >.

For the o p po s ite  f i e l d  d ir e c t io n  the hami 1 to n ia n  is  JC(-lï) having a d i f f e r e n t

se t o f  e ig e n v e c to rs . As JT(lï)» ( t )  -  E ? ( t )  ■* X  (fi)ij, ( q ; t )  ■ E « (q : t )  •n n n  q n n n ”
*fq ( ” M) ^ * ( q ; t )  » E*i|»*(q ; t )  (3fq does no t in te r fe r e  w ith  the t-dependence o f  ^ (q - .t) )®

^ ( - H j i l - ^ q j - t )  -  E * 'l'* (q ;- t )  -  3 f ( - f i) * n ( t )  -  E * * l ( t ) ,  the c o u n te rp a rt * n ( t )  o f  r  ( t )

is  seen to  be an e ig e n ve c to r o f  JC(-fi) w ith  e igenva lue  E*. I f  th e re  is  no degeneracy

the se t o f  co u n te rp a rts  is  a com plete se t o f  e ige nvec to rs  and {$  (0 ) }  is  a b a s is .
Thus no t o n ly

(A (Ü ),e IL (H ) tB (li)) -  <eZe'eEn ) * , kI m j V (#" X)Ek<Tk ( | ) |A t (Jt) 1 ^ (0 )»

e"XEra <»n ( t) |B (1! ) | r k (t)>dx 3.53
but a lso

(A ( - ï l ) ,e 'L (' ï i ) t B (-ïï)) -  (^ e" BEn) ’ , kï J B e ' (6' X)Ek <*fc(0) |At (- iï)  | * m(0)>

*

• 3 .5 *

-  *5  -

I f  A(H) and B(I?) obey 3 .3 2 , one ge ts  fo r  the s c a la r p roduct the re la t io n

< A < S ),. 'L < *> *B (*)) -  (aAA ( - l ï ) , e - ,L <-i ï >t « BB (-Ü ))*

and e s p e c ia lly  fo r  the m ag ne tiza tion  o p e ra to rs  (ou ■ o
Hj Mj

(Hj (Ü ) ,e iL (H ) tMi ( ï i) )  -  (Mj ( - l ï ) f e ' ,L< ' ï ï ) t MJ( - ï i ) ) *

-1 ,  c f .  3 . * * )

3-33

3.55

im p ly ing

j ( - t , - Ü ) 3 .3 *

As the  re la t io n s  3-31 and 3*32 a re  no t independent o f  re p re s e n ta tio n , th is  type o f

symmetry cannot be de rive d  w ith in  the  framework o f  chap te r 2. A na logously one de rive s

(as  “ | ■ ° {3 * C }  "  ’ • c f ‘

,( f i ) ~  ~  (a( I -  vx ,̂ j (-H) , 3.’
“ o

1 J J I

wi th



Re ip sa  autem cum ad idem,  unde aemel p ro fe c ta  su n t,  cuncta a stra
r e d ie r in t  eandemque to tiu s  c a e li  descrip tionem  long is in te r v a l l i s
r e t tu le r in t ,  turn i l l e  vere  vertens annus a p p e lla r i p o te s t .
M.T. Cicero. De Re Publica , V II, 16 (Somnium S c ip io n is ) ,  Rome, -  S3.
An early  appearance o f  the Poincaré cy c le .
(In  fa c t ,  however, when a l l  s ta r s  w i l l  have re tu rn ed  to  the same
p o s it io n ,  from which they once s ta r te d ,  and w i l l  have re s to re d
the s ta te  o f  the whole heaven in  long tim e in te r v a ls ,  then th a t
can he r e a lly  c a lle d  a year going by) .

C H A P T E R  A

STATIC SUSCEPTIBILITY

In absence of  a vary ing  c o n t r i b u t i o n  t o  the magnet ic  f i e l d  t he  hami l ton ian  of

t he  system i s  not  e x p l i c i t l y  t ime dependent  and in the l i m i t  o f  an i n f i n i t e  system
a l a r ge  s e t  o f  t h e o r e t i c a l  t o o l s  becomes a v a i l a b l e :  t he  concept  o f  e r g o d i c i t y ,  o f
system t emperatur e  and t he  t heo ry  o f  eq u i l i b r i u m  thermodynamics inc lud ing  s p e c i f i c

he a t ,  a d i a b a t i c  and iso thermal  s u s c e p t i b i l i t y  e t c . .

4 . 1 .  E r q o d i c i t y .

An obse rvab l e  A is  s a id  to  be an e rgod i c  obse rvab l e  o f  the sys tem,  i f ,  f o r

almost  every  i n i t i a l  s t a t e ,  t he  t ime average o f  t he  ex pec t a t i o n  va lue  o f  A i s  very
near  the ex p ec t a t i o n  va lue  o f  A averaged over  the s e t  o f  energy e i g e n s t a t e s  wi th
e igenva lues  near  t he  energy ex pe c t a t i o n  value  E of  t he  i n i t i a l  s t a t e .  Such a s e t  i s
c a l l e d  a microcanoni cal  ensemble,  t he  ave rage  over  t h i s  s e t  i s  no t a t ed  a s  <A>£ .

4 . 2 .  Time ave rage  o f  t he  a u t o c o r r e l a t i o n  fun c t i on  of  an e rgodi c  obse r vab l e .

Mazur has shown, t h a t  t he  t ime average o f  the  a u t o c o r r e l a t i o n  func t i on  o f

an e rgod i c  v a r i a b l e  A s a t i s f i e s

wi th

( A . e ' ^ A j d t  « (P|A,PjA) + (mA,mA)
' o

4.01

I
mA . = 6 E = X 4.02

in a r e p r e s e n t a t i o n  which d i ag o n a l i z e s  3C; f o r  reasons  o f  s imple n o t a t i o n  both
obse rvab l e  and op e r a t o r  a r e  de s igna t ed  w i th  A. According t o  Tjon ) and Mazur )
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one moreover has

(mA,mA) -  (Pjf.A.P^.A) 4.03

These r e la t io n s  hold f o r  s u f f i c i e n t l y  la rge  systems and under c o n d i t io n s ,  which, a t

le a s t  i f  one excepts phase t r a n s i t i o n  p o in ts ,  are be l ieved to  be f u l f i l l e d  in the
20 \unde r ly in g  s i t u a t io n s  ) .C o m b in a t io n  o f  4.01 and 4.03 shows an ergod ic  observable

ow ** jf  i U
A to  s a t i s f y  2 .85.  I f  m>e"observabl es A and B e rg o d ic ,  t h e i r  op e ra to rs  obey

1 im y
T-K» T

(A ,e lU tB)dt (P|A,P|B) + (*jfiA,Pjf,B) . 2.90

Thus i f  M. and H.  are e rgod ic  observables o f  the system w i th o u t  f i e l d  v a r ia t io n s ,  the

zero frequency s u s c e p t i b i l i t y  as measured through a very slow f i e l d  v a r i a t io n

( is o la te d  s u s c e p t ib i l i t y )  equals ( c f .  1.45)

PM

i (0»H) - X . i j t f )  + - ^ { ( M . , M . )  -  (P.Mj .P.M.)  -  ( P ^ . M . ^ . M , ) } 4.04

an expression to  be c a l le d  a d ia b a t ic  s u s c e p t i b i l i t y  ( c f .  4 .4 ) .

4.3  Canonical ensemble.

When a l l  re le v a n t  observables o f  a system are ergod ic  the system may be c a l le d

ergod ic  and m icrocanonicaI averages may rep lace t ime averages throughout.  Using

standard arguments the m icrocanonica l ensemble on i t s  tu rn  can -  in the l i m i t  o f  an

i n f i n i t e  system -  be replaced by a canon ica l ensemble, i . e .  a se t  o f  s ta te s ,  which

y ie ld s  the same average exp ec ta t io n  values as does a se t o f  energy e igens ta tes  when

weighed by the Boltzmann d i s t r i b u t i o n  fu n c t io n  f o r  a c e r t a in  temperature T. . The
• * 7 ®d e s c r ip t io n  by a canon ica l ensemble was used by W ilcox ) to  de r iv e  expressions fo r

the a d ia b a t ic  and isothermal s t a t i c  s u s c e p t i b i l i t y .

4 .4  A d ia b a t ic  s u s c e p t i b i l i t y .

In thermodynamics the a d ia b a t ic  s u s c e p t i b i l i t y  o f  a system is  de f ined  as the

d e r iv a t i v e  o f  ( the  expression f o r  the c a n o n ic a l ly  averaged exp ec ta t io n  va lue o f )

the m agne tiza t ion ,  under the c o n d i t io n  th a t  the average energy in terchange between

the system and the bath to  which i t  is  coupled be zero .  Accord ing to  t h i s  d e f i n i t i o n

Wilcox ) has der ived an express ion which a f t e r  c o r re c t io n  f o r  diamagnetism ^) may
be w r i t t e n  as
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Bw
Xad (* )  - X . i j ( H )  + - “  t  (Mj >M.) -  ( P ^ - .P ^ , )  -  (Pjf.M j.P^.H,)} , «.,05

One might wonder i f  such an approach in which time plays no ro le  is so re a lis t ic  as
to describe an actual experiment in which the f ie ld  va ria tion  however slow is essen
t ia l l y  a function o f time. But comparing 4.05 w ith 4.04 i t  becomes clear that there
is no reason fo r such doubt: the adiabatic s u s c e p tib ility  is seen to equal the zero
frequency s u s c e p tib ility  found in 4.2 fo r a system in very weak (c f. 4.7) contact w ith
a bath (iso lated s .) in case M. and M. are ergodic (c f. 4.04). I f  Mj and M. are non-
ergodic or i f  the system is too small, no such experimental in te rpre ta tion  o f 4.05
can be given. S t i l l  4.05 keeps a formal v a lid ity  and the expréssion keeps the name
"adiabatic s u s c e p tib ility " . Mazur has pointed out that a discrepancy between th is
formal adiabatic s. and the isolated s. proves the non-ergodicity o f the magnetization
in the system - provided that i t  is large and not in a phase tra n s itio n .

4.5  Isothermal su s c e p t ib i l i ty .

In thermodynamics the isothermal s u s c e p t ib il i ty  is  defined in a way s im ila r  to
the ad iaba tic  one i .e .  as a f ie ld  d e r iv a tiv e  o f the average m agnetization, but under
the co nd ition  o f constant temperature. Again one may ask fo r  the experimental s itu a 
tio n  in which the q u a n tity  can be measured. The isothermal s. may be w r it te n  as

X0 i j t f )  “  X „ j j ( ® )  +  v  { ( M j , M j )  -  ( P | M j , P | M j ) } 4.06

an expression in terms o f the scalar product 3-07 and corresponding projection
operators, which contain only.the  system hamiitonian (in  absence o f f ie ld
va ria tio n s ). Although in any measuring s itua tion  the condition o f constant tempera
ture implies that the system has a good contact w ith  a thermostat, the hamiitonian
o f the la t te r  or the in te rac tion , do not appear e x p lic it ly  in 4.06; the only para
meter in 4.06 pertain ing to the thermostat is the temperature T^. This is inherent
to the canonical descrip tion.

I t  is ins truc tive  to see, how 4.06 can be derived from 4.04. Consider the sys
tem, in teraction  and thermostat as a new system, which may also be supposed ergodic.
I t  makes no difference to assume the new system in very weak contact w ith  a bath of
the same temperature as the thermostat. Therefore 4.04 holds fo r the new system, but
M .,M j, the scalar product and the pro jection operators now belong to the new system.
I f  the extra terms in the hamiitonian are f ie ld  independent, 3.01 and 3.06 y ie ld
essen tia lly  the same magnetization operators and xa>"t# nsor as fo r the o rig in a l sys
tem such that (M.,M.) and (P(Mj, P(Mj) stay p ra c tic a lly  unaltered. The character o f
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Pjp shows^an important change: the new TC' contains a contribution from the big
non-magnetic thermostat.\Therefore Pj^M. is expected to be very small and 4.0t| for
the new system implies 4.06 for the original one. Indeed the isothermal susceptibility
of a system equals a measurable quantity: its zero-frequency susceptibility if it is
strongly coupled to a non-magnetic thermostat. Again even when this experimental
interpretation cannot be given, 4.06 keeps its formal validity and the expression
keeps the name "isothermal susceptibility".

4.6 Specific heats.

The canonical description used in the definitions of )Ta<J(H) and "„(H) can be
identified with equilibrium thermodynamics. Using this older language the difference
between x (H) and x a  (H) can be expressed in terms of the specific heats Cu .o {i J h , i
and CM,i

<Xon (fi) - xadi,<^))/x0|i(H) - <«M  - CMf|)/CH#I 4.07

where .(C^ .) is the specific heat at constant field (magnetization) and constant
magnetization- (field-) components in other directions than i. The extension with a
non-magnetic thermostat as used in 4.5 does not affect the numerator while enhancing
the denominator, which illustrates the relative weakness of the PjpM. contribution
in another way.

4.7 The canonical average in the Kubo formalism.

2
Kubo ) justifies his use of canonical averages in the derivation of 3*05 through

the assumption that the actual system may be divided into a great number of identical
systems, which develop independently in time and are sufficiently large on their own,
and that - before starting the measurement - this set of systems constitutes a
realistic canonical ensemble. (This explains the Boltzmann-like factors in 3.05.) To
this end the system was assumed to have a very weak contact with a bath of tempera
ture T. . Very weak means thus that the contact is good enough to warrant the Boltzmann
distribution at the start of the measurement. It should however be so weak that it
may be neglected in the description of the measurement. The expression 3.05 describes
the time dependence of the measured magnetization in presence of time dependent field
variations, whereas the canonical ensemble averages introduced in 4.3 essentially
stand for time averages in absence of such field variations.

Obviously Kubo's justification does not rest on ergodicity of observables (in the
course of the measurement, when the coupling to the bath is neglected) and in this
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Flg. 14.01 Diagonal elements o f  s ta t ic  s u s c e p t ib i l i t ie s  and bounds for $ | j ( t , H ) .
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sense non-ergodic observables can be handled. The fo llow ing argument does give a
ju s t if ic a t io n  based on lergodicity. The experimental fa c t, that measuring resu lts  are
-  w ith in  the accuracy asked from the descrip tion -  independent from the time a t which
the measurement is  started, implies that a theory describing an average over s ta rting
times would be s u ff ic ie n t. But the states in which the systems would be a t those
sta rting  times are the states through which the system evolves when not s ta rtin g  the
measurement a t a l l ,  that is  the set o f states involved in taking a time average in
absence of f ie ld  va ria tions . Indeed I t  was seen, that th is  set can be replaced by a
canonical ensemble as fa r as averages over ergodic observables are concerned. However,
the observable wanted ergodic here is not ju s t magnetization but magnetization a t a
certa in  time a fte r having started the measurement ( in  presence o f a time dependent
f ie ld ) .  Though a formal u n ific a tio n  has thus been achieved, Kubo's argument has a
more general v a lid ity  and is based on less complicated assumptions.

4.8 Extremely high temperature.

In the l im it  o f in f in ite  temperature (B-*-0) the term ( P ^ . ^ M . )  vanishes, i f  in
the same l im it  the canonical average o f energy ( l. ï f )  (c f. 3.11) is independent o f the
f ie ld  ( i.e .  i f  - i -  lim  ( I ,JC) -  Tr JC/Tr I -  0)

ö MI 0“*O o H j

lim  (PM. , PH. )  -  (Tr l ) " 2Tr M.Tr M. -  (Tr l ) ' 2Tr —  Tr —  -
fr+o 1 J 1 1 J * 3H. 3H.

(3H7 TtT^ %h7 T r l ) “  %ÏT ,inl ,im ( 1 .* ) )  *  0.
J '  j  B* °  * 1).08

4-9 Short survey o f s ta tic  s u s c e p tib ilit ie s .

Equality 1.45 states

x ^ t f )  s “(o.ïi) -  r . (H )  + v-1*(0,l5) -  3£(ff) + v-1 (* (o ,ïi) -  7 (3 )) . i .45

According to 2.82

{PiMj . P l Mi)  + C’jf.Mj.Pjc.»1,) +. ïk-2,3.

♦ • • * » [  ((1 - D)M.,e
T-» '  J 0  J

. (pckMj ’pckMi) +

,L t ( l  -  D)M.)dt . 4.09

Insertion in to  1.45 and comparison.with the various d e fin it io n s  given in the sections
4.4 and 4.5 y ie lds
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X i S j j (H ) = X j j t O . Ü )  -  x . , j ( » )  ♦  -  < P | H j . W  “  ( P j f .M j .P j f .M , )

■ X CH)
X_________________ 12___________________________________ I

-  I  (P . N .'.P . M.) •  l i a s  [  ((1 -  D)M ,e i L t (1 -  D)M ) d t )  . '•.10
k - 2 . 3 . .  Ck J Ck 1 T-h.  T >o J

About th is  sum the fo llo w in g  remarks can be made

(P jf.M j.P jf.M j)

Last “ tw o" terms

= 0, i f  X  is  l in e a r ly  dependent on H.

« 0 , ' i f  the  tem perature is  ex trem e ly  h ig h .

s 0, i f  the  system con ta in s  a th e rm o s ta t.

« O f  i f  the  system is  not in  a phase t r a n s i t io n  and the

m ag ne tiza tion  components a re  e rgod ic  observables o f  the

system.

Last term ■ 0, i f  the  H i lb e r t  space o f  s ta te  v e c to rs  has a f i n i t e

dim ension.

F in a lly  some in e q u a lit ie s  fo r  the d iagona l tensor elements w i l l  be g ive n .

Due to  2.30 and 2.<*2 one has the re la t io n

0 f  ? l ( (H) !  ♦ j j (0.Ü)

from  which ( c f .  1.1*5)

x i s n (?i) 5 X ü to .Ü )  > x„ i , t f )  • * - 12

Furtherm ore, fo r  i -  j ,  a l l  terms in  the  r ig h t  hand s ide  o f  't.0 9  a re  non -nega tive ;

th e re fo re  one ge ts  (a ls o  us ing 1t.12) the  in e q u a lity

Xojjtf) 1  xadI,tf)  ^  x is , , (t5) > X.J, (t5) • 0 3

T h is  is  v a l id  fo r  any cho ice  o f  the  xyz -fram e . The d iffe re n c e s  between the va riou s

tensors  are thus p o s it iv e  n o n -d e f in ite  te n so rs . The in e q u a lity  ^ .13 is  i l lu s t r a te d  in

f ig u re  4.01, where a ls o  the bounds and va lues o f  t j ; ( H , t )  and ♦ • j(H )  a re  in d ic a te d ,

tog e the r w ith  a p o s s ib le  specimen o f  ^ . | f f i , t )  vs . t  ( to  be read upside down).
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^ ndix H- lu s t r a t io n  to the proof o f x ir f^  -  y. _ fo r an ergodic system.

Here an il lu s tra t io n  w ill  be given to the proof o f x . . .  "  Xi • This equality
the proof o f which in it .2 was based d ire c t ly  on the perhaps'rather abstract concept
o f e rgod ic ity , w il l  here be made plausib le by an argument depending on e rgod ic ity  in
the more common way through canonical s ta t is t ic s  and thermodynamics.
The invariant operators.

Let the system, ju s t fo r th is  i l lu s tra t io n , be large but f in i t e  and have a
d iscrete  spectrum o f Z, non-degenerate, energy leve ls. Any operator D, which is
invariant in time (commuting w i th * ;  diagonal in Jf-representation, a meaningful
concept here) then is a linear combination o f powers o f X

Z-1 .
D = E a.X* wi th = 1 b

k»0

One might c a ll the set {« } a basis in the subspaceof invariant operators. Insection
2.7 use has been made o f an orthogonal basis o f hermitean operators in th is  subspace.
By means o f Schmidt's orthogonalization process such a basis is eas ily  acquired here

* C9  * I* c j  5 * *  -  ( t  -  P )JC, C. « Jf*1- E P lfk
K -0  CK

The difference between xadij. and x ,$ I l was seen to be
,SU

xad U
0 )  - ( i s i j

+ une l ~ '
(n) *  —  z (Pr m ,p m.) +v Ck J Ck i '

+ , im ! r [  ~V~ ( ( l " D ) M . , e l L t ( l -D )M, )d t
T -ho j  o  j

4.16

According to Wilcox the las t term vanishes under the circumstances assumed above.
Furthermore

X° | j ^  " xa d j jM  “  —  ^PJC,Mj» P3c«M| ) • 4.17

Translation into equilibrium  q ua n titie s .

The il lu s tra t io n  consists o f an e x p lic it  trans la tion  o f the f i r s t  terms o f 4.09
into (op tiona lly  thermodynamical) quantities o f the system in canonical equ ilib rium ,
from which th e ir  order o f magnitude may be estimated. The system has already been
assumed to be s u ff ic ie n t ly  large, in which large means: consisting o f a large number
(N) o f in teracting subsystems. I f  the system is also able to , and indeed does,
develop in time through a series o f states, such that the time averages o f relevant
observables are equal to 'th e  corresponding canonical ensemble averages, - no matter



-  5 *  -

how t h i s  has been achieved*) -  equi l ib rium thermodynamics a re  expected to apply **).
In th a t  case the value a ,  measured -  without d i s tu rb ing  the canonical equi l ibr ium -

for  a quant i ty  A, i s  predic ted to  be

a Tr e ’ ^ A
7 7 7 ^

0 .  A) it . 18

Thus
m. = (I,M.)
u M i .  “ -20

and
O.#0O .  (I .A )(I ,* )  ♦  ItT2 ^  0 ,A ) . 3.26

I nt roduc ing t he  a bb re v i a t i o n

• -  L- t  3aa = k <«.21

one may now wr i te

(P.Mj.P.M,)

(pJflMj,PJflH|)

<Pc2MTPc2Mi)

m.mj
m.m.

e2ö (ili.u -  m.Q)(iS.u -  m.u)

2B1*(i)i‘ + e ^ i )2 + 2e3a(u )2 + 26**(u)3 ez(D)zi

i t .22

4.23

4.24

From thermodynamics one knows m,,m, and u toge ther  with th e i r  temperature de r iva t ives
to be extensive parameters,  t ha t  i s  to be of  the order  N (a l l  in the l imi t  of  very

large N). In th i s  way

(PI ̂  j '  P i H i >

p̂ac,Mr px ,Mp

m.m. N
• •
m.m.

B2u
<v N

<«.25

<«.26

*) I t  i s  not necessary tha t  the system au tomat ica l ly  acqui res  such a type o f  time
development a f t e r  a very long time or  in o the r  words “ tends to equi l ibr ium".

**) in sect ion  4.2 only the M. have been assumed ergodic.  This is more sub t l e  than to suppose
the system ( i . e .  al  1 r elevant  observables)  to  be ergodic,  which warrants the exi stence of

such a time development^
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Retaining terms of  h ighest order in N one may fu r th e r  approximate

(Pr  M ,,Pr  M.)C2 j* C2 ■'
(ffi.u -  m.u)(m.u -  m.ü)

( Ü)

(Pc3Mj ' pc3Mi ) :
f f . (u ) *  ■ 3ffi.au -  3m.(0)^ -  m.üu)(idem fo r  J)

666 (u)7
•v N-1

4.27

4.28

Though higher terms have not been checked, i t  is  tempting to  approximate

! c ," i>  "

«  ■ « . . j ®  -  • * • »
23Conversely Caspers e t  a l .  ) have made an an a ly s is  o f  expansion 4.16 in order to

study e rg o d ic i ty  in systems, of which the hamiltonian shows a c e r ta in  type of
s t r u c tu re  encountered in most models and r e a l i s t i c  systems.
Link with thermodynamics fo r  i -  j .

The equaIi ty

w0e v ' , ( V Mi ' pj f M, )  - x 0 . .<*>  ■Ml !  x0 | | (« )
H,i

was a lready  discussed in 4 .6 .  The next term may be w r i t te n  as

4.30

^ ’ ’ ^ C j V c j^  ■ is {Tb ITT
bt H,I 2

{,+ _i_ + -± — l. (A-!5üii)}->
CH,i 2CH , l 9Tb CH.I » V

4.31

such th a t  in the same approximation as in 4.29

xad ii <*> -  S T T  {Tb 077
'H,i -  c

Vi. I
4.32

which ind ica tes  th a t  d i f f i c u l t i e s  may a r i s e  i f  strong temperature dependences occur
in sp e c if ic  hea t ,  as may be the case a t  phase t r a n s i t io n  p o in ts ,  where the argument
of  4.2 may not apply. Even i f  the approximation in 4.29 and 4.32 is  not v a l id ,  the
expression 4.31 c o n s t i tu t e s  a lower bound for  Xatjj .(H) “ XjSj . ( ^ ) .
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Conclus ion .
In a system wi th  non-degene ra t e  energy l e v e l s  one has f o r  l a r ge  N, a t  l e a s t  i f

one excep t s  phase t r a n s i t i o n  po in t s

Xad 11 (H)
it. 04

i f  t h e  system can be in c anon ical  eq u i l i b r i um  ( t h e r e  may be e rg o d i c i t y  t o  warrant
t h i s ) .  I t  should be emphasized t h a t ,  a l t hough t he  d i f f e r e n c e  between xa d . . (H)  and
X .(fl) has been exp res sed  in terms o f  the system in canonical  eq u i l i b r i um ,  t h i s

does not  imply t h a t  x- can be d i r e c t l y  measured in t h a t  s t a t e .
1 s i i
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Energy and Work, in the old English meaning, are things not
unfamiliar to me. But I have only the dimmest views of the
modem meanings attached to those terms.

W.R. Hamilton writing to P.G. Tait, 1862.

C H A P T E R  5

THE HAMILTONIAN OF A SPIN SYSTEM.

5.1
Up to here only few specifications have been made about the kind of system to

be investigated: it should be magnetic, i.e. have a field dependent hamiltonian
(3.00) and for a given value of the field this hamiltonian should have a discrete
spectrum of energy eigenvalues, most often becoming quasi continuous in the limit of
an infinite system. (In fact the theoretical argument given has a wider validity
still, as only small modifications would be needed to describe systems, the
hamiltonian of which depends on some other external quantity than the magnetic field).

Henceforth the rather general theory will be further evaluated for a special
class of magnetic systems: crystals containing ions with incomplete electron shells
('magnetic ions'); in particular those ions of which the single ion hamiltonian can,
in good approximation be replaced by an expression written in terms
of (effective) spin operators (S ) , (S ) and (S ) . Such an expression is called2 i| n x n y n z
a spin hamiltonian ). Usually the electrostatic interaction between the magnetic
ions and the non-magnetic ions surrounding them is included in the single ion
hamiltonians.

The hamiltonian of a crystal may then be divided into four parts:

I The sum of spin Hamiltonians (£...).
n

II The Interaction between magnetic ions (E ...).
m<n

III The hamiltonian of lattice vibrations and of non~magnetic ions.

IV The interaction between magnetic ions and lattice vibrations and the modulation
of II by these vibrations.

In principle one may apply the general theory to this total hamiltonian and get a
description of the magnetic behaviour, where effects due to lattice vibrations,2c
called spin-lattice-relaxation effects, are included ').
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If, as Is often found, these effects are mainly restricted to relatively low
frequencies, the faster processes due to interactions between the magnetic ions, then
called spin~spin relaxation, can be described by a model, in which the hamiltonian
consists of part I and part II. This model may also be characterized as a crystal
without lattice vibrations or as an assembly of magnetic ions situated at fixed
places in fixed electrostatic fields. Leaving out the constant terms in its
hamiltonian one obtains a reduced model: the spin system.

The hamiltonian of the spin system reads

X  - X  + X  . + XL . + X  + X. • «'•, 5.01z el hfs ex d

Here part I contributes

the Zeeman energy, the potential energy of the magnetic ion in the external magnetic
field

*z ■ V 1 9n • Sn 5-02n
the electric field splitting

Kel “ I V < Sn>z- - + En « Sn>x- * + 5-°3

and the hyperfine interaction, characteristic for the coupling with the nuclear spin I

5.04

Part II contributes in the first place

X., - i t  . X . thfs n n nn

the exchange interaction, which represents the effect of spurious covalent bonding
between the ions on their magnetic behaviour,

X m 2 fc t . 3, . tex . m mn nm<n
5.05

The 3 tensor can be spilt into an antisymmetric (Dzialoshinsky-Moriya) part, amn
traceless symmetric part and a scalar (Heisenberg) part

- (j3_ - *3L) ♦ (i3mn + *3mn - y(Tr 3mn)D) + {(Tr 3mn) Ü • 5.06mn mn mn
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The isotropic Heisenberg exchange often yields a satisfying description

*ex “ 2 Jmn ?m ' • Jmn E JTr "mn * 5-07

The summation over pairs may often be restricted to nearest neighbours (and next
nearest neighbours).

Moreover part II contributes

the magnetic dipole~dipole interaction

*4 ■ V *  J n{|Tnml‘3 (9ro • V  • <5n .
5.08

• 3. • *„> <'„ • “ • *„»
Where rmn is the vector connecting the sites of Ions m and n. Just like in the Zeeman
term, the so called g-tensor gives the connection between (effective) spin ? *) and
magnetic moment -pgg . ? of the ion. is the Bohr magneton, p the permeability of
vacuum (cf. appendix A). Expressing the Zeeman energy one often uses the g-vaiue,
def i ned by

9nlHl - 5.09

and sometimes the effective field at ion n (which brings about the quantisation of
spin ?n if JC - JC )

Heff,n 5 *  * 9n • 5.10

Neither of these are of use in writing JCj .
It may be remarked that the spin hamlltonian given here lacks a term

proportional to the square of the magnetic field and consequently cannot be used for
the description of diamagnetic effects (xoo(ïï)“0).

) The symbols S and I and the word "spin" are (to be) used here for dimensionless
operators representing the angular momentum divided by h.
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5.2  The decomposition o f \ f ■ '*  antl in t0  eiqenoperators o f L^.

In the chapters 6 and 8 the decomposition o f and eigen-
operators o f the superoperator L , the L io u v ille  operator which corresponds to

the Zeeman term X  , w il l  be used (c f .  6 .0 8 ) .  In th is  section the way w il l  be shown
Z

to achieve such a decomposition in the general case o f an an iso tropic  g-tensor.

5.21 Eiqenoperators o f L_.

Combining eqs. 5-02 and 5 *T0 one can w rite

X2 1JO 6
I  H
n e f f  ,n 5.11

In the case X « X  (zero in te ra c tio n  H - r gives the quantization  axis fo r the ion n.
2  e f f  ,n

I t  is therefore convenient to  g ive each ion i ts  own coordinate system, w ith  ortho

normal basis vectors e ^ ,  eyn, e ^ ,  where ^zn / /H e f f f „ and «xn. * yn a rb it ra ry .

Consequently

* ' V*B 1 l " e f f ,n l  Snn

wi t h

S° 5 (5 - )  .n n zn

5.12

Looking fo r e i genoperators o f L^f i . c .  operators A that s a tis fy  the equation

L A = t l ' 1 (X  A) .  XA 5.13
z z

fo r some scalar X, one finds as simple examples the s ing le-sp in  operators S and

1 = (S ) + i(S  ) . One hasn n xn -  n yn

L S° -  a  w. S° , a  -  -  1, 0 , + 1 5 .1 *z n Ln n

where

“ Ln S V* h ' 1 êff.nl 5’15

is the Larmor frequency o f ion n.
More complicated ei genoperators o f L are the two-spin operators S®S®, m n,

a , 6 = -  1> 0 ,+ 1 , w ith
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L S®SB
(“  “ Lm + 6 “ Ln} S®SB 5.16

One may d e fin e  subsystems o f  ions (numbered u . v -  I .  I I ,  . . )  demanding th a t
members o f  one subsystem (u) have the  same g -te n s o r (gu) , hence the same e f fe c t iv e

f i d d  (|H e f f  n | )  and the same Larmor frequency ( u ^ ) .  T h is  leads to  two c lasses
o f  e i genoperators o f  Lz

and

X® = t  C® Sa
u n nn€u

X®6
uv = Z

m < n
meu,n€v

C®B sas6
mn m n

5.17

u ,v  -  I , I I , . . . ;  a , 6 -  -  1, 0 , + 1

5.18

where C®, C®n are  a r b i t r a r y  cons tan ts  (o r o p e ra to rs  th a t commute w ith  a l l  $“  o p e ra to rs ).
They are e ige nop era to rs  o f  L due to  n

L X®
z u 5.19

u ,v  -  I ,  I I , . . . ;  a , 6 -  -  1, 0, + 1

I + B (i). )X®6 .z uv Lu Lv uv 5.20

I t  w i l l  be shown In se c tio n  5.22 th a t

op e ra to rs  o f  the X® and X®6 types .u uv / r

X
h fs  ’ * ex and *d  Can 156 w r*t te n  as a sum o f

5,22 DeconlP ° s 't !o n  o f X, r . ,  X f  and XJ in to  X® and * “ B o p e ra to rs .

Accord ing to  5.04 5.05 and 5 .0 8 , the op e ra to rs  X ^ ,  JT and X  a re  co n ve n ie n tly

^ p re s s e d  in  terms o f  ?b  and In o rd e r to  t ra n s la te  them in to  o p e ra to rs  o f  the

K and C  t y Pe s * de fine d  *>y 5.17 and 5 .1 8 , the re la t io n  between t  and the S®
op e ra to rs  must be used. One has n n

w ith

? .  z s“ :  ®
a— 1,0,+1 n n

+1 -  ♦  -■  ♦2c — -  e + i e ,n xn yn *

5.21

5.22

In s e rt in g  th is  in to  5.0A , 5.05 and 5-08 one o b ta in s
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ÏC ,  -  Z Z k“ s“  5.23n fs  n nn a

w ith  k“  = t .% .c  “  5-2kn n n n

and X  *  X . •  E Z k°Bs“sB 5-25
ex d m < n a ,B  mn m "

w ith  k“ B H £ “ .23 . t Bmn m mn n

•*A • * • *

Using the  n o tio n  o f  subsystems o f  s im i la r  ions one may w r i te  th is  in  the requ ired

form  ( c f .  5 .1 7 , 5 .18) (cu“  = c neu)

X  .  -  Z Z if*  5.27n fs  _ u

wi th C° = t .X .£  0  , nEun n n u 5.28

( i f  the ions a re  a ls o  s im i la r  in  X one may rep lace by Xy )

and x  * X m  r z x “ B
A V A  1 1 w 5.29
CA O ft uvu,v  a , 0

wi th CaB = c “ .23 .c  Bmn u mn v

+ p Pp | r  | ^ (g ,c  “ ) . (g .c  B)
0  B 1 mn1 3u u *v  v

-3p Pp |"f | .g .c  “ ) ( r  ,g .c  B) , mEu, nev
0  B 1 mn1 mn 3u u mn 3v v ’ 5.30

5.23 Secu lar and non-secu la r o p e ra to rs .

O perators th a t commute w ith  X  a re  u s u a lly  c a lle d  s e c u la r. Hence and

J(“ B w ith  ati>Lu + &uLv = 0 a re  s e c u la r. The secu la r p a rts  o f  Xh fs  and X ^  + X^

are  de fine d  by

5.31

5.32

X ? . -  Z X° , w ith  5 .1 7 , 5-28n rs  uu
and + j f i  = Z Z , w ith  5, 18. 5 .30 .ex q . a a uv

U .V  GUi). +pü). * 09 Lu Lv

The o th e r p a rts  are c a lle d  n o n -se cu la r.
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Tutton on his salts:
It was this discovery of these two important series which has
rendered the many years of work possible which the author has
devoted to their study arid very detailed measurement.

A.E.H. Tutton3 Crystallography II
Macmillan London (1922) p. 1222.

C H A P T E R  6

MEASUREMENTS ON COPPER TUTTON SALTS.

6.1 Introductory remarks.

6.11 Introduction.

The Investigation of the high-frequency magnetic susceptibility in a static field
parallel to the alternating field was started by Locher and Gorter 26). In compounds
where magnetic dipole-dipole interaction is not relatively weak compared to exchange
interaction they found 'forbidden resonances' at the Larmor frequency and at twice
this frequency.

A theoretical description of these resonances was given by Caspers 2^), Tjon 22)
and extended by Mazur and Terwiel 2®). A further improvement will be given here.

The samples Locher used were powdered concentrated copper. Tutton salts, which
indeed have some drawbacks: two magnetically different ions in the unit cell, a some
what anisotropic g-tensor, the occurrence of hyperfine interaction. The drawbacks are
balanced

- by the simple single-ion energy spectrum (spin i), in which no near higher levels
occur and in which electrostatic fields are of no direct importance,
by the fact that spin-lattice relaxation is so slow as not to obscure the spin-
spin effects 2 )̂

- and by the large distances between the magnetic ions, even in the concentrated
compound, which are a reason for the moderate role of exchange interaction.

In order to overcome the[complications in powdered samples due to
g-anisotropy Locher suggested to study single crystals. The underlying work gives
the outcome of his suggestion.
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6.12 Choice of sample material.

InoiTA ft

In spite of a long search no series of compounds has been found which haventhe
following desired properties than the copper Tutton salts have.
1) Slow spin-lattice relaxation.
2) Spin one half; if this is not a property an equivalent situation may sometimes be

achieved through cooling down until ail single-ion spin levels except the lowest
doublet are depopulated. The method may cause serious paramagnetic saturation and
does not apply if a singlet lies lowest.

3) Small exchange, at most one order larger than the dipole-dipole interaction,
it) Nearly isotropic g-tensor.
5) Magnetically identical ions.
6) Availability of single crystals.
7) Absence of hyperfine interaction.
Some examples. Cu silico fluoride violates 5, Cu benzene sulfonate lacks property 7
and, more or less, 5; the acetyl acetonates,the ethyl sulphates and the lanthanum
magnesium nitrate family accomodate 3+ ions, which either miss 2 or 7. The same
holds for alums and moreover these miss 5- The Ti^+ ion looks attractive but there
6 is the problem, or even 1. The La Mg nitrate type may also be used in 'in the 2+
mode1, but then 5 can cause trouble. Rare earth ions often disobey 1 or A.

Recent computational work of Hiilaert (cf. 6.k) has overcome A and greatly
mitigated the need for 5 or 7*

Four copper Tutton salts, all sulphates, (Cu M^ (SO^Jj • ^HjO) have been studied
with Cs, Rb, K and NH. as monovalent ion M. They constitute a series with increasing
exchange interaction and nearly constant dipole-dipole and hyperfine interaction.

6.13 Crystal structure and hamiitonian.

The magnetic ions in copper Tutton salts are situated in a monoclinic lattice
with axes a : b : c y 3 : k : 2 where thé angles (b,a) and (b,c) are 90 and the angle
(a,c) is 105° ^). Half of the ions occupy (0, 0, 0), the other half (i, i, 0) sites.
These two groups also differ in the orientation of the g-tensor, which has the approx
imately tetragonal symmetry of the electrostatic field generated by the stretched
water octahedron around each Cu ion. Both tetragonal axes that occur make an angle
(90°*a) of about 50° with the b-axis, but on opposite sides*

The magnetic principle axes (those of the static susceptibility tensor) are
called kl, k2 and k3. The k3 axis coincides with the b-axis, the k2 axis is
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perpendicular to  both tetragonal axes and l ie s  in the a -c -p lane , together w ith  k l .

Both the k2-k1-plane and the k2~k3~piane thus make equal angles w ith  both types o f
tetragonal a x is .

The angle between k l and c depends on the monovalent + ion (c f .  tab le  6 .1 ) .
ip̂  is  defined in such a way th a t fo r  k l *  a , ^i. ■ 105°.

Table 6.1

Monovalent + ion a *1 9l 92“ ^ g3 g/ /

Cs 40 114 3.15 A 2.28 2.06 2.22 2.43
Rb 40 105 3.12 A 2.295 2.07 2.23 2.45
K 42 105 3 .0 4 j A 2.26 2.05 2.22. 2.43
nh4 39 77 3.Q85 A 2.27 2.06 2.20 2.40

9,1 g2 and g . are the values fo r  g ( » g (( when e. / /  k1, k2 and k3 respec tive ly
(c f .  section  6 .42 ).

The hamiltonian of the spin system in a sample of copper Tutton sa lt can be
w ritten as

X * X  + X.  + X . ,  + X  = X  +  X.  (c f .  5.01) 6.00
2  d hfs ex z in t  '

where X ^ t X ^ t and Jf are the ham iltonian terms defined in 5 .02, 5.08, 5.04 and
5-05.

The exchange in te ra c tio n  is  assumed is o tro p ic  (s c a la r, c f .  5 .07 ). No in form ation
is  a va ila b le  about antisym m etric o r a n iso tro p ic  exchange in these compounds, but in
view o f the experimental re su lts  there is  no need fo r  a more complicated d e sc rip tio n .

The dependence o f J on the distance between the ions m and n c o n s titu te s  a
second problem. One could t r y  to  derive  these values from experiment, but fo r  a
f i r s t  estim ate i t  is  convenient i f  one takes the range o f exchange in te ra c tio n
re s tr ic te d  to  the (0, 0, + 1) and (+J, + i ,  0) neighbours a t t r ib u t in g  equal values
(J) to  them a ll.>

For the compounds used the elements o f g- and A -tensor, the corresponding
values fo r  N h i r  H ^/Tr I and N ^h ^Tr ïc j^s/T r  I ,  the values fo r  N 'h  ^Tr Jc|n t/T r  I
(from s p e c ific  heat measurements in the T7^ region ) )  and the re s u ltin g  values

•1 “ 2 2. -1  -2  "  . i
fo r  N h Tr 3(£X/T r I ,  N h Tr JCjjJf^/Tr I and Jh are l is te d  in  tab le  6.2 As the

A-tensor has approximately the same tetragonal symmetry and p r in c ip le  axes as the
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g -te n s o r , i t  is  s u f f ic ie n t  to  g ive  and A^ where / /  and j. r e fe r  to  the  te tra g o n a l

a x is  o f the  io n .

Table 6.2

+ ion
A/ / h

(GHz)

A .h" 1

(GHz)

T r X*d T r X?h fs
Tr X?1 n t T r X2ex 2T rX  Xd ex J

9/ / 9 1 NhZT r 1

(GHz2)

Nh2Tr 1

(GHz2)

Nh2Tr 1

(GHz2)

Nh2T r  1

(GHz2)

N h l r  1

(GHz2)

h

(GHz)

Cs 2 .A3 2.06 0.36 0.09 O.OA81 0.0A5s O.IO9 0.015s
O.OlAo

-  0.0007

+ 0.0007

0.083

-0.079

Rb 2.A5 2.07 0 . 3A8 0 .09o 0.0519 0. 0A2s 0.13s O.OA6

0. 0A2 s

-  O.OO2

+ 0 • OO2

O.IA3

-0.137

K 2 .A3 2.05 O.3O9 O.IO2 0.056o 0.0363 O.2A7 0.15?

0 . 15o

-  0 . 00s

+ 0 . 001*

0.269

-0 .25s

NH* 2 .AO 2.06 0.39o 0.09 0.0532 0.0526 0.35s 0.257
O.2A5

-  0 . 006

+ 0 . 00s
0.33s

-0.33o

One has

The fo llo w in g  remarks can be made.

. 2 . -2Tr X*hfs

NhTr  I

T r X2ex

N h l r  I

h  <A/ / 2

9 J2

* 7

+ 2A^h

The A and A va lues fo r  the Cs-compound a re  e s tim a tio n s  on the bas is  o f  assumed// 1
analogy w ith  the o th e r s a l ts .

Assuming an is o tro p ic  g -te n s o r Locher c a lc u la te d  N
2 . . .

’ h "2Tr X ^ /T r I to  bea
0.050i, GHz2 In  the  Cs- and O.O562 GHz* in  the NH.-compound. The d e v ia tio n s  a re  t o t a l l y

due to  the  assumption made.
The s ign  o f J does not fo llo w  from the data g iven . Both p o s s ib i l i t ie s  have been

in v e s tig a te d  ( c f .  ta b le  6 .2 ) .  The re s u lt in g  ab so lu te  va lue o f  J is  found to  d i f f e r

but l i t t l e  fo r  both cases. The p o s it iv e  va lue has been adopted fo r  fu r th e r  use.
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6.2  Zero f ie ld  behaviour o f  copper T u tton  s a l t s .

The frequency dependent susceptib ility  in zero s ta tic  f ie ld  is found to
correspond to a single absorption line  around zero frequency. This result has
already been obtained by Locher and Gorter 26) for the powders of the Cs- and NH -̂
sa lt and by Pickar ^2) for those of the K- and NH^-salt. In the Cs- and Rb-single-
crystals the line shapes look approximately Gaussian, apart from a ta l l  that is dis
t in c tly  too high. The K-single-crystals show an indication of the transition to more
Lorentz like  line forms, which is manifest in the NH^-powder. A phenomenological
description by a product of a Gaussian and a Lorentzian enabled Locher and Gorter
to derive values for the second and the fourth moment from the few fixed frequency
measurements by which the spectrum was probed. (The determination of the moments is
an essential means of confrontation with theory as they are about the only features
of the spectral density function that can be calculated from f i r s t  p rin c ip les .)
Although Pickar used a variable frequency method his range of frequencies was too
lim ited to do without sim ilar assumptions about the line shape.

The present experim ent, being e s s e n t ia l ly  the  same as L o c h e r's , again needs some

assumption concern ing the l in e  shape in  o rd e r to  pe rm it an e s tim a te  o f  the

experim enta l va lues o f  the  moments. The assumption to  be made here is  based both on

experim enta l evidence and on th e o re t ic a l p la u s ib i l i t y .  I t  concerns the  shape o f the

memory fu n c t io n ,  o r  i t s  F o u r ie r  tra n s fo rm , the  memory spectrum ( c f .  2 .6 A ), ra th e r

than th a t o f  the  re la x a tio n  fu n c tio n  o r the  a b so rp tio n  l in e .  Accord ing to  3*13 the

memory spectrum a t a g iven  frequency can be expressed in  the  a b so rp tio n  and

d is p e rs io n  a t th a t frequency, which pe rm its  i t s  c a lc u la t io n  from the e x p e rim e n ta lly

ob ta ined  x"(u,«0 and x‘ (<*>.(»• T h is  re s u lt  is  p lo t te d  in  f ig s .  6.01 to  6 .0 9 , in

which e r ro r  bars correspond to  an e r ro r  o f  + 10% in  x" o r X '» whichever has the

s tro n g e s t in flu e n c e .
I t  is well known, that In the weak coupling lim it ( i .e .  for re la tive ly  weak non

secular Interaction) and also for the strong coupling case In the lim it of high
sta tic  f ie ld , the memory function is a sum of two damped oscillations at the Larmor
frequency and at twice that frequency. The damping is usually assumed Gaussian.
Here .however, one has the strong coupling case with zero s ta tic  f ie ld , a situation
in which no lim it procedure is as yet available by which the memory function can be.
reduced to a manageable form. Consequently the shape of the memory spectrum is only

experimentally known.
Looking a t f ig s .  6.01 to  6 .09 one sees th a t ,  a p a rt from  some d e v ia tio n s , Gaussian

memory s p e c tra , represented by s t r a ig h t  l in e s ,  can g iv e  a reasonable
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Figs. 6.01 to 6.09 Zero f ie ld  memory-spectra in Cu Tutton sa lts .

1oLr  SLM LM {2ffV>0) ( V V * 1 <2 GH2) ’ 1
” ™ l |

Stra ight lines represent Gaussian memory spectra. C ircles and th ick  lines
are used fo r the conventional log vs. square p lo ts . Squares and th in  lines
(scales In the upper and r ig h t side) show the perspective transform of
the same p lo ts giving a better view o f the high frequencies. A lte rna tive
f i t s  are distinguished by th e ir  ra tio  1*th moment to  square 2 moment o f
the absorption spectrum ( la s t column o f table 6 .3).
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description of the experimental data *). In fact one should confront these data with
those Gaussians, which satisfy the theoretically known values with their zeroth and
second moments. The zeroth and second moment of the memory spectrum are simply
related to the second and fourth of the absorption spectrum (cf. 2.71). As the
calculation of the fourth moment of the zero field absorption spectrum in the copper
Tutton salts has not yet been completed, the analysis has been restricted to a
tentative fit by some single Gaussians for the memory spectrum and to the
determination of the corresponding second and fourth moment of the absorption line.

Let the memory function be
2 2

(LMj, e ''1*,V LtLM.) - (LM., LM.) e‘*A 1 6.01

then the Gaussian memory spectrum is given by
2 -2

S,LM LM (“ ’0) “ (LMi* LV  <2lrA2)"i e’iU A * 6 -02iu i

According to 3>13sthe lower moments of the memory spectrum are related to those of
the absorption by

it s \ „  (a),0) (A,A)"'d(i) » n(LM LM.) (A,A)’1LM.LM.i i

ttJ u>2 x 1i (<i> , 0 ) ii) ^ d t o { J x 11 (t»> ,0)u> 'd o ) }  '
6.03

in which the indices ii have been omitted from X-t* The width A is given by
+“>

A2 - JuTs*LM. LM.I I

■H»

(ui, 0)dui{|s1LM.LM.I i
(u,0)da)}-1

6.04
T *  T** T w

|u ) l*Xl l (u ) , 0)u 'dw{jü)2x"(<i), 0)(i> 'du)} '  -  |(i)2x"((0, 0)u ^d<i){|x"(u, 0)oj 'do)}

 ̂ 22) Although the method followed here bears some resemblance to Tjon's description )
of the zero field strong coupling case, it is different in so far that the present
work uses the exact memory functions whereas Tjon employed an approximated memory
function. A consequence is that Tjon misses the second term in the r.h.s. of
equation 6.04.
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2.8» 3.12.93 A 3.55

10101010
V(GHZ)

Flgs. 6.10 to  6.12 CuCs,(S0,,)..6 aq .; as derived from the f i t t e d  Gaussian
Z H Z  I I  ^  gj 2

memory spectra, and experimental re s u lts . The 4 to  (2 ) ra t io  Is

Indicated.



The r e s u l t s  o f  th e  f i t  f o r  th e  second and fo u r th  moment o f  th e  ab so rp t io n

X"((i>,0)u ' a r e  g iven  in  t a b l e  6 . 3 »

-  71 *

Table 6 .3

type  o f
Cu Tutton

s a l t

d i r e c t i o n

k

1 jj( | i1)2X"u) 1du)}i

exp.
(GHj

{jx"“ 'd u )  *

t h e o r .
t)

Jo/V'w 'dui |xMu  'du{ ju x̂"41* '  du} ^

Cs 1 0.75* 0 .684 , 3 .3  .♦ 0 .3
Cs 2 0 .7 4 , 0.702, 2 .95 0 .2
Cs 3 0 .8 2 , 0 .718 , 3 .05 0.2

Rb 1 0 .7 9 , O. 7 1 6 7 3 . 1  0 . 1

Rb 2 0.74 0.699$ 3 .3  0 .2

Rb 3 0.80 0.737$ 3 .3  0.1

K 1 O. 7 8 2 0 .7 52 , 4 .05  0 .15
K 3 0.82s 0.759i 3 .5  0.1

NH,, powder 0.77$ U1 OO 0 .c-

As a f i n a l  check one may e v a lu a te  x " ( u »0) and X ' ( u >0) from th e  f i t t e d  Gaussian

memory fu n c t io n s ,  f o r  a c o n f r o n ta t io n  w i th  th e  experim enta l  v a lu e s .  I t  should be
remarked t h a t  th e  d e v ia t io n s  found may exceed th e  assumed e r r o r  o f  + 10% as  th e

e f f e c t  o f  cumulating e r r o r s  in x"  and X1 has not been taken In to  acco un t .  (Moreover,
some Gaussians even f a l l  to  f i t  between a l l  e r r o r  b a r s . )  The e v a lu a t io n  o f  x " (w>0)
and x ' t u .O )  Is done on the  b a s i s  o f  3 .16  and 3*16, through which x 1 and x"  can be
expressed  in th e  memory fu n c t io n .

For th e  Gaussian memory fu n c t io n  6.01 th e  Laplace transfo rm  equ a ls
2 _2 ui/A/2 2

1 ' (ltd) -  ir(LMj, LM,) (*»A2)"*e"*“  A {1-l2ir- i j  e 5 dC> 6-05
0

and consequen tly  x' and x" can be found from:

X '(u .O )  -  X„(0) (iX-lm
1

x(o,o) -  x»(0)
(1)

(oH-lm) + Re
6 .06
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10 0.110 0.1
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F lgs . 6.13 to  6.15 011052(50^)2.6 a q .; x j | ( 2ir v ,0) as de rived  from the f i t t e d  Gaussian

memory s p e c tra , and experim enta l r e s u lts .  The to  (2 ) r a t io  Is

In d ic a te d .
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10 10
v(GHz)

Figs. 6.16 to  6.18 CuRb,{SO, ) , . 6  a q . ;  x 7 . ( 2™ ,0 )  as der ived  from the f i t t e d  Gaussian
^ ** 2 i t  th  d 2

memory spec tra ,  and experimental r e s u l t s .  The k to  (2 ) r a t i o  is

in d ica ted .
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v (GHz)

Flgs. 6.19 to  6.21 C uRb^SO ^)-^ a q .j x{j(2 irv,0) as derived from the f i t t e d  Gaussian
memory spectra , and experimental re s u lts . The 4*^ to  (2^)^ ra t io  Is

Ind icated.



6.15 '

v (GHz)

26
Fig*. 6.22, 6.23 CuK2(S04) 2.6 aq.; f ig .  6.26 CutNHj^^SO^Jj.ö aq. powder ) ;

v " (2irv,0) as derived from the Gaussian memory spectra, and experimental
resu lts . The 6th to (2d) 2 ra tio  Is Indicated. The broken line  Is also
a good representation o f the mixed Gauss-Lorentz (G-L) shape.



6.15Y 5.5 and G-L

10 0.110 0.1
V (GHz)

Figs. 6.25, 6.26 CuK2(S 0 .),.6  aq.; f ig .  6.27 Cu(NH1() 2(S01() 2.6 aq. powder 26) i
X{.(2irv>0) as derived from the Gaussian memory spectra, and experimental

th (j 2resu lts . The 4 to (2 ) ra tio  Is indicated. The broken lin e  Is also
a good representation of the mixed Gauss-Lorentz (G-L) model.
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X"(ii»,0) Re
* Ü> O 2

X(0,0) - Xo,,(0) (u+lm) + Re

2 -2
with Re = Re l'(lu) (A,A) ' “ A 'e A (LMj, LMj) (A,A)

2 «jW/A/l 2
In = lm 1.'(»«) (A,A)’1 - -/2 A " V iu A | e5 d£(LM,, LM,) (A.A)"1 •

O

The results of the confrontation with the experimental values are shown in figs.
6.10 to 6.27. Use has been made of x_$) = 0 (as t^e hamiltonian is linear in H) and
of x(0,0) - Xo (0) ®s (A,A) - (M,,M,) - (l,M,)2 - (|p-< ' ))2 * (Mj,M,) (as no
spontaneous magnetisation (l,M,) occurs in zero field in a paramagnet). It appears
that the agreement is not worse than that obtained by Locher and Gorter, and to a
certain extent accounts for the "higher than Gaussian" tails in the Cs- and Rb-salts.
The K-compound has mainly been measured in the kl and k3 directions. Comparison with
Pickar's absorption measurements of the powder shows rather close agreement between
the kl, k3 and powder results below 2 GHz. This implies that the k2 direction may be
expected to resemble the kl and k3 directions in its characteristics. At 3.6 GHz
absorption and dispersion have been measured to be the same for the k2 and k3
direction. It looks therefore safe to assume that the k2 direction would yield about
the same Gaussian memory function fit as k3. The average absorption fit may be
compared to Pickar's experimental results and the agrèement is satisfactory (cf.
fig. 6.28).

Locher's results on the powdered NH^-salt. Although one may expect from 3*16
that for a broad Gaussian memory spectrum (weak coupling) the absorption will
approximately take the form of a product of a Lorentzian and a Gaussian, it is
nevertheless surprising to find that this is already the case for the NH^-salt
{ (X , X )/(X , X ) 2* 3.5)1 where the Locher-Gorter description coincidessec sec n.sec n.sec  ̂ ■
nicely with the set of x" and x1 curves, derived from one of the fitted Gaussian
memory functions.

6.07*)

* . - 1  3
) It may be interesting to remark, that, as A and (LM. ,LM.XA,A) can be written

in terms of the second and fourth moment of the absorption y "00 (cf. 6.0k), eq. 6.07
embodies an expression of the absorption in its second and fourth moment, which

33constitutes a probably more realistic model than that of miss Wright ).
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Fig. 6.28 CuK (SO^) .6 aq.; fig. 6.29 C u O O i ^ ^ S O ^ . ö  aq.
Absorption.
Powder measurements of ref. 32 (full points).
Powder measurements of ref. 26 and single crystal results from the present
work are indicated by open points (cf. figs. 6.22 to 6.24).
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It is however questionable if'the method used may indeed be applied to powdered
samples. If 1 , 2  and 3 are the principle axes of x(w,0) and if the memory functions
corresponding to ^ 2 ^ * ^  and X33^»®) are Gaussian and different, then the
powder average l/3(xu (<»,0) + X 22(<*>»0) + X33<u »0)) wil1 not correspond to an exactly
Gaussian memory function, as the relation 3.11 between relaxation function and memory
function is non-linear. For a not too anisotropic x(w,0) the method might keep its
significance and hence it has been applied to the results of the powdered NH^-salt.

The fit thus made to Locher's few single-frequency measurements on the NH^
compound also gives a reasonable description of Pickar's multi-frequency results

(cf. fig. 6.29).

6.3 Theory of strong parallel field behaviour at high frequencies.

6.31 Strong field and zero interaction.

The high-frequency susceptibility of compounds with relatively weak exchange

interaction (strong coupling) in a strong static field parallel to the alternating
27 22

field has been studied theoretically by Caspers ), Tjon ) and Mazur and
Terwiel ^®). All have used the high-temperature approximation as a starting point.
Here such an approximation will be postponed to the calculation of time independent

quanti ties.
The essential point in assuming a strong static field is the hope that the

interaction term X. in the hamiltonian may be handled as a small correction to
I nt

the large Zeeman term X . The latter has such a simple structure that ei genoperators
X of the corresponding Liouville (super) operator L can be given explicitly and
P 4

that the interaction term Jf-nt can be expressed in such eigenoperators (cf.sec.5.22)

L X = u Xz p p p
6.08

which implies u 'v H for H - He. leading to <i> = Y H
p > P' P

L Xf - - id X +z p p p allowing X '5 Jf and id = -u> „
p "P P P

Iui t
e ' ^ V  - and - (<op + ,

Let the numbers 0, + 1, .... + n be reserved for the components of then

Jfint -* %
p«0 ,+1,... ,+vi
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with d i f f e r e n t  w ' s  for  d i f f e r e n t  X ' s .  X Is ca l led the secu la r  Dart of  theP P o r
I n te rac t io n ,  Lz3Cq « 0. Thus, in order  to  make a rough ana lys i s  of  the absorpt ion

be noted th a t  th i s  excludes the  desc r ip t ion  of  low-temperature e f f e c t s  in the sense
of ( an t i ) fe r romagnet ic  t r a n s i t i o n s .  The only low-temperature f ea tu re  p re l imina r i ly
admitted is paramagnetic s a tu ra t io n  by the st rong s t a t i c  f i e l d .

One may g iv e  a  more e x p e rim en ta l in t e r p r e t a t i o n  o f  th e  ze ro  in t e r a c t io n  l i m i t .  The
on ly  e x p re s s io n s  o f  i n t e r e s t  where X i s  re p la c e d  by X̂  a re  o f  th e  ty p e  fSJf and JCt w ith

X = + X  ̂ = ^ i n t  ” ^  C onsequently  th e  l im i t  H (5H, tH c o n s ta n t ,  i s
f u l l y  e q u iv a le n t w ith  X * X . In  a  sen se  t h i s  l im i t  i s  a  h ig h - te m p e ra tu re  l im i t
(f5-*0) b u t a s  i t  i s  accom panied by H -*• “  i t  r e t a in s  th e  n o n -ze ro  v a lu e  o f  th e  average
m a g n e tiz a t io n , (I ,M ^ ). The o th e r  im p lic a tio n  (t-*-0) le a v e s  w t  c o n s ta n t ,  such th a t
one s ta y s  w ith in  th e  ran g e  o f  ex p e rim en ta l i n t e r e s t .

6.32 The absorpt ion spectrum.

According to  1.39 one has

spectrum i t  is a t t r a c t i v e  to study the approximation in which X is replaced by X .
This approximation wi l l  here be ca l l ed  the l imit  of  zero in t e ra c t io n .  I t  should

iut  v X V i ( w , H e j )  » 1.39

which, due to 3.10 equals

♦  i j U . h J , )  » 6u0 ( (1-P | -PKI)MI , e , L t (1-P| -PJfl)M) ) -

■ % 1H'2 ( ( 1-P,-PX, )X, nf * ' L t ( l - P | - P x , )Xln t ) •

6.09

Ant ic ipat ing the zero in te r ac t ion  l imi t  one may s p l i t

4>,, ( t .H e j ) -  f tT V 2 Z ( P , e ' LtQ) 6.10
p,q=0,+1, . . .^+«,

7 ( * | ' l (“ ’H* l ) ’  ei . ; ’» ' 2 z  SpQ(io,He,)
p,q=0,+1,•+ 1 , . .  .+n

6.11



with Q r (l-P|-Pjc.)Kq P = (...)* and 0 5 (-...)*P o
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and (P,eiLtQ) = J e ,wt S p q k . ' f y * *  *
6.33 The absorption spectrum in zero interaction limit.

6.12

For X -*■ X not only the usual relation (A,LB) = (LA,B) but also (A,Lz B)jj -*■
(L A,B)__ holds *), L becomes Hermitean (for 6 ^ 0  this is not a trivial point).Z «K Z
Consequently the eigenoperators I, X‘ and X with eigenvalue 0 become orthogonal to
those (X  ) with eigenvalue to y 0 and the latter become mutually orthogonal If
their eigenvalues are different. Hence P -*■ X If toj* 0. The autocorrelation terms

*  P P
In $.,(t,He.) become undamped oscillations

ByjV2(P,eILtP) -1 -9 Iw«t<VH <vV*e to s* 0 .P

The term (0,e £0) must be handled separately. Other terms vanish due to the-2
orthogonality. The oscillations having an intensity proportional to H could be
called "forbidden resonances". In the absorption spectrum they yield 6-lines at
frequencies m . In the term (O.e'^O) the replacement of X by X̂  would cause a
fundamental change. The term would become a constant and this would lead to a non
zero time average of $..(t,Hej), contrary to 1.23. instead one may study its
character through its second time derivative -(*■ jnt^o,e''"^int^O^' ^or 1 ® one
gets the second moment of the contribution to the absorption spectrum

■lnt'V‘-int3VO-, X  ,L,
-1

An estimate of its order of magnitude shows that the bulk of intensity of this
contribution must be confined to a frequency interval around w = 0, which has a width,

at most of the order of h ' ̂ i n t ’̂ lnt^ ’ rou9h analysis yields the following
picture: For X ■* X̂  the absorption spectrum consists of very narrow lines at
frequencies u Including zero frequency.

*) The index KC has been added in order to stress the change of character in the
scalar product definition, where X has been replaced by X̂  as well.
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6 .3 1* The abso rp t ion  spectrum f o r  f i n i t e  in te r a c t io n  s t r e n g th .

In the preceding s ec t io n  i t  was seen th a t  the a u to c o r re la t io n  terms p lay  the

main r o le ,  i f  JC ■* JC . One may hope th a t  t h i s  w i l l  a l ready  be the case f o r  a small
^ 28 A

but f i n i t e  in te r a c t io n  s t re n g th .  Mazur and Terw ie l ° )  * )  have shown the way to  an

upper bound f o r  the cross terms ( P . e ' ^ Q ) .  T h e i r  r e s u l t  fo l lo w s  immedia te ly from the

Schwarz in e q u a l i t y  f o r  s pe c tra l  d e n s i ty  fu n c t io n s  2.1*5.

Assuming th a t  ^ . ( t . H e . )  ■ <t>^.(t,Hej) ( i . e .  th a t  f o r  f i n i t e  in te r a c t io n  i t  is

f re e  from undamped o s c i l l a t i o n s ) ,  and consequently  S ..(to,He.) = s . . (to,H e .) , one may
D _► * *

I d e n t i f y  S p .(w .H e j) » S p . (u ,H e j ) ,  such th a t  2.i*5 im p lies

|SpQ(aj,He.) | < (SppCu.H?,) S ^ w . H e , ) ) *  • 6.13

This in e q u a l i t y  g ives an impression o f  the way in which the var ious  terms in  6.11

develop as the in te r a c t io n  s t re n g th  is  reduced. The main terms Spp(u,He.) g ra d u a l ly

concen tra te  t h e i r  i n t e n s i t y  around oi . Consequently the ove r lap  between them,

c h a ra c te r ized  by the product Spp(u>,Hej) S Q .(u ,H e .) ,  vanishes and so do the cross

terms Sp^(u,He.) due to  6 .13.

I t  is  however hard to  t e l l  from experimental r e s u l t s  to  what ex te n t  a s i t u a t io n

has been reached, in  which the cross terms may be neg lected . When one f in d s  a set o f

w e l l - re s o lv e d  ab so rp t ion  l in e s  a t  the expected frequenc ies u then the re  is  no a

p r i o r i  reason why these l in e s  cou ld be descr ibed by the terms Spp(u),Hej). One should

r e a l iz e  th a t  a l i n e  a t  us may s t i l l  c on ta in  c o n t r ib u t io n s  (e .g .  s a t e l l i t e  l in e s )
P i

from o th e r  main terms than Spp(u),Hej) (and hence perhaps from cross terms Sp.(ui,He.)

as w e l l ) ,  which w i l l  o n ly  van ish  through a f u r t h e r  reduc t io n  o f  i n te r a c t io n  s t re n g th .

Even i f  the experimental shape and i n te n s i t y  o f  the l in e s  are not e s s e n t ia l l y

a l te re d  by an enhancement o f  f i e ld , ' t e m p e r a tu r e  and measuring frequency ( the

experimental e q u iv a le n t  o f  reduc t ion  o f  i n te r a c t io n  s t re n g th )  one can o n ly  hope th a t

the main terms have a t  la s t  m a in ly  withdrawn to  t h e i r  own frequency domains becoming

approx im ate ly  equal to  the measured l i n e s :

*) These authors made a slip of the pen in stating that the inequality 6.13 is based
on the fact that the spectrum of a real autocorrelation function of the form

4* 2r* il/t t
Tr(A e -A) + Tr(A e A ) is real and positive semi-definite. This should read:
the spectrum of an autocorrelation function of the form (Tr A^e^^A) is real and
positive semi-definite.
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w X |I ^U»M*|)*•” '■ *  ew^H^SppU.He,), 6<u<ü) + 6
P

6 . Ik

I t  w il)  henceforth be assumed that th is  hope Is a c tu a lly  f u l f i l l e d ,  such that

not only the experimental lin es  but also the th eo re tica l terms are w ell resolved.

In that case one may try  to determine the in te n s ity  and second moment o f the

measured lines and confront these values w ith  those ca lcu la ted  fo r the corresponding
terms S pp(u,H e.). A closer estim ate o f the importance o f the cross terms w il l  be
given in appendix I .

6.35 In te n s Ity .

For the in te n s ity  o f the lin e  a t to one simply hasp

(i) +Ó
rP

rp = |  £  X"| (w»He. )(u 1 do) £  B p 'V 2 |  Spp (oi.He j )dw -  f t j " V 2(P,P) 6.15
u) *6

P

where tOp-6 to <Op+ó indicates the frequency domain o f the l in e ,  also used fo r the
experimental determination o f the in te n s ity .

, - O t  -1 A-fflST’ P) “  (V V  '  ( W 2 "  where
( i . y  (Tr e ) Tr e ^  and (3f ,Wp) -  -  33( 1» ^ )  are both o f second order (p><0)

in ih e  in te rac tio n  strength , one has up to  th ird  order (P,P) n, (Jf ,X ) .  But due to

cross terms the approximation 1 8wo Ĥ 2 ( P, P) is not even b e tte r than second order

(c f . appendix I ) .  In the same approximation one may w rite  (JCp,JCp ) ^  (Jf ,Jf , Hence

the in te n s ity  o f the lin e  a t w 0 is in second and lowest order given by 2

v ' V 2 *  (* Py *  -  < * y
-1 -at . -at .

(1 -e  P) (Tr e z )~ 'T r e H e x  ,
P P

For two—p a rt ic le  in te rac tio n  X  = 2 X  one may w r ite ,  d iv id ing  the Zeeman eneray
P nKn P,mn 37

into its  s ingle p a r t ic le  contribu tions Jf » 2 X  . (w ith  [ X  ,X  1«0):z n z ,n  z ,m z ,n

»jV  * < » » , > ' '  ''-'’““V  <Trk<l
m<n

6.16
-B(3f .-tX ,-tX ■*« ) .

Tr e z ,k  z ’ z,m z ,n  JC+ X
p ,k l p.mn

In most cases these four p a r t ic le  terms reduce to expressions, in which only two
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p a rtic le s  occur. I t  can be seen from 6.16 that fo r temperatures so high as to make
/  v - '6 n e g lig ib le  compared to^hu^and to the s in g le -p a r t ic le  Zeeman energy one may

approximate

V ’V ^ V p*» * (Tr , r ’ JrXl *p 6.17

6 .36 Second moment.

W ithin the frequency in te rva l u -6  to  u -̂t-6 the absorption is supposed to be

reasonably described by Spp(u ,H e.). Other terms are of minor importance t

Spp(u ,H e .) »  S0Q(u),He.) and |Spo(u ,H e .) | < (Spp (u ,H e .) S00(u ,H e .))  .Jpp VU,,MC l/  ~  - qq

Consequently one also has

(w-u ) 2 Spp (oo.He.) »  (u-dip)2 S ^ (u ,H e j)

and | (u-u ) 2 Spgtdi.Hej) | £  ((io-Wp)2 Spp(o),He.) (u-Up)2 S ^ (u ,H e j) )  .

The second moment <u > o f the lin e  a t u w ith respect to i ts  centre can thus be
P P

calcu la ted  from

u) +6 (i) +6
R ,P

<u2> Tp = j  (uru>p) 2 ^  X|'[ («.He. )u  'du £  By^H 2 J (w-Wp)2Spp(w.Hej )doi
a) -6 co -6 6• 18

P P

which holds in lowest order In in te rac tio n  strength . This expression is fu rth e r

evaluated w ith the aid  o f the re la tio n  (proven in appendix J)

(uru ) (u -u  ) Sp(j(u ,H e .)  = Z SPkQl(u ' H* i ) 6.19

k, 1 -0 ,+1 1 . . . ,+n

where Qj = b 0 “P|” ^ [,.)
For p = q i t  fo llow s that

(u-w ) 2 Spp (o),He j ) « Z Sp^pj (u ,H e .) .

At th is  stage one may again d is tin g u ish  main terms Sp^p^tu.Hej ) and cross terms

Spkpi(u .H ej) ,  fo r which the in eq u a lity  6.13 holds:



lSPkPl ̂ U,HeP  I 1  ^SP k P k ^ ’HeP  spip] •

Again one may get a rough impression of the features of (u-w )* Spp(a),He.) replacing
3f by Jf . For the main terms one gets

sPkPk(w'H*i> - k '2 « * k . * y  5 (“ -“ k'“ p)

where again the low frequency terms s p _pP Hej) should be given some extra care.
The situation is fully equivalent to that of section 6.3*1. Again one may hope that
the main terms alone will give a reasonable description, such that in lowest order
approximation

(“'“p)2 Spp(“ .He,) %  E SPkPk(u,H*i)
k-0 ,+1,..., +n

a sum of main terms, which concentrate around frequencies u +01^.
inserting this into 6.18 one is led to an important conclusion. For the

experimental second moment of the line at u only the frequency interval it) *6 to
Wp+6 is of interest and consequently only those terms Sp^pk (aj,He.) with

up"6 < tüp+ü)|l < Wp+<S‘ ^or a well resolved spectrum this is only one term:

SPoPo^u,Hei^'
Apparently the secular part of the interaction is the only source of the

second moment ). The argument used is similar to Van Vleck's well known
truncation procedure. Along these lines one gets for the second moment:

*-% *p V
b> +6
p

(u-u )
it) -6
P

(i) +6
,P

£ SPkPk (<i>,He.)dbj n.
it) -6
P

it) +6p +0»* J SPoPo(“ ‘H*l)d“  %  |SPoPo(u,H*i)d“ “ <Po*'o>’
CO ■ j —oo
P*) • • • o qThis implies that the constants c introduced by Mazur and Terwiel ) are not

only of order 1 but should be taken exactly equal to 1 (cf. also appendix K).
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hence < o > \  I p % (P0 .P0) *  * ' 2 « .»pl . V  -

6.20
, . -ex, . -ex, .

- h  z (£fiu)p) 1 (1 —e p) (Tr e z ) Tr e ^ J fo ,Kp] T[JfQ,Jfp]

-ex . -ex .
and hz<u)z> n, (Tr e V* ) " '  Tr e * [ *  ,JC ] T(JC ,X  ] 6.21p 'V P P o ’ p o ' p

which fo r  high temperatures may again be approximated by

h 2<u)2> ;v (Tr Xf X  ) ' 1 Tr[3f ,X  ] \ x  ,X  ] . 6.22p *v> P P o p o p

For p = 0 eqs. 6.20 and 6.22 are seen to  y ie ld  a zero second moment in  th is
approxim ation. The zero frequency l in e  may thus be expected to  be re la t iv e ly
narrow. The special character o f (0, e lL t  0) is  described in  an appendix (K ),

as i t  c o n s titu te s  a low-frequency e ffe c t.

6.37 Some additional remarks.
One might ask how Spp(io,He.), which is supposed to  have i t s  domain around

can y ie ld  terms Spkpk (w,He.) a t frequencies 10 +ü>k w ith  (i>k t  0, when i t  is  m u ltip lie d
by (ü)-U) )

P
The answer is  th a t Spp(u,He.) indeed con ta iins s a te l l i t e  lin e s  a t

frequencies wp+ü)k> but w ith  an in te n s ity  which is  two orders sm aller than tha t o f
the main l in e .  One may w r ite  fo r  cd jv u  +wk

Spp(u>,Hej) % üik S’PkPk» - .™ v(u), He,)

The whole picture now agrees with inequality 6.13: The intensity of the main term
Spp(<u,Hej) at u is of second order in interaction strength. The s a te l l i te
contribution of other main terms is fourth order ( l ik e  that of Spp(u,He.) at u>

In appendix I the co n tr ib u tio n  o f cross tehns is  shown !to be o f th ird  order and th is
is  the geometrical mean indeed.

in p r in c ip le  the method used to  de rive  the second moments could be extended to
higher even moments but the accuracy su ffe rs  from too many subsequent approximations.
One may however conclude th a t lin e  broadening in the p a ra lle l co n fig u ra tio n  is
almost e xc lu s ive ly  due to  the secular p a rt o f the in te ra c t io n .

Contrary to  the odd moments o f the to ta l spectrum w ith  respect to zero
frequency, those o f the lin e  a t u , w ith  up as reference frequency need not be zero.
One has fo r  the f i r s t  moment:
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v 6

<<0>p J p S  J < f “ p) Tt X'i' i (« ,H e I )ü)‘ 1du £
u -6

P

ui +6 u +6
P P

^  Bp^H 2 J (fa>-fa>p)Spp(fa),He|)dfa) £  8P0 1H 2 J Sppo (fa),He. )dw 6.23
ü) -5  (i) -6

P P

% (*pj * 0 f̂p] >* .

I t  can be shown that th is  lowest order approximation o f the f i r s t  moment is zero In

high temperature approximation, a t least fo r the usual types o f in te ra c tio n .

6.38 The Yarmus and Harkavy approach.

Yarmus and Harkavy 3 ) c la im , th a t the quantity  closest re la ted  to experimental

resu lts  is fa) x"-(w.He.)fa> ' instead o f xV« (fa),Hej)fa) (c f .  1 .5 3 ). Apart from the m erits

o f th e ir  c la im ,vwhich are discussed in appendix L, the f i r s t  quantity  contains the

same high frequency inform ation as the la t te r  and deserves fu rth e r in v es tig a tio n .

Instead o f the function $ . . ( t ,H e . )  i ts  second time d e riv a tiv e  is studied

+®

j e iu t  fa)2 x'| [ (<*>. He,)<»>” ’ dw ”  " ~ 2  j ( t» H e j) -
“ OO ^

6.2A

-  ft»;’ H '2 (L * |B t) -  f t ^ H ' h  (fa.pP ,e iL tfa.qQ)
p,q«+1, . . . + «

which implies

“2 ¥  X'i'i (u.HejJfa) 1 -  Sp,^,(fa),H«j) 6.25
P,q»+1......... +”

w ith P* S in P, S p .^ .fu .H e ,) -  fa)pfa)q Sp(j(fa),He.) .

Thus an expression fo r fa) x"j(fau.He.)/fa) is achieved analogous to that fo r

Xj' j (fa),He.)fa) . The main d iffe ren ce  is the lacking o f terms w ith  p = 0 or q = 0. The

same argument, which led in section 6.3*t to the approximation



X|' | («»H«|)» * £  Spp (ü),Hej) , u p-6 < (o < ü)p+6 6 . Ut

now leads to

w2X " |  (üi.He.Ju 1 n, Sp,p . (u .H e j)  -  w2 Spp((D,He,) 6.26

This  c o n s t i t u te s  a n ice  demonstra tion o f  the ra th e r  poor q u a l i t y  o f  these

approx im at ions .  The i n te n s i t y  and moment c a lc u la t io n s ,  however, cou ld be somewhat

more r e l i a b le .  I t  is  c le a r  th a t  in  the approx im ation used the Yarmus and Harkavy

l in e s  d i f f e r  o n ly  by a f a c to r  u>2 from the usual Spp (ü),He.). Hence they get the same

moments and can use the computat ional m a te r ia l  a v a i la b le  f o r  those. The o n ly

a t t r a c t i v e  fe a tu re  o f  the approach is  the fa c t  th a t  com p lica t ions  due to  the p = 0,
q = 0 low frequency terms can be avoided.

6.39 Frequency and f i e l d .

I t  was seen in  se c t io n  6 .33 ,  th a t  the p a r a l le l  f i e l d  abso rp t ion  spectrum in

the zero in te r a c t io n  approx im ation (3C-*5C ) reduces to  a se t  o f  6 - l i n e s  a t  f requenc ies

“  Y H. StudYin 9 the f i e l d  dependence f o r  a f ix e d  frequency oi one thus has a set

o f  6-1 ines a t  f i e l d s  Hp *  y  u i. As the in e q u a l i t y  6.13 may e q u a l ly  we l l  be used in

the f ix e d  frequency v a r ia b le  f i e l d  in te r p r e ta t i o n ,  one can g ive  an argument

analogous to  th a t  in  sec t io n  6.3^« Hence, i f  the f i e l d  dependence con s is ts  o f  we l l

reso lved 1ines a t  f i e l d s  Hp one may approximate

H2 |  Xj*i (“ « H e , k  6 ^ ; ’ Spp(W,H2t ) * Hp -  6 < H < Hp + A . 6.27

The Yarmus and Harkavy c o u n te rp a r t  would be

Hp it X '| ' |  ( “ , « * , ) « ’ ’  £  B b J 1 Spp (u,He | )  , Hp - A < H < H  + A .  6.28

As the experimenta l c o n f ig u ra t io n  u s u a l ly  perm its  continuous f i e l d  v a r i a t io n s ,  but

o n ly  a r e s t r i c t e d  cho ice  o f  f ix e d  f requ en c ies ,  one most o f te n  determines the

i n t e n s i t i e s  and moments o f  the f i e l d  dependent l i n e s .  Making use o f  the  approximate

f r e q u e n c y - f ie ld  symmetry o f  the fu n c t io n s  Spp(bi,He.) one can perform a convers ion

in to  frequency determined va lues .  The symmetry used is  based on the approx im ation ,

v a l id  f o r  h igh  temperatures and small i n te r a c t io n  s t re n g th  (compared to  the s t a t i c

f i e l d ) ,  th a t  the in te n s i t y  and moments o f  Spp(<ij,He.) (w i th  respect to  iop) are

independent o f  the s t a t i c  f i e l d .  In o th e r  words: the shape o f  Spp(ui,He.) (as a
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func tion  o f frequency) is  in v a r ia n t, when i t s  center frequency w = y H is
. . 1 ^ ,  P P

by a f ie ld  v a r ia t io n . Hence Spp(<o,Yp upe j )  *s approxim ately a fu nc tion  ( f )
a lone. The moments can the re fo re  be converted as fo llow s

<0+6 0) +6 +6
P PJ (<O"<Op)nSpp(io,Yp'i0pej )d<o ƒ ((ij-Wp)nf  (<o-u>p)dw « j  xn f(x )d x  ■

<o -6 " oo -6 -6
P p

<o-6 H +y ”  6

-  - J .(<o-ü>p)nf(u)-ü)p)dü)p % Yp+1 ƒ (Hp-H)nSpp(a),He.)dH.
*  <o+6 H - y-16

P P

The fre q u e n cy -fie ld  symmetry co n s titu te s  perhaps the only c r i te r io n  fo r  a
choice between the usual and the Yarmus and Harkavy d e sc rip tio n . I t  would be natura l
to  p re fe r o f the functions H2 ^  x'j*j (<o,He. )<o~' , H2 £  X| , (<o,He. Jo f1 and B^Sppfui.He.)
the one th a t s a t is f ie s  the approximation o f f ie ld  independent lin e  shapes (vs.
frequency) b e s t^ i .e .  down to  lowest f ie ld s .  Only experiment can decide.

s h ifte d

o f u -  (l)

6.29
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6.4 S im p lif ic a tio n s  due to  the special s tru c tu re  o f Cu Tutton s a l ts .
6.41 The decomposition o f Jf. fo r  a r b i t r a r i l y  o rien ted  H.

The copper Tutton s a lts  conta in two subsystems (I and I I )  o f magnetic ions
(c f .  section  6.1) corresponding to  both types o f tetragonal ax is  th a t occur. W ith in
one subsystem a i l  ions have the same g-tensor and A -tensor. According to  5.27 and
5.29 one may the re fo re  w r ite

Jfh f s z z x“
u-1,11 a u

Jf +JCjex d E Z J<“ ®
u ,v « l, i I  a ,6 Uv

6.30

6.31

w ith  d e fin it io n s  5*17» 5*18, 5.28 and 5-30. The exchange may be assumed to  be o f
the Heisenberg type, 3 -  Ï Tr 3 « J 15. Eqs. 6.30 and 6.31 define  amn 3 mn mn
decomposition o f K .  . -  JC r  + X  + 3C in to  ei genoperators Jf o f L in  the sensein t  hfs ex d p z
o f section 6.31. The eigenvalues o> , which according to  sections 6.33 and 6.3**
represent the centerfrequencies o f the h ig h - f ie ld  absorption l in e s , are there fore
g i ven by

<*>p *  oo>Ll| + H v  » a *8 *  •  1» 0 ,  ♦  1 ; u ,v - 1 , 1 1  6.32

(c f .  5 .19 , 5 .2 0 ) .

As th ir teen  d i f fe re n t  values can be seen to occur for j* u. j |  one might number

them p = -  6, •  5> •••>  0, . . . ,  + 6. Generally speaking the absorption spectrum
in strong p a ra l le l  f ie ld s  is thus found to consist of th ir teen  l ines .

6.42 The decomposition o f Jf. . fo r  H in  the k2-k1 or k2-k3-Dlane.-----------------c---------------------- int------------------------------------------------- * — 1<---------
An important s im p lif ica t io n  is achieved i f  H « He. is chosen in the k2-k1-

or k2-k3~plane. Then H makes equal angles with both types of tetragonal axis

implying | He f f j ) | = 1^*9 j I  “ = 1^-9, ( I and thus “ L| “ WL I I  ~  UL ând
9| “ I e j - 9 j I  •  9 1 1  “ l e i ' 9 | | l  -  9* c^* 5 .0 9 ) .  Consequently many o f  the th ir teen
lines coincide and only f iv e  are seen to re su lt .

Taking together those eigenoperators of which the eigenvalues have become
the same one gets the simple decomposition

Z  Jf
p— 2 , - 1 , . . , +2 p

6.33
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w ith  3C = Z Z Jt“  6 + Z Z 3t“ 6 6
p a—1,0,+1 u-1,11 u ap o,6—1,0,+1 u-1,11 uv 0+6 p

and L X p  « (opJCp -  pMjX. p - o + B - - 2 ,  -  1, ♦ 2 .

6 .3k

6.35

For th is case the constants Y = üj, H equalP L

V  ‘  p h ’ 1po V  *  PY1 • 6.36

The paralle l f ie ld  absorption spectrum for th is  case is thus found to consist of
five  lines at frequencies 0, + and + 2u, .

According to appendix i th is implies that no crossterm contributions of th ird
and lowest order are to be expected in the lines at + 2ü>l . (Both ways to write 2«L
as a sum of u 's , i.e . and 0 + 2u^, are excluded.) On the contrary such
crossterm contributions can exist in the lines at + (as w. can be w ritten as
2<ol + ( -  uL) ) .

This five - lin e  spectrum resembles the case of absorption in a sample with the
same isotropic f-tensor for a il ions, considered by other authors 27>22,28j The
g- anisotropy however is seen to complicate seriously the decomposition of X .  and
hence the expressions for in tensities and second moments of the lines (c f. 6.17
and 6.22). H illae rt " )  has performed the laborious task of the ir computation on
the basis of the argument given in section 5.2. His results w ilt be used for a
confrontation with experimental values (c f. section 6.5).

6-̂ *3 The s ta tic  susceptib ility  in high temperature approximation.
I t  is convenient to present the experimental results fo r the f ie ld -  and

frequency-dependent susceptib ility  as values re la tive to the s ta tic  susceptib ility
XQ(h ®j) . To th is end an expression for i t  w ill be derived. According to k.06 one
has - in zero interaction lim it -

V ,i(MV  • (piV W *J • 6.37z z

As 3.01, 6.00 and 5*02 imply

M, -  -  y B E -  -  PB I  gnS®
n n

6.38
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one has

*o..(H *!> " 6V ’' 1 Ws^m’Ox ' (,’SmV ( l 'Sn)Jf J 6'39
2t,.o ,o

'ii

with JC - - y HM, .z o I
One may evaluate 6.39 to be

, + . -1 - 2 2r,T '^z.n.-l -X (He.) - 6yQv Z 9nUgl(Tr e ) Tr e
°i I n

r, - ̂ > n(s°)2

-PC M -PC .
- (Tr e z-Vl(Tr e z>ns V }n J 6.40

with *z ,n  5 WoH 9n V n  . *
In high-temperature approximation, i.e. if 6 is negligible with respect to the
single-ion Zeeman energy, one gets

Xo..(H V  ^ v " 1 r V b Tr(Sn)2/  •ii n /

For H » H e. in the k2-k1- or k2-k3-plane gn is the same for all ions

XQ (H e.) 6p o v ’n g2y2 y  S(S ♦ l), S - i

and

6.41

6.42

which is the well-known Curie law for this case. Eq. 6.42 shows no dependence on H,
therefore

Xo..(M V * V . (#)HII II

One can prove that also

XD ( H e . ) % x o (0) •
°li ■' i

6.kk Expressions for intensity and moments.
According to 6.11, 6.1k and 6.k2, 6.k3 x '^^Xq » the central experimental quantity,

and Spp(u, H e.), the functions which play the main role in the theoretical analysis,
are related by
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v , 2xy. U r o , 2™  Y  1 e.)
S (S + 1) — —  ----------— -----L ffe Spp (ü),H e . ) ,

v Xo i , (o)

v -  ó/2ir< pv, < v + ó/2ir 6.45

where S = i and N is the number of magnetic ions in the sample (<d = 2irv; u>, = 2irv, =

y.H, cf. 6.36; e. in k2-k1 or k2-k3).
As was mentioned in section 6.39 S„p((d,H e.) is approximately a function of

The experimental values obtained in this way can be confronted with the results

of eqs. 6.17 and 6.22.

6.5 Experimental results. Absorption measurements in parallel fields at the highest

frequencies.

6.51 Qualitative remarks.
As the theory given in section 6.3 requires a static field so strong as to

yield a well-resolved absorption spectrum and as the centerfrequencies of the lines

were seen to be proportional to the static field (6.08, 6.35) a measurement at fixed

frequency and variable field should be performed at the highest available frequency.

For the Cs- and Rb-salt a frequency u/2ir %  3 GHz was found to give sufficient

resolution. A new cavity at w/2ir = 4.8 GHz was constructed in order to improve

the K- and NH.-results.
The moderate maximum value of the static field needed in a measurement at these

frequencies amounts to only 4 or 5 kOe and can easily be obtained.

One might wonder why no measurements were done at "X-band" or even higher
frequencies. The reason is a technical one. According to eq. 6.17 the intensity of
the lines is proportional to H ,thus decreasing rapidly with increasing measuring
frequency. This intensity competes with spurious resonance absorption (with field
independent intensity) due to misalignment of the static and alternating fields.

ui - pui E id - PY j H alone. In analogy to 6.29 one thus has for intensity and

moments <un> (<(d > = 1 )
P P

(id - pcd. )n Spp(oj,H e.) did %

pid +6

pid. -6

•S(s + 1)% ( 2ttp)
v+6/2np v y "

(vp - v. )n — -----dv., .'  K L v x Lo
6.46

v-6/2itp

As the homogenity of the fields used is only of restricted



v(GHz)
. Cs 3 .6
o Rb 3 .6
o K 4 .8
& NH4 4 .8

Cu tutton salts

0  V t

F ig .  6.30 High-frequency p a r a l l e l - f i e l d  abso rp t ion  as a fu n c t io n  o f  s t a t i c  f i e l d  in

fo u r  Cu T u t ton  s a l t s .  F ie ld s  a long k l .  The f i e l d  is  g iven in  terms o f  the

Larmor frequency v , .

v (GHz}
. Cs 3 .6
o Rb 3 .6
o K 4.8
& NH4 4.8

Cu tutton salts

GHz 80  V t

F ig .  6.31 H igh-frequency p a r a l l e l - f i e l d  abso rp t ion .  F ie lds  along k3.



quality, the same can be said of the optimal alignment. Another reason is the
occurrence of unwanted modes in 1 X coaxial cavities of manageable size at these
high frequencies. The use of a different type looks inevitable and so do the
problems of design and construction connected to it.

Absorption measurements at 3 and 5 GHz have been performed with e. along kl-,
k2- and k3*axis for the four Tutton salts. Two lines are observed centered at v.
and v^/2. They correspond to |p| = 1 and |p| = 2 respectively and represent al)
high-frequency information as, due to the frequency symmetry of the absorption
spectrum lines of opposite p are physically equivalent.

In figs. 6.30,6.31 and 6.32 the experimental results have been plotted. The
linewidths are immediately seen to increase through the series Cs, Rb, K, NH,. This
corresponds to the increasing second moment, determined fully by the secular
interaction and thus mainly by the increasing exchange interaction (qujaiHCUBOi

«cqa s s g pu ntaar JC x is exactly secular; in the Rb-, K- and NH^-salt JCex is
larger than the secular parts of and JC^s .)

In spite of the enhanced frequency the line separation in the K- and NH.-salt
is rather poor. On the other hand traces of spurious resonance can already be
recognized.

In the(Cs,k1)-measurement the line at is found to be asymmetric. Check
measurements at other frequencies have confirmed this shape. Moreover special care
has been given to the orientation of the crystal, in order to ensure that e. be
parallel to kl. No satisfactory explanation of the asymmetry has been found so far.

6.52 Quantitative considerations, confrontation with theoretical results.

Combining eqs. 6.17 and 6.46 one finds that the total area under a curve in
figs. 6.30, 6.31 and 6.32 is given by

Vir {•
Tr XyK

Nh2Tr I

Tr xtx.

Nh Tr I

Theoretical values for N ^h 2 Tr ÏCJC /Tr I are given in table 6.k together with
P P

the resulting predictions for the total area and the experimental values of the
latter. The experimental results are systematically higher than the calculated ones.
The difference varies from a few to 30 percent. Roughly speaking the k2-axis (and
for the NH.-salt also the kl-axis) shows the largest discrepancies. For the K- and
NH,-compound this could be ascribed to the increasing errors due to the multi-

** 2plication by v, , which occur in the high field region.
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V(GHz)
Cs- 3.3
Rb 3.6
K 4.8
NH4 4.8

Cu tutton salts

GHz 8

F ig .  6.32 High-frequency p a r a l l e l - f i e l d  abso rp t ion .  F ie lds  along k2.



The theoretical values for the traces have also been used for the calculation of
the second moment of the zero field absorption line (cf. table 6.3) which should equal
Tr Tr X*JC

8 __ ■ +  32 —  z , as can be found from an analysis of (LMj .LMj). Again the
Nh ir I Nh Tr I

experimental values are too high and in this case the reason cannot be found in some
gauge factor of the absorption measurement. Although the discrepancies are of the
same order, no obvious correlations between the deviations in both sets of results
are found.

The relative intensity of the lines at " iv and “ v (|p| “ 2, 1)
constitutes another easy check, provided that the lines are sufficiently resolved.

In the Cs- and Rb-salt a reasonable agreement is found for the kl- and k3-
direction. As in the total intensity a large deviation occurs in the k2-direction.
This must be totally ascribed to the |p| = 1 line, as the intensities of the
|p| m 2 line in these compounds agree within 10% (kl, k3 even 3%) with the predicted
values (cf.TrJfjK, exp. in table 6.A). Nevertheless there is no reason to think of
spurious resonance effects as similar anomalously large intensities are observed at
other frequencies (cf. figs. 6.3k, 6.38). Although one may remark that the conditions
of appendix I exclude crossterms from contributing to the | p| « 2 line, whereas the
other line lacks this feature, it is dubious if this is a sufficient ground. The
satellite at v, of the line at - (cf. section 6.37) should at least amount to
13% allowing (cf. 6.13) a crossterm contribution of 36% in the intensity in order
to account for the factor 1.5 discrepancy in the Rb k2 case ((K ,e *^_j) an<*
(Jf ^,el'’tJf̂ ) are the only cross terms present).

Relative intensity determination from the K- and NH^-measurements is largely a
matter of artificial separation,. The method followed * apparently with little success-
consisted of an approximate fit of the | p| = 2 lineshapes observed in the Cs- and Rb-
salts (using scaling factors) to the low field side of the K- and NH^-lines at
v. = iv. The need for sufficient resolution is clearly demonstrated.

Although the artificial separation described yields very poor results for the
intensities, slightly better agreement is obtained for the second moments (cf. table
6.5). The experimental widths clearly follow the increasing theoretical prediction as
exchange (and hence the secular part of the interaction) is enhanced from Cs to
NH.. Apart from the second moments the first moments have been evaluated. On
theoretical grounds these should be zero at high temperatures (cf. section 6.37).

In the Cs- and Rb-compounds, where the resolution is sufficient the experimental
value for the first moment <v>^ of the |p| = 1 line is small as expected. It should
be remarked that the asymmetry of this line for the kl-direction of the Cs-salt is
not particularly reflected in the first moment and thus yields no contradiction with
theory. The first moments of the |p| « 2 lines are also small and have not been given
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Table 6 .4

T r J ftx , T r TOC, T r jc jjf. 4tt (T r xTjC. + iT r 8Tr j f j j f ,  + 32Tr i

Nh2Tr 1 Nh2Tr 1 _ Tr ïcJjc,
2

Nh Tr 1 Nh2T r  1

th
(Ghz2)

th
(GHz

,  exp
2)

th exp th  -
(Ghz

exp
)

% th  exp
(GHz)

%

Cs 0.02068 0.00946 0.0095 2 .1 8 6 2 .1 5 .3194 .3 2 0 .6843 .755 10

Rb 0.01875 0.01137 0.0117 1 .6 5 0 1 .7 • 3070 .3 4 11 .7167 .796 11

K 0.01960 0.01279 0.0097 1 .5 3 2 2 .6 5 • 3267 .38 16 .7525 .782 4

NH.
H

0.01983 0.01214 0.0088 1 .6 3 4 3 .3 .3255 .42 29 .7396 .776(p) 4

Cs 0.02956 0.008015 0.0089 3 .6 8 9 4 . 3 .4219 .53 26 .7021 .745 6

Rb 0.02601 0.00878 0.0084 2 .9 6 0 4 . 4 .3820 .43 13 .6994 .7*» 6

K 0.02302 0.00982 0.0118 2 .3 4 4 2 .3 .3510 .43 22 .7060

NH.
k 0.03135 0.00850 0.0118 3 .6 8 8 3 .1 .4473 • 54 20 .7230 .77 6 (p) 4

Cs 0.01979 0.01120 0.0113 1 .7 6 6 1 .8 5 .3191 .335 5 .7198 .826 15

Rb 0.01979 0.01205 0.0124 1.642 1 .7 .3243 .35 8 • 7374 .80 9

K 0.01884 0.01330 0.0088 1.417 2 . 9 .3204 .37 15 .7591 .826 9

NH. 0.02284 0.01254 0.0060 1.820 5 .2 .3657 .43 17 .7642 •776(p) 4



Table 6.5
e x p

(G H z)

1
2

e x p
(GH

-  <u>2 > *TT 1
t h

z )
%

1
2

e x p
(GH

t h
z )

%

k l

Cs 0.0k 0 . k 6 0 .501 - 8 0.67 0.65o + 3

Rb 0.03 0.5k 0 .6 7 2 - 20 0.75 0.810 - 7

K -  0.21 1.03 1.09a - 6 1.00 1.19? - 16

NH.
k

-  0.60 1.52 1.353 + 12 1.15 1.50s - 2k

k 2

Cs -  0.09 0.51 0.k9s + 3 0.66 0.62s + 5

Rb -  0.06 0.58 0.69i - 16 0.70 0.852 - 18

K -  0.25 1.03 1 . 1 1 a - 7 1.2 1.26o

NH.
4

-  0.71 1.55 1.31s + 18 1.2 1.k9o 20

k3
Cs -  0.03 0.k7 0.k9s - 6 0.65 0.67s k

Rb -  0.02 0.59 O .6 6 9 - 12 0.7k 0.84 s - 12

K -  0.07 0.98 1.09s - 11 1.0k 1.27o - 18

NH.4 -  0.53 1.5k 1.3kj 1k 1.33 1.56o - 15

as they can be changed a rb it ra r i ly  by the deta ils  of separation otherwise unimportant

in these salts .
The second moments measured in the Cs-salt yie ld  satisfactory agreement with the

theoretical results. The same cannot be said with respect to the Rb-compound which
shows systematically too narrow lines (Rj 20%).

The second moments of the K- and NH,*salt are less affected by separation
problems than the In ten s ities , as the uncertain centre region of the |p| -  2 lines
has a less important weight. The h igh-fie ld  side of these lines has not been used,
especially in the NH.-salt even the low -fie ld  side may s t i l l  be uncertain.

On the other hand separation deta ils  are not of great influence on the width
of the |p| » 1 lines. The large experimental values for the NH -̂compound may again
be attributed to inaccuracy in the high f ie ld  region. The error may be estimated from
the f i r s t  moment values, which arise from the same e ffe c t, as theoretica lly  they

ought to be zero.
In general the difference between the three k-axes is hardly observable in the

second moments. More accurate measurements with better separation ,i.e . at higher
frequencies,are needed. The spurious resonance occurring at — v w ill not affect
the |p| -  2 lin e . Hence i t  is suggested that further experimental e ffo rts  in this
fie ld  be focused on the JpJ ■ 2 line  in para lle l s ta tic  fie ld s  at high frequencies.
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Cs K

Fig. 6.33 P a ra lle l “ f ie ld  dependence o f absorption and d ispers ion  in CuCs2(S0jt )2 .6  aq.
a t some frequencies (c f .  f ig .  6 .34 ). F ie lds along k l .

x i l  X0 -  1 ♦ H2 (207 o e f 2.



6.6 Experimental results at frequencies below 3.6 GHz.

In the earlier stages of investigation the role of the high static field in the
theoretical description was not yet felt so essential as it appeared to be later on.
Hence many measurements have been performed at lower frequencies than 3.6 GHz.

As It may not be excluded that a theory should ever be conceived that does
without the zero interaction approximation the results of these measurements are
given in the following pages. As much of the information lies in the low-field region

2the factor vf has been replaced by a factor containing xa<j (cf. figure captions)
analogous to the presentation in ref. 26.

Cs k

Fig. 6.34 Parallel-field dependence of absorption in CuCsjtSOjK.é aq. at some
frequencies.O 0.18 GHz, V  0.78 GHz.O 1.22 GHz.D 1.78 GHz, A  3-2 GHz.
Fields along k2. X j .X “ 1 + H* (230 Oe)
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F ig .  6 .35  P a r a l l e l - f i e l d  dependence o f  d i s p e r s io n  in  C uC s-C SO ^^^  aq . a t  some

fre q u e n c ie s  ( c f .  f i g .  6 .3*0 .  F ie ld s  along k2. x a J  Xc  “  * + ^  (230 Oe)
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Cs k

Fig. 6.36 P a ra l le l- f ie ld  dependence o f absorption and d ispers ion  in  C u C s^S O ^)^  aq.
a t some frequencies. A  3.6 GHz, fu r th e r  c f .  f ig .  6 .31». F ie lds along k3.

x0 -  1 ♦  H2 (212 Oe)’ 2 .
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Rb k

kOe 1.5

Fig. 6.37 P a ra l le l- f ie ld  dependence o f absorption and d ispers ion

a t some frequenc ies .O  0.26 GHz, fu r th e r c f .  f ig .  6.36.

XId  Xo 1 + H2 (232 Oe) .

in  C uR b jtS O ^.e

F ie lds along k1.
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Rb k

F ig .  6.38 P a r a l l e l - f i e l d  dependence o f  abso rp t ion  and d is p e rs io n  in  CuRb^fSO^Jj.é aq.

a t  some f requenc ies  ( c f .  f i g .  6 .37 )-  F ie lds  along k2.

x ad *0 “  1 + “ 2 <257 0e) ’ 2 '
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Rb k

Fig. 6.39 P a ra l le l- f ie ld  dependence o f absorption and d ispersion in  C uR b^S O ^

at some frequencies (c f .  f ig .  6 .37 ). F ie lds along k3.

x '1  X -  1 + H2 (239 O e f2 .Aad Ao

T

.6 aq.
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1.5 KOe

2.0 kOe

Fig. 6.40

I

Paral l e i - f i eld  dependence of absorption  in CuK-fSO^J^-ö aq.
frequencies (c f .  f ig .  6 .37 ).  F ields along k l , xaj  Xc  “ 1 +
F ields  along k3, X0  “ 1 + H2 (320 Oe)

a t  some
H2 (315 Oe)"2 .
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Appendix I. A further investigation of the cross terms.

Differentiating a cross term one gets

*Tt (P-e'Lt<l> - (P’eiLtLlntV + “q(P’eiLtV

o r  m  <p ’e i L t Q )  -  <L i n t V e i u , 1 )  +  “ P cV e i L t Q )  •
As (P,eILtJfq) - (P,eiLtQ) - (JCp,eiLtQ)

identification of these derivatives implies

(P,eiUQ) - (upu.q)-1 ((P,e'UtL,ntWq) - <tfnt*p,«IUQ»

and Sp(j((D,He.) - (Wp-Uq) 1 Z (Sp^tu.He.) - Spr(j(ü),He.))

where Qr - h"1 (1-Pj-Pjj,) [3fr,W ]

Up to third and lowest order in interaction strength one has

SPQr(“ ,H*i) * * . p i1 0
and SPrQ(w’H®l) % h'1' ö ^ V * V * 5(w' V , q  + o
The SQ-r and Sprg contributions are narrow lines at co « 0.

One may state that the cross terms give a slight redistribution of the line
intensities. The contribution of the cross terms to the line at <i) j* 0 up to
third order is

h’1 Z Z («- « > " ’ ( ( K [ K  X] ) + ([*,»] ,it) ) 6 (u-uj ) .
q(^p) r(*,) p q P r q z r q p z P

The intensity of this contribution is real (cf. 2.00). Due to the orthogonality
only those terms JCr contribute for which (op m <i)q+<i)r. Consequently one may replace
the restrictions q ^ p and r ï q by the conditions

<i> -Mor “  u p  J. wr ? 0 and w j* J<o *).
Applying the high temperature approximation (0-*O, average magnetisation (l,M.)-»-0)
*
) Due to the remark at eq. 6.23, oj ^ 0 is often required as well.
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one gets fo r  the  l in e  in te n s i ty  up to  t h ir d  o rd e r

I S W  £  (T r I ) ~1 (T r  X * X + » ' , E (m - w ) * ’ Re T r ] )
p p p q , r  p ** P H

under the  c o n d itio n s  mentioned above.

Appendix J . P roo f o f  r e ia t io n  6 .1 9 »

+00 «foo

|  e ia>t(u-u)p) (u-w^JSp^CiD.HejJdto -  (g l^- *up) ( g j^  "i*^ ) f  e iU t Sp^fai.Hej )da)
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( 3Tt "“ p) ( I T t  ■a)q) ( P ,e ' LtQ) ’  ( f - ‘ u)p) P*e ,L t ( L- a)q) (l) “

( (1 - P | -PJfl) (L -L z )Jfp , e i L t (1 -P 1-PJf, ) ( L - L 2)K ) -

Z "  ( ( l- P , - P x , ) h ' , [ ï f k .J fJ  ,e i L t (1 -P ,-P K. , ) h '1[J f  X ] )  =
k , l« 0 ,+ 1 . . . .  ,+n 1 *  p ' 1 q

= e lh,t Z
k , l« 0 , + l , . . . ,+n

SpkQ, («i.He,)du>.

Appendix K . T runca tion  procedure and s trong  co u p lin g  memory fu n c tio n .

2Ö • I f
F o llow ing  Mazur and T e rw ie l ) one may study the  term (0 ,e IL t0) w ith  the  a id

o f  2.53

I t  (0 -e iU ( ) )

((1 -P 0 )L0 ,e
i ( l - P n) L ( t - r )

O -P n)L0)
(0 , 0 ) (0 ,e  LT0)dT .

The memory spectrum de fine d  by 2.6k is  rea l and p o s it iv e  s e m id e fin ite

* ' 0 10 r ^‘*>» H® iJ t  °*
The same holds fo r  the  main terms o f  the  sum

®Olo l ^ , ^®l^ *  ^
P.q=±1......... +n

spq(<1),H®i >



no -
l(1 -P 0)L t .

w ith  ((1 -P 0)h l * 0 . * pl . «  (1-P0>h i u t  s i j  jqi
pq ’ i

As long as correlations between operators orthogonal to 0 are concerned, the special
propagator ( I-P -)L  gives the usual properties of correlation functions.

In particu lar the counterpart of 2.45 holds (fo r u j* 0; s^(u),He.) may contain
£(u) contributions)

(u ,H e.) | £  (s' (u,He.) s' (ui.He.))*

Unlike the proper term (0,e ^*0) its  memory spectrum S Q ,.,(u ,H e.) is not reduced to
irrelevance by replacing X ■* X  . The main terms si (to,He.) contract to 6-lines at

f  r  . ?2 PP •
frequency u , with intensity h ([JC ,X 1 ,[5C ,X 1 )„  , the cross terms vanish.p O p  o p A

In th is  approximation the in tensities  and truncated second moments (with re
spect to the centre u and within the interval u -6 to u +6) of the main terms

*  p P P
can be calculated ) ,  but contrary to the situation in section 6.36 they cannot be
confronted with experimental evidence. The reason for th is awkward detachment lies
in the following:

The theoretical information consisting of lower moments of lines concentrated
around frequencies u j* 0 (p=+1..........+n) only concerns frequency regions fa r away

P — — i [ ,
from o> ;v 0. The experimental data on (0,e 0) however can only be gathered at u ^  0
and the same necessarily holds for s^( (u ,H e j). ( I f  one should try  to look at
(0,e**"t 0) In the frequency Interval u -6 to wp+6 the experiment would y ie ld  (P .e '^ P )
Instead). The range of experimental interest lies thus way o ff  in the ta ils  of the
th eoretica lly  pictured lines.

Making some assumptions about the line shape of the main terms one can s t i l l  try
to extrapolate the memory spectrum at lil M  for a given fie ld  strength H from the
theoretica lly  derived in tensities and second moments around u /  0. One should
however keep in mind that doing so one cannot show the cross terms to be neglig ible .
As no main term occupies the u ^ 0 domain in the memory spectrum, the inequality is
of no help in estimating the re la tive  importance of main and cross terms there. In
principle  they can a ll be of the samè order of magnitude.

*) One may even prove,
the secular part Xo/
second moments.

that again (c f . section 6 .3 6 ), in  the approximation JC •+
of the interaction constitutes the only source o f these
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The three assumptions to be made are (a ll fo r X  n, X ) :

1) Cross terms are absent at u 0.
2) Main terms have a f ie ld  independent line  shape.
3) Main terms have a p a rtic u la r, e.g. Gaussian, line  shape.

Both f i r s t  assumptions are im p lic it  in the notion o f secular e ffe c tive  in teraction
• OQ
introduced by Mazur and Terwiel ) . One coutd say that they suppose the weak
coupling features 1) and 2) to be maintained In the strong coupling s itu a tio n . As
one cannot be sure that th is  be the case, one is - contrary to the weak coupling
custom -  not able to conclude decis ive ly  from experimental results about line  shapes
in the memory spectrum.

I t  is nevertheless remarkable that some o f the n icest examples o f Gaussian
f ie ld  dependence o f the re laxation frequency (which corresponds to Gaussian line
shapes i f  1) and 2) are f u l f i l le d )  have been measured in strong coupling
compounds .

Appendix L. C ritic ism  on Yarmus and Harkavy.

K Yarmus and Harkavy ^ ) do not d is tingu ish  between u and u; they give a
re la tion  o f the form

ui = y„H + correction terms

instead o f

<*>p “  YpH + correction terms.

The correction terms only apply to more complicated hamiltonians than the Cu2+ type.
Their way o f doing erroneously leads to an integra l over u instead o f one over u

fo r eq. (3) l . c .  Having emendated th is  fa ilu re  one must assume the v a lid ity  o f a^
frequency f ie ld  conversion (c f. section 6.39) in order to obtain the uncorrected
version o f eq. (3 ) l . c .  which is used in the remainder o f th e ir  a r t ic le .  With th is
necessary add ition , which spoils the s im p lic ity  to a certa in  extent, th e ir  approach
is not much d iffe re n t from the Locher - Gorter 26) method. In e ithe r way the
anisotropy o f Yp. the central parameter in the conversion procedure, is neglected
as otherwise the descrip tion o f the powdered samples used would become h ighly
complicated.

—■ Their reproach that Locher and Gorter neglect e le c tr ic  f ie ld  and hyperfine
zero f ie ld  s p lit t in g s  In the Cu Tutton sa lts  is  u n ju s tif ie d . The Cu2+ ion having a



112 -

sp in  S = i  does not  expe r i ence  an e l e c t r o s t a t i c  f i e l d  in t he  sense  t h a t  t h i s  could

cause a ze ro  f i e l d  s p l i t t i n g .  The hype r f i ne  i n t e r a c t i o n  i s  o f  t he  same o rd e r  as t he
d ip o l e  i n t e r a c t i o n ,  i . e .  small  compared t o  t he  s t a t i c  magnet ic  f i e l d .
3.  Fig.  2 l . c .  poses ano ther  problem. The f i r s t  and second "Larmor l i n e s "  in t he
p a r a l l e l  c o n f i g u r a t i o n ,  which a r e  known to  occur  a t  c e n t e r  f i e l d s  d i f f e r i n g  by a
f a c t o r  o f  two, do not  appear  t o  f o l low  t h i s  r u l e .  This  probably i n d i ca t e s  a rea l

exper iment al  d i s c r e pan cy ,  as  i t  cannot  be co r r e c t e d  through m u l t i p l i c a t i o n  by
o r  H2 , which would y i e l d  t he  Locher -  Gor te r  p r e s e n t a t i o n .  In t he  measurements

o f  the l a t t e r  no such de v i a t i o n  i s  found.
4.  Concerning t h e i r  c r i t i c i s m  on Locher ' s  use o f  xa{i one can a8i"it  t h a t  i t  seems
a r b i t r a r y  and sugges t s  a h igher  a ccu racy  t han  i s  j u s t i f i e d  by t he  approximat ions

made. But i f  xat/ X 0 i s  repl aced by (Kin t  ^which e<lu a , s  Xad/X0 in
second and lowest  o rd e r  o f  i n t e r a c t i o n  s t r e n g th )  t he s e  o b j e c t i o n s  a r e  met .  The
Locher -Gor t er  approach i s  then seen t o  cor r espond t o  t he  method fol lowed in

s e c t i o n  6 . 3 2 ,  which has a l r e ady  be compared t o  Yarmus and Harkavy in s e c t i o n  6.38

and 6.39*



I ’l l  t e l l  thee everything I  earn; There 'e l i t t l e  to rela te.
L. Caroll, Through the Looking Glass.
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C H A P T E R  7

MEASUREMENTS ON MnF,

7.1 I n t r o d u c t o r y  r e m a r k s .

7 .11 I n t r o d u c t i o n .

In o r d e r  t o  e x te n d  t h e  f i e l d  o f  m easu rem en ts  t o  phenomena, which  a r e  e s s e n 

t i a l l y  t e m p e r a t u r e  d e p e n d e n t  and c a n n o t  be d e s c r i b e d  in t h e  h i g h - t e m p e r a t u r e

a p p r o x im a t i o n ,  t e m p e r a t u r e  m ust  be lowered t o  a v a lu e  c o r r e s p o n d i n g  w i th  t h e  s t r e n g t h

° f  t h e  i n t e r a c t i o n s  in  t h e  sam p le .  B enea th  t h i s  v a lu e  many s u b s t a n c e s  show an o r d e r i n g

o f  t h e  m a g n e t ic  moments and a sudden  change  o f  c e r t a i n  m a c ro sc o p ic  q u a n t i t i e s .  The

te m p e r a t u r e  a t  which  t h i s  change  t a k e s  p l a c e  i s  c a l l e d  t h e  c r i t i c a l  t e m p e r a t u r e  o f

th e  m a g n e t ic  p h a se  t r a n s i t i o n  (from  p a r a m a g n e t ic  t o  o r d e r e d  ph ase  and v . v . ) .  Two

ty p e s  o f  o r d e r i n g  a r e  most f r e q u e n t l y  e n c o u n t e r e d :  f e r ro m a g n e t i sm  and a n t i f e r r o m a g -

n e t i s m ;  t h e  c r i t i c a l  t e m p e r a t u r e  f o r  a n t i f e r r o m a g n e t i c  o r d e r i n g  i s  c a l l e d  Neel

t e m p e r a t u r e  ( T ^ ) . Very  much work h as  been done on t h e  b e h a v io u r  o f  l o n g - t im e  a v e r a g e s

o f  q u a n t i t i e s  a s  a f u n c t i o n  o f  t e m p e r a t u r e :  t h e  s t a t i c  a s p e c t s  o f  m a g n e t ic  t r a n s i t i o n s .

But t h e  c h a r a c t e r  o f  t h e  v a r i a t i o n s  in  t im e  o f  a q u a n t i t y  e q u a l l y  d epends  on te m p e ra 

t u r e .  These  dynam ica l  a s p e c t s  a r e  f a r  more c o m p l i c a te d  t o  d e s c r i b e  and c o n s t i t u t e  a

more r e s t r i c t e d  a r e a  o f  i n v e s t i g a t i o n ,  t o  which  t h e  u n d e r ly i n g  work i n t e n d s  t o  be a
c o n t r i b u t i o n .

7 .1 2  Choice  o f  th e  sam ple  m a t e r i a l .

Manganous f l u o r i d e  has  been c a l l e d  t h e  f r u i t f l y  o f  a n t i f e r r o m a g n e t i s m .  I t  has
been t h e  s u b j e c t  o f  v a r i o u s  t y p e s  o f  e x p e r im e n t  3 6 , 3 7 . 3 8 , 39j and o n j y r u bid ium

manganous f l u o r i d e  h as  re a c h e d  eq u a l  p o p u l a r i t y  l a t e l y .  The Neel t e m p e r a t u r e  o f  67«3K

l i e s  c o n v e n i e n t l y  in  t h e  l i q u i d  n i t r o g e n  r a n g e .  Thus f o r  a  f i r s t  s t e p  in  t h e  s t u d y  o f
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dynamical a s p ec t s  o f  a magnet ic  phase t r a n s i t i o n  t he  choi ce  o f  manganous f l u o r i d e
was obv ious .  One might  ask  why an an t i f e r rom ag ne t  was chosen r a t h e r  than a f e r r o -

magnet.  Indeed t he  l a t t e r  shows i t s  phase t r a n s i t i o n  d i r e c t l y  by a d ive rgence  in the
s t a t i c  s u s c e p t i b i l i t y  and t h e  dynamical behaviour  would be i n t e r e s t i n g  t o  look i n t o ,
but on the o t h e r  hand h y s t e r e s i s ,  s i z e  e f f e c t s  and domain format ion a r e  comp l ica t i ng

f a c t o r s ,  v i r t u a l l y  ab sen t  in an a n t i  f e r romagnet i c  subs tance .

7.13 Crys t a l  s t r u c t u r e  and i n t e r a c t i o n s .

The u n i t  c e l l  i s  t e t r ag ona l  w i th  dimensions c = 3*3103 8 , a = 4.873**8. The mag
n e t i c  ions (Mn +) occupy the co rne r s  and ce n t e r  thus  forming a body-cent ered  cubic

l a t t i c e  compressed a long the c - a x i s .  The t e t r ago na l  symmetry f a c i l i t a t e s  o r i e n t a t i o n
of  the c r y s t a l  by X-ray d i f f r a c t i o n .  In t he  a n t i f e r ro m ag ne t i c  phase one o f  both

congruent  s u b l a t t i c e s  c o n s i s t s  o f  t he  co rne r  ions ,  the o th e r  co n t a in s  t he  ce n t e r
ions .  A s t rong an t i f e r ro m ag ne t i c  exchange i n t e r a c t i o n  between co rne r  and n ea r e s t
ce n t e r  ions ,  t oge th e r  wi th  a weaker f e r romagne t i c  exchange between ne a r e s t  ions
o f  t he  same s u b l a t t i c e  a r e  r e s po ns ib l e  f o r  the  occur r ence  of  magnet ic  o rd e r i n g .

In the order ed  s t a t e  t he  magnet ic  moments a r e  a l i gned  along the  c - a x i s  (easy
a x i s ) .  This  an i s o t ro py  has been shown to  be mainly due t o  the d ip o l e - d i p o l e  i n t e r 
a c t i o n  between t he  magnet ic  ions as  they a r e  s i t u a t e d  on t he  non-cubic  l a t t i c e .  As
the spin  quantum number o f  t he  Mn^+- i o n s  is  -r, one might expec t  them a l s o  to  be

s e n s i t i v e  t o  e l e c t r i c  f i e l d s  w i th in  the c r y s t a l ,  but t he se  appear  to  be o f  minor
importance.  A t h i r d  p o s s ib l e  source  o f  a n i s o t r o p y ,  the g -v a l ue ,  can e qua l l y  be rul ed
o u t ,  as  f o r  a l l  ions the  g - t e n s o r  i s  i s o t r o p i c  wi th g = I.98.

40\As a n i s o t ro py  is  f u l l y  accounted fo r  by t he  d ip o l e - d i p o l e  i n t e r a c t i o n  ) ,  the
exchange i n t e r a c t i o n s ,which a r e  s t r o ng e r  by some o rde r s  o f  magni tude,  may be supposed

. 2+purely  i s o t r o p i c  (Heisenberg t y p e ) .  Diamagnetic e f f e c t s  in Mn ions a r e  n e g l i g i b l e
in the tempe ra tur e  range o f  i n t e r e s t .  The hype r f i ne  i n t e r a c t i o n s  -  e s s e n t i a l  in NMR
measurements - a r e  weak even when compared t o  t he  d ip o l e - d i p o l e  coupl i ng between t he

e l e c t r o n  sp in s .  The e x i s t e n c e  o f  s p i n - l a t t i c e  i n t e r a c t i o n  i s  man i f e s t  from sound-
a t t e n u a t i o n  measurements,  but  t he  c h a r a c t e r i s t i c  f r equenc i e s  ' )  (< 50 MHz) l i e  well

below the f requency range used in t he  p r e se n t  work.
One may thus  hope t h a t  t he  fo l lowing hami l ton ian  in which on ly  sp in  v a r i a b l e s

occur  may g ive  a re asonabl e  d e s c r i p t i o n

wi th
JC -  JC + JC, + X .ex Z d

JC •  I  2J 1 -1ex m<n mn m n

7.01

5.07 s 7.02
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7.14 Magnetic resonance.

Depending on tem perature two types o f  resonance have been observed. Above TN

severa l au tho rs  have reported  e le c tro n  param agnetic resonance (EPR); among them

Seehra and Castner g ive  the most recen t and d e ta ile d  re s u lts .  Below TN a n t i f e r r o 

magnetic resonance (AFMR) has been found by B u rg ie l and Strandberg (BS)38) . EPR is

u s u a lly  measured a t  frequ en c ies  o f  9 GHz o r h ig h e r. The resonance frequency is

p ro p o rtio n a l ^ o  the a p p lie d  magnetic f i e l d ,  and p r a c t ic a l ly  independent o f  tem

pe ra tu re

vL ■ gv*Bh 1uo ^ l  • 7,05

The 1inew id th  broadens when the Neel p o in t is  approached from above. A t the usual

resonance f i e l d  o f  3 kOe o r more the  1in ew id th  depends on the d ire c t io n  o f  the s ta t ic

f ie l d ,  no t on th a t o f  the  a l te rn a t in g  f i e l d ,  o f  which o n ly  the component pe rpe nd icu la r

to  the s ta t ic  f ie ld  c o n tr ib u te s  to  the resonance.
AFMR has been observed a t frequ en c ies  o f  the  o rd e r o f  100 GHz. In zero s ta t ic

f ie l d  th e re  is  one p a ir  o f  resonance lin e s  w ith  c e n te r frequenc ies  tv ^ ,

» ,  -  * 6 .5  GHz x ( ! £ ) • • * »  » “ • " »  7.06

henceforth the exponent w i l l  be taken equal to  the m o lecu la r f ie l d  va lue  0 .50 .

(The zero f ie ld  behaviour is  m ainta ined in  presence o f  a s ta t ic  f ie l d  p a ra l le l to  the

a lte rn a t in g  f ie l d ,  both pe rp e n d icu la r to  the c - a x is ) .  A pp ly ing  a s ta t ic  f ie ld  p a ra l le l

to  the  c -a x is  one ge ts two p a irs  o f  l in e s  w ith  c e n te rfre q u e n c ie s  ±v+ and +v_,

v+ -  (v j[ -  *vj>* ± i v L (ïi U c - a x is ) . 7.07

For s ta t ic  f i e l d ,  a l te rn a t in g  f ie ld  and the c -a x is  a l l  m u tu a lly  pe rpe nd icu la r one

has
vA -  (v j[ + v * ) *  CÖl c - a x is ) .  7 08

These a re  p re d ic t io n s  from m o lecu la r f ie l d  theo ry  by K e ffe r and K i t t e l  ) *  confirm ed

-  115 -



116 -

e x p e r im e n ta lly  up to  a few K below by the  measurements o f  B u rg ie l and Strandberg

and g iven  here in  the approx im ation  XQ / / M  v a l id  near and above T^. The

in te n s i ty  o f  AFMR depends on the d ir e c t io n  o f  the a lte rn a t in g  f i e i d :  the resonance

is  d r iv e n  by the component p e rp e n d icu la r to  the  c -a x is .  The r e la t iv e  in te n s i ty  o f

both lin e s  fo r  H //  c has no t been s tu d ie d . W ith in  5 K below T^ the w id ths  o f  AFMR

lin e s  in  MnF2 have not been determ ined unam biguously. They have been repo rted  to

d i f f e r  as much as a fa c to r  3 depending on the experim enta l approach fo llo w e d . (T h is

has been te n ta t iv e ly  ascribe d  to  an im probably s trong  f ie ld  dependence a t r e la t iv e ly

low f ie ld s . )  A t tem peratures th is  c lo s e  to  TN one should be re lu c ta n t  in  assuming

Lo re n tz ia n  o r even sym m etrical l in e  shapes. The o n ly  statem ent th a t can be s a fe ly

made is  th a t above 62 K AFMR lin e s  con tinu e  broadening w ith  in c rea s ing  tem perature .

7.15 Present w ork .

Resonance a b so rp tio n  has been measured as a fu n c tio n  o f  the  s ta t ic  f ie ld

(o r ie n te d  pe rp e n d icu la r to  the  c -a x is )  fo r  severa l tem peratures in  the  reg ion

63 K -  77 K and fo r  room tem perature , a t  frequenc ies  o f  0 .179, 0 .263, 0 .565 , 1 .21,

1 .78, 3.05 and A .81» GHz w ith  the  a l te rn a t in g  f ie ld  p a ra l le l to  the c -a x is .  In a

check measurement a t  3.05 GHz no s ig n i f ic a n t  d if fe re n c e  was found between the re s u lts

fo r  s ta t ic  f ie ld  a long (1 , 0, 0) and (1 , 1, 0 ) .  A t 1.78 GHz measurements were pe r

formed w ith  the a l te rn a t in g  f i e ld  p e rpe nd icu la r to  c fo r  both main o r ie n ta t io n s  o f

the s ta t ic  f ie l d :  H / /  c and Hx c .  In a l l  s itu a t io n s  the a l te rn a t in g  f ie l d  was pe r

pe n d icu la r to  the s ta t ic  f i e l d .

In two aspects the p resen t work d i f f e r s  from the in v e s t ig a t io n s  o f  o th e r au thors

mentioned in  the p rev ious s e c tio n : F i r s t  the range o f  frequenc ies  l ie s  co n s id e ra b ly

lower than “ X-band" such th a t fo r  EPR the zero f ie ld  behaviour and the development

in to  the h ig h - f ie ld  re g io n , where the lin e s  become narrow compared to  the c e n te r-

frequency, can be s tu d ie d . A t low f ie ld  the o r ie n ta t io n  o f  the a lte rn a t in g  f ie ld

p lays an e s s e n tia l ro le .  In the second p lace measurements have been made in  the

a n tife rro m a g n e tic  phase w ith  the a l te rn a t in g  f ie ld  p a ra l le l to  the c -a x is .  In th is

o r ie n ta t io n  no AFMR is  known to  occu r, w h ile  the non-zero x0/ / M  in d ic a te s  th a t

a b so rp tio n  must e x is t  somewhere in  the frequency spectrum . For zero s ta t ic  f ie ld

th is  in te n s i ty  can be f u l l y  accounted fo r  by the re la x a tio n  ab so rp tio n  measured in

the low frequency re g io n . Moreover the  re la x a tio n  tim e fo r  th is  o r ie n ta t io n  o f  the

a l te rn a t in g  f ie ld  is  found to  be p r a c t ic a l ly  independent o f  tem perature r ig h t  through

the t r a n s i t io n .  The f ie ld  dependence o f  these measurements w i l l  be tre a te d  w ith  the

a id  o f  the  more genera l approach g iven  in  the next s e c tio n .



7.2  Theory .
7.21 The f requency dependent  s u s c e p t i b i l i t y  in a s t a t i c  f i e l d  a cco rd ing  t o  Tjon.

In s e c t i o n  3 .3  i t  has been d e r i ve d ,  t h a t  under c e r t a i n  mathemat ical  assumpt ions

the  complex f requency dependent  s u s c e p t i b i l i t y  X j j ( u »H) s a t i s f i e s  the r e l a t i o n

X, j (« .H)  -  X j | (0 ,H)  , 1
------------—----------------—  l - ! u )  -  -------------------------------------- - f
Xj | (0,fi) -  X . „ ( f l )  + 11 ( iu,H) (A. ,A, )

3 . 1% = 7.09

The index i co rr e sponds  t o  t he  d i r e c t i o n  o f  t he  a l t e r n a t i n g  magnet ic  f i e l d  o f  the

resonance exper iment ;  fu r the rmore

1 • (z.H) = [ e ' 2 t (A, , e ' L' t A' )  d t
' 0

A' 5 (1-PA )LA. , L' ï  (1-Pa .)L

A. ^  5 ( l - P j - P j f j M .  -  M. - ( l ,M! ) l - ( X ' , J f ' ) ‘ 1 (kT^ (l ,M,))X*
b

2.56

2.57

where ( l ,Mj )  i s  p ro po r t i on a l  to  the  average  magne t i z a t i on  in t he  i - d i r e c t i o n ,  and

the  f i e l d  dependence o f  L, JC', P and t he  s c a l a r  p roduct  has been omi t t ed  from the

n o t a t i o n .  Let  the hami l ton i an  be g iven by

JC = JC + ji ?i*uD E ?  • ?  + JC'ex o B n *n n d

The magne t i za t i on  o p e ra t o r s  f o r  t h i s  hami l t oni an  do not  c on t a i n  t he  s t a t i c  f i e l d

M. =-wD Z l ( g  ) . . ( ?  ) .i B n j  3n i j  n j
and

■ 0

as  X  i s  l i n e a r  in t he  f i e l d .

Tjon has reduced the ex p re s s ion  7 .09 by two success. ive app roxima t ions ,  based on
the r e l a t i v e  weakness o f  t he  s t a t i c  f i e l d  compared t o  t he  exchange i n t e r a c t i o n .  The
f i r s t  c o n s i s t s  o f  r ep l a c in g  t he  fun c t i on  ! ' ( i w , n )  by t he  ze ro th  and second o rde r
terms o f  a Taylor  expansion in t he  s t r e n g t h o f  the s t a t i c  f i e l d  H; odd o rde r  terms

a r e  i d e n t i c a l  ly  z e ro ,  a s  Xj j ( “ ,H) -  Xj j (w,-H) ( c f .  7 . 09 ,  s e c t i o n  3*5, s e c t i o n  3*6) .
Hence

11 ( iw.Hej) -  1 • ( i « , 0 )  + iH2 l ' d t i . H e j i j  HmQ 7.10
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where e.  is the unit vector in the direction of iï (j -d i re c t io n ) . The zeroth order
term can be expressed in the zero f ie ld  susceptibility by inversion of 7-09

X, , (u , 0 )
11 ( iu>,0) -  -  iw(A, »Aj)H-0 (1 + (— ------------1) ' )  • 7.11

X j j (0,0)

As the hamiltonian can be written as K

be sp li t  according to
Jfex *oHMj  + *d the second order term can

[
.2

— r  11(iu.He.) ]
3H J

H=0

- j  - 1 -  ([Xd,M .] ,  e l L , t [3Cd,M .])]  H_0 dt 7-12

/OO

-  2 j e ' iwth'2uo [ ^ { ( [ 3 f d,M . l ,e i L , t [Mj ( Mj ))  + (tMj ,M .] ,e i L , t [Jfd,M.])}] Hm0dt

+ 2 j e‘ l u t h'2v‘  [ ( [Mj ,M. ] , e 1L t [Mj ,M .]) ]  H_Q dt

where use has been made of = 0 ^ex  ^eno ês isotropic exchange).
I f  the alternating f ie ld  is parallel to the static f ie ld  ( i» j )  the f i r s t  term

in the right hand side of eq. 7.12 is the only non-zero contribution. Nevertheless
this term is very small: the resulting f ie ld  dependence is expected to be negligible
in fie lds which are weak compared to the exchange interaction. In MnF̂  for T z T„
this is indeed experimentally found (c f . also the remark at eq. 7 .06). In CuCl^^aq.
the orientation along the easy axis shows a dependence on very low fields (; dipolar
f i e ld ) ,  which persists in the high-temperature region and looks akin to similar

2+  1*1*mysterious effects in other Cu compounds reported by van der Molen ) .
From here the investigation w il l  be restricted to the resonance configuration

in which the alternating f ie ld  is perpendicular to the static f ie ld  ( i ^ j ) .  In that
case the last term of eq. 7-12 plays the main role and Tjon makes the second
approximation dropping both other terms, which -  at least in high-temperature
approximation -  can be shown to be of the order , 3 ^ )  /  (3C ^^ ,5C x ) . I f  a l l  ions have
the same g-tensor and i f  the j -  and i -  directions are d ifferent principal axes of this
tensor, one has

[Mj.M.] -  iuBgj g .g - 1e i j k Mk

where k is the third axis, 9; = g J; etc. and „ = ±1, depending on the sign of the



permutat ion i j k .  Thus

iit2 [ - £  > •(»« ,H i )}  = JL }  e - itttg?g-2[(H k le ,L , \ ) ]  H. 0
3H J o ■

where « h OjPgPgN ( c f .  7 .0 5 ) .
i t  is  perhaps e lu c id a t in g  to  make the f o l lo w in g  note here: Use has been made o f

[M.,JC 1 = 0 and [M..M.1 ^ 0, i . e .  X  is  secu la r  and -u HM. is  non -secu la r .  The* i ex i j  ex o j
s t a t i c  f i e l d  H determines the s t re n g th  o f  the non-secu la r c o n t r i b u t i o n  in  the

ham ii ton ian  and is  assumed so small as to  make t h i s  c o n t r i b u t i o n  a small pe r tu rb a 

t io n  compared w i th  the secu la r  exchange term. There fore  the lo w - f ie ld  approx im ation

may be looked upon as an anaiogon o f  the usual weak-coupi ing l i m i t ,  where the non

secu la r  p a r t  o f  the d ip o le - d ip o le  in te r a c t io n  p lays the ro le  o f  the p e r tu rb a t io n .

Contrary  to  the s i t u a t i o n  in  the weak-coupl ing l i m i t  the replacement o f  the propaga

to r  L ' by the normal L i o u v i l l e  ope ra to r  L w i l l  be seen to  be o f te n  exact and no pa r t

o f  the l i m i t  procedure f o r  low f i e l d .

I f  the ham ii ton ian  f o r  15 = 0 is  in v a r ia n t  w i th  respect to  the in v e rs io n  o f  the

i - d i r e c t i o n  (e .g .  in a c r y s ta l  w i th  m i r r o r  symmetry f o r  a j - k - p la n e  and symmetric

in te r a c t io n s )  one has x«,j (oi>0) = 0 and hence

[ ( M j , L nMk) ]  H-0 -  0 f o r  n -  0, 1, 2 , .............. .

Th is  im p lies

h. 0 - ! * " X  V o  • ' • ' *

By d e f i n i t i o n j w  spontaneous t o t a l  m agne tiza t ion  occurs in  a pure a n t i fe r rom a gne t .

0 and ( l , M . )  -  0, hence A. -  M .,(1 -  Pj)M.

M. and Xj j (0 ,0) = xo . ( 0 ) ,  and the same fo r  k .  Moreover, i f  the ham ii ton ian  f o r  = 0

There fo re ,  f o r  H = 0, one has ( l , M . )

M. and Xj j (0 ,0) « xo . ( 0 ) ,  and the san

is  in v a r ia n t  w i th  respect to  the in v e rs io n  o f  the j - d i r e c t i o n  as w e l l ,  one has

( l , M . )  •  0 f o r  any va lue o f  H, and hence x j j (0 •He j) « xQ. (H e . ) .

According to  2 .56 ,  7-1** and sec t io n  3*3 eq. 7-10 takes the form

I ' ( iw.Hej )  ( A . , A . ) '

X o j ( ° )

XOi(HV
{ - iw  + (-

X j j ( u , 0 )

V°>
-  I ) " 1 (-i<o) +

2 2 - 2 - 1  -1
+ W k  XO I<0>xOk(°> (— T o r  -  > 7.15



120 -

At this stage i t  is essential to know how strongly the isothermal susceptibility in
one direction, x0 j» depends on a static  f ie ld  Hej perpendicular to that direction.
I f  X0 j ( H®j) * XQj(0) holds in a good approximation, one can derive (cf. 7*09 and

7.15) that 3-16 yields

wi th

and

i

x ' . ' .U i r v .H e j )

Xo,<°>

.2^ 2d j+a j
2 -2+ n v a.

, d i 2 -2 .  ,2 . , * i  . 2  -2 .  \2
‘ n v V  + + ”  v ak)d,+ai d,+*j

7.16

x'iVZ^v.O)

Xo,(0)
, dj =

x | : (2tv,0)
-  1

n i  OiOk’ x^^OJxJ (0 )h '1gj yBuoH = H/y

Instead of w the experimentally more convenient v s u/2ir has been used. The extrema
in the f ie ld  dependence given by eq. 7.16 occur for H -  2 yn with

2 - 2 .n v .2d.+a.i i
2 (-1±(1+a. ' d i V k , )  (1+akdk2 ) ’ i }

7 . 16a

The analogue of 7.16 for

xi i (2nv,He.)

Xo,<0>

X1 reads (c f .  3.15)
d

.2 2d.+a.t 1

2n v d.

'2 2d. +3.I I
+ <-T 2

di+ai

2 -2 .2+ n v afc)

7 .16b

The essential point in eq. 7.16 is the fact that the frequency-dependent susceptibi
l i t y  for a given frequency in a static  f ie ld  has been expressed in the frequency-
dependent susceptibility for the same frequency in zero f ie ld ,  represented by the
four variables a . ,  d . ,  a, , d, . This number can often be reduced to two as w il l  be1 i ’ k k
seen below.

I f  the zero f ie ld  susceptibility for alternating fie lds in the i-direction
behaves according to a single relaxation (with relaxation time (2irT;) ' ) :



a .  -  v r j ’ (i + v2 r ; 2) - ’

d. - - v 2 r"2 ( t  + v2r"2) " 1

or e l s e ,
i f  i t  s a t i s f i e s  the r e la t io n  | d . |  << a .  in the frequency region of in te r e s t

(property  II)

and i f  a l so  the s u s c e p t i b i l i t y  in the k -d i re c t io n  has one of those p ro p e r t ie s ,
equation 7-16 may be considerab ly  s im p lif ied :
I for  i and k:

yyjUirv.Hej) r . v  1 + n2v 2a k

Xq (o) ( -1-n2v 2dk) 2 ( r . v  v 2a k) 2

(property I)
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* A ( r . , r k,n ,v)
r .v * 1+n2v ' 1r k1(i+v2r k2)* ’

(-1+n2r k2 (l+v2r k2) ' ) 2 + numerator2
7.17

I for i , II fo r  k:

Xli' i (2itv,He.)

vo)
- -K  2 -2r .v  +n v a,i___________k

21 + numerator

If  the experimental r e s u l t s  can be approximated by A ( r . , r k , n , v ) , with r k »  v ,

then one may id e n t i fy  Tk ■ a k v.

11 for  r , I for k: *

x'|‘, (2 sv ,H e[) « j '+ n 2v 2a fe

XCj(° )  * (-n2v*2dk) 2 ♦ ( a ' 1+n2v"2ak) 2

a ^ + r^ v '^ r^ Q + v 2^ 2) ' 1

(-n2r k2 (1+v2r k2) ^ )2 + numerator2

If the experimental r e s u l t s  can be approximated by A ( r . , r k , n , v ) , with Tj »  v ,
then one may id e n t i fy  r .  « a . ' v .
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= 0.066

W AH ________  Q5 u>
V

F ig . 7*01 R e la tiv e  d e v ia tio n  o f  the h igh  frequency lin e w id th  3 ^y ( l" | + r . )  from

the  lin e w id th  AH, measured a t  a frequency v ,as  a fu n c tio n  o f  aH/v v .



123 -

11 fo r i and k:

xy,<2wv.HO
s ta j +n v ak) .

x0 |(°)
I f  the experimental results can be approximated by A(r{ , r k,n ,v ), with r, »  v
and rk »  v, then one may identify  r. ■ a j'v  an<* ^  “ aj^v.

7-22 Application 1, iinewidth in paramagnetic resonance.

In the paramagnetic temperature region the zero f ie ld  susceptib ility  of a
compound which has the symmetries supposed in the preceding section and in which
isotropic exchange is the main type of interaction, can usually be described by
single relaxations such that both i -  and k-direction have property I, Hence eq. 7.17
is expected to hold. For high frequencies (v »  r . ) one may write

Xj'j (2irv,He.)

VXO I <0)
(i+ in 2v■2) ' i i ^ ' , ((1+ (v -n )2^ '2) ' 1+(1+(v+n)2^ '2) ' , 7.18

where
r s (i-*in2v"2)*(— ^

2 2v ~n
2 2v +n

r.-r.i k.

For fie lds
H s ±yv(or n s ±v)

eq. 7.18 gives absorption values close to those o f a sum of two Lorentz shaped lines
centered around ±yv, with fu l l  width at ha lf height

2yr •  y(rj+rk) 7.19

( i f  v »  r  is sa tis fied , the condition H s ±yv is fu lf i l le d  throughout the width of
these Lorentz lines). Eq. 7.18 may equally well be taken as a function of frequency v.
In the region where not only v »  I"k but also v s ±n holds, the frequency spectrum
given by eq. 7.18 nearly coincides with a pair of Lorentz lines at frequency ±n with
half width at half height (r) given by the simple relation

( i f  |n| >> r is sa tis fied , the condition v » ±n is fu lf i l le d  throughout the width of
these Lorentz lines). Eqs. 7.19, 7.20 relate resonance iinewidth fo r a s ta tic  f ie ld
along the j-d irec tion  with zero f ie ld  relaxation times for an alternating fie ld
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along i -  and k - d i r e c t io n  r e s p e c t iv e ly .  Apar t  from the present experimental work the

measurements on CuCl- ’ Zaq- by de Jong and Zimmerman ) have confirmed r e la t io n

7 .19 ,  f o r  temperatures down to  less  than 2% above T „ .  The c o n d i t io n s  f o r  the v a l i d i t y

o f  7.19> 7.20 can be summarized as fo l lo w s :

1. The s t a t i c  f i e l d  should be weak compared to  the exchange in te r a c t io n .

2. A l l  ions should have the same g - te n s o r .
3. The s t a t i c  f i e l d  should be o r ie n te d  along a p r in c ip a l  a x is  ( j )  o f  t h i s  common

g* te n s o r .
<*. The s t a t i c  f i e l d  should not in f lu e n c e  the s t a t i c  s u s c e p t i b i l i t y  along both

o th e r  p r in c ip a l  axes.
5. No spontaneous m agne tiza t ion  should occur and the ham il ton ian  should be i n 

v a r ia n t  w i th  respect to  in ve rs io n  o f  the d i r e c t io n  ( j )  p a r a l le l  to  the s t a t i c

f i e l d  and o f  one ( i )  o f  the o th e r  p r in c ip a l  g - ten so r  axes.

6. The zero f i e l d  s u s c e p t i b i l i t y  w i th  a l te r n a t i n g  f i e l d s  along i and j  d i r e c t io n

should a l lo w  a d e s c r ip t io n  by s in g le  r e la x a t io n s .

7. The resonance frequency should be h igh  compared to  the inverse zero f i e l d

re la x a t io n  t ime (w i th  a l t e r n a t i n g  f i e l d  along the t h i r d  p r in c ip a l  ax is  k ) .

As the w id th  o f  resonance l i n e s  is  o f te n  c ha rac te r ized  by the d is ta nce  AH

between the i n f l e c t i o n  p o in ts ,  one may ask which value is  p red ic te d  f o r  i t  by eq. 7-17-

For h igh f requenc ies  (v »  r ,  T^) the re  is  no problem: a s o l i t a r y  Lo ren tz ian  o f  which

the f u l l  ( f i e l d - ) w i d t h  a t  h a l f  he ig h t  equals 2yT has an i n f  l e c t i o n - p o in t  d is tance

g iven  by AH = 4ïr; th e re fo re  the va lue AH = ^ t ( r .  + rfc) is  expected f o r  the l in e s

descr ibed by eq. 7 .17. At lower frequenc ies  however the l in e s  a t  +yv and -yv  meet and,

f o r  v « 0, e v e n tu a l ly  merge. I t  is  c le a r  th a t  the w id th  a t  h a l f  he igh t  soon loses i t s

p r a c t i c a l  meaning. The in f l e c t i o n - p o in t  d is ta nce  AH however s tays w e l l - d e f in e d  and

is  found to  vary  but l i t t l e  down to  s u r p r i s in g l y  low f requenc ies  (v ï  T. + T ^ ) . An

a n a ly t i c a l  express ion f o r  AH , de r ived  from eq. 7 .17, has not been ach ieved; f o r  some

spec ia l cases ( r . / v  f i x e d ,  r . / v  f i x e d ,  o r  r. *  T .)  a numerical c a l c u la t io n  has been
i k . . ’ k . n +rkperformed, which g ives  the r e l a t i v e  d e v ia t io n  o f  the h igh - frequency  va lue y —

from the exact va lue AH, as a fu n c t io n  o f  the l a t t e r  ( c f .  f i g .  7 .0 1 ) .

7.23 A p p l ic a t io n  2, f i e l d  dependence o f  a n t i  fe rrom agnet ic  resonance abso rp t ion  in

the low-frequency re g io n .

In s ec t io n  7*21 the s im p l i f i c a t i o n  o f  eq. 7*16 has been seen to  re s t  on the

p ro p e r t ie s  I o r  11 o f  the zero f i e l d  s u s c e p t i b i l i t i e s .  One may wonder i f  these

c o n d i t io n s  are f u l f i l l e d  in  the a n t i fe r ro m a g n e t ic  case. Below T„ the zero f i e l d  sus

c e p t i b i l i t y  f o r  a l te r n a t i n g  f i e l d s  pe rpend icu la r  (1) to  the easy a x is  can u s u a l ly
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be described by one or  two p a i rs  o f  an t i  ferromagnetic resonance l in e s .  This sus
c e p t i b i l i t y  has property II ( i . e . | d i | «  a i )  in a frequency region |v |  < t v  ,

xY(2*v,0) . _ . _____, .
i f  the an t iferrom agnet ic  spec tra l  den s i ty  function  VXolW "' can be approximated by
a sum of Lorentz shaped l in e s  with cen te r  frequencies and widths a l l  g re a te r  than vQ.
In order to  account for  d ev ia tions  from such a sum one may need a co r re c t io n  term.
Such a term may be added without loss  o f  property  I I ,  provided th a t  fo r  f requencies
|v |  £ v the co r rec t io n  has a frequency independent value, and fo r  |v |  t  vQ e i th e r
s tays below th i s  value or Is so r e s t r i c t e d  th a t  i t s  In te n s i ty  in th i s  region a t  most
equals i t s  in te n s i ty  in the  frequency range |v |  £ vQ. As these  cond it ions  look ra th e r
moderate, |dj.| «  aj. w ill  be assumed to  hold. In some cases the s u s c e p t i b i l i t y  for
a l te r n a t in g  f i e l d s  p a r a l le l  to  the easy ax is  is  experimentally  found to  behave accor
ding to  a s in g le  re la x a t io n  (with re laxa t ion  time ( 2 n r  . . )  ) and thus has property  I.
Hence fo r  s t a t i c  and a l t e r n a t in g  f i e l d s  p a ra l le l  or perpendicular to  the  easy a x i s ,
the s im p l i f ic a t io n s  of  eq. 7.16 given in sec tion  7.21 may be used. Consequently one
may t r y  to approximate the experimental r e s u l t s  by the A-function defined in eq. 7*17
through an appropr ia te  choice of  T. and values .  If  the bes t f i t  y ie ld s  Tj. >> v,

th i s  value may be id e n t i f ie d  with

a i ' v  = (■
XV(2irv,0) .
- ± — ------ ) 1

vxo i (o)
7.21

In such a case both in the paramagnetic and. in the an t i  ferromagnetic region an
an a ly s i s  in terms of  s ing le  re la x a t io n s  gives a reasonable d e s c r ip t io n .  This i s  due
to  the f a c t  th a t  in the an t ife rrom agnetic  phase ( fo r  v «  f requencies  and widths) the
low-frequency p a r t  o f  the an tife rrom agnet ic  resonance l in e s  may be replaced by the
broad top of  a fake re la x a t io n  band with equal he ig h t ,  which determines the e f f e c t iv e
re la x a t io n  time ( 2 i r r i ) * ' . This can only be done i f  t h i s  top is  indeed broad with
respect  to  v (Tx »  v) and i f  d ispe rs ion  plays a minor ro le  ( I I ) .

7.24 A pplication 3, f i e ld  dependence of the an t i  ferromagnetic f requencies in HnF,,.

For narrow resonance l in e s ,  which vary mainly in centerfrequency and sca rce ly  in
shape as the f i e ld  is  changed, the maxima in the f i e ld  dependence p r a c t i c a l l y  coincide
with those in the frequency dependence. In order to  f ind  the re la t io n  between s t a t i c
f i e l d  and resonance frequency one may the re fo re  s t a r t  from eq. 7.16a which gives the
extrema in the f i e ld  dependent absorption  for  a given frequency. I t  is  t ru e  th a t
following th i s  method one may not hope to  d e tec t  any f i e l d  independent modes. The
ra th e r  tedious check made to  ensure th a t  the frequency dependence of  eq. 7.16 shows
only those extrema, which are  found in the f i e ld  dependence, w ill  not be given here.
As only the usual resonance con f igu ra t ion  with a l te r n a t in g  f i e ld  perpendicular  to  the
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s t a t i c  f i e l d  is  s tud ied no f i e l d  independent modes are to  be expected ( c f .  7.07 and
7 .0 8 ) .

In MnF. the zero f i e l d  ab so rp t ion  f o r  a l te r n a t i n g  f i e l d s  pe rpend icu la r  to  the

easy (c) a x is  is  commonly descr ibed by the sum o f  two Lorentz l in e s  a t  f requenc ies

" VA h a l f  w id th  a t  h a l f  he ig h t  I \ .  The d is p e rs io n  i$ bound to  f o l lo w  correspond

ing express ions. Th is  g ives  the fo l lo w in g  q u a n t i t i e s  to  be inse r ted  in eq. 7.16a

a i(d 2i+  a2) 1 -  rAv ’ (1 + v2( r 2 + v2) " ’ ) 7.22

• H i *  -  - r Av ''(1  + 2vJ(T2 + v 2 -  v j ) " 1) , 7.23

in  which a lso  ax can be expressed

a x '  = ax (d2 + a2) 1(ax2d2 + 1 )

The zero f i e l d  s u s c e p t i b i l i t y  f o r  a l t e r n a t i n g  f i e l d s  p a r a l le l  to  c is  a t  low

frequenc ies measured ( c f .  se c t io n  7.31) to  behave accord ing to  a s in g le  re la x a t io n

w i th  re la x a t io n  t ime (2kT . . )  , T .. «  Ta .
// / / A

As the frequenc ies  t y p i c a l l y  used in  AFMR s a t i s f y  v > r A one may w r i t e

* / /  <,C ‘ d/ /  * *• 7.2lt

S ta t ic  f i e l d  p a r a l le l  to  the c - a x i s .

In t h i s  case one has f o r  the d i r e c t io n s :  i « i ,  j  « / / ,  k = i .  Eq. 7.16a then

takes the form (on ly  the + s ign  in  7.16a g ives  n2 > 0)

n2v ' 2 -  (1 -v 2 ( r 2+v2) ‘ , ) 2 (> + a id l2) ( -1 + 2 (1 + a id l2) ‘ i ) . 7.25

” 1 2 2F°r vA >_ 10 r A and |v  (v - v A) | > l| r A t h i s  may be ( w i th in  5%) approximated by

-1 2 2ne i  ±v (v - v A) 7.26

imply ing

M  % ine ± (v^+in2) 1

ne = h 1

7-27

wi th
» / / V o He



This i s  to  be compared w ith  eq .  7 .07 ,  which ho lds  near

'•IW’ K;* 7-07
wi th

\  * •‘"’•// Vo”* *

o r  r a t h e r  w ith  the  more g ene ra l  form g iven  by K effe r  and K i t t e l  2) , o f  which
7.07 i s  an approxim ation

K o p l  -  ( W x ; > ) x o / / ( 0 »  v L±(vA+( ix ;> ( 0 )x o / / ( 0 ) v L) 2) i  . 7 .28

The o n ly  d is c rep an cy  l i e s  in th e  r a t i o  XQ ! (0)xQ̂  ( 0 ), which may d i f f e r  from one.
This  may in d i c a te  t h a t  the  approx im ations  a p p l ie d  to  eq . 7 .12 breaks down a t  tempera
tu r e s  T «  Tn where such a d e v ia t io n  o c c u rs .

S t a t i c  f i e l d  p e rp e n d ic u la r  to  th e  c - a x i s .
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In t h i s  case  one has fo r  th e  d i r e c t i o n s :  i = 1 ,  j  = 1 ,  k = U . Using the
approxim ation  7 .24  one may approximate  eq . 7 .16a (as  r ..  <_ 2r.  o n ly  the  + s ign  in
7.16a g iv e s  n > .0) by

or
v' 2 *
v2 .  i ( v 2+n2- r j )  ♦ i « v j +n2- r 2 ) 2 ♦ 4n2r J ) i

7 .29

7.30

which fo r  may be w r i t t e n  as

v .  ± (vj+n2 ) 4 w ith  ne = Sx9/ / x ‘ * ( 0) x J / / ( 0) h^’ g ^ g u ^ 7.31

This  i s  to  be compared w ith  eq . 7 .0 8 ,  which g iv es

'± (v j j+ v2)^  w ith  v, = h ' ■iVo" 7.08

As fo r  MnF^ gx eq u a ls  g ̂  th e  o n ly  d is c re p a n c y  i s  ag a in  the  f a c t o r  Xo^(0)Xq/ / (0 )
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7.3 Experimental results concerning magnetic absorption in MnF.,
7.31 Zero fie ld  absorption.

In f ig .  7.02 both types o f temperature dependence that occur in the zero f ie ld
absorption can c le a rly  be distinguished. For a lte rna ting  f ie ld s  perpendicular to the
easy (c) axis x'x(2irv ,0) shows a d is t in c t jump at the phase tra n s itio n , whereas fo r
the o rien ta tion  pa ra lle l to c only small va ria tions (o f the same order as those in
the isothermal s ta tic  s u s c e p tib ility  XQ/y (0 ))a re  found in x"// / /  (2 irv,0). The f i r s t  of
these observations stands to reason, as i t  is shown that below an a lte rna ting
f ie ld  i c  excites antiferromagnetic resonance (at a centerfrequency ty p ic a lly  fa r
above the measuring frequencies used here), whereas above paramagnetic resonance
must be expected (a t zero center frequency). This zero frequency resonance, having
a Lorentzian lin e  shape, is identica l to a single relaxation w ith re laxation time
(2trrj_) . The width Tj. derived from the measurement a t 1.78 GHz is given in f ig .  7.03
as a function o f temperature. I t  has been assumed that the in tens ity  o f the relaxa
tion  varies w ith  temperature proportional to the isothermal s ta tic  su s c e p tib ility
Xo i (0) as measured by B izette and Tsai (BT) ^ ) . The temperature dependence o f rj.
w i l l  be studied in more de ta il in section 7.33. At about 73 K the absorption (1 .78 GHz)
reaches its  maximum value (c f. f ig .  7.02). Taking th is  to be the usual 0.5x (0) one
finds fo r xQ.(0) a value 5 ± 2% bigger than that o f BT.

The behaviour in an a lte rna ting  f ie ld  p a ra lle l to the c-axis embodies a new
phenomenon. The frequency dependence o f th is  absorption is given in f ig .  7.04. At
temperatures above 63 K i t  is seen to have a Debye lineshape ( i.e .  Lorentz shape
around v = 0) and thus to correspond to a single re laxation w ith relaxation time
(2nTjy) . A check on the true Debye character, the widths X .. and the in ten s itie s  o f
the lines has been made by means o f f ig .  7*05 in which s tra ig h t lines represent Debye
curves. As could be conjectured from f ig .  7.04 the relaxation time (X.. is shown in
f ig .  7.03) varies but l i t t l e  between 63 K and 77 K. I t  varies even less from there up
to room temperature (where X ̂  = 0.65 GHz is reached). The small va ria tion  o f X ..

around T^ is about opposite to th a t.in  Xo «(0)« This might be a weak support to
Suzuki's prediction ^®) that the relaxation time could be proportional to the s ta tic
su s c e p tib ility  in the c r i t ic a l  region. This would account fo r the observed tempera
ture independent X//(2irv,0) a t high frequencies ( »  X ) (c f. f ig .  7.02). Again the
isothermal s ta tic  s u s c e p tib ility  corresponding to the in tens ity  o f th is  relaxation
absorption amounts to a value 5 ± 2% higher than that found by BT. These deviations
need not be to ta lly  ascribed to inaccuracy o f the present work as can be seen
from the comparative survey given in table 7.1. Consequently the higher value found in
th is  work has been used throughout.
A

) The rates calculated in high temperature approximation are V . .=0.362 GHz,
rl  = 0*133 GHz 3S), for J h-1 s - 36.6, + 6.7, - 0.8 GHz'13).
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Fig. 7.04 The absorption  spectrum in zero f i e ld  for  some temperatures.

/  v r  3.05GHz.15 —

V=1.78GHz

v=1.21 GHz

Fig. 7.05 Debye f i t s  fo r  X "n // (2irv,0) a t  several temperatures.

c 5 Xo / / B T ^ /x o / / t h i s  w o r k ^ *
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Some additional measurements were done at hydrogen temperatures. As those at
20 K suffer from uncertainty of the zero absorption level only measurements at 14 K
have been used. At these low temperatures the absorption band is about an order of
magnitude broader than the characteristic widths at liquid  nitrogen temperatures
and up, and its  shape is no longer Debye-like (c f . f ig . 7 .04 ).

An appreciable part o f the intensity may s t i l l  be found at frequencies above the
measuring range ( i .e .  > 5 GHz). The intensity measured below 5 GHz equals 70% of the
total intensity according to the rather inaccurate values for the isothermal s ta tic
susceptib ility  XQ̂ ( 0 ) ,  reported by BT. I t  may also be compared to the results of
G riffe l and Stout *>9) for xo «(0) -  xo i (0) combined with the XOJL(0) value of BT. I f
the la t te r  is enhanced by 2 to 3% (c f. table 7*1) the intensity measured below 5 GHz
takes about 60% of the total in tensity . In f ig . 7.04 Xo/y(0) a t 14 K is assumed to
equal a value that would y ie ld  65%.

Table 7 .1 . Isothermal s ta tic  susceptib ility

Measurement V T Deviation from
L 7

Bizette and Tsai )
Corliss

x0 (0) 0 293 K 6  %
powder 195 K 5 %

This work
X Ï (2»v,0) 1.78 GHz 73 K 3 ..7  %

77 K 4 ..8  %

X "/ f  (2irv,0) 0.18. .3 .05 GHz 70 K 3 ..7  %
67 K 2 . . 6  %

G riffe l and Stout

xo l (0 )‘ xo //(0) 0 20 K 1 ..3 5%
14 K -1 . .4  %

extrapolation 0 4 K i  2 %

7.32 Field dependence.

According to the properties of MnF̂  summarized in section 7.13 and especially
those reported in the preceding section, the theory of f ie ld  dependence given in
section 7.2 is expected to apply. The behaviour in s ta tic  fie ld s  perpendicular to
the alternating fie ld  has been measured at liquid nitrogen temperatures and the
results have been successfully analyzed along the lines of section 7-2 both above
and below T... The measurements of the absorption as a function of the s ta tic  fie ld
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F ig .  7-06 Resonance abso rp t ion  a t  1.78 GHz as a fu n c t io n  o f  f i e l d  f o r  some

temperatures. The s o l id  l in e s  represent the t h e o re t ic a l  f i t  achieved

by a proper cho ice  o f  the parameters X  . .  and T^. The r . f .  f i e l d  is

pe rpend icu la r  to  c .  L e f t :  s t a t i c  f i e l d  pe rpend icu la r  to  c .  R igh t :

s t a t i c  f i e l d  along c .



were performed at fixed frequency, temperature and o rien ta tion . In order to avoid
systematic errors every f ie ld  run has been analyzed separately. Basically the analysis
consists o f searching the values fo r the zero f ie ld  re laxation rates r . .  r. and1 * k
normalization fa c to r, which y ie ld  the best f i t  when approximating the experimental
resu lts  by a function A(r{,r. ,n ,v) defined in eq. 7.17. I t  was discussed in section
7.23 that such an approach may stay useful below T... A f i r s t  search was made sh iftin g
spec ia lly  devised double logarithm ic p lo ts o f the measurements over a series o f gauge
p lo ts based on the A-function o f eq. 7.17. I t  revealed that a good f i t  could be made
and that i ts  q u a lity  depends strongly on but fa r less on X . . .  With th is  knowledge
in mind the second step was performed. An average value X . .  ■ 0.59s GHz was inserted
and by adapting Tj^the differences between the experimental values and the A-function
were minimized. (The resu lting  values fo r n  and normalization fac to r have been
checked to undergo only minor changes i f  a d if fe re n t value (10?) is chosen fo r X
Some typ ica l f i t s  produced in th is  way are shown In f ig s . 7.06, 7.07, 7.08. Their
q u a lity  may be taken as an ind ication  fo r the v a lid ity  o f T jon's approximations and
the theory based thereupon. The standard deviation achieved (determined from the
differences between theory and experiment) is  ty p ic a lly  a few percent o f the mean
value (o f a ll  measuring points in one f ie ld  run). The values o f rj, determined by th is
procedure have been p lotted in f ig .  7.09. Every point corresponds to one f ie ld  run
and thus to one combination o f frequency, temperature and o rien ta tion . A nice agree
ment is found w ith the resu lt o f the zero f ie ld  measurements above T„ w ith  a lte rna ting
f ie ld  1c. (c f. f ig .  7 .Id) The points below T,. are seen to s a tis fy  the condition
r l  x> v, which ju s t if ie s  the id e n tif ic a tio n  w ith

-  133 *

a i 'v  i  (-
XÏ(2 irv,0)

X a i< °>  ’]

-1

the inverse o f the zero f ie ld  AFMR ta i l  (c f. Appl. 2 ).

7.21

7.33 Temperature dependence o f r i.

For reasons o f c la r i ty  no e rro r bars have been drawn in f ig .  7.09. Therefore
i t  is necessary to mention here that the typ ica l errors in temperature are about
0.2 to 0.3 K, due to the uncertain correction fo r the hydrostatic pressure,
applied to the reading o f the vapour pressure above the liq u id  n itrogen. (The
resu lting  temperature gradient is compensated to an unknown extent by heat flow
in the apparatus.) The remaining errors must be ascribed to imperfections in the
theory or the method o f analysis. Even when these errors are taken in to  account
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Fig.  7*07 Resonance absorption a t 3*05 GHz as a function o f f ie ld  fo r some

temperatures. The s o l id  l i n e s  represent the t h e o re t ic a l  f i t  achieved

by a proper cho ice  o f  the parameters and r  . The r . f .  f i e l d  is

p a r a l le l  to  c .
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F ig .  7.08 Resonance abso rp t ion  a t  0.57 GHz as a fu n c t io n  o f  f i e l d  f o r  some

temperatures. The s o l id  l in e s  represent the t h e o re t ic a l  f i t  achieved

by a proper cho ice o f  the parameters r .. and . The r . f .  f i e l d  is

pa ra 11 e I to  c .



-  136 -

1000

GHz

100

10

1

1

F ig . 7 .09 The zero f ie ld  re la x a t io n  r a t e r  fo r  r . f .  f i e l d  p e rp e n d icu la r to  c

de rive d  from the  resonance a b so rp tio n  f i t s ,  as a fu n c tio n  o f  tem perature .

The va lues below TN must be in te rp re te d  as the  inve rse  o f  the  AFMR

a b s o rp tio n  t a i l  fo r  zero  s ta t ic  f i e l d .

! I T 1 I r

t.

•%

Q. from
A((T.lk.T|.v)fits

(cf.eq.17)with
5= 0.595 GHz

• alt f //c,static f.xc
• alt.fxc.static t  xc
• alt.f.xc,static f.//c

I 1 I I I I
65 T

a lt .  f S t a t i c

.  1.76
x 3.05

A 1.78
O 1.78
□ 1.78

F ig . 7.10 The zero f ie ld  re la x a tio n  ra te  I\  de rived  from  the resonance f i t s ,

to g e th e r w ith  the  d i r e c t ly  measured v a lu e s , as a fu n c tio n  o f  tem perature

in  the param agnetic re g io n .
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th e r e  s t a y s  a gap o r  a t  l e a s t  a very  s t e e p  tem pera tu re  dependence between 11 GHz and

20 GHz. In view o f  th e  inaccuracy  in th e  d e te rm in a t io n  o f  tem p era tu re  i t  looks
reaso nab le  to  i d e n t i f y  t h i s  s i n g u l a r i t y  w ith  th e  a n t i f e r ro m a g n e t ic  t r a n s i t i o n .

This  would in d i c a te  t h a t  the  Neel tem pera tu re  i s  about 6 7 .1 s K accord ing  to  the
" te m p e ra tu re  s c a l e "  used , o r  r a t h e r  t h a t  a l l  tem p era tu res  measured should be c o r r e c t 

ed (enhanced) by 0 .2  K. The t r a n s i t i o n  tem pera tu re  so found has been used to  make
th e  double lo g a r i th m ic  p l o t  o f  v s .  T/TN -  1 shown in f i g .  7 .1 0 ,  in which a l s o  the
r e s u l t s  o f  th e  z e ro  f i e l d  measurements a r e  g iv en .

At t h i s  s t a g e  a comparison w ith  th e  measurements o f  EPR l in e w id th s  by Seehra and

C astner  can be made. I f  t h e i r  r e s u l t s  a r e  t r a n s l a t e d  accord ing  to  A p p l ic a t io n  1 one
g e t s ,  ta k in g  r 0 . GHz,  th e  p lo t  g iven in f i g .  7 .1 1 .  Two s e r i e s  o f  p o in t s  can be
d i s t i n g u i s h e d ,  which co rrespond  to  th e  o r i e n t a t i o n  o f  th e  s t a t i c  f i e l d  i c  and / /c
r e s p e c t i v e ly .  Although th e  f i r s t  s y s te m a t ic a l ly  show a s l i g h t l y  s t ro n g e r  tem pera tu re
dependence no reason app ea rs  to  e x i s t ,  in view o f  the  measuring e r r o r s ,  to  assume
a d i f f e r e n t  t r a n s i t i o n  tem p era tu re  fo r  both o r i e n t a t i o n s .

Comparing th e s e  EPR r e s u l t s  w ith  tho se  o f  th e  p re s e n t  work ( th e  t i n y  d o ts
in f i g .  7 .11)  th e ag reem en t  i s  seen to  be s u r p r i s i n g l y  good, which aga in  su pp o r ts  the
c r e d i b i l i t y  o f  th e  th eo ry  used. In on ly  one re s p e c t  th e  tem pera tu re  dependence o f
found may be c o n s id e red  l e s s  s a t i s f a c t o r y .  I f  one t r i e s  to  d e s c r ib e  i t  by the  c e l e 
b ra te d  e x p o nen tia l  type  o f  r e l a t i o n  one g e t s  f o r  0.01 < T/T„ -  1 < 0 .2

«  r x -  (T -  ! „ ) - " • «  * » • ”

an exponent which may be compared to  t h a t  in CuCl,-2H ,0, where fo r  a l l  th r e e
L c  *  2

p r in c ip a l  axes -0 .5 9  ± 0 .0 3  has been re p o r ted  p) . But c l o s e r  than U  from T„ a
d e v ia t io n  i s  seen to  o c c u r .  I t  i s  doub tfu l  i f  accu racy  and p u r i t y  j u s t i f y  the
in t ro d u c t io n  o f  a s e p a r a te  c r i t i c a l  tem p era tu re  f o r  th e  1 - o r i e n t a t i o n  (T ■ 66.8  ±

0.1 K and c r i t i c a l  exponent -0 .7  ± 0.1 would account fo r  th e  observed d e v i a t i o n ) .
Although th e  theo ry  g iven  can d e s c r ib e  the  f i e l d  dependence in terms o f  ze ro  f i e l d

b eh av iou r ,a  f a r  more com plica ted  theo ry  w i l l  be needed to  d e s c r ib e  th e  c r i t i c a l  a s 
p e c ts  o f  th e se  ze ro  f i e l d  e f f e c t s .  Yet one may conc lude ,  t h a t  i t  seems more funda
mental to  d e s c r ib e  EPR in terms o f  th e  ze ro  f i e l d  r e l a x a t i o n  r a t e s  \  ̂  and Tj., than
on the  b a s i s  o f  h ig h - f i e l d  resonance l in ew id th s  fo r  s t a t i c  f i e l d  f i le  and U c ,  as
Seehra and C astner  have done. From t h i s  p o in t  o f  view a q u a l i t a t i v e  c o n je c tu re  can
be made: I f  th e  sample i s  h ig h ly  symmetric around th e  d i r e c t i o n  o f  th e  a l t e r n a t i n g

f i e l d  (RbMnF^ a l l  a x e s ,  MnF2  c - a x i s )  th e r e  i s  l i t t l e  o r  no tem pera tu re  dependence
in the  r e l a x a t i o n  t im e.  I f  th e  symmetry around t h a t  d i r e c t i o n  i s  low (CuCl.'Zaq* a l l

a x es ,  MnF2 l c - a x i s )  one has a s i g n i f i c a n t  tem pera tu re  dependence. This  em p ir ica l  r u l e
might suppor t  th e  argument o f  Huber * ) .
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F ig . 7.11 The zero f ie l d  re la x a tio n  r a t e r  de rived  from  the resonance lin e w id th s

o f  r e f . 39, compared to  those o f  f i g .  7 -10-

F ig . 7.12 The zero  f ie l d  AFMR a b s o rp tio n  t a i l  de rived  from  the resonance f i t s  as

a fu n c tio n  o f  tem perature in  the  a n tife rro m a g n e tic  re g io n . The la rge

e l l i p t i c  areas in d ic a te  the  re s u lt  o f  the d ir e c t  ab so rp tio n  measurements.

The broken lin e s  g ive  the e x tra p o la tio n s  from the work o f  r e f . 38, under

the  assumption th a t the  AFMR lin e s  a re  L o re n tz ia n .
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7 .3^ Temperature dependence o f the AFMR t a i l .

At the end o f section 7.23 i t  was seen that fo r T < T^ the Tx values may be
interpreted as the inverse o f the zero f ie ld  AFMR ta i l  a t low frequencies. With the
aid o f the temperature correction introduced in the preceding sections th is  ta i l  has
been p lotted in f ig .  7.12 together w ith the rather inaccurate resu lts  o f the d ire c t
zero f ie ld  measurement a t 1.78 GHz. For comparison w ith  the AFMR measurements of
Burgiel and Strandberg two curves have been added. BS have determined the zero
f ie ld  AFMR frequency (c f. eq. 7-06) and zero f ie ld  AFMR linew idth up to 64 K. Extra
polating th e ir  resu lts  to higher temperature and assuming both lines (a t ± vA) of
which the AFMR absorption consists to be Lorentzian a ll  the way down th e ir  low
frequency ta i l  one can estimate the zero f ie ld  AFMR ta i l  as a function o f temperature.
This y ie lds the H -  0 curve in f ig .  7.12. From a d if fe re n t type o f measurement at
10 kOe BS got quite  d if fe re n t values fo r the AFMR width. As no strong f ie ld  depen
dence o f AFMR width in low f ie ld s  can be derived from eq. 7.16, i t  might well be that
these 10 kOe values are closer to the actual zero f ie ld  values than those measured in
zero f ie ld .  Therefore a second extrapolation and estimate have been made, based on the
10 kOe widths (c f. the H 0 curve in f ig .  7.12). The agreement w ith  present resu lts ,
especia lly around 64 K is  much better than fo r the H -  0 curve. This might be a second
reason fo r doubt concerning the BS zero f ie ld  measurement. Within 3* below the Neël
temperature only q u a lita tiv e  agreement is found. The deviations can be a ttr ib u ted  to
a fa ilu re  o f the extrapolations and the assumption about the Lorentzian character

o f the lineshape.
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Hou nicely microscopic forces yield
In Units grcuing Visible the World we wield.

John Updike

C H A P T E R  8

MEASUREMENTS ON SOME COPPER ALKALI HALIDES

8.1 In t ro d u c to ry  rem arks.
8.11 In t r o d u c t i o n .

In both p reced ing  c h a p te r s  two examples r e p re s e n t in g  extreme cho ices  fo r  the

s t r e n g th  o f  th e  exchange i n t e r a c t i o n  have been t r e a t e d .  In c h a p te r  6 th e  Cu Tutton
s a l t s  were s tu d ie d  in which exchange in t e r a c t i o n  i s  not l a r g e ,  compared to  d ip o l e -
d ip o le  i n t e r a c t i o n  and Zeeman energy .  In c h a p te r  7 manganous f l u o r i d e  was seen to
have an exchange i n t e r a c t i o n  much l a r g e r  than d ip o le ~ d ip o le  i n t e r a c t i o n  o r  Zeeman

energ y ;  hence r e l a x a t i o n  r a t e s  in MnFj cannot be changed by th e  p a r a l l e l  s t a t i c  f i e l d s
a v a i l a b l e  and te m p era tu re  becomes th e  c e n t r a l  param eter .

In t h i s  c h a p te r  th e  in te rm e d ia te  c a se  i s  i n v e s t i g a te d :  a s e r i e s  o f  th r e e

compounds o f  th e  Cu(NH^).Cl^ .2  aq. ty p e ,  where th e  exchange i s  s t i l l  la rg e  compared
to  the  d i p o l e - d i p o l e  i n t e r a c t i o n  but o f  th e  same o rd e r  o f  magnitude as  th e  Zeeman
energy in h ig h e s t  o b ta in a b le  f i e l d .  The dependence o f  th e  r e l a x a t i o n  r a t e  on p a r a l l e l
s t a t i c  f i e l d s  is  s tu d ie d  in th e  h igh~ tem pera tu re  r e g io n ,  i . e .  a t  tem pera tu res  where
no o rd e r in g  e f f e c t s  a r e  to  be expected  and where r e l a x a t i o n  r a t e s  a r e  independent o f

tem p e ra tu re .  Hence the  f a c t  t h a t  th e  exchange In th e s e  compounds i s  mainly o f  th e
fe r ro m a g n e t ic  type  i s  o f  l i t t l e  importance.

8 .12  Choice o f  th e  sample m a t e r i a l .

The copper a l k a l i  h a l id e s  were chosen fo r  th e  fo l low ing  reaso ns :

-  The exchange i n t e r a c t i o n  corresponds  to  f i e l d s  o f  th e  o rd e r  o f  10 kOe to  be compared
to  th e  h ig h e s t  la v a ! la b le  s t a t i c  f i e l d  o f  16 kOe.

-  The d ip o l e - d i p o l e  i n t e r a c t i o n  i s  weak compared to  th e  exchange.

The c r y s t a l  s t r u c t u r e  i s  well-known and r e l a t i v e l y  simple ( c f .  s e c t io n  8 .1 3 ) .
-  S in g le  c r y s t a l s  a re  r e a d i ly  a v a i l a b l e .



- The work of Van der Holen **) below 0.2 GHz and 7 kOe shows the need for an
extension to higher frequencies and fie lds .

8.13 Crystal structure and hamiltonian.

The Cu2+ions in the copper a lka li halides studied constitute a body-centered
aimost-cublc la tt ic e . The deviation from the cubic form is given by the ra tio
c/a % 1.05 (c f. table 8.1). Just like  in the Tutton salts the copper ions being
surrounded by stretched octahedrons of charged particles, have an anisotropic g-tensor
with tetragonal symmetry. Here, however, the charges are not only localized in water
molecules as the octahedron consists of four halogen ions and two H20 groups.
Depending on the direction of the tetragonal axis two types of ion can be distinguished,
with axis along (1, V, 0) and (1, -1, 0) respectively. Corner ions are a ll o f one
type, centre ions a ll of the other. Both c-a-planes make equal angles with both types
of tetragonal axis. The elements of the g-tensor are given by g // -  2.38. gA -  2.06.
which values are in reasonable agreement with the present experimental results.

As was mentioned in section 8.11 the interaction in these compounds mainly
consists of exchange. A more detailed discussion is given in section 8.1<*. Furthermore
one has dipole-dipole interaction and hyperfine interaction. According to Vielinga )
the la tte r being much smaller than the former.can be neglected in th is case. One may
thus expect that the hamiltonian of the spin system in a sample of a copper a lka li
halide is given by eq. 6.00 where can be omitted.

In analogy to section 6.31 (cf. also section 5-22) X ,nt w ill be decomposed into
ei genoperators of L in section 8.21. For the paralle l s ta tic  f ie ld  (H = He.) in a
c-a-plane a situation occurs analogous to that in the k2-k1 or k2-k3 plane of the
Tutton salts. Hence the decomposition is then given by eqs. 6.33, 6.31», 6.35, 6. 36.
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compound a (8) c (8) T (K)c J h '1 .(GHz)mn

C u tN H ^ jC l^  aq. 7-58 7-96 0.70 5.0

CuK^Cl^.2 aq. 7.*»5 7.88 0.88 6.3

C u d W ^ B r^  aq. 7.98 8.<«1 1.76 12.6

8 .Tt| Exchange interaction in the Cu a lka li halides.
In eq. 5-06 the exchange tensor 3mn is seen to consist of three parts. The

isotropic (Heisenberg) part ±(Tr J j  0 contributes to the secular part of the
Interaction. In the underlying compounds i t  corresponds to the major part of * ex and
also of X . The values of \ Tr 3mn for nearest neighbours are given in table 8.1.
Those for°next nearest neighbours are four times smaller. Farther neighbours may

be ignored.
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It is a well-known feature of spin-spin relaxation (cf. e.g. section 8.21) that
the relaxation rate T strongly depends on the non-secular part of the interaction.

Jim
Van der Molen ) has found for these compounds that the non-secular part of the
dipole-dipole interaction is too small to allow a satisfying description of his
experiments. Hence he postulated the existence of non-secular contributions in the
exchange, akin to Van Vleck's pseudo-dipolar exchange, which is anisotropic and
symmetric *) ’*).

This correction to isotropic exchange, however, is not the first to be made. AsCi|
was pointed out by Moriya ) one may roughly estimate the relative contributions

(isotropic) i (antisymmetric-Dzialoshinsky) : (pseudo”dipolar)
to be of the order

1 : (i_p) : 1^)2,
which implies that the antisymmetric exchange can play an important role in spin-
spin relaxation. The introduction by De Jong of antisymmetric exchange in the
description of dynamical spin-spin effects has proven successful in many Cu -
compounds and probably constitutes the biggest step forward in this field during the
last decade.

It is not surprising that neither in the Cu Tutton salts nor in MnFj the need
for an introduction of antisymmetric exchange has been felt. In the first case the
total exchange is not much larger than the dipole-dipole interaction such that only
a minor correction can be expected. In MnF, g is very close to 2 (within U).Yet one
might thus try to explain the difference between 295 K results and high T calculations
8.15 Antisymmetric exchange in the Cu alkali halides.

The Dzialoshinsky-Moriya part of the exchange may be written as

2 I ? .() 3 - i J ). ?__ m mn mn nm<n
2 I D . (S a s )_l mn m nm<n

8.01

with (D ). = e... (i 3 - i 3 )., , m < nmn i i j k mn mn jk
and £ = e/ = € £ t. p  = e =e = - 1.xyz yzx zxy yxz xzy zyx /

* * 1 , 1 ■ ■ f V  ^  -m ( 'The axial vectors Dmn representing an interaction in the crystal satisfy
the symmetry conditions of the total crystal. Using these De Jong ^ ) has proven that
in the Cu alkali halides no antisymmetric exchange between next nearest neighbours
occurs and that for nearest neighbours all 6 -vectors have the same length and are
parallel to the a-a-plane, with Dm 1 *  • Exchange between farther neighbours has

) These contributions are part of, but may not be identified with the second term in
5.06, which is traceless and may still contribute a secular component to 3C . As. . ex
the definition of "secular" depends on the orientation of the static field, eq.
5.06 gives the only universal way of splitting JC .
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been ignored. Designating both types of ion by I and II and realizing that an ion and
its nearest neighbours are of different types one can indicate the direction of the
vectors by the following rules

(“«n + 1 rn» and (Dmn + DknJ X rmk *

°mn + “ml ” °* lf "nl "  C and “mn + “kn “ °' ,f 'mk "  C’
where the numbering has been chosen so as to satisfy n£l, nell ** m < n. Thus the
antisymmetric exchange in these compounds can be characterized by one parameter »
which should be of the order of 9-~-—  I 4- Tr Ü I , where m and n are nearest neighbours.g 1 } mn1

8.2 Theory for the field dependence of the relaxation rate in compounds with relatively
strong exchange interaction.

The case of compounds that have exchange as the main type of interaction more
22 17or less constitutes the standard problem in spin-spin relaxation theory ) )•

It is characterized by the feature that the secular part of the interaction (cf. section
5.23) - mostly due to the presence of strong isotropic exchange ) - 1* much larger
than the remaining non-secular part. This allows a simplifying assumption concerning
the field dependence of the memory spectrum at high temperatures. The situation is
sometimes referred to as the weak coupling case ).

8.21 The memory spectrum and the weak coupling limit.
In section 6.33 it was seen that in strong parallel fields and at high temperatures

(zero interaction limit) the secular part X  of the interaction yields a narrow line
at co = 0. In section 6.36 this line was found to be narrower than the lines at
other frequencies, its second moment being approximately zero. In the present case
where non-secular interaction is negligible this narrow line at zero frequency, usually
called Kronig - Bouwkamp relaxation, is the only line in the absorption spectrum.
Experimentally this is found to be true for all values of the parallel static field.
As the analysis of the absorption spectrum by means of moment calculations breaks down
it is useful to try an analysis of the memory spectrum. Due to the single-line

*) This holds for an almost isotropic g-tensor. An interesting case of possibly small
but mainly secular interaction occurs for 3C %  0 and very anisotropic g-tensor with
g.. = g^ and g^ »  gj,g^> such that JCj hardly contains non-secular contributions.
The same holds for g , if the A-tensor has similar characteristics. This situation
is found in some rare-earth compounds.
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character o f the absorption spectrum th is  may well be done fo r the memory spectrum
that corresponds to the to ta l absorption spectrum (rather than fo r the one that can
be derived from the zero-frequency term alone, as was done In appendix K). I t  w i l l
be seen that the strong f ie ld  cond ition, im p lic it  in the zero in teraction  l im it ,
can then be om itted, the only approximation to be made being that o f neg lig ib le
non-secular in teraction  (weak coupling l im it ) .

According to 3.12 the memory function and memory spectrum pertain ing to the

to ta l spectrum are given by

i(1 -P .)L t
(LM. ,e LH,) f elÜit sL M .L M > *f i)  d“  *

3.12

Up to second and lowest order in the non-secular part o f the in teraction  the
memory function equals (LzM. = L^M. = 0)

1 (L +L ) t
(l-M j.e  LMp?f

z o
wi th L B = h X ,B] .o o

I f  th is  is a good approximation in the long time region ( i.e .  fo r times o f the
order o f the inverse - very narrow - linew idth) one says that the weak coupling

l im it  applies. One can then w rite

I( l-R .)L t  i(L + L  ) t
(LM. ,e LM.) % (LM. ,e LMp3C -(JC

i ' z o
8.02

In analogy to section 6.31 one may s p li t

!(L  ♦ I j t
(LM,,e z °  LM) ) *  -of *  **0 H <L * * e

z o

„  ,  1(L +L ) t
-2 u” 2/, v  _ z o l jc)

z 'JC -(JCz o

n , i(L_+L_)t-2  -2  Tp H  l
°  p ,q ,“ 0,+1........±n '  '  ”  "  °

ML , + L j t
(JC ,e z °  JC ),

p <1 *

a) (0 (JC ,e z °  2C ) j c

p q p Q  eft. -
^ z

L L B = L L B im p ly ing
z o o z

IL  t IL  t
(JCp.e ° e Z Kq̂ JC -*JCH z o

iL  t id) t

< v  ° ■ V jc  -rtf e q^ Z  o

8.03

8.0k
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One can prove by inspection of 3.07 that

i L_ t
P' <1<*-•« ° * > * *

iL t
Pf . e 0 JC )v  j, 6q q 3C 4wC pq 8.OS

Z O z o
Hence the memory function in weak coupling limit equals

(LM.,e LM.) %  y L Z
1 ‘ o p - 0 , + 1 . p p

9 iL io) t2/v . o v  \ . p
° xpi * «  er z o

8.06

The corresponding approximation for the memory spectrum is given by

•l m iLM.(“ ,H) * Woi i
“2 - 2 o .

Z Yp SjCX *p=0,+1,...,+n K p p
(o ,ft)P 8.07

IL t r ,
with V* (* .e 0 »  = e s^ jc (w.H) du 8.08

P P z o P P

where the functions (<d,H) are centered around id = 0 and have intensities

< V V *  +* and secon̂ ^omsnts <Lo5fp- Lo V *  ** G’p'V* •* •r r Z 0 K r Z O K K Z O
Their shape, though fully determined by their moments, is in most cases not
explicitly known but probably resembles a broad line.

8.22 High-temperature approximation and rigid line shapes.
Contrary to the situation in section 6.3 one can achieve an essential

simplification excluding low-temperature effects through application of the high-
temperature approximation (3 •*• 0) at this stage,instead of ’ postponing it to the
calculation of intensities and moments. The functions s° __ (id,ft) defined through

y »8.08 depend on the static field through the definition or the scalar product only.
Making the high-temperature approximation one gets field independent functions

1 im
3 + 0

s£ x (<D,ft) = s° x (id) .
P P P P

8.09

The memory spectrum may thus be approximated by a sum of
centerfrequencies id̂  with linewidths of the order of h ^

lines s« „ (id - id.) at
P ^irp  P

(3o ’Ve-K>- Contrary to
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the genera) parallel-field absorption-spectrum (cf. section 6.3) it contains no
crossterms ) or satellite lines and, as Y = 0 ,  no zero-frequency line. It is
important that in the double approximation of weak coupling and high temperature the
line shapes may be assumed independent of the static field. At a field variation
the lines simply shift rigidly keeping their form. Hence one may speak of "lines"
and not only of "terms" as in section 6.3; the name memory lines will be used (only
well-defined at high temperatures).

Due to the symmetry with respect to inversion of the static field (cf. section
3-5) one has

SLM.LM. “ SL M . L M * 8*10
1 i i i

Hence eqs. 8.07 and 8.09 imply

p * + 1 *■ p p

Moreover, due to 2.46, one has

4  x (w • % z \  4  x (u> + •p pp p p

Sjj K  (10) = Sjj. x  (-w)
p p -p -p

As Y = -Y one getsP -P
. ,2 o , % 2 o , «
Y n S3f X  = Y-n bC 3CP P -p -p

and hence

8.11

8.12

(sjf x (w * « ) + 4  K (-u + u )) A*
P P P P y

%  £
P“1.... n

(*JC M ^P P
+ (-W - (1) )).

p

At least for n 2 this implies

8.13

) This implies that a narrower upper bound (in terms of the relative importance of
^p> P t 0 and Jf̂ ) than 6.13 must exist. A search for such a relation is suggested
as it would greatly clarify the mechanism of the weak coupling approximation.
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8.14

i.e. if the weak coupling and high-temperature approximation apply the memory lines
are approximately symmetric with respect to their centre. If the calculation of an
odd moment K  Tr X (L )^n+  ̂jf ) yields a non-zero value, this proves the break-p o p
down of the approximation.

8.23 Single relaxation at high temperatures.
If the memory lines are smoothly curved and contain no fine structures it

follows from 8.12 that s ^  ^  (o>,"B) is approximately constant (% s^M ^  (0,H))
in a frequency Interval around ii> = 0. The width of this interval may1 be1 estimated

 ̂(X ,30 )£ .As waso o Nto be one order of magnitude smaller than the linewidth h
mentioned in section 3*3.this implies single-relaxation absorption in that

28 * 1interval °). The relaxation rate t is proportional to the constant value

w s'^MHA.A)-’,) cf. 3.19

This value is field dependent according to

LM.LM.i i
(0,H) -2 v 2 o > ,

yo , 1 Ip *XX (' V  *p = + 1 , . . . ,+ n  r p p
8.15

For increasing static field the memory lines shift away from the interval around
ft "1<d - 0 yielding a decreasing relaxation rate ). When the field dependence of t

has been experimentally determined it can be confronted with the theoretical values
for, intensities and moments of the memory lines Sjf v (<*>) •

k .pThus in compounds with negligible non-secular interaction and at high
temperatures the memory spectrum, approximated by a sum of rigid lines, can be
recorded through measurements of t ' at fixed low frequencies in a variable field.
The maximal value of this field should be of the order of v  ̂h ' (JC ,X )„p o o fs-*o
Without the simplification of rigid line shapes the same result could only be
achieved through a measurement of the frequency dependent susceptibility up to
frequencies of the order of h ' ̂ o ’*’o^6-*o’ an exPer'ment which is much more difficult
to perform (cf. section 6.2).

The single relaxation derived above on the basis of the weak coupling and

) This decrease may be compensated to some extent by the field dependence of
(A.A). .
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high-temperature approximation and under the assumption of smooth unstructured
memory lines is often experimentally found. One usually checks the single-relaxation
character and determines the relaxation rate and its field dependence measuring
the absorption at some fixed frequencies around t 1 and fitting the results to a
Debye line (i.e. a Lorentz line at ti • 0, cf. eq. 3.17 with u ■ 0).o

It should be emphasized that no other than experimental evidence is available
to support the assumed absence of fine structures In the memory lines. In some
cases deviations from single-relaxation behaviour are found that imply such fine
structures (cf. e.g. 3.22).

8.24 The high-frequency tail of a single relaxation.

Once the single-relaxation (Debye) character within a frequency interval
around u ■ 0 has been established (or assumed), the field dependence of T can
be determined in a still easier way. Choosing one fixed measuring frequency within
that interval, and far above t ) (or rather its maximum as a function of field),
one may approximate (cf. 3.17, 3-19, w “ 0, a ■ 1)

X j'i (w.'fi) 20) T
---  -s-r % X 1 % TT S' . M (u.ïi) (A,A) 1 .

U)(x, , (0,ti) - Xa>ItflT)) 1 + «>'T LM.LMj 8.16
-1This means that at these high frequencies the field dependence of T can be

immediately observed and that the memory spectrum is directly proportional to
2 it "Ico x to .

The complicating field dependence of (A,A) can easily be dealt with. Due to
4.04, 4.06 and section 3-3 one has

(X| | (O.fi) - Xooj j Ofi)) (A,A)'1 - (Xoj j (15) - X*,, C S ) ) C < H , , « , )  -  ( I , M .  / )V 1
8.17

which in absence of diamagnetic effects (JC linear in H) and for negligible average
magnetization (l,M.) approximately equals Xo:i ( M . , M . ) ' implying

-i
“ ----- 7 =7^^ sLM.LH.(ü,»1ï)(Mi*Mi) •

“Xoi1 H 1 1
8.18

As often the field dependence of X o - j M  and (M.,M.) is of little importance

) If such a choice is impossible one should not speak of a relaxation.
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2 -1
8.18 shows the equivalence o f co x "u and s ' a t high frequencies.

8.25 The d ire c t measurement o f the memory spectrum.
2The approximate equivalence o f (o x "“  and the memory spectrum s ' derived in

the preceding section fo r  the high-frequency t a i l  o f a s in g le  re la xa tio n  can be given

a more general s ig n if ic a n c e . Inspecting eqs. 3-1*) and 3-13 one sees th a t i f

|X,|(«>,H) * Xoon (H)| «  X jj(O .H ) -  XooU (H) 8.19

holds, one may approximate

11 (id))(A,A) -1 -  id)
Xj j (d),H) -  Xsoj j (H)

X, ,(<•>.«) -  Xn (0,H)

% id)
Xj J (d),ïï) -  Xoo,,(H)

Xj j (O.H) -  Xoon (H)

and thus

"  SLM.LM. “̂ **0I I
1 ( io)) % a)

x"j (d).H)

d>(X| j (O.H) * Xooj | (H))
(A,A)

8.20

8.21

This allow s a general and simple experimental determ ination o f the memory spectrum.

In most cases in e q u a lity  8.19 holds outs ide  a narrow zero-frequency absorp tion
lin e  leaving the bulk o f the broad functions s £ „  (d>.H) (c f .  8.08) open fo r  d ire c t
in v e s tig a tio n . Combining 8.21 and 8.07 one has | i r  8.19 holds)

X'j'jftd.li)

“  Xo[ | W
(M. ,M.) % d)

XV| (d>.H)

d)(Xj j (0,H) -  Xo.ijCH))
(A,A) %

E JC ( « - « . H )  8.22
p - + 1 K p p v

to  which 8.09 may be app lied .
As fa r  as a co n fron ta tion  w ith  th e o re tica l values fo r  in te n s it ie s  and moments

o f the functions s j „ ( d > , l ï )  ( fo r  6 -* 0 memory lin e s ) is  concerned the excluded
in te rva l plays a minor ro le . This suggests th a t in  such a con fron ta tion  no use is

2 -Tmade o f the d is t in c t  fea tures o f s ' a t o) ffc 0 and th a t an ana lys is  o f d> x"d> would
be s u f f ic ie n t .  In the next section i t  is  shown th a t a t low frequencies and high
temperatures the a p p lica tio n  o f the weak coupling approximation in such an ana lys is

Meads to  d e f in i te ly  wrong re s u lts .



2 “ 18.26 Tentative analysis o f hi y"o)
2 -1A d irec t analysis o f w X"“  seems to have the advantage o f doing without

condition 8.19. However i t  w i l l  be seen that the interva l around oo « 0 must again
be excluded or otherwise the weak-coupiing approximation does not hold.

Taking the second tim e-derivative  o f 3.08 one gets

+ «•
euo(LM., e,L t LMj) -  j e i(1)t oo2 S.,(oo,H) du> . 8.23

— OO

Comparing th is  to eq. 3.12 one may remark that 8.23 shows a simpler type of time
development. Consequently one would expect the weak coupling approximation to be
va lid  such that up to second and lowest order in the non-secular part o f the
in teraction  one has
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* 0(UV
i ( i .2+Lo) t

LHpJC +3Cz o
e 'u t u)̂  S j j (oo,H)

and thus analogous to 8.07 (c f. 1.38, 1.45, 3.10)

8.24

Xj' jfo .H)

<o(xn (0,H) X«.n (H ))
(A,A) IT (i)2 S .. (oo,H) %

% n u
p=0,+1, Yp 4 x  (“-“p.”)-

P P
8.25

This would constitu te  an a lte rna tive  and more general way to derive eq. 8.22.
I t  is ins truc tive  to compare both weak-coupiing approximations 8.02 and 8.24

fo r the special case o f a single relaxation at high temperature. For a single
relaxation eq. 3.19 yie lds

I I SLM.LM.i i
(A,A) 8.26

whereas eq. 3*17 implies

it ii)2 S, j (o>,]5) -  t'^ A .A ) ( 1 --------L y ^ )  .
1 + (0 T

8.27

Although both expressions have been approximated by the same sum
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it y-2o
2 o |

* p =* JC (“
P P

8.28

the first expression is frequency independent, whereas the second contains a
narrow iine (a negative replica of the absorption line) which stays at zero
frequency for ail fields. The occurrence of a constant value was seen to be
plausible in section 8.28 but the zero-frequency line in eq. 8.27 indicates a
serious difficulty. For high temperatures 8.28 becomes a sum of (positive non-
definite) memory lines which have a rigid shape and only shift when the field is
varied. Their sum cannot yield an anomaly of the type found in eq. 8.27, whatever
their shape may be. Therefore the weak coupling approximation for u S..(u,H) is
seen to break down in the frequency interval around u = 0, where 8.19 does not
hold either. Even outside this interval and certainly at lower temperatures the
validity of eq. 8.22 would be dubious without the argument of section 8.25.

Again the importance of experimental evidence concerning the single
relaxation character has appeared. Without it one would be tempted to prefer
the~erroneous method given in this section ). The weak coupling approximation
is a subtle method.

8.27 The extremely high-frequency tail of relaxation absorption.
A well-known paradox in relaxation absorption is the fact that a pure Debye

(or Lorentz) line has infinite even moments. This means that relaxation absorption
cannot exactly satisfy such a frequency dependence. The divergence can be under
stood realizing that the time development corresponding to a pure Debye line is
proportional to e ' thus having a singularity at t ■ 0. The high-frequency
region of the Fourier spectrum is essential for the short-time behaviour and may
therefore be expected to be anomalous. In physical situations however the sharp
bend at t = 0 is rounded and the absorption spectrum must be cut off. It has
often been put that this occurs at frequencies of the order of h (̂Jf Jf )^.
Eq. 8.-22 clearly shows the shape of this cut-off.

8 .y  Experimental results on Cu alkali halides.

Absorption measurements at a frequency v = ui/2ir = 1.78 GHz have been performed
as a function of the parallel static field H = He., for Cu(NH^).C1^.2 aq. and its
two variants CuK.Cl^.2 aq. and CufNH^JjBr^.Z aq., with e. both along a- and c-axis

) However, a further analysis by an estimate of the cross terms, as suggested in2the note to section 8.22, could indeed be easier for (i) S.. than for s'.
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F ig . 8.01 F ie ld  dependence o f v x " /x o in  some Cu a lk a li  ha lides a t 1.78 GHz.
Open p o in ts : e j / /  a, f u l l  p o in ts : e ; / /  c. C irc le s : C uO M ^.C I; .2 aq .;

squares: CuK^Ct^.l aq .; tr ia n g le s : CuCNH^^Br^^ aq .; the t a i ls  represent
the change when the temperature Tb is  reduced from 20 K to  Ik  K. The
ex trapo la tions  from the low frequency zero f ie ld  measurements o f T
are ind icated on the le f t .



(fo r the K-compound only the a -ax is ). A s lig h t d ifference was found between the
results fo r the two temperatures 14 K and 20 K, which are high compared to the fe rro 
magnetic tra n s itio n  temperatures (c f. table 8 .1 ). Measurements at other temperatures
were too inaccurate to ju s t i f y  fu rthe r analysis.

Moreover the routine of the measurement included a determination o f the EPR
lin e . A discussion o f the observed linewidths w il l  be given in section 8.32.

8.31 In tensity and second moment o f a sum o f memory lin e s .
i|ii

For the underlying compounds Van der Molen ) gives ze ro -fie ld  low-frequency
re laxation-rates T  ̂ which a ll  l ie  below 2ir 0.2 GHz. Consequently 8.19 is  expected
to apply at the measuring frequency. In presence o f a para lle l s ta tic  f ie ld  T
usual ly  decreases, apart from the f ie ld  dependence o f (A,A) '', X jj(0 ,H ) = Xacj (H).
The la t te r  fa c to r, however, does not inva lidate  8.19 fo r the measuring
frequency used.

Hence eq. 8.22 applies. Moreover the temperature is high and X0 j s  ̂  ̂ *s a' most
f ie ld  independent (c f. section 6.43) such that

2Nh2 -U (S + 1)
v  X j ' jU i r u ^ i r v ^-1 *i>

Si<*> ^   ̂ ,  P *X  X  ‘  PuL̂p=+1,+2 p p
8.29

where use has been made o f the decomposition given by eqs. 6.33, 6.34, 6.35 and
6.36, as e, lie s  in a c-a-piane (c f. section 8.13). As the memory lines are broad

-1 1
(width o f the order o f ^  h (JC ,Jf )* )  compared to the measuring frequency one may
approximate (c f. 8.11, 8.14)

2Nh2 i$ ($ + 1 ) % 2 s° x  (u^) + 8 s°
*o .

(2ojj_) 8.30

Thus the absorption measurement y ie lds a rather clear p icture  o f the memory lines.
In analogy to 6.29 and 6.46 one may derive from 8.29 (c f. 8.11, 8.14) that

■  v xV: + *> 2n o
2Nh2 -ls(S+1) f u " ---------  dv . % I  ( 2 ir p ) '(2n+1) p2 [  “  SX X

i St p-1’2 -»
-  (2 ir)"(2 n + l ) (Tr I ) ' 1 {T r ( (L rVc,)+L V )  + 21-2n T r(  (lV ) +lV )  }.

O 1 O 1 O L  O l . 1

(co) du “

8.31

The traces in 8.31 can be calculated w ith  the aid o f 6.34 and 6.30, 6.31 w ith
d e fin it io n s  5-17, 5.18, 5-28, 5-30, where X ^  includes the antisymmetric exchange

^Introduced in section 8.15.



Table 8 .2

Cu a lk a l i J h ' 1mn
(GHz)

H-He. Tb
(K)

A =

oo

f ^ d v ,
|o  | 2

a» -  1 mn1 |' mn1
* - = .

c

v 2 dv c - HU2 \ t  |1 mn1
c h lo r id e

along > Xo Lo 4 h2 Jmn L * 0  *■ Jmn

exp.
(G

-  th e o r.
Hz2) (GHz2)

exp l  th e o r.
(GHz )

CM
NO

N l\ 5 .0 a 20 3.61.; 0 .5 0 + 1 2 .6 0 ^ 0.247 0 .1 0 0 0.22 0.0280+0.749C„
B 0.255 0 .0 9 9

14 3.22 0.215 0 .0 9 3 0.20 0.24 0 .0 9 8

c 20 3.44
(6 .81 )

0 .5 1 + 2 5 .2 0 ^ 0.116 0 .0 6 8 0.110
(0.399)

0 . 0239+ 1 .5 0  c D
B 0.057 0.048

14 3.18 0.106 0 .0 6 5 0.10 0.053 0.046

K 6 .3 a 20 4.52 0.54+12.60C. 0.315 0.089 0.34 0.0475+1.165Cd
B 0.25 0.079
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Using the approximation of isotropic g-tensor in JCz and and neglecting the
contribution of antisymmetric exchange to X with respect to that of the isotropic

56 ®exchange De Jong 7 ) has performed these calculations, the results of which are
given in table 8.2.

The experimental results for the field dependence of vXj'./x0 .. are given in
fig. 8.01. In order to simplify the comparison between compounds with different
strength of the isotropic exchange (which through L in the second moment mainly
determines the widths of the memory lines) the absorption has been plotted vs.
a normalized field value, the ratio (Tr JC^)^(Tr JĈ ) ^ % 12 hv. J ^, rather than2 o L mn
vs. v^. A check measurement in CufNH^JjCl^^ aq. (a-di rection) at 4.84 GHz confirmed
the approximate frequency independence predicted by 8.30. For reasons of clarity it
has been omitted from fig. 8.01.

It follows from eq. 8.30 that fig. 8.01 showing their weighted sum gives an
impression of the right halves of the two memory lines and One
may improve the picture imagining the negative field region to be present as well
such that symmetric figures appear. It will be seen that s^ —  may probably be
neglected, which implies that fig. 8.01 immediately shows the approximate shape of

V i 
lt is clear from fig. 8.01 that the symmetrized vx"/x figures for e. // a

and e. // c have a different shape respectively being broad and sharp. Neither
type can be analyzed to equal the sum of two Gausslans around V. = 0, such that
the celebrated assumption of Gaussian memory lines (which has been carefully
avoided in the present work) is found to be wrong in this case. The shape of the
memory lines constitutes a problem which should be further investigated both
experimentally and theoretically.

The present results are in good agreement with the Debye-extrapolations based
on the t values of ref. 44, such that the single relaxation behaviour is seen to
persist up to frequencies of ten or twenty times the relaxation rate.

The temperature dependence observed cannot be explained from spin-spin
effects. It is suggested that interionic distances and orientations change with
temperature and that this influences the exchange interaction**).Strong dependence
on temperature has been observed in the resonance linewidths (cf. table 8.3).

OO OO

( '*Vi _ f 2 vxy,The experimental values for A = ■ ■ dv. and B = v. ---- dv. are listedJ X o |  1 L  J L  X o j  ] *-o o
in table 8.2. As can be seen from fig. 8.01 the measurements for the Br-compound

[_*) The latter horizontally compressed by a factor 2.
**) Probably mainly its antisymmetric part.
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should be extended to higher fields before values for intensity and second moment can
be given. As far as could be observed it shows characteristics similar to the Cl-
compounds.

The theoretical values for A and £ are given in table 8.2 as functions of the
strength IDmnl of antisymmetric exchange between nèarest neighbours. Thus the
experiment yields two formally independent *) ways to determine this constant. The
values derived from A and B are presented separately in the form I d |2h~2 . Asi —i a inn
according to Moriya the ratio |D |j should be of the order SI£ (cf. section 8.14),mn mn g
the former ratio is given as well.

In the a-direction of Cu(NH, ).C1,..2 aq. both values for Id I aqree. AnH 2 A 3 mn 3 . .
acceptable difference is found for the a-direction of the K-compound. Both Id |jmn mn
ratios are slightly lower.

The c-direction of Cu^H^JjCl^^ aq., however, shows a remarkable discrepancy,
not only between the |D | values that result from A and B but also when these valuesmn
are compared to those found for the a-direction. One may try to ascribe this to an
experimental error and calculate A and B for the c-direction based on the Id I valuesmn
measured in the a-direction. The results (in brackets) are about twice and four times
larger respectively. The difference could at most be explained by a narrow line at

%  30 GHz, which would lie well within the measuring range but has not been
observed. Another explanation, a possible error in the zero absorption level can
also be ruled out as reasonable agreement with ref. 44 has been found in zero field.
A closer investigation is needed.

I-* I • ]
The D J ratios found in the a-direction of both compounds give almost too

mn mn g -2
good an agreement with — -—  « 0.10 as derived from the average g in the a-a-plane.
Even the results of the c-direction of the NH, compound, taken on their own, satisfy
Moriya's estimate for the order of magnitude of the ratio.

The improvement achieved by the introduction of antisymmetric exchange may be
seen when one takes |D | » 0 in the theoretical expressions in table 8.2. Themn
remaining values for A and B are totally due to X with about equal contributions

O O 1|1| ^
from and ^ '■ *s the antisymmetric exchange (for almost isotropic
g-tensor) hardly contributes to the memory line, this becomes negligible upon
introduction of a large amount of this exchange. Hence one may interpret fig. 8.01
in the simple way mentioned above.

) For large I’S | , compared to JĈ , an erroneous gauge factor in the absorption
measurement may cause the same error in both results.



8.32 Resonance lin e w id th s  in  low f ie ld s .

The resonance lin e w id th s  observed ( h a lf  w id th  a t h a lf  h e ig h t)  a re  l is te d  in

ta b le  8 .3 . A pa rt from  presen t re s u lts  those o f  Henderson and Rogers 7) determ ined

a t room tem perature have been added in  o rd e r to  s tre s s  the  tem perature dependence.

Moreover the  observed va lues fo r  g a re  g iv e n , through which the  frequency measured

h a lf  w id th s  r have been d e riv e d . As the  measuring frequency is  o n ly  1.78 GHz the

resonance f ie l d  corresponds to  (T r H ? )*(T r * £ ) " *  < 0.10 which may be c a lle d  a low

f ie ld  (c o n d itio n  1 o f  s e c tio n  T.11 ) .
A lthough the o th e r c o n d itio n s  o f  s e c tio n  7.22 a re  p o o r ly  s a t is f ie d  one may t r y  a

d e s c r ip t io n  by eq. 7 .2 0 , where k is  the  d ire c t io n  p e rp e n d icu la r to  the  a lte rn a t in g

f ie ld  ( i )  and the  s t a t ic  f ie l d  ( j ) .  The z e r o - f ie ld  re la x a tio n  ra te s  m ight be taken

from  r e f .  66 bu t a re  a ls o  -  and perhaps in  somewhat more d e ta il  -  d i r e c t ly  a v a ila b le

in  the  presen t work ( c f .  s e c tio n  8 .2 6 ) ,  as (A,A) *  (M. ,M .) fo r  H *  0. The la t t e r

re s u lts  have been used fo r  a te n ta t iv e  c a lc u la t io n  o f  the  resonance lin e w id th  accord ing

to  7.20 ( c f .  ta b le  8 .3  values in  b ra c k e ts ). The agreement is  s u rp r is in g ly  good. One

m ight s ta te  th a t a n tisym m etric  exchange once again ^ )  ^ ) g ives  a reasonable d e s c r ip tio n

both o f  re la x a tio n  ra te s  and o f  resonance lin e w id th s .

Table 8.3 Cu a lk a l i H « H e.
J

along
Tb £ w id th  a t g

r r +r
( a a )1 2 'h a lid e (K) i  h e ig h t (Oe) (GHz)

NH.-Cl c 31* 2.06 0.097 (0.100)

20 36 2.06 0.106 (0.109)

77 62 2.10 0.126 (0.11 )

295 86 2.10 57)

K-Cl c 20 60 2.11 0.118 (0.120)

77 69 2.1 0.15 (0 .20 )

295 95 2.09

NH^-Br c 1<t 29 2.07 0.086 (0.092)

20 30 2.11 0.089 (0 .10 )

r +r
{-— ■)

NH.-Cl a 1<i 62 2.26 0.132 ( 0 . 133 )

20 62 2.21 0.130 (0.163)

77 52 2.26 0.163 (0 .18  )

NH.-Br (1 ,1 ,0 ) 1<t 31 2.26 0.098 (0.106)

20 33 2.20 0.098 (0 .12  )
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. . . .  (horresco re fe rena) . . . .

P. V e rg iliu s , Aeneis,
Second. Book, verse 204.
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SAMENVATTING

De t I jdontw lkkeling van een systeem, ook al bestaat het u it  veel dee ltjes , wordt
in de quantummechanica beschreven door de SchrSdinger ve rg e lijk in g . D it l i j k t  een
eenvoudige uitspraak maar aangezien deze ve rge lijk ing  bepaald wordt door de hamilto-
niaan van het systeem, waarin a lle  gegevens over z ijn  wisselwerkingen, zowel inwen
dig ais met de buitenwereld z ijn  bevat, kan o f hoeft er nauwelijks meer van worden
gezegd. Zulke korte maar veel omvattende uitspraken komen in het theoretisch gedeelte
(hoofdstuk 1 to t en met 5) veelvuld ig voor.

Aanvankelijk is weinig over de aard van de hamiitoniaan verondersteld. De
belangrijkste  aanname is dat deze van een uitwendige vector-parameter H a fhanke lijk
is . Voor de magnetische systemen die h ie r in het bijzonder z ijn  beschouwd i s ï  het
magnetisch veld.

De voornaamste reden om magnetische systemen te onderzoeken is gelegen in het
f e i t  dat men in magnetische systemen a lle  wisselwerkingen denkt te kennen. Daarom
vormen z i j  een v rijw e l ideale toetssteen voor de theorie der quantumstatistica,
zoals het Kubo-formalisme en de uitbreid ingen daarvan.

Een confronta tie  van theorie en experiment in zulke systemen is  mogelijk aan de
hand van het frequentiespectrum van de line a ire  respons op veranderingen van H.
Experimenteel v a lt d it  spectrum te bepalen door meting van energie-absorptie in
magnetische wisselveiden van verscheidene frequenties. Theoretisch komt het overeen
met het spectrum van een bepaalde co rre la tie fu n c tie .

Hoewel d it  spectrum in het algemeen te ingewikkeld is om een volledige numerieke
berekening ervan mogelijk te maken, kunnen toch enige ka rakteris tieke  grootheden
zoals momenten o f re la xa tie tijd e n  worden berekend en worden vergeleken met de experi
mentele uitkomsten. Als ze lfs  zo'n berekening te m o e ilijk  is kan men zoeken naar het
onderling verband tussen de experimentele resultaten zoals dat door de theorie wordt
voorspeld.

De h ie r beschreven onderzoekingen vormen een u itb re id ing  van Locher's werk over
spin-spin effecten in de paramagnetische s u s c e p tib il ite it  van poeders b ij  frequenties

26van ongeveer 1 GHz ) .  Aangezien z ijn  meetopstelling voor het einde der h ie r
beschreven metingen geen wezenlijke veranderingen heeft ondergaan, wordt de lezer
voor een beschrijving van de experimentele methode verwezen naar re f. 26.

De be langrijkste  u itb re id ing  wordt gevormd door het onderzoek op het gebied van
overgangsverschijnselen (MnF., hoofdstuk 7)> Hierdoor werd een theoretische beschrij
ving van re laxa tie  nodig waarin de hoge temperatuur benadering n ie t wordt verondersteld.
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Een overzicht van de mogelijkheden daartoe vindt men in de hoofdstukken 1 to t en met 4.
Een tweede u itb re id ing  is gelegen in het gebruik van éénkris ta llen  in plaats van

poeders. D it betekent dat de anisotropie van de g-tensor meer op de voorgrond treedt.
De veranderingen die aangebracht moeten worden in de gebru ike lijke  ontbinding van de
hamiitoniaan zijn.behandeld in hoofdstuk 5*

Hoofdstuk 6 b e s c h rijft de onmiddel1ijk e  voortzetting  van Locher's werk. Hierin
worden de koper Tutton zouten besproken, die verhoudingsgewijs kleine exchange*
in te rac tie  hebben. Wat de theorie b e tre ft wordt het bewijs geleverd van de regel, dat
de breedte van de verboden para lle l veld resonantie!ijnen praktisch u its lu ite n d  door
het z.g. seculaire deel van de wisselwerking wordt bepaald. De experimentele resu lta
ten z j jn  hiermee n ie t geheel in s t r i jd .

De overgangsverschijnselen in MnF. z ijn  besproken in hoofdstuk 7- Uitgaande van
een aanpak van Tjon wordt een verband afgeleid tussen resonantie-absorptie in lage
velden en re laxa tie  in nulveld voor stoffen waarin sterke exchange-interactie optreedt.
D it verband kan worden toegespitst en levert dan een vertaal recept op tussen para-
magnetische resonantie lijnbreedtes enerzijds en re laxa tie tijd en  in nulveld anderzijds,
welk recept b l i j f t  gelden to t vlak boven het overgangspunt in antiferromagneten.

Hoofdstuk 8 is gewijd aan de meest onderzochte vorm van spin-spin re laxa tie ,
de veldafhankelijkheid b ij  hoge temperatuur van de re la x a tie t ijd  in  s to ffen met
verhoudingsgewijs sterke exchange-in teract ie . Experimenteel b l i j k t  de gebru ike lijke
veronderstelling van Gaussische lijn e n  voor de integraal kern van de re laxa tie  in de
koper a lk a li halogeniden n ie t op te gaan. De theorie in d it  hoofdstuk is daarom
gegeven in een vorm die deze aanname verm ijd t. De confronta tie  tussen theorie en
experiment is uitgevoerd aan de hand van oppervlakte en momenten van de waargenomen
veldafhankelijkheden en n ie t in de vorm van re la xa tie tijd e n .

Bovendien b l i j k t ,  dat men, door de aanwezigheid van antisymmetrische exchange in
deze stoffen aan te nemen, de experimentele resultaten re d e lijk  kan beschrijven.

De bruikbaarheid van het vertaal recept u i t  hoofdstuk 7 wordt ook door deze
metingen bevestigd. De overigens slecht begrepen temperatuurafhankelijkheden van
lijnbreedtes en re la xa tie tijd e n  kunnen zo onder een noemer worden gebracht.
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Op verzoek van de fa c u lte it  der Wiskunde en Natuurwetenschappen vo lg t h ier een

overzicht van mijn studie.
Na een gymnasium-(3 opleiding aan het Coornhert Lyceum der Gemeente Haarlem,

waar Dr. J.K. van den Brie l m ijn door mijn vader gewekte belangstelling voor de
natuurkunde verder aanwakkerde, begon ik  in 1958 mijn studie aan de R ijksu n ive rs ite it
te Leiden. Het kandidaatsexamen met de hoofdvakken natuurkunde en wiskunde en
b ijvak scheikunde werd in 1961 afgelegd. Sinds november van dat jaa r ben ik  verbonden
aan de werkgroep spin-spin re laxa tie  van het Kamerlingh Onnes Laboratorium, waarvoor
Pro f.d r. C.J. Gorter de verantwoordelijkheid heeft. Aanvankelijk assisteerde ik
tezamen met Dr. R.G. van Welzenis b ij  het onderzoek van Dr. P.R. Locher, vervolgens
b ij dat van de eerste onder toezicht van Dr. J.C. V ers te lle .

Enige t i jd  vóór het behalen van het doctoraal examen, afgelegd in 1965, nam ik
de zorg voor het onderzoek van spin-spin re laxa tie  b ij  frequenties rond 1 GHz op mij
eveneens onder d irec te  le id ing  van Dr. J.C. V erste lle .

Sinds 1963 ben ik  verbonden aan het e lectronica practicum voor tweede- en derde

jaars studenten (sedert 1969 als hoofdassistent).
Degenen die mij in staat gesteld hebben d it  p ro e fsch rift te schrijven z i jn  te

verdelen in v ie r , h ie r en daar overlappende groepen.
A lle ree rs t z i j  d ie a ls d irecte  samenwerkers de sfeer bepalen o f bepaalden waarin

leven en werken to t een harmonisch geheel verenigd z i jn .  Hiervan w il ik  er één als
voorbeeld noemen: Henk van Noort, die vanaf 196A in al les,voor- en tegenspoed, heeft

meegeleefd.
Vervolgens z i j  die door hun ervaring en belangstelling mijn denken en ons

onderzoek hebben gevormd en ge rich t. Dr. J.C. V e rs te lle , hoewel zeker eveneens
behorend to t de eerste groep, neemt h ie r een onvervangbare plaats in . H ij was het,
d ie , door in 1967 het onderzoek van overgangsverschijnselen te suggereren, aan de
werkzaamheden in de groep spin-spin re laxa tie  een noodzakelijke en succesvolle
wending gaf. Bovendien w il ik  de vele gesprekken memoreren, die Ik a is kandidaat met
Dr. P. Locher had (of lie ve r omgekeerd), welke toen ju is t  z i jn  p ro e fsch rift voor
bereidde. Het gelukkig toeval dat b ij  het begin van het onderzoek (*  1965) een opbloei
van de theoretische belangstelling ervoor ju is t  in het in s t itu u t Lorentz plaatsvond
is van groot belang geweest. Het P ro f.d r. P. Mazur en Dr. R.H. Terwiel heeft een
vruchtbare wisselwerking plaats gehad en hetzelfde kan worden gezegd over het

.contact met P ro f.d r. J.A. TJon (Utrecht).
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De computerberekeningen ven C. de Lezenne Coulender en in het bijzonder die van
J.G.A. Hillaert hebben de analyses in hoofdstukken 7 en 6 mogeiijk gemaakt. De
hechte samenwerking met de drie collega-promovendi H.L. van Noort, J.G.A. Hillaert
en W.M. de Jong is van onmiskenbaar nut geweest.

In de derde plaats zij die door hun functie in het Kamerlingh Onnes Laboratorium,
doch vaak met groter hulpvaardigheid dan alleen daaruit te verklaren valt, het onder
zoek hebben gesteund. Weer vaiien hier slechts voorbeelden te noemen: de kamer-
technici D. de Jong en J. Turenhout komen mij het eerst in gedachten.

Ten vierde zij die de directe uitvoering van het proefschrift hebben verzorgd.
Geen van hen zal het mij kwalijk nemen, dat ik hier het eerst Sary Kranenburg-Ginjaar
noem, die ongeveer de helft van het typewerk (waaronder de beide eerste hoofdstukkeni)
en bovendien nog de afwerking heeft verricht. Een groot deel van de hoofdstukken 5
en 6 werd enthousiast verzorgd door Marja Huns. De hoofdstukken 3, ^ 7 werden
uitgevoerd door mevr. E. de Haas-Walraven. Het tekenwerk werd in hoog tempo uitgevoerd
door de heren H.J. Rijskamp, W.J. Brokaar en W.F. Tegelaar, welke laatste tevens voor
de speciale fotografische afwerking zorg droeg en de indeling van de omslag ontwierp.
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