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Abstract

The symmetriesof a 4 × 4 periodic squarelattice are relatedto thoseof a 4–
dimensionalhypercube.Thesameholdsfor d–dimensional(hyper)cubicallatticeswith
periodicity4 andthe2d-dimensionalhypercube.

Considerthefollowing arrangmentof theintegers0 – 15.

15 14 12 13 15

11 10 8 9 11

3 2 0 1 3

7 6 4 5 7

15 14 12 13 15

It seemsafairly arbitrarydistributionof the16numberswhich is madeperiodicby addinga
row andacolumn.By closerinspectiononecandiscover therules:

? thesecondrow follows from thetop row by subtracting4
? thenext row followsby subsequentlysubtracting8
? thenext by adding4
? thelastoneby addingagain8
? thesecondcolumnfollows from thefirst by subtracting1
? thenext columnby substractionof 2
? thenext by adding1
? thelastoneby adding2
Thedifferencesin powersof 2 suggestto usethebinarynotationfor thenumbers

1111 1110 1100 1101 1111

1011 1010 1000 1001 1011

0011 0010 0000 0001 0011

0111 0110 0100 0101 0111

1111 1110 1100 1101 1111

Now theamazingthing is thateverysiteof this latticeis surroundedby 4 pointsof whichthe
binarynumberdiffersin exactlyoneposition.Thisis of coursedueto thefactthatdifferences
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betweenrows andcolumnsarepowersof 2. Thenconsiderthebinaryrepresentationasthe
coordinatesof a 4–dimensionalhypercube.Indeedthe topologyof the arrangementof the
secondtableis exactly that of thehypercubeasevery point is neighboredby thepointson
thehypercubenext to it. Consequentlythetopologyof theperiodice4 × 4 lattice is thatof
the4–dimensionalhypercube.

This hasconsequenciesfor the symmetriesof the periodic lattice. On facevalue the
periodiclatticehas16 translationalinvariances,2 reflectionsand1 interchangeof theaxis,
which make in total 128 symmetryoperations. On the other handthe hypercubehas24
permutationsof the dimensionaldirectionsand 4 reflections,which make a total of 384
symmetryoperations.Thereforetheremustbe a hiddensymmetryof 3 operationsin the
periodiclattice.

It is fun to makethesehiddensymmetriesvisible. Thecyclic permutationof 3 axisof the
hypercubeform a subgroupof order3. Let usthereforeconsidera cyclic permutationof the
first 3 componentsx, y, z → z, x, y. Sotake e.g. point #10or its binary1010andcarryout
themotionsuchthat it becomes1100or point #12. Thusthetransformationputspoint #10
on thepositionof thepresentpoint #12andsoon for all thepoints. Clearly thepoints#0,
#1,#14and#15areinvariantsincetheir first 3 binarydigitsareequal.All theotherschange
positionandthefollowing tableauemerges.

15 14 6 7 15

13 12 4 5 13

9 8 0 1 9

11 10 2 3 11

15 14 6 7 15

This configurationcannotbe reachedby a combinationof the standardlattice symmetry
operations.Onecanconvinceoneselfof this factby for instancelooking to thesurrounding
of thepoint 0. It hasagainasneighbors1, 2, 4 and8 but in differentorderwhich cannotbe
obtainedby a local reflection,inversionor rotation. Note that all the pointshave thesame
setof neighborsasbefore(asit shouldotherwisethetopologywaschanged)but they appear
in a twistedorder.

Onewonderswhetherthis is uniquefor the 4 × 4 periodic lattice. It is not. In order
to find othercaseswhereperiodiclatticeshave thesametopologyof an hypercubewe ob-
serve that the hypercubehasaselementaryloops the squareand the whole structureis a
knitting togetherof thesesquares.Sowe mustlook into the latticeswith this structureand
we cometo the(hyper)cubicallattices.Next in a 2d–dimensionalhypercubeeachpoint has
2d neighbors;so the connectioncanonly be betweena 2d–dimensionalhypercubeand a
d–dimensionalperiodiclattice. Theperiodicitymustbe4 latticesitesin orderto matchthe
total 22d pointsof thehypercube.But thenthemapcanindeedbemade.Oneneedsfor the
binary representationof the22d pointsin total 2d digits. Thenarrangethe latticepointsin
thebinary representationso that in eachof thed directionsin the lattice 2 arbitraychosen
bits changein theorder: flip thefirst, thenthesecond,thenthefirst againandfinally again
thesecond.Soin 4 stepsoneis backto originalpoint in accordancewith theperiodicity4 of
thelattice.

It is aninterestingquestionwhetherthereareotherperiodicallatticeswhich correspond
to higherdimensionalpolygons,but theanswerto this is beyondmy mathematicalcapacity.
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