Linearized Theory: Sound Waves

In the linearized limit, A, becomes ¢, and the distinction

Te%4

between the reference and target spaces effectively vanishes.

U, —>(8Z.uj —|—8juz,)/2 u(x) ~ e = e 0,5+4,y
L[ K, (q) = ng’6}
F B §f (;lW;]D uz(_q)sz (q) j J )

,ow2uz. =(A+ 2u)qiqjuj + qu(Sguj = K..(q)uj Rigidity matrix

Y

qz.; WavenuAniber wi _ CZ(123 w; _ C;QQ Nojce c; =
6@']’ — 6@']’ — 4,4, CZ =(A+2u)/p \fvjliller]n2D
Uy =4, Y, = 4% =[B+2(D-1)(u/D)/p p_g

T
Ui = 6Z.juj C; =p/p
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Dynamical matrix and Waves in 2D

D,;: Continuum dynamical matrix

w

w

N NN NN

1| A+2u)g; + pg,
Pl (A+2u)qq,

A

— ¢ uy, = (d,4,)i 4=

=c,q : u, =(4,-4,)

2D uniaxial system

2 2 2
f= %(Kﬂm; + 2K WU U+ K Ut 2K 5uxy>

Y
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D (q) = -

0

(

\

2 2
Kqg +Kgq (K,+K)qq

(KQ _I_ K5)qqu K3q
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(A+p)a,q,
(A+2p)g + pg;

2
wu =D u.
1 Z] ]
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Surface (Rayleigh) waves
o =(A+ 2,u)uyy +Au_ Ui(iﬂa y) o< Ae

vy Convert g, to ix

2 2 2 2
o, =2uu, q, 4, —q —K

__iqT —RrY . —hpY
u (z,y) =e"(qAd e ™ —ir Ae ) K

2
L
2
T

u (7,y) = e ik, A e + qATe_'{Ty) R
Wl «f 2( 2 2 2 2 2
o (y=0)=e"lic,(¢" —r;)—2¢7c;)A, —2c,q5,A,]=0
1qT -/ 2 2
0, (y=0)=pe™[=2qr, A +i(q" +r,)A,]=0

—Qq/fL Z(QQ -+ /{2) AL 0
z(ci (q2 —HZ)—QQQC;) —26§QHT | A 0

A¢°c Kk, + (¢ +K7)[c (¢ — k) —2¢°c.] =0
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Rayleigh Wave Speed

24 — (W ] A)][w? —2¢2¢°]) = 4¢*[@” — (& / )][g — (w

2 2 2
w—csq

s° —8s" + 85°[3 — 2(c:2F /Ci)] —16[1 — (C; /Ci)] =

Solve subject to the constraint that s*, k2, and Kk ;?

be greater than zero: only one solution.

cC. = s —8s* +8s* =0

T L

Solutions: s = 0; s° = 4(1£4/1/2)>1

Only first soln satisfies constraints.
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Response and Fluctuations

int _ 6f _ D _/ / AN ext
=5 = [ d"2'K (x,x ), (x) = — £~ (%)
Y. (x,x") = (5uz_(x) = K '(x,x") Note: x diverges
! 5]3("/) ! when any
) G4 5 _qq eigenmode
X, (a) = Kz-jl(Q) = — + >, frequency
()\+ 1) Ha vanishes
/
5,55 = 5, 61) (150 (,60) = T %)
qu T
5,(q) = Tx,( < > f DI

<p<x>>=zg<e@<x—“ S

No Long-Range Crystalline Order for D<2
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What are Nematic Gels?

 Homogeneous Elastic media with
broken rotational symmetry
(uniaxial, biaxial)

* Most interesting - systems with
broken symmetry that develop
spontaneously from a
homogeneous, isotropic elastic
state
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Examples of LC Gels

1. Liquid Crystal Elastomers - Weakly crosslinked
liquid crystal polymers

W i

Nematic

Smectic-C

2. Tanaka gels with hard-rod
dispersion

3. Anisotropic membranes %

4. Glasses with orientational order
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Properties ||

Large strain in small
temperature range
3

I
ik

s |
- 1
S
,q A
H =
g .
7~ 52 Terentjev

20 40 60 80 100 120
T (C)
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Properties Il

« Soft or “Semi-soft” elasticity

u,., - T T T
4 a
g f

ook o T B

o :

— X ooa fg

C 5 | § I

Vanishing xz shear modulus osl 4 g

lf‘(ﬁ!m—cu o0 e "“'j

- " "J ........ 2 14 %

U 03F " s n

‘ I I I 22 : “W a
- > 7

115 1.3 145
Warner Finkelmann

Soft stress-strain for stress
perpendicular to order
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Neoclassical Elastomer Theory

- Gel: random walks between

e E Warner and | crosslinks with probability
3| Terentjev distribution
= | d tl 1/2
L P(R)=|——| exp(—3R['R /2L)
1 L)V (2L) v
[ROQR(WLV — égO,aﬂL
¢ =¢nn +{ (6. —nn) R=A R
U] |77 g LNy i 1 o«
detl |
_ 0 -1
P(R)= 2nL) exp(—SROQZO’(WRO 5 /2L)
[ =anisotropic step-length tensor 1
[, =tensor at time of crosslinking [ROQRMLV - §€O,aﬂL
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Stretch from Step Anisotropy

Free energy density Uniaxial constant volume stretch
f=—nT[n P(R)]_
3 A0 0
1
— ERTA l A [ROQROﬂ]aV A — O A—1/2 O
| 0 0 A

ST TrALA |

f=1nTN%, /1 +207 /1]

0|

€OL€] N

Minimize over A at fixed ¢’s

1/3

1

14

L

A = €>f,: A >1 as expected

C L

0| L
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af af 3 Oéﬂl Yy 2%(%3"&"(*4!(*&OII*$+|&(%
— \Ij(nanﬂ - géaﬂ) ,"3%&$ﬁ(%,+$&$',

2
f :%Bu; + uTru” — CTru” + D(Tr@2) — EuwTr@2

L approaches zero signals a transition to a nematic state
with a nonvanishing . u_ ~ /&

Phase o T
transition o =5 @0 — 5(‘/»«\0 AO — é)
g ‘ <H: — /’L"_LO —I_ %éuaa
T I$()&S, 4 Ny $+*96(6$&(%6(7-
I 8('/" %), &$,9'9+*

Li=ho b 4733"&(7:
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Broken Continuous Symmetry:
Goldstone Modes

Goldstone Theorem: an ordered state that breaks a continuous
symmetry (e.g. a rotational symmetry) necessarily has one or more

zero energy modes (excitations)
m : 2D magnetization; f(m): invariant under

m, _| cos§ —sind m, - m, = Hmy
m, sinf cos6@ m, me <+ m,
ﬂ 8]‘ f ——m_ = = om m
do 8m ™ 8m X, =—"=—t——F—00
y “woo Oh h e
Y T

— —hxmy + hymx =0

There must be a zero mode:
v ay 8my +m =0 [tisthetrivial rigid rotation
8hy do <0 ! 8hy ! of the magnetization.
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Elasticity of New Phase

Rotation of anisotropy
direction costs no energy

> 1

r=—
A()J_
v (T_l)e

u ~
AV S

Tz

(1) 1—cos20  rsin20 Cs=0 because of
' +sin20 -1 (1 — Cos 29) rotational

Invariance
/2 !/ / / /

[.=tKu '+ Kuu +IKu u

el 2 22 VUV

1 2z 2 3 w v

/I /I
+ 2K u u Ku u
4 vt vt 5 2w zv
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Soft Extensional Elasticity

In | 74}/%

—_— -~

uﬁl‘l’

1 —cos20 %Sin 20 T
u=(r=1 L sin 20 L (; COS 29) /
vr ' rife Al
1
uZZ -~ uxx .
T Strain u_, can be converted to a

u = \/“xx( r—1-2u ) | by
2\/; developing strains u__ and u,,
until u . =(r-1)/2
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Semi-soft stress-strain

d d d

d d

d0 Ou_do Ou_ d  Ou_ db

VAl Tr

Y — 95 (u —u)+2Ao. o Ju_ =0

d@ Tz Tr Tz
(0 —0o )u
o =—+—**—2=0=u_=0oro
ul‘%‘ o uZZ
Of o, internal stress; o,
o , = . 9nd
o8 G, ] 0, : 2" PK form of
(87

external stress;

Second PK 9z =0 h
stress tensor.
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Semi-soft Extensions

Break rotational symmetry

| 1 1
=
—
2 F
|
oo o ¥ _
o G‘ E
C . H a
- : : A
£.004 : ;F_:
06 £ 1
l'dym—a—ur ~o-o-af.... ]
J
. L; ,,,,,,,,, 12 14 2.
" s kA
03k 7 isasassaiad 0
" ..‘Mﬂ"
[ | ‘l 8]
w

Finkelmann, et al., J. Phys. Il 7, 1059 (1997);
Warner, J. Mech. Phys. Solids 47, 1355 (1999)

1.15
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—
_ _ e aaa
Stripes form in real DA T
: i e a e
systems: semi-soft, BC SEEEEESS

Not perfectly soft because of residual
anisotropy arising from crosslinking in
the the nematic phase - semi-soft.
length of plateau depends on magnitude
of spontaneous anisotropy r

Warner-Terentjev

Note: Semi-softness
only visible in nonlinear
properties
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Elastic Membranes

Elastic membranes are two-dimensional manifolds that live in a
three dimensional space. Thus, not only are the reference and
target spaces different, they have different dimensionalities as
well. It is useful to generalize this concept to D-dimensional
manifolds fluctuating in a d-dimensional space

Uy, = (8auﬂ +0,u,+0 u-0,u+d h- 8ﬂh) Foppl-von
Karman number

2
1 D 2 2
H—Qfd x)\uw—l—Zuuaﬂuaﬂ—Hﬁ;(@ h)] _y, LQ/H;
T T
Shh (q) — /{_qzl; Suu (q) ~ E Harmonic order

D
<h2(x)> = ch (d @ I pe_po ( =(4-D)/2 is the

—1 D 4
L (2m)" Kq wandering exponent
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Nonlinearities
#, ~4 [d°a\O,u, 0,h-0 h+1(0 h-0 b))+
2140, ju, 0 h-0 . h+1(0 h-0, h)’]

Integrate over h (or use your favorite diagrammatic
technique): Divergent contribution to p for D<4.

Expect new M/ ~ M(l — %deC]C]4S:h(Q)

critical . i

exponents ~ M[l - Z—ZL QL] ~ (- (4_;;240)
5,.(d ) h(q) = ¢,h(bq)

<h q, > S,,(a,)(2m)"6(q, +q,) = ¢ (h(bq,) - h(bg,))

Ch hh (bql)(27r) (5(bq1 + qu) — C:b_DShh (bq1)(27T)D6(q1 - q2)
e Shh( ) = C}?b DShh(bq) _ C}?b_D(bQ)_M—n) = Ch _ b(D+4—n)/2
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Constraints of Rotational Invariance

(2-7,)

S (@)~q¢ "™ u(q)=Culbg)=¢ =y
h(X) — f(QD quh( ) f(;iic)]/ b" Zq x/bCh( )_ b_(D—4+77)/2h(X/b)

m)”

u(x) = 5" u(x /) = S, (x,0) < x [P (x,0) <[ x [

uu

Rotational invariance requires all terms in H scale the same way
#H, ~ 4 [ d”a]20(0 u, 0 u,+ 0 u 0,00 h++(0 -0 hY +..]
(Bu)® — b7 "2 (Qu)’
Equate n +2n=4-0D

Ou(Oh)* — b B gy (9 h)? Exponents
(ah)4 _ b—4b—2(D—4+n)(ah)4
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Results 9. J e
n = , N, =———; d =d—-D
Expansion in e=4-D: 24 +d, 24 +a,

Aronowitz and TCL, PRL 60, 2132 (1988)

Self-Consistent Field 7 =0.821; 7 =0.358 Comments: K

theory, D=2,d=3 stiffens ar?d 1L
Le Doussal, Radzhhovsky, PRL 69, SOftenS W|th
1209 (1992)

wavenumber

r=L% wu=Lu h= uthi
u~0u+(0h) =L 'L 0t+ L L (Oh)
U~ L;lLu@ when Li =LL

k(q) ~ (§,q)"

w(g) ~ (£.9)"
§., = Ginzburg length

s+ @) [ 4 L 00

, \/(4-D)
K

Choose: L %7 L= ZLD_“LfZ L=1=L =

=¢
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Spontaneous Symmetry Breaking

Phase transition to anisotropic

state as . goes to zero

2 —_— —_— —_

u, = 4018, o]

/_\o — \/é"’zﬂo
’Zlfozﬂ — 'Zlf()ozﬂ
:\Ij( n _géaﬂ)
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L

L:AOLL

Phase
transition
L >
L
Direction of n, is
arbitrary
Symmetric-
Traceless

part
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