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INTRODUCTION

In this thesis we shall be concerned with the quantum statistical foun­
dations of the Onsager reciprocal relations in non-equilibrium thermo­
dynamics. We shall make use of Wigner’s phase space representation of
quantum statistical mechanics. The theory of the foundations of the Onsager
relations can thus be developed in a way analogous to the classical treatment,
given by de G root and M azur !).

In chapter I we shall discuss the theory of ordinary Wigner distribution
functions. Furthermore we shall introduce the equilibrium distribution
function of a set of extensive state variables, which provide a macroscopic
description of the system, assuming that these variables are represented by
commuting operators in quantum theory. This probability distribution
function will be expressed in terms of the Wigner distribution function of
the micro-canonical ensemble. The properties of equilibrium distribution
functions of extensive variables will be studied.

In chapter II we shall introduce “joint Wigner distribution functions”,
which may be used for the calculation of quantum mechanical correlation
functions. Furthermore we shall define the joint equilibrium distribution
function of a set of extensive state variables. This distribution function
will be expressed in terms of the joint Wigner distribution function of the
micro-canonical ensemble. We shall derive several properties of joint
equilibrium distribution functions of extensive variables, in particular
the so-called property of detailed balance.

Joint distribution functions of extensive state variables are in general
not probability distribution functions. It will be shown, however, that the
joint equilibrium distribution function does represent a joint probability,
if the set of quantum mechanical operators, corresponding to the state
variables, is of a certain class.

The theory of distribution functions of extensive state variables will be
used for the well-known derivation of the Onsager reciprocal relations.

The theory in chapters I and II will be developed for Maxwell-Boltzmann
statistics only. The extension to the cases of Bose-Einstein and Fermi-Dirac
statistics will be given in chapter III.

REFER EN C E

1) G ro o t, S. R. de  and M azu r, P., Non-equilibrium thermodynamics, (to be published).
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Chapter  I

THE THEORY OF ORDINARY
WIGNER DISTRIBUTION FUNCTIONS

Synopsis
The quantum statistical theory of Wigner distribution functions is developed to

serve as a basis for the derivation of the Onsager reciprocal relations in non-equilibrium
thermodynamics. The theory is closely analogous to the classical treatment, given by
de G root and M azur.

The present chapter deals with the following topics:
1) Time dependence of Wigner distribution functions, which is described by

means of a propagator. The properties of this propagator are studied.
2) Equilibrium distribution function of a set of extensive state variables, which

provide a macroscopic description of the system, assuming that these variables are
represented by commuting operators in quantum theory. This probability distribution
function is expressed in terms of the Wigner distribution function of the micro-
canonical ensemble, representing thermodynamic equilibrium. The properties of
distribution functions of extensive variables, in particular those with regard to the
even or odd character of these variables, are studied.

3) Definition of a set of intensive thermodynamic variables, conjugate to the
extensive state variables, by means of Boltzmann’s entropy postulate.

The theory is developed in the present chapter for Maxwell-Boltzmann statistics.

§ 1. Introduction. In the present (I) and in the following chapters (II, III)
we shall be concerned with the quantum statistical foundations of the
Onsager reciprocal relations *) in non-equilibrium thermodynamics. We
shall make use of Wigner’s phase space representation 2) of quantum
statistical mechanics. Whereas chapter I deals with the theory of ordinary
Wigner distribution functions, we shall introduce in chapter II “joint Wigner
distribution functions”, which is needed for a derivation of the Onsager
relations. The theory in I and II is developed for Maxwell-Boltzmann
statistics. The extension to the cases of Fermi-Dirac and Bose-Einstein
statistics is given in III.

The Wigner distribution function is a phase space distribution function,
which may be considered as a quantum statistical analogue of the classical
distribution function. Its importance follows from a theorem, due to
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W ig n er2), Groenewold 3) and Irv in g  and Zwanzig*). This theorem
states that quantum mechanical ensemble averages of operators can be
written as phase space averages of classical functions over the Wigner
distribution function, if we use Weyl’s rule of correspondence 5) between
the quantum mechanical operators and the classical functions. In this way
quantum statistical mechanics can be formulated in a manner, closely
analogous to the formalism of classical statistical mechanics. The theory
of the foundations of non-equilibrium thermodynamics in the present (I)
and following chapters (II, III) can thus be developed in a way analogous
to the classical treatment, given by de G root and M azur 6).

In § 2 of this chapter we shall study the time dependence of Wigner distri­
bution functions. The time evolution of Wigner distribution functions will
be described by means of a propagator 7)8). Several properties of this
propagator will be derived for later use.

For the macroscopic description of a system we shall introduce a set of
extensive state variables, (e.g. masses, energies of small sub-systems,
containing large numbers of particles). The number of these state variables
is much smaller than the number of particles in the system. We shall assume
that these variables are represented by commuting operators in quantum
theory. In § 3 we shall introduce the probability distribution function of the
extensive variables in thermodynamic equilibrium. This distribution function
will be written as the phase space average of the classical function, corre­
sponding to a certain projection operator of the state variables, over the
Wigner distribution function of the micro-canonical ensemble, representing
thermodynamic equilibrium. With the help of this phase space average we
shall derive the properties of distribution functions of extensive variables
with regard to the character of these variables under reversal of the particle
velocities.

Micro-canonical ensemble averages of functions of the extensive state
variables can be written as averages over distribution functions of these
variables. Since these distribution functions are of a discontinuous type
in quantum statistical mechanics, the latter averages have the form of
Stieltjes integrals. If we make, however, the assumption that a central
limit theorem holds for the state variables under consideration, these
distribution functions are approximately continuous, differentiable normal
distribution functions. In this approximation it is possible to define
probability density functions of the state variables, which are Gaussian.
The above mentioned Stieltjes integrals then become ordinary integrals.

In addition to the extensive state variables we shall introduce in § 4 a
set of intensive thermodynamic variables. These new variables will be
defined by making use of Boltzmann’s entropy postulate.

§2. Wigner distribution functions; propagators. Consider a quantum
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mechanical ensemble of conservative systems, each containing N  point
particles with Cartesian coordinates fi, r2, ..., fy. This set of coordinates
will be denoted briefly by the symbol rN. This ensemble is characterized
by a density matrix (in coordinate representation)

P{r'N, rN] t) =  t) t), (2-1)

where wn =  1; >  0) is the relative number of systems in the state
with normalized wave function ipn[rN] t), (y* is the complex conjugate of ipp)■

The Wigner distribution function 2) of this quantum mechanical ensemble
is defined by
f(rN, p*-,t) =  (nh)-*N f  exp{(2ij%)[pN-y*)} P[rN +  y N, r * - y N] t) dyN =
=  {nti)-*N exp{(2i'/^) [pN-yN)} V>*P[rN +  yN',i) M fN - y N'A) dVN- (2’2)

where
pN.yN=  i [pi■ yi) and dy^ =  dyxdy2 ... dyN.

Furthermore % =  hjTjc, where h is Planck s constant.
Just as a distribution function in classical statistical mechanics a Wigner

distribution function is a real function, depending on the coordinates
n ,  r2, . . . ,  Tn  and the variables p i ,  p2,  . . . .  P n , which will be called the
momenta. The orthogonal 6IV-dimensional space, in which the Wigner
distribution function is defined, will be called the phase space. A Wigner
distribution function may assume negative values and does not represent
a probability density in phase space, in contrast to a classical distribution
function, which is a probability density function and consequently always
positive.

Using Weyl’s rule of correspondence5) between operators Aop and
classical functions A (rN, p N) :

A0p =  fC[oN, rN) exp{i[oN-r»p +  rN-p%})} drN **
A (rN, p N) = f t [ o N, tn) exp{i[oN -rN +  tn -pN)} doN drN, (2-3)

it can be shown 2)3)4) that the quantum mechanical ensemble average

A[t) =  S a / <) Aopfi,{rN; t) dr* (2-4)

may be written as the following phase space average:
A(t) — f  A (rN, p N) f[rN, p N; t) dr^ dpN. (2-5)

In eq. (2-3) r*p =  r*t p*p =  (;h/i^d/dr*) and

exp{i(aN • r% +  rN• p*)} *  £~=o (*nln !)(°N' C  +  *N-PoP)n- (2' 6)

Equation (2-5) demonstrates again the formal analogy between Wigner
distribution functions and classical distribution functions. From the Weyl
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correspondence Aop =  1 A(rN, p N) =  1 it follows, together with eqs.
(2-4) and (2-5), that

f f ( rN, P v ; t) drN dp N =  'ZnWuf \y>it{rN; t)\2 dr* =  =  1 ■ (2-7)

The Wigner distribution function (2-2) is therefore normalized in phase
space.

The time dependence of the Wigner distribution function f(rN, p N;t),
eq. (2-2), is determined by the time dependence of the wave functions

t), which are solutions of the Schroedinger wave equation

ih 8ipp(rN\ t)ldt =  Hopy)p(rN; t), (2-8)

where Hop is the Hamilton operator. The solution of eq. (2-8) is given by

fv(rN; t) =  exp{(—i/h) H0Pt} yj»(rN; 0), (2-9)

which can be written in the form
fv(rN] t) — f  fn(r’N', 0) K(r'N\rN; t) dr'N, (2-10)

with the propagator K(r'N\rN] t). From eqs. (2-8) and (2-10) it follows
that this propagator satisfies the Schroedinger wave equation

in 8K(r'N\rN; t))8t =  HopK{r'*\rX \ t), (2-11)
with the initial condition

K(r'n\rN\ 0) =  d(r’N -  r*), (2-12)

where Hop operates on the variables rN and where 3(r'N — rN) is a 3N-
dimensional (5-function. It follows from eqs. (2-11) and (2-12) that

K(r'*\r»; t) =  exp{(-i/h) Hopt) d(r’* -  r*), (2-13)
or

K(r'^\rN; t) =  exp{(-i/h) Ekt}<p*k(r'*f) <pk(r»), (2-14)

where (pk(rN) are the eigenfunctions and Ek the corresponding eigenvalues
of Hop\

H0p<Pk(rN) =  Ekq>k(rN). (2-15)

From eq. (2-14) and the fact that the energy eigenfunctions <pk(rN) form
a complete orthonormal set of functions we find that the propagator
K(r'N\rN; t) is a unitary matrix of the continuous indices r'N and rN, i.e.:

/ K*(r’*\r*] t) K(r’N\rN; t) dr^ =  d ( r -  r’*), (2-16)

fK*(r*r\r'X] t) K(rN\ r t )  dr^ =  d{r'* — r’*). (2-17)

Furthermore it follows from eq. (2-14) that
K{r’x\rX) t) =  K*(rN\r'N; ~t). (2-18)
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Another property of the propagator K(r'N\rN; t) follows from the fact
that the Hamiltonian is an even function of the particle momenta:

H(rN, pN) =  H(rN, - p N). (2-19)
Putting

H(rN, p N) =  f  r](aN, rN) exp[i(aN-rN -)- rN-pN)} daN drN, (2-20)

we find from eq. (2-19) and the fact that H(rN, p N) is real, that

rj(aN, tn ) =  7]*(— on , tn ). (2-21)

According to eq. (2-3) the Hamilton operator, corresponding to the Hamil­
tonian (2-20) is given by
Hop =  fr)(pN, tn ) exp{i(oN -r̂ p +  tn  -p^)} daN dxN (2-22)

and we obtain from the last two equations the following property:

Hop — H*p. (2-23)

From eqs. (2-13) and (2-23) it is found that

K(r'N\rN; t) =  K*{r'x\r*] - 1), (2-24)

which can be transformed into

K(r'N\rN] t) =  K(rN\r'N; t), (2-25)

by using the relation (2-18).
In the presence of an external magnetic field B, which may depend on

the space coordinates, but which is independent of time, eq. (2-19) becomes

H(rN, p N; B) =  H(rN, - p N , -B ) ,  (2-26)

where H(rN, p N\ B) is the Hamiltonian of the system for a given external
magnetic field B and H(rN, p N; —B) the Hamiltonian of the same system,
but with the external field reversed. Eq. (2-23) becomes

H0P(B) =  H*p(-B ), (2-27)

whereas eqs. (2-24) and (2-25) become

K(r'N\rN; B, t) =  K*(r'*\r*f; —B; —t), (2-28)

K(r'»\r*-, B; t) =  K{rX\r'*] - B ,  t). (2-29)

From (2-2) and (2-10) we find that

f[rN, p N] t) =  {n%)~™ 0) ^ ( r" ^ ; 0) K*(r'»\r* +  yN] t)
K{r'"N\rN -yN ;  t) exp{(2i/h){pN-yN)} dr’*  dr”*  dy^. (2-30)

Introducing new variables r'N and y'N by means of r“N =  r'N -\- y'N
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and r'"N — r'N — y 'N, eq. (2-30) becomes
f(rN, p N ) t) =f
=  (2/tiJï)3N '£iiiwllfip*(l(r'N +  y'N]0) y>p(r'N — y'N;0) K*(r'N -(- y'N\rN +  y N\t)

K(r'*f — y'x\rN-yX-,t)exp{(2ilh)(px-yX)}dr'Xdy'XdyX.  ’ (2-31)

Using the identity
d(y’N -  y ,N) =  (nfy-™ f exp{(2i/ty p ’N ■ (y’N _  y ’N)} dp'N, (2-32)

eq. (2-31) can be transformed into

f ( f N > P N ; t )  =
=  (7ift)~3N(2/7z1i)3N^ W n f  exp{(2i/fi)(p'N• y ’N)}y>*(r'N +  y ’N ; 0)
M r ’N - y ' N; 0) exp{(-2 i/h)(p'N-y'N)}K*(r’N +  y ’N\rN +  yN;t)

K(r’N _  y 'N\fN _  y y ; t) exp{(2i/n) (pN -yN)} dy'A' d y d y ^  d r '^ dp'N. (2-33)

This equation can be written in the form
f(rN, p N ■ t) =  ff(r'N, p'N- o) P(r'N, p ’N\ry > p y .  t) d r '^  dp'N, (2-34)

where we have introduced the propagator7)8) of the Wigner distribution
function
P^'N'P’NlrN'pN- t) =

=  (2/n%)3Nf  exp{(—2i/h)(p'N ■y'N'j} K*(r’N 4 - y'N\rN -)- yN - fj
K(r'N -  y'N\rN -yN- ' t )  exp{(2i/%) (pN-yN)} dy’N dyN (2_35)

and used (2-2). The quantity P(r'Nl p 'N\rN t pN-t t) is real, but not necessarily
positive.

We shall now prove the following theorem. If we have the Weyl corre­
spondences

P(r’N, p ’N\rNi pN - o) ^  P0p(r'N, p 'N ; o) (2-36)
and

P(r'N, p ’N\rNi pN • t) ^  P op(r'N! p y-i _*), (2-37)
then one has
PoP{r'N, p ’N ; _*) =  exp{(-i/h) Hopt} Pop(r'N, p'N ■ o) exp{(f/^) H ovt}. (2-38)

In order to prove this, we shall use the following theorem, due to G roene-
w old 3)9). If

A 0pif)(rN) =  fy ,(r’N) A(r'N\rN) dr’N, (2-39)

then the classical function, corresponding to A op, is given by
A(rN, pN) = 23Nf  exp{(2i/h)(pN-y^)} A(rN 4- yN\rN _  yV) dy^. (2-40)

Comparing (2-35) with (2-40) and using (2-37) and (2-39), we obtain
Pop[r ’N , P N] —t) y>(rN) =  (nh)~3N f  y>(r’N}.exp{(—2i/h)(p'N -y,JV)}

K*(r’N +  y ’Nlr’N-' t) K(r'N _  y'N\rN-> t) dr’N dy'* (2-41)
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which can be transformed into

Pop{r'N,p 'N; - t )  y{r*) =  {nti)-™ Jy>(r"*) K{r'*\r'X +  y ’*-, - 1)
exp{(— 2i/ft)(p'N-y'N)} K { r -  y * |r» ;  t) dr’»  dy’*, (2-42)

by using eq. (2-18). Eq. (2-42) can be written as

PoP(r'N, p 'N; —t) y>(rN) =
=  {nJi)-™fy{rmx)K(rmx\r'”x-,-t)d(r'”X - r ’X-y'M)exp{(-2iin)(p'X-y'»)}

&{r'N~ y 'N—rX)K{r"x\rX]t)&r""N&r mN&r'x&y'x. (2-43)

Furthermore we find from eqs. (2-42) and (2-12) that

Pop(r'N, p 'N ; 0) y>{rN) =
=  (nft)~3Nf  y>(r"N) d(r"N — r'N — y'N) exp{(— 2ijti) (p'N-y'N)}

d(r’N -  y ’N _ _  rN) dr’N dy'N' (2-44)

From the last two equations, together with (2-9) and (2-10), we then obtain
the result (2-38).

From the theorem (2-36)-(2-38) we shall derive here a partial differential
equation for the propagator P(r'N, p 'N\rN, p N; t). It follows from (2-38) that
dP0p(r'N,p ’»; - t) /8 t=  (-i/n){H opPop(r'N,p’N. _ t) _

-  Pop(r’N,p 'N; - t )  Hop}. (2-45)
Now we have the following Weyl correspondence (Groenewold 3)):

(— i/H){HopPop(r'N, p 'N\ —t) — P op{r'N, p ’N; —t) Hop)

7±(2/n)H{rN>pN) Sin l * ( J _
1 2 \6rN

8
dp*

6
6pN P(r'N,p 'N\rN,pN; t), (2-46)

where the 6-symbol denotes differentiation “to the left”. From eq. (2-45)
and the Weyl correspondences (2-37) and (2-46) we find that the propagator
P(r’N, p ’N\rN, p N; t) satisfies the differential equations

8P(r•’*, p ’N\rN, pN ; t)/8t =  L opP(r'N> p ’N\rNi pN t), (2-47)
with

, _  , „ . f % ( 6 8 6 8 \  1L op =  (2lh) H(rN, p N) sin ( — ( ----- • ---------- ------• ------ ) [. (2-48)
v v 1 ’ K y  1 I 2 \  6rN dpN 6pn  dr*  ) \  x 1

The initial condition follows from eqs. (2-35) and (2-12):
P(r’Ni p'N\rN> pN o) =  ö(r’N -  rN) d(p'* -  pNy (2-49)

From eqs. (2-34) and (2-47) we find the following differential equation for
the Wigner distribution function f{rN, p N; t):

df[*N, PN, t)/8t =  Lopf(rN, p*; t), (2-50)

8



which is the quantum mechanical analogue 7)9) of the Liouville equation
in classical statistical mechanics.

Let P(cl\r'», p'»\r», p» \ t) be the propagator of a classical distribution
function. Then Picl)(r'», p'»\r», p » ; t) dr» dp»  is the probability to find
the system in the range (rN, p N ] drN, dpN) at some time, if initially, a
time interval t earlier (t >  0), this system was at the point (r'N, p'N). The
propagator of a classical distribution function is therefore the conditional
probability density in phase space, in contrast to the propagator of a Wigner
distribution function, which is not a conditional probability density.
Furthermore it should be noted, that the propagator P(r'», p'»\r», p»; t),
eq. (2-35), is not a Wigner distribution function, although it is a solution of
the quantum mechanical Liouville equation, since a Wigner distribution
function with the initial form (2-49) does not exist.

Integration of the expression (2-35) over (r» ,p » ) or (r’N, p'N) gives,
together with (2-16) and (2-17),

fP{r'», p'»\r», p N; t) drN dpN =  1, (2-51)

/P ( r ’», p ’»\r», p » ; t) dr'» dp'» =  1. (2-52)

Furthermore it follows from (2-35) and (2-18) that
P(r'», p'»\r», p » ;t) =  P(r», p»\r'», p'»; —t). (2-53)

The influence of the property (2-19) of the Hamiltonian on the propagator
P(r'»,p'»\r»,p»]t) is found from (2-35) and (2-25):

P(r’», p'»\r», p » , t) =  P(r», —p»\r'», —p  » , t). (2-54)

This relation is the quantum mechanical analogue of what is called “in­
variance under reversal of the motion of the particles” in classical statistical
mechanics 6).

In the presence of an external magnetic field B we find, instead of eq.
(2-54), from (2-35) and (2-29)

P(r'», p'»\r», p » , B;t) =  P(r», —p»\r'», —p  »; — B, t). (2-55)

The magnetic field B must also be reversed, if the “motion of the particles”
is reversed.

§ 3. Equilibrium distribution functions of extensive state variables. Let us
consider an adiabatically insulated system in thermodynamic equilibrium.
In quantum statistical mechanics the behaviour of this system is described
with the micro-canonical ensemble, given by the density matrix

PE; Ae {? N, f » )  =  Ge }a e  2 j5 ,e ( E ;A E )  <Pk(r  N) (3-1)

where <ph(r») and F* are given by eq. (2-15). The summation in (3-1)
extends over those quantum numbers k, for which Ejc lies in the range

9



(E ; AE), i.e. E  — |A E < Eu <  E +  JAE. The number of eigenvalues Ek
in this range is Ge - ae- Introducing the projection operator Pe;ae,op t>y
means of

p E ; A E , o p  (Pk(fN ) = p E ; t i E [ E k )  <Pk[fN ),  (3-2)
with

_ J l ,  if £ * e (£ ;A £ )l
pB-,U!(Ek) jQ> ,f Eic^ ( E . A£)j. (3*3)

the expression (3-1) can be transformed into
PE; aE{r'N, rN) = Ge \ae Sfc <p*k{r'N) pE; ae ,oV <pk{rN), (3-4)

where now the summation extends over all possible quantum numbers k.
This equation may alternatively be written as

PE; AE{r'N, rN) =  Ge ]ae pE; AE.op è{r'N -  rN), (3-5)

using the fact that the functions <pk{f N ) form a complete orthonormal set.
Writing Pe; \e (E]c) as the Fourier integral

Pe; afi(Ffc) =  lim f sin exp{(—i/ft) t(Ek — E — e)} dt =
e—>oo t/ — oo 7Ci>

( » > 0 )

r+°° sin a \E  m
-----v  1 1 exp{(-*•/») t (Ek — E — 0)} d̂ , (3-6)J —oo Tit

we find with (3-2) and (2-15) that
r+°° sin (ME tth)

pE; AE, op =  I ------------------ -- exp{(—*/A) t(H op — E — 0)} d t. (3-7)
J  —oo 7Zt

Substituting (3-7) into (3-5) and using (2-13), we obtain

PE; AE(r'N, rN) =  GE}AE f — ----- exp{(t/»)(£ +  0)<}
J  —oo 7TJ

A(r'*|r^;<) dt. (3-8)

Applying the property (2-25) to this equation, we find that

Pe ; aa(r'*, I*) =  pe: a* ('w. f ’*) - (3-9)
In the presence of an external magnetic field B we have

PE; aE(r’N, rN; B) =  PE; a e{tn , r'»; —B ), (3-10)

which follows from (3-8), using the property (2-29) and also

Ge; \e (B) =  Ge; \e( — B). (3-1 1)

Eq. (3-11) can be proved by integrating pe;ae(^n , fN) B) over rN, which
gives, independently of B, the value 1. Since K(rN\rN ; B ; t) is an even function
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of B, according to (2-29), it follows indeed that Ge- ae{B) is an even function
of B.

The Wigner distribution function of the micro-canonical ensemble is

{e; ae{tN, Pn) =
=  (nh)-3Nfexp{(2i/fi) (p* ■y N)}pE; ae (tn  +  yN, r* — y*f) dyN. (3-12)

It follows from (2-39) and (2-40) that fE- ae(*n , p N) is the classical function
corresponding to the operator h~3NpE; ae, op, which is defined by means
of the relation

PE; AE, opip(rN) = f  y>(r'N) pE- \ E(r’N, rN) dr'N. (3-13)

Substituting (3-5) into this relation, we find that

PE; AE, op ~  GE;AE pE; AE, op- (3-14)
If pE;\E{rN,p N) is the classical function corresponding to pE;\E,op'-

pE; AE[rN, PN) pE; AE, 0p, (3-15)
we then obtain for the Wigner distribution function of the micro-canonical
ensemble the following expression:

fs; AE(rN, p N) = h~3N Gê Iae pE; Ae{TN, p N).
Putting

&E; AE =  h3NGE; AE,
eq. (3-16) becomes

fE; AE[rN, p N) =  Oe )ab pE; As(rN, PN).
Since fE;\E(rN, p N) is normalized (cf. eq. (2-7)), we have

&E; AE =  ƒ  pE; Ae(TN, p N) drN dp N.
Applying the property (3-9) to (3-12) we find that

fE; ae(tn , p N) = fE] AE{rN, - p N).

In the presence of an external magnetic field B we have

fE;AE{rN, p N ; B) =  fE.AE{rN, ~ p N; -B ) ,
which follows from (3-12), together with (3-10).

With regard to eqs. (3-18) and (3-19) we want to make the following
remark. The function pE; AE(fN, p N) is the quantum mechanical analogue
of the function

t ¥ U r * .P » ) - P , :  p»)) = ( ‘ ■ "Jilhi” shell (E; AE)1
(0, elsewhere in phase space J

in classical statistical mechanics, whereas QE- ae corresponds to the volume

(3-16)

(3-17)

(3-18)

(3-19)

(3-20)

(3-21)
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in phase space of the energy shell (E ; AE) :

e =  I  P(El?AE(rN, PN) dr* dp* =  f iE, EE) dr* dp*. (3-23)

The function fE-, ae{tn, PN) is the quantum mechanical analogue of the
classical distribution function of the micro-canonical ensemble:

f % % ( r N . P N) =

=  Q (E % 1 P $ A E ( r N , P N )
®El?AE’ within the energy shell (E; AF)1

0, elsewhere in phase space J ’ '

For the macroscopic description of the system we shall use, in addition
to the energy E, a set of n extensive state variables «i, a.2 , ara. One may
think, for instance, of the masses, energies, electric charges of macroscopi-
cally infinitesimal sub-regions within the system. These regions must still
contain a large number of the constituent particles of the system, so that
the principles of statistical mechanics may be applied to them. The number
of state variables is much smaller than the number of particles in the system.
For convenience a matrix notation will be introduced. We consider the
quantities cn(i =  1,2, n) as the components of a vector a. The state of
the system can then be represented by a point in the so-called a-space, of
which the n Cartesian coordinates are the quantities a*. In classical mechanics
the state vector a  is a function of r*  and p N. Let aop be the quantum
mechanical operator, corresponding to a(rN, p N) according to Weyl’s rule:

aop+±a(rN, p N). (3-25)

We shall now make the assumption *) that the components op of a0P are
commuting quantities. The operators ocg, op then possess a simultaneous set
of eigenfunctions x*{rN) with corresponding eigenvalues a*,*, so that

aoPXi(rN) =  (3-26)
The state variables are supposed to be normalized in such a way that the
average of aop in the micro-canonical ensemble vanishes:

amc- =  Ge}ae ~ ^ E „ e ( E ; A E ) / (P k ( r N ) a op<Pk[r N ) d f N  =

=  ƒ  a(rN, p N) fE; AE(rN, p*f) dr* dp* =  0, (3-27)

*) If the extensive variables are the masses of sub-regions of a system, the corresponding operators
commute, since these quantities depend only on the coordinates of the particles. In  the case of a
crystal lattice, which we divide into a num ber of sub-regions, the operators, corresponding to the
energies of these regions, commute since they refer to  different groups of particles. In general,
however, the operators, corresponding to extensive sta te  variables, do not commute. We shall,
however, make the assumption 10) th a t there exists a complete orthonormal set of functions
such th a t for every function of this set the foot mean square deviations Öocitx °f these operators
around their average values a  % \  are much smaller than the experimental inaccuracies with
which the sta te  variables are measured. I t  is then possible to replace the non-commuting operators
by commuting operators a ï,op, with eigenfunctions Xx[rN) and eigenvalues ai,A> (c f .eq . (3-26)).
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where we have applied the theorem (2-4), (2-5) and used the Weyl corre­
spondence (3-25).

We now define the projection operator

pop(&) — n ? - i  PopipH), (3-28)
by means of

Pop{«) X,x{rN) =  p(ax — a) xx(rN), (3-29)
where

p(&x ci) =  P(pn,x a<)> (3-30)
with

p{ <H,x — a  i)
1 1, i f  « i ,A <  ««I
[0, if aj, a >  a-i J (3-31)

Writing p(at, a — at) as a Fourier integral, we obtain from the last three
equations

pop{a) =  ƒ  è+(k) exp{(—i/h) k-(aop — a — 0)} dk, (3-32)
where ft is a vector with components k\, k%, ..., kn and where

«+(*) =  n?=i <3+(̂ ) (3-33)
is the product of singular functions

&+{h) =  (2tz)-i / 0°° exp(— ikfXt) dxt. (3-34)

Let p(rN, p N; a) be the classical function corresponding to pop(a):
p{rN, PN;a)*± p0p{a). (3-35)

Introducing the propagator Q(r'N\rN; ft) by means of
exp{(—i'/h) ft ■ a 0p}y>(rN) =  f  ip(r'*) Q(r’N\rN; fe) dr *  (3-36)

and applying the theorem (2-39), (2-40), we find with (3-32) and (3-35) that

P(rN, p N , a) =  23N f  exp{(2i/%) (pN-yN)} p(rN +  y N\rN — y N;a)dyN, (3-37)

where

p(r’N\rN: a) =  fd+(k) exp{(*’/&) k (a +  0)}Q(r'^\rN; k) dk. (3-38)

It follows from the definition (3-36) of Q[r'N\r^; k) that this propagator is
the solution of

i% 8Q(r'N\rN] k)/dk =  aop Q{r'»[r*r-, k), (3-39)
with

Q(r'N\rN- o) =  d(r’x  -  #•*), (3-40)

(cf. eqs. (2-11) and (2-12)). Now we make the assumption that the state
variables are even functions of the particle velocities. In the absence of an
external magnetic field, we then have

a(rN, p N) =  a ( r —p N), (3-41)
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(cf. eq. (2-19)). It follows from the last three equations that the propagator
Q(r'N\rN] k) possesses similar propérties as the propagator K(r’N\rN; t) of
the Schroedinger wave function. In particular we have

Q(r'N\rN; k) =  0 (r* jr '* ;k), (3-42)

(cf. eq. (2-25)). Applying this property to eq. (3-38), we find that

p(r'N\rN; a) =  p(rN\r’N; a). (3-43)

From (3-37) and (3-43) we then obtain

p(rN, p N; a) =  p(rN, —p N; a). (3-44)

For the description of the system, one may require also variables, which
are odd functions of the particle velocities, (e.g. barycentric velocities,
magnetizations of small sub-regions of the system). Such state variables
will be denoted by /3 =  /Si, /?2, •••, jSm. For both even and odd variables eq.
(3-32) becomes

p0P(a, P) =fd+(k) 6+(l) exp{(—ifK) k-(aop —a — 0)}

exp{(— i/ft) I-(flop —  P —  0)} dk d I, (3-45)

where I is a vector with components h, I2, ■■■, lm- Introducing the propagator
Q(r’N\rN; k, I) by means of

exp{(— il%)(k-aop +  l-pop)} y,(r«) Q(r’N\r"-, k. I) dr'*, (3-46)

eqs. (3-37) and (3-38) become

p(fN,pN; a, P) = 2 3* ƒ exp{(2f/^) (pN-yN)}p(rN-(-y^lr* —y N; a, p  dyN, (3-47)

with

p(r'N\rN] a, P) =fd+(k) d+(l) exp{(*'/») k (a +  0)}

exp{(*7*) l-(P +  0)} Q(r'N\rN; k, I) dk dI. (3-48)

For odd variables, in the absence of an external magnetic field, we have

ji(rN, p N) =  - p  (r* —px) . (3-49)

Using (3-41) and (3-49), we find, instead of eq. (3-42), that

<2(r'*|r*; k, I) =  £(r*|r'*; k, -I) .  (3-50)

Applying this property to eqs. (3-47), (3-48) and using the relation

d+( - h )  =  m  -  M b). (3-51)
it follows with (3-46) and the theorem (2-39), (2-40) that

p(rN, p N, a, P) =  p'(rN, —p N; a, —fi —0), (3-52)
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where p'(rN, p N; a, (i) is the classical function corresponding to the operator

Popia ’ P) =  I  d+(k) II™ i {d(h) — d+(lj)} exp{(—i/h) k -(a op —a  —0)}

exp{(—i/h) I ■ (p op -y 3 -0 ) }  dk dI. (3-53)

From the last equation we find that

f i U a ’ P) = n?=i PopM  nj*i0 -  poP(Pi)} =
( 0  S i Popfalt a21 • • *i Pi,, Pi,, •••» Pip> (3-54)

where pop{«1, a2, aw, pti, pu, .... /3it) is the projection operator for the
set of state variables <xi, a2, a„, /3(l, pu, ..., pit, so that

P'(fN, PN ', a, ft) =
=  S JL o (-l)*  2il<ii<U<...<itiZmP(rN > PN • *1. “2, •••, *», Pi,, Pi,, /SlJ. (3-55)

In the presence of an external magnetic field B eq. (3-50) becomes

Q{r'N\r*> B; k, I) =  <?(r*|r'*; - B ; ft, - / ) ,  (3-56)

(cf. eq. (2-29)) and eq. (3-52) becomes

P(rN, p N, a, p ; B ) =  p'{r», - p * ; a, —Ji —0; —B). (3-57)

The probability

P(ax <  a) =  P(aM <  «1, <*2,x <  «2, ..., a*,* <  <x„), (3-58)

that a system in thermodynamic equilibrium is in a state with

aM <  <*i, a2ji <  a2, ..., oc„tx <  a»,

is equal to the average of the projection operator p0p(a) in the micro-
canonical ensemble:

P(a * ^  a ) =  Gb }ae T,Ete(E;AE) f  9p*(r*0 Pop(&) <Pk(rN) drN. (3-59)

■Applying the theorem (2-4), (2-5) to this equation and using (3-35), we get
P(ax < a ) =  f  p(rN, p N; a) fE; &.E (rN, p N) d r^  dp*. (3-60)

We now introduce the function

F(o) =  P(cix <  «), (3-61)

which is the probability distribution function of the extensive state variables
in thermodynamic equilibrium. This distribution function is discontinuous,
since a op has discrete eigenvalues. The function F(a) is introduced here in
order to formulate later on the so-called “central limit theorem”. I t follows
from (3-61) and (3-60) that

F (a ) =  fp { r N, PN, a) fs; a e (tn , p N) drN dp N. (3-62)
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With (3-18) we obtain from the last equation

F(a) =  D(a)IQE;*E, (3-63)
where

Q(a) =  ƒ  p(rN, p N; a) pE; ab{?n , Pn) ^rN dpN. (3-64)

In the case of both even and odd state variables, eq. (3-62) becomes

F(a, /?) =  ƒ  p(rN, p N , a, [i) fE- Ê{rN, p N) drN dpN. (3-65)

Applying the relations (3-20) and (3-52), (3-55) to this equation, we get

F(a, p) =  F'(a, - p  - 0 ) ,  (3-66)
with

F'(a, p ) = ^ = o (-1 )*  ...... - & ). (3-67)
where F(ai, X2, ..., an, j8ia, ..., /?it) is the reduced distribution function
of the state variables ai, 012, .... ocn, j3ilt j$i2, ...,

In the presence of an external magnetic field B we have *)

F(a, P; B) =  f  p(r*, p * , a, p;B)  fE; AB(r^, ; B) dr*  dp*, (3-68)

and it follows with (3-21) and (3-57) that

F(a, p; B) =  F'(a, - 0 - 0 ;  - B ) .  (3-69)

It follows from (3-28)-(3-31) that the projection operator p0p[a) has the
following properties:

p0p{— 00) =  0, p0p{+ 00) — 1. (3-70)

For the corresponding classical function p(rN, p N', a) we therefore have

, p(rN, p N; — 00) =  0, p(rN, p * -f- 00) =  1 (3-71)

and with eq. (3-62) we find for the distribution function F(a) that

F(— 00) =  0, F(-\- 00) - 1. (3-72)

Introducing the operator R(a0p) by means of

R(aop) ?ArN) =  R(ax) Zx{rN), (3-73)

and writing R(ax) as the Stieltjes integral

R(ax) = / R ( a )  dp(ak — a), (3-74)

we obtain with (3-29)
R(aop) =! ƒ  R{a) dpop(a). (3-75)

*) For point particles it can be shown that, since the energy and the state variables are functions
of the coordinates and velocities of these particles only, the expression (3-68) is independent of
B  in the classical limit.
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For the classical function R(rN, p N), corresponding to R(aop):

R(r” , p N) R(aop), (3-76)

we find, using (3-75) and (3-35), tha t

R[rN, p N) =  ƒ  R(a) dp(rN, p N; a). (3-77)

I t then follows with eqs. (3-77) and (3-62) tha t the average of R{aop) in the
micro-canonical ensemble:

R(ct) =  Ge }a e  HiEice(E]AE)f (Pk(1'N) R (a OP) <Pk[rN) d fN  =

=  ƒ  R(rN, p*) fE. AE (rN, p*) drN dp*, (3-78)

can be written as the following Stieltjes integral:

R(a)m-C- = / R ( a )  dF(a) =  </?(«)>. (3-79)

We shall now assume th a t a central limit theorem *) holds for the ex­
tensive state variables under consideration. I t then follows th a t the distri­
bution function F(a) is approximately equal to the normal distribution
function:

n
F(a) ~  (2nk)~T\i \*/*‘00/ “*00 exp { -  «,')}

d da.'2 ... d<x'n> (3-80)

where |g| is the determinant of a symmetrical positive definite m atrix g
with elements gy and where k is Boltzmann’s constant. In this approxi­
mation the distribution function (3-61) becomes continuous and differen­
tiable and we can define a function

/(«)
dnF(a)

8oci 8x2 • • •  8ocn
(3-81)

which is the probability density in «-space for a system in thermodynamic
equilibrium. I t follows from the last two equations th a t this probability
density function is Gaussian

f(a) =  (2nk) 2 |g|* exp{— \ k r x (2 "* _ i gyocjoy)} =

=  (2nk) 2 | g I* exp {— P ~ 1(g : aa)}, (5-82)

where aa  is the dyadic m atrix with elements a*oy. The function /(«) is
normalized in a-space:

ƒ  f{a) d a  =  1. (3-83)

*) For certain types of extensive state variables, e.g. the energies of sub-regions of a crystal, the
validity of a central limit theorem can be proved u )12).
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In the approximation (3-80) the Stieltjes integral (3-79)
following ordinary integral:

becomes the

R(a)"l'u' =  fR (a )  f(a) da  =  <R(a)>. (3-84)

The Gaussian probability density (3-82) has mean values

<«> =  o (3-85)
and variances

<aa> =  ^g-1, (3-86)

where g-1 is the reciprocal matrix of g.
In the case of both even and odd state variables we have, instead of

(3-81):
dn+™F(a,3)

f(a, 3) ZS — :---------------------------------- , (3-87)
da.id<X2 ... docn dpi dfiz ... dfim

with the normal distribution function F(a, ft). I t follows from (3-87), (3-66)
and (3-67) that

/(«. P) =  /(«, - p ) ,  (3-88)

where we have used the fact that normal distribution functions are conti­
nuous. In the Gaussian probability density

n+ m
f(a, P) =  (2nk) 2 |g««|‘ |g^|*

exp{—p " 1 (g«a : aa -f  : PP)} (3-89)

no cross-terms between a- and ^-variables will occur as a consequence of
the relation (3-88). The variances of (3-89) are

<«a> =  £gTi, <PP> =  kgêp1, <«/*> =  0. (3-90)

In the presence of an external magnetic field B we find with (3-69) that

f(a, P) B) =  ƒ(«, - P )  —B). (3-91)

In the Gaussian probability density *)
n+m

f(a, P; B) = [2nk) 2 |g(B)|* exp[—^ - 1{gaa(B) : aa +

+  9«p[B) • Ptt +  gffa(B) : ap  -( -  gpp(B) : PP}] (3-92)
*i

now cross-terms between a- and ^-variables occur, in contrast to the case
that B =  0. In the last equation | g (B) | is the determinant of the matrix

*) In the classical limit the expression (3-92) reduces to the form (3-89) for B =  0, since in this
limit F(a, B) and consequently /(a, p; B)  are independent of B.
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9(B) =

<---- t l ----y  <---- m ----y

9««(B) 9 *e(B)

9 P«(B) 900(B)

(3-93)

Since g(B) is symmetrical, the matrices gaa(B) and gpp(B) are symmetrical
and gap(B) is the transposed matrix of gpa(B):

9«p(B) — gpa(B) ; (ga0;ij(B) — gpa-jt(B)). (3-94)

It follows from (3-91) and (3-92) that the elements of the matrices g««(B)
and gpp(B) are even functions of B, those of gap(B) and gpa(B) odd functions
of B, whereas |g(B)| is an even function of B. The variances of (3-92) are

<««> =  H ««(B), <PP> =  kypp(B) 1 n  q, v
<«/*> =  kyap(B), </?a> =  kypa(B) j ’ K >

with
«----  n -y <---- m

9-HB) =
y  a«(B) Y MB)

Y0*(B) Y 00(B)

t
n

t
m
I

(3-96)

From the properties of the matrices gaa(B), gpp(B), gap(B) and gpa(B)
we find the following properties of the matrices y«<x(B), ypp(B),yap(B) and
ypa(B): the matrices y«a(B) and ypp(B) are symmetrical and

y ap(B) =  ypa(B). (3-97)

The elements of the matrices yaa(B) and ypp(B) are even functions of B
and those of y«p(B) and ypa(B) odd functions of B.

§ 4. Intensive variables. In addition to the extensive state variables a
we shall now introduce a set of intensive thermodynamic variables X. In
order to define these variables, we shall make use of Boltzmann’s entropy
postulate, according to which the entropy S(a) of a state a, defined with
the precision Aa,is given by

S(a) = k  In (Ai2(a) jh™}, (4-1)
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where AQ(a) is the nth order difference *) of Q(a) over the range (a; Aa).
The quantity AQ(a) reduces in the classical limit to the volume of the region
in phase space, where the state variables have values in the range (a ; Aa)
and where the energy lies in the range (E; AE). It follows with (3-63) and
(3-17) that

S{a) =  k In (AF(a)} +  SG, (4-2)
where

S q =  k  In Ge -,ae  (4-3)
is Gibbs’ entropy of the micro-canonical ensemble. It follows with (3-61) that
AF(a) is the probability that the system in thermodynamic equilibrium is
in a state with a* e (a; Aa), i.e. at — ^Aaj <  < «(-)- ^Aa$. Eq. (4-2)
is therefore a relation between the entropy and the probability of a state
a, defined with the precision Aa.

In the approximation (3-80), eq. (4-2) becomes
n

5(a) ~  k In {(2nk)~~* |g|* Aa} -  £(g : aa) + S G, (4-4)

with Aa =  n ? -i Aaj, assuming that the quantities Ao* are much smaller
than the half-widths of the Gaussian (3-82). It can be shown that, even for
a very precise determination Aa of the state a, the first term on the right-
hand side of eq. (4-4) may be neglected with respect to the third term, so
that

5(a) ~  — ! ( g  : «a) +  SG. (4-5)

Introducing the quantity

AS e= S(a) -  S(0), (4-6)
we find that

AS =  —|(g : aa), (4-7)

which may be regarded as a Taylor series expansion up to terms of order
a 2 of S(a) around its maximum value.

We now define intensive variables X, conjugate to the extensive variables
a, by means of

X  m d/is/da. (4-8)
It then follows with (4-7) that

X = ? - g  a. (4-9)

In the case of both a- and /J-variables, eq. (4-7) becomes

AS =  — !(g«* ■ «a +  gpp : ^3), (4-10)

*) The quantity  AI3(a) is defined as follows:

A fi(a) =  2 j = 0  °< a i  +  * A a i......“ ‘- 1 +
a(j — 1 Aai,, aq + i +  iA a q + i , ..., a ja- i  +  iAa,-2- i, a i2 — £Aai„, a ia+i +  iA a(2+ i , ...,
ctiA- i  +  ^Aaffc- i ,  <nt  —£Acqfc, c£(fc+i '+  jAa<fc+ i , ..., a« +  £Aan).
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(cf. eq. (3-89)) and in the presence of an external magnetic field B we have

AS= — i{ga«(B) : aa +  gap(B) : pa  +  gpa(B) : aji +  gm ( B)  : pp}, (4-11)

(cf. eq. (3-92)); Defining now the intensive variables
X  =  dAS/da]
Y  mm dAS/Sp}’

we get in the absence of a magnetic field

X — g«a‘®}
Y = ~ g 00- p \ ’

and in the presence of a magnetic field

X  =  — g <x«(B)-a — g*/»(B) •/!}
Y =  — g n*(B)-a — gpfi(B)-p\’

where eqs. (4-10) and (4-11) have been used.

(4-12)

(4-13)

(4-14)
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Chapter  II

THE THEORY OF JOINT WIGNER DISTRIBUTION
FUNCTIONS AND THE DERIVATION OF THE

ONSAGER RECIPROCAL RELATIONS

Synopsis
The quantum statistical theory of Wigner distribution functions, presented in the

previous chapter, is used in order to develop the theory of "joint Wigner distri­
bution functions”, which may be employed for the calculation of quantum mechanical
correlation functions.

The joint equilibrium distribution function of a set of extensive state variables is
defined. This distribution function is expressed in terms of the joint Wigner distribution
function of the micro-canonical ensemble. The properties of joint equilibrium distri­
bution functions of extensive variables, in particular the so-called property of detailed
balance, are studied.

It is shown that joint equilibrium distribution functions, which do in general not
represent a probability, are joint probabilities, if the set of quantum mechanical
operators, corresponding to the extensive state variables, is of a certain class.

The theory of distribution functions of extensive state variables thus obtained,
which is formally the same as developed b y d e  G r o o t  and M a z u r  on the basis of
classical statistical mechanics, is used for the derivation of the Onsager reciprocal
relations in non-equilibrium thermodynamics.

The theory is developed in the present chapter for Maxwell-Boltzmann statistics.

§ 1. Introduction. In the previous chapter (I) we have developed the
theory of ordinary Wigner distribution functions1). Using the results
obtained in that chapter, we shall develop in the present chapter (II) the
theory of “joint Wigner distribution functions”. Just as in I, the theory
is developed here for Maxwell-Boltzmann statistics only. The extension
to the cases of Bose-Einstein and Fermi-Dirac statistics will be given
in the following chapter (III).

In § 2 it will be shown that time correlation functions of quantum
mechanical operators may be written as phase space averages of the classical
functions, corresponding to these operators according to Weyl’s rule 2),
over joint phase space distribution functions. These quantum mechanical
distribution functions will be called “joint Wigner distribution functions”.
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We shall express the joint Wigner distribution functions in terms of
ordinary Wigner distribution functions and their propagators. From the
properties, obtained in I for the last two quantities, we shall then derive
several properties of joint Wigner distribution functions.

In § 3 we shall introduce the joint equilibrium distribution function of a
set of extensive state variables, which will be defined as the time correlation
function of certain projection operators of these state variables in the
micro-canonical ensemble. This distribution function will be written as the
phase space average of the classical functions, corresponding to these
projection operators, over the joint Wigner distribution function of the
micro-canonical ensemble. We then derive the property of detailed balance
for joint equilibrium distribution functions of extensive variables. The joint
equilibrium distribution functions may be used to calculate time correlation
functions of arbitrary functions of the state variables in a micro-canonical
ensemble.

Joint distribution functions of extensive state variables are in general
not probability distribution functions. It will be shown, however, at the
end of § 3 that the joint equilibrium distribution function does represent a
joint probability, if the set of quantum mechanical operators, corresponding
to the state variables, satisfies certain conditions. In the approximation
that these distribution functions are continuous and differentiable, it is
then possible to define joint probability density functions of the state
variables in thermodynamic equilibrium.

The theory of probability density functions of extensive state variables,
thus obtained on the basis of quantum statistical mechanics, is formally
the same as developed by d e Gr o o t and M a z u r 3) on the basis of classical
statistical mechanics. The derivation of the Onsager reciprocal relations 4)
can then proceed along the usual lines.

§ 2. Joint Wigner distribution functions. In chapter I, eqs. (2-4) and (2-5),
we have seen that Wigner distribution functions f(rN, p N; t) could be used
in order to calculate ensemble averages of quantum mechanical operators
as phase space averages of the classical functions, corresponding to these
operators according to Weyl’s rule I (2-3). We shall introduce in the present
section distribution functions f(rN, p N , t ; r'N, p 'N; t -f- r), which will enable
us to calculate time correlation functions of quantum mechanical operators
as phase space averages.

The time correlation of the operators A op and Bop in a quantum mechanical
ensemble with density matrix I (2-1) is described by means of the correlation
function

C{A(t), B(t +  t)} m
=  i  wiifv >̂(rN i  t) {A opB0p(r) -f- B0p(r) A 0p} y>t,(rN; t) dr^, (2-1)
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with
B0P(r) =  exp{{i/h) Hop-r} Bop exp{(—i/h) Hopr}. (2-2)

Let A(rN, p N) be the classical function, corresponding to A0P according
to Weyl’s rule:

A(rN, p N) ++ A op, (2-3)

then it follows with I (2-36) and I (2-49) that

A0p =  /  A p'«) P0p(r'N, p™; 0) dr™ dp™. (2-4)

Similarly we have

B0p =  f  B(r'N, p™) P 0p(r'N, p ™■ 0) dr™ dp'", (2-5)
with

B(rN, p N) B0p. (2-6)

Substituting (2-5) into the right-hand side of (2-2) and using I (2-38), we
find that

Bop(t) = / B ( r ' N, p™) Pop (r'N, p™; r) dr™ dp™. (2-7)

Applying (2-4) and (2-7) to (2-1), we get

C{A(t), B(t +  t)} =

=  f f  A (r’N,p'N)B(r"N,p"N)f(r'N,p'N ;t,r"»,p"x; *+r)dr™dp™dr™dp™, (2-8)

where we have introduced the distribution function

ƒ (r™, P'N'.t) r™, p™ ; t +  r) =  C{P(r™,p™; t), P(r™,p™; t +  r)} =

=  t e p W p f r ^ W P o p f x . p ' n - y P o p ^ . p - » ^  +

+  Pop(r"N,p'N-, r) P0p(r'»,p'N; 0)}y>p(rV;t) dr^. (2-9)
We thus obtain the result that the time correlation function of the quantum
mechanical operators Aop and B0P can be written as the phase space
average of the classical functions A(r'N, p™) and B(r"N, p"N) over the
distribution function (2-9).

From the Weyl correspondences I (2-36) and I (2-37) it can be shown 5)
that

h{Pop(r'N,p'N; 0) P0P(r'N,p'N-,r) +  P0p{r"N,p"N ; t ) P 0J,(r™,p™; 0)}

s P ( r » ,p -»  |r»,p»;0)cos I '"•P* I2' 1 °>

where the 6-symbol denotes differentiation “to the left” . It follows from
the last Weyl correspondence and the theorem I (2-4), I (2-5) that the
distribution function (2-9) can be written as the following phase space
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integral over the Wigner distribution function I (2-2):

f(r'N,p'N',t) r’N,p ’N;t-\-r) = j f ( r N,pN;t) p'x\r*,  p*]0)

COS 1 —\% (  6 d 6 d W
{2 U r * »  - 6̂ ~  T)J  irN d<” (2-H)

Applying the relations I (2-49) and I (2-53) to this equation and integrating
by parts, we find that

f[r'N,p’N;t;r’N,p 'N;

6 8
h

COS 1̂ -
6

’1 2 \ 6 r * ' d p x  6 p x 'd r * ) \

so that

r' N _ rN)S(p'N—pN)

P(rN,pN I r"N,p"N -,t\

f{rN,pN;f)

drN dpN, (2-12)

f(r'N, p'N; t; r *  p ’N, t +  T) =  f{r'N, p t )
\% /  6 8 6 8 \1

cos {2  1P(r"  |r"  P'N] T)- (2- 13)

The distribution function (2-13) is the quantum mechanical analogue of
the classical distribution function

f cl)(r'N,p'N; t ; r’N,p ’N; t+r) = f ici\r'N,p'N ; t) P(cl\ r ‘N,p 'N \ r’N,p’N ; T),(2-14)

which may be used in order to calculate time correlation functions in classical
statistical mechanics. The quantity

f cl){r'N,p'N)t\ r’N, p ’N- t + t) dr'Ndp'Ndr"Ndp"N

is the joint probability to find a system of a classical ensemble in the range
(r'N,p'N; dr'N, dp'N) at the time t and in (r’N, p"N, dr’N, dp"N) at t -f- t.
The classical distribution function (2-14) is therefore a joint probability
density in phase space and consequently always positive. The quantum
analogue (2-13) of this classical joint distribution function will be called a

joint Wigner distribution function”. In contrast with a classical joint
distribution function, a joint Wigner distribution function may assume
negative values and does not represent a joint probability density in phase
space.

It follows from (2-13) that

f f ( r 'N,p'N;t ; r’N, p'N-J + r) d r *  dp’*  = j f (r‘ p' N; t)

\ h  (  6 8 6 8 \]
cos{ 2 e P * j \W " ’p ’N 1 r'N p 'N;T) dr'* dp'N =

=  f f ( r'N>P'N; t) P(r'N,p'N I r’N,p’N; T) dr'^  dp'N, (2-15)
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applying partial integration. Since the last member of this equation is
equal to the Wigner distribution function at the time t -f- r  (cf. I (2-34)),
we find that

ƒ f{r'N,p '* ; t ;  r’* ,p ’* ;t +  r) dr'*dp'*  =  f[r’* ,p ’* ;t +  r). (2-16)

On the other hand it follows from (2-13) and I (2-51) that

ff(r'N,p ’* ,f ,r ’* ,p ’* ;t +  r) dr’* d p ’*  =  f(r'*,p * ; t). (2-17)

Equations (2-16) and (2-17) give the normalization of the joint Wigner
distribution function (2-13).

For an adiabatically insulated system in thermodynamic equilibrium,
described by a micro-canonical ensemble with density matrix I (3-1), the
joint Wigner distribution function (2-9) becomes

fE-,AE(r'N , p ’N -,r’* , p ’* - , r )  =

=  eiBiAE)M(rN) {PoP(r'*,p’N; 0) P op(r’* ,p ’* ; r) +
+  Pop(r’N,p ’N)r) P Op(r'N,p'N;0)}<pk(rN) dr^, (2-18)

which depends only on the time interval r  and not on the initial time t
(stationary distribution function), since the micro-canonical density matrix
is independent of t. We may therefore shift the times, appearing in the time
dependent operators on the right-hand side of (2-18), with the same amount,
so that we obtain

fE;AE(r’N,p'N-,r’* ,p ’*;t) =
=  ^ËlAE^E^E;AE)M ( r N){Pop(r'N,p ’*-,t)Pop(r’* ,p ’*-,t +  r) +
+  Pop(r’* ,p ’N;t +  t) P0p(r'N,p'N-,t)}n (r*) dr*. (2-19)

If we now put t =  — r in this equation, we find with (2-18) that the
following relation holds for the stationary distribution function
fE;AE (r'N, P *;  r’*, p ’*', T ) :

/£; AE(r'* , p * ; r’*, p ’* ; r) =  fE; EE(r’*, p ’* , r'*, p * ; - r ) . (2-20)

For a micro-canonical ensemble eq. (2-13) becomes

fE, A E (r'* , p ’N; r’* ,p ’* ; r) =  fE, EE(r'*, p ’*)

COS i  — --------------------------------- P{r'*, p *  | r’*, p "*; r)}2 \ 6r'* dp'* 6p'* dr'*)\ v y  1 r  '
(2-21)

where fE-,AE[r'*,p'*) is given by I (3-12). If we now apply the property
I (2-54) (“invariance under reversal of the motion of the particles”) to
the right-hand side of (2-21), we find with I (2-53) and the fact that
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fE; AE(r'N, p 'N) is an even function of the partiele momenta (eq. I (3-20)),
that

/*;A*(r'* p '* jr '* ,p '* ;  r) = fE-,AE{r'», - p '* ; r '* , - p '* ;  - r ) ,  (2-22)
or with (2-20)

/if; AE(r'N,p'N ] r '* ,p '* ; r) =  fB; AE(r’N, - p '* ;  ̂ , - ^ ; t). (2-23)

In the presence of an external magnetic field B the last relation becomes

fB;AE(r’N>P’N-.r’N,p ’X ]B ;T)= fB;AE(r’lt, - p ’N,r'N, - p ' N, - B \r ) ,  (2-24)
which may be proved in an analogous way as (2-23), using I (2-55) and
I (3-21).

The normalization of the stationary joint Wigner distribution function
(2-21) is given by

ƒ/*; A * (r '* ,p '* ;r '* ,p '* ; r) dr'* dp'* =  fE; A£(r”*,p '*), (2-25)

f f E-,AE(r'N,p ’N) r**,p '*;r) d r '* d p '*  =  fE; Afi(r'*,p'*), (2-26)
as follows with (2-16) and (2-17).

§ 3. Joint equilibrium distribution functions of extensive state variables;
detailed balance. In chapter I we have introduced the probability distribution
function F(a) of a set of extensive state variables in thermodynamic
equilibrium, assuming that these variables are represented by commuting
operators in quantum theory. According to I (3-61) and I (3-59), this
distribution function is given by the micro-canonical ensemble average of
the projection operator p0p{a), defined by I (3-28)-I (3-31).

We shall now introduce the joint equilibrium distribution function
F(a’ ] a; r), which will be defined as the time correlation function of the
projection operators pop{&') and p0p{o) in a micro-canonical ensemble:
P (« ';« ;t) =  Cme{p{a'), p(a ; r)} =

=  è (*E;AE ^Et e(E;AE) I  <Pk(rN) {Pop{a ) Pop(a 1 T) -f-
+  pop{a\ r) pop(a')} <Pk{rN) dr*, (3-1)

where
Pop(a; t) =  exp{(i'/^) Hopt} pop(a) exp{{—i/ti) Hopr}. (3-2)

The distribution function F (a '; a ; r) is stationary, i.e. it depends only
on the time interval r  and not on the initial time t.

Applying the general formula (2-8) to (3-1) and using the Weyl correspon­
dence I (3-35), we find that

F(a'; a ; r) =
= ffp (r 'N,p'N ; a ')p(rF,pN; a)fE. A£(r '* ,p '* ; r* ,p * ;r)dr'*dp'*dr*dp* (3-3)
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where the joint Wigner distribution function fE;\E(r'N, P N rN, p N; t)
is given by (2-21).

According to (3-1), F(a'; a; r) is an ensemble average of the anticommu­
tator of two non-commuting projection operators. Although both projection
operators have non-negative eigenvalues, their anticommutator may
possess negative eigenvalues, so that an ensemble average of this anti­
commutator may be negative. Therefore F(a';a',r)  does in general not
represent a probability in a-space, in contrast with the distribution
function F(a).

In chapter I,eq. (3-79),we have seen that equilibrium distribution functions
F (a) could be used to calculate micro-canonical ensemble averages of quantum
mechanical operators R(aop). We shall now prove that joint equilibrium
distribution functions F(a'; a,  t) may be employed for the calculation of
time correlation functions of operators R\{aop) and R2{a.op) in micro-
canonical ensembles. These correlation functions are given by

= f f R \ ( f fx ,p ' ll)Ri(t»,p*)  /B; A£(r '^ ,p '^ ; r^ ,p ^ ;r )  d r *  dp'N dr* dpN, (3-4)

Rz(«oj>(t)) =  exp{(i/ft) Hopt} R2{aop) exp {(—i/ft) Hopr}, (3-5)

and where Ri(rN, p N) and i?2(rJV, p N) are the classical functions, corre­
sponding to Ri(aop) and R2(aop) according to Weyl’s rule:

Substituting these relations into the last member of (3-4) and using (3-3),
we find that

C ^ iR ^ a ) ,  R2(a{r))} =  J f R x{a') R2{a) dF{a'; a ; r). (3-8)

From (3-3) and I (3-71), together with (2-25), (2-26) and I (3-62), we
find that F{a') a; r) is normalized in the following way:

We shall now examine the influence of the properties (2-23) and (2-24)

Cm-°\Rx{a), R2{a{r))} »

=  i  ^E;AE ^EkelE^AE)/<Pk(rN) {Rl(aop) Rz(aop{T)) 4">Ete(E;AE)

+  R i {ciop{t)) Rx{aop)} <pkirN) dfN =

where

Ri(r*,p*) +±Ri(aop)\
Rz(rN, p N) <zRz{aop) \

(3-6)

From I (3-77) we have

Ri(rN, p N) = / R i ( a )  dp(r*,p*\  a)
R2[rN, PN) =  ƒ Rz(a) dp(rN, p N; a)

(3-7)

F(—oo; a ; r ) =  0, F (+ oo ; a ; t ) =  F(a),

F(a'; —oo; r) =  0, F(a'] -j-oo; r) =  F(a').

(3-9)

(3-10)
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of micro-canonical joint Wigner distribution functions on joint equilibrium
distribution functions of extensive state variables. Application of (2-23) to
(3-3) gives
F(a'; o ; r) =

— SI  P(r'N> —p  N l «') p(rN, —p N; a)
f e ;  AE(rN, - p N; r‘N, - p  * ; T) dr'* dp'* dr* dp* (3-11)

where we have also used the fact that p(rN, p N; a) is an even function of
the momenta of the particles (eq. I (3-44)). After the transformation of
variables (r'*, —p'N) -> (rN, p N) and (r*. — p N) (r'*, p'*), we then
obtain the result

F(a' \a ,  r) =  F(a; a'; r). (3-12)

If the functions F(a'; a , r) were true probabilities, relation (3-12) would
express the so-called principle of detailed balance or microscopic reversibility.
By extension we shall quite generally refer to this relation as the “principle
of detailed balance”.

In the case of both even and odd state variables eq. (3-3) becomes
F(a’, P'-,a, P; r) =

— S f P ( r ’N> P  N , F)  p{rN, p N) a,  p)
f e ; a sir’*, p'N ; r* pN ; T) d r '*  d p *  dr* dp*. (3-13)

If we now apply the relations (2-23) and I (3-52), I (3-55) to this equation,
we obtain, after the above mentioned transformation of variables, the follow­
ing expression for detailed balance:

F{a', P') a, P \ t) =  F’(a, ~ p  -  0; a', —p' - 0 ;  r), (3-14)
where

«» ■••• <■ ft,. ft,...... ft.; «1. «2....... ..  ft,, ft,...... ft,; r), (3-15)
with the reduced joint distribution functions
F(oci, a2, ..., an, ptl, .... Pit ', ai, <X2, ..., ara, /J ,̂ /?#s, ..., Pjt', r) =

= / s p ( r 'N, p n ; a ' , . . . , /s;, p’it....../q
p{rN, p N) a 1, aa, ..., a„, Ph, Ph, .... pjt)
fs; Afi(r'*, p '* ; rN, p N ; r) dr'* dp'* dr* dp*. (3-16)

In the presence of an external magnetic field B we have
F(«', p , a , p  ,B  , t) =

—f/P[r'N>P'N ',cc', p ,B ) p(rN,pN; a ,p  ,B)

fE-,\E{FN,p'Nm,rN,pN-,B]t) dr'* dp'* dr* dp*, (3-17)
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and the principle of detailed balance becomes

F(a', p ' , a , p , B ,  r) =  F'(a, - p  ~  0; a ',  - / ? '  - 0 ;  —B; r), (3-18)

which follows from (3-17), together with (2-24) and I (3-57).

Ju st as the distribution function F(a), the joint distribution function
F(a' ; a ; r) is of a discontinuous type. In  chapter I we have assumed th a t F (a)
is approximately equal to the continuous and differentiable normal distri­
bution function, (central limit theorem). We shall now make the assumption
th a t for systems with a large number of degrees of freedom the function
F(a'; a; t ) can also be approximated by a continuous and differentiable
function. I t  is then possible to  define the function

f(a'] ö ; t)
82nF(a'; a ;  r)

3a j 3a^ ... 8a.'n 8a i  3a2 ... 3are
(3-19)

which is in general not a probability density in a-space, in contrast with
/(«), eq. I (3-81).

The normalization of /(a ';  a ;  r) now follows with (3-9), (3-10) and I (3-81):

ƒƒ(« '; a ;  r) d a ' =  /(«), (3-20)

f  f(a'; a ;  r) d a  =  /(a '). (3-21)

Furthermore the expression (3-8) for the micro-canonical time correlation
function of the operators R\(a0p) and i?2(a0J)) can be written as

Cm-c-{Ri(a), i?2(«(r))} =  f f  Ri{a’) R^a) f(a’; a, r) d a ' da. (3-22)

The principle of detailed balance (3-12) becomes

/(a'; a; t) =  /(a; a'; r). (3-23)

In the case of both even and odd state variables we have, instead of (3-19),

f(a', P’; a, p-,r) =
=  _________________g2(n+m) p {a>t p ' - a > p ]T)________________

3a( 8oc'2 ... 8a.'n 8p[ 8fi'2 ... 8p'm 3ai 3a2 ... 3am 3/3i 3/92 8Pm

and we find with (3-14) and (3-15) that

f(a', p'-,a,p\T) =  /(a, — P; a', —/F; r). (3-25)

In  the presence of an external magnetic field B it follows with (3-18) th a t

f(a', p ' , a , p , B ,  r) =  /(a, - p ,  a', ~P'; - B ,  r). (3-26)

The expressions (3-23), (3-25) and (3-26) for detailed balance are the basis
for a derivation of the Onsager reciprocal relations, which will be given in
§ 5 of this chapter.
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As stated above, the joint equilibrium distribution function F(a' ; a ; r)
is in general, i.e. for an arbitrary set of commuting operators aiy0p
(i =  1,2,...,»), not a probability. We shall, however, prove that F(a’; a; r)
does represent a probability, if this set of operators is of a special class,
satisfying certain conditions.

We divide the energy scale into intervals (£„; AEp), where AE„ are the
experimental inaccuracies in measurements of the energy of the system.
Each interval is supposed to contain a large number of eigenvalues of
the Hamilton operator Hop. We now suppose that the eigenfunctions xAfN)
of the set of commuting operators ait0p may be obtained from the eigen­
functions <pk{rN) of Hop by means of such unitary transformation, that
each z 4 rN) is only a linear combination of energy eigenfunctions <pk{rN),
which belong to the same range (E„; AE„). In this case the eigenfunctions
Xx(rN) may conveniently be denoted by XuAfN), where the index /i refers
to the energy range (£„; AEM). We then find with I (3-2) and I (3-3) that

Pe„;aeu,op Xn'ArN) =  <V xrA r”). (3-27)
where dPP’ is the Kronecker symbol.

We now define the operator

Eop =  2# EtipEu-tkEu,op- (3-28)
It follows with I (3-2) and I (3-3) that this operator possesses the same
eigenfunctions <pk(i"̂ ) as the Hamilton operator Hop, whereas the differences
between the corresponding eigenvalues of these operators are always
smaller than AEp. Therefore in a macroscopic description, in which we do
not distinguish between values of the energy of order AE„, we may use Eop,
instead of Hop, as the operator, representing the energy of the system *).
The operator Eop will be called the macroscopic energy operator **).

On the other hand it follows from (3-27) and (3-28) that

EopXuArN) =  EnXi*ArN)- (3-29)
Denoting the eigenvalues of aop by aPi„ eq. I (3-26) becomes

aop XnArN) — av,rXnArlf)- (3-30)
The macroscopic energy operator therefore commutes with the operators
at,op- The index fx is the quantum number of the macroscopic energy,
whereas v is an additional quantum number, which describes the various
eigenstates of ct0p for a given value of this energy.

Since the functions XnArN) f°r fixed fi may be obtained by means of a
unitafy transformation from the functions n {rN), belonging to the energy

*) It should be noted, however, that E op does not describe the motion of the particles of the
system, in contrast with the Hamilton operator H 0p.

**) The definition (3-28) of macroscopic or gross energy operator is due to van  K am pen «).
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range (E^,AE„), we find that the density matrix of the micro-canonical
ensemble (cf. I (3-1)) can be written as

PEu;AEu(r 'N ’ fiV ) =  S & € ( i '» ; A £ „ )  V lA ? N ) <Plc{r N ) =

=  G i l . ^ tX*,Ar'N)XMArN)- (3-31)
If we now choose in (3-1) for (E ; A£) one of the ranges (£„; AF^), we

find with (3-31) that

F{a' ] a;r)  =  iGE\ AEii
Z v /x ;J r N){PoA<*')l>op(a;T) + pop(cr,T)i>op(a’)}xlt,v(rN) dr*. (3-32)

With I (3-29)-I (3-31) we obtain

F(a’;« ; r) =  G£. AE„ 2 ,  ƒ& „ (rN) P»p(a; r) ^ ( r » )  dr* (3-33)

where the summation extends over those quantum numbers v, for which
ap,v <  « ' with a fixed value of the quantum number /u. It follows from
(3-33) and (3-31), that F (a '; a ; r) may be interpreted as the joint probability
that a system in thermodynamic equilibrium is in a state with a„>v <  a'
at some initial time and in a state with a„,v <  a  after a time interval r. From
(3-19) we then find that / (a'; a ; r) is the j oint probability density of the state
variables in thermodynamic equilibrium.

In the following sections we shall assume that relevant sets of operators
a.it0p for extensive variables are of the special class described above.

§4. Conditional probability density functions of extensive state variables.
The conditional probability density P(a0\a;t) for the micro-canonical
ensemble is defined as the quotient of the joint probability density f(a0 a; t)
and the probability density f{a0) :

(4- ‘>

We shall now prove that P(aQ\a ; t) is equal to a special non-equilibrium
probability density function in a-space.

Let us suppose that a measurement has indicated that a system with an
energy in the range (E„; A£^) is at a given time, say t =  0, in a specified
state in the range («„; Aa0). According to the postulate of equal a priori
probability this system is then represented by an ensemble with density
matrix

/£> a., (r'N, rN]0) =  i. £v XlJr'N) X,ArN)> (4-2)
* (a/t,v e(«o;A «o))

where the summation extends over those quantum numbers v, for which
ctp v (with a fixed value of /i) lies in the range ((to; Acto), and where
is the number of eigenvalues a^iV in this range. The probability
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-P«o(a A <«;*)» that this system is in a state with ax <  a at the time t
(t >  0), is then given by

=  £v f t i ,A rN)Por(<*-’ t)x<‘A rN)* rN, (4-3)
(«M,r €(ao;A(Eo))

with the projection operator (3-2).
We now introduce the non-equilibrium distribution function

F.S a > 0 =  P.o(<** <  <* ;t). (4-4)

It can then be shown that

Fm.(a;t) A«. F(a0; a; t)
&F(a0) (4-5)

where Aa(F(ao; a; t) is the nth order difference *) of F(ao; a \ t) over the
range (a0; Aa0) with constant a  and where AF(ao) is the nth order difference
of F(a0) over this range. In order to prove this relation we note that it
follows from (3-33) that

Aa F(«0; a-t) =  G~l.AEu fx*t,,,(rN)fiop(a-,t)Xl.Ar*r) dr* (4-6)
(* v ,v  €  ( a o ; A o t o ) )

and from I (3-61), I (3-59) and (3-31), together with I (3-28) -I  (3-31), that

AF(a0) =  GE .̂AEu Tivf xl,v(rN) ^Pop{a o) XnAfN) drN=  G(£ .AaJGEu.AEu. (4-7)

From (4-3), (4-4), (4-6) and (4-7) we then obtain the relation (4-5).
Since we have assumed that the distribution functions F(a0) andF(a0;a;t)

may be approximated by continuous and differentiable functions, we find
from (4-5) that

rr  i r t • a  ^ n F ( c i o ' ,  a ]  t ) l d a o t i  8 x 0 ,2  8 x o , n  , A _ .

F “ (“ ’ () = ---------------w--------------------------- ' m
where we have used the definition I (3-81) of f(a0).

We now define the non-equilibrium probability density function

/.„(«;*)
önFtt0(a-,t)

8xi öoc2 ... 8xn (4-9)

From (4-9), (4-8), (3-19) and (4-1) we then find that

/«„(«I t) =  -P(«o I «; t). (4-10)

Let f^;A..irN-PN> *)be the Wigner distribution function of the ensemble
with density matrix p(£ .Aao{r'N, r*; 0. which for t =  0 has the form (4-2).

*) For the definition of this quantity  see footnote on page 20.
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Then it follows from (4-4), (4-3), (3-2) and the theorem I (2-4), I (2-5) that

0  = / P { r N, PN, a) f(ÜA.'(rN’PN>l) drN dPN> (4-11)'
where we have used the Weyl correspondence I (3-35).

In  an analogous way as the distribution function F (a) in chapter I has been
used to calculate the micro-canonical ensemble average of an operator
R(a0p) (cf. I (3-79)), the distribution function F ao(a; t) may now be
employed for the calculation of the average of this operator in the ensemble
with initial density m atrix (4-2). This ensemble average is given by

ƒ * ;„ (rN) R(a0P(t)) x»,r (rN) drN =
( a u , y e ( a o ; A a o ) )

= I  R(rN, PN) f (£ AJr*r, p * ; t) d r^  dp^, (4-12)
where

R(aop(t)) »= e x p H0Pt} R(aop) exp{(—i/h) Hopt}, (4-13)

and where R(rN,p N) is the classical function corresponding to  R(aop)
according to Weyl’s rule. If we now substitute I (3-77) into the last member
of (4-12), we find with (4-11) tha t

W ) ‘°(t) =/R(<*) d T .0(«;*). (4-14)
or with (4-9)

R(a)tt°(t) = /R (a )  /„„(«; t) da. (4-15)

Applying the relation (4-10) to  the last equation we obtain

R(a)‘°(t) = /R (a )  P (a 0 |a ;  t) da, (4-16)

which has the form of a conditional average, i.e. an average over the con­
ditional probability density P(a,o [a; t).

§ 5. Derivation of the Onsager reciprocal relations. The proof of the
Onsager reciprocal rela tions4) now proceeds along the usual lines (cf.
reference 3)). One assumes th a t the conditional averages of the extensive
state variables obey linear differential equations of first order:

d a \t)
8t

— M - a*0 (t), (5-1)

where M is the m atrix of real phenomenological coefficients and where
t >  0.

The formal solution of (5-1) is given by

aao(t) =  exp(—Mi)-ao, (5-2)

where the m atrix exp(—M£) is given by its series development. From this
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equation we find, together with I (3-84) and I (3-86), that

f a “°(t) a0f(a0) da0 =  exp(—M2) •/ a0a0f(a0) dao =  k exp(—M2) g -1. (5-3)

On the other hand it follows with (4-16) and (4-1) that

ƒ  a “°(2) a 0/(«o) da0 =  ƒ  ƒ  a a 0/(a0; a ; 2) da0 da, (5-4)

so that we have

k exp(—M2) -g-1 =  ƒ / a a 0/(ao; a; 2) dao da. (5-5)

If we now apply the principle of detailed balance (3-23) to the right-hand
side of this equation, we find, interchanging the dummy variables ao and a :

k exp(—M2) -g-1 = / / a a 0/(a; ao; 2) dao da =
=  ƒ  ƒ  aoa/(ao; a ; 2) da0 da =  £g_1-exp(—M2), (5-6)

where we have used the fact that the matrix g is symmetrical and where M
is the transposed matrix of M. It follows from this equation that the matrix
M satisfies the relation

M-g-1 =  g_1-M. (5-7)
If we now define

L -  M-g-i, (5-8)

which is the matrix of phenomenological coefficients, if (5-1) is written,
with the help of the expression I (4-9) for the intensive variables X, as

da°(t)
8t (5-9)

we obtain with (5-7) the Onsager reciprocal relations

L =  L. (5-10)

In the case of both even and odd state variables eq. (5-1) becomes

8a  (2) _ _  - « o , 0 0 ,, .  M -T jao.Po,.«I — Maa a  (2) — Map'P (2)

M M Tj...*,,,— M â a  (2) M/30 ji (2)
(5-11)

First we consider the case that no external magnetic field is present. With
the expressions I (4-13) for X  and Y, eq. (5-11) may be written as

8a‘°,p°(t)
L ^ - X ^ i t )  +  L aP-Y a°-fl°(t)8t

o,0o (5-12)



where

(5-13)

L«a =  Ma a gacJ
Laff =
Lpa -  ^/3a-gai
Lw m  M/j/j-ĝ jj1.

One can then derive along the same lines as above, using detailed balance
in the form (3-25), the following Onsager relations:

(5-14)

Secondly we consider the case that an external magnetic field B is present.
With I (4-14) we find again eq. (5-12), if we put

— *-aa
= —  L /S  a

\-M  = \-pp

L ««(B) =  M«a(B)-Y«a(B) +  Ma/J(B) • Y/?a(B)
\-«p(B) =  Maa(B) • y«^(B) +  Mâ (B) • ypp(B)
Iff«(B) =  M â(B) • Y«a(B) -f- MJ3/j(B) -y^«(B)
^ ( B )  =  Y\p«(B) -y«0(B) +  Mffff(B) -Y0ff(B)

The Onsager reciprocal relations now become

L««(B) =  La*(-B)
M B ) =  -L  0«(-B)
L w (B )=  Lw (-B )

as follows with the expression (3-26) for detailed balance.

(5-15)

(5-16)

In connection with the derivation of the Onsager reciprocal relations,
given above, we want to make the following remark: it follows from (5-5)
and (3-22) that

k exp( —M<) -g-1 =  Cmx\a , a(t)}, (5-17)

where Cm-c-{a, a(t)} is the micro-canonical correlation matrix of the extensive
state variables, with elements Cmc{a.i, a.j(t)} (i, j  =  1 ,2 ,...,» ). From (5-8)
and (5-17) we find that

L _  _ iim  C”'-c-{a, a(t)} -  C™->, a(0)} jQ)
HO &

where t approaches zero from the positive side.
At first sight this expression seems to be different from the expression

for the matrix of phenomenological coefficients, given by Kubo, Yokota
and Nakaj im a  7), (cf. formula (3.14) of this reference). It should be noted,
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however, tha t the result (5-18) is only valid, if the set of quantum  mechanical
operators a*, 0P, corresponding to the extensive state variables, is of the
special class, described a t the end of § 3, whereas formula (3.14) of reference 7)
holds for an arbitrary set of operators x i t 0 p . The latter formula must
therefore also be calculated for a set of operators of this class. One then
obtains an expression for the m atrix of phenomenological coefficients of
the same form as (5-18).

§ 6. Markoff processes. In the preceding section only those aspects of the
processes a(t) have been considered, which were needed for a derivation of
the Onsager reciprocal relations. We shall discuss in the present section a
further assumption, which is usually made concerning the nature of the
processes a[t), to wit tha t these processes are Markoffian. This assumption
implies tha t the conditional probability density P(ao\a;t) satisfies the
so-called Smoluchowski equation

P (a o |a ;  t +  r) =  f  P (a o |a ';  t) P ( a ' |a ;  r) da '. (6-1)

This equation holds if one assumes tha t the Wigner distribution function
/io ;A « o (riV > PN • *)> introduced in § 4, is approximately given by

/S?;A« (r*. p N; t ) ~  £„ Wait) /<£>;Aa.(r* p N; 0), (6-2)

where the Wigner distribution functions f£ \Aaa [rN, p N , 0) correspond to the
density matrices

rN- 0) =  Gjf.Ui. S , X*,Ar'N) Z»ArN), (6-3)

(cf. (4-2)) and where a numbers the different ranges (aa; Aa<j), into which
we have divided a-space. This is the so-called assumption of “ repeated
randomness” . I t  is the quantum  statistical analogue of the assumption in
classical statistical mechanics th a t non-stationary distribution functions,
which are initially uniform over regions in phase space, where the state
variables have values in ranges (a,,; Aaa) and where the energy lies in the
range (E ; A E ), remain “ sufficiently” uniform in the course of time over
these regions.

Now it follows from (4-11) tha t

APao(«; t) =  ƒ  A P(r», p N, a) f^ .Am,(rN, p N, t) d r*  dp*, (6-4)

where APao(a; t) and Ap[rN, p N\ a) are the nth order differences of P ao(a; t)
and p(rN, p N; a) respectively over the range (a; Aa). Substituting (6-2) into
the right-hand side of this equation, we find tha t

A F .0(a; t) =  wa(t) AFao(a; 0). (6-5)

From (4-4) and (4-3), together with I (3-28)-I (3-31), we have

A f J a j r ' ; 0) =  6" -, (6-6)
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where daa' is the Kronecker symbol. From the last two equations we then
obtain

wa{f) =  AFaii(aa]t), (6-7)

so that (6-2) becomes

/ £ PN-, t)^  S<r AFao(aa; t) / ^ . „ ( r *  PN, 0). (6-8)

It follows from (6-4), (6-8) and I (2-34) that

AF«,(a; t +  r) =
= P’N ’ t)P{r'N, p N | rN, p N; r) A p(r” , p * ; a) d r'^dp '*d r*dp*=

=  Sa W J a o l Q / J f ï U . y N-P'N-’°) P(r'N,P'N I rN,pN]T)
/±p(rX,pN-,a)dr'Xdp'XdrXdpx= /±F'0(aa;t) A F .^a jr) , (6-9)

or with (4-9)

/ . . (« ;1 +  t ) = //« „ (« '; 0 /.-(«; t ) da '. (6-10)
If we now apply (4-10) to this result, we finally obtain the Smoluchowski
equation (6-1).
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Chapter  III

BOSE-EINSTEIN AND FERMI-DIRAC STATISTICS

Synopsis
The quantum statistical theory of Wigner distribution functions, which has been

developed in the two previous chapters for Maxwell-Boltzmann statistics, is extended
in the present chapter to the cases of Bose-Einstein and Fermi-Dirac statistics.

§ 1. Introduction. The theory of the quantum statistical foundations of
the Onsager reciprocal relations in non-equilibrium thermodynamics in the
two previous chapters (I, II) has been developed for Maxwell-Boltzmann
statistics only. No special requirements were made concerning the symmetry
character of the wave functions with respect to the coordinates of the
particles. In the present chapter (III) we shall discuss the changes in the
theory of I and II, arising from the influence of special symmetry properties
of the wave functions in the particle coordinates. We shall treat the cases
of Bose-Einstein statistics (symmetrical wave functions) and Fermi-Dirac
statistics (antisymmetrical wave functions).

We shall establish an integral relation between the Wigner distribution
function of the micro-canonical ensemble for Bose-Einstein (Fermi-Dirac)
statistics and the micro-canonical Wigner distribution function for Maxwell-
Boltzmann statistics. This relation will then be used to derive several
formulae for Bose-Einstein (Fermi-Dirac) statistics from the corresponding
formulae for Maxwell-Boltzmann statistics.

§ 2. Bose-Einstein and Fermi-Dirac statistics. We consider a quantum
mechanical ensemble of conservative systems, each containing N  identical
point particles. In the Gase of Bose-Einstein statistics the wave functions

(rN; t) of the systems in this ensemble are symmetrical in the particle
coordinates, in the case of Fermi-Dirac statistics the wave functions ip~(rN\ t)
are antisymmetrical, i.e.

xp±(Pr»-,t) = d ± t f ( r * ; t ) ,  (2-1)
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where PrN is a permutation of the particle coordinates and where <5 j, =  1
for any permutation, whereas =  1 for even and dp =  — 1 for odd
permutations.

It follows from (2-1) that for both kinds of statistics the Wigner distri­
bution functions

/± (rN, p N; t) m
= (nh)-™ W± f  ex-p{(2i/h) (pN-yN)}^*{rN+ y N;t) y>± ( # - f ;  t) dy^ (2-2)

are symmetrical in the particle phases:

f±(PrN, PpN ■ t) =  f±(rN, p N)t), (2-3)

where (PrN, PpN) is a permutation of the particle phases.
The propagators of the wave functions (rN; t) and the Wigner distri­

bution functions /±(riv) p N) t) are again solutions of the differential equations
(2-11) and (2-47) in chapter I, and the initial conditions I (2-12) and I (2-49)
may be employed in unaltered form.

We shall now express the Wigner distribution functions PN)
of the micro-canonical ensemble for Bose-Einstein and Fermi-Dirac statistics
in terms of the micro-canonical Wigner distribution function /e; ae{tn  , p N)
for Maxwell-Boltzmann statistics. To this end we shall first establish a
relation between the micro-canonical density matrices

P E ;A E ( f N ’ fN) —  G È ;A E  ^E * * e ( E ; A E )  (Pk*(r N) 'Pk (rN) (2-4)
for Bose-Einstein (Fermi-Dirac) statistics and the density matrix
P E ; a e ( P n , r N ),  eq. I (3-1). With the projection operator p E ;A E ,o p ,  eq. (2-4)
may be transformed into

Pe ;Ae {T N> rN) =  ^ E ; A E  9’fe*(r  N) p E ;A E ,o p  <Pk(rN)- (2-5)

Now in the cases of Bose-Einstein and Fermi-Dirac statistics we have the
completeness relations

2* <pt*(r'N) <Pic(rN) =  (^V!)-2 S p .q 0&%d(Pr'x -  Qr*), (2-6)
where the summation in the right-hand side extends over all possible
permutations Pr'N and QrN of the particle coordinates. Eq. (2-5) may
therefore be written as

Pe -,Ae (T N> fN) — (N l) 2 ^E - ,A E  ó f r i  p E ;A E ,o p  d(Pr N QfN), (2-7)
where p E ;A E ,o p  operates on the variables rN.

The density matrices PE-AE(r'N> rN)> ecI- (2-7), may now be expressed in
terms of the density matrix pE;AE(f'N, f N), eq. I (3-5), by means of the
following integral equations:

PÉ-,AE(r'N, rN) =  f PE-,AE(r"'N, r’”) K±;AE(r™, r'» \r'» , r*) dr'"» dr'^, (2-8)
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with the kernels

k e -,aJ f N. r’N \ r'N, rN) =
Q

^  (N !)-2 S p . Q ö$d±ö(r'"N -  Pr'N) <5(»™ -  Qr* ) ,  (2-9)
^E;AE

using the fact that ps-3 ae, op is symmetrical with respect to the coordinates
of the identical particles.

With the help of the last two equations, it is now possible to express the
Wigner distribution functions

fÈ;AEirN>PN) =  C*®) ~3N f  exp{(2i/h) (p N • y N)}
pe-,ae(tn +  y N>rN -  y N) dyw (2-10)

in terms of the Wigner distribution function /b; \E(rN, PN), eq. I (3-12),
by means of the integral equations *)

fÈ;AE(rN>PN) -JfE;AE(r'N,P'N) PE-,AE(r'N’P'N \rN> PN) dp ’*, (2-1 1)
with the kernels

P%-,AE(r'N,P'N \rN,p N) -

-  (2M )3iV(iV!)-2-^— Sp ,g (5±<5± f exp{(—2ifti)(p'N-y'N)}
^E-.AE J

d{r'N +  y'N -  PrN -  Py*) d(r'* -  y '*  — Qr*  +  Qy*)
exp{(2il%)(pN-yN)} dy'N ,dyN, (2-12)

(cf. also reference x), eq. (25) **)).
It follows from (2-12) that

PE-,AE(r'N> P'N I rN, p N) =  P ^ ;AE(r’N, ~ p  N | rN, -p * ) .  (2-13)
Applying this property to (2-11) and using the fact that fE- ae(tn , p N) is
an even function of the particle momenta (eq. I (3-20)), we find that the
Wigner distribution functions PN) are als° even in the particle
momenta:

fE;AE('N> PN) =  fE-,AE(rN. ~PN)- (2-14)
In the presence of an external magnetic field B we get from (2-12)

p È-,AE(r'N>P'N \rN,PN; B) =  P^.AE{r’*, —p 'N | rN, - p * ; - B ) ,  (2-15)

using the fact that Ge -,ae(B) and Gj=,.AE(B) are even functions of B, (cf.

*) The derivation of (2-11), (2-12) proceeds along the same lines as the derivation in chapter I
of (2-34), (2-35) from (2-2) and (2-10).

**) Tt should be noted, however, that the right-hand side of this equation must be multiplied with
a proper normalization factor since the Wigner distribution^unctions w(r, p) and /±(r, p) are supposed
to be normalized in phase space.
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I (3-11)). From (2-11), (2-15) and I (3-21) we then obtain the relations

(r*. PN> B) =  f ^ ( r N, —p N', —B), (2-16)
which have the same form as I (3-21).

Substituting the expression I (3-16) into the right-hand side of (2-11),
we find with (2-12) that

/ I ae^ ^ ^ ^ e / P e -. AE(r'N,P'N) P ±{r'N, p ’N | rN,pN) d r '*  dp'*, (2-17)
with

(2-18)
and the kernels *)
P±(r'N,p 'X \rN, p*) =

-  (2/«*)*w (TV!)"2 S p,« W / e x p { ( - 2t7»)(p^.y^)}
(5(r'* y'AT _  p rAT _  PyiV) ^(r 'JV _  y ’N  _  (Jr* _j_ Q y N )

exp{(2t'/») (p^-y^)} dy'* dy*. (2-19)

Since the Wigner distribution functions fE;AE(rN>PN) are normalized, we
obtain from (2-17)
a%.AE =  I f  pB; AE(r’N, p ’N) P±{r'N, p *  I rN, p*) d r'*  dp '*  dr*  dp*. (2-20)

The expressions (2-17) and (2-20) now take the place of the expressions
(3-18) and (3-19) in chapter I.

For the equilibrium distribution function of extensive state variables we
have

F(a) =  f p { r N, p N : a) /± ^ ( r *  p*) dr* dp* (2-21)

{cf. I (3-62)). Substituting (2-17) into the right-hand side of this equation
we find that

F(a) =  Q±(a)IQ±.AE, (2-22)
where

Q ± ( a )  =

= f f  pE; A£(r'* ,p '* )P±(r'* ,p '*  | rN,pN)p(rN,pN; a) d r'*dp '*d r*dp*  (2-23)

{cf. I (3-63) and I (3-64)).
Boltzmann’s entropy postulate I (4-1) becomes in the cases of Bose-

Einstein and Fermi-Dirac statistics
5(a) == k In {Afi±(a)/A3*}, (2-24)

where Af2±(a) are the nth order differences of i2±(a) over the range {a; A a).
Gibbs’ entropy of the micro-canonical ensemble is given by

So =  k In G^.ae, (2-25)

*) The classical analogue of (2-19) is the kernel
P(ci)(r'», p 'N\rN, p *0 =  (iV!)-2 E p  ö(r'N -  Pr*) ö(p'N -  PpN),

which may be obtained by considering only the terms with P  =  Q in (2-19).
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(cf. I (4-3)). The intensive thermodynamic variables X  are again defined
by means of I (4-8).

The joint Wigner distribution functions (2-13) and (2-21) in chapter II
must be replaced by

f±(r'N, p 'N; t; r*, p * ; t +  r) =  /±(r'*, p'-V; t)

\ % f  6 8 6
cos { — I ------  • ------- ------------

I 2 \  6r'N dp'N 6p'N
P  N I rN, p N; t)

and

fa,AE(r'N,p ' N; fN> PN; r) =  f a t J r ' B p ' * )

cós{A(_l_ ____L .  Ml
I 2 V 6r,JV 0p'* 6p'N d r '* ) J P(r'N, p  N lrAr. p ^ ; t )

(2-26)

(2-27)

in the cases of Bose-Einstein and Fermi-Dirac statistics.
I t is immediately seen, th a t the relations II  (2-23) and II (2-24) are also

valid in the cases of Bose-Einstein and Fermi-Dirac statistics, since the
properties of Wigner distribution functions and propagators, which were
needed in II for the derivation of these relations, also hold in these cases.
We therefore have in the absence of an external magnetic field:

P'N. r", p N: T) =  / f  :A*(r*  - f ;  r *  - p ” ; r), (2-28)

and in the presence of a magnetic field:

P N, rN, PN; B, r) =  / f  ;A£( r *  - p ^ ;  f".  - p  » ,  - B ,  r). (2-29)

For the joint equilibrium distribution functions of extensive state
variables, we get

F(a'-, « ; t) =  ƒ  f  p(r'N, p 'N ;a') p(r*, p * ; a)
fE; a E{r'N, p 'N ; rN, p N; r) d r '^  dp'N d r*  dp*  (2-30)

(cf. I I  (3-3)), and for the non-equilibrium distribution function Fao(a',t),
introduced in § 4 of chapter II, we now obtain

F.o(a ; t) =  I  P(rN, PN ; a) f (£ i . . ( r N, PN11) d r*  dpN, (2-31)

(cf. I I  (4-11)).

The further development of the theory of the foundations of the Onsager
reciprocal relations for Bose-Einstein and Fermi-Dirac statistics proceeds
along the same lines as in the case of Maxwell-Boltzmann statistics.
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SAMENVATTING

In dit proefschrift worden de quantumstatistische grondslagen van de
reciprociteitsrelaties van Onsager in de thermodynamica van niet-even-
wichtsprocessen behandeld. Daarbij wordt gebruik gemaakt van de be­
schrijving van de quantumstatistica met behulp van Wigner-distributie-
functies. Deze quantummechanische distributiefuncties, die in de fase-
ruimte gedefinieerd zijn, vertonen overeenkomst met de distributiefuncties
in de klassieke statistische mechanica. De theorie van de grondslagen van
de Onsager-relaties wordt derhalve behandeld op een wijze, die analoog
is aan de klassieke behandelingswijze van de Groot en Mazur.

In hoofdstuk I wordt de theorie van gewone Wigner-distributiefuncties
behandeld. Verder wordt de evenwichtsdistributiefunctie van de extensieve
toestandsvariabelen, welke het systeem macroscopisch beschrijven, in­
gevoerd, waarbij de veronderstelling wordt gemaakt, dat de quantum­
mechanische operatoren, die met deze variabelen corresponderen, onderling
verwisselbaar zijn. Deze waarschijnlijkheidsdistributiefunctie kan worden
uitgedrukt in de Wigner-distributiefunctie van het micro-kanonieke en­
semble. Verschillende eigenschappen van evenwichtsdistributiefuncties van
extensieve variabelen worden afgeleid.

In hoofdstuk II worden “simultane Wigner-distributiefuncties” ingevoerd,
die gebruikt kunnen worden om quantummechanische correlatiefuncties
te berekenen. Verder wordt de simultane evenwichtsdistributiefunctie van
de extensieve toestandsvariabelen van het systeem gedefinieerd. Deze
distributiefunctie kan worden uitgedrukt in de simultane Wigner-distributie­
functie van het micro-kanonieke ensemble. De eigenschappen van simultane
evenwichtsdistributiefuncties, in het bijzonder de zogenaamde eigenschap
van microscopische reversibiliteit, worden afgeleid.

In het algemeen zijn simultane distributiefuncties van extensieve variabe­
len geen waarschijnlijkheidsdistributiefuncties. Men kan echter bewijzen,
dat de simultane evenwichtsdistributiefunctie een simultane waarschijnlijk­
heid voorstelt, indien de quantummechanische operatoren, die met de
toestandsvariabelen van het systeem corresponderen, van een speciale
klasse zijn.
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De theorie van distributiefuncties van extensieve variabelen wordt
tenslotte gebruikt voor de bekende afleiding van de reciprociteitsrelaties
van Onsager.

De theorie, behandeld in de hoofdstukken I en II, is alleen geldig voor
Maxwell-Boltzmann-statistiek. In hoofdstuk III wordt de theorie uitge­
breid tot de gevallen van Bose-Einstein- en Fermi-Dirac-statistiek.
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