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Chapter I

NUCLEAR MAGNETIC RESONANCE IN MAGNETIC
SINGLE CRYSTALS

Introduction

The nuclear magnetic resonance technique has proved to be a
powerful method of studying the behaviour of electronic magnetic
moments in so lids. Position , shape and relaxation behaviour of the
nuclear magnetic resonance (n.m.r.) lines are profoundly influenced
by the magnetic moments of unpaired electronspins, which surround
the resonant nuclei. The energy absorption in n.m.r. experiments is
very small and has a negligible effect on the electronspin system ,
making an accurate determination of the equilibrium properties of th is
system possib le. E specially  in hydrated magnetic single c rysta ls,
where the resonance absorption of the protons in the H20  m olecules
is  easily  detected, important resu lts  have been obtained since the
first experiment of th is type by Bloembergen1  ̂ in CuS04.5H20 .

The n.m.r. experiments can be divided into two groups, based on
the type of information about the electronic magnetic moments that is
obtained.

1. ) Measurements qf the positions of the lines, that means the
frequencies of the absorption maxima, give direct information about
the time averaged value of the magnetic moments < //> . In various
crystals like CuC12.2H20 2\  MnF23  ̂ and F e 3(P 0 4)2.8H20 4  ̂ e tc ., the
temperature dependence of <//.> has been determined with great ac
curacy in the paramagnetic as well as in the antiferromagnetic sta te
by measuring the n.m.r. frequencies. The method is  especially  useful
when the crystal contains magnetic ions with different values of </u >.
In that case  susceptib ility  or magnetization measurements produce
only the macroscopic averages of X respectively </a> over the whole
crystal and n.m.r. is  one of the few experimental methods of obtaining
fundamental information on the microscopic properties of the magnetic
system. This situation occurs not only in antiferro - and ferrimagnets,
but also  in paramagnetic c rysta ls  where the unit cell contains crys-
tallographically unequivalent magnetic ions.

2 . ) The width, shape and relaxation behaviour of the resonance
lines give information about the fluctuating component d/x(t) = /r.(t)—</i>
of the magnetic moments. From measurements of the sp in-lattice  relax
ation time in CuC12.2H20 5  ̂ for example, conclusions have been drawn
about the behaviour of the fluctuations of the Cu2 + electronspins as a
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function of temperature and external field. Until now, very few attempts
have been made to use n.m.r. linewidth measurements to determine
electronspin fluctuations in m agnetic crysta ls . This is  probably be
cause the mutual in teractions between the nuclear spins contribute
also to the observed linewidth. Only in those cases  where the fluctu
ating electronspins give the dominant contribution to the n.m.r. line-
width, accurate information about d/x(t) can be obtained by th is method.

Proton magnetic resonance experiments of both types 1.) and 2.)
will be rep.orted in th is th es is , the greater part of which deals with
measurements of resonance frequencies and lineshapes in the crysta ls
CuS 0 ,.5H 20 and C uSe04.5H20 . The reasons for the particular choice
of these c rysta ls are given together with the experimental resu lts  in
chapters III and IV. Chapter V contains the measurements in some
connected substances. In a ll these c rysta ls an exchange coupling of
the type —2 J ? 1? 2 between neighbouring electronspins is  present, which
causes different types of magnetic ordering in the temperature region
T = |j |/k . The purpose of the experiments reported here, is  to obtain
information about the influence of th is magnetic ordering on both the
time-averaged and time-dependent parts of the magnetic moments.

As the exchange in teractions involved, are relatively  small( | J |/k= l °K)
the n.m.r. experiments were carried out at low tem peratures, (down to
0.3 °K). A 3He cryostat was used, the experimental de ta ils  of which
are given in Chapter II.

A The resonance frequencies.

1. Qualitative d iscussion .

When a system  of non-interacting protons with nuclear spin I * Vi
and a magnetic moment Jl is placed in a uniform magnetic field HQ.
each protonspin can be oriented either parallel or antiparallel to K0.
The two corresponding energy levels have a separation:

A E = 2 u H  (1 -Df p  O

When an oscillatory  m agnetic field with amplitude Hj and frequency
v is  applied perpendicular to ffQ, the system will show resonance
absorption when the resonance condition is  fulfilled:

v
O

2 a  H
" p  O y Hc

2 v
( 1- 2)



9

y i s  the gyromagnetic ratio of the proton defined by the relation:

=  y i n f .

The resonance energy absorption can be detected with appropriate
electronic equipment.

This simple picture is  never realised  because the protons have
mutual dipolar in teractions so that (1—2) changes into:

■ - 2 1  I f f
27T ° P

where h is  the internal field that a proton experiences from the sur
rounding protonspins. B ecause n changes in time and space a single
resonance frequency does not ex ist, but rather a distribution of fre
quencies centered around the average value vq. This leads to a re
sonance absorption with a finite linewidth. In so lids, the linewidths
due to proton-proton in teractions are usually  of the order of a few
oersteds.

When the protons belong to the H20  m olecules of a hydrated
magnetic single crystal, formula (1—3) must be extended and written
as:

Iff +u1 o  ̂ s p (1-4)

where h denotes the internal field produced by the magnetic moments
of the ions in  the crystal, primarily caused by the unpaired electron-
spins S. As these electronic magnetic moments are about a factor of
103 larger than the proton magnetic moments, one might expect line-
widths of the order of 1000 Oe by extending the reasoning given above.
However, in many crysta ls an exchange coupling between neighbour
ing spins S is  present which causes rapid changes of the orientation
of S, and consequently, of"R . This means that the protonspins feel
mainly the time averaged value <Üa > of"K . Therefore it is  convenient
to rewrite:

Tis = < V  + dlig (t) (1-5)

where <fh > causes a shift of the resonance frequency v, while the
fluctuating field dK (t) contributes to the linewidth.

Furthermore, the third term in (1—4) can be rewritten for hydrated
crystals as:
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h = h n + h '  (1-6)
p p  p

where hn denotes the internal field which the proton experiences from
the second proton in the same H-O molecule. It will be shown in one
of the following sections (3) that h£ causes  a doublet structure of the
resonance lines, while the field h^ of the more d istan t protons con
tributes to the linewidth.

The calculation of the fields <h > and hn that determine the shifts  p
of the resonance frequencies from the free proton value v  , is given
extensively by Bloembergen , Poulis , Hardeman71 and van der
Lugt . Therefore the d iscussion  of these fields given in part A of
th is chapter, will be short, emphasizing mainly some special aspects
that are of importance for the interpretation of the measurements re
ported in Chapter III, IV and V. The d iscussion  of the linewidth, as
determined by the fields dh (t) and h ' ,  will be given in more deta il ins  p
part B of th is chapter.

2. The time averaged magnetic fie lds from the magnetic ions.

i.) Param agnetic crysta ls .

It will be assumed, that the interaction between the m agnetic ions
and the protons is  of purely dipolar character and that the magnetic
moments </2k> of the ions are parallel to Hq. The proton considered,
is  thought to be situated  at the origin of a rectangular coordinate
system xyz, while f? is  rotating in the horizontal xy plane (see fig. 1).
The positions of the magnetic ions are given by the position vectors

F i g .  1. C o o r d i n a t e  f r a m e  for  t h e  d e f i n i t i o n  o f  t h e  g e o m e t r i c a l
c o n s t a n t s  in  t h e  f o r m u la  fo r  t h e  d i p o l a r  f i e l d  p r o d u c e d  by  a  m a g 
n e t i c  io n  M a t  t h e  p o s i t i o n  o f  a  p r o to n  P .
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rT. The in te rna l f ie ld  < hs > at the proton pos ition  is  defined by the fo llo w 
ing three components:

pa ra lle l to H* : h// x fk
< At jc> O cos2a kcos2(cp—9k) — 1)

4 (1 -7 )

±  H in  the xyo '
, , i y  _  < / i .> 3 c o s 2a, sin(«P-<P. )cos(9-«P . )plane: h = X 1________ 5________ __________ Ü_

X k 3
rk (1-8)

X H in  the z d irec tion : h , = 2
°  X

z </u.k >3 s inak cosakcos(<P—Vk)

'2
(1 -9 )

where a, = angle between rk and the xy plane.

<Pk = angle between the p ro jection  o f r*k on the xy plane and the
x ax is .

9  = angle o f ro ta tion  of H q w ith  respect to the x ax is .

The to ta l magnetic f ie ld  at the proton pos ition  is  given by:

H 2 *  (Ho - h , , ) 2 + (h * * ) 2 + ( h f )2 (1 -10 )

which can be rew ritten  as:

(h^ ) 2 * (l^ ) 2
H. — H = h., +--------------------  (1-11)t  O / /

H. + H + h ..t o / /

For temperatures above 1°K the in te rna l fie ld s  <n > are usua lly
small compared w ith  H .F o r  instance, when Hq =2000 Oe and T = 1.2°K,
the magnetic moment o f an ion w ith  S = l/a, which fo llow s  a B r illo u in
type of m agnetization curve, is  about </x> = 0 .1  Bohrmagneton. Taking
r = 2.5 A as the d istance between a proton and the nearest magnetic
ion, <h > is  about < u > / r 3 = 65 Oe. When the cond ition  <h > « H  is

»  S o
fu lf i l le d , the second (quadratic) term in  the righ t hand side o f formula
( 1—11) can be safe ly  neglected compared w ith  the f irs t  (linear) term,
so that one can w rite

H. -  H = h..t o / / (1- 12)
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Formula (1—12) is  usua lly  applied to obtain inform ation about the
magnetic moments < / i ,>  from proton magnetic resonance experiments.
The difference Ht — H q is  measured in  terms of the resonance fre
quency s h ift A v  = y (H t — Hq) /2 v . Substitu ting th is  d e fin itio n  in  the
le ft hand side o f (1—12) and the formula (1—7) in  the righ t hand side,
(1—12) can be rew ritten  in  a form which is  more convenient fo r prac
t ic a l purposes:

A v
-v _3co s2a  cos2(<P—<p.)—1

=  _ L— <fJ i>  2 . _____________ ___________5-----
27T v 3

rk

(1 -13 )

where a ll magnetic moments </Lik > are assumed to be id e n tica l. From
(1—13), i t  is  obvious that the fie ld  and temperature dependencies of
</z> can be derived d ire c tly  from measurements of A v  .

However, at very low  temperatures, for instance in  the 3He temper
ature region down to T = 0.3 °K, the in fluence of the quadratic term
in  (1—11) needs carefu l inspection , because the assumption <h > « H q
is  no longer va lid . In the example given above, the in te rna l f ie ld  of
65 Oe at T = 1.2 °K increases to <hs> = 250 Oe at T = 0.3 °K so that
h -  0.12 H .

S O

The in fluence of the quadratic term in  (1—11) depends on two pa
rameters:

<h >
S and tgi/»'

A \(hi*)2 ♦ (h*r

h/ /

where \p is  the angle between Tis and H* . In  figure 2 the quadratic term:

( h ^ ) 2 ♦ (hz/
q = ---------------------------

H, +H +h ..t o / /

is  p lo tted as a function o f <hs > /H Q and \p. I t  may be m entioned,that
in  the paramagnetic case considered here, the d irec tion  o f increasing
<hs> /H  in  figure 2 corresponds w ith  decreasing temperatures.

From th is  figure  one can in fe r the error that is  introduced in  meas
urements of the temperature dependence of < /jl> by neglect o f the
quadratic term. For example, i t  can be seen in  figure 2 that for \p = 35°,
at a certa in temperature T ,,  where <h > /H  = 0.3, the lin e s h ift  A v  is
given by: A i^ T ĵ  = [ 1 +0.05] y h / / (T  J /2 7 t.° A t a temperature T 2 » T j
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20® —

O On»M, 0.1 0.2 0.3

F i g .  2 . T h e  q u a d r a t ic  c o n t r ib u t io n  to  th e  i n te r n a l  f i e ld  a t  th e
p ro to n  p o s i t io n s  in  a  p a r a m a g n e t ic  c r y s t a l ,  q  = (H , — H ) — h , ,  =
( (h * y)2 + (h * )2 ) / ( H t  -  H q + h / / ) .

q i s  p lo t t e d  a s  a  f u n c t io n  o f th e  r a t i o  o f  th e  i n te r n a l  a n d  e x t e r n a l
f i e ld ,  < h  > /H  fo r d i f f e r e n t  v a lu e s  o f th e  a n g le  0  b e tw e e n

—» S _ _ , O  •

< h  >  a n d  H .s  o

so that <hs > /H Q << 0.01 one can write A v(T 2) * y h / .  ( T 2 ) /2 tt be
cause the quadratic term is  negligible. Consequently:

Av(T i ) _ h ^ d j )  [1 + 0.05]
Av(T 2) = h ^ d - j )

</x(Tj) >

< m ( t 2 ) >
[1 + 0.05]

so that a 5% discrepancy ex is ts  between the ratio of the measured
frequency sh ifts  and the ratio of the magnetic moments at the two
temperatures.

An approximation of the exact formula (1—11) which is  an order of
magnitude better than formula (1—12), is  the following:

(H‘ “  H°} “ £  [h// +2ÏT { (h*Y)2 + (h )̂2 >] (1~ 14)lo

where instead of neglecting the second right hand term in (1—11) com
pletely, only the denominator H. + H + h . .  of th is term is  replaced
by 2 H . ' '* O

On the hand of th is formula a method can be indicated to limit the
influence of the quadratic terms as far as possib le. In the first place,
it will be remarked that (h*y)2 has the same value for two directions
of FTo which make an angle of 9 0 ° .This can be verified by substituting
two values of cp that differ 90° into formula (1—8). Consequently,
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when the linesh ift is  measured in two mutually perpendicular direc
tions of lTo,th e  difference between these two measurements (Av—Av*)
will contain no terms with (h*y)2 :

Ai/—A i/  nOL [h / / - h / / + ^ i - { ( h ^ ) 2 -  (h * ')2 }] Ü -1 5 )
277 2Hq

The influence of the remaining quadratic terms cannot be avoided,
but these terms are small when measuring in an appropriate plane of
rotation of H*o. It must be noted that due to the factor rk~ 3 in the di
polar field formulas, the nearest magnetic ion will give the dominant
contribution to h^. This contribution vanishes when ff ro tates in a1  O
plane for which 0 ^ = 0  (the index 1 refers to the nearest ion), as can be
seen in formula (1—9). This special plane can be found approximately
by investigating Av in several crystal orientations a t such high tem
peratures that Av = yhy./27T  is  a good approximation. In that orient
ation where the maximum value of h i s  observed, one can expect on
the basis  of (1—7) that a.j * 0.

For a rigorous calculation of the term (h*)2 in the lineshift formula,
it is  necessary  to know exactly  the positions of the magnetic ions
and the protons in the unit cell so that the geometrical constants r^ o ^
and <p. appearing in the dipolar field formulas, can be calculated.

As to the temperature dependence of Av in paramagnetic c rysta ls,
one must d istinguish between the simple case  of a crystal containing
one type of magnetic ion per unit cell and the case  in which more than
one type is  present.

In the case  of one type of magnetic ion, one has according to
formula (1 — 13) for each line of the spectrum:

where
G _ v  3 c o s 2aklc o s 2(<P-q>kl) - l

is  a geometrical constant, depending on the position of the proton in
the unit cell and the direction of Hq.
When </a> = CH /(T-Ö), where C is  the Curie constant per ion and 6
the Curie-Weiss constant, the plots of Av,-1  versus T for a ll reson
ance lines will be straight lines with different slopes, depending on
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the geometrical factors G1, but a ll in tersecting the T ax is at T = 6
after extrapolation to A v “ 1 = 0.
When the crystallographic unit cell contains two non-eguivalent mag
netic ions for which </u.j> = CjH ^CT—0j)and < /i2> = C2H0/(T—$2)«
the sh ifts  Avt must be written as:

Avi = frr f Gl i </Al > + G2i<^ 2 > ^

In th is case  the p lots of Aia**1 versus T will be guite different
for the different proton lines and depend on the ratio G jjC j/G g .C g .
The points of in tersection with the T—axis will vary between T = 6,
for G u C 1» G 21C2 and T = &2 for G l t C j< < G 2lC2. Obviously, meas
urements of Aza for various resonance lines in param agnetic crysta ls
reveal directly whether the unit cell contains one or more types of
magnetic ions.

ii). Magnetically ordered crysta ls .

In m agnetically ordered c ry sta ls , the magnetic moments </2, > can
have fixed orientations with respect to the crystallographic axes in
dependent on the direction of fT . This is  the case , for instance, in an
antiferromagnet where Hq is  sm aller than the critica l field. In that
case i t  is  easie r than in a paramagnet to give an exact relation be
tween the measured resonance freguencies and the magnitude of the
internal field <hg>. In the first place, it is  possib le  to observe the
resonance lines in the absence of H*o, so that the resonance fre
guencies give directly the values of the to tal internal fields:

v  -  y  <h >/2it.

Secondly, in the presence of an external field, i t  is  sufficient to
measure the resonance frequencies for two opposite d irections of ff  .
When \pis  the angle between <Ks > and fl* one hasfo rone  d irection7':

= (-21)2 [H2 + <h > 2 + 2H <h > cos \p ]1 2tt ° s ° s r

and for the opposite direction:

v2 = ^ ) 2 tH 2 + < hs > 2 -  2Ho<hs > c o s i//]
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so that

? — v i  = (-2L)2 4H <h >cos\p.
1 2 27t 0 8

In th is case  one must substitu te  for <h > the total internal field:
S

/ 3 c o s 20. +1
< h s > = l < ^ > — 4

where is  the angle between p , and r, .

3. The proton-proton interaction in a water molecule.

Among the dipolar fields that a proton experiences from the sur
rounding protonspins, the field h£ produced by the proton from the
same H20  molecule is  by far the most important as the dipolar inter
action decreases with the third power of the proton - proton distance.
Therefore, th is intra - molecular proton - proton interaction has a
quite d istinct effect on the resonance spectrum that can be treated
separately from the other proton - proton interactions. When a non
magnetic hydrated crystal is  placed in a homogeneous field fT , the
component of h" parallel to Ho can have two values corresponding to
a parallel or an antiparallel orientation of the interacting proton with
respect to n  :

(h p ^  = {3cos2a c o s 2(cp—c(|)—1} (1—16)

leading to two possib le resonance frequencies with a separation:

A = y  ? (fp { 3co s2a c o s 2(<p-<P,) — 1 } (1—17)
pp 2 tt r

Formula (1—16) is  obtained from the dipolar field formula (1—7) by
taking for r the d istance between the two protons and for p. the proton
magnetic moment. The angles a ,  cp and cp, have been defined in con
nection with formula (1—7). There remains a factor of 3 /2  difference
between formulas (1—7) and (1 — 16). This is a consequence of the
difference in dipolar interaction between identical and non - identical
spins. Two non - identical spins T and will have different Larmor
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frequencies, Vj and vs . The rotating component of S’, which is perpen
dicular to Ho, produces at the position of T a field rotating with fre
quency vs . This rotating field is  ineffective in influencing the per
pendicular component of T, because it averages to zero within a Larmor
period l / v 1 of spin I when v>s >>v1. Therefore, only the component of
S, which is  parallel to ffo contributes to the dipolar field pt the po
sition of f. For two identical spins I*, the rotating field of the per
pendicular components does not average to zero. This leads to a total
effective dipolar field which is  larger than that for the non-identical
spins. The enhancement factor of the dipolar field which is  due to the
equal Larmor frequencies is found to be 3/2 by rigorous calculations
of Poke and Bloembergen1 '. This is  called the "3/2 effect".

A consequence of this "3/2 effect" is , that in hydrated magnetic
crystals at sufficiently low temperatures, the value of A will be
a factor 2/3 smaller than given by formula (1-17). This is caused by
the fact that the internal fields <Hs> of the magnetic ions will be
different for the two protons of the H20  molecule. For this reason,
the protons have different Larmor frequencies and must be considered
as non-identical spins. In magnetic crystals at low temperatures one
has:

7  2 ^
2n r3E {3cos2a co s2(«P— 9,) —1 } (1-18)

As the proton - proton distance in a H20  molecule is  approximately
tiie same in different hydrated crystals, r = 1.60 ± 0.04 X, the max
imum observable doublet splitting is always 88±6kHz in non-magnetic
crystals and 56 ± 4kHz in magnetic crystals at low temperatures.

Measurements of A as a function of the direction of FT can serve
as an accurate method to determine the direction and magnitude of
the vector PP connecting the two protons in a H20  molecule. In
various hydrated crystals like CuC12.2H20  and CuK C1..2H 0  etc.

io)Ctn S haZ e - be!.n det,ermined with this method, at room temlperature . One obtains directly from the minimum value:

(A )
P P  m i n

7 3/̂ ,

the distance r. From the maximum value in a certain plane of rotation
of H :o
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(A ) = y  3n  (3cos2g —1)
p p  m a x  2 7 T P 3

r

one can calculate a; while 9̂  is found from the direction 9max“ 91
where the maximum is observed. In crystals containing more than two
unequivalent H20  molecules per unit cell, these measurements at
room temperature are difficult because n overlapping doublets must
be analyzed when n crystallographically unequivalent H20  molecules
are present.

When the crystal contains magnetic ions, th is difficulty can be
avoided by performing the experiments at low tem peratures. Then the
different doublets can be observed separately due to the different
internal fields <Üs > at the proton positions. For instance, in CuS04.
5H„0 the measurements of A at room temperature are quite tedious
due to the overlap of five doublets, while a t 4He tem peratures, accur
ate resu lts  are easily  observed. (See Chapter III).

T hese measurements of A in magnetic crysta ls can provide an
interesting demonstration of the ” 3/2 effect” . When Ff0 is  rotated,
App will follow the angular dependence as given by (1—18), while
< r  > will change sim ultaneously. For certain directions of it can
occur that the values of <Ks > for the two protons of one H20  mole
cule are equal. Then, A becomes a factor 3/2 larger than predicted
by (1—18) because theP^.armor frequencies of the protonspins are
equal. Therefore, in a plot of A versus 9 , sharp peaks will occur
for these special d irections. This effect is  useful to investigate
whether two lines from a proton resonance spectrum correspond with
two protons of the same H20  molecule. In Chapter III th is will be
illustrated  by measurements in CuS04.5H20  and CuSe04.5H20 .

B. The lineshapes.

4. The two broadening mechanisms.

In the d iscussion  of the shapes and widths of the proton magnetic
resonance lines, the resonance curves will be described by a shape
function l ( v - v )  normalized by the condition:

+ 00

J l ( v — v ) d v  * 1
__00

which has a maximum at the frequency v . The characteristic  properties
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of l ( v - v )  to be used in this section are defined as follows:
S14 = the frequency interval between the two points where l{v—v)

has dropped to half its maximum value.
= the frequency interval between the points of maximum and

minimum slope of I(v—v),

+ 00

<Ai^> = ƒ  (v-j7 )2 I (v —v)dv  (1-19)
—  00

is the second moment of the shape function.

+ 0 0

<Av4> = ƒ  [v—v ) A I ( v—v)Av (1—20)
—  00

is the fourth moment of the shape function.
As mentioned in section 1, the shape of the proton resonance

lines in a hydrated magnetic crystal is governed by two types of in
teractions:

1. The dipolar coupling between the considered proton and the
protons of the surrounding H20  molecules. P ( v - v )  will be defined
as the lineshape function that would be observed when proton - proton
coupling is the only type of line broadening mechanism.

2. _The dipolar interaction between the protons and the fluctuating
part d/x(t) of the electronic magnetic moments. M(v-j7) will be defined
as the lineshape function that would be observed when only this type
of line broadening is present.

In the presence of two independent broadening mechanisms, the ob
served lineshape is a convolution of the two lineshape functions.
Therefore, in hydrated magnetic single crystals, the observed line-
shape is  given by:

+ 0 0

I (v) = ƒ  P(v ')  M (v—v*)dv' (1—21)

Before going into a calculation of P( v—v)  and U{v-v) ,  to obtain the
resulting lineshape l{v v),  it is  worthwhile to mention some useful
relations between the properties of the three lineshape functions in
volved, from which information about I(v-i7) can be obtained without
calculating the integral in (1—21).
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1. The moments of the three lineshape functions are related by:

<Av2 (I)>  = <Av2 (P )>  + <Av2 (M)> (1-22)

<Av4 (I) > * <Av4 (P) > + <Av4 (M) > + 6 <Av2 (P )> < A v2 (M)>

(1-23)

These relations are valid for arbitrary types of lineshape functions
P (v — v )  and M(v— v) .

2. When both P (v — v )  and M(v—v) are G aussian, I(v —'v)  is  also
G aussian and the linew idths are related by:

S „ „ ( I )  - / S L < P > * 11- 2 4 >

When both P ( v —ï>) and M(v— v) are Lorentzian, l ( v —v)  is  alsoLorentzian
and the linewidths are related  by:

SK (I) = S'A (P) + 8'/4(M) (1-25)

When the functions P [ v —v)  and M(v— v)  are different, no simple re
lation between the widths of the three shape functions ex is ts  and
the integral in (1—21) must be evaluated to obtain For a
situation that occurs frequently, namely that P ( v —v)  is  G aussian
and U[v—v )  is  Lorentzian, we have calculated  the integral numeric
ally for some ratios of the linewidths ^mm(M)/Smm(P). The resulting
linewidth is  plotted in figure 3.

O 6mn,(M) 1

___ 6 m m  M ,

4-

F i g .  3 . T h e  r a t i o  8 ( I ) / S  ( P )  v e r s u s
8 (M )/S  ( P ) ,  w h e re  8 (I) ..mm mm mm i s  th e  w id th
of a  l i n e s h a p e  1(1^ w h ic h  i s  th e  c o n v o lu t io n
of th e  l i n e s h a p e s  P(Z^) a n d  M (l^ w ith  th e
w id th s  8 (P )  a n d  8 _ (M ) r e s p e c t iv e l y ,mm mm

—  -  —  P(V ) a n d  M(V) L o r e n t z i a n . .
P(V)  a n d  M(V) G a u s s ia n .

------------ P (l/)  G a u s s ia n  a n d  M(V) L o r e n tz i a n .
3
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When one of the two broadening mechanisms is  predominant, for
instance Smin(M)>>8mm(P), one expects the observed linewidth to be
mainly determined by the broadest line. For the case  of a G aussian-
Lorentzian convolution it can be concluded from figure 3 that this
situation occurs when 8 (M)>,48 (P). The resulting linewidthm m  r *  mm

(I) is then within a few percent equal to the width S (M).mm ^ mm '

5. The lineshape P (v —v) caused by proton-proton interactions.

In principle, an exact determination of the resonance lineshape
P( v —v)  is possib le  by extending the calculation given for intra
molecular interaction of two protons in a H20  molecule, to the inter-
molecular proton - proton in teractions. It was shown in section  3
that the interaction with the nearest proton gives rise  to a doublet
splitting of a proton resonance line. Consequently, the interaction
with N surrounding protons will resu lt in a splitting  of each component
of the doublet into a m ultiplet of 2N lines. In the lim it N-ao, this
multiplet will change into a continuous distribution P (v —v) .  Due to
the large number of interacting spins, th is method of calculating
P (v —v)  is  too complicated to perform. However, it can be shown that
when a proton has equal in teractions w ithn neighbouring protons(where
n is not too small, typically  n>10), the resu ltan t lineshape will be
G aussian. This is  a resu lt of the s ta tis tic a l distribution of internal
fields, originating from the s ta tis tic a l distribution of spinconfigura-
tions. In a hydrated crystal the total number of protonspins N, can be
divided into groups of at lea s t 6—10 spins which have approximately
equal d istances to the considered proton and thus have about the
same interaction. Each group gives rise  to a G aussian line, so that,
as is  shown by formula (1—24), the resulting lineshape is  also  G aussian.
One can write:

Observations of proton - proton lineshapes in many hydrated crysta ls
show that the assumption of a Gaussian lineshape is  not greatly in
error; the observed lines are always bell - shaped with flatter tops
and more strongly convergent sides than the Gaussian function, but
the deviations are small.

An estim ation of the linewidth can be made by realising  that for

P ( v - ï ï )
8 /  2ttmm

expf- 2 L v -v )2
S2mm

(1-26)
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a G aussian line a simple relation ex ists  between the width and the
second moment:

Smm = 2 / < A v2 > (1-27)

In contrast to the lineshape function P(v  — v) ,  the second moment can
be expressed in a straightforward manner by the parameters of the
dipolar interaction, as shown by van V leck111 and Bloembergen1 :̂

<Av2 > =— (-21)4 h2 I(I+1){—£  (1—3cos2# )2r~ 6 + S. ( \ - 3 c o s 2e ,)2T~6 }
3 2rr 4 j 1 1 1 1 1

(1-28)

In th is formula the sum over the geometrical constants has been di
vided into two parts due to the ” 3 /2  effect”  mentioned earlier. The
first sum extends over the protons that are crystallographically  equi
valent with the considered proton and have the same Larmor frequency.
The second sum gives the contribution of the unequivalent protons
with a different Larmor frequency. The computation of the second
moment is  quite tedious and has been performed only for very simple
crystal structures. For a simple cubic la ttice , where H* is  oriented
along one of the cubic axes and protons are situated  only at the (0,0,0)
positions, separated by a distance r = 3 A, one obtains <Av>2> = 144 kHz?,
corresponding with a linewidth S = 2 4  kHz for a Gaussian shape.mm
For the more complicated cases  of arbitrary unit ce lls  containing
different H„0 m olecules, only estim ated values of the directional

“  A 9
average of <Ai/ > can be given. The value of the sums in (1—28) is
mainly determined by the average pro ton-pro tond istance <r> = (V /n r  3i
where n is  the number of protons in the unit cell of volume V. In
hydrated c rysta ls  <r> is  always larger than 2.5 A, so that S hasm to
a maximum value of about 30 kHz. In the hydrated crysta ls , which un
til now have been studied by the n.m.r. method. 8 ranges betweenmm
10 kHz and 25 kHz. In table I we have lis ted  for some crysta ls the
observed values of S together with the calculated value of <r>.mm
The crysta ls CuS0 4.5H20  and CoC12.6H20  in th is table, represent
the situation where the proton - proton d istances have about the mini
mum possible value.

It may be mentioned, that the values of <Av2 > and S givenmm
above, are independent of temperature and the magnitude of the ex
ternal field. This is  true as long as /j.pHQ/k T < <  1. This is  certainly
the case  for the field and tefnperature regions where, until now, n.m.r.
experiments have been performed.
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Table I.

Relation between the dipolar linewidth due to proton-
proton interaction and the average d istance between the
protons in hydrated crysta ls .

Crystal <r> =(V/n) 3 [ A ] linewidth 8 [kHz]mm

CuK2C14.2H20 3.79 10.5

CuC12.2H20 3.02 18 a)

Cu(N 03)2.3H20 2.98 16

CuS 04.5H20 2.62 18

CoC12.6H20 2.58 2 1 b)

V = unit cell volume; n = number of protons per unit cell,
a) ref. 23; b) ref. 20. The other linewidths have been
measured by the author.

6. The lineshape M(v—v)  caused by the magnetic ions.

In the concentrated magnetic c rysta ls which are considered in
this chapter, the most important interaction between the unpaired
electronspins S of the magnetic ions is  the exchange interaction be
tween neighbouring spins I?:

H e x = - 2 J ^ 2

where J is  the exchange constant.
It is  wellknown that th is interaction induces rapid reorientations

of the spins S. For a calculation of the lineshape function M(v — v)
it is  of primary importance to take these reorientations into account.
M{v—v )  is  a lineshape caused by fluctuating dipolar fields, in con
trast to P{v—v)  d iscussed  in the previous section, which originates
from a distribution of s ta tic  dipolar fields. Therefore, a different
theoretical approach for U(v—v)  is  necessary .

Information about M(v—v )  is  obtained in the first place by calcul
ating the moments of th is lineshape function. Van V leck1 ^  has shown
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how the second and fo u rth  moment o f M (v — v )  can be expressed in  the
param eters o f the d ip o la r co up lin g  between the sp ins  T and ?, and the
exchange co ns ta n t J . T h is  method has the advantage o f be ing s tra ig h t
forw ard and co n ta ins  no app rox im a tions . H ow ever i t  has the d isad 
vantage, th a t no s o lu tio n  fo r the d e ta ile d  lineshape  fu n c tio n  can be
g iven  and th a t i t  is  o n ly  r ig o ro u s ly  v a lid  in  the h igh  tem perature l im it
T - o o .

In  the second p la ce , B loem bergen12', A nde rson13\  K u b o 14' 15^
and T o m ita 14  ̂ have g iven  a genera l theo ry  o f lineshape  tha t p rov ides
a method o f com puting the d e ta ile d  line sha pe  o f a system  o f resona t
in g  sp in s  in  the presence o f f lu c tu a tin g  m agne tic  f ie ld s .  In  th is  theory
how ever, i t  is  necessary  to  in tro du ce  assum ptions about the type  o f
flu c tu a tio n s  o f the in te rn a l f ie ld s .  When th is  theory is  com bined w ith
the re s u lts  o f the  moment c a lc u la tio n s , i t  is  p o s s ib le  to determ ine
lineshapes  and lin e w id th s  caused by d ip o la r f ie ld s  w h ich  flu c tu a te
because o f an exchange co up lin g . A nde rson13  ̂ used th is  com b ina tion
in  h is  theory o f exchange narrow ing  in  e le c tro n sp in  resonance. The
same type  o f theo ry , extended and m od ified  fo r the case o f proton
resonance, w i l l  be g iven  here, to  d e rive , the m ost im portan t aspects
o f the f ie ld  and tem perature  dependence o f proton resonance lin e -
shapes in  m agne tic  c ry s ta ls .

F irs t ,  some d e fin it io n s  and genera l form u las used in  the theory
o f line sha pe s  w h ich  are caused by flu c tu a tin g  f ie ld s  w i l l  be g iven.
The tim e  - dependent lo c a l f ie ld s  H (t) at the p ro to n p o s itio n s  can be
described  fo rm a lly  by a tim e-dependent Larm or frequency v ( t )  = yH (t)/277,
w h ich  can be w ritte n  as:

v(t) = v + V,(t)

where v  is  the tim e  averaged va lue  o f v [ t )  and v , ( t )  is  the f lu c tu 
a ting  p a rt, so th a t < v , ( t )  > = 0.
F o llo w in g  the th eo rie s  o f A n de rson 1 , and Kubo and T o m ita 14' 15^
one can de fin e  a re la x a tio n  fu nc tio n :

t
<£(t)  = < e x p i2 7 r J V jfO d t *  > (1—29)

w h ich  is  re la ted  to  the lineshape  fu n c tio n  by a F o u rie r transform :

U { v - v )  T e 27T i{v~ v ) i <Ht)<h
277 „

(1 -3 0 )
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The fluctuations v ,( t) , are characterized by two param eters:
The average amplitude, defined as:

+ 00

<v*>  = ƒ  VjgfVjJdVj (1—31)
_  00

where g(v,) is  the probability distribution function of v^;
and the correlation function of the fluctuations:

i/»(t ) = -^ s— < v ,(t)v ,( t +t ) > (1—32)
<v\> 1 1

It will be assumed that: i/»(t )-*0 for T —oo. In connection with (1—32)
a correlation time t  and a corresponding frequency v = r " 1 can bec c c
defined by the relation:

00

r c = ƒ  t//(r)d r
O

For t> > r c : \p (t) == 0; therefore r ,  and vc characterize the speed of
the fluctuations.

In general the problem of the calculation of M(v—v) is the deriv
ation of the parameters <v? > and <//(t) from the type of fluctuations
that are present and then to evaluate the relaxationfunction <£(t). For
the special case  in which the distribution function g(v.) is  G aussian,
the relation between <£(t) and <//(r) and < v?>  can be shown to be:

t
<£(t) = exp [—(27r)2 f  <Vj >(t—r)i/i(r)dr] (1—33)

O

The proof of this relation has been given byKubo*4' 15* and Anderson*'* *
and holds for different types of correlation functions <//(r). For </>(r)
two typical functions are often assum ed. One is a simple exponential
function: </<(t) = ex p (—r / r )  and the other is  \p {r) = exp(—r 2/ r ^ l .

When th is formalism is applied to the case  of proton resonance in
magnetic crystals, the dependence of <v? > and <// (t) on the constants
of the dipolar T - 3  coupling and the exchange interaction must be
derived. Therefore first the relation between v ,(t)  and the fluctuating
component d?(t) = ? (t)— <?> of the electronspins will be estab lished .



26

This relation depends on the type of magnetic system  that is  studied:
In an isotropic paramagnet, where the internal fields are weak

compared with ff , the spins T and Sf have time - averaged values
<T> and < ?>  that are parallel with f f  , so that:

Vj(t)
3cos2#, —1

2 -----------
k i

(1-34)

where the z- direction is chosen parallel to ffQ. In formula (1—34) only
the internal fields parallel to ff are taken into account. In some
cases  the components perpendicular to H can also  contribute to the
linebroadening; th is additional "non adiabatic broadening" will be
discussed  later.

In antiferrom agnetic and paramagnetic crysta ls where the internal
fields are not small compared with ff , <T> and <o> have in general
different orientations. Assuming that <T> is  oriented along the z axis
of a rectangular coordinate system xyz and <S> along an arbitrary z'
axis one obtains for th is case:

v ,(t)  - — yiTodS (t) x1 s  , »

S c o s a 3(3cosz cp^—l)+ 3cosa2coscp^coscpy+3 co sa1cosq(zc o s9 Ji

rk
(1-35)

where a.., a^, a g are the angles between the z ' axis and respectively
the x,y,z ax is and <Pk z the angles between rfe and respectively the
x,y,z ax is. Formula (1—34) and (1—35) can be written in a compact
form as:

V l( t)  = ^ 7iy s d S z (t)  f  G k ( 1 - 3 6 )

where G, stands for the geometrical factor in either formula (1—34) or
(1—35). In the following d iscussion , th is formula will be used, so
that M(v—v )  can be calculated  at the same time for both situations;
for the application of the resu lts  to a specific  problem, the appropriate
substitution of G. must be made.

When formula (1—36) for v i(t) is  substituted into the definition
of </'(t) (formula 1-32) it  can be seen that, for the present case  \p (r)
can be identified with the correlation function of the spindeviations
dSz(t):
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\Jj (t) =
<dSz (t)dSz (t+r) >

<dS2 >
Z

Therefore the correlation time r c as well as vc 1 are only dependent
on the electronspin fluctuations.

In the calculation of M(v—v ) ,  r  will first be treated  as an un
known parameter. In a later section it will be shown that it is  possib le
to derive, in the high temperature limit, a relation between r c and J ,
so that numerical resu lts  for U{v—v )  in some practical c a ses  can be
given.

Furthermore, the functions <v^>  and g(v.) must be evaluated for
the present case; therefore it is  necessary  to divide the lineshape
calculations into two parts as the behaviour of <v^>  and g(v .) is
different for the following two situations:

1. <Sz > is  small compared with its  maximum (saturation) value
S .

O

2. <S > is  not particularly small compared with S .
z  O

7. M(v—v) when the magnetization of the magnetic ions is  small
compared with the saturation value. (<S > << S )

Z  o'

The condition <Sz> << SQ is  fulfilled in param agnets when
g/3H/kT< < 1 and in ferro - and antiferromagnets at tem peratures not
too far below the transition temperature of the ordered sta te .

To apply the lineshape formalism given above, it  is  necessary  to
make an assumption concerning g(Vj), the distribution function that
one obtains when at n arbitrary time points the frequenciesV j(t,),
v l ^ i )  .........  ^ ( t , , )  are measured. This function g (v ,) is  identical
with the distribution function I(v—v ) ,  obtained by m easuring at one
moment the frequencies Vjji'g .........  v  of n different (but crystallo-
graphically equivalent) protonspins. I(v—v )  will approximately be
Gaussian for the same reasons as the lineshape P (v —v )  (see section
5) is  G aussian. Briefly, \{v—v) reflects the s ta tis tic a l distribution
of internal fields corresponding to a s ta tis tic a l distribution of con
figurations of the spins S. Consequently, g lv .) is  also  G aussian and
one can apply the relation (1-33) between <£(t), \p (r) and < v\> . To
evaluate <£(t) one must determine <v?> and \p{r).

< vl>i the second moment of g(Vj), can be expressed in the para
meters of the dipolar T - I? coupling; it follows from g(Vj) = I(v — v ) ,
that <Vj> is  the second moment of the lineshape when no fluctuations
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are present. Therefore one can use the relationship given by van
V leck115:

<v2> , i  ( V tI * 2 S(S+1) E G 2 (1-37)
1 3 27T b k K

G. is  the geometrical constant used in formula (1—36). Compared
with the second moment for P - P coupling, it  differs only by a factor
4 /9  due to the " 3 /2  e ffec t"  mentioned earlier. The unknown factor
which rem ains, is  the correlation function \p (t) .T he lin esh ap e  M (v-v)
will be evaluated first for the case  that the behaviour \Jj (r) is  such
that:

i) v c  «  / < v 2> (1-38)

As the lineshape function M (v-v ) and<£(t) are related by aF ourier
transform, the value of M (v -v ) for v - v  = v ' is  mainly determined by
the value of <p{t) for t « k .  The evaluation of M (v -v ) will be limited
to the freguency region |V—v |> > v c; so th a t$ ( t)  is  only of in terest
for t <<v- 1 » This lim itation sim plifies the calculation and will be
shown to produce no serious lack of information about M (v -v ).
For t < < v ~ 1, it  is  perm issible to substitu te  0 (t) = </>(0) = 1 in (1—33)
leading to:

<£(t) = exp [—27r2 <Vj > t2 ] (1-39)

the Fourier transform of which is

1
U { v —v )  = ——

/ (,2t t )<  v \  >

with a width 8 = 2 /  < v? >.m m  i

a Gaussian line:

(v —v ) 2
exp

2 <vf >
(1-40)

In view of the relation (1-38) it  is  obvious that that part of the line
which has been excluded from the calculation sa tis fie s  the relation
|v —v |^ v  < <y/ < v2 >, which is a narrow frequency region in the line
center, which is  small compared with the linewidth. M(v—v) is  ob
viously identical to the Gaussian distribution function g(vt ) and to
the lineshape function I(v —v) in the absence of fluctuations. There
fore it can be concluded, that fluctuations of the electronspins which
satisfy  the relation (1—38) have no influence on the lineshape.
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In a specific  crystal the value Smm is  obtained by evaluating the
second moment < v2> from the geometry of the unit cell. To indicate
the order of magnitude of 8 , it can be mentioned that in various

n  i ui m
hydrated Cu sa lts  (S - A ),containing 1 -5  waterm olecules of hydration,
<v?> is  of the order of 10 MHz2, corresponding with a linewidth
8 => 6 MHz. In crysta ls  containing ions with a larger value of
S(Mn2+, Co2+, Cr3+sa lts) the value of 8m is correspondingly larger.
This means that the proton lines in hydrated magnetic c rysta ls  are
unobservable, even under favorable experimental conditions, when
the electronspin fluctuations are very slow and sa tisfy  the relation
(1-38).
ii) The second situation that can be handled easily , occurs when
the electronspin fluctuations are such that:

/ <j/?> << v  << v  (1—41)

For this case , the evaluation of M(v—v)  will be limited to the central
part of the line so that \v —v  \ <<vc> Then, <£(t) is  only of in te res tin
the region t> > v — .As ' / ' ( t ) => 0 for T>>v~*, one can substitu te  in
formula (1—33) t — r =  t and replace the upper lim it of the integrand
byoo, leading to:

CO

4>(t) = exp [ —477^ ƒ <v2></»(T)dr] = expE-4772<v^>v'~11] (1—42)

The Fourier transform gives a Lorentzian line:

M(v—v) i < ^ > / ^ c
77 (V — v ) 2 + (< V 2 > /V C)2

(1-43)

The half in tensity  width is  given by:

2 <v2>
v

(1-44)

which is much smaller than the width in the absence of fluctuations
8fnm = 2v<v2>, so that appreciable narrowing of the line is  present.
From the relations (1—41) and (1—44) one can conclude that the fre
quency region | v —v \ < <vc , where the Lorentzian shape function is
valid, covers the most important part of the resonance line, since it
is large compared with the linewidth 8,^. In the extreme wings of the
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line, where \ v —v \> > v c , M(v—v )  can be calculated by using the ap
proximation (1—39) given in the preceding section. This means that
the lineshape is  G aussian in that region and fulfils the condition
that the second and fourth moment of the line must be finite, as is
required by exact moment calculations,
iii) F inally  the situation will be considered when

v  >>v>y/<Vj> (1—45)

For th is case , a modification of the formalism used thus far, is  ne
cessary . Until now it has been assumed that Vj(t) and <Vj> depend
only on the components of the internal field at the proton positions
which are parallel to the time averaged value <T>. When the fluctu
ations of the internal fields are so rapid that vc %, v, the internal fields
perpendicular to <T> must also  be taken into account, since these
fields have a spectral component at the Larmor Irequency v. This
effect leads to the so called  non-ad iabatic  broadening.In the present
formalism a more general relation between 0(t) and \j.i[t ) must be ap
plied instead of formula (1—42):

<j>(t) = exp
00

-(27r)2 t *< v i >jCOs v t )\P(t )&t

O

(1-46)

No rigorous derivation of th is formula, that is  given among others by
A nderson13  ̂ and Kubo14^»will be given here,but the following remarks
can be made:

<V1>1 *s the extra term in the second moment arising from the
perpendicular fie lds. The factor c o s k t  occurs because the component
of T perpendicular to <T> ro tates at a frequency v. The fluctuating
internal fields which influence th is perpendicular component can be
considered as having a G aussian distribution around v. When vc >>v,
i//(r) = 0 long before cos v t  has changed appreciably, thus c o s F r=  1
can be substitu ted  in the integrand. Therefore, the resu lts  concerning
the lineshape and linewidth are the same as in the preceding section
ii), except for the fact that <v?> must be replaced by <v^> ' = < v3> +
<vl >V  lineshape is  again Lorentzian with a half-width

8‘/,
2 ( < V j >  + < ^ i > i )

vc
(1-47)

In the theory of electronspin resonance the increase of the second
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moment when v  >>v  is  known as the "1 0 /3  effect'! as the to ta l second
C  1

moment is a factor 10/3 larger than the adiabatic contribution, (in a
powdered sample).

So far, a relation has not been introduced between the frequency
vc and the exchange constant J , which characterizes the interaction
between the electronspins. In the high temperature lim it (T-»<*>), such
a relation can be obtained by making use of the fact that an indepen
dent and exact knowledge of the second and fourth moment of the re
sonance line M(v—v)  is furnished by the theory of van V leck1 . Two
resu lts  of these moment calculations will be used here; namely, the
fact that the second moment is  unaffected by an exchange interaction
between the electronspins and that the fourth moment is  given by:

<Av4> = 3< v?> 2 ♦ d<v2> 4  d - 4 8 )1 1 h z 3

a is  a constant depending on the crystal structure. Considering the
case of strong exchange interactions: J 2/ h 2»  < v2> the second term
in (1—48) is  by far the largest so that to a good approximation:

<Av4> » a < v ? > 4  (1—49)
1 h 2 3

From the lineshape function (1—43), <Av4> can be derived to be:

< A j/>  =— <i/2> v 2 (1—50)
3 n  1 c

This is  the fourth moment of a Lorentzian line, with Sw = 2<v2> /v c
and extending over the frequency region \v— v  \ ^ v  .T h e  contribution
of the far wings can be neglected, since it was earlier proved that
these wings fall off rapidly (G aussian). By comparing formulas (1—49)
and (1—50), one obtains

v  = a ' y J /S (S  + 1) (1-51)
c h

where a ' depends on the crystal structure. A more rigorous treatm ent
as given by Anderson and W eiss13  ̂ for the case of electronspin  re
sonance gives a ' = 1.66 for a simple cubic la ttice .

With relation (1—51), it is  possib le to calcu late  the width of
\A[v—v)  in those paramagnetic c rysta ls  where the exchange inter
action between the electronspins is  known. It was mentioned under i)
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that the linewidth in some hydrated Cu2+ sa lts  can be estim ated
t0 be Smm "  6MHz in the absence of fluctuations of the electronspins.
When in such a crysta l, an exchange interaction of magnitude^ [/k= 1°K
is present between the Cu2+ ions, one obtains from formula (1—51)
that vc = 3 x 1010 Hz. Therefore, vc> W<v2> and the linewidth for
mula (1-44) can be applied, leading to .  1kHz. This width is so
small, that it is  negligible compared with the proton-proton linewidth
of about 10-20 kHz. It can be concluded that in c rysta ls  where the
exchange interaction is  not too small ( |j |/k  ^ 1°K), the proton mag
netic resonance linewidth is completely determined by proton-proton
in teractions. This situation occurs for instance in all c rysta ls  lis ted
in table I.

In many magnetic c rysta ls  the value of J can be derived from
specific  heat or suscep tib ility  measurements, for instance by using
the Weiss molecular field equation to rela te  J /k  and the Curie-Weiss-
constant 6:

3k0 = 2 J z S(S + 1) (1-52)

where z is  the number of nearest neighbours.
We have calculated  for some crysta ls , for which the value of J /k

is  known, the width of \A(v—v)  on the hand of formula (1—51) and
(1-44) respectively  (1-47). In table II a comparison of calculated  and
observed linewidths is  given. The calculated resu lts  are expected
to hold within a factor 2 or 3, in view of the approximations used to

Table II.

The contribution to the proton magnetic resonance linewidth arising
from dipolar I -S  coupling; 3^(M)# in some magnetic crysta ls .

Crystal (j|/k [°K ] vc [Hz] < A v 2 > [ ( H z ) 2 ] 8ĵ (M) [kHz]
calculated

S^(M) [kHz]
observed

CuK2C14.2H20 0.3 b) X M

o

CMoXCO 1.6 «  10.5
MnCl2.4H20 0.06 c) 6 x 109 9 X 1013 30 45 e)
CuK2(S04)2.6H20 0.01 d) 3 x 108

CMOXGO 50 60
CrK(S04)2.12H20 a ’ «0.001 2 x 10® 4 x 1013 400 >200 0

a) see text, b) ref. 24, c) ref. 25, d) ref. 26, e) ref. 27, f) ref. 28, the
other linewidths have been measured by the author.
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evaluate <v^> and v  . C rystals with widely different values of J /k
have been chosen, which demonstrate the expected decrease of the
linewidth with increasing exchange interaction. The linewidth in
KCr(S04)2.12H20  cannot be evaluated rigorously with the theory given
in th is chapter, as it has been assumed previously that the in terac
tions between the m agnetic ions is  of exchange character, while in
this crystal the dipolar interaction between the Cr3+ ions is  predom
inant. The value of v . given in table II for th is sa lt is  determined by
this dipolar interaction. The low value of v  leads to a proton reson
ance linewidth caused by the Cr3+ ions that is  much larger than the
P-P linewidth. Therefore no d istinct resonance curves can be ob
served in th is crystal.

The other extreme situation is  represented by CuK2C14.2H20 . The ob
served lineshape of 11 kHz width, has a G aussian shape which proves
that the linebroadening is  due to proton-proton in teraction. Obviously
the dipolar T- S* coupling has no influence on the linewidth so that
Sj£< < 11 kHz.

One can conclude from the foregoing, that at high tem peratures
(T> > [j|/k) the lineshape M(v—v ) and its  width 8^ can be calculated
for all c rysta ls using the relation (1—51) between v  and J.A  comment
can be made about the situation at lower tem peratures. From the the
ories describing spinsystem s at low tem peratures, such as the
spinwave theory, one can conclude, that for T «  |jj/k , v . i s  temperature
dependent , although no explicit temperature dependence of v  can
be given. However, the rela tions between 8,  ̂ and v  are valid over
the whole temperature range, so that the temperature dependence of
vc can t>e estab lished  experimentally by measuring 8,  ̂ and using the
simple relation S ^(T )~ v“ 1(T). It must be noted however, that this
relation has been derived under the condition that <S ><«S . In the
next section the complications arising from a non negligible <S >
value will be d iscussed;

8. U[v—v ) when the magnetization of the magnetic ions is  compa
rable with the saturation value. (<SZ> = SQ)

In ferro- and antiferrom agnets, at tem peratures far below the tran-
sitionpoints (Tc , TN), as well as in paramagnets at low tem peratures
and in strong external fields, <Sz > can be a considerable fraction of
its  maximum value S .

T L  • °In th is case , the basic  condition for the lineshape formulae given
in the preceding sections, that the distribution function g(v  ) is
G aussian, no longer holds* For a system of nuclear spins T and elec-
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tronspins S = V2 with dipolar coupling, the assumption of a G aussian
shape of the distribution function g(v,) is  based on the fact that the
electronspins have nearly equal probability of being in a S = + Vt or
in a S = — Vt s ta te . This is  obviously no longer true in the present

Z  .
case. One must expect that both the shape and the width of g(v .) will
change with temperature. For instance, in the extreme case  of a sa t
urated paramagnet at T = 0 , the internal fields at the positions of the
spins T are constant in time and space, so that the width of g(v.)
must be zero.

When a G aussian distribution of g(vj) does not ex ist, the deriv
ations of the lineshape formulae become rather complicated. However,
it has been proved, among others by Kubo,15  ̂ that in the case  of very
rapid fluctuations of the internal fields (v  >>v<v^>), the observed
lineshape will always be Lorentzian. This is  independent of the type
of distribution function g(Vj), and the linewidth is  s till  given by:

2<v*>
vc

(1-52)

The second moment <v?> of the distribution function however, will
differ appreciably from the values given in formula (1—37). To obtain
<!'?> , the second moment calculations of van V leck11  ̂ must be ex
tended to the case  of low tem peratures. Kambe and U shui1 , as well
as Mac Millan and Opechowski18\  derived the following formula for
the second moment < v2>T for a paramagnetic crystal at temperature T:

< * l» T
{<s2> <s >2 } 5 (1 3cos2Vl

1 k 4
(1-53)

At high tem peratures, (T-a>), one can substitu te <S2> = S(S + 1)/3
and <S >2 = 0. Therefore, the result of formula (1—53) becomes ident-
ical with that obtained by van Vleck. When T is  lowered, the term
<S2> will show a weak temperature dependence, changing from
<S5> = S(S + l) /3  a t T = ® to <S2> = S2 at T = 0. The term <S >2

Z  Z  O z
however, shows a relatively  strong temperature dependence, changing
from zero a t T = <*> to S2 at T = 0 . Consequently, the difference be
tween the two terms in the brackets in formula (1—53) will decrease
with a decreasing temperature so that < i^> T - 0  when T - 0 .
For the case  S = 54, the temperature dependence of <v2>T can be
written explicitly  in the form:

<v{>t 4 ( 2 i _ ) 2^ 1I2 (l'_tanh2 g£H) 3 -( l-3 c o s2flk)2 (1-54)
1 1  2 7 7 /  0  O U T  L . 62kT r k
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when <Sz> fo llo w s  a B r i l lo u in  type  o f sa tu ra tio n  curve .
When an exchange coupling between the spins S is  p resen t, so tha t

the lineshape  M (v — v )  is  L o re n tiz a n , one o b ta ins  fo r the lin e w id th  in
a param agnetic c ry s ta l in  the tem perature reg ion  T »  | j | / k , to  a good
approxim ation  (see fo rm u la  (1—52):

2 (y I/27r)2 ' ) | f t 2 (<S z > -< S _ > 2 ) S  ( l - 3 c o s 2<9. )2r r 6
Si/2 = _ _ ! _______ 2 k___________ k k (1 -5 5 )

Vc

T h is  fo rm ula  shows th a t when g /3 H /k T »  1, a strong narrow ing  o f the
lin e  occurs w ith  in c re a s in g  va lue  o f H /T .

Observation of th is  type of narrow ing  w ith  proton resonance exper
im ents is  hampered by the fa c t th a t the observed lin e w id th  is  bound
to a m inimum by the p ro to n -p ro to n  in te ra c tio n s , a lthough th is  d if f ic u lty
m ight be overcome by s e le c tin g  a c ry s ta l w ith  a sm a ll pro ton - proton
lin e w id th . In  e le c tron sp in  resonance, th is  problem is  absent because
the to ta l w id th  o f the lin e  is  described  by a fo rm u la  q u ite  analogous
to fo rm ula  (1—55) (on ly  must be rep laced  by and a fa c to r 9 /4
must be added because the sp ins  ?  are id e n tic a l) . Svare and S e id e l19^
observed th is  type  o f l in e  narrow ing  w ith  e .s .r . experim ents in N iS iF 6.6 H 20
at tem peratures between 1 °K and 0.3 °K and in  an e x te rna l f ie ld  o f 10 kOe.

In  fe rro - and an tife rro m a gn e tic  c ry s ta ls , fo rm ula  (1—55) can a lso
be app lied  when an app ropria te  change o f the geom etric  fa c to r in  the
num erator is  performed (see fo rm u la  1—34). The behav iou r o f 8,^ as
a fu n c tio n  o f T , depends on both the tem perature dependence o f v

C
and the tem perature dependence o f the num erator in  fo rm u la  (1—55).
The tem perature dependence o f the fa c to r <S2> — <S >2 in  th is  num-

Z Z

era tor can be p red ic ted  on the hand o f the m easured tem perature de
pendence o f the s u b la tt ic e  m agne tiza tion  < f i >  per ion , re la ted  w ith
<S > hy

2  < / jl>  = g/3<S >

As an exam ple, we w i l l  cons ide r the w e ll-kn o w n  an tife rrom agnet
C u C l2.2 H 20 . In  th is  c ry s ta l, the tem perature dependence o f </x>  in  the
tem perature reg ion  0 .3 T N < T < 0 .9 T N s a t is f ie s  the re la tio n :

(So - < S z > ) ~  (/xo - < / x > ) ~ T 4 (1 -5 6 )

as measured by Hardeman e t a l . 7  ̂ SQ and /j. are the va lues  a t T =0,
of re s p e c tiv e ly  <Sz > and When <Sz > « S , one can w rite :

S2 - < S z >2 = ( S o + < S z >)(So - < S z>)  = 2So(So — <Sz > ) ~ T 4.
(1 -5 7 )
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2 o .In the left hand side of th is formula we can replace by <SZ> if we
neglect the small deviations from the equality SQ = ±S that can occur
in an antiferromagnet at T = 0 . Substitution of (1—57) in (1 55) shows
that Sw ~  T 4/ vc(T). No explicit theoretical or experimental informa
tion is  known concerning the temperature dependence of vc(T), but
one can conclude, that except for a very strong temperature de
pendence of v  (T), a line narrowing must be expected in antiferro-
magnets, when T -0 . This narrowing is  again difficult to observe due
to the influence of proton-proton interactions. Measurements of n.m.r.
linew idths in ferro- and antiferrom agnetic substances are rather
scarce, but the reported data in CuC12.2H20 2  ̂ and CoC12.6H20 20^
and MnF23\  as well as  our own observations in MnCl2 .4H20  and
Cu2Cs3C17 .2H20 , show that line narrowing always occurs when T
is  lowered from T = T N to T =0, in qualitative agreement with formula
(1-55).

9. Linebroadening near the transition temperature.

An interesting temperature region in which to study the n.m.r.
linewidths in a m agnetic substance is  the neighbourhood of the tran-
sitionpoint to the ordered ferro- or antiferromagnetic s ta te . In this
region, information about the critica l behaviour of the electronspin
fluctuations, might be derived from n.m.r. linewidth data. Moriya21)
has given an extended theory about the critical behaviour of n.m.r.
linewidths near TN and Tc  in substances where a scala r coupling of
thè typeTfcAk ?  between the two spin species is present.

The theory for the lineshape \ \{ v —v )  in the case  of a scalar
coupling is  quite analogous to that for a dipolar coupling. In both
cases  the instantaneous internal field at the position of the nuclear
spin "T is  proportional to the instantaneous value of the electronspin
3. E specially  the resu lt that the linewidth of M (i'- ï ')  is  proportional
to v—l, the frequency characterizing the electronspin fluctuations,
holds equally well for both types of coupling. Therefore, Moriya's
resu lts concerning the temperature dependence of the n.m.r. linewidths
in the critical region can be applied for the case  of dipolar coupling
too. The essen tia l point in Moriya's theory is, that the unknown time
correlationfunctions <Sz(0)Sz(t)> which determine the n.m.r. line-
shape, can be related with the spatia l correlations of the spin orien
tations: <S1Sj >, which can be expressed in terms of the wavelength
dependent suscep tib ility  X(lc).When T approaches T^ or T ^ , the rapid
increase of the spatia l correlations leads to a divergence of the time
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correlation functions, which in turn, gives rise  to a divergence of the
n.m.r. linewidth, so that:

8 a 8„
T - T ,C . N

C , N
(1-58)

where 8^  is  the linewidth for T »  Tc  N and a is  a constant depending
on the crystalstructure. The exponent p has a value p = —0.5 for an
antiferromagnet and p = —1.5 for a ferromagnet. As th is  formula is
only valid in the narrow temperature region | T —Tc  N | < 10 2T_. N,
broadening effects are difficult to observe in syste'ms with a low
transition temperature. H eller and Benedek221 observed a strong
broadening of the 19F resonance linewidth in MnF2 near the Neëlpoint
at T = 67°K. The observed broadening was in qualitative agreement
with the theoretical formula (1—58) although some d iscrepancies ex ist,
the most important being that the theory predicts p = —0.5 in both the
paramagnetic and the antiferromagnetic region, while the experimental
resu lts g iv e p = —0 .9 in the paramagnetic- and p = —0.53 in the antiferro
magnetic sta te .

A difficulty that a rises when accurate measurements of the line-
width near the Neëlpoint are performed, is  that no infinitely  sharp
transition point is  observed but a transition region, where the antiferro
magnetic and paramagnetic s ta te  coexist. This leads to an additional
inhomogeneous linebroadening. In Chapter V some experiments in the
transition region will be reported.

10. Demagnetizing fields and inhomogeneous broadening.

The d iscussions of the linesh ifts  and linewidths given so far are
valid for perfectly homogeneous c rysta ls where all the sp ins I ,th a t
have equivalent positions in different unit cells , experience the same
internal field from the magnetic ions. Deviations from th is ideal
situation can arise  due to the influence of the sample m agnetization
lî . In a paramagnetic crystal, the time-averaged internal fields produced
by the magnetic ions are given by the dipolar field formula:

<h >
S

=  < /J L >
3 c o s 20 , — iV  _________ k

k

The summation k over the magnetic ions can be divided into two
parts: close to the considered proton, the sum must be performed over
discrete la ttice  points; outside a radius R the m agnetization of the
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sample can be considered as homogeneously distributed. In the latter
case , for rfc>R, the sum can be expressed by an integral. The value
of th is integral depends on the shape of the sample and is , in general,
different for different la ttice  s ite s  of the spin T. Only in an ellipsoid
does the integral have the same value for all positions of the spin I,
so that one can introduce a demagnetizing field:

. 3cos20, —1
Hd = ■</*> S' ----- 5 - ^ —  -  N <Ar> f f - D )

k rk J

where the prime denotes that the summation is  performed for those
k values for which r. >R, and Nq is  the number of magnetic ions per
unit volume. For a sphere, D = 47r/3 so  that Hd = 0; when is  per
pendicular to the axis of a cylinder of infinite length, D = 277 and
Hd = — No</z> 27r/3.

As an example, the importance of the shape-dependent effect on
the internal fields of the hydrated coppersalt C uK jC l^H gO  can be
estim ated. The unit cell contains two Cu2 + ions in a volume of 436 A 3,
so that N = 2/436 A“ 3. When < a>  has a value of one Bohrmagneton,

O
we obtain for Hd approximately:

Hd = Nq <fjL> = 4 2 0 e .

This field must be compared with the internal field produced by the
Cu2+ ions near the considered proton, which is  the same for every
sample shape. This field Hn depends mainly on the d istance between
the proton and the nearest Cu2+ ion, r t = 2.7 A,  so that

Hn = </u>/r3 = 472 Oe.

Therefore, the shape-dependent contribution to the internal fields
amounts to about 10% of the to tal internal fields. The demagnetizing
fields have influence on both lineshift- and linewidth measurements.

For lineshift measurements, the conseguence is that in samples
of a different shape, different linesh ifts  Av will be measured; even
when all other conditions such as tern perature,magnitude and direction
of fl* are the same. It is  therefore advisable to conduct measurements

O
in spherical sam ples. However, th is is not always possib le , since a
good filling factor of the n.m.r. coil is  necessary . In the special case
in which the crystallographic unit cell contains two different magnetic
ions with magnetic moments </z1'> and </z2>«the effect of the demag
netizing fields is  of importance in selecting  the method to measure
the internal fie lds. When << </x2> anc* a Pr° t° n Is situated
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quite near an ion with <jj. j> , the internal field, and consequently the
lineshift, will consist of two contributions. One will be from the
nearest magnetic ions and is roughly proportional to <yu,>. A second
contribution Hd arises  from the more d istan t ions and is  roughly
proportional to </a2>. When one is  in terested in the temperature de
pendence of it  is  advisable to m éasure in a rotational sym
metrical specimen e.g. a cylinder, where fT ro tates perpendicular to
the rotation axis. When the difference between the linesh ift in two
directions is  measured, the contribution Hd will cancel and Ap>j — Av2
is, in first approximation, proportional to </Xj>.Of course, corrections
due to a contribution proportional to necessary , but
these can be small when the measurements are carried out in an ap
propriate plane of rotation.

As far as the linewidths are concerned, the spread in the demag
netizing fields in non-ellipsoidal samples leads to a spread in re
sonance frequencies and consequently, to linebroadening. This so-
called inhomogeneous broadening,hampers the accurate determination
of the homogeneous linewidth, caused by the various broadening me
chanisms d iscussed  in the preceding sections. The inhomogeneous
linebroadening can be described in terms of Av^, the difference be
tween the resonance frequency of the j th nuclear sp in T  and the aver
age resonance frequency of the spins T, as caused by the spread in
demagnetizing fields:

Av, *■— N < i j l >  A D.
J 27t °  j

where AD is  the difference between the demagnetizing factor at the
position of the j th nuclear spin from the average <D>. It is  obvious
that the linewidth caused by th is effect is  proportional to </ i>.  There
fore when the observed linewidth has a field or temperature depen
dence that deviates from the H,T dependence of <fj.> one can con
clude that the inhomogeneous linebroadening is  unimportant compared

. with the homogeneous linebroadening. Otherwise a careful investigation
of the influence of inhomogeneous linebroadening effects is  necessary .
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Chapter II

EXPERIMENTAL EQUIPMENT

1. The He cryostat for nuclear magnetic resonance measurements
below 1°K.

Temperatures below 1°K can be realised  either by means of adia
batic demagnetization, or by using liquid 3He as a coolant. Recently,
also cooling methods using 3He-4He mixtures have been reported.
The technique of adiabatic  demagnetization can produce the lowest
temperatures (<< 0.1°K) but has some disadvantages when applied
in combination with n.m.r. experiments. When the crystal under in
vestigation is  demagnetized itse lf, the resonance experiments can be
performed only in a weak external field which has to be constant
during the measurements. Otherwise, a change in the external field
leads to a change in temperature. A better method is , of course, the
indirect cooling of the crystal by means of a cooling sa lt. One of the
difficulties which are encountered in such an experiment is , that the
metal parts of the thermal links which are necessary , are easily  heated
up by the alternating fields of the radiofrequency and field modulation
coils. B esides, the time available for the n.m.r. experiments, is  often
severely limited by the heat capacity of the cooling substance.

After some preliminary measurements by means of the adiabatic
demagnetization method, it was decided that for the temperature region
down to 0.3 °K, cooling by liquid 3He was more convenient.

The 3He cryostats used by several investigators for measurements
below 1 °K, are usually  constructed of copper and s ta in le ss  s tee l.
However, for n.m.r. experiments, the resonance coil can be seriously
damped by the m etallic parts of such a construction, which would
lead to a decrease of the sensitiv ity  of the detection system . There
fore, a g lass apparatus is preferable for n.m.r. measurem ents. A
simple g lass dewar was constructed, inspired on the double 4He cryo
sta t that H a r d e m a n u s e d  to obtain a temperature of 0.85 °K with
liquid 4He. The narrow s lit  in the pumping line of Hardeman's con
struction, necessary  to prevent a heat leak along the superfluid 4He
film, was omitted in the present 3He cryostat. The inner diameter of
the 3He dewar, shown in figure 1, was adjusted to the dimensions of
the crystal sample and varied between 4 and 8 mm. In th is way, a
good filling-factor of the n.m.r. coil was obtained. The vacuum jacket
was filled with a few mm of Neon gas at room temperature, before

9
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sealing it off. After insertion of the crysta l, the dewar was connected
to a g lass pumping line of 6 mm inner diameter in the lower part of
the 4He cryostat and 15 mm in the upper part. This varying diameter
is  necessary  because of the temperature gradient in the 4He cryostat.
The pumping line is S curved over a length of 3 cm, to prevent heat
ing of the sample by radiation from the top of the cryostat. To reduce
the influence of radiation further, the 3He cryostat and pumping lines
were painted black with Aguadag. The resonance coil is wound on
the outer wall of the dewar. No wires or threads e tc . are connected
to the liguid 3H e-crystal system , so that heat transfer from the 4He
bath to the crystal is only possible along the special thin-walled
inner g lass tube of the dewar. When the 3He was at a temperature of
0 .6 °K and the 4He bath at 1.2 °K, the heat leak was sm aller than
5 erg / s e c .

The low heat input and good thermal contact between 3He and the
sample are the main advantages of th is system. Furthermore, no second
pumping line is necessary  to evacuate the vacuumjacket. This is
especially  convenient for the present purpose, since the ta il of the
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4He dewar had an inner diameter of only 20 mm, because the cryostat
must be placed in the 5 cm gap of a magnet. B esides, no time is lost
in evacuating the jacket. The 3He dewars kept their good insulating
properties for more than a year. F inally , th is construction fac ilita te s
an easy interchange of 3He dewars containing different crysta ls . A
disadvantage of th is construction is that no thermal contact between
the crystal inside the 3He cryostat and the liquid 4He bath can be
achieved, which might be necessary  for a rapid condensation of the
3He ggs. However, due to the small amount of Ne gas in the jacket,
the sample cooled to 15 °K when the He cryostat was precooled with
liquid hydrogen. This facilita ted  the 3He condensation, which never
took longer than 5-10 minutes.

The 3He gas handling and pumping equipment is  shown in figure 1.
An Edwards 2M3B mercury diffusion pump, backed by a Speedivac
1 Sc 50B rotary pump was used to evacuate the entire system before
admitting 3He. When the 4He bath was reduced to 1.2 °K, it was
checked whether a super leak between the 3He system  and the 4He
bath was present. If not, 1 liter of 3He gas (NTP) was condensed in
the cryostat to yield up to about lc c  liquid 3He. Tem peratures down
to 0.40 °K were achieved by reducing the 3He vapour pressure with
a vacuum-tight B alzers duo rotary pump. To reduce the temperature
further, the mercury diffusion pump was used, backed by the B alzers pump.
From figure 1 it can be seen that the switch from rotary- to diffusion
pump at 0 .4 °K could be performed easily  by closing valves B and E
and opening A,C and D. A temperature of 0 .3 °K could be achieved in
this way. The vibrations of the B alzers pump introduced some micro-
phonic noise in the n.m.r. detection system , which disturbed the ob
servation of very weak s igna ls . Therefore, a ba llast v esse l was in
serted in the system, which could maintain the necessary  fore vacuum
of the diffusionpump for about 5 minutes when the B alzers pump was
sw itched off.

The low heat input made it possib le  to m easure at about 0.3 °K
for longer than 6 hours when all 3He was only condensed once. This
limit was due only to the evaporation of the liquid 4He. Therefore,
a He recondensation system was unnecessary. The 3He cryostat
could a lso  be used for measurements in the 4He temperature region,
simply by filling the 3He cryostat with 4He. This allowed us to per
form experiments between 4.2 °K and 0.3 °K without a change of the
orientation of the crystal sample.

2. Temperature m easurements.

The oil manometer and the P irani and Penning gauges allowed reli-
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able pressure readings from 5 cm to 10~6mm Hg. However, large dif
ferences can ex ist between the pressure measured in the manometers
outside the cryostat and the actual 3He vapour pressure in the 3He
cryostat. Both the pressure gradient along the pumping lines and the
thermomolecular pressure difference in the cryostat contribute to th is
discrepancy. However, in the temperature region above 0.7 rC the
thermomolecular pressure differences are small and a gradient along
the pumping lines could be avoided by closing the pumping valves
while pressure measurements were made. Due to the small heat leak,
the temperature remained constant within 0.002 °K during 5 minutes,
under th is condition. Accurate pressure readings can thus be made
while the pressure in the entire system is in equilibrium.

For temperatures below 0.7 °K, n.m.r. was used to calibrate the
manometer readings Pman versus temperature. In Chapter 1-2 it has
been shown that the sh ifts of the proton magnetic resonance lines in
paramagnetic crysta ls are temperature-dependent and often satisfy
the Curie-Weiss relation:

. H
A v = g  , C — — 2-11 1 T- 6

When gtCHo and 6 can be determined from a high temperature cali
bration, the sh ifts Av, which can be measured with great accuracy,
can be used directly to measure T. The crystal chosen for such a cali
bration must satisfy  the conditions that 6 be small compared with
0.3 °K and that the spectrum consists  of narrow, well separated n.m.r.
lines. The Tuttonsalt CuK2(S04)2.6H20  is  suitable for th is purpose2^
as 0 »  + 0.03°K and the proton resonance linewidth is  about 50 kHz.
The calibration procedure was performed by measuring Aw as a func
tion of T between 4.2 °K and 0.7 °K using the 4He and 3He vapour
pressures to determine T. The resulting plots of A vT1 versus T were
straight lines (see figure 2), intersecting the T axis at T =6 =+0.03°K±
±0.005°K . An easy  extrapolation of these plots down to T = 0.3°K is
possib le. B ecause an external field of about 1500 Oe was used, a
small correction was necessary  for the deviation from the Curie-Weiss
law due to paramagnetic saturation. Between 0 .7 °K and 0 .3 °K, the
sh ifts Avj and the manometer readings Pman were measured simul
taneously. Using the known relation A v-T , the desired relationship
between and T was obtained. This relation was reproduceable
within a few m illidegrees on different runs, with different amounts
of liquid 3He. A slight dependence on the height of the liquid 4He
level was observed, which made corrections necessary  when th is
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F i g .  2 . T e m p e r a tu r e  d e p e n d e n c e  of th e  i n v e r s e  o f  th e  l i n e s h i f t s
A v  o f  tw o  l i n e s  o f C u K ^ C S O .^ sBHaO .  T h e  d o t te d  l in e  i s  th e
e x t r a p o la t io n  o f th e  m e a s u r e d  te m p e ra tu r e  d e p e n d e n c e ,  a n d  h a s
b e e n  u s e d  fo r t e m p e ra tu r e  c a l i b r a t io n  b e lo w  0 .7  K.

level approached the seal of the 3He dewar jacket. Therefore, those
experiments which required an especially accurate temperature deter
mination below 0.7 °K were always performed with a rather high 4He
level.

For a part of the experiments reported in the chapters III and IV, it
was possible to determine the crystal temperature directly on the
basis of the n.m.r. frequencies of the crystal under investigation,
making vapour pressure measurements unnecessary. Anticipating the
results on CuS04 .5H20  and CuSe04.5H20, it may be mentioned that
some resonance lines in these substances show a temperature-de
pendent lineshift that satisfies the relation:

A * i
CH

g .----- -—
1 T—0.05

(2- 2)

Therefore measurements of Av. yield directly the crystal temperature.
From time to time the temperatures as determined with this method
were compared with the temperatures according to the vapour pressure
readings. A good mutual agreement was always found.

During the temperature calibrations with CuK2(S04)2.6H20 it  was
observed that below about 0.4 °K long time periods were necessary
to establish temperature equilibrium in the liquid 3He-crystal system.
These periods were shortest when the amount of liquid 3He was kept
to a minimum. Even then, a temperature change from 0.33 °K to 0.30 °K
took about one half of an hour. The proton magnetic resonance lines
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of CuK2(S04)2.6H20  never showed a broadening during a change of
temperature. Evidently, the time to estab lish  a homogeneous temper
ature over the crystal sample is  very short and is negligible compared
with the other time constan ts involved, such as the time to obtain a
pressure equilibrium in the system of evaporating 3He and pumping
lines.

Finally it may be mentioned, that during the measurements in CuS04.5H20
and CuSe04.5H20 , which are essen tia lly  paramagnetic at 0 .3 °K, it
was possib le  to extend the low-temperature limit of the experiments
from 0.30 K to 0.18°K, by a demagnetization procedure. This was
realised  as follows. In an external field of 10 kOe the temper
ature was lowered to 0.30 °K by reducing the 3He vapour pressure.
Then, H was reduced to 2000 Oe, so that the crystal was demag
netized and therefore cooled the small amount of 3He (~0.1 cm3) to
about 0 .25°K. The diffusion pump, which was not capable of reducing
the temperature below 0 .3 °K, could maintain the low vapour pressure
at 0 .25°K quite well. By repeating the m agnetization-dem agnetization
cyclus a few tim es, the cooling effects, accumulated, so that after
3-4 steps T = 0.18°K was reached. The temperature measurements be-
lo,w 0 .3 °K were performed with the help of the resonance linesh ifts
that obey the relation (2—2). This type of cooling is  in principle poss
ible for a ll param agnetic c rysta ls, but, of course, experiments can
only be performed in the low field region.

3. The n.m.r. spectrometer.

The magnetic field was produced by a Varian 9 inch rotating base
magnet with a 5 cm pole gap, fed by a V-2500 power supply. The
current regulator of th is power supply allowed to sweep the field £f

O
in a time, varying between 1 and 100 minutes, over a region that could
be chosen between 0 and 11.000 Oe. The n.m.r. signals were detected
with two marginal osc illa to rs of a modified Pound-Watkins type? The
first one operated between 4 and 20 MHz, the second one from 20 to
50 MHz. The circuit of the low frequency oscillator is shown in figure
4. The autom atic voltage control which is  used in th is type of oscillator
allows frequency variations of a few MHz without an appreciable
change in sensitiv ity  or amplitude of oscillation . This is especially
useful for n.m.r. in magnetic crysta ls at low temperatures, where often
a large frequency region must be covered, due to the large internal

We a r e  i n d e b t e d  t o  D r .  G .W .J .  D r e w e s  fo r  v a l u a b l e  a d v i c e  c o n c e r n i n g  t h e
c i r c u i t r y  of  t h e  o s c i l l a t o r - d e t e c t o r .
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fields in these crysta ls . It was possib le to use one n.m.r. coil, with
a self inductance of about 1/r.H, to cover the complete frequency
region. This made it possib le  to measure the complete field depend
ence of the shift or width of a resonance line between 1 k Oe and
I l k  Oe during one cryogenic run.

After a stage of r.f. amplification and detection in the o sc illa to r,
the signal was fed into a low-frequency amplifier and displayed on an
oscilloscope. When linesh ifts  were measured, the frequency of the
oscillator was adjusted such, that the minimum of the absorptioncurve
appeared in the centre of the oscilloscope screen. Then, the osc il
lator frequency was measured with a H ew lett-Packard 5245 L elec
tronic counter. For the detection of weak signals and for m easure
ments of the lineshape, the signal was fed into a phase-sensitive
amplifier of the lock-in  type. It was then displayed on a recording
voltmeter type P h ilip s PR 2210. In the earlier stage of the experiments,
a lock-in amplifier working at a fixed frequency of 31 Hz was used.
Later a Princeton Applied R esearch HR8 amplifier was used with an
operating frequency which was variable between lHz-10kHz. The
possib ility  of varying the lock-in frequency proved to be convenient,
since the influence of vibrations of the pumps and other microphonics
could be kept at a minimum by choosing a su itab le  operating frequen
cy, usually between 200 Hz and 1500 Hz.

When n.m.r. experiments are performed in paramagnetic c rysta ls
in weak external fields, often a strong spurious signal arising from
the wings of the electronspin absorption curve at Ho= 0 occurs. At
temperatures below 1 °K this signal may be very in tense. To prevent
an overload of the lock-in amplifier due to th is effect, a voltage of
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the same frequency and amplitude as the spurious signal but with an
opposite phase, was mixed with the signal from the osc illa to r detec
tor in a compensator. In this way it was possib le to observe weak
n.m.r. signals superimposed on a strong electronspin signal.

All magnetic field measurements were performed with a second
marginal oscilla tor, acting as a n.m.r. magnetometer. To cover the
fieldregion between 500 Oe and 11 kOe, the oscillator frequency could
be varied between 2MHz and 50 MHz with the aid of a se t of proton-
containing co ils . The proton probes were placed in the magnet gap
at a position where the field was le ss  than 0.001% different from the
field at the sample position. The frequencies of th is marginal oscil
lator were measured with the HP electronic counter mentioned earlier.

The greater number of linewidth measurements were performed by
sweeping the external field ff through resonance at a constant oscil
lator frequency. When th is method is used in strongly magnetized
crystals where the internal fields "fi± are not particularly small com
pared with H* , a correction of the measured linewidths is necessary .
One observes the difference in external field, AH , between the two
points of maximum and minimum slope of the derivative of the absorption
curve. The actual linewidth however, is  defined as the difference in
total field AH. between the two deflection points, where:

Ht = |ff0 * \ \ (2-3)
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The observed difference AHq and the linewidth AH( are related by:

Therefore, the field dependence of Ht must be known to calculate
AHt. For a paramagnetic crystal that shows no saturation effects,
one has

h i = —— Hi-e  °

and

AH, = AH (1 + -^—)
* °  1—0

where a is a constant dèpending on the geometry of the crystallo
graphic unit cell and the direction of ff (see chapter I). The value
of a is usually known from the lineshift measurements, so that the
correction is readily performed.

In some cases the oscillator frequency was swept through resonance
by using a motor driven tuning capacitor on the oscillator. The line-
width in frequency units obtained in this way, needs no correction
and can serve as a check for the results of the field sweep meas
urements.
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Chapter III

THE BEHAVIOUR OF THE TWO MAGNETIC SYSTEMS IN
CuS0 4 .5H20  AND CuSe04 .5H20

1. Introduction.

A curious magnetic and thermal behaviour of the isomorphous
crystals C uS 0 ..5H 20  and CuSe04.5H20  at very low tem peratures has
been reported by several investiga to rs1' 2*. Experiments of Miedema,
van Kempen, H aseda and Huiskamp3' 4* showed that between 1 °K and
0.05 °K the su scep tib ilities  of both sa lts  follow a Curie-Weiss law
with a small positive Weiss constant, 0=+O.O2°K, which differs ap
preciably from the 8 values found at higher tem peratures. Above 2°K,
the susceptib ility  of the su lfate  follows a Curie-Weiss law with
Q = — 0 .65°K, according to De Haas and Gorter5* and Benzie and
Cooke6*, while in the selenate  a 8 value of - 0 .4 6 °K is  reported by
K obayashi7*.

In the same temperature region where the changes in the 8 values
occur, both sa lts  show a broad maximum in the specific  heat; the
maximum occuring at T = 1 .4°K for CuSO^.SHgO1' 2* and at T =0.8°K
for C uS e0 ..5H 20 3*. Miedema et a l .3* suggested that these  resu lts
are due to the ex istence of two independent magnetic system s, origi
nating from the two unequivalent Cu2 ions in the crystallographic
unit ce ll. One type of ions was supposed to have relatively  strong
mutual exchange in teractions in one direction, leading to an ordering
in antiferromagnetic linear chains at about 1 °K and causing the ob
served maxima in the specific  heat. The second type of ions would
have much weaker mutual exchange interactions, so that the suscep t
ibility of these  ions follow a Curie-Weiss law with a small 8 value
(+0.02 °K) down to below 0.1 °K.

With specific  heat and susceptib ility  measurements, no separate
information about the behaviour of the two types of Cu2 ions can be
obtained. Since proton magnetic resonance experiments are suitable
for determining the dipolar fields of the magnetic ions inside a crystal,
one expects th is type of experiment to be appropriate in determining
separately the m agnetization of the two types of Cu2+ions. The ob
ject of the n.m.r. experiments described in th is chapter, is  to measure
the temperature and field dependence of the magnetization of the
Cu2+ions at (0,0,0) and at (54,54,0) between 4 .2 °K and 0.3°K in ex
ternal fields up to 11 kOe. In th is way it should be possib le  to:
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i) decide whether indeed two independent magnetic systems are
present in the two crystals,

id) decide which type of Cu2 ions shows the strong short range
order around 1°K,

iii) compare the magnetic behaviour of these ions with the tem
perature and field dependence of the magnetization of a sys
tem of antiferromagnetic linear chains, as calculated by
Griffiths8* and by Bonner and Fisher9*.

The first proton magnetic resonance experiments in CuS0..5H20
were reported in 1951 in papers by Bloembergen10* and Poulis11*.
These experiments were the first to demonstrate the existence of a
discrete spectrum of proton resonance lines in a paramagnetic crystal.
The characteristic change of the spectrum when the temperature was
lowered from 20 °K to 1.3 °K, could be explained on the essential
points by the dipolar interactions between the Cu2+ions and the pro
tons. At that time, no determination of the temperature dependence
of the magnetization of the Cu2+ions was pursued by Bloembergen
and Poulis, although some experimental data of Poulis11* already
indicated that more than one type of magnetic ion might be present
in CuS04.5H20 . It will be shown in this chapter that an accurate
determination of the magnetization of the Cu2+ions is only possible
when the n.m.r. experiments are extended to the temperature region
below 1°K. This was realised in the present experiments by using
the 3He cryostat described in Chapter II.

In his paper on CuS04.5H20 , Bloembergen10* also derived the
expressions for the doublet splitting A of the resonance lines,
caused by the intra-molecular proton-proton interactions in a para
magnetic crystal (See Chapter 1-3). The derived formulae could not
be compared with experimental results, since the proton positions in
the unit cell of CuS04.5H20  were unknown. Besides, at T = 1.3 °K,
the internal fields from the Cu2+ions were not large enough to cause
a sufficient separation of the doublets for all directions of the ex
ternal field, so that no complete experimental determination of all
A values was possible.

When the experiments described in this chapter were started, the
proton positions in the unit cell of CuS04*5H20  were known from a
neutron diffraction experiment by Bacon and Curry12*. Therefore, a
second interesting aspect of the n.m.r. experiments in CuS04.5H20
was the possibility of measuring the proton-proton (p—p) splittings.
These could then be compared with the A -values calculated by
Bloembergen, using the proton positions obtained by neutron diffrac
tion.
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The p-p sp littings are not only in teresting in them selves, but are
also  very useful in obtaining a one-to-one correspondence between a
pair of lines of the resonance spectrum and two protons of a H20
molecule. Such a correspondence is  necessary  for a fruitful interpre
tation of the measurements of the dipolar fields of the Cu2 ions.

2. Crystal structure.
The isomorphbus single crysta ls of CuS04.5H20  and CuSe04-.5H20

have a tric lin ic  structure. For the su lfate , the dim ensions of the unit
cell are a = 6.141 A., b = 10.736 A and c = 5.986 A . The three crystal
lographic axes have the angles: a. = 82°16, , ^ =  107 ° 2& ' and y  =102 40* •
For CuSeO. .5H20  135the crystallographic data are a = 6.225 A, b = 10.871 A
c = 6.081 A; a  -  8 2 °1 4 \ £  -  107°6 ', y  = 102°45\

An X-ray diffraction study of CuSO^SHjO was performed by
Beevers and L ip so n 145, while Bacon and Curry125 determined the
positions of the atoms in the unit cell, including the protons, by
neutron diffraction. Figure 1 shows a projection of the unit cell of
CuS 0 4.5H20  on the crystallographic a-b plane, according to Bacon
and Curry125. There are two non-eguivalent C u2+ions a t the positions
(0,0,0) and ()4,l/4,0). Each ion is  surrounded in a nearly octahedral
arrangement by four water m olecules and two oxygen atoms of the
S04 group. The two remaining H20  m olecules are at a somewhat
greater d istance from the cupric ions. The unit ce ll has a center of
symmetry, so that for each proton an eguivalent one can be found
where the param agnetic Cu2+ions produce the same internal field.
Consequently, there are five non-equivalent H20  m olecules in the unit
cell, leading to ten different resonance lines. Each of the lines will
have a doublet structure due to proton-proton interaction. In table I,
the coordinates of the 10 non-equivalent protons are lis ted . Following
the nomenclature of Bacon and Curry125, the oxygens in the unit cell
are numbered 1 to 9, while the protons are labelled by two figures,
e.g. Hsg. The first figure (5) ind icates that proton H sg and the oxygen
05 belong to the same H20  molecule, while the second figure (9)
means that H5g forms a hydrogen bond with 0g. Considering the pro
ton positions in more deta il, it is to be expected that four protons
(H73, H74, H83 and H04) have strong dipolar coupling with a Cu ion
at (V6,V6,0), from which they are only 2.63 A ± 0.04 A separated. For
these protons, the d istance to the nearest Cu2+ion of the (0,0,0) type
is much larger, varying between 4.57 A and 6.43 A . On the other hand,
H54, Hsg, H62 and H6g will experience a strong dipolar field from
the (0,0,0) ions, since these protons are situated  at a d istance of



53

H 6 4

H 59

oxygen of SO4  group

^  oxygen of H jO  •  H —  • —  . —  hydrogen bond

F i g .  1 . P r o j e c t io n  of th e  u n i t  c e l l  o f  C u S 0 4 .5 H 2 0  on  th e  a - b  p la n e *
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Table I

Proton positions in C uS0..5H 20

Proton

C oordinates in  fractions
of the unit c e l l  d im ensions

D ista n ce  to
n earest cupric
ion at (0 ,0 ,0 )

in [A]

D ista n ce  to
n earest cupric
ion at (54,54,0)

in [A ]a b c

54 0.897 0.141 0 .250 2.55 5.20

59 0.719 0.011 0 .229 2.53 5.39

62 0.300 0.202 0.067 2.50 3.18

69 0.335 0.128 0.322 2.64 4 .27

73 0.603 0 .394 0.425 6.43 2.59

74 0.320 0.378 0 .342 4.57 2.67

83 0 .805 0.400 0 .888 5 .13 2.63

84 0.853 0.384 0.159 4 .65 2.66

91 0.601 0.132 0.670 3 .26 4 .38

92 0.410 0 .196 0.697 4 .50 3.54

2.57 A ± 0.07 A from the Cu2 + (0,0,0) ions. The d istance to the
nearest Cu2+ion at (54,54,0) is  more than 4.2 A for these  protons, ex
cept however for H62 which is  situated at the relatively  small distance
of 3.18 A from a (VS,54,0) ion. In the following sections, it will be
seen that this special position of H62, at small d istances from both
types of Cu2+ions, makes it a favorable subject of our n.m.r. exper
iments.
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3. The resonance spectrum at constant temperature.

a) Rotating diagrams.

As d iscussed  in Chapter 1-2 , the temperature dependence of the
magnetization of the Cu2+ions can be derived from the variation of
the resonance linesh ifts  Av, which reflect the internal fields at the
proton positions. In the two crysta ls studied here, one expects ten
lines with different sh ifts; each depending on the direction of the
external field Hq with respect to the crystallographic axes. A suitable
choice of the lines and directions of ff , for which to study Av, can
be made with the aid of rotating diagrams. These diagrams show the
variation of Av when Hq is  rotated over 180 ° in one of the crystallo
graphic planes, while T is  constant. To determine the rotating dia
grams accurately, a good resolution of the n.m.r. spectrum is necess
ary. In general, the best resolution in a paramagnetic crystal is ob
tained at the lowest possib le temperature. However, in CuSO .5H 0
and CuSe04.5H20  a temperature-dependent broadening of some re
sonance lines occurs, which decreases the resolution of the spectrum
at temperatures below 1°K. These broadening effects, which are d is
cussed in detail in Chapter IV, mean that the lowest obtainable tem
perature (T=0.3°K) is  not the most favourable one at which rotating
diagrams should be measured. It turns out that for T«0.9 °K and H =7 kOe,
the resolution of the spectrum is  sufficient to distinguish all ten
resonance lines, when ffQ is  rotating perpendicular to the crysta llo
graphic c-axis. The resulting diagram is  shown in figure 2. When f t
is rotating parallel to the crystallographic a-c plane, one obtains the
rotating diagram shown in figure 3. In figure 4 one rotating diagram
of the selenate  is  given, corresponding with figure 2 of the su lfa te ,
which dem onstrates the close sim ilarity of the internal fields in the
two crysta ls . It can be concluded that the deviations between the
proton positions in both c rysta ls  are very small. Consequently, the
following d iscussion  on the n.m.r. spectrum at constant T for CuSO ..5H 0
holds equally well for CuSe04.5H20 . 2

The first problem that has to be solved is  to find the one-to-one
correspondence between the ten lines of the spectrum and the ten
non-equivalent protons in the unit cell. This correspondence has to
be known in order to d istinguish between lines belonging to protons
near a Cu2 ion at (0,0,0) and a C u2+ion at (54,54,0). Information about
this correspondence is  obtained by measurements of the doublet
splitting of the lines due to intramolecular proton-proton interactions.
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<P - 30 O + 30 *60 *90 { *i20

F i g .  2 .  R o t a t i n g  d i a g r a m  o f  C u S O ^ .ö H g O  a t  T  8  0 . 9 °K .  T h e  e x t e r n a l
f i e l d  H * 6 9 4 0  O e  i s  r o t a t i n g  p e r p e n d i c u l a r  t o  t h e  c r y s t a l l o g r a p h i c  c - a x i s .

MHz

30.0

39.0

28.5

♦ 30

F i g .  3 .  R o t a t i n g  d i a g r a m  o f  C u S O ^ .S H g O  a t  T  8 2 .1 °K. T h e  e x t e r n a l
f i e l d  H q = 6 7 7 0  O e  i s  r o t a t i n g  p a r a l l e l  to  t h e  c r y s t a l l o g r a p h i c  a - c  p l a n e .
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31.5

31.0

30.5

30.0

290

28.5

28.0

F i g .  4 . R o ta t in g  d ia g ra m  o f  C u S e O ^ .S H g O  fo r H q l c - a x i s .  E x p e r im e n ta l
c o n d i t io n s  i d e n t i c a l  w i th  t h o s e  fo r th e  r o ta t in g  d ia g ra m  o f  C u S C ^ .S H g O

in  f ig .  2 .

b) Doublet-splitting due to intramolecular proton-proton interaction.

In figures 5 and 6 the dependence of the proton-proton splitting
A of the different lines, on the direction of ffo is  given for the
same crystal orientations of CuS04.5H20  as in the rotating diagrams
of figures 2 and 3. The values of the angle of rotation cp on the horizon
tal scale  in figs. 5 and 6 correspond to those in figs. 2 and 3. The
determination of A is  not possib le  when its  value is  sm aller than
the linewidth of the two components. Then, the two components merge
into a single line, which does not exhibit a doublet structure. Since
the linewidth is  about 20 kHz, A values sm aller than th is  value
can not be given. Furthermore, th ePA measurements are often ham
pered by an overlap of the resonance curves. L ines 7 and 8, frequent
ly show an overlap with other lines, thus making a determination of
the A values in the f? / /  a-c orientation im possible.

ItPFollows from figures 5 and 6 that the ten resonance lines can
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-60 ip -30 •*■30 ♦120

P ig #  5# T h e  v a r ia t i o n  o f th e  d o u b le t  s p l i t t i n g  ^ p p  th e  r e s o n a n c e  l in e s
o f C u S O ^ .S H g O , w h e n  H i s  r o t a t e d  p e r p e n d ic u la r  to  th e  c - a x i s .  T h e
r o t a t i o n a l  a n g le  cp i s  th e  s a m e  a s  in  th e  c o r re s p o n d in g  r o t a t i n g  d ia g ra m ,
f ig .  2 .

O l in e  1 . o  l in e  3 . ▲ l in e  4 . «7 l in e  6 . •  l in e  7 .

•  l in e  2 .  ■ l in e  1 0 . A l in e  5 . ▼ l in e  9 . e l in e  8 .

F u l l  l i n e s  r e p r e s e n t  th e  t h e o r e t i c a l  a n g u la r  d e p e n d e n c e  c a l c u l a t e d  from
th e  p r o to n - p o s i t io n s  in  th e  u n i t  c e l l .

+ 90

-so

-so + 30

F i g .  6 . T h e  d o u b le t  s p l i t t i n g s  in C u S 0 ^ .5 H g O  w h e n  H q i s  r o t a t i n g  in  th e
a -c  p l a n e .  T h e  c o r r e s p o n d in g  r o t a t i n g  d ia g ra m  i s  f ig .  3 .  F o r  e x p la n a t io n
of th e  s y m b o ls  a n d  f u l l  l i n e s ,  c f .  f ig .  5 .
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be grouped into five pairs; the lines of one pair having the same A
value. Obviously, such a pair corresponds to the two protons of one
HgO molecule.

The experimental data can be compared with theoretical values
by using the relation (1—18) given in chapter 1—3:

y u
App [3cos 2a c o s 2(<p-<pj) - 1  ] (3 -1)

where r is the d istance between the two protons; a. is  the angle be
tween the Pf3 vector and the pjone of rotation, and cp, is  the angle
between the projection of the PP  vector on the rotational plane and
a fixed direction in that plane, cp is  the angle between ff and th is
fixed direction.

The values r, a  and «pj are known from the proton positions in
the unit cell, listed  in table I, so that the numerical values of A
can be evaluated. The resu lts  are shown as solid lines in the figures
5 and 6. In Chapter 1—3 it has been d iscussed  that for the directions
of Hq where the internal fields of the Cu2+ions a t the positions of
the protons of one H20  molecule are equal, A must be a factor 3 /2
larger than predicted by formula (3 -1 ). This effect is  indeed observed
in CuS0 4.5H20 , as  is  shown by the sharp peaks in the A versus cp-
curves. When at an angle cp in the rotating diagrams of figures 2 and
3, two curves corresponding to two protons of the same H20  molecule
in tersect, the App values of these curves in figures 5,6 show a sharp
peak at cp. It is  obvious from figures 5 and 6 that the experimental
data for each pair of lines are in good agreement with one of the cal
culated curves. Therefore, it  is  possib le  to conclude unambiguously
which resonance lines belongs to which H20  molecule. The resulting
correspondence is  given in the first two columns of table III.

The slight discrepancy between the experimental points and the
theoretical curves can be explained partially  by an inaccuracy of the
^pp  measurements, due to a m isorientation of the crysta l. This leads
to an error in the values of a  and cpj in formula (3 -1 ), of a few de
grees. However, the determination of the minimum value of A :

pp

(A ) = ^ p /ov p p ' m i n  n r 3 ( 3 - 2 )

does not depend on the crystal orientation and provides a direct deter
mination of r. In view of the experimental inaccuracy of the A meas
urements, which is  about 3%, r can be determined within abouPt 1% in
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Table II.

D istances between the protons in a HgO molecule (r)
in CuS0 4.5H20  and CuSe04.5H20 .

r e so n a n c e  l in e s p roton s

CuSOi1 *5H2 ° C u S e 0 4 .5 H 20

r from
proton-proton
s p lit t in g  [X ]

r from
neutron d if
fraction  [X ]

r from
proton-proton
splitting  [X]

1 -  2 83  -  84 1 .64 1 .55 1.64

3 - 1 0 62 -  69 1.60 1 .60 1.61

4 - 5 73  -  74 1.64 1 .63 1.63

6 - 9 54 -  59 1.58 1.57 1.58

001 91 -  92 1 .56 1 ,54 1.56

th is way. In table II, the values of r, resulting from App measurements
and from neutron diffraction data are compared. The differences are
small, except for the protons Hg3-H g4, where the discrepancy is  lar
ger than the experimental error. This discrepancy is  not understood.
In C uS e0 ..5H o0  the measurements of A gave sim ilar resu lts  as in4 “  2 p p  ”
CuS0 4.5H20 . The resulting values of r are also  given in table II.
Recent determ inations of the P P  d istances by A measurements at
room temperature show good agreement with our ïow temperature re
s u lts 21 .̂

c.) Correspondence between resonance lines and proton positions.

The measurements of A are inadequate to give the complete one-
to-one correspondence between resonance lines and proton positions
because the two protons in one H20  molecule are indistinguishable
by th is method. To distinguish between the two protons of a H20
molecule, one has to consider the interaction between the protons
and the Cu2+ions. The procedure is  as follows. With the aid of the
rotating diagrams, a direction of £f is  chosen where the linesh ifts
A ^  and Avj of the two lines of one H20  molecule are widely different.
Usually, th is  is a direction where either Avj or A i s  a t a maximum.



61

For th is direction, the internal fields at the position of the two pro
tons due to the nearest Cu2+ion are calculated . The proton which ex
periences the largest (calculated) internal field corresponds to the
line with the largest (observed) shift.

For example, the protons corresponding to lines 4 and 5 are found
in the following way. From the rotating diagram where f? ro tates / / a - c

O
plane (figure 3), it can be seen that at <$> = —30 :

Av5 = 1420 kHz and Av4 = 660 kHz

The contributions of the nearest Cu2+ion at {lA,A,0) to the internal
fields of protons H7- and H74 are calculated to be:

h1(73) = <At ^ >i^io> x 0.701 Oe and hx(74) = C/z^ ^  0> x 0.369 Oe

Therefore, line 5 corresponds to H?3 and line 4 to H74. It must be
noted that th is identification procedure is  based upon the fact that
the difference in internal field a t the two proton positions is  primarily
caused by the nearest Cu2+ion. The more d istan t Cu2+ions may con
tribute considerably to the to tal value of the internal fie lds, but do
not influence the difference to an amount that makes the correspon
dence conclusion doubtful.

As an additional check, it was verified that the maximum of the
shift of a line in the rotating diagram (figures 2 and 3), does occur
at the same direction of ff where the calculated dipolar field of the
corresponding proton has a maximum.

The lines corresponding to the protons H54, H59, H?3, H?4, H83
and Hg4 could be identified easily  with th is method. For protons
Hgg-Hggi the situation is d ifferen t,since Hg2 has a relatively  strong
interaction with the second nearest Cu2+ion, due to its  special position
in the unit cell (cf. table I). However, it is  just th is  special position
that makes it easy  to decide that th is proton corresponds to line 3 in
the spectrum. In the la s t two columns of table III, the resulting one-
to-one correspondence between lines and protons is  given. For lines
7 and 8 and protons 91 and 92, a reliable decision about the corres
pondence was not possib le . The linesh ifts  Av? and Av_ are small
and do not show an appreciable difference for any one direction of
ff0. This can be understood from the fact that the protons 91 and 92
are situated at a large d istance from the nearest Cu2+ion. L ines 7
and 8 were not used for measurements of the temperature dependence
of the linesh ifts .



62

Table III.

Correspondence between lines and protons in
CuS0 4.5H20  and C uSe04.5H20 .

R esu lts  from measurements R esu lts from measurements
of the doublet-splitting of the sh ifts  Av due to

A Cu-P interaction
P P

Line-pair proton-pair line proton

1,2 83,84 1 84
2 83

4,5 73,74 4 74
5 73

3,10 62,69 3 62
10 69

6,9 54,59 6 59
9 54

7,8 91,92 7 -
8 •

4. The temperature and field dependence of the resonance frequencies.

The sh ifts of the proton resonance frequencies Av are related
2 + i

to the magnetic moments of the two unequivalent Cu ions by:
A A

r _  3cos a ,.cos cp.,—1
An m  f *

r i j

3cos2a  c o s2cp , - 1
+ A  o> 2 ------------T ---------- —— ]k .3

‘ ik

(3-3)

This is  the usual dipolar field formula (see formula 1—13), where the
first sum extends over the Cu2+ions at (0,0,0) and the second sum
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over the C u2 ions a t (lA ,%,0). The magnitude of the geometrical fac
tors in (3—3) depends on the resonance line studied, and the direction
of ïTo> From tab les III and I, it is  concluded that for the lines with
i = 1,2,4,5 the second geometrical factor in (3—3) is  rela tively  large
since the corresponding protons are nearby a (&,!4,0) ion. For the
lines with i = 3,6,9,10, the first geometrical term is  the largest. It
was attempted to measure the temperature dependence of Av for
several lines of both groups. The choice is  lim ited, as it is  necessary
for accurate measurements that the lines to be studied have good
distinguishable maxima or minima in the rotating diagrams, over the
temperature range 4.2 °K-0.25 °K. As can be seen from the rotating
diagrams, lines 1,2 and 3 sa tisfy  th is condition for the ff 1 c orien
tation and lines 1,2,3,4,5, and 6 for the H / /  a-c orientation. The
resu lts  for CuS04.5H20  and CuSe04 ,5H20  will be d iscussed  separ
ately, since a marked difference between the two c ry sta ls  is  present
with respect to the temperature dependence of the resonance fre
quencies.

a) Temperature dependence  of the lineshifts  in CuSO^.SHjO.

Figure 7 shows the temperature dependence of the inverse line-
shifts for the lines i = 1,2 and 3 in the crysta l orientation ±c.
For line 3 two series  are given: one where Ff is  oriented such that

O
line 3 shows the maximum shift in the rotating diagram of figure 2, a
second with H in the direction of the minimum shift. For line 1 and
2 the resu lts  for the direction of maximum shift in the rotating dia
gram are presented. An external field Hq = 2584 Oe (v  = 11.000 MHz)
was used for these measurements, while in figure 8 the resu lts  for
the same measurements in Hq = 7400 Oe [v = 31.500 MHz) are given.
Figure 9 shows the temperature dependence of Av!"1 for the lines
i = 2,3,4,5 and 6 in the fl* //a -c  orientation, with H = 2584 Oe.O ' o

Considering the low-field measurements first, one notes that in
both crystal orientations the p lots of A i/" 1 for the lines i = 1,2,4 and
5 are approximately straight lines that in tersec t the T ax is  at T=+0.05°K
after extrapolation to Ai/j"1 = 0. Slight deviations from the linear be
haviour are present which will be explained in the following section
(4 c), but are not important for the present d iscussion . For lines 3
and 6, the behaviour is  quite different: between 4 .2°K and2°K  straight
lines are observed which would in tersec t the T ax is below —1°K after
extrapolation to A v~ x = 0. Below about 2°K, the plots of A v ~ l ver
sus T are curved, while below about 0.6 °K they approach the same
temperature dependence as the AvT"1 values of lines 1,2,4,5. This is
especially  evident for Av” 1.
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° K  A.O

F i g .  7 . T h e  in v e r s e  o f  th e  l i n e s h i f t  A v  fo r th r e e  p ro to n  r e s o n a n c e  l i n e s
in  C u S O ^ .S H g O  a s  a  fu n c t io n  o f te m p e ra tu r e .

O l in e  1. (cp= 0) O l in e  3 . (cp= 4-95)

#  l in e  2 . (cp = 0) ■ l in e  3 . (cp = +5)

T h e  a n g le  cp r e f e r s  to  th e  r o t a t i n g  d ia g ra m  in  f ig .  2 a n d  i n d i c a t e s  t h e  d i
r e c t io n  o f  H q fo r w h ic h  th e  m e a s u r e m e n ts  w e re  p e r fo rm e d . Hq = 2 5 8 4  O e .

F ig .  8 . A v   ̂ a s  a  fu n c t io n  o f  t e m p e ra tu r e  fo r th e  s a m e  l i n e s  a s  in  f i g .7
b u t fo r  H = 7 4 0 0  O e .o
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°  T m (.0 2.0 3.0 °K 40

F ig .  9 . Av a s  a  f u n c t io n  o f t e m p e ra tu r e  fo r r e s o n a n c e  l i n e s  in C u S O - .5 H  O—» 4 2
in  th e  c r y s t a l  o r i e n t a t i o n  HQ//a -c  p l a n e .  T h e  l l n e s h i f t  d i f f e r e n c e  b e tw e e n
m ax im um  a n d  m in im u m  in  th e  r o t a t i n g  d ia g ra m  i s  p lo t t e d  h e r e .

O l in e  3 . V l in e  6 . •  l in e  2 . A l in e  5 . A l in e  4 .

The following conclusions can be drawn from these experimental
results:

i ) Two magnetic system s are present in CuS04,.5H20 . In chap
ter 1—2 it has been shown that when only one magnetic system  is
present, the values of Av^  ̂ for the different lines can only differ by
a constant factor over the whole temperature range. This is  evidently
no t the case.

ii ) Below about 0.6 °K, one type of magnetic moment, < /u.> , is
much larger than the second type <£in > . This follows from the fact
that for T <0.6°K all lines approach the same temperature depen
dence. <yUj> obviously sa tis fie s  the relation:

< / V
CH

= ________ O

T—0.05 (3-4 )

except for small deviations due to paramagnetic saturation e ffe c ts ’
C = g2/32S(S+l)/3k.

iii ) < /x j> can be identified with î  0>. For tem peratures
above about 0 .6 °K, the magnetic moments' of the second system ,

are no longer neglia ib ly  small, as follows from the temperature
dependences of the linesh ifts  A i^ and Avg. However, the sh ifts  of
the lines 1,2,4 and 5 remain proportional to < /ij>  up to 4 .2 °K. This
means that the lines 1,2,4 and 5 correspond to protons which are
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strongly interacting with </J.j> and weakly with On the other
hand, it has been concluded in the preceding section, that lines 1,2,
4 and 5 correspond to protons nearby a Cu2+ion at 04,54,0), so that
evidently <p-l > = u  o>* This conclusion is in contradiction to
the hypothesis of Miedéma et a l. and the conclusion drawn by A be15^
from his electronspin resonance experiments.

The experimental resu lts  for Hq = 7400 Oe, a s  given in figure 8,
which have not been d iscussed  until now, are in agreement with the
three conclusions given above. The difference between the temper
ature dependence of the sh ifts  (i = 1,2,3) in the weaker and stron
ger external fields, (compare figures 7 and 8) can be explained com
pletely by the paramagnetic saturation of </iw j, Q> for Hq = 7400 Oe
and T < 1 °K. With the aid of the temperature clependence of Ai/j and
Aj/„ in Hq = 7400 Oe, it has been verified that the temperature de
pendence of < /ij, 0> is  described by a Brioullin type of mag
netization curve for a system  of S = 54 particles with a mutual inter
action charaterized by 0=+O,O5°K.

b) The temperature dependence of <P-q q q>.

The las t and most difficult problem to be solved, is  the determi
nation of the temperature dependence of <fJ.Q 0 0> . For that purpose
one can use the measured temperature dependence of the sh ifts  Av of

O  A .

the lines 3 and 6, which corresponds to protons nearby a Cu ion
at (0,0,0). Formula (3—3) can be written shortly as:

Avi -  a i <At«,JS.0> + b i <^0 ,0 ,0>

where
y  T 3cos2aIkc o s29lk- l

1 2tt k .3
r i k

and h * T *  3co»2a1,cos2<p| |—1
1 27r j .3

ij

(3-5)

are short notations for the tem perature-independent geometrical con
stan ts in formula (3—3). For line 3 and 6 one has a, < bj. The prob-
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lem that arises when the temperature dependence of <Mo o o> ^as
to be determined with great accuracy down to T = 0.3°K*, *is th a t
<LJLxA !4 0> increases much more rapidly with decreasing temperature
than </l0 0 0>. At a temperature as high as 1°K, the term ,, 0>
in formula (3—5 )is  certainly not negligible compared with h1< /i0 '0 *0> f
in sp ite  of the fact that a 4 < b4. At s till  lower tem peratures, the term
ai</J' lA J4 o> becomes predominant. Therefore, th is term has to be
determined with great precision in order to obtain b1</xQ Q Q> from
the experimental values of Av3 or Av6. Since the temperature depen
dence of <11% ^  0> is  known, the problem is  to determine the con
stant at . Two methods have been tried successively  to calcu late  a ,.

i ) The first method was based upon the fact that for T<0.6°K
<Mo o,o> is  so smaI1 compared with </j.^ ,, Q> that formula (3—5)
can be written to a first approximation as: ' '

C H0
A v j ( T )  «= a t ---------------

T—0.05 (3-6)

as far as the low field measurements are concerned. Therefore, a
can be derived from the slope of the plots of AvT"1 versus T, below
0.6 K. An error Aa^ resulting from an inaccuracy of the determination
of the slope,produces an error Aa^Ho/fT-O.OSJin Q 0> .T here
fore, the method is  only su itab le  for the determination oI </x0 0 0>
at high tem peratures since the introduced error increases rapidly
with decreasing temperature. The lowest temperatures for which
hi</ i 0<oIo> can ke obtained within a 10% accuracy is  about 0.8°K—
0.6 K, depending somewhat on the choice of the resonance line
(3 or 6).

ii) A method to determine a4 that is  by far superior, resulted
from measurements of Ai^ as a function of the external field fl^at the
lowest temperature, T = 0 .3 °K. This method is  based essen tia lly
upon the different behaviour of <^54,54 and <^0 0 o> as  a function
°f f v ^ o r  the present experiments,' external field’s 'u p  to 11.000 Oe
were available which made it possib le to obtain alm ost complete
saturation of the m agnetic moments <fiu ,, Q>, while < /i >
showed a linear field dependence up to 11 kO*e/ ,0 '°

The measurements were carried out for the crystal orientation
H0 c, since in that orientation the resonance freguencies of the
lines 1,2 and 3 could be determined accurately over the whole field
region up to 11 kOe. The line 6 in the orientation H0/ / a - c  shows
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A V |'« + f c » ^ o ,o ,o )

F ig .  10. T h e  f i e ld  d e p e n d e n c e  o f  th e  l i n e s h i f t s  A y in  C u S O ^ .S H g O  a t
T  = 0 .3 ° K .  C r y s t a l  o r i e n t a t i o n :  iTQ -L c - a x i s .

O l in e  1 (cp = 0 ). •  l in e  2 (cp = 0 ) . o l in e  3 ( cp = + 9 5 ). ■ l in e  3 ( cp= +5)

T h e  a n g le  <p r e f e r s  to  th e  r o t a t i n g  d ia g ra m  in  f ig .  2 a n d  i n d i c a t e s  th e
d i r e c t io n  o f  H fo r w h ic h  th e  m e a s u r e m e n ts  w e re  p e r fo rm e d .

large broadening effects and frequent overlap with other lines, making
it le s s  su itab le for these measurem ents. Figure 10 shows the field
dependence of A vj, Ayg and Ayg (two directions) at T =0.3°K.
Since Ayj and Ayg are proportional-to Q>, one can conclude,
that the degree of saturation, obtained for thé Cu2+('/4,1/^,0) ions, is
such that < / j .,, y  Q> changes le s s  than 0,5% between H0= 7kOe and
Td0 = llkO e. ' '

On the other hand, one observes that Ay, increases linearly with H
in th is field region. This increase can be attributed only to the field
dependence of <At o q o>* F rorn the slope of the upper Ayg versus
H0curve in figure 10, one concludes that:

3  A y ,
b3 X 0 0 0 = ------= 0.0539 kHz/Oe (3-7)

3H0

for 7kOe <Ho < llk 0 e .  When it is  assumed that 0 Q is  field-in
dependent down to H0= 0, (3—7) can be rewritten as:
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b3<^0,0,0> = 0.0539 kHz/Oe
H0

(3-8)

The validity of this assumption has been verified by substracting
from Av, the contribution b3</x0 0 0 > ■ 0.0539 HQ kHz, over the
complete field region. The difference turns out to be proportional to
<fl %Q> as is required by equation (3-5); the proportionality
constant is just the desired geometrical factor a3«
Then, the temperature dependence of b3</i0 0 0> is obtained by
evaluating:

b3</x0,0,0^T >̂ = Av3(T) -  a3<Mj4,'/4,o^T >̂ (3-9)

over the temperature range 4.2°K to 0.3TC.
An experimental detail may be mentioned here. It is necessary to

measure Av3(T) and </xl/4 % 0(T)> at exactly the same temperature
(within 0.001 °K), since both quantities strongly vary with T and their
difference determines b3</z0 0 0(T)>. Therefore, Av,(T) and Av2(T),
from which „  0(T)> is 'derived, and Av3(T) were measured
simultaneously, rather than during separate runs from 4.2°K to 0.3 K.
Av, and Av, were determined both before and after each measure
ment of Av3> It was required, that the temperature equilibrium was so
good, that the two obtained values of Avj and of Av2 be equal with
in the accuracy of the lineshift measurements. In doing so. the
accuracy of the determination of <Mo,0,0> *s no  ̂ b  ̂ *be êm"
perature measurements, but by the accuracy of the lineshift measure
ments, which is better than 0.1% below 1°K.

In figure 11 the resulting temperature dependence of b3< ^ 0 0 0> /H o
is plotted for both Hc = 2584 Oe and H0= 7400 Oe. The two curves
show good mutual agreement at high temperatures; below the broad
maximum at about 1.5 °K a small but distinct discrepancy exists. In
view of the large difference in the two external fields one can con
clude however that </x.q q into a good approximation proportion
ed to H over the whole temperature range.

Apart from the results given in figure 11, the temperature de
pendence of </z0 0 0> has been determined for two other directions
of ff0, both for h!0= 2584 Oe:
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°K 4.0

F ig . 11. T e m p e ra tu re  d e p e n d e n c e  of b 3 </X.q q q> /H

A : H = 2584 O e . O : H = 7400 O e .o o
T h e  r e s u l t s  o b ta in e d  a f te r  c o rre c tio n  for th e  in te rn a l  f ie ld s  from th e

2 +Cu io n s  a t  (% ,J4,0) a re  in d ic a te d  by (-----) for H = 2584 O e an d  for
H = 7400 O e .o

a) Reoriented perpendicular to the c-axis in the direction of the
minimum shift of line 3 in the rotating diagram of figure 2.

b) H0 / / a-c plane, in the direction of the maximum shift of line 6.
The method i) to determine the constant a 6 was used for this cal
culation.

The results for a) and b) are less accurate than those given in figure
11, nevertheless one can conclude from figure 12, where the tempera
ture dependence of < H 0 0 0> in the three directions is  compared,
that </J-0 q 0> is  fairly isotropic.

So far it has been estab lished  that </jlq 0 0> /  H0= XQ Q Q shows
a rather anomalous temperature dependence that is  independent of
the direction or magnitude of fT0. Furthermore one can conclude from
the different behaviour of </Xu ,, Q> and </j.q Q Q>, that the two
magnetic system s behave quite independently, Rowever, the possi
bility of a weak interaction between the two system s cannot be ex
cluded. Before interpreting the temperature dependence of XQ 0 n on
the basis of the mutual interaction between the (0,0,0) ions only, it
will be investigated  whether a coupling between the two types of
ions is  present and if necessary , to correct X0 Q _ for th is inter
action.
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F ig .  12. T h e  te m p e ra tu r e  d e p e n d e n c e  o f  < / X q  g g> fo r  d i f f e r e n t  d i r e c t i o n s
o f Hq . T h e  fu l l  l i n e  r e p r e s e n t s  th e  p lo t  o f  b g < /ig  g g > /H Q v e r s u s  T ,
g iv e n  in  f ig .  11 fo r H q = 2584  O e . T h e  r e s u l t s  fo r  tw o  o th e r  d i r e c t i o n s
o f H n o rm a l iz e d  to  t h i s  f u l l  l in e  a t  4 .2 ° K  a r e :o

o r i e n t a t i o n  ( c f .  f i g .3 ) .
H o r i e n t e d  in  th e  d i r e c t i o n  o f  m ax im um  s h i f t  o f  l in è  6 in  th e  H / / a - c

■ H o r ie n te d  in  th e  d i r e c t i o n  o f  m in im um  s h i f t  o f  l in e  3 in  th e  H X co o
o r ie n ta t io n  ( c f .  f ig .  2 ).

c) Interaction between the two types  of cupric ions.

In the preceding section it  has been mentioned that the p lots of
Av^-1 and Av^"1 versus T, in figure 7, showed slight deviations from
a straight line between 4.2°K and 0.3 °K. This ind icates that the
value 6 = + 0 .05°K of the Curie—Weiss law ,describing the tempera
ture dependence of <P-y2 y  0> i i s  slightly  temperature — dependent.
Careful investigation of the observed sh ifts shows that 6  increases
with increasing temperature, changing from 6 -  ♦ 0.03 °K ± 0.005 °K
for 0.3°K <T<0.4°K  to 6 = + 0.11°K ± 0.01°K for 3°K<T<4.2°K .

This change in 6 value can be explained by an interaction be
tween the two magnetic system s and leads to an estim ate of its
magnitude. It will be assumed that the Cu2+ ions at (0,0,0) and at
(54,^,0) are coupled by an exchange interaction characterized by
J j« .  According to molecular field theory, the local field that the
Cu^ ions at (0,0,0) produce at the positions of the ({4,54,0) ions is
given by:

h.
1

■  2 z J 12

g  2 / ? 2
< ^t o , o , o > (3-10)
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where z is  the number of nearest neighbours of the (0,0,0) type, fi is
the Bohr magneton, g is  the usual g-factor. xj, 0 0 and % Qare
defined as the su scep tib ilities  which the two' magnetic system s
would have when there is  no interaction between the two types of
magnetic ions. Using (3—10) i t  is  easily  seen that:

</x,X,K.0> X Vt,Vt.Q(H0 +ht) j. 2 z J i 2 < ^ 0 , 0 , 0 > \

g2fi2 '
(3- 11)

It is  assumed throughout that no paramagnetic saturation effects are
present.
Substitution of the usual param eters 012 = 2S(S + l ) z J 12/3 k  and the
Curie constant C = g2/S2S(S + l)/3 k , transforms (3—11) into:

< /i H ,J4,0> = x x ,K ,o  Ho d  +~ 1 1 < M o.o ,o> ) (3-12)

It is  convenient to write the magnetic moment < /iQ 0 g> as:

< ^’0 , 0 , 0 > (3-13)

so that f(T) is  the ratio between the actual magnetization of the
(0,0,0) ions and the magnetization according to C urie 's  law. Furthermore,
the suscep tib ility  Xfe ^  0 will sa tisfy  a Curie-Weiss relation:

Y'%.lA.0 ___ C _
T - e l

(3-14)

where 61 is  unknown.
Substitution of (3—13) and (3—14) in (3—12) leads to:
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CH
< * * . % * > • ----------- 2--------i o t l > d x v e x (3-15)

The function f(T) can be derived from the observed temperature de
pendence of <fiQ 0 Q>, as given in figure 11. It follows, that f(T)
changes from 0.54 at T=3.50°K  to 0.06 at T = 0 .35°K. The observed
8 value for the (54,lA,0) system must be equal to the 8 value in the
denominator in formula (3—15) for all tem peratures. This leads to the
equations:

At T = 3.50 °K : Qx + O.54012 = 0.11 °K.
At T = 0 .35°K : 8X + 0 .068l2 = 0.03°K.

Resulting in 8 X = + 0.02 °K ± 0.005 °K and 8l2 =+ 0,17°K ±0.03°K .
It has been verified, that the experimental resu lts  in the intermediate
temperature region are in agreement with these 8 values within the
indicated accuracy.

Another estim ate of the interaction between the two system s is
provided by the resu lts  from electron spin resonance experiments at
room temperature by Bagguley and G riffiths16). The exchange broade
ning of the two resonance lines, corresponding to the two types of
Cu2+ ions, leads to an estim ated value of | J j „ | / k  = 0.1 °K for the
coupling between dissim ilar Cu2 + ions, in reasonable agreement with
the value of deduced from the present experiments.

Using the value 0 j 2 =+ 0.17°K as characteristic  for the inter
action between the d issim ilar Cu2+ ions, the method to calcu late  the
corrected susceptib ility  X'0 0 0 from the experimental data is  straight
forward, as is  shown in the appendix.

The resulting behaviour of X'Q Q Q as a function of T for both
H0= 2584 Oe and H0= 7400 Oe is  s&own in figure 11 as dotted lines.
The two curves differ from those for XQ 0 0 in that their maximum
is shifted from 1.5°K to 1.7°K. Furthermore, the difference between
the two curves for X'0 0 Q for the two values of H0, is  sm aller than
between the two curves' of X0 Q Q. Evidently, the discrepancy be
tween the determinations of thé suscep tib ilities  XQ Q Q in two dif
ferent external fields can be explained partially  by the presence of
an interaction between the dissim ilar Cu2+ ions.
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d) CuSe04.5H20.

Figure 13 shows the temperature dependence of A y " 1 for the
lines i = 1,2,3 in the crystal orientation ff0 l  c, with Hó = 2584 Oe.
By analogy with the resu lts  in CuS04.5H20 , it  can be concluded
from the temperature dependence of Ay7 and A y J 1 that the mutual
interaction between the Cu2+ ions at (54,54,0) is  small and character
ized by 6 = + 0.05 °K. The absolute values of the sh ifts Avj and Ay2
differ no more than a few percent in CuS04.5H20  and CuSe04.5H20 ,
in accordance with the c lose sim ilarity of the unit cell dimensions
of the two sa lts .

F ig .  13. Ay-1  a s  a  fu n c t io n  o f  tem p eratu re  for C u S e 0 4 -5 H 2 0 .
C r y s ta l  o r ie n ta tio n :  Hq X c - a x ls .
O l in e  1 (cp  = 0 ) . •  l in e  2 ( c p  = 0 ) . □ l in e  3 (cp = + 9 5 ). ■ l in e  3 ( cp = +5)

T h e  a n g le  cp r e fe r s  to  th e  ro ta tin g  d iagram  o f  f ig .  4 , and in d ic a t e s  th e
d ir e c t io n  o f  H for w h ic h  th e  m e a su r em e n ts  h a v e  b e e n  perform ed . H = 2 5 8 4  O e .o  °

The temperature dependence of A y J 1 is  guite different in the two
crysta ls. In CuSe04.5H20 , the extrapolation of the linear part of the
AyJ^ versus T curve (see figure 13), in tersec ts  the T axis at T =
—0.9°K instead of at T = —1.5°K for CuS04.5H20  (see figure 7).
This means that in the selenate  the interaction between the (0,0,0)
ions is  considerably weaker. The same conclusion followed from
measurements in a field of 7400 Oe; the resu lts  are not shown here
since they are quite sim ilar to the high-field resu lts  in CuS04.5H20.

The field dependence of the linesh ifts  AVj, Ay2 and Ay3 is  shown
in figure 14. For H0>7 kOe, the slope of the Ay3 versus H0 curve is
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0,106 kHz/Oe, which is  considerably higher than the corresponding
value 0.0539 kHz/Oe for the su lfa te . This means that in CuSeO^.SH^)
the contribution to Av3 which is  proportional to </z0 Q 0>, is  larger
than in the sulfate .

MHz

kO« lO

F ig .  14. F i e ld  d e p e n d e n c e  o f th e  l i n e s h i f t s  A v  in  C u S e O ^ .S H g O  a t
T  = 0 .3  K , fo r th e  H q -L c - a x i s  o r i e n t a t i o n .

O l in e  1. • l i n e  2 . o  l in e  3 . D i r e c t io n s  o f  H th e  s a m e  a s  in  f ig .  13.o

The same procedure used to determine the interaction between the two
types of Cu2 + ions and the temperature dependence of X'Q Q Q in Cu SO 4.5H 2 0 ,
was applied to the resu lts  of CuSe04.5H20 . T h e ’interaction between
the dissim ilar ions in CuSe04.5H20  was found to be 0 12 = + 0.12°K.
The temperature dependence of b3Xg Q Q is  sh °wn in figure 15, to
gether with the resu lts  for CuS04.5H2’0*. Since the d istance between
cupric ions and protons is  almost equal in the two cry sta ls , the
constant b3 will differ by le s s  than 2% in the two sa lts . Therefore,
from figure 15 one can conclude, that in the selenate  X'Q is  con
siderably higher, especially  at low tem peratures. The broad’ maximum
is shifted from T = 1.7°K for CuS04.5H20  to T =0.9°K for CuSe04.5H20 .
In view of the great sim ilarity in unit cell dimensions of the two
crysta ls, this difference is rather large.
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F ig .  15. T h e  s u s c e p t i b i l i t y  of  t h e  Cu  i on s  a t  (0 ,0 ,0)  in  C u S 0 4 . 5 H 00
and C u S e O ^ . S f ^ O ,  a f t er  co r r ec t i o n  for t he  i n t e r a c t i o n  w i th  t he  Cu z i o ns
a t  0/4,54,0).
A H  = 2584 Oe,  C u S 0 . . 5 H oO.  A H  * 2584 Oe ,  C u S e O . . 5 H o0 .o * 4 2 o • 4 2
o H  = 7400 Oe ,  C u S 0 . . 5 H „ 0 .  * H  * 7400 Oe ,  C u S e O . . 5 H o0 .o ' 4 2  o '  4 2

5. Discussion.

a) Comparison with theory.

The curious temperature dependence of XJ, .  .  in both crysta ls ,
must be attributed completely to the mutual in teractions between the
Cu2 ions at (0,0,0), since X q g 0 is corrected for the influence of
the interaction with the Cu2+ ions at [Vi,54,0). It will be shown,that
the behaviour of _ _ is  in good agreement with the suscep tib ility
of a system of antiferromagnetic linear chains (a .l.c .). Bonner and
F ish er9  ̂ calculated  the magnetic and thermal properties of closed
rings of N exchange coupled spins with S = Vi% The Hamiltonian is
given by:

H = — 2J £{S fS *+1 + a fS fS ^ j + SfSf+1)>- gj3 ^  ITS, (3-16)

where a  is  a parameter depending on the anisotropy of the exchange
interaction; for a. = 1 formula (3—16) gives the Hamiltonian for the
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Heisenberg model. The temperature dependence of the susceptib ility
was calculated for N = 2 to 11. The limiting N-.a> behaviour for the
antiferromagnetic chain could be accurately indicated in the region
k T / | j |  > 0.5. The behaviour of the infinite chain at lower tempera
tures was estim ated by extrapolation and by using the exact calcu la
tion at T = 0 by G riffiths17*.

Since the experiments in different crystal orientations in CuS04.5H20
have shown that Q Q is  fairly isotropic, the experimental data
will be compared with the theoretical resu lts  of Bonner and F isher
for the Heisenberg coupling, a  = 1. In figure 16 theory and experi
ment are compared. The resu lts  are plotted on the reduced sca les

o.os

0.06

0.04

O >T<|j| _ 1.0 2.0 3.0 4.0 5.0

F ig .  16. C o m p a r is o n  o f  th e  m e a s u r e d  s u s c e p t i b i l i t y  o f  th e  C u 2 + io n s  a t
(0 ,0 ,0 )  w ith  th e  t h e o r e t i c a l  s u s c e p t i b i l i t y  o f  a n  a n t i f e r r o m a g n e t ic  l in e a r
c h a in  ( a . l . c . ) .  o C u S G 4 .5 H 20 ,  w i th  J / k  = —1 .4 5 ° K .

•  C u S e O ^ .ijH g O  w ith  J / k  = —0 .8  K . T h e  fu l l  l in e  r e p r e s e n t s  th e  r e s u l t s
o f  B o n n e r  a n d  F i s h e r  fo r a n  a . l . c .  w ith  i s o t r o p ic  c o u p l in g .

|j |X /N g 2^ 2 versus k T / | J |, so that the curves for antiferromagnetic
lineair chains with different values of J /k  must coincide. The best
fit between theoretical and experimental curves was obtained by
taking for the exchange constant in CuS04.5H20 : J /k  = —1.45°K and
for CuSe04.5H20 : J /k  = - 0 .8 0 °K.

The experimental resu lts  of the two sa lts  together cover the wide
region between k T / | j |  ■ 5.25 and k T / | j |  = 0.15. It can be seen in
figure 16 that between k T / | J | = 5.25 and k T / | J | = 1.2 there is
good agreement with theory. At lower values of kT/1 J | , a small
system atic discrepancy is  p resen t, the experimental curves being
somewhat higher than the theoretical predictions. Since this differ
ence is  larger than the errors in the theoretical and experimental
resu lts , it  is  probable that small deviations from the pure isotropic
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exchange in teractions are present. The mutual agreement between
the resu lts  for CuS04.5H20  and CuSe04.5H20  is  very good, i.e . on
the reduced temperature- and susceptib ility  sca les , the experimental
points for the two sa lts  coincide. From specific  heat measurements,
Miedema, van Kempen, H aseda and Huiskamp3' have obtained a
value J /k  = —1.57°K for the a .l.c . system in CuS04.5H20 , in reason
able agreement with the present resu lts . For the selenate , a maximum
in the specific  heat occurs at T = 0 .85°K, corresponding to J /k  =
—0.81°K. Here the agreement is  better.

The field dependence of the magnetization of an a .l.c . system
with Heisenberg coupling has been calculated for T = 0 by G riffiths17^
and for finite tem peratures by Inawashiro and K atsura18*. At a cons
tant temperature, the magnetic moment per particle, < /i> , depends
only on the ratio g/3H0/ J ,  which can be considered as the ratio
between the external field H and the "exchange fie ld "  J / g ^ .
For low tem peratures (T<< | j | / k ) ,  < / j l >  is  proportional with g/3HQ/ | j |
a s  long as gy0Ho/ |  J |  <<1. When gySH0/ |  j |  =* 1 the <//.> versus
g/3Ho/1 J  | curve has an increasing slope, while above g/?H /  | J | = 4
paramagnetic saturation se ts  in.

We have derived from Inaw ashiro 's resu lts  the theoretical mag
netization curve of the Cu2+ ions at (0,0,0) in CuS04.5H20  (J /k  =
—1.45°K) at T * 0.3 °K, The resu lt is  given in figure 17. It is  clear

t = o

4 0  kOc 5 0O M*10

F ig .  17. T h e o r e t ic a l  m a g n e t iz a t io n  cu rv e  o f  th e  a . l . c .  s y s t e m  in  C uSO ^.SH gO
at T  = 0 .3  K . ( fu l l  l in e ) .  □ e x p e r im e n ta l v a lu e s .

that the field region covered by the present experim ents, (Hq ^ 1 1  kOe)
is small compared with the field region where, according to theory,
the characteristic  changes in the <//.> versus H0 curve occur. The
experimental resu lts , a lso  shown in figure 17, show a linear relation
between </J-0 0 0> and HQ. Thus, for the limited region where com
parison with tneory is  possib le, there is  satisfactory  agreement.
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It has been argued in section 4 b that the linear relation between
</. 0 Q> and Hol which is only directly observed between 7 kOe
and 'l ï  kOe holds down, to H0= 0. The theoretical plot of figure 17 is
a further justification for this argument. Measurements in CuS04.5H20,
at T = 0.3 °K, in external fields up to 40 kOe are in progress, to
make a detailed comparison of the experimental data and the theo
retical magnetization curve of an a.l.c. system possible.

b) Possible exchange mechanisms.

The presence of a strong exchange interaction in one direction
between one type of Cu2+ ions is not easily understood from the
crystallography of the two salts. In other substances containing a.l.c.
systems, the strong coupling in one direction is plausible, since the
crystal structure itself is chain-like. In the case of Cu(NHg)4S04.H20*
for instance, the properties of the crystal structure strongly suggest
that the c-axis is the direction of the strong one-dimensional coupling.

However, on the basis of one of the results of the present work,
viz. that only the Cu2+ ions at (0,0,0) form antiferromagnetic chains,
some comments on the exchange mechanisms in CuS04.5H20 are
possible. The Cu2+ ions are surrounded by six oxygen atoms, as
shown in figure 18. Four O-atoms belong to H„0 molecules, and two

"  f t  x

belong to the S04 groups. Most probably, the Cu ions will have
indirect exchange interactions through intervening oxygen atoms
belonging to these octahedrons. Therefore, linkages of the type Cu —2 +
0  — 0 — Cu are formed. The linkages between the Cu ions at
(0,0,0) and at (%,%,0) are quite different, due to the different spatial
orientations of the oxygen octahedrons. An inspection of the crystal
structure of CuS0..5H20 12' shows, that along the relatively long
b-axis (b = 10.7 A) no linkages exist; along the a- and the c-axis,
two different types of bonds can be distinguished (see figure 19).

I. Bonds where one of the oxygen atoms belongs to a S04 group
and the other to a H20 molecule.

II. Bonds where the two intervening oxygen atoms belong both
to H20 molecules.

The type I linkage exists between the Cu2+ ions at (0,0,0) only
along the c-axis; and between the Cu2+ ions at ()4,/4,0) along the
o  and the c-axis. The three linkages of this type (I) are quite similar
as can be seen in figure 19; the Cu —0(S04) distance is about 2.40 A,
and the Cu —0 (H20) distance about 1.98 A. Considering the possi
bility that the exchange paths (I) are the most important in CuS04.5H20,
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2 +F ig .  18. O c ta h e d r a l  e n v iro n m e n t  o f  th e  C u  io n s  in  C u S O ^ .S H g O .
a  : o x y g e n  a to m  o f  SO ^ g ro u p .

C u,  + ( 0 , 0 , 0 )

type X h

—  C ax is  —

------ a axis —
type XL H

C u * * (ll2 ,t l2 ,o )

a axis

c axis

- a  axis

c axis

O’ oxygen oxygen ( S O 4 )

F i g .  19. P o s s i b l e  e x c h a n g e  l in k a g e s  in  th e  tw o  m a g n e t ic  s y s t e m s  in
C u S 0 . .5 H „ 0 .  T y p e  II i n v o lv e s  o n ly  o x y g e n  a to m s  o f t h e  H gO  m o le c u le s .
T y p e  I i n v o lv e s  a l s o  (SO ^) o x y g e n s .
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it is  not understandable why the exchange interaction between the
(0,0,0) ions is  so much larger than that between the (54,54,0) ions.
For th is reason, th is possib ility  must be dism issed.

Linkages of type II ex ist between the (54,54,0) ions along the a-
and c-axis, and between the ions at (0,0,0) only along the a-axis. In
this case  one can see in figure 19, that the linkage between the
(0,0,0) ions is  quite different from those between the (54,54,0) ions.
Only the bond between the (0,0,0) ions is  double, and the angles
between the Cu — O and O — O connections are quite different for
the two types of ions.

Therefore, we conclude that the exchange path of type II between
the (0,0,0) ions is  responsible for the strong exchange coupling be
tween the (0,0,0) ions. This means that the a-axis is  the direction
of the antiferromagnetic linear chains. Experiments of the heat con
ductivity in CuS0 4.5H20  by Haasbroek et a l .20) ind icate  that the
a-axis is indeed the linear chain direction.

Comparing the linkage between Cu2+ ions at (0,0,0) along the
a-axis with that along the c-axis (figure 19) one notes, that for the
a-axis linkage the longest Cu -  O d istance is  1.99 A, while for the
o a x is  linkage a Cu -  0  d istance of 2.38 A occurs. This difference
might account for the larger exchange interaction along the a-axis.
The latter conclusion is  somewhat speculative, and a rigorous cal
culation of the various exchange mechanisms in CuS04.5H20  is
necessary to prove its  validity.

Appendix.

X'o o o has heen defined as the suscep tib ility  of the Cu2+ ions at
(0,0,6) when there is  no interaction between the Cu2+ ions at (0,0,0)
and at (54,54,0). Therefore:

< ^ o , o , o : * 0 , 0 , O ^ c + h. (3-17)

where \  - — -< /** .*.«,> (3-18)

denotes the internal field which the (0,0,0) ions experience from
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the (!4,!4,0) ions.For CuS04.5H20 , 012 ■ + 0 .17°K.The lineshift Av3
is  given by:

= a 3 < x̂ V4 , 54, 0 >  + b 3 < ^ 0 , 0 , 0 >  (3-19)

which, by substitution of (3—17) and (3—18) transforms into:

Q
Ai/3 = a 3< ti%ix i0> + b3x 'o,o,o(Ho + - c 1 < ^541K.o>) (3~ 20)

At T = 0 .3 °K, it followed from the observed field dependence of
Av3 that:

b3X*0 = Al"3 = 0.0539 kHz/Oe (3-21)
' ' SH0

In (3—20) one substitutes (3—21) and the value of • which is
known to follow a Brioullin type of saturation curve. Then a3 is  the
only unknown parameter in (3—20) which now can be solved. Then, at
each temperature b3x ' 0 0 o is  derived from the meQSUred values of
Av3(T) and % o(T)>#W  using a modified form of (3—20):

b 3 * '0 . 0 . 0 (T)
Av3(T) -  a3 < ^ ,K ,0(T)>

Hq + ö i2 <^54.,/i.o(T)> /C
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Chapter IV.

THE SHAPE OF THE PROTON MAGNETIC RESONANCE
LINES IN CuSO^.BHoO AND CuSe04 .5H20  BETWEEN

4.2°K AND 0.3°K

1. Introduction.

As d iscussed  in chapter 1—4, two types of dipolar interactions
exist which contribute to the width of a proton magnetic resonance
line in a hydrated magnetic single crysta l. F irs t, there is  the dipolar
coupling between proton spins, which causes a Gaussian type of
resonance curve with a temperature-independent width of about
20 kHz. Secondly, the dipolar interaction between the protons and the
magnetic ions contributes to the linewidth. This contribution is
narrowed, when an exchange coupling of the type — 2113^02 between
the unpaired electron spins of neighbouring magnetic ions is  present.
This exchange-interaction causes rapid reorientations of the electron
spins S, so that the lineshape originating from the magnetic ions has
a Lorentzian shape and a half-width

2<Av2>
h  * ------------ • (4-1)

Vc

<Av2> is  the second moment of the line and is  not affected by the
exchange coupling, while v  is  related to the correlation time r  of

C  __  i  C
the exchange induced fluctuations by: vc - tc .

At high temperatures (T>> |j |/k  in th is case) v  equals the ex
change frequency vex , which is  approximately given by vgx = | J | /h .
Thus, for a specific  crysta l for which J is  known, the linewidth con
tribution S,^, given in (4—1) can be evaluated. It was shown in chap
ter 1—7, that the value of 8,  ̂ obtained in th is way, together with the
linewidth contribution from proton-proton interaction, explains the
observed linewidth in many paramagnetic c rysta ls at high tempera
tures.

There is  no information about the behaviour of vc at low tempera
tures (T £ |  j | / k ) ,  since the simple relation between vc and J , given



85

above, no longer holds. However, the relation (4—1) between 8,̂  and
v  remains valid, independent of temperature. Therefore, it is pos-
sible to investigate the temperature dependence of vc by measure
ments of the linewidth 8, .̂ In this chapter, some linewidth measure
ments in CuS0 4.5H20 and CuSe04.5H20  will be reported, between
4.2°K and0.3°K. For this temperature region, the condition T ;£ | J | /k
can be fulfilled for the system of cupric ions at (0,0,0), which have
mutual exchange interactions characterized by J /k  = — 1.45°K and
J/k  = — 0.80°K for CuS04.5H20 and CuSe04.5H20  respectively.

It has been concluded in chapter III, that these exchange inter
actions between the (0,0,0) ions are of a one dimensional type,
leading to an ordering in antiferromagnetic linear chains (a.l.c.).
This type of coupling does not lead to a transition to an ordered
state. Therefore, the crystals mentioned here, are especially suitable
for a study of the influence of strong antiferromagnetic short range
order on the electron spin fluctuations (v ).

It has also been demonstrated in chapter III, that in CuS04.5H20
and CuSe04.5H20 a second magnetic system is present, consisting
of the cupric ions at (54,54,0). These ions have much weaker mutual
exchange interactions, characterized by 6 - + 0.02 °K, and are only
weakly coupled with the Cu2+ ions at (0,0,0). The presence of this
paramagnetic system makes these crystals more suitable for line-
shape measurements than a “ pure" a.l.c. crystal. The ions at (54,54,0)
cause large time-averaged magnetic fields which are very different
for the ten unequivalent proton positions in the unit cell. Therefore,
the resonance spectrum consists of widely separated lines, from
which the width can be measured easily. In a "pure”  a.l.c. crystal
the differences of the internal fields at the proton positions, and thus
the separation between the lines, is proportional to the magnetiza
tion of the a.l.c. ions. This magnetization has a maximum at T = |j|/k .
For T < | J | /k  the separation between the lines decreases, so that
they will show a partial overlap which makes accurate linewidth
measurements difficult. In chapter V some attempts to measure line-
widths in a "pure" a.l.c. crystal (Cu(NH3)4S04.H20) will be des
cribed.

The field dependence of the linewidths will also be reported,
since it was worthwhile to investigate the influence of the external
field ff0 on the electron spin fluctuations. To extrapolate the results
to zero external field, measurements at the lowest possible value of
H0 are necessary. However, the presence of a strong absorption
signal from the wings of the electron spin absorption curve at Ho= 0,
imposed a lower field limit for the measurements. For H0 < 1000 Oe,
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an accurate determination of the proton resonance linewidths was
not possib le.

As d iscussed  in chapter III—3, the resonance lines in CuS04.5H20
and CuSe04.5H20  show a doublet structure due to proton-proton
interactions. To avoid confusion, in this chapter the linewidth 8,
will be defined as the difference between the maximum and minimum
of the derivative curve of a single component of such a doublet. This
means that the 8-values to be reported, have been corrected for the
doublet sp litting . In some cases , an analysis of the recorded re
sonance curves was necessary  to determine 8. This is illustrated
in fig. 1, which shows the typical change of a proton resonance curve

T» 4.2 *K

T ,  0  3 V

lOO k H t

Fig. 1. T ypical change of the doublet structure of a proton magnetic
resonance line of CuS04.5H20 , at decreasing tem perature.

of CuS0 4.5H20  for a decreasing temperature. At 4.2°K the single
component linewidth, 8, can be measured directly. The resonance
curves at 1.2 °K and at lower temperatures must be corrected for the
doublet sp litting , App. This correction is  readily performed, since
for all resonance lines the value of A is  known from the measure-pp
ments reported in chapter III—3.

2. Measurements and analysis of the linewidths.

To investigate the influence of the antiferromagnetic linear
chains on the proton magnetic resonance lineshape, the temperature
and field dependence of the resonance line 3 (the numbering of the
lines and the protons is  the same as in chapter III) was measured for
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0.3°K<T<4.2°K and 1.5 k0e<H o < 11 kOe. This line was chosen for
two reasons:

i) It corresponds to proton H62 which has a strong dipolar coup
ling with a Cu2+ ion at (0,0,0) of the a .l.c . system . This can be con
cluded from the linesh ift measurements reported in the previous
chapter, and is  a consequence of the small d istance (r = 2.5 X) be
tween proton H62 and the nearest (0,0,0) ion.

ii) It follows from the rotating diagrams of the resonance spectra
(fig. 2 and fig. 4 in chapter III) that line 3 is  well separated from
other lines of the spectrum for a large region of rotation of fl*0 . For
this reason, line 3 is  more su itab le for measurements than the other
lines corresponding to protons nearby a (0,0,0) ion, for which an
accurate determination of the lineshape over a large temperature
region is  difficult, due to an overlap with other lines.

To distinguish between the influences of the cupric ions at
(0,0,0) and at 04,54,0) on the linewidth, apart from line 3 also  lines
1 and 2 were studied between 4.2 °K and 0.3 °K. It was proved in
chapter III—3 that lines 1 and 2 correspond to protons Hg3 and Hg4,
which have a strong dipolar coupling with a cupric ion at (54,54,0).

F igs. 2 and 3 show the temperature dependence of the width of

°K  2 0  -

°K 4 .0

F ig .  2 . T e m p e r a tu r e  d e p e n d e n c e  o f th e  w id th  o f  th r e e  p ro to n  m a g n e t ic
r e s o n a n c e  l i n e s  in  C u S O ^ .S H g O . C r y s t a l  o r i e n t a t i o n  Hq -L c - a x i s ,  H Q s 2 2 1 0 O e .

O l in e  1. A l in e  2 . D l in e  3 .
2 +8 i s  th e  l in e w id th  c o n t r ib u t io n  o f  l in e  3 c a u s e d  b y  th e  C u  io n s  a t  ( 0 ,0 ,0 ) .a
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F ig . 3 . A s fig . 2 for C u S e 0 4 .5H 20 .

lines 1, 2, and 3, for CuS04.5H20  and CuSe04.5H20  respectively.
The crystals were oriented such, that H0 could rotate perpendicular
to the crystallographic c-axis. For each line the measurements were
performed for that direction of f?0 , where the maximum lineshift in
the rotating diagram occurs.

Above about 3°K the three lines have widths which are almost
temperature-independent, varying between 19 kHz (line 3) and 33 kHz
(line 1). These data refer to CuS04.5H20; for the selenate the re
sults are approximately the same. For CuS04.5H20  an experiment
in the liquid hydrogen range was performed, which confirmed that
the linewidths remain approximately constant at high temperatures,
as can be seen in the insert of fig. 2. At 20 °K line 3 has a width of
17 kHz and line 1 a width of 31 kHz.

Below 3°K a striking difference was observed between line 3
on the one hand and lines 1 and 2 on the other. As shown in figs. 2
and 3, the width of lines 1 and 2 remains approximately constant
down to 0.3 °K, while line 3 shows a strong broadening. Let us de
fine 8a as the linewidth caused by the coupling of the protons with
the Cu + ions at (0,0,0) and 8b as the linewidth caused by the coup
ling of the protons with the Cu2+ ions at 06,54,0). Then the important
conclusion can be drawn from figs. 2 and 3 that 8 is strongly tem
perature-dependent and that 8fa is not.

Furthermore, the constant width of lines 1 and 2 excludes the
possibility of the large width of line 3 being caused by inhomogene-
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ous broadening mechanisms, such as a spread of demagnetizing
fields. Obviously, such a type of broadening would be the same for
all lines. The possib ility  of excluding inhomogeneous linebroadening
can be considered as an important advantage of the c rysta ls studied
here, compared to crysta ls  containing only one type of m agnetic ions.

The strong broadening of line 3 was studied more extensively in
a second crystal orientation. When fT0 ro tates parallel to the crystal
lographic a-c plane, line 3 can be observed separately for almost
the complete region of rotation of fl*0. Fig. 4 shows the variation of
the width of line 3, when is  rotated in the a-c plane at different
temperatures between 4 .2 °K and 0.3°K. For the directions of maxi-

T« 0.31 x
Cu S O 4.S  h 2 o

r-— Cu S 1O 4.S H 2O

0.72

0.93

4.22

-120 -40

F ig . 4 . V a ria tio n  o f th e  w id th  of l in e  3 w hen  Hq = 2210 O e i s  ro ta tin g  in
th e  a -c  p la n e , a  C uS O ^.S H gO . ■ C u S e0 ^ .5 H n O .

mum and minimum broadening, a more refined measurement of the
temperature dependence has been performed, which is  shown in fig .5.

A good signal-to-noise ratio enabled us to determine, apart from
the width, also  the detailed  shape of the resonance curves. This was
possible even far into the wings. A comparison of the lineshapes at
different temperatures was made by normalizing the recorded reson
ance curves to a standard width and a standard in tensity . Fig. 6
shows the normalized resonance curves of line 3 (flT0//a -cp lan e) at
various tem peratures, together with calculated Gaussian and Lorentz-
ian curves of the same standard width. At 4.2 °K the observed curve
shows a marked resem blance to the Gaussian curve, although the
wings of the experimental curve converge more rapidly. This type of
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F ig ,  5 . T e m p e r a tu r e  d e p e n d e n c e  o f  th e  w id th  o f  l in e  3 fo r  tw o  d i r e c t io n s
o f H in  th e  a - c  p l a n e .

C u S O -.S H g O  : □  cp = — 1 0 0 . o  (p = — 15 .
C u S e 0 4 .5 H 20 :  ■ cp = -  1 0 0 . •  cp = -  15.

Cp i s  i n d ic a te d  in  f ig .  4 a n d  d e f in e s  th e  d i r e c t io n  o f  H q .

\Y
Vm *Vra

F i g .  6 . V a r ia t io n  o f  th e  n o r m a l iz e d  s h a p e  f u n c tio n  o f  l in e  3 w ith  te m p e r 
a tu r e  fo r  C u S O j.ö H g O , H / / a - c  p l a n e ,  cp = 1 00 , i n d ic a te d  in  f ig ,  4 .

— •. —. .  4 .2 ° K .  ........................  1 .5  °K ---------------- c a l c u l a t e d  G a u s s ia n .

------------ 3 .1  °K . . . .  . . .  . . .  0 .9  °K — • — • — 'c a l c u l a t e d  L o r e n tz i a n .
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bell-shaped curve is  usually  observed when line broadening is  caused
by nuclear dipolar coupling. When T is  lowered, the wings of the
observed lines gradually extend. Below 0.9 °K no further change in
shape is  observed; the lim iting lineshape shows a strong resem blance
to the calculated Lorentzian.

This behaviour of the lineshape shows that the line broadening
caused by the Cu2+ ions at (0,0,0) has a Lorentzian character. When
T is  lowered and S increases, th is line broadening mechanism be
comes gradually more important than the tem perature-independent
broadening mechanisms. Thus, the observed shape tends towards a
Lorentzian curve.

An analysis of the observed resonance curves of line 3 is  neces
sary to estab lish  8 quantitatively. For that purpose a well known
relation will be used for the lineshape resulting from two independent
broadening mechanisms:

+00

I(v) = ƒ M (i/)P(v — i / )d i /  (4-2)
—  00

I [v) is  the resulting .lineshape with a width 8(1); M(v') is  the Lorentz
ian lineshape caused by the Cu2+ (0,0,0) ions with a width S(M) s  8a
and P[v  — i / )  is the lineshape caused by both the proton dipolar
interactions and the coupling between the protons and the cupric
ions at 04,54,0). A d iscussion  of the relative importance of the two
contributions to P (v  — v1) will be given in section 3.4. At the mo
ment it  is  sufficient to conclude, that P (v  — t/ )  can be identified with
the observed lineshape in the high temperature lim it, where 8 is
negligibly sm all. Furthermore, P (v  — v1) is  evidently temperature
independent, as follows from the constant widths of lines 1 and 2.

With the aid of (4—2) one can construct a theoretical plot of 8(1)
versus 8(M). This is  done by evaluating (4—2) numerically for dif
ferent values of S(M), using the high temperature shape of line 3 for
P(v — v ‘). An example of such a plot is  given in chapter I—fig. 3 for
the case that P (v  — v1) is  G aussian. With the plot thus obtained,
one determines the value of 8(M) = 8 for each value of the observed
linewidth, 8(1).

In the figs. 2 and 3 the obtained values of 8 are shown by the
dotted lines. The width SQ can be determined with sufficient accuracy
only, when there is  a marked difference between the width of the
observed curve 8(1) and the width S(P) of the line in the high temper
ature limit. When S(I)/S(P)<1.2, the resulting value of 8q depends
strongly on the value of 8(P), which is  known within only 5%. There
fore, the value of 8 could only be estab lished  accurately for T<2.5°K.
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The influence of the external field on the linewidths was found
to be very small. Only at the lowest temperatures (T<0.5°K), there
was a sligh t decrease of the width of line 3 with increasing value
of the field observed. Some representative resu lts  of the measure
ments of the field dependence of the width are shown in fig. 7. At

T s 0 3

130
lin« 3

T =  0 .7 2  *K---o
-0 — 0 - 0

O H„ k O «  I O

F i g .  7 . F i e l d  d e p e n d e n c e  o f th e  l in e w id th s .  C r y s t a l  o r i e n t a t i o n s :  fo r
l in e  3 : H Q/ / a - c  p la n e  cp = —100 ( c f .  f i g .4 ) , fo r  l in e  1: 1  c - a x l s  ( c f .  f i g . 2 ).

O . O C uS 0 4 .5 H 2 0 .  ■ C u S e 0 4 .5 H 2 0 .

0.7°K the width of line 3 is  constant within the experimental accur
acy, whereas at 0.3°K, 8 changes from 140 kHz at Hc = 1.5 kOe to
110 kHz at H0 = 11 kOe. The curve a t T = 0.3 °K can be easily
extrapolated to H = 0. The difference between the extrapolated
zero-field linewidth (8 = 142 kHz) and the linewidth for H0 =
2210 Oe (8 = 140 kHz) is  negligibly small. Therefore, the values of
8 given in the figs. 2 and 3, measured in a field of 2210 Oe, are
good approximations of the zero-field values. It must be noted, that
only the linewidth contribution due to the parallel components of the
cupric spins at (0,0,0) are considered here; anomalies near H0 = 0
arising from the contribution of the perpendicular components are
not taken into account.

The widths of line 1 and 2 are essen tia lly  constant as a function
of field strength; the weak increase at 0.3 °K, shown in fig. 7, is
probably due to minor inhomogeneous broadening effects.
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3. Interpretation of the results.

3.1. The temperature dependence of 8 .

The linewidth contribution, arising from the dipolar interaction
between the protons and the cupric ions at (0,0,0), is  given by:

2 y 2y 2^ii  [ <S2 >—<S_>2 ] _ 3 cos2 0. +18 = - l ■■§----------- 5----------5-----  2 ---------- !e------- (4_3)
° / 3 ( 2 tt)2 vc k rk6

•
This is the formula for a motional- or exchange-narrowed resonance
line and is  sim ilar to (1—55). The factor 2 / / 3  appears, sine 8 is
defined as the width between maximum and minimum slope instead  of
the half-intensity width, normally used to define the width of a Lorentz-
ian curve, v  is  the inverse of T,, the correlation time of the fluctua
tions of the z components of the cupric spins at (0,0,0). The z direc
tion is  chosen parallel to H .

The remaining factor in (4—3) represents the second moment of
the line. The sum £ (3 co s20fc + 1)/r® differs from the usual dipolar sum,
since non-adiabatic broadening must be taken into account. An ex
planation of th is geometrical factor will be given in section 3.3 in
connection with the angular dependence of 8 .H ere, only the temper
ature dependence of 8 will be d iscussed .

The second moment contains the temperature dependent factor:

[<S2 > —<sz>2 ] .

It is easily  shown, that the variation of th is factor with temperature
is negligibly small in the present case , since the spins S belong to
antiferromagnetic linear chains. The first term, <S2 >, has a value
54, independent of temperature, because S = 54. The maximum value
which the second term, <S2> ,  can have is  given by:

<S >2 = (v  H /g /3)2.z m a x  ''■max o ^ '

For the present experiments the maximum value of y  occurs for
CuSe04.5H20 , at T * 0 .9 %  where X.max= 0.073 g 2yS2/  | j  |, with J /k  =
—0.8°K. For Hq = 2210 Oe, which was the value of the applied field
in the course of the linewidth measurements:
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<S >*z  m a x
/0 .073 g yS 2210\:

V 0.8 k /
8 x 1CT4 .

Therefore, <S >2 is  always negligible compared to <S2> and (4—3)
can be rewritten simply as:

s .  i  (■v \ y l 1 3cos20*+ l ]
“ Vc 2 / 1 ( 2 7 r)2 k  r®

(4 -4 )

This means that the temperature dependence of 8 can be com
pletely attributed to the temperature dependence of v  . To evaluate
for line 3 the constant factor in the brackets in (4—4), it  is  sufficient
to take only the contribution from the nearest cupric ion at (0,0,0)
into account (k=l). The contribution from the more d istant cupric
ions is  very sm all. This is  due to the factor rF® in (4—4) and is  de
monstrated experimentally by the small broadening of lines 1 and 2
at low tem peratures.

For the direction of H for which.the linewidth measurements of lineO
3, plotted in figs. 2 and 3, have been performed, one ca lcu la tes from
the rela tive  position of proton H .2 and the nearest (0,0,0) ion that
in CuS 04.5H20 :

y 2 y 2 "ft2 [ 3 c o s 2 5 ,  + 1 ]  r l271 '-g-----I-----------1------ = 21 [MHz]2
2 / I  (2n)2 r®

For CuSe04.5H20  th is value is  about 5% smaller. Substituting these
values into formula (4—4), one can obtain from the measured values
of 8 between 4.2°K and 0.3 °K, the temperature dependence of v  inQ ■ , »
both c ry sta ls . The resu lt is given in fig. 8 and shows a continuous
decrease of v  with decreasing temperature.

C

It is  not possib le  to explain th is temperature dependence of v c
quantitatively with existing theories. Although the time-averaged
magnetic properties of a .l .c . system s are theoretically  well e s t
ablished 1J, the more difficult problem of the fluctuations of the indi
vidual sp ins, has not yet been solved. We will give a qualitative d is
cussion and show that the experimental resu lts  are in agreement with
a simple assum ption, relating v  and the susceptib ility  of the anti
ferromagnetic linear chain.

Consider first two electronspins (S=v£) in an external field Ho and
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•K 3.0

F ig .  8 . O b se r v ed  (-  -  - )  and  c a lc u la t e d  (---------- ) tem p era tu re  d e p e n d e n c e
o f  Vc . E x p e r im e n ta l v a lu e s  □ (C uSO ^.SH gO ) and  O (C u S eO ^ .S H gO ) h a v e
b e e n  d e r iv e d  from l in e w id th  m e a su r e m e n ts  o f  f i g s .  2 and  3 .

coupled by an exchange interaction —2JS1S2, but iso lated  from other
electronspins in the crysta l. The fluctuations of the z-components
(parallel to f? ) of the spins are of in terest, since these  fluctuations ,
characterized by vc, determine the proton resonance linewidth. It is
well known2  ̂ that the exchange coupling induces transitions of S*
and S2 at a frequency v which is  approximately given by:

Ve x  =  I J l / h *

The transitions are of the type + — t ; — + where the + and — sign
mean that S is  parallel and an tiparallel to FT respectively . It must
be emphasized that these transitions have a non-negligible probability
only, because they conserve the total energy of the two-spin system.

Next, the situation can be considered where these  spins are not
isolated , but where they are two successive  ones S* and Si+1 in an
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antiferromagnetic linear chain. Then, sim ultaneous changes of S* and
Si + 1 are possib le  only, when energy is  conserved with respect to the
interaction with the two neighbouring spins: Si—1 and Si+2. At a cer
tain moment, the probability of a transition depends on the instan t
aneous values of the z-components of both the spin pair and the two
nearest neighbours. It is  convenient to define a se t of instantaneous
Sz—values of the spins of the chain as a spin configuration of the
chain.

At high temperatures (T >> |J  |/k )  all spin configurations are
about equally probable, since the energy levels corresponding to
these configurations are equally populated. Several configurations
occur (in fact V* of the total number) for which an energy conserving
reorientation of the z- components of the considered pair is  possib le.
As a consequence v  remains of the order of | J |/h ,  as for an iso
lated spin pair. It may be remarked that th is reasoning is  a lso  valid
for other system s than chains; the number of nearest neighbours de
termining the exact value of vex .

When T is  lowered, so that T < | j | / k ,  those spin configurations
become more probable where groups of successive  spins have an anti-
ferromagnetic arrangement, since these configurations correspond to
low lying energy leve ls . Thus, the instantaneous spin configurations
will contain more and longer antiferrom agnetically staggered spin-
clusters as T is  lowered. This means, that for T-*0, a pair of neigh
bouring spins has an increasing probability to be part of such a clus
ter. When a spin pair is  part of an antiferromagnetic c luster, no simult
aneous reorientation of the z-components of th is spin pair is possib le,
which conserves energy. (Note that a transition +—+— _++—  does
not conserve energy). Therefore, when T is  lowered, the probability
for a spin to show a reorientation, decreases and thus v  decreases.

As a first attempt to give a more quantitative description, two
parameters will be introduced to characterize the antiferromagnetic
order in the chain:
n is  defined as the number of spin pairs, which, in an instantaneous
spin configuration) are part of the antiferromagnetic c luste rs  described
above. It must be emphasized that a spin pair has been defined as
two successive  spins of the chain.
n{ is  defined as the number of " f re e ”  spin pairs, i.e . all pairs, which
in an instantaneous spin configuration, do not belong to the antiferro
magnetic c lu ste rs .
<n (T)> and <nf(T)> are the averages of nQ resp. n f over a ll spin
configurations, weighed by their probability at a temperature T. Ob
viously <n (T)> + <n,(T)> = N—1, where N is  the total number of
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spins in the chain. The probability of an electron spin belonging to a
free * spin pair at a temperature T is  <nj(T )> /N —1. As an extension

of the qualitative reasoning given above, it will be assum ed that:

vc ~  <nf(T)> (4—5)

The parameter <n^(T)> can be related to other m easurable quan
titie s  of the antiferrom agnetic linear chain. One of these  quantities
is <M2>, where

Z  *

N
M = S gySS*

Z  i 1 Z

For a paramagnetic system , consisting of non-interacting spins (S=i4)
the value of <M2> is  easily  derived:

<M2> = < 2  g /3 S * £  g/8 S J >
i = i  z j= i  z

g 2J32 [< 2  (S*)2> + < 2  S1 2  SJ >]
i = i  z  i = i  zj = i  2

= g 2yS2 [ I n S(S+1) + N (N -1)<Sz >2 ] (4 -6 )

In the limit H-*0, the term <Sz>2 vanishes and:

<M2> = i N g 2 ^ 2 S(S+l) (4 -7 )

In the limit of T-oo formula (4 -7) holds also  for an a .l.c .,b u t when T
is  lowered, the value of <M |> for an a .l.c . will be lower than that
given by (4 -7 ), since the spins tend to align an tiparalle l; it may be
noted that for a perfectly aligned antiferromagnet <M2> = 0. At an
arbitrary temperature T the value <M2> for the a .l.c . is obtained by
calculating M2 for each spin configuration and then averaging over
all possib le configurations, weighed by their probability at the tem
perature T.

It is important to rea lize , that the nQ spin pairs of a configuration
do not contribute to M2, since the z-components of these  pairs cancel.
Therefore, only the nf " f re e "  spin pairs contribute to M2. This con
sideration leads to tl\e assumption that:

<Ml> ~ '~ “<n{(T)>g2 /32 S(S+1) (4—8)

This means, that we suppose, that the decrease of <M2> with de-
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creasing temperature is  caused to a first approximation by the change
of the number of free spin pairs <nf(T)> and only to a second ap
proximation by the fact that these  pairs may contribute differently to
<M2> at different tem peratures. By combination of the assum ptions
(4—5) and (4—8) we obtain:

<M2>
1 „ 2

(4-9)
gz /3Z S(S+1)

The tem perature-independent constant b can be evaluated by taking
the high temperature limit of (4—9), so that:

v  -  v  and <M2> -  Ng2yS2S(S+l)/3c  e x  z  r

leading to: b = v  x/N . When th is is  substitu ted  into formula (4—9), the

resu lt is:
v  <M2> . .  , n .

v  =_£*-----5--------  (4-10)
i N g 2yS2 S(S+l)

Two straightforward modifications of th is formula are necessary
to make it su itab le  for a numerical calculation of the temperature de-ft
pendence of v  . In the first place, a simple relation between <MZ>
and the susceptib ility  X will be used, which is  derived as follows:

The Hamiltonian of a chain of N exchange coupled sp ins, S =Ya, in
an external field fTQ is given by:

N - l _  _
H = - 2  J 2  S‘Si+1 -  g/3H S

i =  1

N
where S = S  S1

2 i = l  2

The magnetization M and the susceptib ility  follow from:

Mz = g/3<Sx>
Tr [ g/3 Sz exp(—H/kT)]

Tr [exp(—H /kT)]

BMz g2 y82 JT r  [S 2 exp(—H/kT)]

3H o kT \  Tr[exp(—H/kT)]

Tr [S z exp(—H/kT)]

T r[exp(—H/kT)]

= — — { < S 2> — <S >2 } =— {<M2> —<M >2 } (4-11)
Z  Z  L T  z  Z

kT K1
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For H = 0 , the term <M >2 vanishes, so that:
O Z '

H=o
<M2>z

kT
(4 -12 )

The resu lt (4—12) is  a lso v a lid  for other magnetic systems than chains
and has been used prev ious ly  by other authors1' 3 .̂ Substitu tion of
(4—12) in to  (4—10) g ives:

v XkT
= 7 ^ ------------------ (4 -13 )

i N g 2 yS2 S(S+l)

Furthermore, the exchange frequency is  known to be proportional 2^
to the exchange constant:

ve x “ c lJ l/h (4-14)

where c depends both on the number o f nearest neighbours of the ex-
change-coupled spins and on the ir sp in quantum number S. For d if
ferent types of a .l.c . systems the value of J can be d iffe ren t, but the
number of nearest neighbours is  always two. Th is  means that when
S=/4, as for the present case, the constant c w il l  be the same for
d iffe ren t chains. Substitu ting  (4—14) in to  (4—13) g ives:

| J | X k T
v ■ c -------------------------

iN g 2 yS2 S(S+l)h
(4 -15 )

The s u s c e p tib ilit ie s  o f the a .l.c . systems in  CuS04.5H 20  and
CuSe04.5H20  have been determined by the n.m.r. l in e s h ift  measure
ments, reported in  chapter I I I .  Using these su s c e p tib ility  data, the
temperature dependence o f vc, as predicted by (4—15), has been ca l
culated for both c rys ta ls . In f ig . 8 the resu lts , represented by the fu ll
lines , are compared w ith  the experimental data. The constant c was
chosen to be c = 0.12, to ad just the ca lcu la ted value for CuS04.5H 20
at T = 1 TC to the measured value.

I t  has to be ju s tif ie d  that fo r the curves in  f ig . 8 the experimental
values of y  and vc at H = 2kOe have been used, w h ile  the theore tica l
formula (4—15) is  derived for H = 0. I t  has been concluded from the

O
lin e s h ift measurements in  chapter III-4  and from the linew id th  meas
urements in  chapter IV -2 that y  and v are fie ld -independent below
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2 kOe. Therefore, in formula (4—15) one can safely  substitu te  the
value of y  a t 2 kOe and compare the resulting value of v  with the
measured value of v  at 2 kOe.

C
From the good agreement between the experimental and calculated

curves in fig. 8 it can be concluded that formula (4—15) and its  under
lying assum ptions give a satisfactory  description of the temperature
dependence of vc .

Another experimental fact, which is  explained satisfac to rily  by
formula (4—15), is  that the two crysta ls CuS04.5H20  and CuSe04.5H20 ,
which have different values of J /k ,  have below 1°K approximately
the same value of v  . In fact, formula (4—15) predicts that at suffi
ciently low tem peratures all a .l.c . system s with different J /k  values
will have about equal values of v  . This can easily  be seen by com
parison of two a .l.c . system s with exchange constants and J 2, so
that | j j | < | j 2 |. For T < | j j  |/k  < | J 2 |/k  the values | J j |X j/g  2 Nand
\ j 2 \ y 2/g^H  will be approximately the same (within 30%). This foll
ows from a plot of the reduced susceptib ility  | j  |x /N g 2/32versus the
reduced temperature k T / | j |  of an a .l.c . system, as  given in chapter
III, fig. 16. Then, according to (4—15), the v , values of the two chains
are also  equal to within 30%.

3.2. The field dependence of the linewidth.

From the field dependence of line 3, shown in fig. 7, it follows
that at T = 0.3°K, 8 decreases with increasing field strength. 8q is
given by (4—3), which can be written in a short form as:

8 = 2< Ay2> (4-16)a /— '
v3  Vc

The field dependence of the second moment <Avz > is negligibly
small over the field region of in terest (0—11 kOe). This has been
verified by using the same method as in (3—1), to demonstrate the
negligible temperature dependence of the second moment.

Therefore, the observed behaviour of the linewidth must be due
to the increase of v  with increasing field strength. Q ualitatively
this behaviour can be explained by the fact that the external field
tends to orient the cupric spins of the a .l.c . parallel, so that the field
counteracts the forming of antiferromagnetic c lusters. Consequently,
when the field increases, a spin pair has a decreasing probability of
being part of an antiferromagnetic cluster. As d iscussed  before, this
means that v c increases.
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It will be shown that the field dependence of v  can be described
C

by the same formula (4—15), which explained its temperature depend
ence. For that purpose, the derivation of this formula, given in the
preceding section (3.1.) for H =0, will be changed slightly.

vc is again supposed to be proportional to the number of "free"
spin pairs <nf(T)>, so that eg. (4—5) holds, while <n,(T)> will again
be related tö <M2>. For a paramagnetic system in the presence of an
external field it can be derived from eq. (4—6) that:

<M2> = g2 /S2 [1n S(S+1) +N2 <Sz>2 ] (4-17)

where it is assumed that <S2> << jS(S+l), limiting the discussion
to the field region where no saturation effects are present. Formula
(4—17) can be rewritten as:

<M2> -< M 2>2 = lN g 2^ 2S(S+l) (4-18)

For an a.l.c. at low temperatures, only the <n{(T)> free spin pairs
will contribute to <M2> -< M z>2. In analogy with the assumption (4-8),
it will now be supposed that:

<M2> -  <Mz>2 ~  I < n f(T)>g2 J32 S(S+1) (4-19)

Combining (4—19) and (4—5) gives:

<M2> — <M >2
v = b I » «

c i .g 2/?2S(S+l) (4-20)

b can be evaluated by taking the high temperature limit of (4—20), so
that vc = vex = c | J |/h and the numerator of (4—20) is given by (4—18).
A simple calculation shows that b = c |j |/h N . Substitution of this value
of b together with the result (4—11) into (4—20) finally leads to:

| J |XkT
v -  c -------------------

lN g 2 ^ 2 S(S+l)
(4-21)

which is identical to (4—15).
According to this relation, vc changes proportional to the suscept

ibility as a function of the external field; the other factors in (4-21)
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being field-independent. To compare (4—21) with the experimental
resu lts , the field dependence of y  must be known. The calculations
of the field dependence of the susceptib ility  are rather scarce; only
at T = 0 accurate resu lts  are given by Griffiths . To make the com
parison of (4—21) with the experimental resu lts  possib le, it will be
assumed that there is  not a great difference between the field de
pendence of the suscep tib ility  at T = 0 and at finite tem peratures, as
long as T << |j |/k . Support of th is assum ption is  furnished to a certain
degree by the m agnetization curves of an a .l.c . as given by Bonner
and F isher . Therefore, the measured field dependence of v  in
CuS0 4.5H20  (J /k  * — 1.45°K) is  compared with the field dependence
of the susceptib ility  of an a .l.c . with J / k = — 1.45°K at T = 0 , derived
from the theory of Griffiths. The resu lts , plotted in fig. 9 ,  show a
reasonable agreement between the two curves, although v  increases
somewhat more rapidly than the susceptib ility , with increasing field
strength.

VC(1.5 kO«)

X Cl.5 kO c )

F i g .  9 . C o m p a r is o n  o f  th e  f i e ld  d e p e n d e n c e  o f  X , a n d  o f  V fo r  C uS O ,.5 H n O
O C  4  Z

a t  T  5  0 ,3  K . T h e  r e l a t i v e  c h a n g e  o f  \  a n d  V  w i th  r e s p e c t  to  t h e i r
v a lu e s  a t  H = 1 .5  k O e  i s  p lo t t e d .

For the field region covered in the present experiments (H c l l k O e )
it must be realized that the coupling of the cupric spins with the ex
ternal field is  weak, compared to the exchange coupling between the
cupric spins. Therefore, x  a nd ' v  do not differ strongly from their
zero-field values. One can expect that H has a strong influence on
the antiferromagnetic short range order only, when the external field
is of the order of 4 1J [/g/81, . Therefore, to obtain values of y  and
vc , strongly deviating from their zero-field values, external fields of
about 30 kOe would be necessary .
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3.3. The angular dependence of the linewidth.

As is  illustrated in fig. 4, the width of line 3 shows a strong de
pendence on the direction of the external field. This angular depend
ence becomes more pronounced, when the temperature is lowered,
indicating that the linewidth contribution 8 is  responsible for this
effect. According to (4—16), this variation of 8 with the direction of
Hq must be explained by the angular dependencies of the second
moment <Av2> and of v  . It will be shown that the angular depend
ence of the second moment is  the more important.

As mentioned before, the nearest Cu2+ion at (0,0,0) gives the
dominant contribution to <Av2>, since the contributions of the more

f t  A  f i  idistant Cu ions decrease as rfc , where rfe is  the cupric-proton dis
tance. Therefore, only the angular dependence of

S' * i l Aj V
a y/3v

C

(4-22)

will be considered, where the prime denotes the contribution from the
nearest cupric ion at (0,0,0).

It follows from formula (4—15) that at 0 .3°K, vc * 1.6 x 108 Hz,
while for the measurements plotted in fig. 4, the Larmor frequency,
v  , is  1.1 x 107 Hz. Therefore, v  >> v  , which means6  ̂ that the

O  A 2  S  ®non-adiabatic contribution to < k v  > must also be taken into account,
so that:

<Ar^>' = <Ai^>* + <Av2>*a d .  n . a .

where <Ay2>ad and <Ay2>̂  represent the adiabatic and the non-
adiabatic contribution to <Ay*>' respectively.

The adiabatic contribution has been calculated by van Vleck7'
and is given by:

<Av2
y 2 y 2 ti2 S(S+1)

3 (27r ) 2

3 c o s 20 j —1 2
(4-23)

where [(3cos20 ,—l)/r 8]2 represents the well known geometrical con
stant of the dipolar field. It will be convenient to denote <Av2> ,
also by:

<Av2>* r
(277)'

<(h//)2> (4-24)
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where

7 /
3co s2 6 , —1

* 7 « S , -------5 ■ (4—25)

is the component parallel to H*o of the internal field, produced by the
nearest cupric ion at (0,0,0), at the proton position.

The non-adiabatic contribution to the second moment, caused by
the perpendicular component of the internal field, can be written as:

< a v * > ; • a (2 7 r )2
< (h i )2> ,

where

h l h 7s Sz 3 sin  6, cos 6 .

(4-26)

(4-27)

When comparing (4—26) and (4—27) with (4—24) and (4—25), it is  evident
that <Av2>n and <Av2><jd differ only by the geometrical factor:
(3 s in ö j cos 0 j )2/(3  c o s 2 6^—l ) 2, so that

a
y f  y 2 h 2 S(S+1)

3(2?t)2

3 sin  ö jco s 2
(4-28)

Adding (4—23) and (4—28) gives:

<Av2>' y \ y \  h2 s(s+i)
3(2tt)2

(3cos2 ö j +1)

which can a lso  be written as:

<Ai/2;
y \  y \  ft2 S(S*1)

3(2tt ) ‘

3cos2a ,co s2q>. +1
(4-29)

where <Zj is  the angle between Fj and the a-c plane and is  the angle
between h and the projection of Tj on the a-c plane.

From the position of the proton Hg2, corresponding to lin e 3 ,in th e
unit cell of CuS04.5H20 ,  one derives r t ■ 2.5 A and Oj = 44°, so that
<Ai^>t can be evaluated for each value of the rotational angle cpj.
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Substitution of the resu lt, together with an isotropic value of v  =1.6
x 10 Hz in (4—22), gives the theoretical angular dependence of 8*.
This is compared to the observed angular dependence in CuS04.5H20
and CuSe04.5H20  in fig. 10. A calculated  curve for CuSe04.5H20

Cu Sc 0 4 .5 H 20
calculated ...........

o a i i t

-120 -eo - 4 0 ♦ 4 0

F ig . 10. C o m p ariso n  o f c a lc u la te d  and  o b se rv e d  a n g u la r  d e p e n d e n c e  of
th e  w id th  of l in e  3 w hen  H I s  ro ta tin g  in  th e  a -c  p la n e  a t  T  = 0 .3  °K .
E x p e rim e n ta l p o in ts  from  fig . 4 .

can not be given, since the proton positions in th is  crystal are un
known. However, from the resu lts  of the linesh ift measurements in
chapter III it can be concluded that the proton positions and thus the
calculated angular dependence of 8' are quite sim ilar to those of
CuS 0 4.5H20 .

The neglect of the contribution of the more d istant Cu2+ions to
the linewidth and a possib le  anisotropy of v can explain the differ
ences between the calculated  and observed curves in fig. 10. Since
the differences are sm all, one can conclude that the anisotropy of v
is  small.

An impression about the anisotropy of the temperature dependence
of vc in CuS0 4.5H20  can be obtained from fig. 11, which shows the
relative change of the linewidth 8q and thus of v~ 1 between 1 °K and
0.3 °K for three different directions of H* .

1 O
One can conclude from fig. 11 that a small but d istinct anisotropy in

the temperature dependence of vc is  present in CuS04.5H20 . This
anisotropy must be attributed to small deviations from the isotropic
(Heisenberg) exchange coupling between the Cu2+ions in the linear
chains.
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F i g .  11 . C o m p a r is o n  o f  th e  t e m p e ra tu r e  d e p e n d e n c e  o f  8  fo r th r e e  d i r e c 
t i o n s  o f  H q . T h e  r e l a t i v e  i n c r e a s e  o f  8a  w ith  r e s p e c t  to  th e  v a lu e  a t

T  = 1 °K  i s  p l o t t e d .

3.4. The linewidths at high temperatures.

Above 3°K the broadening of the resonance lines by the inter
action between protons and cupric ions at (0,0,0) has diminished to
such a degree that the other, temperature - independent broadening
mechanisms become the most important in determining the observed
widths. From these  mechanisms, the proton-proton interaction must be
considered first. This produces a tem perature-independent width of
about 20 kHz in hydrated c ry sta ls . In general, th is width is  inde
pendent of the direction of the external field and does not differ great
ly for protons with different positions in the unit ce ll. Therefore, it
is remarkable that there are lines with strongly different high-temper-
ature w idths. For line 3: 8 = 17 kHz and for line 1: 8 = 31 kHz, as can
be seen  in fig. 2. (Thè data refer to CuSO^SHgO; for CuSe04.5H 0
the resu lts  are quite sim ilar).

As can be seen in fig. 4, the 17 kHz width of line 3 is  independent
of the direction of IT . Therefore, the width of line 3 is explainable
on the basis of proton-proton interaction. Then, the relatively  large
width of line 1 must be due to a second linewidth contribution, which
probably originates from the strong interaction between the correspond
ing proton H84 with the nearest cupric ion at a (lA ,lA,0) position. A
rough calculation, which is  given below, shows that th is second con
tribution, which sa tis fie s  the relation:

8. = 2<Av2>. # (4—30)
' / 3  V
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is  indeed of the right order of magnitude.
The value of <Av2> in (4—30) can be derived from the resu lts  of

the linesh ift measurements, reported in chapter III-4. When the Cu2 +
(Vi,Vi,0) ions have obtained their saturation m agnetization, the shift
of line 1 is  A v  = 6 MHz (see fig. 10 in chapter III), while the geometry
of the CuS0 4.5H20  unit cell shows that the internal field at the
position of the corresponding proton (Hg4) is  parallel to fT . There
fore <Av*> m 36 (MHz)2.

The exchange freguency of the cupric ions a t (lA ,lA ,0) can be e s 
timated from the 0-value of the Curie-Weiss law, describing the sus
ceptibility of these ions above 3°K, which was found to be 6 = +0.11 CK.
From the relations: 6 = 2zS(S+l)J/3k and vex = z | J |S(S+l)/3h it can
be concluded that v  = 1.2 x 109 Hz.e x

By substitu ting the estim ated values of v  and <Av2> in (4—30)
it is  found that Sb is  about 30 kHz. This contribution to the width of
line 1 is  of the right order of magnitude to explain the difference be
tween the observed linewidth (31 kHz) and the proton-proton linewidth
(«17  kHz).

Line 3 corresponds with a proton H62, which has a much weaker
interaction with the nearest Cu2+ion at (14,54,0), so that <Av2> -
5(MHz) and Sb = 3 kHz. For th is line, the proton-proton interaction
is the only important broadening mechanism above 3 °K. As far as the
linewidths above 3°K are concerned, line 2 represents the inter
mediate situation between line 1 and line 3.
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Chapter V

MAGNETIC ORDERING IN SOME CUPRIC SALTS

1. Cu(NH3)4S04.H20 .

1.1. Introduction.

Between 4°K and 1 °K the specific  heat of copper tetrammine
sulfate (CuTA) has been measured by F ritz  and P inch1 * and by
Ukei2), while the susceptib ility  in that temperature region has been
determined by Watanabe and H aseda3 \  Both quantities have a broad
maximum as a function of temperature at about 3°K. Experiments
below 1°K were performed by H aseda and Miedema45, who showed
that both the specific  heat and the suscep tib ility  continuously de
crease from 1°K to 0.37°K, while at lower tem peratures the crystal
apparently behaves as a normal antiferromagnetic substance.

It was suggested by H aseda et a l.4) that the curious behaviour
between 4°K and 0.37 °K is  caused by an antiferromagnetic exchange
interaction between the Cu2+ ions along one of the crystallographic
axes, leading to short range order in antiferromagnetic linear chains
(a .l.c .). Further evidence of th is idea has been given by Griffiths3
and Inaw ashiro6). They have demonstrated that the experimental
resu lts  are in good agreement with calculated  thermal and magnetic
properties of an a .l.c . system with an isotropic (Heisenberg) coupling
between neighbouring sp ins, characterized by J /k  = —3.15TC.

The linear chain properties of CuTA can be understood quite
well from the crystal structure of th is substance, which is  chain-like
along the c-axis, as is  shown in fig. 1. Most probably, the Cu
ions have strong exchange in teractions along th is c-axis via an
intervening oxygen atom of a H20  molecule. Between Cu2 ions of
different chains such a simple exchange linkage does not ex ist.

In connection with the measurements in CuS04.5H20  and
CuSe04.5H20 , reported in chapter IV, it seemed worthwhile to in
vestigate the proton magnetic resonance linewidths in CuTA. Due to
the a .l.c . system s in th is crysta l, one can expect the same type of
linebroadening as observed for the c rysta ls  d iscussed  in chapter IV.

An important difference between CuTA and CuS04.5H20  e tc . is ,
that in CuTA all Cu2+ ions are linked in linear chains, whereas in
CuS0 4.5H20  e tc . half of the Cu2+ ions form a second (para-)magnetic
system.
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F i g ,  1, C u (N H q)a S O * .H 00 .  P r o j e c t i o n  o f  t h e  c r y s t a l  s t r u c t u r e  o n  t h e
, 0 4 4 z 10)b - c  p l a n e  a c c o r d i n g  to  M a z z i  .

1.2. Results  and discussion.

When proton magnetic resonance experiments in CuTA are per
formed, an important difficulty is  the complexity of the resonance
spectrum. An investigation of the crystal structure shows that one
expects 16 resonance lines, each with a fine structure due to intra
molecular proton-proton in teraction. Furthermore, the separation
between the lines is relatively small, since the internal fie lds, pro
duced by the Cu2+ ions at the proton positions, are small compared
with those in normal paramagnetic substances. This is  due to the

n  a

low value of </z>, the time averaged magnetization of a Cu ion.
At T = 3 .5 °K the value of <fj.> in CuTA is  lower by a factor of three
than in a paramagnetic crystal obeying C urie 's law. At lower tem
peratures </x> decreases with decreasing temperature. Therefore,
the resonance spectrum of CuTA consists mainly of partially  over
lapping lines even for Hc = 11 kOe, which is  the maximum available
field of our magnet.

However, an inspection of the resonance spectrum at T = 3.5°K,
when H0 is  rotating in the crystallographic b-c plane, shows that
one can distinguish between a se t of broad bands and a se t of rela
tively narrow lines. It was suggested by Saito* that the broad bands
correspond to protons of the NH3-groups and the narrow lines to
protons of the HgO m olecules. The proton positions in CuTA are not
known, but Saito7 ' has shown that the resonance pattern of the nar
row lines can be explained qualitatively by assuming that for each

T h e  s t i m u l a t i n g  d i s c u s s i o n s  w i t h .D r ,  S.  S a i to ,  T o h o k u  U n i v e r s i t y ,  S e n d a i ,
J a p a n ,  w h o  c o o p e r a t e d  in  p a r t  o f  t h e  e x p e r i m e n t s  o n  C u T A  d u r in g  a  v i s i t
to  L e i d e n ,  a r e  g r e a t f u l l y  a c k n o w l e g d e d .
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of the two inequivalent H20  m olecules, the two protons are situated
symmetrically with respect to the b-c plane. As a consequence one
observes, when H0 is  parallel to the b-c plane, two (H ,0) lines,
each with a doublet sp litting  Appl due to proton-proton interaction.
Since the vector P Ï3 connecting the two protons is  perpendicular to
the b-c plane, App is  independent of the angle of rotation of f?0 and
is  given by:

App
37Mp

2 t t i 3
(5-1)

where /j.p  is  the proton magnetic moment and r the proton-proton dis
tance.

There are two directions of H : one approximately parallel to b,
the other approximately parallel to c, where the two doublets coin
cide. For these  directions one in tense doublet is  observed with a
splitting  of 42kHz (in accordance with (5—1)), which can be easily
distinguished from the res t of the resonance spectrum. This holds
true over a large temperature region. Therefore, information about
the linebroadening was obtained by studying these doublets as a
function of temperature in the range of 4.2°K to 0 .42°K. Figure 2
shows the charac te ris tic  change of the spectrum for these two direc
tions of ffo (H*o/ / b  and ffo/ / c ) .

For H / / c  (see  fig. 2), the H20  doublet is  well separated from
the rest of the spectrum down to about 0.7 °K. The temperature depen
dence of the width (S) of one component of the doublet was deter
mined either directly (2.2°K<T<4.2°K), or from the change of the
doublet structure (0 .7°K < T < 2.2PK). Since the doublet sp litting  is
tem perature-independent (App = 42 kHz), one can easily  analyse the
observed doublet structure and obtain 8. Below 0.7 °K a certain over
lap of the NH, band with the H20  lines is  present, which makes an
analysis of a larger part of the spectrum necessary . The inaccuracy
caused by th is overlap is  sm all, due to the low in tensity  of the NHg
band.

For H / / b  the internal field at the proton positions is  conside
rably weaker than for ffQ/ / c .  At T = 3.5°K the H20  doublet occurs
alm ost exactly at the free-proton resonance frequency and there is  ara ther
large overlap with the NHg lines. However, when T is  lowered, the
NHg lines broaden rapidly, while the H20  lines remain relatively
narrow, Therefore, below about 1.5°K, the doublet is  superimposed
on a broad (NHg) band of low in tensity . Due to the weak variation
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of the in tensity  of th is band over the frequency region of in terest,
an accurate determination of the doublet structure is  possib le . Again,
the ana lysis  of the recorded doublet curves is  readily performed, since
it is  known that A = 42 kHz, independent of temperature.

The temperature dependence of the single component linewidth S
is  shown in fig. 3 for three values of Hq: 11451 Oe, 9059 Oe and
6450 Oe. For lower field strengths linewidth measurements are im
possible, because there is  too large an overlap of H20 -  and NH ,-
lines. However, the good agreement between the experimental re
su lts  for the three values of Hq suggests that S is  independent of Hq
over quite a large field region.

The increase of linewidth is  accompanied by a continuous change
of lineshape. F ig . 3 shows the recorded resonance curves for a com
ponent of the doublet for H / / c  at some tem peratures between 4.2 °K
and 1.99 TC. The curves have been normalized to a standard width
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F i g .  3. T e m p e r a t u r e  d e p e n d e n c e  o f  t h e  w i d t h  o f  a  c o m p o n e n t  o f  t h e  H 2 O
d o u b l e t ,  fo r  t h r e e  v a l u e s  of  H q ; □ 6 4 5 0  O e .  A 9 0 5 9  O e .  o 1 1451  O e .
T h e  i n s e r t  s h o w s  t h e  n o r m a l i z e d  l i n e s h a p e s  ( fo r  H / / c )  a t  d i f f e r e n t  tern*
p e r a t u r e s  t o g e t h e r  w i th  a  L o r e n t z i a n  a n d  a  G a u s s i a n  (■■■■• ) c u r v e .

- - -  T  = 4 . 2 ° K ..............T  = 2 .7 9 ° K .  T  = 1 .9 9 ° K .  C u ( N H 3 )4 SC>4 .H 2 0 .

and a standard in tensity  and are shown together with a Lorentzian
and a G aussian curve for comparison. The lineshape changes gradu
ally from G aussian, at 4.2 °K, to almost perfectly Lorentzian, at T =
1.99 °K. At lower temperatures no further change occurs. It may be
remarked that the agreement between the limiting low-temperature
lineshape and the calculated  Lorentzian, is  better in CuTA than in
CuS 04.5H20 .

Since the line broadenings in CuTA are quite sim ilar to those ob
served in CuS0 4.5H20  and CuSe04.5H20 , the interpretation of the
experimental re su lts  is  sim ilar to that given in chapter IV—3. Briefly,
the short range order in th e a .l .c . system increases, whenT is  lowered,
leading to a decrease in the rate of Cu2 + electron spin fluctuations.
These fluctuations are characterized by a correlation time r  or by— 1 ^a frequency v  = r  . The decrease of vc causes an increase of the
linewidth contribution 8j , originating from the cupric-proton di
polar interaction, since vc and 8j are related by:

8l .C.
2 <Av2>

/ 3  vc
(5-2)
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<Az/>2> is  the second moment of the lineshape, caused by cupric-
proton interaction and is  independent of temperature.

According to a simple model, given in chapter IV—3, which des
cribed the electron spin fluctuations in an a .l.c ., the temperature
dependence of v  is  given by:

c | J |  XkT
> s *

j  NS(S + l)g 2/32h
(5-3)

where c = 0.12.
This formula, which is  identical with (4—15), explained the observed

temperature dependence of vc in CuS04.5H20  and CuSe04.5H20
reasonably well, so that it  is  of in terest to investigate, whether also
the present resu lts  in CuTA are in agreement with (5 -3 ). Therefore
the temperature dependence of v  , according to (5—3), has been eva
luated, using the suscep tib ility  data of Watanabe et a l .3* and H aseda
et al. . The resu lt is  shown in figure 4 by the full line.

To derive the temperature dependence of vc from the experimental
resu lts, the observed linewidths for the orientation fT / / c  have been

O

corrected for the contribution from the proton-proton in teraction,
following the procedure outlined in chapter IV -2 . Then, the linewidth
contribution is  obtained, which according to (5—2) is  inversely
proportional to vc . The resulting temperature dependence of i>c is
compared in fig. 4 with the theoretical temperature dependence. A
value 2<Av2> /v/3 = 35(MHz)2 was chosen for the constant relating
Sj c. and vc , to ad just the absolute value of vc at T = 1°K to the
calculated curve.

There is  good agreement between the observed and predicted
temperature dependence of vc , which is  a confirmation of the validity
of the assum ptions given in chapter IV—3, upon which the derivation
of formula (5—3) was based. It can be concluded that the tempera
ture dependence of vQ is  quite sim ilar in the case  that a . l .c . 's  have
only weak mutual interaction (CuTA) and in the case  that they have
weak interaction with a second (para-)magnetic system (CuS04.5H20).

From the change in the resonance pattern it can be concluded that
the transition to the long-range ordered antiferrom agnetic s ta te  oc
curs at Tn = 0 .42°K in CuTA. This value of the Neel point is  sligh t
ly higher than the value TN = 0 .37°K, which H aseda and Miedema4^
derived from their specific  heat and suscep tib ility  m easurem ents.
The linewidth measurements have been continued in the ordered
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sta te  down to 0.3 °K for the orientation FT0/ / b .  The lim ited number
of experimental points is  shown in fig. 3. Below TN = 0.42 K the
linewidth decreases and approaches a constant value at about 0 .3 °K.

It is  unlikely that th is line narrowing below TN is  caused by an
increase of v a t decreasing temperature, as one might conclude
from (5—2). From the qualitative reasoning, given before, to explain
the behaviour of v for T > TN, one expects a further decrease of
v , when T is  lowered in the ordered s ta te . Furthermore, the mea
surements of the spin la ttice  relaxation time in CuC12.2H20  by
Hardeman et a l .29* also  show that in the ordered antiferromagnetic
sta te , vc decreases with decreasing temperature.

Most probably the line narrowing below TN must be attributed to
the temperature dependence of the second moment, <Avz > . It has
been argued in chapter 1—8, that, when the polarization of the elec
tron spins <S > , is  not negligible compared with the saturation
value S , <A v2> can be strongly tem perature-dependent. The cor
rect expression for <Av2>, which takes th is effect into account, is ,
according to Kambe and U shui8 .

<Av2> =(—-)2 y | h 2 [< S 2> -  <S >2] G2n z z
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where G is  a geometrical constant. For S = lA, the term <S2> = lA,
independent of temperature, so that <Air> decreases when <S >
approaches its  saturation value.

In CuTA the polarization of the Cu2+ electron sp ins, <S >, ap
proaches its  saturation value rapidly below about 0 .35°K. This can
be concluded from fig. 5, where the temperature dependence of the
n.m.r. lineshift Av is  shown, which is  about proportional to <S >.
Therefore <Air> decreases when the temperature is  lowered. The
line narrowing below TN can thus be explained qualitatively  by
assuming that v has a relatively  weak temperature dependence, so
that the temperature dependence of 8̂  is  mainly determined by the
decrease of <Av2> when T -* 0.

This type of line narrowing, when T is  lowered from T = TN to
T = 0, must be distinguished from the rapid change of linewidth in
the immediate neighbourhood of TN, as observed by Heller et al.
in M nFj.The line broadening in MnF2 is  a critical phenomenon, re
lated to the critical fluctuations of the Mn2+ spins in a narrow tem
perature region of about 0.01 TN. In CuTA however, the change in
linewidth extends over a relatively  large temperature region and is
essen tia lly  related to the temperature dependence of the second
moment of the cupric-proton dipolar interaction.

2. Cu (N03)2.3H20.

2.1. Introduction.

Although a large amount of experimental and theoretical work
has been done on the magnetic behaviour of various cupric sa lts ,
little  attention has been paid to the cupric n itra tes . Recently, Berger,
Friedberg and Schriempf11* reported susceptib ility  data on cupric
nitrate trihydrate in the temperature region 20 °K — 14 °K and 4.2°K —
0.4 °K. Measurements on a powdered sample and in single c rysta ls
along three different axes, showed that the suscep tib ility  is  roughly
isotropic and has a broad maximum as a function of temperature at
3.2 °K. Below that temperature the susceptib ility  drops rapidly to
zero. An increase below 0.6 °K was attributed to parasitic  paramag
netism of the sample holder.

Berger et a l . 11' explained these experimental resu lts  by the
occurrence of antiferrom agnetic short range ordering between the
Cu2 electron sp ins. This ordering might take place either in pairs
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of neighbouring spins (binary clusters) or in antiferromagnetic linear
chains.

The object of the proton magnetic resonance experiments to be re
ported here, was to obtain further information about the type of antifer
romagnetic ordering between the C u2+spins. If a coupling by pairs were
present, it would be in teresting to investigate, if such an ordering
influences the resonance linew idths, in analogy with the strong
influence of an ordering in chains, as observed in Cu(NH3)4S04.H20
etc.

Copper nitrate  trihydrate is monoclinic, with unit cell dimensions
a = 16.7 X , b = 4.90 X and c = 15.4 X , while the monoclinic angle
yS = 9 2 ° . For th is crystal, usually  referred to as the trihydrate, also
the formula Cu(N03)2.2.5H20  has been given in lite ra tu re11,12' 13 .̂
Since our n.m.r. experiments, reported below, show that there are
three non equivalent H20  m olecules in the unit ce ll, we conclude
that Cu(N0 3)2*3H20  is  probably the correct formula. A short note on
the X-ray determination of the structure has been reported by Dorn-
berger-Schiff and L ec ie jew icz141. A projection of the unit cell on
the crystallographic a-c plane has been given by these authors. The
Cu2+ ion occurs at the position (0.12, 0, 0.11); the positions of the
other atoms have not yet been determined accurately.

2.2. R esu lts  and d iscussion .

Single crysta ls  of Cu(N03)2.3H20  were obtained by cooling a
saturated copper-nitrate solution slowly from 65 °C to 30 C. Care
was taken to keep the temperature of crysta llization  above 26 °C,
since at lower tem peratures single c rysta ls  of Cu(N0g)2.6H20  are
formed.

Fig. 6 shows the variation of the proton resonance spectrum
when is  rotated perpendicular to the crystallographic b axis at
T = 4.2**K. Since six different lines were observed (apart from doub
ling due to proton-proton interaction), it is  concluded that there are
three non-equivalent H20  m olecules in the unit cell.

The temperature dependence of the linesh ifts  with respect to the
free proton resonance frequency was measured between 4.2 TC and
0.3 °K. As shown in chapter 1—2, these shifts are related to the
magnetic moments </x> of the Cu2+ ions by the usual dipolar field
formula:

Av i
7_

27T
< )JL >

_  3 cos2#.. — 1
5* i k (5-4)
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Below 3°K the separation of the lines decreases rapidly and below
0.6 K the resonance spectrum merges into one single line, even in
the largest available external field of llkOe. Fig. 7 shows the
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in d ic a te d  in  f ig .  6 . o  e x p e r im e n ta l  r e s u l t s .  T h e  t h e o r e t i c a l  c u r v e s  h a v e
b e e n  c a l c u l a t e d  fo r  th e  c a s e  t h a t  th e  C u  s p i n s  a r e  c o u p le d  in  a n t i 
f e r ro m a g n e t ic  l in e a r  c h a i n s ,  ( - - - - )  a n d  w h e n  th e y  a r e  c o u p le d  in  b in a ry
c l u s t e r s  (— )
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temperature dependence of the shift A vj of a line 1 (indicated in
fig. 6), when the external field of 8877 Oe is  oriented in the direction
given by cp = —25° in the rotating diagram of fig. 6. This direction
was chosen, since for cp = —25° the separation between line 1 and the
other lines in the spectrum is  relatively large. Therefore, the absorp
tion maximum of line 1 can be detected easily  down to 0 .6 °K. The
absorption maxima of the other lines become indistinguishable at
about 1°K, due to overlap. As far as the sh ifts  of the la tte r lines
could be measured, the same temperature dependence as for line 1
was found, for different directions of ff0. This proves that only one
type of magnetic ion per unit cell is  present and that the tempera
ture dependence of < / j l >  is  isotropic in the a-c plane, in accordance
with the zero-field susceptib ility  m easurem ents.11^

The field dependence of Avj (and thus of < / x > )  was measured
in fields of 1 to 11 kOe at different temperatures between 4.2 °K and
0 .6 °K. The resu lts , plotted in fig. 8, show that apparent deviations
from a linear relation between < / j l >  and HQ are present. For external
fields larger than about 2 kOe, the plot of Avj versus HQ has an
increasing slope for increasing values of H . This effect becomes
more pronounced at lower tem peratures. For T ■ 1.1 °K the deviation
from the linear Av, — H relation is  indicated in fig. 8.

200

T = 1 . 1 #K

kO« 1 2

F i g ,  8 . C u fN O g ^ -S H g O . F i e l d  d e p e n d e n c e  o f th e  l i n e s h i f t  A v .  D ir e c t io n
of H th e  s a m e  a s  fo r  f ig .  7 . O e x p e r im e n ta l  r e s u l t s ,o

- —  t h e o r e t i c a l  c u r v e s ,  a s s u m in g  b in a ry  s p in  c l u s t e r s .
-  -  -  e x t r a p o la t io n  o f th e  l in e a r  b e h a v io u r  b e lo w  3 k O e .
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On the basis  of the temperature and field dependence of the
n i

linesh ifts , one can exclude the possib ility  that the Cu ions in
Cu(N0 3)2.3H20  have an antiferromagnetic linear chain (a .l.c .) coup
ling. From the agreement between the theoretical work of Bonner and
F ish er15  ̂ and the experimental resu lts  in the a .l.c . system s in
Cu(NH3)4S04.H20 , CuS0 4.5H20  and CuSe04.5H20 , one can con
clude that at present the magnetic properties of an a .l.c . system are
well estab lished . In fig. 7 we have indicated the expected tempera
ture dependence of Av, for the case  that the Cu2+ ions in copper
nitrate would have an a .l.c . coupling with an isotropic exchange
interaction J /k  = —2.6°K. This value of J /k  was chosen to obtain
the best fit with the experimental resu lts  above the maximum at3.2?K.
Evidently, a glaring discrepancy is  present between th is calculated
curve and the experimental points at temperatures below the maxi
mum. Other calculated  curves, based on the presence of a .l.c . sy s
tems with ah anisotropic exchange-interaction, are a lso  incom patible
with the observed temperature dependence of A vj.

To compare the experimental resu lts  with the behaviour of a
system of binary c lu ste rs , the magnetic properties of such a system
have to be derived from the Hamiltonian for an exchange coupled
spin pair:

H  = - 2 J ? ! ? 2 -  g/3S'Ho ,

where the z-direction is  chosen parallel to the external field H .
is the operator of the z component of the to ta l spin of the c luster.
The quantum number S*of the total spin operator 5*. can have the
values zero or one, corresponding to a singlet or a trip let s ta te ,
which have an energy difference of 2J. The energy level scheme is
shown in fig. 9. The partition function of the c luster is  given by:

Z .  e - 2 J / k T  + e - g £ H 0/ k T  + 1 + e +g£Ho / k T  # (5 _ 6)

from which the m agnetization M and zero field suscep tib ility  X are
easily  obtained:

M
kTBZ
-------- “ g/3
ZBH

2 sinh gySHQ/k T

2 cosh g/3Ho/k T  + 1 + e —2 J / k T
(5-7)
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/ 3 M \  g2/32 4 /3
H = 0 \ B H j H=0= 2kT i e " 2J/ kT ♦ 1

(5-8)

1 fi V
The expression for X has been given earlier by Bleany and Bowers
in the d iscussion  of measurements in cupric aceta te , a substance
in which the ex istence of iso la ted  binary c lusters has been clearly
dem onstrated16,171.

H =  H0

♦  9  P H ©o
2 0

kHz i 1 r
-  q P H 0

1 5
6 t

-
o  o u  O ®  VI

+ 2  J f O 1 ___ |__ __L

I T

*K 4

F i g .  9.  C u ( N 0 g ) 2 . 3 H 20 .  E n e r g y
l e v e l  s c h e m e  of  tw o  s p i n s  S = ‘A
w i th  a n t i f e r r o m a g n e t i c  e x c h a n g e
i n t e r a c t i o n .

F i g .  10 .  C u (N0 3 ) 2 .3 H 2 0 .  P r o t o n
m a g n e t i c  r e s o n a n c e  l i n e w i d t h  a s
a  f u n c t i o n  of  t e m p e r a t u r e .

Since all experiments in copper nitrate have been performed in
the presence of an external field Ho, one has to apply formula (5 7)
for a comparison with experimental resu lts . Assuming binary c lusters,
the resonance linesh ifts  Avt can be written by combining (5—7) and
(5-4):

Av .  , J L )  9/5 Slnh q/3H°/k T  _______ G. (5-9)
1 2n 2 cosh gySH0/k T  + 1 ♦ e- 2J/kT

where
3 co s2# ^  — 1

r ik

is  a geometrical constant.
The field- and temperature dependence of A vj, as predicted by

formula (5 -9 ), was calculated using g = 2.1 (from ref. 11) and adjus
ting J /k  and the constant Gx to obtain the best fit with the experimen
tal resu lts . For J /k  = -2 .5 6  °K perfect agreement with the experimen
tal data was obtained, both for the temperature and the field depen
dence, as can be seen in figs.7 and 8. The solid lines in these figures
are the calculated resu lts .
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One can conc lude  th a t there is  strong ev idence  th a t the Cu sp ins
in  C u(N0 3)2.3 H 20  are a n tife rro m a g n e tic a lly  coup led  in  b in a ry  c lu s 
te rs . The u n it c e ll  o f C u (N 0 3) 2.3 H 20  c o n s is ts  o f four m o lecu les ,
each co n ta in in g  tw o fo rm u la  u n its 14). P robab ly , the b in a ry  c lu s te rs
are formed by the two C u2+io n s  o f one m olecu le . In th is  resp ec t,
there is  a strong ana logy between c u p ric  n itra te  tr ih y d ra te  and cu p ric
aceta te , the u n it c e ll o f w h ich  c o n s is ts  a lso  o f b in u c le a r m o le c u le s 17\
However, in  Cu- ace ta te , the tw o Cu2+ ions  o f one m o lecu le  have a

o
sm a ll d is tan ce  (2.64 A) le a d in g  to a strong exchange, ch a rac te rize d
by J / k  = —204 °K. In  cu p ric  n itra te  one in fe rs  from the  X -ray  data  o f
D ornberger-S ch iff e t al.14 th a t the copper-copper d is ta n ce  is  at le a s t
5.8 A , so th a t the exchange w i l l  be o f in d ire c t charac te r. L a c k  o f
s u ff ic ie n t in fo rm a tion  about the oxygen p o s itio n s  in  the u n it c e ll pre
vents , at the moment, an in te rp re ta tio n  o f the p a ir  co u p lin g  in  term s
o f p o s s ib le  exchangè lin k a g e s .

The pro ton m agnetic  resonance lin e w id th  was m easured between
4.2 °K and 0 .4 °K . The re s u lts , p lo tte d  in  f ig .  10 show th a t the l in e -
w id th  S has a tem pera ture -independen t va lu e  o f 16 kH z . T he  recorded
resonance cu rves were b e ll-sh ap ed , w h ich  p roves th a t the  lin e w id th
o rig in a te s  com p le te ly  from p ro ton-proton  in te ra c tio n . E v id e n tly , the
c o n tr ib u tio n  o f the  cu p ric -p ro to n  d ip o la r in te ra c tio n  to  the lin e w id th ,
g iven  by 8 = 2 < A v 2> /v /l3 v  (see fo rm u la  5—2), rem ains s tro n g ly  ex
change narrowed down to  0 .4 °K . O b v io u s ly , the frequency vc, ch a rac t
e riz in g  the Cu2+e le c tro n  sp in  f lu c tu a tio n s , does no t show a rap id  de
crease when T - 0 .  T h is  is  in  co n tra s t to  the tem perature dependence
of vc fo r C u2+sp ins  coup led  in  a n tife rro m a gn e tic  lin e a r  ch a in s .

The d if fe re n t behaviou r o f C u2+sp in s  coup led  in  p a irs  and coup led
in  lin e a r cha ins is  q u ite  e xp la in a b le . I t  has been argued in  se c tion
1.2 o f th is  chap ter th a t in  lin e a r  ch a ins  a n tife rro m a gn e tic  c lu s te rs  o f
in c rea s ing  lengh th  are formed when T  is  low ered . F o r a p a ir  o f ne igh 
bouring sp ins  in  such a c lu s te r , i t  is  im p o s s ib le  to  perform  an energy
conse rv ing  re o rie n ta tio n , due to  the  in te ra c tio n  o f th is  sp in  p a ir  w ith
i ts  two nearest ne ighbours . The re fo re , the p ro b a b ility  o f re o rie n ta tio n s
of the s p in s , and thus vc, decreases when T-»0. F o r the  is o la te d  p a irs
in  Cu(N 0 3) 2.3 H 20  such a b u ild in g  up o f la rge  a n tife rro m a g n e tic  c lu s 
te rs , w h ich  in h ib its  the re o rie n ta tio n  o f the  sp in s , is  absent. Con
sequen tly , no decrease o f v is  to  be expected . O n ly  at much low er
tem peratures, where the in te r-p a ir  in te ra c tio n s  become o f im portance ,
one can expect a decrease o f v , s im ila r  to  tha t in  lin e a r  ch a ins .

D uring  the perform ance o f lin e w id th  m easurem ents, i t  was ob
served th a t be low  0 .4 °K , the pro ton s p in - la t t ic e  re la x a tio n  tim e  T j
increases very ra p id ly  w ith  decreas ing  tem peratures. T j  in c rea se s

2 ̂
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from a value sm aller than 10“ 2 sec.for T > 0 .4°K ,to  a value of several
seconds a t T = 0 .3 °K, the lowest temperature of our 3He cryostat.

It is  worthwhile to mention that in cupric acetate  a rapid increase
of T , has also been observed185 in the liquid nitrogen temperature
range. This effect has been explained18' 19 5 by the fact that for T «  |J |/k ,
the Cu2+spin pairs are mainly in the singlet (S' = 0) s ta te , where they
are not effective in the relaxation mechanism of the proton spins.
More detailed  investigations on the temperature dependence of T j
will not be d iscussed , since it falls outside the scope of the present
work. However, the sim ilar behaviour of copper n itrate and copper
acetate , with respect to the relaxation time T j, gives further evidence
for the conclusion that binary spin clusters are present inC u(N 03)2.3H20 .

3. C ugC sgC l^H jO .

3.1. Introduction.
Cu2C s3Cl7.2H20  was obtained by evaporating an aequous sol

ution containing CuC12.2H20  and CsCl in the molar concentration
ratio 1:2. Apart from the blue green tetragonal c rysta ls CuCs2C14.2H20 ,
which are isomorphous with CuK2C14.2H20 , there appeared a lso  large
brown tric lin ic  c rysta ls . By chemical analysis these  were shown to
be Cu2Cs 3C17.2H20 , about which no magnetic data have been re
ported until now.

Preliminary experiments in the liquid 4He region of temperature
revealed that detailed investigations on Cu2Cs3C17.2H20  would be
of in terest for two reasons:

i) Between 4 .2 °K and 1.7°K the behaviour is  quite sim ilar to
that of the antiferromagnetic linear chain (a .l.c .) crystal:
Cu(NH3)4S04.H20  and

ii) proton resonance experiments are possib le  in the immediate
neighbourhood of the transition point to the antiferromagnetic s ta te ,
occuring at T N ■ 1.625 °K. No other antiferromagnetic c rysta ls  are
known with a Neël point located in the convenient temperature region
of superfluid 4He, and in which n.m.r. experiments near T N are poss
ible. Strong line broadening usually prevents the observation of n.m.r.
lines in the critical temperature region. In MnCl2.4H20  (TN = 1.62°K)
for instance, th is line broadening lim its the temperature region where
n.m.r. lines in the antiferromagnetic s ta te  can be observed to (TN—T )/
Tm> 0.1205. In Cu„Cs ,C 17.2 H ,0  accurate measurements are possib le
for (Tn- T ) / T n >0.0007.
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3.2. R esu lts  and discussion.

a) Param agnetic s ta te .

Fig. 11 shows the temperature dependence of the shift Av of a
resonance line of Cu2Cs 3C17.2H20  between 20°K— 14°K and 4.2°K —
1.63 °K in a field H = 8090 Oe. At lower temperatures th is para-

O
magnetic line disappears suddenly, since the crystal becomes anti
ferromagnetic.

400

200

F ig .  11 . C u g C s g C ly ^ H g O . T em p era tu re  d e p e n d e n c e  o f  th e  l ln e s h i f t  A v
in  th e  p a ra m a g n etic  reg ion* . H = 8 0 9 0  Oe* T h e  fu ll  l in e  i s  a  c a lc u la t e d

o +  °
cu rve  a ssu m in g  th e  Cu s p in s  to  b e  c o u p le d  in  i s o la t e d  a n tiferro m a g 
n e t ic  lin e a r  c h a in s*

In the indicated temperature regions Av has been verified to be
linearly proportional to Hq up to Hq = 11 kOe. This resu lt, together
with the dipolar field formula (5—4), leads to:

Av ~  </i> ~  X ,

where </m > and y  are respectively the magnetization and the sus
ceptibility per Cu2+ion. Therefore, the temperature dependence of
Av (fig. 11) reflects the temperature dependence of the susceptibility
of Cu2Cs 3C17.2H20 , apart from a constant factor. From fig. 11 it can
be concluded that there is  a strong similarity between the temperature
dependence of y  in Cu2C s3Cl7.2H20  and that in the a .l.c . crystals
Cu(NH3)4S04.H20 , CuS0 4.5H20  etc.

The full line in fig. 11 represents a theoretical A vversus T curve,
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calculated  for Av proportional to the susceptib ility  of an a .l.c . system.
The exchange interaction between neighbouring spins is  assumed to
be J /k  = —2.5°K. The curve is  fitted to the experimental point at
T = 4.2 °K, by adjusting the proportionality constant relating Av and
X. There is  good agreement between th is theoretical curve and the
experimental points, especially  in the temperature region of the rounded
maximum, which is  suggestive of the occurence of short range order
in antiferrom agnetic linear chains in Cu2Cs3C17.2H20 .

One may compare Cu2Cs3C17.2H20  with Cu(NH3)4S 04.H20  (CuTA),
since in both c rysta ls  the exchange interaction between neighbouring
Cu2+ions of a chain is roughly the same (J /k  » —3°K). However, in
Cu2Cs 3C17.2H20  the interaction between C u2+ions of different chains
must be considerably larger, since the transition to the ordered s ta te
occurs at TN = 1.625 °K instead of at T N = 0.42 °K for CuTA. Sin
ce these inter- chain in teractions are not accounted for in the the
oretical curve in fig. 11, it  is  necessary  to prove that the derived
value J /k  = —2.5 K for the intra-chain interaction, remains valid even
when an inter-chain coupling is  taken into account.

For that purpose, it will be assumed that the in ter-chain  inter
action can be treated by simple molecular field theory. The internal
field which a Cu2+ion experience from surrounding C u2+ions of dif
ferent chains, can then be written as:

where C is  the Curie constant per ion and 9 is  a temperature cha
racterizing the inter-chain interaction. Defining X ' as the isolated
chain suscep tib ility  and X as the susceptib ility  of the system with
inter-chain interaction, one can write

This relation shows that when X' p asses  through a maximum at a
temperature T ax , X will pass through a maximum at the same tem
perature since 3X*/BT = 0 for 3 X '/d T  = 0 .Therefore, the theoretical
curve in fig. 11 will s ti l l  show a maximum at T = 3.2 °K when thein ter-

(5-10)

(Ho + - ± < n > )  X'<fi> = (Hq f rh1) X

and

Ho 1-X ' 6 / C
(5-11)
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cha in  in te ra c tio n s  are taken in to  account. Furtherm ore, in  the ne igh 
bourhood o f T Qx = 3.2 °K the denom inator in  fo rm u la  (5—11) is  o n ly
w eakly  va ry ing  w ith  T , so tha t to a good app rox im a tion , X  and X '
d if fe r  o n ly  by a co ns ta n t fa c to r. The re fo re , when the c a lc u la te d  curve
in  f ig . 11 is  m od ified  to  take  in te r-c h a in  in te ra c tio n s  in to  account,
the good agreement w ith  the experim enta l p o in ts  between 4 .2 °K and
1.63 °K w i l l  s t i l l  be present.

The d iffe ren ce s  between the expe rim en ta l p o in ts  and the theore
t ic a l curve  in  the h igh  tem perature  reg ion (1 4 °K < T < 2 0 °K ) can now
be e xp la ined  by the presence o f the in te r-c h a in  in te ra c tio n s . A rough
estim a te  shows tha t an in te r -c h a in  in te ra c tio n , cha rac te rized  by
8. = —0.5  ± 0 .2 ° K , w ould  account fo r the observed d isc rep a ncy .

A m agnetic  behav iou r, w h ich  is  s im ila r  in  many aspects to  tha t
o f Cu 2Cs _C17.2 H 20 ,  has been observed fo r C u C l2 by S tout and
C hisho lm  *1 ) and Starr et al.22  ̂ In  th is  substance T N = 24 °K , w h ile
there is  a maximum in  the s u s c e p t ib il ity  a t T = 70 °K . T h is  behaviour
was a lso  e x p la in e d 21' by a s trong  coup ling  in  lin e a r cha ins  ( J /k  = —70 °K)
and a weak co up lin g  between the ch a ins . In  d is c u s s in g  the re s u lts
w ith  the Is in g  model fo r the in tra -c h a in  in te ra c tio n  and the m o lecu la r
f ie ld  m odel fo r the in te r-c h a in  in te ra c tio n s , S tout et a l . 21' found th a t:

k T N = k 8t e x p ( - J / k T N ) . (5 -1 2 )

T h is  fo rm ula  in d ic a te s  th a t the in te r-c h a in  co up lin g  k 8. can be much
sm a lle r than m ight be estim a ted  from the va lue  o f the N ee l p o in t.A p 
p ly in g  (5—12) to  the presen t re s u lts  (T N = 1.625 °K , J / k  = —2 .5 °K ),
one ob ta ins  8l  = —0.33 °K fo r Cu 2C s 3C17.2 H 20 . The m odel o f Stout
et a l. su ffe rs  from the inadequacy o f the m o lecu la r f ie ld  and Is in g
m odel, but the co nc lus io n  tha t the strong short range order in  lin e a r
cha ins fa c il i ta te s  the a tta inm en t o f long-range order by the in te r-ch a in
in te ra c tio n s  seems q u ite  p la u s ib le .

F ig . 12 shows the tem perature dependence o f the lin e w id th , 8, in
the param agnetic reg ion . Betw een 4.2 °K and 1.7 °K , a weak lin e
broadening is  p resen t, s im ila r  to  th a t observed in  C uT A  and caused
by short range ordering  a long the lin e a r  ch a ins . A t h igh  tem peratures
8 approaches the tem pera ture-independent va lue  o f 14 kH z , caused by
the pro ton-pro ton  in te ra c tio n s . Near the N eë l p o in t, 8 shows a p e c u lia r
rap id  decrease, fo r w h ich  a s a tis fa c to ry  e xp lana tion  is  la c k in g  a t the
moment. Most p robab ly , th is  e ffe c t is  re la ted  to the onset o f strong

ft X

co rre la tio n s  between Cu io n s  o f d iffe re n t cha ins  at a tem perature  o f
0.1 °K above T N .
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F i g .  12. C i ^ C s g C l y ^ H g O .  T e m p e r a tu r e  d e p e n d e n c e  of th e  l in e w id th  in
th e  p a r a m a g n e t ic  s t a t e .

b) Antiferromagnetic s ta te .

Experiments below TN were performed to investigate whether the
strong interaction along linear chains has an influence on the magnetic
behaviour in the ordered s ta te . In fig. 13, the temperature dependence
of (v j—v£)/v  is  plotted, where Vj and v-2 are the resonance frequen
c ies of the same resonance line for two opposite directions of fl*o and

M Ht

*K 1 .5

F i g .  13 . C u „ C s o C l - .2 H 0 0 .  T e m p e r a tu r e  d e p e n d e n c e  o f th e  l i n e s h i f t
Z  o  /  *  0 0

in  th e  a n t i f e r r o m a g n e t i c  s t a t e ,  ( l / f— i s  p r o p o r t io n a l  to  th e  s u b 
l a t t i c e  m a g n e t iz a t i o n  < /Z > .O H  = 154 0  O e . A H q = 2 7 7 0  O e .
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v  is  the free proton resonance frequency. It is  well known that
O f t  f t

\v \~ v2 >'v0 is  proportional to the internal field at the proton position
and thus to the m agnetization of the Cu2+ions (see  chapter 1-2).
Therefore, fig. 13 represents the temperature dependence of the sub-
la ttice  magnetization of Cu2Cs 3C17.2H20 . The measurem ents were
performed at two values of the external field: Hq = 1540 Oe and H =
2770 Oe. Since the difference between the experimental resu lts  for
the two field values is  negligibly small, it  can be concluded that fl*
has no influence on the temperature dependence of the sublattice
magnetization </z>. The applied fields were small compared with the
threshold field in Cu2C s3C l7.2H20 , which was found to be about
7 kOe. Therefore, influences of threshold field phenomena on the
temperature dependence of <p.> can be excluded.

F ig . 14 shows the temperature dependence of [ /a(T)—/x(0)] / / x(0)
as it  is  derived from fig. 13 on a double logarithmic sca le . It follows
that [/x(T) /z(0)]//i(0) obeys a T 4 law over the temperature region
0.6TC<T<1.4°K. This behaviour is  sim ilar to that observed in

o . i  -

0.03

o.oi

Uo-<M>

0.003
0.6 T 1.6 °K

P i g .  14. C u 2C s 3 C 1 ^ .2 H 2 0 .  D o u b le  lo g a r i th m ic  p lo t  o f  th e  s u b l a t t i c e
m a g n e t iz a t io n  a s  a  f u n c t io n  o f t e m p e r a tu r e .  F u l l  l in e  i s  a  T 4 l a w .  E x 
p e r im e n ta l  p o in ts  a r e  t a k e n  from  f ig .  13.
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CuC12-2H20 23' and may indicate that the T 4 law has a more general
validity than has been previously accepted.

Special attention was given to the resonance spectrum in the
neighbourhood of T N. By analogy to the experimental resu lts  in azu-
rite 24  ̂ and CoC12.6H20 25 ,̂ it was observed that over a small tem
perature region, ATn , the antiferromagnetic and paramagnetic s ta te
coexist, since resonance lines, representative of the two magnetic
phases were observed sim ultaneously. In azu rite24'w ith  TN = 1.89°K,
ATn =0.2°K and in CoC12.6H20 25) with T N = 2.24°K, ATN=0.01°K.
In Cu2Cs ,C 17.2H20 , it was found that ATN was different for crysta ls,
grown from different solutions. Although all crysta ls investigated
were very homogeneous by visual inspection, some crysta ls showed
a ATn = 0 .05°K, while in other specim ens ATN<0.001°K. The latter
crysta ls showed a gradual increase in ATN after having been cooled
down several times to liquid 4He temperatures.

For measurements of <ju.> near TN it is necessary  that ATn be
very small, since a large value of ATN is  usually accompanied by
strong line broadening near the Neël point. B esides, measurements of
the sub lattice  m agnetization in the temperature region where antiferro-
and paramagnetic s ta te  coexist, are of doubtful significance. There
fore, the specim ens of Cu2Cs 3C17.2H20  with a very low value of
ATn were very su itab le for measurements of the sub lattice  m agnetiz
ation near T N. For a specially  selected  crystal, with ATN<0.001°K,
the temperature dependence of the linesh ifts  in the immediate neigh
bourhood of Tn were measured. F ig . 15 shows the variation of
(v2—v2)/v o ~  </a> as a function of (T—TN) on a double logarithmic
scale . For the measurements plotted in fig. 15 we have defined TN
as the temperature where the in tensity  of the resonance lines of the
antiferrom agnetic s ta te  has dropped to zero. Again, the resu lts  for
two values of the applied field (Hq = 1540 Oe and Hq = 2770 Oe) agree
very well; proving that H has no influence on the temperature depen
dence of < / o .  From the plot in fig. 15 one derives that:

= 1.32 ( 1 -1  )° ’276 for 0.001 < 1 - 1  < 0.1 (5-13)
<m(o)> t n t n

The value of the exponent p = 0.276 deviates appreciably from
both the theoretical and experimental values, which have been reported
previously. The molecular field model predicts p = 0.500, whereas for
the three dimensional Ising model a value of p = 0.3120 has been
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MHz

F i g .  IS . C U g C s g C ly ^ l^ O . T e m p e ra tu re  d e p e n d e n c e  of (l/j —I ^ ) / l / o ,
is  p ro p o r tio n a l w ith  th e  s u b la t t ic e  m a g n e tiz a tio n , n e a r  T j j .

O H = 1540 O e .
A H 2770 O e .

0.335 with the n.m.r.derived26\  Heller and Benedek8  ̂ measured p
technique in MnF2.

The special type of magnetic ordering in Cu2Cs 3C1_.2H20  is
probably responsible for this deviating value of p. The Cu2+ions have
a relatively strong coupling with two neighbouring ions belonging to
the same a.l.c. This leads to the conclusion, that when the exchange
interaction in one dimension is predominant, p is lower than for a
coupling which is equal in three dimensions. In this context it may be
remarked, that the Ising model predicts a decrease of the exponent p,
when changing from a three dimensional26* - (p = 0.3120) to a two di
mensional27  ̂ - (p = 0.125) antiferromagnet.

On the other hand, from a survey given by van Loef28  ̂ of the
various values of p observed in ferri-ferro- and antiferromagnets, one
concludes that p = 0.3 ±0.03 holds for a variety of magnetic substan
ces. It is worthwhile to remark that also for the rather anomalous
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antiférromagnet Cu2Cs3C17.2H20 , the exponent p = 0.276 falls  within
the lim its of p = 0.3 ± 0.03.

F inally , in fig. 16, the broadening of a resonance line is  shown
when T approaches TN in the antiferromagnetic s ta te . Interpretation
of th is effect based upon homogeneous broadening mechanisms can

1.SO

F i g .  16 . C u 2 C s 3 C 17 .2 H 2 0 .  P r o tg n  m a g n e t ic  r e s o n a n c e  l ln e w id th  S a s  a
f u n c tio n  o f  t e m p e ra tu r e  in  th e  a n t i f e r r o m a g n e t ic  s t a t e .

not be justified , since the inhomogeneous broadening can be guite
large in th is temperature region. According to formula (5—13) a small
spread in TN(ATN = 0.001 °K) leads to a spread in resonance freguen-
c ies and thus to a line broadening, which rapidly increases w h e n T -T N.
It cannot be excluded that th is inhomogeneous broadening is  of the
order of magnitude of the observed linew idths. Therefore, whenever
a homogeneous line broadening is  present, it can not be distinguished
with sufficient accuracy from the inhomogeneous linewidth.
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Samenvatting

In dit proefschrift zijn kernresonantiem etingen in gehydrateerde
m agnetische éénkristallen  beschreven. De resonantielijnen van de pro
tonen van de kristalw aterm oleculen zijn bestudeerd om informatie te
verkrijgen omtrent het gedrag van de magnetische ionen in deze kris
tallen . De tijdgemiddelde waarde van de m agnetische momenten van
deze ionen zijn a ls  functie van temperatuur en veld bepaald door me
tingen van de resonantiefrequenties. C onclusies omtrent de fluctua
tie s  van deze momenten konden worden getrokken uit resu lta ten  van
lijnbreedtem etingen.

De bestudeerde k ristallen  zijn a lle  magnetisch geconcentreerde
zouten waarin een "exchange"  w isselwerking tussen de ionen aanwe
zig is . De experimenten zijn voornamelijk uitgevoerd in het tempera-
tuurgebied waarin deze w isselwerking tot een m agnetische ordening
leid t. De grootte van deze "exchange"  was zodanig dat de ordeningen
om streeks 1°K plaats vonden. Dit maakte experimenten tot 0,3 °K nood
zakelijk, hetgeen verw ezenlijkt is  door een 3He cryostaat te gebruiken
die, tezamen met de e lectronische apparatuur, beschreven is  in hoofd
stuk II.

Hoofdstuk I geeft een overzicht van de belangrijkste eigenschap
pen van het protonresonantiespectrum  in d it type k ristallen . Speciale
aandacht is  geschonken aan de invloed van de "exchange"  tussen  de
m agnetische ionen op de breedte van de protonresonantielijnen.

Hoofdstuk III is  gewijd aan de bepalingen van het gedrag van de
twee m agnetische system en die voorkomen in CuS04.5H „0 en in
CuSe04.5H20» R esonantielijnen afkomstig van protonen die dichtbij
een koperion op een (0,0,0) positie  liggen, gedragen zich a ls  functie
van temperatuur en veldsterkte geheel anders dan lijnen van protonen
die dichtbij een koperion op [Va, Va, 0) liggen. Hierdoor is  het moge
lijk de veld- en tem peratuurafhankelijkheid van de m agnetisaties van
deze twee koperionen apart te bepalen.

De ionen op (Va, Va, 0), hebben een zwakke onderlinge w issel
werking waardoor zij zich normaal param agnetisch gedragen tot bene
den 0,3 °K. De koperionen op (0,0,0) hebben een sterke "exchange"
wisselwerking langs één der k ris ta lassen , w aarschijnlijk de a-as.
Temperatuur- en veldafhankelijkheid van de m agnetisatie van deze
antiferrom agnetische lineaire ketens zijn in goede overeenstemming
met de door Bonner en F isher berekende eigenschappen.

Als onderdeel van de procedure om tot genoemde conclusies te
komen zijn metingen uitgevoerd van de doubletsplitsingen van de
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resonantielijnen, veroorzaakt door de wisselwerking van twee protonen
van één watermolecuul. Deze metingen maken het mogelijk een één
duidig verband tussen  de resonantielijnen van het spectrum en de
proton posities in de eenheidscel te leggen, hetgeen van essen tiee l
belang is voor de identificatie  van de twee m agnetische system en.

In hoofdstuk IV zijn metingen van de lijnbreedten in de twee boven
genoemde kristallen  beschreven. De lijnen afkomstig van protonen die
een sterke dipool-dipool koppeling met de koperionen van de antifer-
romagnetische lineaire ketens hebben, vertonen een sterke verbreding
wanneer de temperatuur daalt van 4,2 °K tot 0 ,3 °K. Deze verbredingen
zijn het gevolg van de ordening ("short range order") die in de ketens
optreedt. Hierdoor nemen de fluctuaties van de m agnetische momenten
van de koperionen in de ketens af, waardoor de uitmiddeling van de di-
poolvelden van deze ionen, ter p laa tse  van de resonerende protonen,
minder effectief wordt.

Uitgaande van een tw eetal veronderstellingen is  een eenvoudig
verband te leggen tussen  de fluctuaties en de su scep tib ilite it van de
lineaire keten. Dit verband beschrijft de experimentele resu lta ten  be
treffende de lijnverbreding op redelijke wijze.

Metingen aan een drietal k ristallen  die in m agnetisch opzicht aan
kopersulfaat verwant zijn, worden in hoofdstuk V besproken. In
Cu(NH3)4S 04.H20  ordenen de koperionen zich ook in antiferromagne-
tische lineaire ketens; in tegenstelling  tot kopersulfaat is  nu echter
geen tweede m agnetisch systeem  aanwezig. De waargenomen lijnver
bredingen in Cu(NH3)4S04.H 20  zijn te verklaren met hetzelfde een
voudige model dat de metingen in kopersulfaat bevredigend beschrijft.

Metingen van de protonresonantiefrequenties in C\i(N0g)2.3H20
tonen aan dat de m agnetische ordening van • de koperionen in pa
ren plaatsvindt. De spins van de koperionen van één paar hebben een
antiferromagnetische "exchange" wisselwerking. De resonantielijnen
vertonen geen verbreding, hetgeen aantoont dat bij dit type ordening
de electronspinfluctuaties niet snel afnemen wanneer de temperatuur
verlaagd wordt.

In Cu2CsgC l7.2H20  ordenen de koperionen zich wederom in anti
ferromagnetische lineaire ketens. De overgang naar de drie-dimensio-
naal geordende toestand vindt p laats bij T N = 1.625 °K. Het gedrag van
de onderroosterm agnetisatie als functie van de temperatuur, zeer dicht
bij Tn , wijkt af van het tot nu toe theoretisch voorspelde, en in ande
re antiferromagneten gemeten, gedrag.
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Teneinde te voldoen aan de wens van de F acu lte it der Wis- en
Natuurkunde volgt hier een kort overzicht van mijn universitaire  op
leiding.

Na in 1954 het eindexamen b te hebben afgelegd aan de Dalton-
H.B.S. (thans Lyceum) te 's-G ravenhage, begon ik in hetzelfde j aar mijn
studie aan de R ijksuniversiteit te Leiden. Het kandidaatsexam en
natuur- en wiskunde, bijvak scheikunde, werd afgelegd in april 1958.

Mijn opleiding op het Kamerlingh Onnes Laboratorium ving aan
met een onderzoek naar de mogelijkheden kernspinresonantie toe te
passen om temperaturen beneden 1 °K te meten. Dit onderzoek vond
plaats door samenwerking tussen  de afdeling ad iabatische demagneti-
sa tie  en de afdeling kernspinresonantie.

Sedert 1960 genoot ik een studietoelage van de stich ting  F.O.M.;
na het afleggen van het doctoraal examen in ju li 1961, werd ik be
noemd tot w etenschappelijk medewerker van deze stich ting . Vanaf
1960 assis tee rd e  ik op het natuurkundig practicum; sinds 1963 ben ik
belast met de leiding van het eerstejaarspracticum  voor chem ici.

De in dit proefschrift beschreven experimenten zijn uitgevoerd
onder leiding van Prof. Dr. N .J. Pou lis, a ls  onderdeel van het onder
zoekprogramma van de werkgemeenschap Vaste Stof van de Stichting
F^O.M. De leiding van deze werkgemeenschap berust bij Prof. Dr. C .J.
Gorter, wiens belangstelling voor mijn werk een belangrijke steun is
geweest bij het tot stand komen van dit proefschrift.

De adviezen van Prof. Dr. A.R. Miedema en Dr. W.J. Huiskamp in
het beginstadium van de experimenten, waren zeer waardevol, evenals
d iscu ssies  met Drs. T .J .B . Swanenburg. Bij de metingen werd ik g e 
assisteerd  door Drs. T.W.J. van Agt, Drs. G.E. Snip, Drs. B. Vis en
de Heer T.O. K laassen .

Veel hulp en medewerking heb ik ondervonden van de sta f van het
Kamerlingh Onnes Laboratorium, in het bijzonder van de Heer D. de
Jong, die zorg droeg voor het cryogene gedeelte van de opstelling . De
Heren A.R.B. G erritse en C .J. van Klink verzorgden de glasapparatuur.
Mej. J .C . Bronkhorst leverde een groot deel van de onderzochte kris
tallen, terwijl de Heer W.F. Tegelaar de tekeningen van dit proefschrift
verzorgde. Dr. E.C . van Reuth ben ik dank verschuldigd voor het cor
rigeren van de Engelse tekst.
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