Topological Poperties of Quantum States of
Condensed Mattersome lecent surprises.

FD.M.Haldane
Princeton Uniersity

and

Instituut Lorentz \ ,
1. Berry phasesgero-beld Hall effct,andOone-walightO

Il. Anomalous and Spin Hall @tt,Topological insulators
11l. Non-abelian FQHE states




Berry curvature and dynamics of Bloch eleatrs

¥ anomalous elocity (Karplus and Luttinger 195

L orentz prce

h%: e E(r)+ Cji—r! B (r)

dt ¢ a band-structuge property
distinct fom the energ band
dr 1 dk “

E — I_ngn(k) + E! 0, (k)(Berrycurvature)

group \elocity

TheOanomalouselocityO is absent |
if time-reversaland inversion a'teg”ate ”Ota“og (used he)
symmety are both present. F2°(k) = 12°°(Q (K))e




¥ The Karplus-Luttinger term was degd from a
Kubo fomula,and gies rise to theOintrinsicO piaof
the anomalous Hall &ftt in rromagnetic metals.

¥ |t was \ery controversialand dismissed as deriving
from anOobvious eprO ly a umber of authors at
the time, who felt it violatedOfundamental principle

¥ A modern interpetation (Sundaram and Niu 1999

identibes it as the &ftt of theOBery curvatureO.




symplecticdrm (collect time derivatigs on left hand side of equation)

antisymmetric
matrix

det= 1+ ~F,F 2

= 1+ —lapcF (k) B°

Fap(r) =" aAp(r)" ! Fao(k) = VRAR(r) — VRAR (K)
magnetic Peld Berry curvature




modibPed Phase-spacgivme element!

¥ The symplecticdrm identibes the
consened phase-space®lime element
(Louiville theoem) (to lowest order In B)
as

T1

k. Fr 1+ CeacF(k)BC(r)

(27m)° g7

(Xiao,Shiand Niu,2006)
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¥ anomalous @locity is motion ofOserage position of electm in
unit cellO (with mar than one orbital in the cell)

¥ as k changes (wapaclet is acceleratedDserage positionO* in

unit cell moses relative amplitude on diffrent orbitals (diérent
atoms) changes.

This internal motion is th&©anomalouselocityO.




Ambiguity of theOmean position in the unit ce

®
©

¥ TheOserage positionO depends on the
(arbitrary) choice of unit cell.

¥ Displacementsindyvelocity of the Oserage
positionO a unambiguous.




The Bery connection and cwature.

! (k) = K&R 41 \Bloch state
) orbitals inside

|| n(k)> N 6i! n(k)|| n(k)> unit cell unit cell

. , _ positions of
OBery gaugeO tramshation orbitals inside

unit cell

a . a Berry connection
An(k) = L n(k)|#k! n(k)S (analog of gctor

potential in k-space)

A (k) AZ(K) 4+" 2 h(K)  effect ofOBery gaugeO tramsfation



non-comnutative geomety of the
Oserage positionO in the unit cell:

¥ formal operator irvolves the Bery
connection:

'n = —1Vic = An(k) Bery curvature
¥ comnutation relatioM

ol = iFk) (" i " kAR (K))
¥ compae to

ka, — _iva o i@Aa(T)/! [k’a, kb] — i@Fab(r )/h
N electromagnetic gctor potential




signibcance of the Bsrcurvature
Frl(k) = et (k).

¥t is gauge wariant.

¥ |t depends not just on the Hamiltoniaoyit
on how It iIs embedled In (Euclidean) spac

¥ This means that it contains ormation
about hawv the election system esponds
to uniform electromagnetic Pelds:

Ho=  h(r,r)r){r'l H(t) = Zh(r,r’)ei¢(r’r"t)\r!"r’\

r,r- r.r’

o(r,r',ty=(elt) E&r! r')t+ iB & " r’




time-reversal (T) and iversion symmety (I)

¥if either (antiunitay) T or (unitary) | is unboken,
(k) =", k)
¥if (antiunitag) T is unboken,
FP(k) = —FR°(—k)
¥if (unitary) | is unboken,
Fao(k) = +FR°(! k)

¥if both (antiunitay) T and (unitay) | is unboken,

Fal(k) =0




k-space analogs of eleothagnetic quantities:

¥Berry phase as analog of Bohm-Ahananc
phase:

measues magnetic

e ?22) = expi(e/h)  Aa(r)dr® Rux through a closed

: path in real space

- - measuesOBery

1o (1) — a =

e expl F,A dka  zx0 though a closed
path Iin k-space

e.g.The Bery phase avund closed constant eneygaths in k-space can
give a corection to Landau-kel quantization in a umfm magnetic peld.




Chern rumber and Dirac monopole guantizatic

(e/!)/zdzraBa(r)! (e/!)/EdQF = 21 " integel

Gabcdrb A drC sz — %Fabdra N\ drb
d’F = 2! | integel d°F ! ZF°(k)dk- " dk.
¥ This is the integrated Rux tbugh ay
closed 2-manaid in k-space

¥ The 2D Brillouin zone (BZ) is a 2-torust
the integral of Bary curvature over the 2D
BZ Is 2t times the (integerChern rumber




¥ this works because Y Stoles theoem,the
Bery phase is gan by

et (1) — expi  A%k)dk, = expi  d’F =1 M
| M

M

expi d’F = expi d°F =1

—M by

where ! |Is a closed 2-maupifl.

where Is aly 2-surface boundeaytthe closed path




Chern irvariants of non-degenerate bands:

(these vanish If timeexwersal symmety Is presen)

¥ 2D casek-space = (kky) :

2D Iinteger QHE

1
dk.dk,F Y = C,, « chern rumber

2m 2DBZ

¥ 3D casethe intersection of 3D bands with 2D plane normal
to a lattice translation is a 2D bandstruceur If the band is
non-degeneratgsauss la is obeed (no monopolesko.

1 a primitive reciprocal
S d3k F r?b = C, nabc (Gg )C < vector, (which inders a famjl
2 3DB7Z of lattice planes)

X 3D integer QHE =

chern number 2D integer QHE on
each plane




Quantum Hall efct;

¥ number of states in a blled band varies with E
dN/V ) e 1

— —€abc

dBa FL (27T)3 BY7

d>k F2°(k)

¥ By the Steda brmula,if there is a gp at the

Fermi level,
62 ngbc |

| ab __
T h o

n(0 ccC)

(this is an integer 2D QHE in each plane of a
famiy of parallel lattice planes)




Acclidental degeneracie

¥ Three generic classes:

¥ OothogonalO: hamiltonianOis eal symmetricONO Berry cunvature,
vary TWO parameters to Pnd a@accidental degeneracyO eenvleels

V4 OunitayOhamiltonian is complekas Bery curvature, vary THREE
parameters to Pnd a@accidentalO degeneracy leemnvleels

¥ (:)symplecticg') (Kramers degeneragyy, FIVE parameters to bnd an
OaccidentalO degeneracy leetwtwo Kramers doublets

¥ First casetime-reversal symmety without spin-orbit couplinghird
casetime-reversal symmety with spin-orbit coupling.

topologicaly- -stableODirac pointsO occur at
OaccidentalO degeneracies betwbands.




A simple model 2D bandstructar

¥ OGraheneO:

has spatialX X
Inversion and

time-revefsal X X

symmety

X %(wo distinctODirac pointsO at BZ corners.




why does grahene hge two Dirac points?

¥ (a) because the corners of the BZveathreebld symmety,
and degenerate bands neatoublet epresentation of C3v
point group?

¥ NO, because Dirac points dont dispear when thee-bld
rotation symmety Is bioken! - they just move to generic
points (related ly inversion symmety).

¥ correct ansver: because timeaversal symmety and
Inversion symmety are unbioken,and no spin-orbit
coupling(OothogonalO casgary TWO parameterskx, ky;
to bnd arOaccidentalO degenerpcy

¥ Immediate} destioyed (g® opens) if EITHER of these dw
symmetries Is lwken!THEN GET UNIRARY CASE.




2D zero-bPeld Quantiz _ed
Hall Effect

FDMH,Plys.Rev. Lett. 61,2015 (1988).

¥ 2D quantized Hall egtt:! XY = "e2/h.  In the
absence of interactions beeen the paticles,"
must be annteger There ar no curent-carying
states at the érmi level in the interior of a QHE
system (all such statesealocalized on itedge).

¥ The 2D integer QHE does NO require Landau
levels, and can occur If timeaversal symmety is
broken even if there is no net magnetic Rux thugh
the unit cell of a periodic system(This was Prst
demonstrated in an explicdgraheneO model
shown at the right.).

¥ Electonic states ag OsimpleO Bloch stategd(r
Prst-neighbor hoppint, complex second-neighbo

hopping te', alternating onsite potential M.)

FIG. 1. The honeycomb-net model (“2D graphite”) showing
nearest-neighbor bonds (solid lines) and second-neighbor bonds
(dashed lines). Open and solid points, respectively, mark the A4
and B sublattice sites. The Wigner-Seitz unit cell is con-
veniently centered on the point of sixfold rotation symmetry
(marked “#*”’) and is then bounded by the hexagon of nearest-
neighbor bonds. Arrows on second-neighbor bonds mark the
directions of positive phase hopping in the state with broken
time-reversal invariance.

p, O

-3V3 v=0
-7 O TP

FIG. 2. Phase diagram of the spinless electron model with
|t2/t1] < 5. Zero-field quantum Hall effect phases (v=*1,
where o™ =ve%/h) occur if | M/t2| <3+/3|sing|. This figure
assumes that ¢, is positive; if it is negative, v changes sign. At
the phase boundaries separating the anomalous and normal
(v=0) semiconductor phases, the low-energy excitations of the
model simulate undoubled massless chiral relativistic fermions.




2D OgrpheneO bandstructeir

e X v
/l \ \\/‘If//

5
s o ¥ 7\
-\ p ;
\XP; - AR Breaking either

iInversion (1) or

o L time-reversal (T)
two distinctODirac pointsO symmety opens a

(at corners of hexagnal Omass @& at Dirac
Brillouin zone) points.)

v 1
Break onYI:. m4 = mp
same sign Benry curvature

Er % nearA and B points

Break ony I: ma = -mp
density of states  agsig case  massie case opposite sign Bery cuvature
(massless)  (pulk insulator)  (bulk metal) nearA and B points




¥lntrinsic (Karplus Luttinger) Hall conductivity
Interpolates betveen quantized Hall
conductance sm edge states

‘quantized (0)
+ non-quantized (AHE)
:quanﬁzed()
. non-quantized (AHE)

~:quantized (0)
: S ¢*

Y




Graphene model with second neighb
hopping Is gry useful!

¥Quantum Hall efict with simple Bloch states

¥Used br anomalous Hall e#ttt studies(Nagaose
add disorder etc.

¥used br testing/dereloping fundamental band-
stucture formulas 6r orbital magnetization
(Vanderhbilt)

¥Quantum Spin Hall eftt (Kane and Mele)

¥Analog systenof photonic edge states (Haldan
and Raghu)




¥ Unitary case2r Bery RuxOmonopoleO ir
three parameter space

¥ If parameters a kx,ky, and the
OmassO @aarameter total ORUX@

passes though the k-plan®nearO the
weakl/-ggpped Dirac point.These points
dominate the Chern umber integral.




grgphenezigzag edge
edge state band
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broken 2 Q) broken
Inversion ~J time-reversal
symmety 4 \ T symmety

edge state connects
B j conduction band to

‘ Z | band!
=ss graheneO —————=




gquantum Hall effct vs Photonics

¥Quantum Hall effct:

|¥invo|ves charged interactingimions (electons) In
strong magnetic pelds (Landawels) in an
Incompiessiblecollective quantum state

¥ Photonics (photon band ganaterialsetc)

¥ involves neutral non-interacting non-consed
bosons (photons) mpagating as was:not realy
Oquantum@nd debPnitgi not incompressible!

Superpciallit seems unligly that there could be
arny similarities betwen the two systems!




Photonic bands (2D aay of dielectric ods)
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edge modes!







¥need to get a thin slalwith a gp aound
Dirac point pr all modes

¥one-wg transmissiomo elastic eRection at
bends

¥unlike electons,photons can be absorbed

¥Faradg efect is weak...

¥but Interesting possibilitieof OBery phase
engineeringO

¥Bery phases alsodm broken inversion,but
no edge modes




