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7. HEISENBERG’S UNCERTAINTY RELATION

7.1. Quantum mechanics of a particle: a summary

This chapter begins the detailed discussion of the behaviour of a single particle
in quantum mechanics. In this section we give a short review of basic material,
some of which was discussed already in earlier sections. The Hilbert space of
states H of a point particle in ordinary 3-dimensional space is L?(R?, d¥), the
space of square integrable complex-valued functions on R3. These functions
will be denoted as ¥(¥), ¢(Z), etc., with & = (21, 2, x3), and are usually called
‘wave functions’. The inner product on A is given by

+o0
(1, ha) = / T @)a(F) dF,

with d¥ = dzidxadxs. Note that the inner product is conjugate-linear in the first
variable, the standard convention in physics. The basic observable quantities of
the theory are position and (linear) momentum , represented by the selfadjoint
operators ; and P; defined, for j = 1,23, as

(Qi¥)(T) = z;9(%)
(Pj) (%) = 73—%1/)(5)

These operators satisfy the Heisenberg or canonical commutation relations

h
[P;, Qr] = 7()]'1«
[P, Pe] =0
[QJan] = 01

for j,k = 1,2,3. Note that we consider these unbounded operators on the com-
mon dense domain S(R?), the space of Schwartz functions, the C* functions
that, together with all their derivatives, go to zero at infinity faster than arbi-
trary inverse polynomials. By this choice we avoid the more obvious domain
problems.

The most important physical observable of a particle is the energy. It is repre-
sented, according to the ‘principle of canonical quantization’, by an expression
in the position and momentum operators ; and P; which is the same as that
for the energy of a classical particle. For a particle with mass m, moving under
the influence of a force F derived from a potential V as F; = —%V(i"), the

most common case, this gives

o= (V@)

or, more explicitly,

2

(HY) (%) = (AY)() + V(2)$(2),

2m



. 2 2 2
with P? = P2 + P22. + P32 and A the Lapla.ce operator.A = %12 + (,37 + %32.
For V' = 0 the particle is called free. In this case, again the most common one,
the energy operator is also the Hamiltonian, the generator of the time evolution

of the system. For this reason 1t is denoted as H.

In classical mechanics a rotating body has angular momentum: an important
physical quantity the conservation of which explains why the axis of a gyroscope
persists in a given initial position and also why one is able to ride a bicycle
without falling over. A classical particle moving with linear momentum 7 has a
vector [ of angular momentum with respect to the origin # = 0 of the coordinate
system defined as

[= & x D,
or in components

L= IopP3 — IT3P2
ly = x3p1 — x1p3
l3= 1Pz — T2pP1-

The ‘canonical quantization principle’ gives that the quantum mechanical de-
scription three angular momentum operators L1, Lo, Ls, defined as

Li =Q2P3— Q3P
Ly =Q3P1 — Q1 Ps
L3=Q1P,— Q2P

The Ly are differential operators, one has

P O
YT mzamg ISaCEQ ’

and the two others by cyclic permutation of the indices. The three angular mo-
mentum operators do not commute. Their commutation relations can be worked
out by using their explicit forms as differential operators, but can however more
easily be found from the known commutation relations for the position and
momentum operators. The result is

[L1, Ls] = ihLs
[Ly, Ls] = ihLy
[Ls, Li] = ihLy

There is also the operator L? = L? + L2 + L2, representing the square of the
absolute value of angular momentum. It commutes with all three components
L;. Angular momentum in quantum mechanics has very non-classical proper-
ties: its measurement gives only discrete discrete values; its three components
are incommensurable. It is also strongly connected with symmetry aspects:
the three operators L; span a representation of the Lie algebra of SO(3), the
3-dimensional rotation group. All this will be discussed later.



7.2. More on position and momentum

When discussing the properties of position, momentum and energy in quantum
mechanics, it is an inessential but notationally very convenient simplification to
do this first for a 1-dimensional particle, a simplification which would of course
not make sense for the discussion of angular momentum.

For a 1-dimensional particle the state space H is the Hilbert space L%(R',dz),
with inner product
oo
(102 = [ TiWa(e) de.

As basic observables one has the position and momentum operators ) and P,

defined as
(QY)(z) = z¢(x)

and b d
Pu)(z) = = —(:
(PY)() = & (),
satisfying the Heisenberg commutation relation
h
[P,Q]= - L
The energy operator is
P? h* d
H=—= -
2m 2m dx®
for a free particle, and
P? h* d?
2m V(@) 2m dxz? +V(=),

for a particle moving in a potential V. We take the space of Schwartz functions
S(R') as common dense domain on which the P and @ are essentially selfadjoint.
The operator H is also essentially selfadjoint on this domain if the potential V'
is a bounded real function on R'; it is a nontrivial mathematical problem to
decide for which unbounded functions V' this remains true.

A useful device is the Fourier transform
1 +eo
(2rh)1/2 J_o

(:E)e_hipx dz,

P(p) =
with the inverse transform

1 teo ;
Y(z) = W/— b(p)et w7 dp.

For the ¢ and its Fourier transform 12) one has Plancherel’s formula

/ ™ @) da = / ) d.

o — 00



The theory of Fourier transforms of functions of a single variable is a fairly subtle
part of mathematical analysis. In this case technicalities can be avoided: as a
linear transformation of the Hilbert space the Fourier transform makes sense as
an integral which defines an invertible continuous linear map from S(R) onto
itself and extends to a unitary operator on the full Hilbert space of all square
integrable functions.

In our general outline of the formalism of quantum theory and its physical inter-
pretation we mentioned already that the square of the absolute value of the wave
function ¥ (z), provided that it is normalized to one, i.e. provided that its Hilbert
space norm is one, is interpreted as the probability density for the position of the
particle: the probability for finding the particle in an interval [z, 23] is given
by the integral f;f |¢(z)|*dz. The mean value, the expectation, or ezpectation

value as one says in the physics literature, is given by (Q)y = fjoc: z|y(z)| de,
and, more generally, the n'” moment as (Q")y = fj_ocf z"|¢(z)|*dz, in agree-
ment with the general Hilbert space formula (A7), = (¢, A™¢), for the mea-
surement of an observable A in a state .

The same operator formula holds for the expectation value and the n*” moments
of the probability distribution for momentum measurements in the state ¥ (z):
(P™)y = (1, Py). We use this to calculate (P™)y explicitly. We note first that
Plancherel’s formula can be generalized to

+oo +oo R
[ v = [ G

— 00 — 00

for arbitrary functions v; and v in L?(R!,dz), and with 1[)1 and 12)2 the Fourier
transforms of ¢ and 5. To prove this one uses a general expression for the

inner product (1, %2) in terms of (¢1 & 2, %1 + 1¥2) and (Y1 £ e, 1 £ ihs).
We write, for a function ¢(z) in S(R),

o) =2 [ [ b =

— 00

1 +oo i
h W/ pi(p)er?*dp,

which implies (@)(p) = pl[)(p), and more generally (P/’E/))(p) = p"Y(p). Using
the generalization of Plancherel’s formula gives

_ +o0

(P™)y = (¥, P"p) :/_ (P™)* (z)y(z)dz =
+oo N 4o )

= [ Fr e = [ e

which means that the function |1/A)(p)|2 is the probability density for the mea-
surement of momentum p.



The function ,(z) = e#?” is a plane wave in (one-dimensional) space, with

wave length A = 27h/p. Tt is an eigenfunction of the momentum operator
pL %aa_x for the eigenvalue p. Physicists therefore use such plane waves for

the quantum mechanical description of a particle with sharp momentum p.
This expresses one of the oldest and most influential general ideas of quantum
mechanics, the particle-wave duality: a point particle of mass m and momentum
p = mv is described by a plane wave with wave lenght

/\:27rh.
P

This A 1s called the De Brogliec wave length of the particle, after the French
physicist Louis de Broglie, one of the pioneers of early quantum mechanics, who
was the first to suggest this idea of a ‘particle - wave duality’, as was already
mentioned in Section 2.1. of Chapter 2. The interpretation of the function
Yy () = e#PT as a physical state is nevertheless incorrect. The general formalism
of quantum theory tells us that a function ¥ (z), which is an eigenfunction of
a selfadjoint operator A for an eigenvalue a, should be interpreted a physical
state with a as a sharp value for the observable represented by A. However,
the function ¥ (z) should be square integrable. The plane wave 1, () = e#P®
is clearly not square integrable, it is not an element of the Hilbert space of
physical states.

The Fourier transformation provides us with a mathematically more precise
way of expressing the above physical idea. The intuitive meaning of the Fourier
formulafor the function ¥ (z) — the ‘wave function’ as it is called, not surprisingly
in view of what has just been said — is that it gives ¢(z) as a ‘continuous
superposition’ of plane waves. To approximate the notion of a sharp momentum
state we can use a superposition over a narrow p-interval € around a p-value pq,

for instance
/PD+%E ;
e*P¥dp.
Po— %5

The constant % in front is such that Ypy,e Will be normalized to one. An
elementary calculation gives

NI

1/)1?075 (‘E) =€

Upo e (2) = Fe(2) 7007,

with

|

SlIl.2 X

=t

=

F.(z)=¢

3]

%
The function ¥, () is a plane wave ¥, (z), multiplied with the real function
F.(x) which makes it square integrable. F(z) has a maximum &% in z = 0
and goes to 0 for z going to +oo, oscillating with decreasing amplitude between
the absolute value of the function % For small €, i.e. when the momentum
lies within a narrow interval, the function flattens out in space, which means

physically that the position of the particle becomes very unpredictable. For large



g, i.e. for undeterminate momentum, F; (z) becomes sharply peaked around z =
0, which means that the position of the particle becomes narrowly determined.
This example shows us that we can have quantum mechanical states in which
the position of the particle can be predicted with arbitrary precision, that we
can also have states in which the momentum is as sharply defined as one wishes,
but that we can not have both at the same time. This can be shown generally
by means of an inequality for the standard deviations of the measurements of
position and momentum which will be discussed in the next section.

The fact that one cannot simultaneously measure the position and velocity of
a particle with arbitrary precision means that the particle can be observed at
discrete times, but not over a continuous time interval. It cannot be followed in
time; its orbit is not observable. There is an even stronger interpretation of this:
the classical notion of orbit of particle is meaningless in quantum mechanics .

7.3. The uncertainty relation of Heisenberg

Consider for a moment an arbitrary quantum system with Hilbert space H. Take
two physical observables @ and b, not necessarily commensurable, represented
by two (not necessarily commuting) selfadjoint operators A and B. Let 1 be
a state vector in H, which should be such that Ay, A%y, By, B?y, ABy and
BAy are well-defined. Denote in the usual way the mean values (A)y = (¢, AY)
and (B)y = (¢, By) as @ and b, and the standard deviations ((A —@)?)'/? =
(¥, (A—a)%)"/? and ((B b))% = (¢, (B —b)*)"/? as Aa and Ab. We then

have

(%, [A, Bly)| = (¢, [A—a B —b]y)| =

The inequality of Schwarz gives
2] (A=a)p, (B=b)y) | < 2/[(A-a)y|l[|[(B-b)y|| =
=2, (A—2)%)Y2 (¢, (B —b)*)Y/? = 2 Aa Ab.

The result 1s the general uncertainty relation, for the standard deviations of the
observables a and b in the state 1,

—_

(Aa)y (Ab)y > (¥, [A, BlY)I.

This is a restriction on the possibility of simultaneously measuring a and b.
For commensurable a and b, when A and B commute, there is of course no
restriction.

Return now to the case of a 1-dimensional particle and choose A = P and
B = Q. This gives immediately the Heisenberg uncertainty relation

h
ApAz > 5



Note that we write Az and Ap instead of Azy and Apy because the right-
hand side no longer depends on the state vector 1. The Heisenberg uncertainty
relation is one of the centre pieces of elementary quantum mechanics, illustrating
the fundamental incommensurability of position and momentum measurements.

7.4. Minimal uncertainty states

For an arbitrary state i the product of the standard deviations in position and
momentum is always larger or equal than %h We are interested in states 1
for which this product is minimal, 1.e. equal to %ﬁ Such states of minimal
uncertainty in position and momentum will just be called minimal states or
minimal wave packets in this section. Finding all minimal states is simplified
by the following remarks:

a. Translating a wave function ¢ over a distance a in space gives a new wave
function ¥q(z) = ¢ (z — a). Its probability density for measuring position is
pa(z) = |[¥a(2)]? = [¢(x — a)|* = p(x — a), which gives a translated expectation
value (T)q = T + a. Its standard deviation Az clearly remains the same. The
Fourier expression for the translated function v, is

1

+oo ;
@mni / Y(p)erPE=Vdp

ale) =¥ =) =

1 oo ;
= G [, de0ea,

with the new Fourler transform
a(p) = €77 (p).

This is just multiplication of 1/;(]9) with a phase factor, which does not affect
p(p) = |1/A)(p)|2, the probability density for the measurement of moment, and
consequently leaves both the expectation value p and the standard deviation
Ap unchanged. This means that translation in z carries minimal states into
minimal states. Note that the above Fourier formula argument shows that
translation in space of a wave function 1 over a distance a can be seen as the
result of the action of the 1-parameter unitary group U(a) = e~ #2F or

e = E_Eiapw~

b. A similar argument applies to a translation in momentum space, given in
terms of the Fourier transform as 1])b(p) = 1/;(;0 — b), for an arbitrary b in R!.
The mean value p changes into § + b, but the standard deviation Ap remains
the same. The wave function in z-space is multiplied by a phase factor,

() = eFTy(a),

so it is clear that neither Z nor Az changes. This means that translation in p
also maps minimal states into minimal states. Note that these translations are



the result of the action of a second 1-parameter group of unitary operators, n.l.
the group V(b) = e#®? or

o = iy,
The remarks a. and b. together imply that it is sufficient to find the minimal

states with z = 0 and p = 0; all others can be obtained from these by the action
of the operators U(a) = e~ #%F and V(b) = e#*?, for all possible real a and b.

The derivation of Heisenberg’s uncertainty relation in Section 7.3 gives for a
state ¢ with Ap = Az = 0 the relations

h= (s, [P, Ql¥)| < 2[(Py, Q)| < 2(|PYI[|Qv[| = 2Ap Ax.

For a minimal state, i.e. with ApAz = %h, the Schwarz inequality in the
middle becomes an equality. This is only possible if Py = A@v, for some
complex number A. One has on one hand ||Py|| = |A|||O%]], or |A| = %, and

on the other hand Ap Az = %ﬁ = %(1/), [P, QlY) = %Im (P, Qv) = (Az)2Im A,
which gives Im A = %. Together this gives A = i%. The minimal states with

Ap = Az = 0 are therefore normalized vectors 1 satisfying

Ap
Py =1 —
p=iZlQy.
1.e. solutions of the differential equation

d 1 Ap _
<E+£E:L‘) P(z) = 0.

The solutions of this equation are obtained by the substitution y = /2, which
leads to an even more elementary differential equation in y. One finds as general
solution 2
4]

W(a) = CoF,
with the positive parameter g = A—Z. The constant C' can be determined, up to
an irrelevant phase factor, by the normalization condition (1, ¢) = 1. Using the
well-known Gaussian integral f_t: e~ dt = \/7 one finds C' = (%) % With
this we have a l-parameter set of minimal states with Ap = Ap = 0. Their
wave functions are

0 )1/4 _ e
bo(z) = | = e 2
Ve () ( wh ’
with the positive parameter g equal to the quotient %. The probability density
for the measurement of position is
2.2 1 2

2_ (0@ 3 —252 — ST
[Vo(z)] _(ﬁ) e n —m‘f (a=)

a normal or Gaussian distribution centered at £ = 0 and with standard devia-
tion Az. One can show that the Fourier transform of 1, is

) TAYY .
1/)9(19):( ) e_mxa

mho



which leads to a probability density for the measurement of momentum
1/2
~ 1 1,2 1 _ 1 2
2 . ——5P _ 2 p
= | — e oh = —————— ¢ 2(Aap) ,
[9e(e) <7th> (2m)'/2Ap
a Gaussian distribution centered at p = 0 and with standard deviation Ap.

The minimal states with arbitrary values for p and T are obtained from those
with p = 7 = 0 by translations in position and momentum space. The result is
a 3-parameter collection of wave functions

)

- (I) _ ( 0 )1/46%5@_5)@_%@_5)2

T\ )=\ T5,
with Fourier transform
1/4
~ 1 i 1 —\2
—— . e~ FTP o~ mmg (P—P)"
Up7,0(P) <7r7zg>
The probability densities for position and momentum measurements are

iz o (o) = (= )l/ze—ﬁm—ff _

- Q(Alm)2 (I_E)2

1
(2m)1/2 Az €

wh
/2
~ 9 1 ! _F%(p_l—))z 1 —;(P—I_’)z
— = —— 2 = 2(ap)?
Vrmo (P (m ‘ @m)172Ap !

again Gaussian distributions with standard deviations Az and Ap, now centered
at # =7 and p = p.

7.5. Examples

The numerical consequences of the uncertainty relation can be demonstrated in
appropiately chosen concrete physical systems.

a. An example of a microscopic system:

The mass of an electron is roughly 9 x 1073 kg. Assume that it moves with
a velocity v = 10 m/s, so the momentum p is 9 x 1072® kg.m/s. (We use
KMS (kilogram - meter - second) units.) Suppose again an uncertainty in the
momentum of 0.1 percent, so Ap = 9 x 1073! kg.m/s. This gives for the uncer-
tainty in the position a value Az = 4.5 x 107° m. This may be a small lenght
in the macroscopic world, but it is very large in the atomic contex, for instance
in comparison with the size of the hydrogen atom, in a certain way defined by
the radius of the inner electron orbit which is roughly 5 x 107! m. (With this
‘orbit’ we mean the space region in which the wave function of the electron in its
state of lowest energy is appreciably different from 0. An orbit in the classical
sense does not exist, as was discussed in 7.2.)

b. An example of a macroscopic system:

Think of a bullet with a size of a centimeter and mass of 10 grammes, moving
with a velocity of 200 meters per second. (The velocity of sound in air at room

10



temperature is 340 meters per second). The momentum p = muv is 2 kg.m/s.
Suppose that there a is an uncertainty in this momentum of 0,1 percent, i.e.
the standard deviation Ap is equal to 2 x 1073 kg.m/s. Planck’s constant h
is 1.054 x 107%* kg.m?/s, so +h is roughly 5 x 107" kg.m?/s. This gives the
minimal uncertainty in the position of the bullet as Az = %E/Ap =25x 10733
m, a value which is extremely small and would be totally unobservable in this
context.

The last example illustrates an important general point in the application of
quantum theory to physics. Quantum theory is considered to be valid for all
physical phenomena. It is indispensable for understanding the world of atomic
physics. However, in macroscopic physical situations its predictions can often
not be distinguished experimentally from those of classical mechanics. In such
cases the continued use of classical ideas is justified.

7.6. The 3-dimensional case

The basic formulas for the quantum mechanical description of a 3-dimensional
particle were given in 7.1. In the subsequent sections we discussed the case of
a particle in 1-dimensional space. This simplified our formulas, while nothing
essential was lost. In this section we briefly review some of the remaining aspects
of the 3-dimensional case and give — for the sake of completenesss — the 3-
dimensional versions of the appropriate formulas.

The position operators @1, @2, @3 commute; they form a triple of commensu-
rable operators , which means that they give a system of stochastic variables in
the sense of ordinary probability theory: a normalized state vector @ defines
the joint probability density

P(-rl: L2, $3) = |1/)($1, T2, I3)|2

for the three position variables z1, 2, 3. The same is true for the three com-
ponents of momentum, with a simultaneous probability density

ﬁ(P1,P2,P3) = |1/;(P1,P2,P3)|2~

For this one needs the 3-dimensional Fourier transformation. The formulas for
this transformation and its inverse are

R 1 Foo s
1/)(17) = W/ 1/)(5) e~ FPE I

. Lo
Y(F) = W/—oo Y(F) er? T dz,

with the Plancherel formula

+o0 , +oo .
| wapar= [ jigrap

o

11



Each pair (P;,Q;), j = 1,2,3, consists of two incommensurable observables.
There are no simultaneous probability distributions; instead we have, for j =
1,2, 3, the Heisenberg uncertainty relations

1
Apj A;‘Ej Z 571

The set of states of minimal uncertainty in position and momentum, states
which satisfy
1
Apj A;‘L’j = 577,,

for j = 1,2, 3, consists of all product wave functions

"/’H,E,gl (1‘1) 1/)1375792 (IQ) wp_s,ﬁ,ga (I3)7

for abritrary expectation values p;, ¥; and arbitrary positive values of the quo-
tients g; = Ap;/Az;, for j =1,2,3.

8. TIME EVOLUTION OF WAVE FUNCTIONS

8.1. Motion of a wave packet

In the preceding chapter we discussed the quantum mechanical description of a
free particle at a fixed time. In this section its time evolution will be studied.
For simplicity we again consider first the case of a particle in 1-dimensional
space. In general the time evolution of a state in quantum theory, from an
initial time ¢; to a later time ¢5, is given by a l-parameter group of unitary

operators U (t) = e~ #tH as

P(ta) = e"wltamtOHay (3,

This means that state vectors, as functions of time, should be solutions of the
‘abstract’ Schrodinger equation

] |
V() = == HY(t),

which in the special case of a 1-dimensional particle becomes the ‘concrete’
Schrodinger equation

g( t)——i _ﬁ3_2
B = 2m dz?

o 5 + V(éL‘)) P(z,1),

with the state vector now the ‘wave function’ ¢ (z,¢). This differential equation
is of course only defined for wave functions in the domain of the (unbounded)
operator H, for instance for functions that are in S(R) as functions of z.

A state of a particle may have a wave function which is different from 0 only
in a small region of space and which has a Fourier transform concentrated in

12



a small momentum interval. It will have small standard deviations Az and
Ap from the average values T and p of position and momentum. Such a state
can be called ‘quasi classical’. It resembles a classical particle with well-defined
position # = ¥ and momentum p = p. This is of course only approximately so,
because Heisenberg’s uncertainty relation tells us that Az and Ap cannot be
both arbitrary small; the product Ap Az has %h as lower limit. The minimal
uncertainty states discussed in Section 7.4 are the best one can have in this
respect.

In fact, even the time evolution of an arbitrary wave function has classical

aspects. This is in particular true for the time dependence of the average values
of position and momentum. One has for the expectation value of position

de(t) d _
T = L 00,Qu) =

(— 2 H(1), QUID) + (5(1), - QHY(1)) =

(1), [H, QI (1),

Using the basic commutation relation [P, Q] = %1, together with the fact that
@ commutes with V(Q), one finds

2 . A
[H,Q)= [ +V(@).Q)= 5 -[P".Ql= --P
which gives finally
dz(t) 1 o1
o = W), PY(t)) = —p(t).

For p(t) one obtains in a similar manner

dp(t) _ i 3 dv _ Tavy
o = WO PR @) = — (), g5v(t) = - [E]’

dt
in which % is the operator which multiplies a wave function with the function

J—H‘;f . The pair of first order equations

= __  dp _ _[dV
T T s

can be combined to single second order equation

&’z [dv]

dr

which brings out even more clearly the analogy with the classical equations of
motion. The time evolution of a wave function which is quasi-classical at an

13



initial time will resemble in first approximation the motion of a classical particle
with position z = Z(¢) and momentum p = p(t), at least for a certain initial
period of time, because the wave packet will eventually spread out, and its
quasi-classical character will then be lost.

8.2. The free particle

In this simple case the Schrodinger equation can be explicitly solved, i.e. the
wave function at time t5 can be expressed in the wave function at an earlier time
t1. For this one can use the Fourier transformation. We demonstrate this for
the 1-dimensional case. Let the initial state at £ = ¢; be given by the function
Y(z,t1), a function in which we assume to be in S(R!) in the variable z. Its
Fourier transform is

. 1 +oo ;

b(p,t1) = ——= b(x,t1) e "P7dz.

W) = G [ vt
The Hamiltonian is a simple expression in the momentum operator P, so the
action of the unitary evolution operator e~ #*H
is also simple and gives

in terms of the Fourier transform

P(p,ta) = e 72T (p 1),

By using the inverse Fourier transformation finally one obtains the solution at
t =15 as

1 +oo ipg
Yz, t2) = W/ ¥(p,ta) e dp =

1 too | ; S
- / )(p, 1) e” #amt)m eRP dp =

G ),
1 too Foo i ' i p?
=55 dp/ dz' (2’ t1) [e_ﬁp(x_x ) e~ w(ta—t)3m
™ — 00 [ee]

This is a well-defined repeated integral which gives ¥ (z,%3) as a function in
S(RY) for all t5 > #;. It is sometimes written as

+ oo
Y(z,t2) = Gz, to; 2 t1) (2 t1)d2’,
with
Lo , .
G(z,to;2' 1) = i | e~ #P(E'=0) =k (tamt) B gy

the Green’s function or evolution kernel of the differential equation. This in-
volves an interchange in the order of integrations which is strictly speaking not
allowed and leads to an integral for G which is singular; the formula, which is
very useful, can however be made rigorous by interpreting G as a distribution or
generalized function in the sense of Laurent Schwartz, instead of a as function
in the ordinary sense.

14



The analogous formula for the 3-dimensional case can be written down imme-
diately as

52

1 +oo too i im
w(fatQ) = W/ dﬁ/ dflw(f/7t1) e_ﬁp.(x_x)e_ﬁ(H_tl)%n )

with the heuristic reformulation

+ oo

1/)(;2_3‘,12) = G(f,tQ;f/,tl)’l/)(f/,tl)d;i;/,
with
1 too i 2
G(Z,t9; 7 t1) = —(27Th)3 /_Oo e~ RP(E =F) =i (ta—t1) 5 dp.

Note that the equations for the time evolution of average position and mo-
mentum are now precisely the classical equation for position and momentum,

because V(z) = 0.
8.3. A particle in a bor

Consider the quantum mechanical description of a 1-dimensional particle moving
freely in a box of length a. The Hilbert space is H = L?([0, a], dz). The position
operator @ : ¥(z) — z(x) is now defined on all vectors in H; it is a bounded
operator with norm |[|@Q|| = a. The momentum operator P, the differential
operator %%, is well-defined on the linear subspace D) of all differentiable
functions ¢ in L2([0,a],dx), with the derivative () (z) = % (z) again in
L2([0, a], dz), but it is clearly not symmetric on D) because the condition for
symmetry on a domain, (¢1, Pi2) = (P1,¥2), for all pairs of vectors 1, 5

from that domain, implies the boundary condition

Y1(a)z(a) = ¥1(0)y2(0).

This leads to the possible domains of symmetry
D) = {¢ e DV |¢(a) = £ *4(0)},

for each a € [0, 27). The restriction of P to each Dg}) gives a selfadjoint operator
P,. One checks that is has a purely discrete spectrum, with eigenvalues

h
Pn = E(a+27r),

and a corresponding orthonormal basis of eigenfunctions

1 ia
o (x) = %eﬁpnz,
for n = 0,£1,£2,.... Note that P defined on the domain consisting of all

functions ¢ which vanish in = 0 and £ = a would be too small. The restriction
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of P to this domain would be symmetric but not selfadjoint. This gives us a
simple example of a symmetric operator which is not selfadjoint, but has (an
infinite number of) selfadjoint extensions.

For the discussion of the physical interpretation of this situation we consider

the possibilities for the energy operator, restrictions of the differential operator
2 2 . . . ..

H = —1_ 4 {o suitable domains. Starting from the P® we find selfadjoint

2m dz?
operators H, = %ﬂﬁ defined on the domains fo) consisting of the functions
¢ in L2([0, a], dz) that have second derivatives which are again in L*([0, a], dz)
and satisfy moreover the boundary conditions 1(a) = ¢*%(0) and ¢{")(a) =
ei*p(1)(0). They have the same orthonormal systems {42}, of eigenvectors as
the P,. The energy eigenvalues are

(pp)? R’ 2
B = n = 2
” 2m 2ma? (ot 2mn)7,
for n = 0,+1,42,.... There is an additional selfadjoint energy operator H?,
n.l. the restriction of H = —%(;‘i—z to the space D20 of all ¥ in L?([0,a], dz),

having second derivative (2 in L?([0,d], dz), and with boundary condition
Y(a) = ¥(0) = 0. H° has an orthonormal basis of eigenfunctions

with eigenvalues

forn=1,2,...

Taking H, for @ = 0 as energy operator means that when the particle reaches
one endpoint of the interval [0, a] it immediately reappears at the other endpoint.
The motion is periodic and the points # = 0 and z = @ can be identified;
the particle moves on a circle. For a # 0 the particle passes a barrier at
z = 0 = a, at which it picks up a phase, as is usual in the transmission of
waves. The case with energy operator H describes a particle moving in box
in the ordinary sense; it is reflected at the walls of the box and the sign of its
velocity changes instantaneously. Note that in this case no proper selfadjoint
momentum operator can be defined. This is because we have in a certain sense
a singular limit, even in the classical case, with an infinite force at the wall
driving the particle back, a limit of a finite repulsive force over a short interval
near the wall. In any case, this quantum mechanical model of a particle in
a box illustrates in a simple way the physical meaning of different selfadjoint
extensions of a symmetric operator.

8.4. The tunnel effect

Consider a 1-dimensional particle moving in a potential V(z) which vanishes
for all real z, except in two intervals, [—(a + d), —a] and [a, a + d], on which one
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has V(z) = Ey, with Fg, a and d positive constants and d much smaller than
a, i.e. a potential V(z) which consists of two walls of hight Fqy and thickness d.

In the classical description a particle with kinetic energy 2— < Fj cannot pass
the potential walls. If it is inside the interval [—a, a] it will remain inside, when
it is outside it will remain outside. A particle with kinetic energy larger than
Ejy can move freely along the real line; it passes over the walls, its velocity only
momentarily perturbed by the potential. The quantum situation is different.
Suppose that we are certain the particle is at a given time #; inside the interval
[—a,a]. This means that the support of its wavefunction ¢ (z,1) is contained
in [—a, a]. One can show that the time evolution is such that the wave function
will spread instantaneously; at each later time ¢5 it will be nonvanishing at
arbitrary points z outside [—a, a], i.e. there is a nonzero probability of finding
the particle outside the walls. Conversely, if we know the particle to be outside
the walls at an initial time, the chance that we may find it inside at a later
time is nonzero. The reason for this is that a strictly localized wave function,
i.e. a wave function with compact support, contains all possible energies in
its decomposition with respect to the eigenfunctions of the energy operator. A
wave function of which the components are cut off below a certain energy, say
the energy F of the potential walls, is not localized. The corresponding particle
can be found inside as well outside a given interval. This phenomenon that a
quantum particle cannot be contained in a region for an indefinite lenght of time
and it can always pass through potential walls is called the tunnel effect.

9. THE HARMONIC OSCILLATOR

9.1. Introduction

The great success of quantum mechanics between the years 1924 and 1927 was
its ability to give a qualitatively and quantitatively satisfactory description of
atomic spectra. By this it established itself as the theoretical model for submi-
croscopic physics. A simple but typical example in this context was the hydrogen
atom. An even simpler quantum mechanical model is that of the harmonic os-
ctllator, which will be treated in this chapter. Like the model for the hydrogen
atom 1t can be explicitly solved by elementary means, i.e. the formulas for its
energy levels and energy eigenstates can be found in closed form. The differ-
ences between the quantum version and the classical version of the harmonic
oscillator are very characteristic for the differences between quantum and clas-
sical mechanics in general. This makes it excellent for pedagogical purposes.
It is also of great practical use, because it gives a good first approximation to
many more complicated and more realistic physical systems.

9.2. The classical harmonic oscillator

A well-known system in elementary classical physics is that of a particle attached
to one end of a metal spring. As long as the spring is not stretched too much,
the particle will be driven back, in the direction of the point where the string
is fixed, with a force proportional to distance to this point. This situation 1is
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idealized in the mechanical model of a classical harmonic oscillator: a point

particle of mass m moving in R' under the influence of a force F = —kz, with
k the ‘spring constant’, implying that Newton’s equation F' = ma = m‘fo is
d? k

Note that the force on the particle comes from the potential V(z) = %km? The
general solution, for arbitrary initial position z(0) and velocity #(0) = (d_x)t:o
is easily found to be

z(t) = #(0)w™! sinwt 4+ 2(0) coswt,

with w defined as y/k/m. The motion is periodic; the particle oscillates around
the origin = 0 with ‘circle frequency’ w, a characteristic constant of the system.
Kinetic energy is constantly transformed into potential energy and vice versa,
but the total energy remains the same. This energy depends depends on the
initial values of the motion or on the maximum amplitude |£,az| = (2F/mw)*/2.
The possible energy values of the system form a continuum; E can have an
arbitrary nonnegative value, with for £ = 0 the particle at rest in the origin

z =0, as a limiting case, the only stationary state.

The system can be put in Hamiltonian form, with canonical coordinates p and
x, with a Hamiltonian function

2

1
H(p,x)= L + - mw?a?

2m 2
and Hamiltonian equations
dz p dp 2
—=—, —=-muw'z
dt  m’ dt '

together equivalent to the second order equation

d’z 4w
— 4w
dt?

x=0.
9.3. The quantum oscillator

As was already indicated in the introductory section, many important systems
in physics can in first approximation be desribed by a harmonic oscilator or
by systems of harmonic oscillators. The basic reason for this is that a general
potential V(z) with a minimum in z = 0 can be expanded around z = 0 as

V(z) = V(0) + V/(0)r + SV (0)" + .

with V’, V' the first, respectively the second derivative of V. The first term is
a constant and does therefore not affect the dynamics, the second term vanishes
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because V has a minimumin z = 0, so the first nonzero term is a term quadratic
in z, i.e. a harmonic potential. A similar argument can of course be used when
V has a minimum in an arbitrary £ = zy. The role of the harmonic oscillator
model, as a simple starting point for the description of situations in which
particles are bound to each other by strong forces, is even more important
in quantum physics than in classical physics. This gives another justification
for the detailed discussion of the quantum mechanical 1-dimensional harmonic
oscillator in this chapter.

The state space H for the quantum mechanical oscillator is the Hilbert space
L*(R',dz), its Hamiltonian operator

1 1
H:_P2 - 2 2.
oml Tame

This operator can be shown to be essentially selfadjoint on a suitable domain
of smooth functions, e.g. S(R').

Remark: The ‘prescription’ by which the quantum Hamiltonian is obtained
from the classical Hamiltonian is here still unambiguous, even though P does
not commute with (). There would be a problem if the classical Hamiltonian
function would for instance contain a term p3¢3. The operator P3Q? is not
hermitian symmetric, so is not admissable. Classically one has

P’ == ((pg)* + (ap)*) = % (P’ + ¢°p°) .

N | —

Both the combinations % ((PQ)3 + (QP)S) and % (P3Q3 + Q3P3) are hermitian
symmetric. They are however not the same, so it 1s not clear which one should
be chosen as quantum observable. It also not immediately obvious whether both
operators are essentially selfadjoint.

Studying a quantum system the central task is to find the eigenvalues and
eigenvectors, or more rigorously the spectral resolution, of the Hamiltonian —
usually the energy operator — of the system. Only in a few cases this problem
can be solved exactly. The hydrogen atom is one of these cases; the harmonic
oscillator another.

Solving the eigenvalue / eigenvector problem H = E for the harmonic oscil-
lator means solving the differential equation

(—i i ?mw%?) b(x) = Bya),

for suitable, i.e. square integrable functions . This problem was solved first
by a straightforward application of a general method for studying solutions of
second order differential equations of a certain type; later a more algebraic
method was found which uses in an ingenious way the quantum mechanical
commutation relations. The first method will be briefly scketched here; the
second will be treated in more detail in the next section.

19



Choose a new dimensionless variable

_fmw
u = 3 x,

use instead of F the dimensionless quantity

FE 1
E=———
hw 2

flu) = —w(\/% z).

This leads to a differential equation for f as a function of u, which is equivalent
to the original equation and which is

and define

d*f df
—= —2u—+2f =0.
du? Y +2ef=0
Expand the function f into a power series f(u) = ag +aju+asu? +. ... Substi-

tution of this series in the differential equation gives a simple recursion relation
for the coefficients,

2(n —¢)
Unys = ——————ay,,
T+ D(n+2)
forn = 0,1,2,.... Given ag, this relation determines the coefficients for even

n; given a; one obtains those for odd n. The first case gives an even function
of the variable u, the second case an odd function. Note that substitution of
the power series for 1 in the original equation would not give a useful recursion
relation; in fact the nontrivial part of this procedure is to find a transformation
to a new equation for which the recursion relation is simple and determines the
coefficients. One next studies the asymptotic behaviour of the coefficients a,
for n — oo and finds that there are two possibilities. The first is that series of
coefficients {a,} is infinite. In that case the function f(u) behaves as ce*” for
u — +oo. This gives for the original function 1 a total exponential factor e3u’
Such a solution % is not square integrable and is therefore not acceptable as
wave function. We are left with the second possibility: the series breaks off and
f(u) is a polynomial. This happens precisely for integer values of £. For ¢ = ng
we clearly have that all a, are nonzero for n < ng and vanish for n > ng + 2.
These results together give the solution of the original eigenvalue / eigenvector
problem Hy = E4 as
En = hw(n+1/2)

for the eigenvalues, and for the eigenfunctions

Un(z) = Ny Hp(\/mw /B ) e” 555

forn =0,1,2,... The N, are normalization constants equal to
1 mw\ 1/4
N = s <ﬁ) '
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The Hy(+) are the Hermite polynomials , well-known from other areas of applied
mathematics. The first five Hermite polynomials are

Ho(u) =1

Hy(u) = 2u

Ho(u) = —2 + 4u?

Hs(u) = —12u + 8u?
Ha(u) = 12 — 48u? + 16u*.

One finally shows that this is the complete solution: the spectrum of H is
purely discrete and the eigenfunctions i, form an orthonormal basis in the
Hilbert space H.

These results should be compared with what we know about the classical sit-
uation: A classical oscillator has a continuum of possible energy values, the
interval [0, 4+00) and a single stationary state, the situation in which the par-
ticle has energy 0 and is at rest in the origin. The possible energy values of a
quantum oscillator are discrete, E, = hw(n + 1/2), for n = 0,1,...; there is
an nfinite sequence of stationary states, the corresponding eigenstates ,, in
which the ‘groundstate’ ¢y, the state with the lowest energy, has a nonzero ‘rest
energy’ %hw.

9.4. Lowering and raising operators

The starting point of the second method is a transformation of the operators P
and @ into a pair of non-selfadjoint operators A and A*. Define

A=aP+1i06Q, A* = aP —i8Q.
By choosing the real parameters a and 3 as
a=(20)"F(mw)"F,  B=—(2h)"F(mw)?

and using the basic commutation relation

P.QI="1
one finds for the new operators the commutation relation

[A4,4"] =1
and for the Hamiltonian operator H the expression

H =hw(A*A+1/2).

In all this we use S(R!) as common invariant domain of definition for the oper-
ators. Denote A*A as N. The operators N and H have the same eigenvectors;
eigenvalues ¢ of N correspond with eigenvalues F of H through the relation
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E = hw(e + 1/2). We therefore study the slightly more convenient eigenvalue /
eigenvector problem

N = ef.
The solution of this problem is obtained in a procedure consisting of the follow-
ing steps:

a. From the basic commutation relation [A, A*] = 1 one easily derives the
relations

[N’A]:_A’ [NaA*]:A*~
(For example: [N, A] = A*AA — AA*A = —[A, A*]A = —A).

b. These commutation relations are used to prove a lemma, which is the prin-
cipal ingredient of the procedure:

Lemma: If 3 is an eigenvector of N with eigenvalue £, then either Ay = 0 or
the vector Ay is an eigenvector of N with eigenvalue € — 1. At the same time
either A*y = 0 or the vector A*¢ is an eigenvector of N with eigenvalue ¢ + 1.
Proof: N(A¢) = [N, Al + ANY = —Ayp + c A = (e — 1)(Ae), which states
that At is an eigenvector of N, with eigenvalue € — 1, unless Ay = 0. Similarly
one has N(A*¢) = [N, A*| + A*Nop = A + e A*p = (e + 1)(A*Y).

Remark: Because of these properties A is called a lowering operator and A* a
raising operator. Systems of such lowering and raising operators A;, As, ... and
A7, AL ... with commutation relations

[Aj, ARl = 05x 1, [Aj, A] = [A], A;] = O,

are important in other areas of physics. In elementary particle physics such
operators are called annihilation and creation operators.

c. Eigenvalues of N are necessarily nonnegative. Let € be an eigenvalue, with
1) the corrresponding eigenvector. One has

0 < (A, Ay) = (v, A" AY) = (¢, Ny) = (i, ).
Because (1, ) > 0, € must be nonnegative .

d. Suppose there is an eigenvector ¢ with eigenvalue £. Repeated action of
A on 1 will give a sequence of new eigenvectors At), A1, ... with eigenvalues
e—1,e—2,.... These eigenvalues cannot become negative, so this sequence has
to break off. This means that that there is a vector 1o = 0 and a nonegative real
number &g, such that Nig = g9 and Ay = 0. This implies 0 = (Atg, Athg) =
(Yo, Nipg) = eo(tbo, o). Because (fg,%0) > 0 this gives ¢ = 0. The result
of this is that the existence of an eigenvector 1 with eigenvalue £ entails the
existence of an eigenvector ¢y with a lowest eigenvalue €9 = 0. Starting from
this 1y we can apply the operator A*, and obtain a sequence of eigenvectors
A*tg, (A*) %o, . . ., with eigenvalues 1,2,.... Suppose that for a given n from
[0,1,2,..] the vector (A*)"*14q = 0, while (A*)” # 0. Then

(A7) abo, (A%)" abo) = (A7) "o, AAT(A")" ) =
= ((A™)"o, (N + 1)(A%)" o) = (n + 1)((A7) "o, (A7)"0) # 0.
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This means that the upward sequence g, A*tg, (A*)%¢g, ... does not break
off. Note that the action of A and A* leaves this sequence invariant, up
to real factors: A((A*)"¢) = (AA%)((A*)""Mg) = (1 + N)((A*)""ebg) =
(n+ 1)(A*)"~1epg and A*((A*)"4pg) = (A*)"Ft1¢g. The vectors (A*)"¢ can be

normalized by using the above formula. to normalize the. One has

[1(A™) o * = (A7) abo, (A7) Fho) = (n + 1)((A") "o, (A%)"0) =
= (n+ 1) |[(A) ol )2 = ... = (n + D) ||ol|.

We choose (10, ) = 1 and obtain then an orthonormal sequence of eigenvec-

tors g, Y1, . .., with i, defined as

1 *\N
¢n:ﬁ(1‘1) 1/)0~

e. Our result sofar is that the eigenvectors of N, in the domain S(R!), occur
in infinite orthonormal sequences g, 11, %2, . . ., with corresponding sequences
of eigenvalues ¢ = 0,1,2,.... The number of such sequences depends on the
number of (linear independent) ‘ground states’ 1. To find the possible vectors
g one must leave the purely algebraic context and return to the the explicit
Hilbert space picture. A state 1)y with lowest eigenvalue £y = 0 satisfies Ay =
0, i.e. is a solution of the equation (aP + i) = 0, or more explicitly,

d
L pola) = L),
This is an elementary differential equation, which has the general solution

Yo(x) = cosin®’,

with ¢ a constant. Substitution of the expressions for @ and  gives
2

Yo(z) =ce” T,

The standard Gaussian integral fjoc: e_y2dy = 7'/% is used to normalize v,

which gives for the constant ¢ the condition |c|*> = (mw/hm)'/2. With the
obvious choice for ¢ one obtains finally the single ‘ground state’ eigenfunction

1
MW\ T _ mw,y?
bo(x) = [ —) e 2 7.
Yo(2) ( hm )
From this the other eigenfunctions v, are obtained as
1
vn!

One can show, using explicit Hilbert space properties, that the system {1, }
forms an orthonormal basis for # = L?(R!, dz). This shows that the t,, with

Un (@) = —= ((A7)"%0)(2).
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their eigenvalues ¢ = n, give a complete (discrete) spectral resolution for the
operator N and therefore for the operator H = hw(N + 1/2), with eigenvalues
En, = hw(n + 1/2) . One can of course verify that the 1, here are the same as
the ones found in the preceding section.

9.5. Time evolution

The quantum oscillator has an infinite sequence of stationary states, the energy
eigenfunctions g, 1, ..., for which the predictions of the results of measure-
ments of arbitrary observables are constant in time. (Note however that an
actual measurement would instantly transform the stationary state into an in
general nonstationary state, in the case of a measurement of position with a
wave function concentrated around the observed position value). In Section
8.1. we derived equations for the time evolution of the mean values of position
and momentum for a general wave packet, which strongly resemble the classical
equations. For the harmonic oscillator these are the classical equations: because

f 4V — L (I1mw?)z? = mw?T one obtains
d
224 = B(t
w20 =50
d_ 2

7 (1) = —mw?Z(t).

This implies that all the stationary states 1, have T = 0 and p = 0, just like the
single stationary state z = 0, p = 0 for the classical oscillator, but at the same
time with Az # 0 and Az # 0. The ground state 1y is a minimal uncertainty
state, as will be shown in the next section. A general state ¢ can be expanded
as ¢ = Y -7 cpt; its time evolution is therefore given by the formula

o

Z T IH D e, (0) 9.

The time evolution is particularly interesting for the so called coherent states, a
class of minimal uncertainty states which emerge here quite naturally by using
the operators A and A*. This will be discussed in the next section.

9.6. Coherent states

The ground state 1 is a solution of the equation Ay = 0, i.e. it is an eigenvector
of the operator A with eigenvalue 0; and as such it is unique up to scalar factor.
Has A has other eigenvectors? The eigenvalue / eigenvector problem for A is
an unusual one, because A is not symmetric or selfadjoint. It has nevertheless
a fairly simple solution which is moreover of physical interest. To find this
solution one needs the commutation relation [A, (A*)"] = n(A*)"~! which is
obtained from the basic relation [A, A*] = 1 by induction. Expansion of the
left-hand side of the equation A¢y = A¢py with respect to the orthonormal basis

Yo, Y1, .. . glves

Agy = A (f} w) Z )b =

n=0
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= Va1 =D cap1vVi 1.
n=1 n=0

Note that this is only well-defined if the coefficients ¢, 414/n + 1 are such that

| |2n

o0

A
Z|C”|2 — < oo.
n=0 n:

Expansion of the right-hand side gives

Apr =D Acn Y.

n=0

By comparing the two expansions one obtains the simple recursion relation

en+1V 1 + 1 = Aen, which, after choosing ¢g = 1, gives ¢, = )\”/\/H, for n =

0,1,.... The series of coefficients A" /v/n! is l;-summable, so the vector ¢, is
well-defined. One has
2 _ = |)‘|2n —_ A7
[l _ZT_E :
n=0

and similarly, for two different complex numbers A; and s,

= A)\ -
¢)\1:¢>\ Z ! ? 1>\2.

n=0

The vector ¢ can be written as

m—me—E”( Viago = o,

n=0

a very appealing and convenient expression, although one should realize that this
does not mean that the operator-valued exponential function e*4” has in itself
a good mathematical meaning, but only that the special sequence of vectors

Yo + Ao + %(A*)Qiﬁo + 31—!(14*)31/)0 + ...

is convergent.

In this manner we have found a complete solution of the rather unusual eigen-
value / eigenvector problem A¢y = A¢y: for a each complex number A there is
a vector

or = nzz% ﬁwn =M Po.
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The vectors ¢y are normalizable, with norm ||¢,|| = €/*!, and inner product

(63, 6r,) = e*1*2. The eigenvalues A form a continuum, the complex plane,
but the eigenvectors are nevertheless normalizable. The uncountable system
{éx}rec is linearly independent in the sense that each finite subset is linearly
independent, even though the Hilbert space is separable. It is a basis of the
Hilbert space #, not in the usual sense, but in a generalized ‘continuous’ way.
An arbitrary vector ¢ in H can be written as

) = L/ Fy(A) e PP dxd),
c

T 2mi

with %dXd)\ = Ldzdy, for A = z+iy, and with Fy afunction which is uniquely

2T Ky

determined by

Fy(A) = (éa. ).
One can show that Fy () is anti-holomorphic, i.e. its complex conjugate Fy (A)
is holomorphic, and that it satisfies the growth condition

/ |Fy(A)[?e™ PP dXdA < oo.
(&)

Such functions form a Hilbert space H with respect to the inner product

1
(FlaFQ):.Z

7

/ Fr () Fa(A) e dxda.

The relation between the vectors ¢ in H and the anti-holomorphic functions F
in H given above is a unitary transformation between H and H. The space H is
called the Bargmann Hilbert space of anti-holomorphic functions — or holomor-
phic functions, if one uses a slightly different convention. It has many interesting
mathematical properties.

Remark: Note the difference between this notion of a ‘continuous base’ and the
one suggested by the system of nonnormalizable eigenfunctions ¢,(z) = cerP®
of the momentum operator P.

In this quantum mechanical context the vectors ¢y, or their normalized versions
- TN
or = e M gy,

are called coherent states, a term which has its origin in an application in
quantum optics, a subject that cannot be discussed here. (Strictly speaking the
term ‘state’ should be reserved for the normalized vectors <Z;>\, but the ¢, are
often more convenient to use and are therefore usually also called states.)

To understand the physical properties of (normalized) coherent states, we cal-
culate the expectation values p, T and standard deviations Ap, Axz. The inverse
transformation formulas

1 *
1 *
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with o = (‘Zmﬁw)_l/z and 3 = —(mw/?h)l/z, allow us to express P and @ in
A and A*. Note that one has

(0x, (A)MA” ) = (A™dx, A"6x) = X A",

for all myn =0,1,.... An arbitrary algebraic expression in the A and A* can
be written in what is called normally ordered form i.e. as a sum of such double
monomials, if necessary after a rearrangement using the basic commutation
relation [A, A*] = 1. With this one obtains

1
2«

B = (52 Pd) = o (B (A4 A)da) = s=(A45) = © Red,

and similarly

~ ~ 1 - 1
T = =—A=A)==ImA.
Together this gives
A=ap+ifzT.

For the calculation of Ap one needs
P = (9, PPr) = Tpln, (A7 4 (A)? 4 A A4 AA) D) =
= (B (A7 4 (AT) 42444 1)) = T (4 X+ 2P 4 1),
One finds
(Ap) = 77— (1) = 7og (W + X 4 2DP 4 1) = 5 (A4 1) =

40

402’

and therefore Ap = 1/2a = (mw)'/?(h/2)/?. Similarly one obtains (Az)? =
1/43% or Ax = —1/20 = (mw)~/%(h/2)*/?. Combining the results on p and =
one obtains finally

11
ApAz=——— = _h
PEE= "0 T 2"

which means that each normalized coherent state qz;A 18 a minimum uncertainty
state .

Conclusion: For each value p and T there is a minimum uncertainty state, the
normalized coherent state ¢y, an eigenvector of A with eigenvalue A, with

A=aPp+ifZ = (2mhw)'?*p + i(mw/2h) T
All these minimum states have the same standard deviations Ap = 1/2a =
(mw) 2 (h/2)"? and Az = —1/28 = (mw)~"/?(h/2)*/?. The minimum states

associated with a quantum harmonic oscillator in this way form a 2-parameter
subset of the 3-parameter set of minimum states found in Section 7.4.
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9.7. Time evolution of coherent states

An interesting physical aspect of the coherent states of an harmonic oscillator

is their behaviour under time evolution. For an arbitrary state ¢ = o ¢,y

the time evolution is given by the 1-parameter group of unitary operators e~ #t# |

acting as

__tHl/) Z —iw n+1/2) 1/)

For a coherent state

the time evolution becomes

- thsA_Z wn:e——wtz 1/n’

with A(t) = e~#*!X. This means that the coherent state ¢y is transformed — up

e iw n+1/2)t}\n

to the phase factor e~ 7% — into a new coherent state ®x(t): the set of coherent

states 1s mapped onto itself.

The wave function of a (normalized) coherent state é» moves periodically, up
to an irrelevant phase factor. The corresponding probability density |<z~$>\(m)|2 is
Gaussian. It moves exactly like a ‘smeared’ classical oscillator with frequency
w. Tts width is constant in time and equal to (mw)~'/2(h/2)/2. In the classical
limit, the limit of a macroscopic situation, this becomes the harmonic motion
of a point particle.
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