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Laughlin FQHE state

lowest

. Landau leel

| =" (21,22,...,ZN). e !\(r,)

N-variable (anti)symmetric pghomial | 2, (ry= 2"B(r)/! o

¥ =1/m Laughlin state

| (21,22,...,28y) = (! z)"
; . . L.
¥Ooccupat|on umberO-li& representation In
orbitalsz™, m=0,1,..., N+ =m(N-1)
orbitals
10010010010010010Q11001 (M=3)

m=0 orbital””

This is the Odomina ntO conbgur ation of the La ughlin state




Mominance®

¥convert occupation pattern to gartition
I ,OpadedO with zaryes to lengthN:

¥ 1001001 # = {# 1,#2#3} ={6,3,0}

¥ # dominates #$if
¥ # % (& #i)= |#$| = M

¥ (& #$) (& i #)for alli=1,2,.N-1




OdominanceO addqueezingO

¥ (pairWise) SqueeZing{ove a paticle from orbitalmi-1to m1

and another fom m>+1 to m>wheremy! m .

| |
10010010010010010011001 A

10001010010010100011.00: B

1 1
A dominates B A > B)

¥ dominance is attial orderingif A > B anc
B > C,thenA > C.




¥ When expanded in occupatiorumber
statesthe (polynomial)l/m Laughlin state
only contains conbgurations dominatey |
the most compessedminimum M)Qd1,m)-
admissible conbgurati@®where no goup
of m consecutig orbitals contains ma@&
than 1 particle.

¥ OadmissibilityO can be thought of as a
generalized Pauli principle




Compactibcation of the lwest Landau el
on the Riemann spher

. . L%- ¢
ldentify orbitals m 0,1,...,N .
with orbitals Lz = S4§,...,-Son a '

sphee enclosing magnetic
monopole charge N= 2S

Uniform QHE states ag
rotationall/-invariant,
Liot = O.




Beyond OstandaO occupation
number brmalism

¥k-particle 1/m Laughlin doplet creation
operator (circular dioplet centeed atR): Cavssian

centered

! Ik / atR

«m (R)T|vac! " (zi # ;)" "r(ri)

> 1=1
¥For k=1, (m has no meaning in this case) this is

just the standat lowest Landau-hel single-pdrcle
creation operator

C(R) ‘VaC! . R(r 1)




¥Read-Rega (includes Laughlinoore-Read)
FOQHE sta&es a debned v

| =
(k+1)- particle Km + 2

destruction —> 141 m(R)“ =0 “—
| for all R
L (R =0m <m <«

k-particle | SURNTE 0 ﬂt locationsk ;
destrucion =T k,m (R += 0 of pinned elementar

guasiholes

OAdmissibleO conbgurations:

Not more than k paficles in km+2 consecutvorbitals
For m >0,not more than one paicle iIn m consecute orbitals




¥ On the sphee, the number of charge -e/(km+:
elementay quasiholesair a given N,N- Is

Ngh = k(Ny ! Z2mk(k! 1))! (km+ 2)(N ! k)

¥ The size of the basis set of quantum states (v
unpinned quasi holes) is equal to themnmber of
admissible conbgurations.

¥The states can be compleyetonstructed out
of conbgurationsiominated ly the dominant
admissible conbguratig®topO conbguration)

¥ These ae avery small subset of leest Landau
level states!




Jack Blynomials.

¥ For m = 0 (bosonic case) the= k/2 Read-
Rezayl multi-quasihole states are
spanned by the set of Jack symmetr Ic

polynomials J# K*D (z4,...zn) with an
admissible partition #, which form a

complete but non-orthogonal basis. (see

Feigin ,Miwa, Jimbo and Mukhin 2002,and Bernevig and
Haldane , cond-mat /0707.3637)

J(4(z) with parameter ( real positive and unrestricted are orthogonal
polynomials ; here ( is in general negative rational, and # are restricted to

OadmissibleOpartitions .




Fermionic 2/4=1/2 Mooe-Read state

uniform vacuum state on spher

1100110011001100110011001100111

even fermion rumber -e/2 double quasihole (h/entex) at North Pole:

°°01100110011001100110011001100111

odd fermion rumber -e/2 double quasihole (h/entex) at North Fole:

£0011001100110011001100110011C
fractionalization.one -e/4 quasihole (h/2eowtex) at North Pole,one near equator

®1010101010101010011001100110011D001

These translate into explicit wafunctions that can
be calculated In Pnite-size systems




3/5 (Pbonaccl) Read-Rgratate primay conbPguration:
11100111001110011100111001110¢

— elementay -e/5 wrtex at North pole

1010110101101011010110101101 vortex mOVES

11001110011100111001110011100: |2 NOPPING

%1010110101101011010110101101¢ 5 orbitals at e

000 time
01110011100111001110011100111

%010110101101011010110101101c

)
°100111001110011100111001110011;

%0110101101011010110101101011¢(

For charge -ne/5n > 1 there are alvays 2 othogonal primay states.




explicit rumerical calculations

¥ Stratey: obtain full set of highest-gight
states ly solving

Liotl! ! =

¥ The rumber of admissible conbgs at each Lz tells wsmary we
need.We exclude fom the basis set conbgs not dominatedtbe
dominant admissible conbbhis gies a highyl overdetermined systen
of equations!

¥ Within the full basis set thus obtainednpose the condition that pin:
the quasiholes at the desiul locations.




Patial ordering of occupationumber conbgurations with ed L,

¥squeezing deeases the variance  mnnt ( mnp)

m =0 m =0

OopQ »< OadmissibleO

Osqueezeddm
admissibleO

O OexcludedO
/i e

O
) / Po|Oextuded conkg.Q = C

\/

decreasing
variance

' OBottom®




key point:

Null space Is wariant under the Euclideanayup
¥Disk: [Pg,a]l = Q
¥sphee: [Po,L"]= 0

¥UseWignerEclert: need to (sinultaneous}) sole

L*|1 1= 0and Po|! | = @ highestwight

_ o ~ null modes
¥In the full basis this is an undeterminedipiem

(more columns thanaws)

¥After OexcludedO statesaemoved,it is
overdetermined (moe rows than columns)!

¥(can efpbcienglsole with a variant Lanczos-type technigue to
full Roating-point accuragy




example:

16 elections on sphee, maximum #=1/2 Moore-Read densiiplus
2h/e extra [3ux (single gqubit whewntices ae Pd)

16 spinless fermions on the sphere with 32 orbitals:
full basis: 601080390 projected basis: 825 (summmed over LZ)

00 10 20 30 40 50 60 70 80 90 100 110
6235 17625 30017 41207 53324 64172 75813 86131 97177 106789 117059 125864

Ltot= 12.0 13.0 14.0 15.0 16.0 17.0 18.0 19.0 20.0 21.0 22.0 23.0
all: 135218 143078 151432 158231 165486 171188 177258 181794 186683 190016 193686 195853

L, = 2:Pnd 6 zeo modes of a sparse 5,800,384 x 6,170,810

overdetermined matrix (52x10non-zeo matrix elements)

PURGE: nstate = 8884686 LZ= 2.0root= 11001100110011001001001100110011
nstate before purge= 8884686 after purge = 5800384
BINARY: registered binary code total size = 2:
1 components with sizes: 2
PURGE: nstate = 8854669 LZ= 3.0root= 11001100110011001010001100110011
L+ has 52060614 + 21167057 non-zero elements
6170810 constraints, 52060614 nonzero matrix elements, and 370432 linear dependencies
second representation of L+: 16 distinct values 48727308 elements

601,080,390 mvest LL states
825 MR nill-mode statesof which

zero mode # 2: maximum error 5.2D-18
zero mode # 3: maximum error  4.8D-18
zero mode # 4: maximum error  6.2D-18 - -
zeromode # 5: maximum error  3.8D-18 5 7 a’e I e St W I t
zero mode # 6: maximum error  5.5D-18
final overlap matrix eigenvalues:
1.00000000 1.00000000 1.00000000 1.00000000 1.00000000
1.00000000
two-body interaction energies:
-7.4892956319233095  -7.4689790893071946  -7.4496977681804388
-7.4039194994824538  -7.3871308896580405  -7.3668521272231633
6 highest weight zero modes found




¥ Laughlin 1/3 state iepresented ly
OoccupationumberO pattern \ ,
any 3 consecutig OorbitalsO

1001001001001001001001 contain exactt 1 paticle

¥ Moore-ReadPfafbanO 2/4 (= 1/2) state
the occupation pattern

110011001100110011001104Q contain exac 2 paticles

ary 4 consecutig OorbitalsO

(These ae not simple Slater determinant statésit (related to)
Jack painomials with specibc neg&iwmteger Jack parameters)




¥ The 3 Laughlin 1/3 conbgurations

...10010010010010Q .

...01001001001001Q.
...001001001001004. .

¥ The 6 Mooe-Read 2/4 conbgurations

...110011001100110011. ...010101010101010101.

...011001100110011001. .--101010101010101010.
...001100110011001100.

...100110011001100110.

These counts ge/theOtopological degeneraciesO of
these states when constructed on a 2-torus




¥ operator that creates a citularOblled
Landau leel dropletO of k parcles,
centered at position R+ (R)

ity (R)vac # (z$z)  "r(ri)

i<j i ]«

Gaussian cohent state centeed at R

2/22

<—— Omagnetic lengthO




¥ (Abelian) Laughlin 1/3 state with elementar
charge -e/3 quasi holes at positior$

LdnbrM Y @t ) (@t z)® Vo)

| <] i
| Z(R ) “ L ({ rjh})! — O, all R cantlestroy a m=l pair arywhere

| 1(R ?) ‘! L({ r ;‘} )! = () cantlestroy a single electn at positions of holes

¥ This state is completgldePned (up to a phase
factor) by the positions of the quasli holes




¥ (Non-Abelian) Mooe-Read 2/4 = 1/2 state wit

elementay charge -e/4 quasi holes at positioR-h

| 5 (R )|| M R ({ rjh} )! — 0, all R cantiestroy a 3-paticle droplet arywhere

| 2(R ?) ‘! MR({ r ;L} )! — () canQestroy a 2-paticle droplet at positions of
non-abelian quasiholes

¥ This state is NO fully debned § the positions
of the quasi holes

¥ residual degeneracyNa/2' 1 N, even




¥The only local operations possiblear

¥(i) add/remove an electon orbital (h/e [3ux

¥ (ii) add/remove an electon

¥isolated non-Abelian MoerRead -e/4 (h/2e
guasiholegannot be ceated ly local
operationsponly FAIRS of guasiholes can be
locally createdthen split @art.




¥ Topological quantum computingem:
encode and prcess quantum infmation
INn the residual degeneracy that Is left afte
the positions of the non-Abelian quasiho
has/e been specibPed

¥ When the quasiholes arwidely separated

local measwments dont distinguish the
statesso they are imnune to decoheence
by local enviromental peturbations

What distinguishes the Ointernal statesO
physically?




single-paticle m=1 two- Tetrahedral arangement of
4 MR h/2e wortices,

density particle density (14 electons,28 orbitals)

C— o=

_7.}’ el L .
o N

One qubit is left after
positions of wrtices ae Pd.

Sphee is m@ped to unit
disk.

the qubit doublet Is

split by the Coulomb
Interaction both states ag
shovn. THE SPLITTING
AND LOCAL DIFFERENCE
BETWEENTHETWO
STATES IS EXPECTH
DISAPPEARASTHE
SYSTEM SIZE INCREASES:¢




¥ states ae distinguishedypsmall oscillations of charge
density (lile interference fringes) aund a common
backgound density pattern

¥ the amplitude of these oscillations becomes
exponentialf small as the separation becomes large c
the magnetic length scale

¥ a pair of quasiholes ha¥VO statesdistinguished
local £rmion rumber parity (&en/odl):

uniform state: 11001100110011001100110

two quasiholesat * 01100110011001100110011
north pole: *10011001100110011001100

funpailed
electron:




(R -
P

:
01100110011001100110011
' r~

¥ The oscillations aund close pairs or
guasiholes clearldistinguish ¥en and od
fermion rumber states of the pair




two Moore-Read wrtices (fused)
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0.6}
0.5}

04

Distance

FIG. 4: The particle density for fused probes as function
of distance from the fusing point. Left/righ t panel refers
to odd/even number of electrons. On the left, the di! erent
curves correspond to N/N, =9/16, 11/20, 13/24, 15/28 and,
on the right, the di! erent curvescorrespond to N/N, =10/18,

12/22, 14/26, 16/30.

100110011001100110011.

AN

unpaied electon at North pole

°°011001100110011001100.



Monodromy

¥ Hold one vortex at the notth pole, and
move the other in inPnitesimal loops to
magp out the Bery curvature, in the two
cases of een and odl fermion rumber

Integrate the bery curvature inside a

closed path to get the monoomy.

——
-~

0.35
0.3}

Curvature

Difference

Curvature

Distance Distance

FIG. 10: (Color online.) The Berry curvature obtained
by moving one anyon while keeping the other bxed. Left-
upper panel shows the results for odd number of electrons:
N/N, =9/16, 11/20, 13/24, 15/28 and the right-upp er panel
shows the results for even number of electrons: N/N, =10/18,
12/22, 14/26, 16/30. The lower-left and lower-right panels
show the sum and the di! erence between the odd and even
results, respectively. For example, we added and subtracted
the result for N/N, =10/18 and N/N, =9/16, and then the
results for N/N, =12/22 and N/N, =11/20, etc..




for a path with

a large radiughe
relative Bery phase
factor between

the even and od
fermion rumber
cases pproaches1

(as predicted!)

Berry Phase (units of )

FIG. 11: (Color online.) The Berry phase accumulated by
an anyon when moved along a path ! =const, with the other
anyon fixed at the North pole. The Berry phase is plotted
against the area enclosed by the paths. Each curve is marked
with the corresponding N/N; numbers. The insets show the
electron density for the fused anyons, computed in Fig. 4,
which one can use, experimentally, to distinguish between
even/odd cases.




4 well-separatedartices (a qubit)

Note that the two state hae slighty diferent
Ointerérence rippleO patterns in the eleotr density
that will be exponential small as the distance beten
the vortices Iinceaseshut which is a esidual local p}sical
difference betveen the states.




single-paticle m=1 two- Tetrahedral arangement of
4 MR h/2e wortices,

density particle density (14 electons,28 orbitals)

C— o=

_7.}’ el L .
o N

One qubit is left after
positions of wrtices ae Pd.

Sphee is m@ped to unit
disk.

the qubit doublet Is

split by the Coulomb
Interaction both states ag
shovn. THE SPLITTING
AND LOCAL DIFFERENCE
BETWEENTHETWO
STATES IS EXPECTH
DISAPPEARASTHE
SYSTEM SIZE INCREASES:¢




four probes,
tetrahedral

.7._{_‘.—\_ —'—'_;__'.

p atte rn : - - ) . -o.iair density [V:O.g;
candidate qubit’ =

pair, 14/28

Zero-point
motion of
vortex positions

T -0. 0

Pair density
electron densidy

These ae made wittOSTM + coulombkepulsionO:
very close to theOexactO states!




non-Abelian Baty curvature ,for
Increasing size (10-15 eleotrs)

as size in@asesthe (magnititude) of the non-abelian eature peld Is
seen to be concentrated near the quasipee cores,consistent with
braiding.(For widely separated artices,there should be vanishing non-
abelian cwature in the regions in betwen the wrtices,so the
monodromy becomes puwely topological)

10/20 12/24




Entanglement spectre
andOdomlnanceO

¥Schmidt decomposition ¢
Fock space into N and S
hemisphees.

¥Classify statesybLz and N
INn northern hemispheg,
relative to dominant
conbgurationL.z aways
decreases elatie to this
(squeezing)




Repesent bipanite Schmidt -
decomposition lik an exutatlon
spectrum (with Hui Li)

!"!/2“ | v

1= e TN

¥like CFT of edge states.

¥A lot more inbrmation than
single mmber (entopy)

(b) N = 12, N, = 33

FIG. 1. Entanglement spectrum for the 1/ 3-blling Laughlin
states, for N = 100m = 3N, = 27and N = 12,m = 3,N, =
33. Only sectors of Na = Ng = N/ 2 are shown.

¥mary zeo eigevalues

e..! B




Look at diference betveen Laughlin stafentanglement spectrur
and state that interpolates to Coulombaund state

(b) x = 1/3 (€) x = 1/10

FIG. 2. Entanglement spectrum for the ground state, for a system of N = 10 electrons in the lowest Landau level on a sphere
enclosing Ny = 27 [3ux quanta, of the Hamiltonian in Eq. (12) for various values of x.

x=0 IS pue
Laughlin

Can we identify topological ater inOplgsical as opposed to model
wavefunctions fom low-energ/ entanglement spectra?

H =xH:+ (1! X)Vi




Latest esults shaving change In entangle spectrum of
half-Plled second-landaweéée coulomb interaction with
additionalV(1) pseudopotential (with Hui Li)

The interaction potential is Coulomb in LL=1 (spherical geometry) plus!V;. System sizeis Ng = 14, Ngrp = 26.

The overlap with model Moore-Read state.

V(1) modibes the ml
pair energ,and dries a

transition between a
Moore-Read-lig state
and a gpless state




FIG. 1. v, =1 0.05 FIG. 2: IV, = | 0.02
FIG. 3: Vi = ! 0.015

FIG.6:!V1i=0
FIG. 4. !V, FIG. 5. I'vy = 1 0.005

low-lying entanglement spectru
matches that of puer MR state

LI N L B R L B B LB B L B L B B A B

FIG. 7: 'V = 0.04




