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We d15cu55 the c0ntr16ut10n 0f 5urv1v1n9 extrema f0r the act10n 1n N ~ 00 Yan9-M1115 the0r1e51n weak c0up11n9 and the1r 
re1evance f0r fact0r12at10n. 1n part1cu1ar we d15cu55 the r01e 0f f1ux0n51n the tw15ted E9uch1-Kawa1 m0de1. 

Recent1y there ha5 6een much 1ntere5t 1n 1ar9e-N 
9au9e the0r1e5 [1] ,  6ecau5e the reduct10n [2] 0f a 
1ar9e-N 1att1ce 9au9e the0ry t0 a 0ne-p01nt 1att1ce, 
make5 numer1ca1 and h0pefu11y ana1yt1c ca1cu1at10n5 
fea5161e. Fact0r12at10n 15 cruc1a1, 60th f0r 51mp11fy1n9 
the 0r191na1 1ar9e-N the0ry (0n1y p1anar Feynman d1a- 
9ram5 c0ntr16ute) and f0r the reduct10n (the 
5chw1n9er-Dy50n e4uat10n5 f0r the W1150n 100p are at 
N - - > ~  a c105ed 5et 0f e4uat10n5 [3] ). What 0ne w15he5 
t0 under5tand 15 c0nf1nement and h0pefu11y N -> 00 15 
n0t t00 crude an appr0x1mat10n t0 06ta1n 1nf0rmat10n 
f0r f1n1te N. 

70m60u115 [4] c1a1m5 t0 have pr0ved c0nf1nement 
f0r a11 c0up11n9 13 and d ~< 4 1n 5U(2), h0wever the 
mechan15m f0r c0nf1nement 15 5t111 unc1ear. 0ne  6e- 
11eve5 that 2N-v0rt1ce5 are re5p0n5161e f0r c0nf1nement 
[5,6].  1t 15 theref0re natura1 t0 100k f0r 2N-type c0n- 
f19urat10n5 wh1ch m19ht 5urv1ve f0r N ~ ~ ,  e1ther 1n 
the c0nt1nuum [7] 0r 0n the 1att1ce. 1n the 1atter ca5e 
they were 5tud1ed f0r the tw15ted E9uch1-Kawa1 [8] 
(7EK) m0de1 1n ref. [9].  7he5e c0nf19urat10n5 are 1n- 
5tant0n-11ke and 5urv1ve f0r N - +  00, 6ecau5e the1r ac- 
t10n 15 pr0p0rt10na1 t0 1/N. C01eman•5 [10] ar9ument 
te115 u5 that 0rd1nary 1n5tant0n5 cann0t c0ntr16ute t0 
the W1150n 100p, th15 15 h0wever n0 10n9er va11d f0r the 
1n5tant0n5 0n the t0m5 w1th n0ntr1v1a1 ••tw15t•• [ 1 1]. 
50 there 15 5t111 a p05516111ty that c0nf19urat10n5 w1th 
n0ntr1v1a1 2 N 5tructure c0ntr16ute t0 c0nf1nement. 1t 
15 the purp05e 0f  th15 1etter t0 5h0w that at 1ea5t f0r 
7EK, f1ux0n5 [9] d0 n0t chan9e pertur6at1ve re5u1t5. 

A5 wa5 p01nted 0ut 6y 6reen51te and Ha1pern [ 12] 

0.370-2693/84/$ 03.00 • E15ev1er 5c1ence Pu6115her5 8.V. 
(N0rth-H011and Phy51c5 Pu6115h1n9 D1v1510n) 

1t 15 very un11ke1y that 2N-type c0nf19urat10n5 p1ay an 
e55ent1a1 r01e f0r N - +  ~ c0nf1nement. 7he1r ar9ument 
15 6a5ed 0n the fact that fact0r12at10n 1mp11e5: 

(trA U(C)) = 1(tr F U(C))[ 2 , (1) 

where trA(F)U(C) 15 the W1150n 100p 1n the adj01nt 
(fundamenta1) repre5entat10n. 7h15 mean5 that the 
5tr1n9 ten510n 1n the adj01nt repre5entat10n 15 tw1ce 
that 1n the fundamenta1 repre5entat10n. 7he adj01nt 
repre5entat10n 15 1n5en51t1ve f0r 2 N and 1ndeed f0r f1- 
n1te N adj01nt 4uark5 are n0t c0nf1ned. 50 1f c0nf1ne- 
ment per515t5 1t 15 pr06a61y 0f  a d1fferent nature f0r N 

00. 7h15 make5 1t very un11ke1y that the a60ve men- 
t10ned 5urv1v1n9 extrema w111 6e re5p0n5161e f0r N = 00 
c0nf1nement. 

We w1U n0w 5h0w that they have n0 1nf1uence f0r 
N ~ 00 1f we 1n515t 0n fact0r12at10n f0r the n0n-pertur- 
6at1ve 5ect0r. 7he ar9ument 15 va11d at 1ea5t f0r f1ux0n5 
1n 7EK. Let the extrema 6e numerated 6y k, a p051- 
t1ve 1nte9er, w1th act10n 5 k. k repre5ent5 the 0rder1n9 
0 f t h e  extrema: 52, ~51  f0r k >  1. D1fferent extrema 
(d15c0nnected 1n c0nf19urat10n 5pace) w1th the 5ame 
act10n w111 0f c0ur5e have d1fferent k-va1ue5. Extrema 
are 5a1d t0 5urv1ve 1f: 

11m N 5  k < 00, (2) 
N~00 

51nce then the fact0r exp(-135k) ha5 a n0n-van15h1n9 
N ~ 00 11m1t, where 13/N 15 kept f1xed. Den0te 6y (0) k 
the expectat10n va1ue 0f the 0perat0r 0 ,  expand1n9 
ar0und the kth  extremum: 
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fDA(k )0 (A)  exp ( - 8  [5(A) - 5k] } 
( 0 ) ,  = , ( 3 )  

fDA  (k) exp (-/~ [5(A) - 5k] ) 

where A (k) 15 the expan510n 0f the appr0pr1ate f1e1d 
ar0und the kth extremum. Furtherm0re the we19ht 0f  
each c0nf19urat10n 15 91ven 6y: 

/ f D A  (k) exp ( -~ [5 (A)  - 5k ] )• 
W k : ! • 7 ~  ~ ( A - ~  ) exP(-J35k) (4) 

7he fact0r 6etween parenthe5e5 15 a pertur6at1ve 4uan- 
t1ty (0f 0rder 1 1f the num6er 0f  2er0 m0de5 f0r the 
kth 1n5tant0n e4ua15 that 0f the 9r0und 5tate). 8y fac- 
t0r12at10n we w111 mean the f0110w1n9: 7here 15 a 5et 0f 
0perat0r5, 5uch that f0r any pa1r 0 1 and 0 2 1n th15 5et 
( 0 1 0  2> = ( 0 1 ) ( 0 2 ) .  7h15 5h0u1d 0f c0ur5e at 1ea5t 6e 
true 1n pertur6at10n the0ry. F0r Yan9-M1115 the0r1e5, 
0 w111 6e a W1150n 100p 0perat0r. A nece55ary c0nd1- 
t10n f0r fact0r12at10n 15 that the var1ance 0f an 0pera- 
t0r 0 15 2er0: 

<0 2) - (0) 2 = 0 .  (5) 

1f we w0rk 0ut the expectat10n va1ue5 1n the 5teepe5t 
de5cent appr0x1mat10n [12] we f1nd ,1 .  

-- (0) 2 = ~ Wk((0 -- ( 0 ) k ) 2 ) k / ~ W k  (0 2 ) 

/( ; + ~ WkW1(<0> k - (0)/) 2 ~ W  k . (6) 
k>1 

51nce the 1nte9rat10n mea5ure 1n (3) 15 p051t1ve def1n1te, 
we have f0r any p051t1ve def1n1te 0perat0r 0 ,  1.e. 0 ( A )  
~> 0 f0r a11A, that (0) ~> 0 .50  W k, <(0 - (0>k)2)k, 
W k W• and ((0) k - (0)1) 2 are a11 p051t1ve def1n1te and 
(5) 1mp11e5 f0r a11 k w1th W k -~ 0 (W k = 0 extrema d0 
n0t c0ntr16ute anyh0w): 

<0) k = <0) 0 . (7) 

And th15 1mp11e5 that the extrema have n0 1nf1uence (1n 
weak c0up11n9) 51nce fr0m (7) we deduce: 

< 0 )  = (0> 0 . ( 8 )  

(0) 0 15 the pure1y pertur6at1ve expectat10n va1ue and 
thu5 a11 0perat0r5 5at15fy1n9 fact0r12at10n pertur6at1ve- 
1y a150 fact0r12e 1n the n0n-pertur6at1ve 5ect0r a5 500n 
a5 (5) 15 va11d. 

,1 <0> = 2 wk(0)k/2wk. 
k 
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0ur  f1nd1n95 are theref0re c0n515tent w1th th05e 0f  
6reen51te and Ha1pern [12].  A150 we 5ee 0nce a9a1n an 
111u5trat10n 0f the fact that a 51n91e ma5terf1e1d 1n the 
5en5e 0f  W1tten [ 13] d0e5 n0t ex15t. 7he N ~ 00 11m1t 
15 m0re 11ke a therm0dynam1c 11m1t [14],  wh1ch a110w5 
f0r d1fferent e4u1116r1um c0nf19urat10n5, w1th the 5ame 
va1ue 1n each c0nf19urat10n f0r macr05c0p1c var1a61e5 
(the W1150n 100p5). 1t 15 a150 a 51mp1e exerc15e t0 5h0w 
that ••m1cr05c0p1c 065erva61e5" 0f the k1nd c0n51dered 
6y Haan [14] d0 n0t fact0r12e due t0 the 1n5tant0n5: 
( 0 ) k / ( 0 )  :/: 1 + 0(1/N).  51nce f0r reduced m0de15 
fact0r12at10n f0r a11 c0up11n95 15 an e55ent1a1 1n9red1ent 
e4. (7) 15 a 5evere c0n5tra1nt 0n the5e m0de15 and th15 
15 the pract1ca1 u5e 0f  0ur 065ervat10n5. 

Let u5 d15cu55 the 51tuat10n f0r the 7EK m0de1 1n 
50mewhat m0re deta11 [9]. 7he act10n 15 91ven 6y: 

4 

57EK = ~ t r ( 1 - 2  U U U + U  +) (9) 
t~:~v= 1 uv • 

where U u E 5U(N) are the 11nk var1161e5 and 

2uv = exp(-- 22r1nuJN) , (10) 

w1th nuv the ant15ymmetr1c tw15t ten50r w1th 1nte9er 
entr1e5 (m0d N). 7he f0r N-~  00 5urv1v1n9 extrema 
(f1ux0n5) are 91ven 6y the 501ut10n5 t0 the e4uat10n: 

U u U U ~  U + = exp(2n1m u v /N) ,  (1 1) 

and they 5urv1ve f0r N ~ 00 1f: 

4 u~v (nuv - muv)2 = k ,  (12) 

w1th k an 1nte9er. 1n 0rder that 1n pertur6at10n the0- 
ry, the re5u1t5 0f the unreduced m0de1 are retr1eved, 
0ne demand5 that the pfaff1an 0f  n 5at15f1e5: 

1 = ( 1 3 )  Pf(n) = ~euvc~¢nuvna~ +N , 

wh1ch a150 9uarantee5 a 2er0 act10n 501ut10n 0f  e4. 
(11) w1th muv = nuv. E45. (1 1) and (12) a150 1n 9ener- 
a1 enf0rce Pf(m) = +N. 7hen a11 501ut10n5 t0 (11) f0r 
a 91ven muv are un14ue: that 15 up t0 a 9au9e (U u 

~2Uu~2+ ) and mu1t1p11cat10n w1th an e1ement 0f  the 
c e n t e r  2N(U1. ~ "•+ 2#UU). 7here 15 a 5U69r0Up H 0f 2n 4 
C0nta1n1n9 N2 e1ement5, a11 e4U1Va1ent t0 1 .70  6e pre- 
c15e f0r 2 u E H  there ex15t5 an ~2 E 5U(N) 5uCh that 
2UU u = ~2UU~2+ f0r a11/~ (th15 15 1ndependent 0f  the 
Ch01Ce 0f UU). 7h15 re5u1t 15 n0t 1n ref. [9],  6ut w111 
6e pu6115hed e15ewhere. 7he 501Ut10n man1f01d c0n515t5 
theref0re 0 f N  2 d15C0nnected 9au9e 0r61t5, 1a6e11ed 6y 
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e1ement5 0f 2 4 / H .  7he c105ed W1150n 100p5 d0 n0t 
fee1 the de9eneracy. 51nce 1t 15 the 5ame f0r each 
f1ux0n we can 19n0re th15 N2-f01d de9eneracy. 1n the 
9au551an appr0x1mat10n (u51n9 e4. (16) 0f ref. [9] ) 0ne 
then f1nd5: 

(0)nn• m = (0)~ n [1 + 0 (1 /N2)]  , (14) 

where n0w the 5u65cr1pt n - m 1a6e15 the d1fferent 
f1ux0n5 (5 n• m = 8rt2k/N, f0r N 1ar9e, 5ee (12)) and 
the 5uper5cr1pt den0te5 the tw15t ten50r 0f the m0de1 
(5ee (10)). Pertur6at1ve1y the 1/N c0rrect10n5 c0rre- 
5p0nd t0 the f1n1te 512e c0rrect10n5 0f the effect1ve 1at- 

7.(v)- x 
t1ce 5panned 6y the f0ur f0ur-vect0r5 ~u - ~ e u w ~ n ~  
[8[.  F0r the f1ux0n5 the5e effect1ve 1att1ce5 dev1ate 
typ1ca11y 0 ( 1 / N  1/2) fr0m the 9r0und 5tate effect1ve 
1att1ce, wh1ch 9uarantee5 f0r 1ar9e N: 

n - -  (15) 

709ether w1th (14) th15 1mp11e5 (7) and thu5 fact0r12a- 
t10n. 70 91ve an exp11c1t examp1e, c0n51der the 5ym- 
metr1c tw15t [8] : nuv = L, u </a ,  N = L 2. 7he effect1ve 
1att1ce 15 54uare w1th 51de5 0f  1en9th L. F0r the f1r5t 
f1ux0n 1n ta61e 1, ref. [9] : 

muv - nuv = 6u1(6v2 + 5~3) - ~1u1(5u2 + 6 . 3 ) ,  

w1th 51 = 87r2/N, the effect1ve 1att1ce 15 5panned 6y: 

{(L, 1, - 1 ,  0), ( 0 ,L  + 1, - 1 ,  1), 

(0, 1 ,L  - 1, 1), (0, 0, 0, L ) } ,  

wh1ch 15 1ndeed c105e t0 a 54uare L 4 1att1ce. (N0te that  
f0r the f1ux0n5 W k = ~k exP(-81r2k{3/N), w1th/a k the 

num6er 0f  501ut10n5 t0 e4. (12)). 
Let u5 d15cu55 1n h0w far the a60ve re5u1t5 can 6e 

9enera112ed t0 any 0ther N - +  ~ the0ry. F1r5t we have 
t0 5tre55 that the re5u1t 15 0n1y va11d f0r weak c0u- 
p11n9, 0r e4u1va1ent1y f0r 5ma11 W1150n 100p5.1ncrea5- 
1n9 the 512e 0f  the W1150n 100p c0rre5p0nd5 t0 an 1n- 
crea51n9 effect1ve c0up11n9.0ur ana1y515 make5 0ne 
5u5pect that 5urv1v1n9 extrema w111 n0t have a 519n1f1- 
cant c0ntr16ut10n. 7he weak c0up11n9 c0mputat10n 15 
h0wever 0f  pract1ca1 1mp0rtance a5 a te5t f0r fact0r12a- 
t10n, wh1ch 15 an e55ent1a1 feature f0r reduct10n t0 
h01d. 1t 15 cruc1a1 t0 rea112e that W k 1n 9enera1 a150 1n- 
c1ude5 the c0ntr16ut10n 0f appr0x1mate extrema 
(••mu1t1p1e tunne11n9••). 

7here are tw0 way5 0ut 1f 0ne want5 t0 av01d 0ur 

re5u1t5.1t wa5 1mp11c1t1y a55umed that W k and Y~=0 Wk 
have a 5m00th and f1n1te 11m1t f0r N ~ 00. 1t 15 1n pr1n- 
c1p1e h0wever p055161e that e5pec1a11y EW k ha5 n0 f1- 
n1te 11m1t. 1n that ca5e 0ne rep1ace5 W k 6y W k = Wk/ 
Y~=0 ~ wh1ch certa1n1y 15 f1n1te f0r N ~ 0~ w1th 
~ff=014k= 1, 6ut W 0 = 0. 50 we have 1n5tead 0 fe4 .  (8): 
(0) = (0) k, w1th k :~ 0 and 1~ e :~ 0 6ut 0therw15e k 15 
ar61trary. A9a1n the expectat10n va1ue 15 pure1y pertur- 
6at1ve 6ut n0w 1n a n0ntr1v1a1 6ack9r0und. 7he 5ec0nd 
a55umpt10n made wa5 that the 5et 0 f 5  k d0e5 n0t have 
a 11m1t p01nt. 1t 15 6ey0nd the 5c0pe 0f th15 1etter t0 
d15cu55 what c0nd1t10n5 fact0r12at10n 1mp05e 1n the 
ca5e that 5uch an a55umpt10n 15 n0t made. 

7here 15 an a1ternat1ve f0r the 7EK, name1y the 
4uenched E9uch1-Kawa1 [ 15] (QEK) m0de1, f0r 
wh1ch 5urv1v1n9 extrema were f0und 6y Neu6er9er 
[ 16] and 1nve5t19ated 1n m0re deta11 6y Par50n5 [ 17]. 
He c1a1m5 that the extrema can p0tent1a11y c0ntr16ute 
t0 c0nf1nement, 1n part1cu1ar 6y the f1r5t way 0ut 0f 
e4. (8), a5 de5cr16ed a60ve , 2 . 7 h e  extrema 5eem t0 
have n0 c0nnect10n what50ever w1th th05e 0f  the 7EK 
m0de1. 7h15 fav0ur5 the a55umpt10n, a150 put f0rward 
1n ref. [17],  that 50me 0r a11 extrema 1n 60th reduced 
m0de15 are artefact5 0f  the reduct10n. (70 rea55ure the 
reader: 7he apparent d15crepancy 6etween 7EK and 

QEK (c0mpare e4. (4.3) 0f ref. [17] ) 0n1y 0ccur5 f0r 
1ar9e W1150n 100p5, where weak c0up11n9 15 n0t a 900d 
appr0x1mat10n.) 

50 we c0nc1ude that the c0nf1nement mechan15m 15 
pr06a61y d1fferent f0r N ~ 00. M0nte Car10 data [ 18] 
5eem t0 1nd1cate that the 5tr1n9 ten510n tend5 t0 a c0n- 
5tant f0r N ~ 0% 6ut th15 15 6y n0 mean5 c0nc1u51ve. 1f 
we want t0 5ave fact0r12at10n 1t m19ht ju5t a5 we11 6e 
p055161e that c0nf1nement d0e5 n0t 5urv1ve f0r N - ~  00. 

7h15 w0u1d 6e 519na11ed 6y a 2er0 5tr1n9 ten510n at N 
= 0% wh1ch w0u1d f1t m0re natura11y t0 the e4ua11ty 0f  
fundamenta1 and adj01nt 5tr1n9 ten510n5. F1na11y 0ne 
5h0u1d keep an 0pen m1nd f0r the p05516111ty 0f  v101a- 
t10n 0f  fact0r12at10n e5pec1a11y 1n the cr055-0ver re910n 
fr0m weak t0 5tr0n9 c0up11n9. Check1n9 fact0r12at10n 
[ 19] 15 theref0re 1mp0rtant 1n the 119ht 0f  0ur 1nve5t1- 
9at10n5. 

We thank Mark 6r055, Fran5 K11nkhamer, 
6erard  •t H00ft, Jan 5m1t and 5ander 8a15 f0r d15cu5- 

,2 We thank the referee f0r p01nt1n9 0ut that th15 15 what wa5 
meant 1n ref. [ 17 ]. 
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510n. 7h15 w0rk  15 part 0 f  the re5earch pr09ram 0f  

F 0 M ,  f1nanc1a11y 5upp0rted 6y 2 W 0 .  
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